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ABSTRACT 

We have r e f  i ned a three-d imensional  ( 3 D )  volume i n t e g r a l  equa t ion  

s o l u t i o n ,  and have adapted i t  t o  m a g n e t o t e l l u r i c  ( M T )  model ing.  The 

re f i nemen t ,  i n c o r p o r a t i  ng an i n t e g r o - d i  f fe rence  scheme, i ncreases t h e  accuracy 

somewhat w i t h o u t  i n c r e a s i n g  .the computer t ime.  

p lanes  f o r  a p l a n e  wave source decreases t h e  computer s t o r a g e  by a f a c t o r  o f  8 

U t i l i z i n g  t h e  two symmetry 
1 

and g r e a t l y  reduces t h e  computer t ime.  

Convergence checks and comparisons w i t h  o t h e r  s o l u t i o n s  show t h a t  our  

r e s u l t s  a r e  Val i d .  Because o f  space charges a t  r e s i s t i v i t y  boundar ies,  

low- f requency 3 D  responses a r e  much d i f f e r e n t  f rom 1D and 2 D responses. 

Hence 3 D  models a r e  r e q u i r e d  f o r  i n t e r p r e t i n g  MT data i n  t h e  complex I 

i 

geothermal environment.  



I N T R O D U C T I O N  

G3 E l e c t r i c a l  geophysica l  techniques a r e  e s s e n t i  a1 i n geothermal expl  o r a t i o n  

and assessment. Because a c o n v e c t i v e  hydrothermal system m o d i f i e s  t h e  

e l e c t r i c a l  conduc t ion  p r o p e r t i e s  of  rocks,  s u r f a c e  e l e c t r i c a l  methods p r o v i d e  

a p i c t u r e  o f  t h e  subsur face --- i f  t h e  da ta  can be i n t e r p r e t e d  a c c u r a t e l y .  

The m a g n e t o t e l l u r i c  ( M T )  method i s  one of  t h e  most w i d e l y  used e l e c t r i c a l  

p r o s p e c t i  ng techn iques  i n geothermal work due t o  i t s  capabi  1 i t y  f o r  deep 

e x p l o r a t i o n .  I n  s p i t e  o f  i t s  promise, however, t h e  FIT method has been 

s e v e r e l y  hampered by a l a c k  o f  i n t e r p r e t a t i o n  c a p a b i l i t y .  

one-diniensional (1D) and two-dimensional  ( 2 D )  i n t e r p r e t a t i o n  model s a r e  used 

I n a p p r o p r i a t e  

because t h e  necessary three-d imensional  ( 3 D )  model s a r e  n o t  a v a i  1 ab1 e. These 

simp1 e i n t e r p r e t a t i o n  a1 g o r i  thms a r e  u s e f u l  f o r  expl  o r a t i o n  i n 1 a rge  

sedimentary b a s i n s  where 1 D  and 2D models apply .  However, t h e  r e s u l t s  can be 

1 q u i t e  m i s l e a d i n g  i n  most geothermal e x p l o r a t i o n  where t h e  e a r t h  i s  

three-d imensional  and t h e  TE and TM modes do n o t  separate.  

There a r e  two b a s i c  approaches t o  numer ica l  model i ng: ( 1) d i  f f e r e n t i  a1 

equa t ion  (DE) and ( 2 )  i n t e g r a l  e q u a t i o n  ( I E ) .  Both methods a r e  u s e f u l  and 
I 

necessary.  D i f f e r e n t i a l  e q u a t i o n  s o l u t i o n s  a r e  e a s i e r  t o  s e t  up,  and they 

r e s u l t  i n  l a r g e  banded m a t r i c e s .  

g r i d ,  DE methods a r e  p r e f e r a b l e  f o r  model i ng complex geology . 
Because t h e  e n t i r e  e a r t h  i s  modeled on a 

I 

I n t e g r a l  

equa t ion  f o r m u l a t i o n s  i n v o l v e  more d i f f i c u l t  mathematics, b u t  t h e i r  advantage 

i s  t h a t  unknown f i e l d s  must be found  o n l y  i n  anomalous reg ions .  

i n t e g r a l  equa t ion  s o l  u t i o n s  ibre 1 ess expensive f o r  s i m u l a t i n g  t h e  response o f  

Thus, 
1 

one o r  a few smal l  bod ies  and hence a r e  more u s e f u l  f o r  e v a l u a t i n g  f i e l d  
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techniques,  t o r  d e s i g n i n g  surveys, and f o r  g e n e r a t i  ng c a t a l  ogs o f  

i n t e r p r e t a t i o n  curves.  

l ie have r e f i n e d  arid adapted an i n t e g r a l  e q u a t i o n  s o l u t i o n  (Hohmann, 1 9 7 5 )  

so t h a t  i t  can be used t o  s i m u l a t e  t h e  MT response o f  a 3D body i n  t h e  e a r t h .  

The body i s  r e p l a c e d  by p o l a r i z a t i o n  c u r r e n t s  which depend on t h e  d i f f e r e n c e  

between t h e  c o n d u c t i v i t y  o f  t h e  body and t h a t  o f  t h e  su r round ing  e a r t h .  The 

r e s u l t i n g  volume i n t e g r a l  equa t ion  i s  reduced t o  a m a t r i x  equa t ion  by t h e  

method o f  moments ( H a r r i n g t o n ,  1968). 

t h e  p o l a r i z a t i o n  c u r r e n t ,  t h e  e l e c t r i c  and magnet ic f i e l d s  a t  t h e  s u r f a c e  o f  

t h e  e a r t h  can be c a l c u l a t e d  u s i n g  ha l f - space  dyadic  Green 's  f u n c t i o n s .  

A f t e r  t h e  m a t r i x  e q u a t i o n  i s s o l v e d  f o r  

In t h i s  work we have r e - f o r m u l a t e d  t h e  i n t e g r a l  e q u a t i o n  s o l u t i o n  u s i n g  

t h e  v e c t o r - s c a l  a r  p o t e n t i a l  approach w i t h  d e r i v a t i v e s  approximated by 

d i  f ferences ( H a r r i  ng ton  , 1968 ) t o  improve convergence. 

model i ng i s e a s i e r  t h a n  o u r  p r e v i o u s  c o n t r o l  1 ed-source EM model i ng (Hohrnann, 

1975)  because t h e r e  a r e  two symmetry p lanes  f o r  a p r i s m a t i c  body. Hence t h e  

computer t i m e  i s  g r e a t l y  reduced. 

Magne to te l l  u r i c  

The change t o  a p l a n e  wave source i s  

tri v i  a1 . 

This  r e p o r t  documents t h e  t h e o r e t i c a l  s o l u t  on and d iscusses r e s u l t s  to r  

i n i t i a l  models. Most o f  o u r  e f f o r t  t h u s  f a r  has been t o  improve t h e  accuracy 

o f  t h e  3D s o l u t i o n  and t o  v e r i f y  t h e  r e s u l t s .  We have emphasized convergence 

checks and comparisons w i t h  2D models and have made a few c a l c u l a t i o n s  on a 

s u r f a c e  g r i d .  

I 3 



INTEGRAL EQUATION FORMULATION 

clrs Consider  t h e  c o n f i g u r a t i o n  shown i n  F i g u r e  1. The e a r t h  i s taken t o  be a 

ha1 f-space of c o n d u c t i v i t y  0; , except  f o r  a r e c t a n g u l a r  i nhomogenei t y  hav ing  

c o n d u c t i v i t y  r2. Re levan t  dimensions a r e  depth D, w i d t h  W ,  s t r i k e  l e n g t h  L ,  

and depth e x t e n t  DE. The e a r t h  i s  e x c i t e d  by impressed magnet ic o r  e l e c t r i c  

c u r r e n t s ,  which a r e  denoted by Mi and T i  , r e s P e c t i v e l Y *  
- 

i4axwe l l ' s  equa t ions  ( i n  mks u n i t s )  i n  t h e  f requency domain (eiwt t i m e  

dependence) can tie w r i  t t e n :  

F o r  t h e  purposes o f  t h i s  r e p o r t ,  we assume t h a t  t h e  magnet ic p e r m e a b i l i t y  i n  

t h e  e a r t h  i s  t h a t  o f  f r e e  space and n e g l e c t  d isp lacement  c u r r e n t s  i n  t h e  

e a r t h .  The source c u r r e n t  i s  f a r  removed so t h a t  i t  generates an i n c i d e n t  

p lane wave a t  t h e  e a r t h ' s  sur face.  

We d e f i n e  homogeneous-earth ( i n c i d e n t )  f i e l  ds desc r ibed  i n t h e  e a r t h  by 

S u b t r a c t i n g  ( 3 )  f rom (1) and ( 4 )  f rom ( 2 )  y i e l d s  

4 
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6d Note t h a t  C i s  t h e  a c t u a l  va lue  o f  c o n d u c t i v i t y :  i t  i s  equal t o  02. i n  t h e  

inhomogeneity and C, elsewhere i n  t h e  e a r t h .  

l ie now r e w r i t e  ( 6 )  as:  

I f  t h e  d i f f e r e n c e  (secondary)  f i e l d s  a r e  denoted by s u b s c r i p t  'Is", ( 5 )  and ( 7 )  

become : - 

and 

where 

i s  t h e  p o l a r i z a t i o n  o r  s c a t t e r i n g  c u r r e n t ,  which e x i s t s  o n l y  i n  t h e  

i nhomogenei t y  . 

Hence t h e  e lec t romagne t i c  f i e l d  has been s p l i t  i n t o  two components, 

denoted as i n c i d e n t  and s c a t t e r e d  f i e l d s .  The i n c i d e n t ,  o r  p r i m a r y ,  f i e l d  i s  

t he  f i e l d  t h a t  would be p r e s e n t  i f  t h e  e a r t h  were homogeneous. 

by s o l v i n g  ( 3 )  and ( 4 ) :  f o r  t h e  PIT problem i t  i s  t h e  f i e l d  o f  a v e r t i c a l l y  

p ropaga t ing  p lane  wave imp ing ing  on t h e  s u r f a c e  o f  t h e  e a r t h .  

I t  i s  ob ta ined  
1 

- 
The secondary f i e l d  i s  due t o  t h e  p o l a r i z a t i o n  c u r r e n t  3 i n  t he  

as a source c u r r e n t ,  
- 

inholr loyeneity. I t  can be found by t r e a t i n g  

6 



Grs 
a 

c o n v e r t i n g  ( 8 )  and ( 9 )  t o  an i n t e g r a l  equa t ion ,  and s o l v i n g  n u m e r i c a l l y .  The 

secondary e l e c t r i c  f i e l d  i s  g i v e n  by - 
(11) 

where A and '#) a r e  v e c t o r  and s c a l a r  p o t e n t i a l s  ( H a r r i n g t o n ,  1 9 6 8 ) ,  g i v e n  

K -  
t h e  e a r t h  b y  

and v 

3 where C i s  a s c a l a r  Green ' s  f u n c t i o n ,  which f o r  a whole space i s  g i v e n  by 

P 
F o r  a body i n  a ha1 f space, an a d d i t i o n a l  t e rm must be added t o  ( 1 4 )  t o  

account f o r  image c u r r e n t s  i n  t h e  a i r .  The a d d i t i o n a l  t e rm i s  d i f f e r e n t  f o r  

( 1 2 )  and ( 1 3 ) .  The secondary f i e l d  i s  due t o  c u r r e n t s  and charges, as d e f i n e d  

b 

by ( 1 1 1 ,  (1.21, and ( 1 3 ) .  The charges occur  a t  d i s c o n t i n u i t i e s  i n  a, =Au-E .  

Adding t h e  i n c i d e n t  and secondary f i e l d s ,  we o b t a i n  an i n t e g r a l  equa t ion  

f o r  J": 

- 
where i s  t h e  h a l f - s p a c e  dyadic  Green 's  f u n c t i o n  ( T a i ,  1 Y 7 1 )  which accounts 

P f o r  t h e  e a r t h - a i  r i n t e r f a c e .  

For a numerical  s o l  u t i o n ,  Hohmann ( 1 Y 7 5 ) ,  Wei de l  t ( 1 9 7 5 1 ,  and Meyer 

P 7 



? 

I 

(1976)  d i v i d e d  t h e  body i n t o  N c u b i c  c e l l s  as shown i n  F i g u r e  2, and used 

p u l s e  subsec t i ona l  b a s i s  f u n c t i o n s  t o  r e p r e s e n t  t h e  unknown p o l a r i z a t i o n  

c u r r e n t  i n  t h e  body. 

t h roughou t  each c e l l .  

T h i s  amounts t o  assuming t h a t  t h e  c u r r e n t  i s  c o n s t a n t  

The i n t e g r a t i o n  ove r  t h e  dyad ic  Green's  f u n c t i o n  can be 

c a r r i e d  o u t  n u m e r i c a l l y  (Meyer, 1976) o r  a n a l y t i c a l l y  ove r  t h e  volumes and 

s u r f a c e s  o f  t h e  c e l l  s (Hohmann, 1975) t o  o b t a i n  t h e  e q u a t i o n  

- - - n 
where Js i s  t h e  p o l a r i z a t i o n  c u r r e n t  i n  c e l l  n,  and i s  t h e  dyadic Green 's  - 
f u n c t i o n  f o r  a f i n i t e  cube o f  c u r r e n t ,  u n l i k e  E ,  which a p p l i e s  t o  an - 
i n f i n i t e s i m a l  c u r r e n t  element. Care must be taken i n  d e r i v i n g  r ,  because < 
i s  s i n g u l a r  a t  '. = 7 ' .  

We have d e r i v e d  ( 1 7 )  i n  a manner s i m i l a r  t o  t h a t  desc r ibed  by Hohmann 

( 1 9 7 5 ) ,  e x c e p t  t h a t ,  f o l l o w i n g  H a r r i n g t o n  (19681, we approx imate t h e  

d e r i v a t i v e s  of  t h e  s c a l a r  p o t e n t i a l  i n  (11) w i t h  d i f f e r e n c e s .  

c o n c e n t r a t i n g  t h e  charge ( t h e  9.5, term i n  ( 1 3 ) )  a t  t h e  boundar ies between 

A lso  i n s t e a d  o f  

C e l l s ,  we d i s t r i b u t e  i t  u n i f o r m l y  over  a volume e x t e n d i n g  f rom t h e  c e n t e r  o f  

one c e l l  t o  t h e  c e n t e r  o f  t h e  n e x t  c e l l .  

A s  v a r i o t l s  au tho rs  have i n d i c a t e d ,  app rox in ia t i ng  d e r i v a t i v e s  w i t h  

d i f f e r e n c e s  p r o v i d e s  accuracy s i m i l a r  t o  t h a t  o f  smooth b a s i s  f u n c t i o n s  b u t  i s  

much e a s i e r  t o  implement on a computer. 

(19741, and B u t l e r  and W i l t o n  (1575).  

See, e.g., M i l l e r  and Deadrick 

F i g u r e  3 i l l u s t r a t e s  t h e  c a l c u l a t i o n  o f  t h e  x component of secondary 

e l e c t r i c  f i e l d  a t  t h e  c e n t e r  o f  c e l l  m due t o  t h e  x component o f  c u r r e n t  i n  

8 



Figure 2. Body divided into cubic cells. 
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which i s  t h e  volunie c u r r e n t  c o n t r i b u t i o n .  

The charge c o n t r i b u t i o n  t o  t h e  e l e c t r i c  f i e l d  i s  d e r i v e d  f rom t h e  s c a l a r  

p o t e n t i a l  i n  ( 1 3 ) .  The d e r i v a t i v e  a t  t h e  c u r r e n t  d i s c o n t i n u i t y  between c e l l  

and c e l l  n + l  i s  approximated by 

and i s d i s t r i b u t e d  u n i f o r m l y  

from t h e  c e n t e r  o f  c e l l  n t o  

I end o f  c e l l  n i s  s i m i l a r l y  d 
mn 

and qH,at p o i n t s  r, + $ x  

becomes 

i n  a c u b i c  c e l l ,  denoted n+ i n  F i g .  3 ,  ex ten t l i n  

n 

t h e  c e n t e r  o f  c e l l  n + l .  The charge a t  t h e  o t h e r  

s t r i b u t e d  ove r  c e l l  n- .  
rrrn 

Then t h e  p o t e n t i a l s  ox + 

and rn1 - 9 K due t o  K - a r e  g i v e n  by (131, which 

and 

F i n a l l y ,  E x  i s  g i v e n  by (111, which becomes 

I n  terms o t  t h e  method o f  moments, t h i s  s o l u t i o n  i s  e q u i v a l e n t  t o  u s i n g  

pu lse  t u n c t i o n s  f o r  b o t h  c u r r e n t  and charge and approx ima t ing  t h e  o p e r a t o r .  

To o b t a i n  r i n  ( 1 7 1 ,  we need t o  e v a l u a t e  t h e  i n t e g r a l s  i n  (181, ( 2 0 ) ,  a n d  
- - 

11 



(21 )  f o r  each C a r t e s i a n  component o f  c u r r e n t .  

same form: t h e  s c a l a r  Green ' s  f u n c t i o n  i n t e g r a t e d  o v e r  a c u b i c  c e l l .  

The i n t e g r a l s  a l l  a r e  o f  t h e  

- - 
We can w r i t e  r as t h e  sum o f  two components r e p r e s e n t i n g  c u r r e n t  and 

charge sources: 

where, f o r  i l l u s t r a t i o n ,  t h e  x component o f  secondary e l e c t r i c  f i e l d  a t  t h e  

c e n t e r  o f  c e l l  ni due t o  t h e  x component o f  p o l a r i z a t i o n  c u r r e n t  i n  c e l l  n i s  

From (18)  and (221, 

The o t h e r  elements o f  t h e  dyadic  Green 's  f u n c t i o n  can be d e r i v e d  by analogy. 

For  o u r  h a l f - s p a c e  problem, another  term, which i s  g i v e n  by Hohmann ( 1 9 7 5 )  

must be added t o  G. 

Because t h e  e l e c t r i c  f i e l d  due t o  t h e  volume c u r r e n t  i s  i n  t h e  same 

A 

12 



d i n x t i o n  as t h e  c u r r e n t ,  t h e  o f f - d i a g o n a l  e lements o f  t h e  dyadic t i r een ' s  

f u n c t i o n  c o n t a i n  o n l y  t h e  charge term. 

secondary e l e c t r i c  f i e l d  a t  t h e  c e n t e r  o f  c e l l  m due t o  t h e  x component o f  

Thus, f o r  example t h e  y component o f  3 
p o l a r i z a t i o n  c u r r e n t  i n  c e l l  n i s  g i v e n  by 

I n  more c o n c i s e  n o t a t i o n ,  ( 1 7 )  becomes 

- 
where & " a d  J:are t h e  p o l a r i z a t i o n  c u r r e n t s  i n  c e l l s  m and n, r e s p e c t i v e l y .  

Rearranging ( 28 ) y i e l  ds 

i n  which 

- 
where 1 i s  t h e  u n i t  dyadic  and 0 i s  t h e  n u l l  dyadic .  

W r i t i n g  ( 2 9 )  f o r  each f o r  t h e  N va lues  o f  m y i e l d s  a p a r t i t i o n e d  m a t r i x  

equa t ion  

t o  s o l v e  f o r  t h e  p o l a r i z a t i o n  c u r r e n t  i n  t h e  body. The elements o f  t h e  

impedance m a t r i x  a r e  themselves 3x3 m a t r i c e s ,  g i v e n  by 

13 



a 

brs 
a Note t h a t  ( 3 0 )  a l s o  can be w r i t t e n  a s  

3 - 
where d e s c r i b e s  t h e  geometry, f requency, and background - - 

( 3 1 )  

( 3 2 )  

c o n d u c t i v i t y  , w h i l e  

z2 i s  a d iagonal  m a t r i x  which depends on t h e  c o n d u c t i v i t y  o f  t h e  body. 

1 I n  C a r t e s i a n  coo rd ina tes ,  ( 3 U )  becomes 

The m a t r i x  i s  formed by a r r a n g i n g  t h e  equa t ions  a s  follows: 

14 



The n e x t  s t e p  i s  

f o r  a cube o f  c u r r e n t  
P 

t o  compute t h e  elements o f  t h e  dyadic  Green's f u n c t  on 

where uv  s tands f o r  pe rmuta t i ons  o f  t h e  C a r t e s i a n  c o o r d i n a t e s  x ,  y ,  z. We - - - - 
d i v i d e  and /7q i n t o  p r i m a r y  and secondary p a r t s ,  where t h e  secondary p a r t s  

account  f o r  t h e  e a r t h - a i r  i n t e r f a c e ,  as d e s c r i b e d  by Hohmann ( 1 9 7 5 ) .  Thus- 
mr\ 

( 38 1 
I A 

and 

m n  

bJith t h e  e x c e p t i o n  o f  p$: , which i s  i l l u s t r a t e d  i n  (261,  t h e  dyadic 

Green's  f u n c t i o n  elements a r e  as desc r ibed  by Hohmann (1975) .  

i n  ( 2 5 )  and ( 2 6 )  o n l y  need t o  be e v a l u a t e d  f o r  t h e  p r i m a r y  p a r t s  o f  t h e  

Green's f u n c t i o n ,  and they a l l  have t h e  same form: 

The i n t e g r a l s  

- -  - i t,r ro - r ' l  

15 



The shape o f  t h e  c e l l  i s  n o t  i m p o r t a n t  f o r  t h i s  volume i n t e g r a t i o n ,  so we 

r e p l a c e  t h e  cube by a sphere o f  t h e  same volume and i n t e g r a t e  a n a l y t i c a l l y  as  

desc r ibed  by Hohmann (1975) .  

t h e  sphere we can i n t e g r a t e  th rough  t h e  s i n g u l a r i t y  t o  o b t a i n  

When t h e  f i e l d  p o i n t ,  ro, i s  a t  t h e  c e n t e r  o f  

where a i s  t h e  r a d i u s  o f  t h e  sphere. 
- 

When ro i s  o u t s i d e  t h e  sphere, we have 

where - 
R =  / Y o -  rc I 

t h e  c e n t e r  of t h e  sphere. w i t h  F, 

I 
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MAGNETOTELLURIC SPECIALIZATION 

b The FIT source f i e l d  i s  a v e r t i c a l l y  p r o p a g a t i n g  p l a n e  wave imp ing ing  on 

t h e  s u r f a c e  of  t h e  e a r t h .  I f  t h e  e l e c t r i c  f i e l d  o f  t h e  i n c i d e n t  wave i s  i n  

t h e  y d i r e c t i o n ,  and if we denote i t s  amp l i t ude  by E,, t hen  t h e  t o t a l  e l e c t r i c  

f i e l d  a t  t h e  sur face o f  t h e  e a r t h  i n  t h e  absence o f  t h e  inhomogeneity i s  

(Hohmarin, 1971 

1 

f 

w i t h  

f o r  t h e  low f r equenc ies  o f  i n t e r e s t  here.  

I n  t h e  e a r t h  we have 

which i s  t h e  i n c i d e n t ,  o r  p r imary ,  f i e l d  f o r  o u r  i n t e g r a l  e q u a t i o n  s o l u t i o n .  

The p r i m a r y  magnet ic f i e l d  a t  t h e  e a r t h ' s  sur face i s  

F o r  t h e  s imp le  model which we c o n s i d e r  i n  t h i s  r e p o r t  ( F i g .  11, t h e r e  a re  

two v e r t i c a l  p lanes o f  symmetry pass ing  th rough  t h e  c e n t e r  o f  t h e  body. Hence 

i t  i s  o n l y  necessary t o  s o l v e  f o r  o n e - f o u r t h  o f  t h e  t o t a l  number o f  unknowns. 

Consider t h e  96-cube model numbered as shown i n  F i g .  4. The i n c i d e n t  

I t  i s  easy t o  see t h a t  t h e  e l e c t r i c  f i e l d  i s  o r i e n t e d  i n  t h e  x d i r e c t i o n .  

1 7  



3 

Figure 4. MT model w i t h  two symmetry planes.  



p o l a r i z a t i o n  c u r r e n t s  i n  t h e  v a r i o u s  c e l l s  a r e  i n t e r e l a t e d  as f o l l o w s :  

. 
4 

1 

Thus, when t h e r e  a r e  two symmetry p lanes ,  t h e  system o f  equat ions  ( 3 6 )  

becomes : 

19 



b 

t 

I 

I 

76 I C  

7 + * I  -f- ( - - -  ) g ; z  f- , , + (---)J2 - - - E  

I t  i s  necessary t o  solve for the u n k n o w n  current only  i n  c e l l s  1-4 ,  9-12 ,  

33-36, 41-44, 65-68,  a n d  73-76, i .e . ,  one-fourth of  the t o t a l  unknowns. 

Unfortunately the new matrix, defined by 

as i n  the general case (36) f o r  equal-conduct 

s o ,  the cornputer storage and computation time 

equations ( 4 6 ) ,  i s  n o t  symmetric 

v i  ty and  equal -size ,cell s. Even 

are reduced considerably for the 

MT problem. CJithout symmetry planes 3N(3N+1)/2 Z 9N2/2 storage locations are  

required, where N i s  the number o f  ce l l s .  With two symmetry planes, the 

20 



3 

z 
storage requirement i s  K ?= q/v - - - l e s s  by a factor of  8.  

Y 4 /b 

Figure 5 i l l u s t r a t e s  the reduction in computer time for  a two-symmetry- 

plane problem compared t o  one with no symmetry. 

factoring ( L U  deconiposition) the matrix account f o r  most o f  the computer time. 

Matrix factorization time i s  less  by a factor o f  a b o u t  35 when symmetry i s  

invoked. 

problem, because only one-fourth o f  the matrix elements need t o  be computed. 

I n  each case, forming and 

The time required t o  form the matrix i s  l e s s  f o r  the symmetric 

I n  the general case a maximum of 120 c e l l s  can be used on the University 

of U t a h  Univac 1108 computer, b u t  for the symmetric p rob  em the limitation i s  

340 ce l l s .  

Cells for  more accuracy, o r ,  a l ternat ively,  the modeling o f  larger bodies. 

This increase in the number of  c e l l s  permits the use of smaller 

21 
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Without using symmetry _ _ _  Factoring the matrix 
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f 

I X ko0 80 

Number of cells 

Figure 5.  Keduction in computer time for  problem with two symmetry planes.  
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CONVERGENCE CHECKS 

Because o f  t h e  many p o s s i b i l i t i e s  f o r  t h e o r e t i c a l  and programming e r r o r s ,  
6d 

b 

i t  i s  i m p o r t a n t  t o  v e r i f y  t h e  accuracy o f  any numerical  s o l u t i o n .  

check i s  w i t h  r e s u l t s  f rom ano the r  t y p e  o f  numer ica l  s o l u t i o n .  

The b e s t  

U n f o r t u n a t e l y ,  

3 t h e  o n l y  o t h e r  p u b l i s h e d  3D MT r e s u l t s  a r e  those o f  Jones (1974) ,  We ide l t  

(19751, and Reddy e t  a l . ,  (1977) ,  a l l  f o r  o u t c r o p p i n g  bod ies  which we cannot 

model a c c u r a t e l y .  However, comparisons w i t h  P r i  dmore (1978) f o r  

c o n t r o l  l e d - s o u r c e  EM, comparisons w i t h  o t h e r  s o l u t i o n s  f o r  z e r o  f requency 

(Hohmann, 19751, and comparisons w i t h  20 models d iscussed l a t e r  i n  t h i s  r e p o r t  

l e n d  credence t o  o u r  r e s u l t s .  A l s o  t h e  genera l  b e h a v i o r  o f  t h e  30 I-1T r e s u l t s  

1 

1 i s  as expected. 

An i m p o r t a n t  se l f - check  i s  convergence: as t h e  c e l l s  a r e  made s m a l l e r ,  

t h e  r e s u l t s  shou ld  converge t o  some value.  The body t h a t  we have used t o  

check convergence i s  shown i n  F i g u r e  6. It i s  a 1 km x 2 km x 2 km conduc t i ve  

p r i s m  a t  1 km dep th  and i s  e longa ted  i n  t h e  y d i r e c t i o n .  We have checked 

convergence a t  p o i n t s  A ,  B,  and C a t  f o u r  f requenc ies  and a t  t h r e e  d i f f e r e n t  

d i s c r e t i z a t i o n s :  lxZxZ = 4 c e l l s ,  2 x 4 ~ 4  = 32 c e l l s ,  and 4 x 8 ~ 8  = 256 c e l l s .  

The c e l l  s i z e s  f o r  these t h r e e  cases a r e  1 km, 0.5 km, and U.25 km, 

r e s p e c t i v e l y .  

F i g .  6a. 

l o n g  a x i s  o f  t h e  body, w h i l e  f o r  E, e x c i t a t i o n  t h e  i n c i d e n t  e l e c t r i c  f i e l d  i s  

perpendi  cu 1 a r  t o  t h e  1 ong a x i  s 

The two e x c i t a t i o n  modes - E 1 1  and EL - a r e  i l l u s t r a t e d  i n  

F o r  Ell e x c i t a t i o n  t h e  i n c i d e n t  e l e c t r i c  f i e l d  i s  p a r a l l e l  t o  t h e  

F igu res  7-9 show t h e  convergence as a f u n c t i o n  o f  f requency a t  p o i n t s  A ,  

0 ,  and C ,  r e s p e c t i v e l y ,  f o r  t h e  Ell mode. R e s u l t s  a r e  g i v e n  i n  terms o f  

23 



I 
(a 1 

F igu re  6. (a )  Three dimensional  model f o r  convergence checks. 
(b)  Plan view showing the  th ree  obse rva t i on  p o i n t s  on the  surface 

of the  ea r th .  
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apparent r e s i s t i v i t y  ( PYA) and phase ( E  phase - H x  phase).  

convergent,  and, as expected, s m a l l e r  c e l l s  a r e  r e q u i r e d  t o  

c u r r e n t  a t  t h e  h i g h e r  f requencies.  

Y I$ 
The s o l u t i o n  i s  

p r e s e n t  t h e  

A t  10 Hz t h e  c e l l  s i z e s  represented i n  F i g u r e s  7-9 a re  2.8, 1.4, and 0.7 

s k i n  depths i n  t h e  body. 

f i n a l  r e s u l t  by t h e  midd le  c e l l  s i z e ,  t h e  c e l l  s i z e s  a r e  0.89, 0.44, 0.22 s k i n  

depths i n  t h e  body. Thus i t  appears t h a t  t h e  minimum c e l l  s i z e  f o r  accura te  

r e s u l t s  i n  t h i s  case i s  about 0.5 s k i n  depths. 

adequate f o r  p a r t i c u l a r  i n t e r p r e t a t i o n  problems and computat ions would be l e s s  

expensive. 

c o n t r a s t  and depth,  i s  t h a t  t h e  c e l l s  must be smal l  enough t o  a c c u r a t e l y  

represent  t h e  c u r r e n t  even a t  very  low f requenc ies  where t h e  s k i n  depth i s  

l a r g e .  

depth. As a r e s u l t ,  computat ions f o r  sha l low bodies a r e  expensive.  

A t  1 Hz, where t h e  s o l u t i o n  has converged t o  the 

O f  course l a r g e r  c e l l s  may be 

Another c e l l  - s i z e  c r i t e r i o n ,  which depends mai n l y  on conduct i  v i  t y  

As a r u l e  o f  thumb, we r e q u i r e  t h e  c e l l s  t o  be no l a r g e r  than t h e  

Convergence f o r  E4 e x c i t a t i o n  i s  a l i t t l e  f a s t e r ,  as i l l u s t r a t e d  i n  

F igures  10-12. 

The s i g n i f i c a n c e  o f  these r e s u l t s  i s  t h a t  we have been a b l e  t o  h a l v e  t h e  

c e l l  s i z e  two t imes and demonstrate convergence f o r  t h i s  p a r t i c u l a r  i n t e g r a l  

equat ion  s o l u t i o n .  I n  o u r  p r e v i o u s  c o n t r o l l e d - s o u r c e  model ing t h e r e  were no 

symmetry p lanes,  so t h a t  o n l y  two d i s c r e t i z a t i o n  l e v e l s  were p o s s i b l e ,  and i t  

was i m p o s s i b l e  t o  determine whether t h e  s o l u t i o n  i s  convergent  except  i n  t h e  

s imp le  zero- f requency case. 

accuracy w i t h  fewer unknowns, b u t  they would be d i f f i c u l t  t o  implement. 

Higher-order  b a s i s  f u n c t i o n s  would y i e l d  t h e  same 

3 
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COMPARISON WITH 2D MODELS 

Another use fu  check, and one which i s  e n l i g h t e n i n g  f o r  MT 

i n t e r p r e t a t i o n ,  i s  comparison w i t h  2D models. As t h e  l e n g t h  o f  t h e  3D body 

i nc reases ,  t h e  f i e l d s  should approach those of  a 2D model. 

show comparisons between o u r  3D r e s u l t s  and 2D r e s u l t s  computed w i t h  R i j o ' s  

(1977)  f i n i t e  element a l g o r i t h m .  

s t r i k e  l e n g t h  ( 2 ,  4, 8 , W k m ) .  

F igures  13 and 14 

The model i s  t h a t  o f  F igure  6 w i t h  v a r i a b l e  

F i g u r e  13 shows the  comparison f o r  Ell e x c i t a t i o n  which corresponds t o  

t h e  2D TE mode. 

b u t  a l l  f i v e  components - E,, Ey, Hy, H, - are  p r e s e n t  i n  t h e  30 case. 

Apparent r e s i s t i v i t y  ( pyx) and phase (Ey  phase - H, phase) a r e  P l o t t e d  a g a i n s t  

d i s t a n c e  f rom t h e  c e n t e r  o f  t h e  body f o r  t h e  t h r e e  s t r i k e  l e n g t h s  and f o r  t h e  

2D body. 

Only Ey, H,, and H Z  components a r e  p r e s e n t  f o r  t h e  2D model, 

Because t h e r e  a r e  no boundar ies normal t o  c u r r e n t  f l o w  t o  generate space 

charges i n  t h e  20 TE case, whereas t h e r e  a r e  i n  the  3 D  model, t h e  r e s u l t s  a r e  

q u i t e  d i f f e r e n t .  

secondary e l e c t r i c  f i e l d  due t o  p o l a r i z a t i o n  charge a t  t h e  ends o f  t h e  body i s  

p resent  even a t  zero f requency w h i l e  t h a t  due t o  volume p o l a r i z a t i o n  c u r r e n t  

( t h e  o n l y  source o f  secondary f i e l d  i n  t h e  2D case)  decreases w i t h  decreas ing 

frequency. 

p o l a r i z a t i o n  c u r r e n t ,  a l s o  has a f requency- independent Component. 

The d i f f e r e n c e  i s  p a r t i c u l a r l y  g r e a t  a t  0.03 Hz. The 

The secondary magnetic f i e l d ,  which i s  due o n l y  t o  volume 

A t  1 Hz and above, apparent r e s i s t i v i t i e s  f o r  t h e  8 km-long 3D body are  

very  c l o s e  t o  those o f  t h e  2D model. Phase seems t o  converge t o  2D values as  
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. . .  

3 

t he  l e n g t h  i s  inc reased,  b u t  a body l o n g e r  than 8 km would be r e q u i r e d  f o r  

good agreement. 

Comparisons between o u r  3D E L r e s u l t s  and R i j o ' s  2D TM r e s u l t s  a r e  shown 

i n  F i g u r e  14. Space charges a r e  i n c l u d e d  i m p l i c i t l y  i n  t h e  2D TM f o r m u l a t i o n ,  

so t h a t  t h e  two s o l u t i o n s  do n o t  d i ve rge  a t  l o w  f requenc ies  as they  do f o r  E l l  

e x c i t a t i o n .  

t o  converge t o  va lues  s l i g h t l y  d i f f e r e n t  from those o f  t h e  2D s o l u t i o n  as the  

l e n g t h  o f  t h e  body inc reases .  

ampl i tudes  d i f f e r  by  as much as 15 pe rcen t  a t  1 Hz. 

However, except  a t  t h e  h i g h e s t  f requency,  t h e  3D s o l u t i o n  seems 

F o r  example, t h e  apparent  r e s i s t i v i t y  

T h i s  d isc repancy  i n  t h e  E, r e s u l t s  c o u l d  be  due e i t h e r  t o  the  2D o r  3D 

s o l u t i o n .  

v e r i f i e d  by  c r o s s  checks w i t h  o t h e r  numer ica l  s o l u t i o n s  (Hohmann, 1971; S w i f t ,  

19711, we no ted  some d i sc repanc ies  i n  comparing t h e  TM f i n i t e  element r e u l t s  

w i t h  those o f  S w i f t .  

comparison i n  F i g u r e  14 i s  adequate t o  g i v e  us con f idence  i n  o u r  3D r e s u l t s .  

Whi le  t h e  accuracy o f  t h e  20 f i n i t e  element TE r e s u l t s  has been 

T h i s  d isc repancy  i s  b e i n g  i n v e s t i g a t e d ,  b u t  t he  

The comparisons i n  F i g u r e s  13 and 14 a r e  u s e f u l  f o r  two reasons: (1) They 

c o n f i r m  t h e  v a l i d i t y  o f  t h e  3D s o l u t i o n ,  and (2) they p o i n t  o u t  t h e  problems 

i n  i n t e r p r e t i n g  d a t a  w i t h  2D models. Because t h e r e  a r e  l a t e r a l  c o n d u c t i v i t y  

boundar ies i n  a l l  d i r e c t i o n s  f o r  a t y p i c a l  geothermal a p p l i c a t i o n  o f  MT, t h e r e  

r e a l l y  i s  no TE mode. 

i d e n t i f i c a t i o n  i s  i n v a l i d ,  and 3D models a r e  r e q u i r e d  f o r  i n t e r p r e t a t i o n .  

As deduced by Wannamaker (1978), s tandard  mode 
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COMPARISON N I T H  A LAYERED MODEL 

To exaini ne t h e  Val i d i  t y  o f  1 D  i n t e r p r e t a t i o n  o v e r  a 3D body, we compared 

t h e o r e t i c a l  apparent  r e s i s t i v i t y  f o r  a l a y e r e d  model w i t h  r e s u l t s  f o r  30 s labs  

o f  d i f f e r e n t  l a t e r a l  e x t e n t s .  The comparison i s  shown i n  F i g u r e  15 f o r  square 

s labs  200, 400, 800, and 1200 meters on a s i d e ,  100 meters deep, and ‘200 

meters t h i c k .  The s l a b  r e s i s t i v i t y  i s  3 ohin-m compared t o  a background 

r e s i  s t i  v i  t y  o f  1U0 ohm-m. 

The 3D r e s u l t s  may n o t  be ve ry  accu ra te  a t  300 Hz because t h e  c e l l  s i z e  

o f  100 meters i s  t w i c e  t h e  s k i n  depth i n  t h e  s l a b .  However, t h e  c e l l  s i z e  1s 

l e s s  than a s k i n  depth a t  t h e  o t h e r  f requenc ies  and, f u r the rmore ,  i s  equal t o  

t h e  dep th  t o  t h e  t o p  o f  t h e  s lab .  Hence t h e  3D r e s u l t s  shou ld  be accu ra te  

except  a t  300 Hz. 

F i g u r e  15 i l l u s t r a t e s  t h e  i m p o r t a n t  p o i n t  t h a t ,  because o f  space charges 

a t  i t s  boundar ies,  a 30 s l a b  must be ve ry  l a r g e  f o r  1 D  i n t e r p r e t a t i o n  t o  

apply .  I n  t h i s  case t h e  1 D  and 30 responses a r e  q u i t e  d i f f e r e n t ,  p a r t i c u l a r l y  

a t  l o w  f requenc ies ,  even f o r  a 12OUin x 1200m s l a b  a t  1W m depth.  R e s u l t s  a r e  

c l o s e r  a t  t h e  h i g h e r  f requenc ies  as  volume c u r r e n t s  become more i m p o r t a n t  

r e l a t i v e  t o  charge a t  t h e  boundar ies.  

i n t e r p r e t a t i o n  would y i e l d  erroneous r e s u l t s .  

I t  i s  obv ious  t h a t  l a y e r e d - e a r t h  
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COMPUTATIONS ON A G R I D  

When t h e  p o l a r i z a t i o n  c u r r e n t  i n  an inhomogeneity has been found, t h e  

secondary e l e c t r i c  and magnet ic f i e l d s  anywhere can be c a l c u l a t e d  by a p p l y i n g  

t h e  a p p r o p r i a t e  dyadic  Green's  f u n c t i o n s  (Hohmann, 1975)  and i n t e g r a t i n g  over  

t h e  inhomogeneity. F i g u r e s  16-21 show MT r e s u l t s  a t  .03 ,  1, 3, and 10 Hz on a 

g r i d  a t  t h e  e a r t h ' s  s u r f a c e  o v e r  t h e  1 km x '2 km x 2 km c o n d u c t i v e  body 

i l l u s t r a t e d  i n  F i g u r e  6. The c e l l  s i z e  was 250 m f o r  these computat ions.  

Because t h e  problem has two p lanes  o f  symmetry, r e s u l t s  a r e  shown f o r  one 

quadrant o n l y .  

F i g u r e  16 shows apparent  resistivity,(?,,, f o r  E l l  e x c i t a t i o n ,  w h i l e  f xy 

Because t h e  e l o n g a t i o n  o f  t h e  body f o r  E l  e x c i t a t i o n  i s  shown i n  F i g u r e  1 7 .  

i s  n o t  g r e a t ,  r e s i s t i v i t y  va lues a r e  s i m i l a r  f o r  t h e  two e x c i t a t i o n  modes, 

w i t h  t h e  E l l  case e x h i b i t i n g  s l i g h t l y  l o w e r  va lues.  

normal t o  t h e  i n c i d e n t  e l e c t r i c  f i e l d .  

Contours a r e  e longa ted  

The phase of  t h e  impedance Zyx = Ey/Hx i s  shown i n  F i g u r e  18 f o r  E l l ,  

w h i l e  t h e  Phase of  ZXY = Ex/Hy f o r  EL i s  shown i n  F i g u r e  19. A t  l o w  

f r e q u e n c i e s  t h e  phase approaches -45 degrees f o r  b o t h  i n c i d e n t  f i e l d  

o r i e n t a t i o n s ,  which i s  t h e  va lue  f o r  a homogeneous e a r t h .  The e l e c t r i c  f i e l d  

phase i n c r e a s i  n g l y  1 ags t h e  magnet ic f i e l  d phase as  t h e  f requency i ncreases, 

w i t h  phase ang les  b e i n g  s l i g h t l y  g r e a t e r  f o r  E l l .  

e longa ted  normal t o  t h e  i n c i d e n t  f i e l d .  

Again, con tou rs  a r e  

Fo r  a 2D model, where t h e  TE and TM modes separate,  t h e  v e r t i c a l  magnetic 

f i e l d  i s  a s s o c i a t e d  o n l y  w i t h  t h e  T E ,  o r  E l l ,  mode. Thus i t  i s  C ~ ~ W ' I O ~  i n  MT 
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i n t e r p r e t a t i o n  t o  u t i l i z e  t h e  v e r t i c a l  magnet ic f i e l d  t o  determine which of 

t h e  two p r i n c i p a l  impedance axes i s  t h e  s t r i k e  d i r e c t i o n ,  i .e. ,  t o  i d e n t i f y  

t he  modes. The s t r i k e  d i r e c t i o n  i s  taken as normal t o  t h a t  f o r  which t h e  

h o r i z o n t a l  magnet ic  f i e l d  H x ,  i s  most coheren t  w i t h  H,, t h e  v e r t i c a l  magnetic 

f i e l d .  

With o u r  s o l u t i o n ,  we can c a l c u l a t e  Hz a t  any p o i n t  o v e r  a 3D body f o r  

any i n c i d e n t  f i e l d  d i r e c t i o n .  

and E, e x c i t a t i o n ,  r e s p e c t i v e l y .  

r a t i o s  )Hz I / ,Hx ; {  i n  pe rcen t ,  w h i l e  those  i n  F i g u r e  21 a r e  f o r  f H Z I / ( H I I -  Here 

F i g u r e s  20 and 21 show i n i t i a l  r e s u l t s  f o r  E11 

The va lues p l o t t e d  i n  F i g u r e  20 a re  t h e  

i H x l  and I H y l  a r e  t h e  ampl i tudes o f  t h e  i n c i d e n t  f i e l d s .  

The v e r t i c a l  f i e l d  i s  an t i symmet r i c  about  t h e  y z  p l a n e  f o r  Ell e x c i t a t i o n  

and an t i symmet r i c  about  t h e  xz p lane  f o r  E A  e x c i t a t i o n .  

TE modes do n o t  separa te  f o r  a 3 D  body, E A  e x c i t a t i o n  r e s u l t s  i n  l a r g e  H, a t  

many p o i n t s .  

magnet ic f i e l d  f o r  t h e  EA (TM) mode. 

f o r  Ell a t  t h e  s i d e  o f  t h e  body, w h i l e  i t  i s  l a r g e r  f o r  E, o f f  t h e  end o f  t h e  

body. Over p a r t  o f  t h e  g r i d ,  then,  t h e  s t r i k e  d i r e c t i o n  would be 

m i s i n t e r p r e t e d  u s i n g  conven t iona l  procedures.  

Because t h e  TM and 

T h i s  c o n t r a s t s  w i t h  t h e  2 D  case, where t h e r e  i s  no v e r t i c a l  

The v e r t i c a l  magnet ic f i e l d  i s  l a r g e r  
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DISCUSSION 

I n  t h i s  r e p o r t  we have documented a new 3D numer ica l  s o l u t i o n  f o r  PIT 

a n a l y s i s  and have demonstrated t h e  v a l i d i t y  o f  t h e  r e s u l t s .  These i n i t i a l  

r e s u l t s  a l s o  show t h a t  3D models a r e  r e q u i r e d  f o r  geothermal a p p l i c a t i o n s  of 

FIT . 

flow i n t e n d  t o  s y s t e m a t i c a l l y  s tudy  MT parameters such as impedance 

t e n s o r ,  t i p p e r ,  skew, e tc . ,  i n  3D env i ronments,  and we w i l l  a t t e m p t  t o  develop 

new i n t e r p r e t a t i o n  techniques.  A l so  we w i l l  i n v e s t i g a t e  m o d i f i c a t i o n s  o f  t h e  

numer ica l  s o l u t i o n  f o r  g r e a t e r  accuracy and f l e x i b i l i t y .  
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