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MIXED-MODEFRACTUREOF CERAMICS

J. J. Petrovic

Materials Science and Technology Division
Los Alamos National Laboratory
Los Alamos, New Mexico 87545

ABSTRACT

The mixed-mode fracture behavior of ceramic materials is of impor-
tance for monolithic ceramics in order to predict the onset of fracture
under generalized Ioeding conditions and for ceramic composites to de-
scribe crack deflection toughening mechanisms. Experimental data on
surface flaw mixed-mode fracture in various ceramics indicate that the
flaw-plane normal st:ess at fracture decreases with increasing in-flaw-
plane shear etress, although present data exhibit a fairly wide range in
detaile of this o - T relationship. Fracture from large cracks suggests
that Mode 11 has a greater effect on Mode I fracture than Mode 111. A
comparison of surface flaw and large crack mixed-mode I-II fracture
responses indicates that surface flaw behavior is influenced by shear
resistance ●ffects.

INTRODUCTION

The mixed-mode fracture behavior of fracture-initiating flaws in
ceramic materials is of importance for two reasonao First, this is the
necassary basis of realistic, physically-baaed multiaxial loading frac-
ture criteris for monolithic ceramics with a statistical flaw distribu-
tion (1,2). Secondly, much behavior is intimately related to crack
deflection toughening mechanitims in ceramic composites (3). The purpose
of the present paper is to review ●xperimental mixed-mode fracture
results for ceramics and other brittle materials, and to compare these
results to :he predictions of present theoretical mixed-mode fracture
criteria in order to determine their applicability.

MIXED-MODEFRACTURETHEORIES

The three Modes of fractur~ are ehown in Figure 1. Mode I, the
opaning mode, ●xhibits crack surface diaplacaments perpendicular to the
crack plme. Mode 11, the ~liding mode, ●xhfbits crack surface displaca-
menta in th~ plan? of the crack ●nd perpendicular to the crack front.
Mode 111, the tearing mode, exhibits crack surface dioplacemants alao in
the plane of the crack but parallel to the crack front. Generalized
loading condition will involve combined Modes 1, 11, ●nd 111. The
different fracture Hode~ produce different stress distributions in the



material ahead of the crack tip, the lntenaity of which ●re governed by
the stress Intensity factora K1, K1l, ●nd Kill.
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FIGURE 1: The Three Modes of Fracture.

The simplest mixed-mode fracture criterion is the coplanar criterion
(4). This crltetion assumes that mixed-mode fracture will Initiate, with
crack extension In the plane of the initial crackj when the strain ener~y
release rate in this plane reaches ● critical value (this critical value
is taken to be a material parameter ●qual to the pure Mode I critical
strain ●nergy release rate). However, coplanar mixed-mode fracture ie

virtually never observed and ao non-coplanar strain anergy releaae rate
criteria have been put foward (5-10). In non-coplanar strain ●nergy
release rate criteria? the mixed-mode crack ia presumed to ●xtend in the
non-coplanar direction of maximum strain energy releaae rata, when thin
quantity reaches a critical value. Two other criteria of non-coplanar
mixed-mode fracture are the muxlmw tangential tensile atraoa theory (11)
and tl~e strain energy density theory (12). The maximum tangential
teneile ●traae theory asmmes that crack *xtanaion ●tarta in the plane
perpendicular to the direction of graateot crack tip tan8antial ta sion
o , with catastrophic fracture occurring when th~ quantity (2R) %

8r achea a critical value. “8It la interesting to note that the stral
●nergY relaase rate theory of Nui6mer (6) yields the same pradictiona ae
the maximum tangential tensile ●troao theory. The strain ●nergy danaity
theory aeaumes that crack Inititition will start in ● radial diraction
alonR which the otrain ●nargy density is minimums with fracture occurring
when the retrain energy denmity factor reaches a critical value.

The predictions of ● number of thaae critaria for mixad-mode 1-11
fracture are shown in l’i8ure 2. These thao~iea pradict that K1 dacreasoo



with increasing K . It should be noted that thece criterle eleo predict
V.lUCSOf ther.t\~K~lC/K1$ fOrthe CtMJe Of pure 140de II fracture. For
the varioue mixed-mo ● fra ture theoriee, the range of predictions is
0.63 ~ K

IIC%: 1.02.
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FIGURE 2: Predictions of Theoretical Mixed-Mode Fracture Criteria.

EXPERIMENTALMIXED-MODEFFuiCTURERESULTS

lndenteti_on Surface Flaws

The mixed-mode fracture of ceramics has been examined largely using
indentation eurface flaws under various loading configurations. Experi-
mental reeults of all studies to date are eunmmrized in Figure 3. A key
for the ●xperimental data IS given in Table 1. In Figure 3, 0 10 5s
plotted versus ‘r/o , where o is the etresa normal to the flaw p?an?, T
ie the shear atre~s in the ‘plane of the flaw, and CIo iB the fracture
otresa under pure Mode I condltion6.

3

Except for one data point, the data in Figure 3 indicate that o /u
at fracture decreases with increasing t/U . Thie means that ●urface !!la~
fracture 18 influenced by the preoence o ?an in-flaw-plane ●haar “treas.
If thiu were not the came, Onlo would equal one, independent of the

o
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FIGURE 3: M?.xed-ModeFractu:e Results for Indentation Surface
Flaws .

value of 1/0 . The data in Figure 3 clearly demonstrate that a constant
normal street criterion for fracture wI1l be eeriouely in ●rror, snd that
the fracture criterion must include mixed-mode loading conditions.

The data in Figure 3 for various ceramic materials and loading
configuratims exhibit a fairly wide range, rather than lying on a single
curve. Most of the data comes from the fracture of inclined surface
flaws in bending (13, 14, 15, 17, 18, 19, 20). Even within this single
loading configuration, the data spread la sig.,ificant. At very eteep
angles of inclination to the bending tenni.le &tress, both rJ and 7
exhibit decrea#es at flaw fracture) which usually occurs only ~rom the
surface tip cf the Knoop indentation.

The filled data points in Fi8ure 3 indicate eurface flaws which were
an~ealed to remove indentation residual ntre~ees prior to mixed-mode
fracture. Marshall (17) has shown that the presence of theee rceidual
stresses leade to stable non-coplanar crack growth prior to catamtrophlc
fracture under mixed-mode loading conditions. This change in crack shape
might be expected to complicate the local mixed-mode fracture situation.
However, the data in Figure 3 do not provide a clear-cut description of
residual stress effects on mixed-mode fracturap wf.th some date ●hoWing
significant ●ffects on u~ and I at fracture and other data showing little
effect.

Mixed-mode fracture studies of surface flawa have been performed in
combined tenat.on/toroion (16,19) ●nd diametral compression (18). For



TABLE 1. Key for Indentation Surface Flaw Mixed-Mode
. . l%~cture Resulte in Figure 3

Sym. Material

‘ot-presstd ‘13%*

‘et-pressed ‘i3N4*

“’t-pressed S13N4*

‘et-pressed ‘13N4*

‘et-pressed ‘13N4**

Soda-Lime Glass

‘et-pressed S13N4**

‘ot-pres=ed ‘i3N4**

Pyroceram 9606

Fyroceram 9606

“VcO ‘1203

Fyroceram 9606

Fyroceram 9606

A“co ‘1203

Test
Qe

Bendin@

Bending

‘Tension/
torsion

Ten8ton/
torsion

Bending

Bending

Bending

Bending

Diametral

Indentation
CondStiona

59N Knoop

59N Knoop

59N Knoop

59N Knoop

25N Knoop

20N Knoop

SON Knoop

50N Knoop

50N Knocp
Compression

Diametral 50N Knoop
Compression

Diametral 50N Knoop
Compression

Bending SON Knoop

Bending 50N Knoop

Bending SON Knoop

Indentation
Annealln~ Ref.

2h/1200”C 20

None 19

lh/1300°C 19

None 16

None 13, 14

None 15

4h/1200°C 17

None 17

None 18

4h/820”C 18

None 18

None 18

4h/820°C 18

None 18

these loading configurations, fracture under pure shear conditions (i.e.,
zero normal stre~s on the flaw plane) je possible. For as-indented flaws
in hot-pressed Si N4,

?
the author obtained a value of I/o = 1.31 for this

conaition of sur ace flaw fracture, although this val~e may have been
i~~fluenced by non-coplanar stable crack extension prior to catastrophic
failure in pure torsion. Shetty et al. (18) report t/u values in pure
shear of 2.0-2.2 for Pyroceram 9606 and A1203. They hav% also indicated
a siR&liticant difference in the dependence of a 10 on TfO between
diametral compression and bending which they ascr~e”to a st?ess-state
effact.

Large Cracks

The only large crack mixed-mode fracture data presently available
for ● ceramic material are shown in Figure 4. In thin investigation
(20), the Mode 1-11 fracture of hot-preseed SlqN was examined using

icircumferentially ●lotted tubes in combined tene’,o /torsion, while Mode



1-111 ft6cture was studied u~~ng circumferentially notched rode in
combined tension/torsion.
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FIGURE 4: Flixed-Mode Fracture of Large Cracks in Hot-Pressed Si3NL.

Ad may be seen in Figure 4, both Mode 11 and Mode III influence
Mode I fracture, with Mode 11 condition having a greater influence.
Ueda et al. (21) have observed eimilar trends for the mixed-mode fracture
of brittle polymethylmethacrylate (PMMA). Observed stress intensity
factor ratios in S1 N for pure Mode II and pure Mode III loading were

90.79 ●nd31$11P/Kl =1.55. For the mixed-mode fracture of
~&&~~Kl%rgc cracks, non-plana !fracture wasunivereally observed, ae has
also been the caee for eurface flawa. The theoretical non-coplanar
fracture theories ●lmost universally predict K

IIC’KIC ●nd ‘III&
ratios less than one (20).

With reg~rd to large crack studiee on other brittle materials, Awaji
and Sato (22) have reported K /K ratioe in the ran8e of 1.09-1.16
using inclined large cracks vi dfhetral compression for graphite,
plamte,-, ●nd marble materiale. For brittle PMMA(21), R ,/K ratioe in

~z~e~$ obeerved.the range of 0.75-0.9 ●nd K /K1 ratios of 0.98 hav
In metals, varioue etudiee (}\~96) %ave indicated K1 /K ratios in the
range of 1.0-1.2, /h ~~ig~orhood of 1.2
(23,26).

‘ith ‘IHC IC ‘atiOB ‘n ‘ha

---- .- .—

6



—-. . .

. Comparison of Surface Flawg_and Large Cracks
●

FiBure 5 compares ●xperimental values of K /K
Lx&p surface

/K for~er6US ‘I+laIwC~ in

circumferentially alotted tubea ●nd ●nnealed
hot-pressed Si3N4 (20). Also ●hewn for comparison are a number of
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the Mixed-Mode Fracture of Circumferentially
and Annealed Surface Flaws In Hot-Prefised

mixed-mode fracture criteria. As may be seen, the mixed-mode fracture
data for circumferentially Blotted tubes and Knoop surface flaws do not
coincide. In general, the surface flaw data exhibits less of an effect
of K

%
on K1 fracture than does the slotted tube data. While the slotted

tube ata are best described by prediction of the non-coplanar etrain
anergy release rate (5,6,8) and maximum tangential tensile stress i(n)
criteria, the surface flaw results are beat described by the coplonar
fracture (4) and strain energy density (12) criteria. Previous inves-
tigations (14,i7) have also indicated that the mixad-mode fracture of
surface flaws is well deecribed by the coplanar fracture criterion, this
despite the fact that the fracture response is clearly non coplanar.
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The difference in the mi%ed-mode responses of large cracka ●nd
surface flaws shown In Figure 5 is of some insiBht. Marshall (17) has
auggeated that eurface flawe which are free of indentation residual
stresses (i.e., annealed flaws) have crack surfaces that are in contact
at aaperitie6. This resistance to shear at the contact point6 would
reduce the effectiveness of the applied shear loading In producing streaE
Intensification at the crack tip, ‘thus ●ffectively reducing the actual

‘1
level for surface flaw6 under mixed iC1/K1lloading below that calcu-

la~ed under the assumption that the surfaces were not in contact. Since
the large crack surfaces were not in contact, this would account for the
difference in Figure 5.

In a recent 6tudy (20), this effect has been ❑odeled by asEuming
zhet the In-flaw-plane shear stre6s for surface flaws is reduced by a
multiplicative factor related to the surface rouBhness and crack opening
displacement of the flaw, termed the shear resistance factor S . This
factor ranges between zero (complete crack resistance to sliding dis-
placements) and one (no crack resistance effects). A likely functional
form for the shear resistance factor is the ratio of the surface flaw
crack opening displacement (COD) to the average asperity helBht d. Using
the expression of Sneddon (27) for the elaetic crack opening di.aplacement
of a penny-shaped flaw in an Iniinite medium under tensile loading, the
Mode II stress intensity factor for Burface flaws may be expressed as

where the second term represents the shear resistance factor. Here, CJ
is the stress normal to the flaw plane, a is the flaw radius, T is th~
applied shear stress, E Is the elastic modulus~ d is the asperity height,
and v is Poissonts ratio.

The above expression indicates that K for surface flaws depends on
both the shear stress ~ and the no

w
St;:ss ~ ● ~

‘nl?~
dition, the flaw

size dependence ‘f ‘II
becomes a rather t%an a . Finally, the

material variables of elastic modulus E and asperity height d (expected
to be some fraction of the material grain 6ize) are introduced. These
would suggest that ceramics with high elaEtic moduii and large grair,
sizes may be the most susceptible to 6hear resistance effects. Applica-
tion of the above expression to mixed-mode Eurface flaw fracture in

‘ot-presspd ‘i3Nk
(20) brings surface flaw responses into better corre-

spondence with t e predictions of non-coplanar strain energy release rate
fracture theories.

SUMMARY

Experimental mixed-mode fracture responses for ceramics and other
brittle materialE have been reviewed and compared to predictions of
theoretical mixed-mode fracture criteria. Surface flaw reoult6 demon-
strate a significant ●ffect of in-flaw-plane ●hear stresses on the
flaw-plune normal stress ●t fracture, indicating that the surface flaw
fracture criterion must include mixed-mode loading conditions. Flixad-
mode iracture studies of large cracka ●uggeat that Mode 11 has a graater
effect on Mode I fracture than does Mode 111. A comparison of surfaca



,.,
●

flaw end large crack mixed-mode 1-11 fracture behavior indicatP6 that
shear resistance ●ffects Influence the surface flaw mixed-mode response.
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