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ABSTRACT

Two methods of focusing synthetic aperture radar (SAR) images are compared. Both a conventional sub-
aperture cross-correlation method and a new phase gradient autofocus (PGA) algorithm developed at Sandia
National Laboratories are shown to perform well if high-order phase errors are not present. With the introduc-
tion of significant high-order phase errors [e.g., due to uncompensated platform motion], both algorithms suffer
a loss in performance. However, relative performance degradation is less for PGA than for the subaperture
focusing technique. An explanation is presented for the observed behavior of the two autofocus techniques.

1 INTRODUCTION

Two methods of focusing a synthetic-aperture radar (SAR) image are compared in this article: subaperture cross-
correlation and phase gradient autofocus (PGA). A focused image may be defined as one from which the impulse
response, or point spread function (PSF), has been deconvolved. After this has been accomplished, a point target
will appear in an image only at a single picture element (pixel).

Assume that the PSF depends upon cross-range only. The Fourier transform of the PSF along the cross-range
direction is its range-compressed phase history — a function of aperture only. The range-compressed phase history
ofa PSF is complex-valued with magnitude and phase that vary along the aperture. In this paper the phase ofthe
point spread function’s Fourier transform is referred to as the phase error function or, simply, the phase function
associated with the PSF.

A nonlinear phase error function influences image focus and contrast. Figure | shows four phase error functions
and their corresponding point spread functions.

Figure la is the phase function of the ideal PSF shown in Figure lb. Figure Ic is the phase function of the
low-resolution PSF shown in Figure Id. A low-order phase function produces a wide main lobe — the chief
characteristic of a poorly-focused image.

As shown in Figures le and If, a high-order phase function degrades image contrast. Qualitatively, contrast is the
ratio of main lobe magnitude to side lobe magnitude. Although the main lobe of Figure If'is narrow, indicating
satisfactory focus; the side lobes are large, indicating poor contrast. If high-order phase errors are present, they
reduce the observed signal-to-clutter ratio of an image — limiting the useful range of the SAR system.
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Figure 1: Phase and point spread functions
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A linear combination of low-order and high-order phase errors is illustrated in Figure Ig. Both poor resolution
and poor contrast are evident in the corresponding PSF shown in Figure Ih.

The subaperture technique analyzed here has been called map dnfi.® If a second-degree phase function exists along
the full aperture, then a pair of images (maps) formed from two different subapertures will appear translated with
respect to one another. That is, a second-order phase function will cause the subaperture maps to drift apart. The
map drifi is the relative separation between map pairs. Cross-correlation of each pair of maps yields estimates of
the map drifts which are related to the phase function that must be removed in order to focus the image.

If contrast is poor, as in Figure If, then the error variance of a map drift estimate will be correspondingly large.
To minimize variance of a drift estimate, one should maximize contrast before cross-correlating the maps. From
the preceding remarks one concludes that: (1) high-order phase errors are associated with poor contrast, (2)
poor contrast increases the error in the map drift estimate, (3) increasing the error in the drift estimate degrades
focusing performance. Consequently, one should remove as much of the higher-order phase errors as possible before
cross-correlating to remove lower-order phase errors.

The phase gradient algorithm (PGA) developed at Sandia National Laboratories uses a wide cross-range window to
remove high-order phase errors during early iterations, then removes residual lower-order phase errors during sub-
sequent iterations by decreasing the window width.* This is contrary to Brown and Ghiglia's" earlier speculation
that, “As higher-order terms are calculated, the region of support could be appropriately enlarged.”

It has been shown that the phase gradient function computed by PGA is an unbiased, minimum-variance linear
estimate.” Experience with the algorithm indicates that it converges to a well-focused image under a wide variety
of conditions, including low signal-to-clutter ratio and uncompensated platform motion.

The phase error function as computed by either method is valid only if the true phase function does not vary
too abruptly along the aperture. The sampling rate along the aperture must be high enough to record the most
abrupt changes present in the phase function.

Both the map drift and the phase gradient autofocus algorithms work satisfactorily even if there is not an isolated,
strong, point-scatterer in the image. Both algorithms perform as intended ifno significant high-order phase errors
exist. However, if high-order phase errors are present, PGA outperforms map drift.

2 OBSERVED FOCUSING PERFORMANCE

Both simulated data and field test data are used in this analysis. The simulated data consists of an ideal point-
target in the center of a scene with clutter noise added to each channel of the quadrature demodulated data. The
field test data consists of a well-focused radar image to which phase errors are added.

Referring to the aperture domain, peak signal strength is denoted as a4, and standard deviation of the additive
clutter noise as a per channel. Figure 2 shows the average phase error variance for 100 trials of map drift and 100
trials of PGA. Figures 2a-d correspond to a?/<r2 ratios of 40dB, 50dB, 60dB, and 70dB, respectively.

In addition to the parametric sensitivity analysis of phase error variance under controlled conditions of known
signal-to-clutter ratio (SCR) and known phase error, a test was performed on a well-focused SAR image of
unknown SCR. A 16<h-order phase error was added to blur the image, then PGA and map drift were each used
to focus the blurred image.

Figure 3 shows the phase error that was applied to blur the image. Figures 4 and 5 are each one row extracted
from the images that were focused with with map drift and with PGA, respectively. Figures 6 and 7 are the phase
error functions estimated by map drift and by PGA, respectively. The solid curve is the true phase error and the
dashed curve is the estimated phase error.
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Clearly, map drift did not provide a satisfactory estimate of the phase error. The mean squared errors for the
phase error estimates of PGA and map drift are 0.097 and 2400 — a disparity of 44dB. This agrees with the results
of the simulation studies that employed 10”-order estimates.

Notice how the phase estimated by map drift is much worse near the edges of the aperture. Brown and Ghiglia®
mention that “second-derivative samples are not available at the extreme endpoints of the full aperture, and
therefore some extrapolation is necessary, which usually leads to errors”. Perhaps some ad hoc technique could be
developed to remedy this problem associated with map drift autofocus, which is a parametric estimation algorithm.
However, with PGA (a nonparametric algorithm) the problem does not occur.

3 EXPLANATION

Next, we will present an explanation for the observed behaviors of the two autofocus techniques. The formulas
obtained for drift variance and phase error variance agree with the simulation results.

3.1 SUBAPERTURE CROSS-CORRELATION

A new map drift model is presented based on piecewise linear regression instead of piecewise cubic spline regression.
The spline method estimates the second derivative of the phase error function and assumes that it corresponds to
the midpoint between the subapertures. However, the midpoint position assignment is incorrect for higher-order
phase errors, resulting in an erroneous spline-function estimate.

The new model regresses a linear phase ramp through each subaperture. No assumptions are made regarding
second derivatives or their locations. Coefficients of the full-aperture phase error polynomial that best fits the
observed map drifts are computed in a consistent manner even in the presence of higher-order terms. This ensures
that the map drift autofocus implementation used here performs to its full potential.

The map drift (MD) algorithm estimates PSF phase along the aperture by partitioning the aperture into subaper-
tures, forming subimages (maps), and cross-correlating the maps. The amount of azimuth translation, or driff,
between maps is related to the full-aperture phase function.

Partition the full aperture 7 into M subapertures. The range-compressed phase history (), (<) of the ith subaperture
is

.. Mt
9i(i) g(t +ii) ret T
where
T (1i- | .
U 21 A «e {i,2,...,.M}
and
1 if il < 172
ret x 1/2 if J*=1/2
0 if 172 < |7

Maps are images formed from phase-history data. For a quadratic phase error function the drift between a pair
of subaperture maps provides the quadratic coefficient required to focus the full-aperture map. In this section
a mathematical expression that relates the phase error computed by map drift autofocus to the estimated map
drifts is derived.



Assume that each subaperture phase history gi(?) is modeled as

9i() = «(<)+7+(0 1O
a,ie>+"W + ani(ty*""M

The variance of the complex noise n, is
oL = 2m

where each of the real and imaginary components of  hcis variance <t2. The Fourier transform G(w) of g(?) is
one range bin of a SAR complex-valued image.

Gu>) = M<I9);

For a point target Equation 1| is

g — d- CLnC™w

Ifo-  a( then
5; ~ %{S ¢ (/Hﬁ 4*)71)

If the clutter-to-noise ratio is small enough, the observed amplitude is approximately equal to the amplitude of
the uncluttered signal. However, a small phase error $m is added to the signal phase — 43

If the correct phase function were estimated and applied, the focused result would be
9joc = asej*n

Consequently, even if the phase error were estimated correctly and removed entirely, there would still be a residual
phase modulation $m due to clutter.

The signal phase <>, along the i,s subaperture is
<MO0 = Mr+1U) <277
Assume that 4>u(t) is the best linear estimator of the ith subaperture phase <£,(<). Specifically, assume that

is the linear function that fits with minimum mean square error on the interval —— L et the Taylor
series coefficients 60, and bu of

= 60, + but Q)
be defined such that
Q)
is minimized. The solution is
u o~ “@
boi = <pi-buf{t)\f

where



and the mean value operator (*)M is defined as

M LT 72M

772M

P dt

If each residua] subaperture error  is negligible, then each subaperture map is a translated version of the image
formed from the full aperture.

AM

F ()

= Fja<e'(*,+*1,9)}
K 7w+ bu)

A reduction in aperture size is necessary to estimate high-order phase errors; however, utilizing only part of the
available aperture data causes a corresponding decrease in cross-range resolution.” 303 The inevitable trade-off

between aperture size and cross-range resolution explains why map drift autofocus does not perform as well as
phase gradient autofocus in the face of high-order phase errors.

If the phase function ¢si(i) is of order 2V, then expand 4>,(I) in an A'*-degree Taylor series. [There should be no
confusion between the noise magnitude an and the coefficients a¢ of the Taylor series.]

N a

Mt = il < T (5)
/=0

Substituting Equation 5 into Equation 4, the linear coefficient 6i, is evaluated as

This expression predicts the drift between the ith subaperture map and the full-aperture map. However, the
conventional map drift algorithm measures drifts between pairs of subaperture maps. Because residual phase error
E7 for the full-aperture map (unfocused image) could be significant, cross correlation of a subaperture map with
a full-aperture map may yield unreliable estimates of bu.

Denote the drift between maps i and 7 as wuiij.
= U~ (0)

If the number M of subapertures equals the degree N of the polynomial phase estimate then it is possible to
compute (N — /)N/2 drifts fim between the maps formed from all combinations of non-overlapping subapertures.

Dm = Wi
Ni-DQRAr-§)+j5—1, | <i<j <N

m

I(i + D(2N=-i) +j-IN

Equation 6 defines (N — 1)*/2 linear equations in the N — | unknown Taylor coefficients {<12, 03, ..., o"r}. A
concise matrix representation is

fi Ba (7



The least-squares solution a of this system is

a = (B7”B)'IBTn
= B*n ®)

The resulting estimate 4>i of the phase error function is

N
M*) = '52aPiP

p=2

Hahn® has analyzed the variance of cross-correlator time delays in regard to passive sonar bearing estimation.

By properly filtering each channel of data, the mean squared error of all the delay estimates can achieve the
Cramer-Rao lower bound.

For the simulated data, the map drift variance achieves the Cramer-Rao lower bound. Unfortunately, the lower
bound for subaperture cross-correlation increases as M3, where M is the number of subapertures.

Denote the noise variance per channel as T2, the peak signal intensity as a,, the full-aperture length as 7, the
model order as M, the number of aperture samples as L, and the number of range cells as K. Let the aperture
variable be represented as ¢ and let its Fourier transform domain variable (cross-range) be designated as /. The
Cramer-Rao lower bound aj for each map drift estimate f;j between maps i and j is®"'®

Var (fz7) >
In the computer simulations L = 1024 and it is assumed that T=2 and K = Equation 9 then simplifies to

Equation 9, a result of estimation theory, quantifies the qualitative observation of Brown and Ghiglia* that “the

accuracy of the cross correlation of two adjacent maps implicit in the map-drift measurement decreases with
decreasing subaperture length”.

Figure 8 shows the map drift variances that produced the phase error variances illustrated in Figure 2. The dashed
lines are lower bounds as given by Equation 9. For the controlled conditions existing in the computer simulations,
the map drift estimates achieve their Cramer-Rao bounds. In a mean square sense, no better unbiased estimates
can be found.

3.2 FULL-APERTURE PHASE GRADIENT

To compare PGA (a nonparametric autofocus algorithm) with map drift (a parametric autofocus algorithm) a
polynomial is regressed onto the PGA phase error estimate. Projecting the PGA estimate onto a set of orthonormal
polynomials (specifically, Legendre polynomials Yp) gives

“"PGA/crii) =
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with a variance of

VMm [>pPGaicrs — T, I
p=2
NZ—7 / 1T \2

KL [aj

Here M is model order, A' is the number of range bins, L is the number of aperture samples, a, is the peak signal
strength in the aperture domain, and ¢ is the noise standard deviation per channel. This linear dependence on
model order M agrees with the results shown in Figure 2.

4 RESULTS

The proposed explanation for map drift’s performance in the face of high-order phase errors agrees with the results
of focusing simulated SAR images. For a wide range of signal-to-clutter ratios, the phase error variance of PGA
can be 40dB smaller than that of map drift.

To confirm further the simulation results, we applied a known phase error to a well-focussed SAR image obtained
during a field test of a radar system built at Sandia National Laboratories. An absolute variance prediction is
more difficult to make for an actual SAR image, because the signal-to-clutter ratio (SCR) and the phase error
are unknown. However, the mean squared error (MSE) of the phase function estimated by PGA with a Ib"*-
order curve fit is approximately 40dB smaller than the MSE of the phase function estimated by map drift. This
performance improvement corrobrates results of the parametric sensitivity analysis, which employed simulated
SAR images with known SCR and phase error.



S CONCLUSIONS

Either phase gradient autofocus (PGA) or cross-correlation of subapertures can be used effectively to focus a
synthetic aperture radar image if no high-order phase errors are present. If high-order phase errors exist (due,
for example, to uncompensated platform motion, to clock drift in the local oscillator, or to random delays in the
propagation path), then both PGA and map drift suffer a loss in performance. However, the phase error variance
of map drift increases more rapidly than does that of PGA as higher-order phase errors are estimated.
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