DISCLAIMER

This roport was prepared as an account of work sponsared by an sgency of the United States ORNL/TM~8752
Government. Neithor the United States Government nor any agency thereof, nor any of their Dist. Category UC-20 g
employees, makes any warranty, express or implied, or sssumes any legal liability or responsi-

bility for the sccuracy, completenecss, or usefulness of any information, apparatus, product, or

procoss disclosed, or represents that its use would not infringe privately owned rights. Refer-

onoe herein to any specific commercial product, process, or service by trade name, trademark,

manufscturer, or otherwise does not necessarily constitute or imply its endorsement, recom-

mendation, or favoring by the United States Government or any agency thercof. The views

and opinions of suthorz cxpressed herein do not necessarily state or reflect those of the

United States Government or any agency thereof. ORNL/TM==8752

DE83 016346

Fusion Energy Division

EQUILIBRIUM AND STABILITY PROPERTIES
OF HIGH-BETA TORSATRONS

B. A, Carreras,a H. R, Hicks,b J. A. Holmes,b

V. E. Lynch,® L. Garcia,® J. H. Harris,?
T. C. Hem:ler:,a and B. F. Masdenb

3Fusion Energy Division.

bUCC-ND Computer Sciences.

Date Published - August 1983

Prepared by the
OAK RIDGE NATIONAL LABORATORY
Oak Ridge, Tennessee 37830
operated by
UNION CARBIDE CORPORATION
for the
DEPARTMENT OF ENERGY

-
under Contract No. W-7405~eng-26 W\a

mwmswcmmumz?



CONTENTS

ABSTRACT . cvveosssanssavssasssssssossnsssssesosonosscsessaanneasa V
I. INTRODUCTION: v veverssnosssasnsosoosscosncncassossesons |
I1. VACUUM MAGNETIC FIELD CONFIGURATIONS..:¢ovsstossvasoscees 3
III. EQUILIBRIUM CALCULATIONS.....coo0vcvencocossrcccscacosece 9
Iv, STABILITY RESULTS...vtcvecsvcesvccoscstacerssasssnssassaslll
V. EFFECT OF THE VERTICAL FIELD...uvsvceosveosrseavosvasosesalB
VI. CONCLUSIONS. . cvosveasssvancscssossssccscansnsansssosanseald
APPENDIX. coveavorvansosceonssraosssasosssocescassssassrscassess20
ACKNOWLEDGMENTS . c s vsoocrecsvsssassssnsoscsesoscrssosoassssonaseel
REFERENCES. v ccooseseossscsossssossssasscsssscsnsarsaasssconasss2l

114 iv



ABSTRACT

Equilibrium and stebility properties of high-beta torsatrons have
been investigated using numerical w«nd semianalytical techniques based
on the method of toroidal averaging. The averaged equilibrias have been
compared with those obtained using full three-dimensional codes. Good
agreement is obtained, thus validating the averaged method approach.
We have studied the stability of plasmas for configurations with
different aspect ratios and numbers of field periods. The role of the
vertical field has also been studied in detail. The main conclusion is
that for moderate aspect ratio torsatrons (Ap < 8, the
self-stabilizing effect of the magnetic axis shift is large enough to

open a direct path to the second stability region,



I. INTRODUCTION

The torsatron has been found to be an attractive experimental
realization of the stellarator concept.!” 3 Since it requires only 2
helical oconductors carrying unidirectional currents to produce a field
having poloidal multipolarity 2 and does not require external toroidal
field colls, it 1is simpler to construct, heat, and diagnose than an
equivalent classical stellarator having 22 helical windings and
toroidal field coils, The torsatron is particularly attractive for the
production of moderate~to-high shear fields, since it 1is feasible to
pack many field periods on a torus while retaining good access.

The calculation of the magnetohydrodynamic equilibrium and
stability properties is complicated (as it is for all stellarators) by
the three-dimensional nature of the magnetic field. A way to
circunvent the full three-dimensional problem {s the method of
averaging. " This method relies on the separation between a nearly
uniform toroidal magnetic field component BT and a toroidally
fluctuating component ;; due to the external field. The method can be
applied if Ss;:/BT 2 §<< 1 and the toroidal scale 1length of the
fluctuation is small. This method was first applied to the stellarator
equilibrium problem by Green and Johnson. 3 Their formalism, the
stellarator expansion, relies on an expansion of the equilibrium
equations in the inverse aspect ratio e, taking ¢ ~ §2. The stability
of the equilibria with ~espect to modes whose extent along field lines
is long compared with a field period can then be studied using a
reduced set of averaged magnetohydrodynamic equations® 8 or an energy

principle.?



More recently, two new approaches to simplify the
three-dimensional problem have been developed. Kovrizhnykh and
Shchepetov !0 do the direct averaging of the maghetohydrodynamic
equations without 1inverse aspect ratio expansion, Alternatively,
Mikhailov!! assumes that the dominant effect of finite beta 1is the
magnetic axis shift plus a deformation of ‘' he flux surfaces once the
equilibriumn has been expressed in the line coordinate system in which
vacuum magnetic field lines are straight. This last approach, although
broader in scope than the averaging method,!2 so far has led to
equivalent results.!3 These two approaches give the stellarator
expansion results in the large aspect ratio limit, In the present
study, the averaging techniques are applied to a variety of actual
torsatron configurations (rather than model fields) in order to compute
equilibria that can be readily validated by comparison to numerically
computed three-dimansional equilibria.

One {important property of torsatron configurations is the
self-stabilizing effect!? due to the large magnetic axis shift that
occurs with increasing beta. For some of these configurations, this
leads to the existence of a second stability regime.”' 1% In this paper,
we present stability results for systematic scans of magnetic
configurations. The stability is examined using the reduced set of
magnetohydrodynamic equations. The results of these computations show
that for systems with sufficiently low aspect ratio and moderate shear,
the magnetic well produced by the outward equilibrium shift 1is
sufficient to allow direct access to the second stability regime. The

parameters of the (Advanced Toroidal Facility) ATF-115 device to be



constructed at Oak Ridge National Laboratory were chosen to have these
properties,.

A brief description of the vacuum configurations 1is given 1in
Sec. II. The equilibrium calculations are presented in Sec, III, and
they are compared with results from the three-dimensional computations,
The stability calculations for a sequence of configurations with
constant helical pitch are described in Sec. IV, and in Sec. V the
effect of the external vertical field on the stability is discussed.

Finally, the conclusions are presented in Sec. VI.

II. VACUUM MAGNETIC FIELD CONFIGURATIONS

A set of realistic coil configurations provides the starting point
for the calculations presented here. In the case of an R = 2
torsatron, the configuration consists of two helical conductors,
carrying current 1in the same direction and wound on a torus of major

radius Rc' with a winding law

;:-:-:(e- «sin® .

Here 7z and © are the toroidal and poloidal angles, respectively. In
this paper we consider only circular cross-section coils having radius
a,. The modulation parameter g can be varied to modify the vacuum well
depth, although in this paper a= 0 is used. An additional external
vertical magnetic field must 2 provided to define the location of the
magnetic axis and allow closed magnetic surfaces to form. The main
coil parameters used in the equilibrium and stablility studies are the

coil aspect ratio Ac = Rc/ac, the number of field periods M, and the



coil pitch parameter p, = M/(fA,) . Bv changing these parameters, the
main physics characteristics of the vacuum configuration, namely the
rotational transform y, the shear, the well depth, and the shape of the
vacuum flux surfaces, can be varied.

For the numerical calculations, each helical conductor 1is
represented by a filamentary winding consisting of approximately 200
straight elements. In a few cases, up to 8 filaments have been used to
simulate ‘he finite cross section of each coll. Details on the
numerical implementation of the vacuum field calcuvlations as well as
the equilibrium and stability calculations will be given elsewhere.l®

Many of the configurations studied in this paper 1lie on a
constant-pitech 1line, Py = 1.4, which 1is a result of the
interrelationship of pitech, shear, and flux surface aspect ratio. This
value of pitch gives moderate shear, large flux surface radius, and
large tranaform over the region of closed flux surfaces, all of which
make this family of configurations appealing for experimental purposes.
In this paper, constant-pitch scans are used to investigate equilibrium
and stability properties as a function of aspect ratio, The effect of
changing the pitch is illustrated in Fig. 1. This figure shows three
configurations with the same coil aspect ratio and different M. The
lowest-pitch case with M = 10 has small flux surfaces and no shear,
The highest—-pitch case with M = 15 has large volume utilization but
high transform only on the outer surfaces, which are lost when
finite-size coils are used and allowance is made for plasma-wall
. spacing. The case with M= 12 and P, = 1.4 is a good compromise
between plasma size, shear, and transform, As will be shown, the

stability properties also favor such a pitch line. Figure 2 shows some



of the configurations studied in the constant-piten (p, = 1.4) scan,
together with their vacuum rotational transform profiles. For this
scan, only configurations with M > 8 are considered. For smaller
values of M, the magnetic axis of the vacuum configuration bifurcates,
and therefore the techniques discussed in this paper cannot be applied.

We have also investigated the effect of variation of the external
vorilcal magnetic field on the equilibrium and stability properties of
torsatron configurations. The inclusion of vertical field coils allows
the magnetic field configuration to be varied by changing the position
of the magnetic axis. When the position of the vacuum magnetic axis
relative to the geometrical center of the coils, 4,, changes from
positive (outwards) to negative (inwards) (Fig. 3), the magnetic
configuration changes from one with a vacuum magnetic well to one with

a magnetic hill (Fig. 4).

III. EQUILIBRIUM CALCULATIONS

In this section, different ways of applying the averaged method to
equilibrium calculations are discussed, Then these results are
compared to the results from the Chodura-Schluter!7 and NEAR!3
three-dimensional equilibrium codes.

Following the approach of Kovrizhnykh and Shchepetov, !0 the
magnetic field g is expressed as a superposition of two
components — <§;, which varies slowly with ¢, and g. which oscillates

rapidly with z:

. (1)



Y
Particularly for equilibrium calculations, <B> 1is taken to be
axisymmetric, The notation <> 1is wused to indicate toroidal cugle
averages over a field period; that is,

2/M

M
<> = o '{o f(Mdg . (2)

The rapidly oscillating part of the magnetic field is defined such that
3

<B> = 0, In toroldal geometry we use either the usual cylindrical

coordinate system (R,2,z) or the (r,98,r) system, with R = Rg + r cos

and Z =r sin 6, where Ry = R, + A,. For the averaged magnetic field

we use the representation

o=

L4 P
<B> Ve x g+

= |
Ny

(3)

where E is the unit vector in the toroidal direction,
The oscillating part of the magnetic field is assumed to be equal
5

to the oscillating part of the vacuum field component Bv' neglecting

terms of order e8. Therefore,

>

= VX D)

@ 2

where x is the solution of the Laplace equation,

-
sz =0, (5)

in a domain that does not enclose any coils., The boundary condition is
¥ -

S -+ ~
n e Vy=1n o Bv' where n 1is the unit vector perpendicular to the



boundary of the domain in which Eq. (5) is solved. The solution of
Eq. (5) satisfies <y = 0. In general, the vacuum field has a
nonoscillatory component apart from the dominant toroidal field, This
can be caused, for example, by a vertical or multipolar field. Thus,

the total vacuum field is expressed in the following fashion:

-’
vy xc+¢;v+\7x. (6)

>
From the coil configuration described in the previous section, B is

v
calculated using the Biot-Savart law. Once 5; is known, it is possible
to calculate Wv. Fv' and y by Fourier-analyzing é; and solving Eq. (5)
with appropriate boundary conditions. The details of this calculation
are given in Ref, 16.

Representing the vacuum field in terms of the functions x» ¥, and

Fv’ we can proceed to solve the equilibrium equations:

+ +> e
J xB=z %,

+ > >

J=VxB, (7
+ >

g «eB=0.

Separating the nonoscillatory part of the functions from the
oscillatory part and using the method of averaging as in Ref. 10, one

obtains

6(p) = <> x8B -, (8)

where



> >
Bopp = <B> + B,
with
»
"’ bR " ~
B = 1 W o« e g, (9)
» R3 3%y 33"
=-——<—X-—-——X-2) 10
v F oRag azag? ' (10)
e - B vy, (1)
> >
F <J> «<B> _»
A=--R—2—-———;———‘l’ ' (12)
<p>2
and " satisfies
2
E_X=_ . 1
372 X (13)

The derivation of Eq. (8) is given in detail in Ref., 10 and will not be

repeated here. Note that

S

> *
Berf'V(‘l’o-i- ¥)s=0. (14)

This means that the function ¥= Y5 + W’, the averaged value of the
flux, 1is a flux function for the effective magnetic field. 1In
particular, W: = ¥, - W' = constant gives the averaged vacuum magnetin
flux surfaces. In Fig. 5 the vacuum magnetic flux surfaces at two
differant toroidal angles within a field period [Fig. 5(a)] are

compared with the averaged vacuum flux surfaces for the same

configuration [Fig. 5(b)1].



By introducing terms of order e?, Kovrizhnykh and Shchepetov

rewrite Eq. (8) in the following way:

. +
\23
Beff‘ XE';ZJ .

> > > -+
Wp> = <I> x Bgppe *+ Bapp x ( (15)

Here By = Fv/RO' Proceeding in a somewhat 4ifferent way by introducing

an effective pressure term Pegr = <p> + A, Eq. (8) can be rewritten as

+ + >

Equations (8), (15), and (16) 1invol.e only toroidally averaged
quantities. These equations are equivalent to an axisymmetric
equilibrium equation and can be cast in a Grad-Shafranov form. 1In this
way the full ¢three-dimensional problem is greatly simplified. Using

Egs. (3), (9), and (16), we finally obtain

dp
#* ]
AW:-RZ%-(Fo-F.)%%a- 'y . (17)

This equation is solved numerically using the RSTEQ!® equilibrium
code, giving as input the vacuum magnetic field data, F' and w:, and a
peff(?) profile. The averaged equilibrium flux ¥ is then calculated
either by requiring zero toroidal current on each ¥ surface or by

specifying a rotational transform profile.
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From Eq. (17) the results of the stellarator expansion’ can be
recovered by expanding the different functions and the A' operator in
powers of e. To do so, it 1is necessary to 1impose the ordering
B)//By ~ B ~ ¢, which implies Y= ¥, + 0(e?), Parr 2 €<P> + 0(ed), and

F=F,+ e, + 0(c?). The equations of order ¢® and ¢ are then

dF

2 d<p> 1

“O d?1 + Fv d1'1 0 (18)
and

+ dF »

2y - a<p> _ "y, 1 2"

where

> 1 3 (. .of 1 3%

VA sy )2 5 )

Using Eq. (17), one can rewrite Eq. (18) as

2
Y 2 .o Ro“w | a<p>
VAYy - g = -(2ReX - Fv-F ) G2+ oty (21)

which is the equilibrium equation derived by Green and Johnson® and by

Strauss.® The RSTEQ code can also numerically solve Eq. (21) using the

same input and requirements as for Eq. (17).
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For the configurations discussed in this paper, the equilibria
obtained by solving either Eq. (17) or Eq. (21) are very similar. This
is {llustrated in Fig. 6, where the magnetic axis shift and magnetic
well depth are plotted for equilibria with By * 4.38, for the
fixed-pitch configuration scan shown in Fig. 2. The difference in the
values of the magnetic axis shift given by the two calculations {s
minimal, whereas difrerences in the well depth are more noticeable,
Figure 6 also shows that the dependence of the magnetic axis shift on
aspect ratio (Ap being a linear function of M, as shown in Fig. 2) 1is
weaker than what might be expected from the simple linear estimate made
using Eq. (A.1). The nonlinear effects are very important, since they
cause a reduction of the rate of shift with increasing beta. It is not
clear from the present results whether there i{s a complete saturation
of the shift at large beta. This is {llustrated in Fig. 7(a), where
the magnetic axis shift is plotted versus peak beta g§ (4, = 2<p>/B2,
with <p> and B taken at the magnetic axis), for a given configuration
(M = 12). The value of beta at the magnetic axis has been normalized
to 8, = 2 K3) 2/Ap. The importance of the nonlinear effects is clearly
shown in this figure, which also shows that the flux-conserving
calculation always gives a smaller shift than the zero-current
calculation. However, this difference is smaller than that due to
pressure profile effects, which are important in determining the value

of the shift of the plasma magnetic axis (Fig. 7(b)].
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It is interesting to compare the equilibria obtained by the method
of averaging with equilibria calculated using three-dimensional codes
for the same configuration. We have done such a comparison with two
three-dimensional equilibrium codes: the Chodura-Schluter !’ and the
NEAR codes. !’ The results for the magnetic axis shift are plotted 1in
Fig. 7(a). Both codes are approximately flux-conserving, and the
results should be compared with the averaged method results computed
using that constraint. The good agreement seen here is also apparent
in comparing the magnetic flux surfaces (Fig. 8) and even in comparing
the magnetic well depths (Fig. 9), which are quite sensitive to
differences in equilibria. These results validate the averaged method
approach.

In relation to the equilibrium properties of the configurations
stdied in this paper, it {s necessary to comment on the different
contributions to V°“. We can separate the diamagnetic contribution Vé‘
from the curvature contribution V~°~ - V6‘. The latter is the relevant
term appearing in the Mercier stability criterion. At finite beta, the
deepening of the well is mostly due to the curvature contribution,
induced by the magnetic axis shift. By contrast, the diamagnetic term
V6’ is practically negligible (Fig. 10). The curvature contribution to
V- is well described by the analytic model given in the appendix using
the plasma shift Ab obtained from the nonlinear calculation, n
Fig. 10 we also compare V°° = V5’. calculated from a numerical

equilibrium, with V77 - V5 = Vo° + V7° given by Egs. (A.3) and (A.4).
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The {ssue of an equilibrium beta limit is difficult to resolve.
This 1limit 1is often taken to be the point at which the magnetic axis
shift attains a value of one-half the minor radius. This {is an
arbitrary convention 4if taken as an absolute limit, although it is a
reasonable figure of merit in comparing configurations. Another
possibility 1is to wuse as a beta limit the value of beta at which the
equilibriun calculation fails to find a solution. This 1limit may be
indicative of the encroachment of a separatrix on the flux surfaces or
the formation of large magnetic islands; however, it can also be due to
problems arising from the numerical scheme used in solving the
equilibrium equations. The limiting beta found by either criterion is
also a function of the pressure profile considered, as can be inferred
from Fig. 7(b), and of the assumed location of the 1last magnetic
surface, Due to the high shear near the plasma edge, small changes of
the minor radius produce important changes in »(3), the value of the
rotational transform at the plasma edge. The limiting beta, estimated
by both criteria mentioned above, scales approximately as y(E)Z/Ap and
is therefore sensitive to the value of )(@a). The application of the
above criteria to the M = 12 configuration in the constant-pitch scan
(pc =z 1.4) gives, as a limiting beta value, <@® = 7% to 10% and for the
M= 24 case, <@ = 10% to 16%, with the present numerical techniques.!®
Numerical calculations performed witis NEAR!3 give higher values of the
equilibrium beta limits for both configurations. We are currently
investigating the possibility of separating the limitations on beta due

to numerical resolution from intrinsic beta limitations.
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IV, STABILITY RESULTS
To study the stability properties of the configuraticns described,
we used a reduced set of magnetohydrodynamic equations® that includes

the averaged effect of the external magnetic fields. The equations are

ﬂ: -v L ] 7 - aJ ?
%t 1 vy 2 (22)
W, S -+ NS I
i N Weog e (W, x W] - T
Bo - + -+
+ é—e—rﬂ [ [V x QV(p)] ' (23)
-+
ot 1
with
Rf=2R2e 1 = F* , (25)
J,s ACv- v, (26)
and
> <4 A
Vo= v xg. (28)

These equations are expressed in dimensionless form. The major
radius R is normalized to Rc, & = 2<p(0)>/802. and E is the unit
vector in the toroidal direction. All lengths are normalized to the
averaged plasma minor radius @, the resistivity to ) (its value at the
magnetic axis), the time to the poloidal Alfvén time
Thp ° Ro( 10y l’2/80 (where Py is the mass density) , the magnetic field

to Bb (the vacuum toroidal field at the center of the coil), the
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velocity to E/Thp' and the averaged pressure <{p> to its value at the
magnetic axis., The avei'aged pololdal flux ¥ and the velocity stream
function ¢ are normalized to 3280 and EZBO/Thp. respectively. The
toroidal current density JC/R is normalized to By/ iyRee @nd U 1is the
toroidal component of the vorticity. The toroidal component of the

effective vacuum magnetic field F. is normalized to F We use a

Ve
straight magnetic field 1line coordinate system (p,0,7), where p is a
label for the averaged flux sSurface, 0 < p €1, ¢ is the toroldal
angle, and the generalized poloidal angle © is determined by requiring
that the Jacobian be proportional to R2,

These equations have beer implemented in a modified version of the
RST codel® 1in two different ways. The first way corresponds to
Eqs. (22) to (28) as written in this paper. This 1s compatible with
the equilibrium Eq. (17). Alternately, we have taken only the terms
from Eqs. (22) to (28) up to order ¢, assuming f ~ € This form
corresponds to the exact form of the equations as derived in Ref. 6 and
is compatible with the equilibrium Eq. (21). Stability calculations
have been performed in these two ways using as input the numerical
equilibria calculated by RSTEQ. The results, as in the case of the
equilibrium calculations, are quite similar, with the first method
giving somewhat more stable results [Fig. 11(a)].

We have used this system of equations to investigate low-n (n = 1
and n= 2 mainly), fixed-boundary ideal modes. The results for
localized and high-n modes will be reported elsewhere. 20 The stability
of equilibria obtained using either the flux-conserving condition or

the condition of zero parallel current in each flux surface has been

studied. For moderate aspect ratios, the zero current equilibria have
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been found to be more stable than the flux-conserving ones
(Fig. 11(b)]. This 1is probably due to the magnetinc well, As we have
seen in Fig. 7, the magnetic axis shift for the zero-current
equilibrium is larger, which results in a larger curvature
contribution, Henceforth, the discussion will be 1limited to the
stability of flux-conserving equilibria.

Figure 12 shows the 1linear growth rates of then= 1and n= 2
modes for the configurations in the constant-pitch scan (Fig. 2) and
for an infinite aspect ratio version of the M = 12 configuration (a
helically symmetric cylinder with 12 field periods). The equilibrium
pressure profile 1is assumed to scale as p « (1 = ¥)2, The infinite
aspect ratio case is unstable at very low beta, as is expected from the
stability studies of helically symmetric 2 = 2 stellarators,?l and the
linear growth rate is very large compared with the finite aspect ratio
results. The M= 12 configuration, with Ap = 7, is stable to both
n=1and n= 2 modes. These modes become unstable for higher Ac'
higher M configurations, with growth rates increasing with M,

Examination of the harmonic spectrum of the unstable modes reveals
that they are dominated by components of 1low-order rational helicity
with singular surfaces in the plasma region, For 1instance, for
configuracions having the y= 1 surface in the plasma, the n =z 2
eigenfunction 1is dominated by the (m = 2; n = 2) component. The modes
have a very weak ballooning character, and satellite components become
less important as M and A are reduced toward configurations with
o) <1 (Fig. 13). Figure 14 shows that the peaking of the narmonic
spectra around the resonant (m = 2; n = 2) component is accompanied by

a narrowing of the radial width of t.e eigenfunction. This change from



17

global to 1localized modes 1is a typical effect observed when we move
toward marginal stability. This occurs not only in the constant-beta
scan but also in the beta scans for a fixed configuration. This
behavior adds extra difficulties to the determination of the marginal
stability point, which is already difficult to determine because we use
an initial value technique. Ccanvergence studies have been necessary to
ass¢ss the plasma stability near the marginal stability points. These
numerical issues will be discussed elsewhere,l®

These calculations reveal 4‘hat, for moderate aspect ratio
torsatrons, the location of the zero of V°“ relative to the location of
the low order rational surfaces is of crucial importance fo.
stabilization, The impact of the presence of rational surfaces in the
plasma upon the stability of low-n modes has already been pointed out
in Ref. 10, For low-to-moderate aspect ratios, the existence of a deep
magnetic well adds a new and important stabilizing effect.
Figure 15(a) shows the relationship of the low-order rational surfaces
to Yoo the transform at the critical surface where V~°“ = 0, for the
configurations in the constant-pitch scan. The shaded regions show
where low-order rational surfaces 1lie in the reglon with V-- > 0
(essentially V~*° - v6’ > 0). In these regions the only stabilizing
influence for localized modes is the shear. Figure 15(b) shows how the
critical surfaces move outward as beta increases and the magnetic well
deepens, Figure 15(a) shows that there is a set of P, = 1.4
configurations, with 10 < M< 14, that have favorable stability
properties for low-n modes, The parameter of the ATF device were

chosen in this range (M = 12). Similar results for the M=z 12
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configuration have been obtained applying the averaging method with the
energy principle22 and using three-dimensional techniques, 23
V. EFFECT OF THE VERTICAL FIELD

In the previous section we studied the stability properties of
configurations with the same pitch, P, = 1.4, with the vacuum magnetic
axis coincidental with the geometrical center of the coils. As has
previously been pointed out, !0 !l the vertical field or, equivalently,
the displacement of the vacuum magnetic axis plays a very important
role in modifying the2 stability properties of a given configuration.
Displacing the vacuum magnetic axis from the geometrical center of the
coils modifies the vacuum magnetic w.ll [see Eg. (A.3)]. In this
section we study the impact of the vacuum magnetic axis displacement on
the low-n mode stability of finite-beta plasmas.

We consider the M = 12 configuration from the constant-pitch scan.
For this particular calculation, we take Rc = 2,10 m, by adding
appropriate amounts of vertical field, we can consider a sequence of
magnetic field configurations for which the magnetic axis varies from
5, = ~15cem to A =5cm in 5-cm steps (Fig. 3). The physical
properties (transform, shear, and well, etc.) vary for these different
configurations. The variations have been summarized in Fig. U.

Equilibria have been calculated for this sequence of
configurations at different bLeta values. The plasma magnetic axis
shift for a given g8 is a function of 4,. Configurations with negative
A, (magnetic hill) have larger plasma shift than those with positive 4,
(magnetic well). This effect can be seen in Fig. 16. A detailed study
of these equilibria, calculated with the three-dimensional codes, will

be given elsewhere. 2"
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Linear growth rates for the low-n modes have been calculated by
the method indicated in the previous section. 1In Fig. 17, the results
for the n = 1 mode are shown. There i3 a strong stabilizing effect 1in
going from Av = -15 ecm to AV = =5 em. Furthermore, the results for the
Av = =5 cm case suggest the existence of a second stability region7: 14
for Bp 2 8%. When A, goes to zero, these two stability regions merge,
This shows that with an appropriate change in the vertical field there
is a direct path to the second stability regime for this configuration,
Such a gself-stabilizing effect for this general type of configuration
has already been shown, for localized high-n modes, by Kovrizhnykh and

Shchepetov, 10

VI. CONCLUSIONS

Torsatron configurations of moderate aspect ratio (5 < Ap < 8)
with 10 <M < 14 field periods are promising devices with which to
experimentally investigate high-beta plasmas. The results from the
study of stability of low-n modes show that direct access to the second
stabllity regime exists. Therefore, the beta limitation for these
configurations i{s due to equilibrium, The use of an external vertical
field adds considerable flexibility to such devices and permits the
exploration of stability boundaries which could give valuable
information on the predictive power of the present theoretical tools.

The comparison of equilibrium calculations using the method of
averaging with fully three-dimensional results gives strong support to

this method. We hope to extend this type of comparison to the

stability results in the near future,
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APPENDIX

This  appendix lists some of the expressions used in the
semianalytic studies for comparison with the numerical results. They
are derived in a simple manner using the stellarator expansion, ® The
plasma magnetic axis shift Ap, relative to the vacuum magnetic axis, in

the linear approximation obeys the equation

d d 2n (p2y%) da dy
LR g e L )
pdp p P p’y dp dp
B 1 dap Vv Fo Bo 1.dp

- e A = — —_ (A'1)
5;2;72dp X ;T] p 3 pl%p

L

where V,, is the second derivative of the volume relative to the

toroidal flux for the vacuum. For nonzero beta and for an equilibrium

with the same transform as the vacuum, V can be written as

Ve gt e VET e VT (A.2)
where

Vos - -;z;o;zlp {d%(;%)- fvzf; (3 di:)l , (4.3)

Vi s :E;%-Z%lpg—: ?;_2‘:_2_”2 (A.5)

are the contributions from the vacuum, plasma magnetic axis shift, and
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diamagnetic contributions to V°“, respectively. These expressions have
been derived assuming a simple shifted-circle model for the averaged
magnetic surfaces of the equilibrium,
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FIGURE CAPTIONS

Fig. 1

Fig. 2

Fig. 3

Fig, 4

Fig. 5

Fig. 6

Fig. 7

Fig. 8

Fig. 9

Magnetic surfaces for torsatrons of different pitch with
A, = U4,

Configurations studied in the constant-pitch scan and sample
rotaticonal transform profiles.

Vacuum flux surfaces at ¢ : 0° (left) and ¢ = 15° (right) for
the M = 12 configuration of the constant-pitch scan shown in
Fig. 2 for different values of the vacuum magnetic axis shift
A

Variation of the vacuum magnetic configuration properties with
L for the same configurations as in Fig. 3.

Comparison between the three-dimensional vacuum flux surfaces
shown at ¢ = 0° and r = 15%° (top) and the corresponding
averaged flux surfaces (bottom). The configuration is the
same as in Fig. 3.

Well depth and magnetic axis shift given by Eqs. (16) and (20)
for the configurations of the fixed-pitch scan.

Magnetic axis shift as a function of beta for the
configuration shown in Fig. 3: (a) calculated with the
different numerical codes described in the text for a given
pressure profile p = (1 - )% and (L) effect of the pressure
profile on the magnetic axis shift.

Comparison of torsatron equilibrium flux surfaces using
different numerical techniques.

Comparison of magnetic well calculated with the averaged

method and the three-dimensional Chodura-Schldter code.
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Different contributions to V°° at g = 7.8% for the
configuration shown in Fig. 3.

Linear growth rate of the n = 2 mode at fixed beta for
different kinds of equilibrium calculations.

Linear growth rates of the n= 1 (a) and n = 2 (b) ideal modes
for the constant-pitch scan described in Fig. 2.

M spectrum of the linear n = 2 eigenfunctions.

Dominant Fourier component (m = 2) of the n = 2 eigenfunction
for different configurations of the constant-pitch scan at
fy = 0.12,

(a) Location of low-order rational surface relative to
critical surfaces of configurations in the constant-pitch
scan; (b) dependence of critical surface location on beta.
Magnetic axis shift versus qm for the configurations of
Fig. 4.

n=1 linear growth rate for the configurations described in

Fig. 4.
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