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Abstract

This paper describes an Implicit three-dimensional finite-element formulation for the

structural analysis of reactor piping system. The numerical algorithm considers hoop, f lex -

ural , ax ia l , and torsion nodes of the piping structures. I t Is unconditionally stable and

can be used for calculation of piping response under static or long duration dynamic loads.

The Method uses a predictor-corrector, successive I terative schenw which satisfies the

equilibrium equations. A set of stiffness equations representing the discretized equations

of motion are derived to predict the displacement Increments. The calculated displacement

Increments are then used to correct the element nodal forces. The algorithm is fa i r ly gen-

e r a l , and 1s capable of treating lcrge displacements and elastic-plastic materials with

thermal and strain-rate effects. .-

1. Introduction

Maintaining the structural Integrity of the piping system of Liquid Metal Fast Breeder

Reactors (LMFPRs) is essential to the safe operation of the reactor and steam supply

systews. In a safety analysis various transient loads can be Imposed on the piping systems,

including: ( 1 ! hydrodynamic loading resulting from pressure-wave propagation due to a

hypothetical core-disruptive accident (HCDA) or a sodium-water reactor (SWR); (2) thermal

loading generated by hot coolant suddenly entering the piping system; (3) structural loads

due to seismic events; and (4) loads encountered during normal reactor operations such as

internal pressjrfzation, thermal effects, and creep phenomena.

Since 1975 substantial research efforts have been devoted to the development of

numerical techniques and computer programs for analyzing pri>ssure-wave transients In reactor

piping systems. At ANL a three-dimensional piping code, called SKAPS [ 1 - 4 ] , has bean

developed. I t uses en Implicit tirw-integration scheme for the hydrodynamic analysis

together with an exp l iMt time-Integration scheme for the structural calculation. The code

is very ef f ic ient for short-duration problems involving rapid f luid transient. However, for

static or long-duration dynamic problems, i t becomes prohibitively expansive because ov i t s

restricted small time steps associated with the expl ic i t structural Integration scheme.

In order to apply the SHAPS code to transient conditions with longer solution times, an

optional program module, PIPE3O-IMP, which uses the implicit time integration for the

structural analysis has been developed. This implicit program is unconditionally stable and



can be used for long-duration calculations of piping response under static or quasi-dynamic

loads. Presently, this program consists of only a pipe element with eight degrees of freedom

pei node. I . e . three displacements, three rotations, one membrane displacement, and one

bending rotation. This Implicit three-dimensional pipe element can be used to model straight

pipes, elbows, and Inline components. We wil l proceed to describe the analytical development

and I l lustrat ive examples.

Z. Analytical Development

2 . 1 . Stiffness Matrix

As a f i r s t stop, we shall develop the stiffness matrix of a 3-0 pipe element that

considers both hoop and flexural stresses. Including bending In both planes. Figure 1 shows

a typical element of length k. The x, y, and z coordinates are the co-rotational coordinates

associated with the element. The x, y, and z coordinates are the global coordinates. F i rs t ,

we wish to develop a constant element stiffness matrix [K ] so that In the co-rotatlonal
e

coordinate system >.ne have

f } - [K Hd") or {Af1} - [K

using principle of virtue work, one can show that

( f> - (/ [B'3 T [C ] [B1] dV) (d1) = [K ] {d'> ,

(1)

(2)

where

[B*]T [C] [8'3 dV . (3)

1s the element stiffness matrix written In the convective coordinate system; [C1] Is the

material matrix; [B1] relates the displacements to the strains.

By definition, the [B1] matrix has the form

(4)

where
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In eq. £5) t and • are the shape functions [ 1 ] : r Is the radial coordinate; and prime
denotes partial differentiation.

2.2. Temporal Integration

For the convenience of developing the Implicit-Integration algorithm, let us
rewrite the global equations of motion in the form

(6)

where, understandably, [Mj, (a) , {F 1 r i t ) , and ffext) denote the global mass matrix, nodal
accelerations, nodal Internal and external forces, respectively. The subscript n+l denotes
the advanced-t.me step. Thus, subscript n used subsequently will denote the previous time
cycle. Also, we should mention that the internal force { r * n t ) is a function of nodal dis-
placements in the advanced-time cycle.

Furthermore, le t us assume that

where superscripts 1*1 and 1 denote the advanced and previous Iteration, respectively.
The equations of motion can then be integrated In time by an implicit algorithm

based on the New»ark-S difference formulas,

fa , } - Ctd } - (d } - at (v } - ty- B) At2 (a }]/BAt2 . (8)
n+i n+i n n n

The nodal accelerations and velocities corresponding to the advanced Iteration can be written

as

fa*} - [ ( d V , ) + (Ad) - (d } - At (v } - 0/2- 6) At fa }]/6At (9)
n+l n+l n n n

and

Cv1*!} « (v ) + (1 - v> i t fa ) + rat fa1+)> . (10)
n+l n n n+l

In ;qs. (6-10), 6 and Y are the integration constants. Based on the method of linearization,
the nodal internal force at the advanced-time iteration can be expressed as a function of
previous Iteration values, or

{ F l n t ( d 1+ l } ~ { F
J n t

( d * + i ) } + CK(dJ+1)] (Ad) + . . . . (11)

Substituting eqs. (9) and (11) Into eq. (6 ) , and after some rearranging we have

[K*] {Ad) - {AF*} , (12)
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and

[K*] - [H] + Bat2 [ K f d 1 . , ) ] . (13)

(AF*>- W t 2 [ F e X * - F 1 r V , ) ]
n+1 n+l

- [H] [ (d1 , } - id ) - at (v > - ftfe- B) At2 (a ) ] . (14)
n+i n n n

Equation (12) Is solved 1 iterative>y at each time step to obtain the displacement Increment

(Ad). The new displacements, accelerations, and velocities are then found from eqs. ( 7 ) ,

( 9 ) . and (10) .

3. Results

3.1. Transverse Displacements of a Cantilever Pipe

To evaluate the performance of the Implicit scheme, the program was applied to the

cantilever pipe shown in Fig. 2. Calculation was carried out "jy applying a ^-direction shear

load at the free end. In this loading condition both static and dynamic cases were

considered. The computed displacements are compared with the theoretical resul t * .

Figure 3 shots the calculated results on the deflections of the tip of the cant i -

lever pipe. As can be seen, the dynamic deflections oscillated about the static elastic de-

f lect ion, file periods of oscil lation, corresponding to shear load in the Y direction, was In

very good agreement with the theoretical values obtained from the simple beam theory.

3.2. Response of a Three-Dimensional Pipe-Elbou Loop

To further test the performance of the Implicit structural module, a sample prob-

lem whict. couples different modes of deformation and also demonstrated the capability of

modeling elbows through the implicit timj-integration 1s presented. This pipe system con-

sists of throe pipes connected through two 90* elbows as shown In Fig. 4. All pipes and

eltows have the same cross-section dimensions of 3.81-cm Inside radius and 0.33-cm-thick

walls. Each elbow Is represented by five pipe elements.

A point load parallcT to the global X-axis 1s applied at the midpoint of the sec-

ond pipe as shown 1n Fig. 4. The load is increased linearly from zero to 2000 N 1n 50 us and

then held constant. The problem was run using both the Implicit and expl ic i t tfme-

integration schemes of SHAPS, and the solutions were compared with those obtained from SAP-IV

and WHAMS [ 6 , 7 ] . Referring to Fig. 4, one can see that pipe 1 is subject to axial and

bending leadings, pipe 2 Is subject to bending loading, and pipe 3 is subject to bending and

torsional loadings.

Excellent agreement among a l l solutions was obtained at a l l five locations, I . e . ,

a t nodes 9, 20, 33, 47, and 57. Examples of such comparisons are shown in Figs. 5, 6, and 7,

1n which the solid line represents tile implicit solution, the dashed l ine represents the ex-

p l i c i t solution,, circle indicates SAP-IV solution, and triangle represents HHAMSE solution.



Figure 5 shows the Y-displacement history at node 9 of pipe 1 . Figure 6 shows the X-

displacement history at node 33 where the load Is applied, and Fig. 7 shows the Z-rotational

history at node 47 of elbow 2 , which represents the twisting rotation at that nods.
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FIGURE CAPTIONS

1 . Generic Pipe Element and Element Coordinates

2o Configuration of a Cantilever Pipe

3. The Y-Displacement Time History a t the Free End of the Canti lever Pipe

4 . Model of the Three-Dimensional Piping System

5. The Y-Displacement Time History a t Node 9 of Pipe 1

6. The X-Displacement Time History a t Node 33 of Pipe 2

7 . The Z-Rotation Time History a t Node 47 of Elbow 2
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