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We petform an analytic study of some quantities relevant io 7 iy Baa—us ' (9

the plasma beal-wave accelerater (PBWA) concept. We obtain o
analytie expressions for the plasma frequency, longitudinal elec- £ w2g
tron velocity, plasma density and longitudinal plasma electric Py Pk Bontiy =9 (5)
field of a poplinear longitudinal electron plasma oseillation with re By =1 Boh— s ’
amplitude less than the wave-bresking limit and phhue velocity
approaching the speed of light. We slso estimate the Juminosity P d iy
of a single-pass £¥¢™ linear PBWA collider assuming the energy E;l( Uy - ﬁ,AIT‘:-'-+ ug% +uy %] =w§ﬂ v: F )
and ¢ollision beamstrahlung are fixed parameters. ‘ Bk~ Us
Introduction  Since the original propossl by Tajima and  where
Dawson,! the plasma beat-wave accelerator (PBWA) has received
increased attention as s possible uitra-high emergy particle ac- P . 2 4xelng
celerator becsuse of the very high gradients thought to be pos- P WT=m s = ]

sible. In the PBWA, longitudinal clectron plasma oscillations
with phase velocities near the speed of light trap and accelerate
¢charged particles to bigh encrgies. The electron plasma oscilla-
tions are resonantly excited by two collinear beating lasers whose
frequency difference is the eleciron plasma frequency. Gradients
of 1 GeV/em seem possible in a plasma of denaity 1038 em—2.

In this paper we obtaiu analylic expressions for various quan-

tities relevant 1o the PBWA. The fluid theory of plasmas is used
with the plasma assumed to be cold and collisionless and the jons
forming a stationary, neutralizing background. Finite plasma
effects are omitted here by taking the plasma as in€nite. We
will be concerned wiih the steady-state properties of the elec-
tron plasma oscillation and not its generation.
Nonlinear Waves in Plasmas  The equations describing
nonlinear waves in a cold, collisionless relativistie plasma have
been previously given by Akhiczer et al.%3 The fluid equations
for the electron velocity 9, electron density n, and the fields E
etd B are (barred symbols represent 3-vectars)

ap _ [
Sr+ 0 VIp=—cE—-(0x B)
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v-s=4a¢(uo-n),vx8=-:-5!- )
- . 4z 18E
V.-B=0,VXx B=-?m0+; B
where P is the electron momentuin
md @

==

and ng is the equilibrium electron density.

The wave motion is 2 function of the single variable ;'-f—'ul,ll.
where 1 is a constant unit vector in the direction of propagation,
and vy, is the phase velocity. Taking the vector ¢ slong the z
and defining 7 — p /mc and 8 == 0 fc, Akhiezer et 213 obtain the
following equations for the electron density and electron motion
from Eqgs. (1),

0 =100
i

&)

*Work Supported by the Department of Energy, contract DE-AC03-785F 00515,

Longitudinal Plasma Qsclilations Equation (6) with u; ==
uy = 0 describes longitudinal nenlinear waves in a cold, colli-
sionless relativistic plasma,

d dp| _ wpBhe
E;I("‘Byh'a; _ﬂplli“ y

(@)

where u = u; and p = p,. Rewriting this in terms of the
velacity u alone yields

d® 1-fpu _ 3Bhu

ar? ;l—ui=ﬁph"" '

with corresponding first integral

)

il@ %}z =guilc-—=) . o

where C is an integration constant. Setting &' = (l—ufn)"ﬂ it
is clear that u oscillates in the range —um < u < upy, where up,
is the amplitude of the Jongitudinal electron oseillation velocity.

For a longitudiva) oseillation, B = F? and B = 0. From
Eq. {3} the electron density is given by
(11)

The eleciric field is found from the Brst of Egs. {1) 20 be

=g (12
Using Eq. {10), this can be rewritten as
L N N I
Eir) =4 VE™ [m m] ()

Equatioos (11) and (13) give the density and electric field once
u(7}is known. In the wave-breaking limit gy, — By, the deusity
develops a singularity. Physically the electric field wave steepens
and bresks st this point, Jeadivg to turbulence.
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The sojution of Eq. (m)lunhmp,.lﬂbenuduul

to quadrature by Akbieser and Polovin? and Cavaliere.® For the

WWAwmhmmmmman =+ 1. In this

Timit, w(r) can be calculated exactly and expresved in terms of

the inverse of the elliptic integral of the second kind. For Ay, —
1, Eq. (0) becomes

dgl—uw,ci

Vv 1-u° (14
Introducing the sew vasiable
e (15)
Ecusation (14) trassfoyms to
2
gy

The frst integral of this equation is

- 17
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corsesponding o Eq. (I0) with Sy — 1.
The variable g oscillates in the range a > z > b, where

T+ Uy _ 1—~um
T—un and b—‘}—-——-—l_i_.m . (18)

Integrating Eq. (17) yields

*w,r=]1’(—;-_—?hdz . {19)

Choosing the initial conditions such ¢that z =g at r=r, =10,
Eq. (19) becomes®

[ 4
z
ar=| fiepte=2viEwh .

where E{y, k) is the incomplete elliptic integral of the sscond
kind and

‘This eboice of initial conditions corresponds to u = —upy, with
E=0and dEfdr < Oat r==0_

From Eq.. (?) the plasma frequency (2x/period) is

, —um\/1 wp
=35 E{\f2um{(1 + vm) ' e

where E(k) is the complete elliptic integral of the second kind,
snd wp s defined by Eq. (7). In Fig. llbenuowjabtuh-n
as & function of the longitudinal electron vejocily ampEtude w,,.
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Fig. 1. Theoscille o frequency ratio w/wy as & function of the
longitudinal electrc  velocity smplitude ugm.

We will dencte toe smplitude $ of By, k) by £, the in-
verse of the elliptic integral of the second kind. Equation (20)
can be inverted for z{ ' to yield

= (i) (o) 1)

11— vm "‘gﬂ [ 2um_
- 8in E'( _um Vivun

whete 7 = ¢ —z/c (tpp — c). From Eq. (15) the electron
oscillation velocity is found 2 be

{23)

=210 (24)
The electron density is from Eq. {11)
_ . n _ng { 1

and the longitudinal electric feld is from Eq. (13)

Mpt

E(f)=£3

el L i )+,(,,1]

where E<0for0 < r < xfwand E > O0fervfw < v <
2xfw.

The velocity u, normalized density n/ng and normalized

electric Beld —eE/mwpe are shown in Figs, 2, 3 and 4, respec-
tively, for the csse up, = 0.6. This ease corresponds to the
nummnl sitnulations shown in Figs. 7 atd 12 of Sulliven and
Godlfrey.® Comparison indicates reasonable agreement between
the analytical snd numerical results.
Luminosity Oueﬁweoruwmtormyhi;h-energ aceel
eration technique is luminosity. Here we estimate the lominosity
of = single-pass e¥¢™ linear PBWA eollider assuming the energy
E and collision beamstrahhung o5/E sre fixed parameters,

Neglecting the pinch effect, the luminosity for round Gaus-
sian beams is given by

Lo=N*[az0"? | {20

whete IV i the mumber of particles pes buach, / is the eolli-
sion frequeney of the bunches, and o° is the beam width at the
collisios point.




In the PBWA a bunch cousists optimally of V particles in
each plasme wavelength Mp. If the Jength of the string of bunches
being accelerated by the plasma wave is £, then the total number
of bunches is ¢/x,. Denoting the repetition rate of the lasers
exciting the plasma wave by fy the collision frequency in Eq.
(a7} is

I=Te- 4 . (28)

Here we are sssuming that cne bunch from one beam in-
teracts with only one bunch of the opposing heam and is then
disrupted. If this does not oceyr, one might achieve an enhance-
ment in the luminosity due to multiple collisions of successive
bunches. This effect is not considered here.
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Fig. 2. Longitudinal electron velocity 8 == v fc s » function of
wr/2x, where w is given by Eq. (22) sud r =¢—z/e(fp = 1),
Tor the case g, = 0.6.
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Fig, 3. Normalized electron density n/ng 8s a function of wr/2x,
:I;ere ng is the equilibrium electron density, for the case up, —

When two bunches colEde, the resulting electromagnetic fields
defiect the particle trajectories causing the particles to emit syn-
chrotren radiation. This “beamstrablung” increases the energy
spread in the beam, which the experimentalist would like kept
to some minimum for the purpose of interpreting bis results.
For round Gaussian beams of energy E == 4mc?, ihe fractional
energy loxs resulting from the coliision by’

og ... 0% Niqy
E=0Y o, (=)

where £, = e2fmc? is the classical slectron radivs, and o is the
bunch length,
Ip terms of o/ E the luminosity I

=23 1 oge )
b=Gmams s’ (s0)
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Fig. 4. Normelized longitudinal electric field —eE/muwpe as a

funstion of wr /2x for the case uy = 0.8.

For the PBWA, o, = )/2 and [ is given by Eq. {28). The

luminoeity is then

1 3 o fo-t
Lol PEBWA] - B3 E 5 (31)

The Juminosity is seen to be independent of laser and plssms
wavelength for fived 4 and og/E.
11 f is expressed In sec™! and £ in cm, then numerically

LoiPBWA) =83 X 10 75 ﬁif anfeec™! . (82)

For 8 2 TéV CM. ets™ collider with a o5/ E of 10% and strings
of accelerated bunches of length 3 cm driven by lasers pulsed
once per second, Lg 2 1090 em~2 sec™?,
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