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Two Dimensional Dynamics of the Plasma Wakefield Accelerator

Rhon Keinigs and Michael E. Jones
Los Alamos National Laboratory

Los Alamos, New Mexico, 87545

and

J.J. Su
University of California M Angeles

LQSAngeles, California, 90024

We present an investigation of the twodimensional dynamics of the plmrna

wakefield accelerator (PWFA) [l]. The PWFA is an advanced acce]emtor concept

based on utilizing a large amplitude plasma wave to accelerate relativistic electrons to

ultra-high energy. There are several reasons for using a plasma as an accelerating

medium: (1) since the plusma is fully ionized there are no problems associated with

breakdown, (2) a plasmti is a single mock stmcture, so there are no parasitic losses

duc to the excitation of multiple modes, and (3) the accelerating fields produced by ii

pliismu wave can be extremely large. Defining nP and bn to bc the background

plasma density and pmurbed dtmsity respec~ively. one finds the following sculing

l~)rthe eleitric field,

n
I:a - 100 Gcv/m (+-) ~ .

10 p

I Icncc, onc finds thii( in iI pltismti of density, nP = 10’4, a wtivcbrctiking field o!”d

Gcvhn is ach~evablc.

Ilc pliISITIiIVAIVCrqrcscnts Ikicw:lkc prorlurcd by iI rclutivistic I-M*:IIIIus ii p;Isw\

through iI c(dd plasmii. As tlw bc;Im CNICISthe plmmu its sp;Icc churgc poli]ri~.~s IIw

background. Wlwn the bum tilil piIsscs Ihc pltisma i~ Icft with a liirg~ inductd

‘n ‘I-his dislurlxlm.cclulrgc Itlill oscil]u[cs ilt Illc plusrlli.1frCqUCllCy,(I+ (47@Ilp/m) ,

follows ukmg behind Ihc bc;Im, thcwf{m its phmr vcltx-i[y C(IU;IISthe bciIm vcltwity.

(;ivcn vpll [l)l,/k, (mLS iillris IIIC w;lvckngth Ii)r [his ~lcc[ros[.l[ic- pcrturh;l[i(m ii Al,

2Jl v#l),, “- 3Tc/(1)1).

‘I”llc M’icimwy 01”iIII~wiik~fi~ld ilr~~l~ril[(~ris dctcrmims[l hy IIICtrilrl~fimlll.1”

r;ltlo, “1111sis dcl’imxl il} 1111’ rillio01” lllC nl;lximum W’(’lsk”rillillg I“irkl I_whimlIIIV
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driving beam and the maximum decelerating field within the beaim, R = E,/E~. In

order to have an efficient accelerator R must be large. Bane, et. al. [2] have

demonstrated that large transformer xar.ioscan be achieved by properly ramping the

beam current. Maintaining a large a transformer ratio requires that this optimal

current distribution remains unaltered during the entire acceleration phase, Results

of our two-dimensional analysis and simulations show that this is not the case.

Jkwthm of the Wakklds
. .

‘rhe driving current distribution is assumed to be an arbitrary function of radius

and the variable, y = vbt-z, where Vbis the beam velocity. The head of the beam

correspmds to y=O, and the tail of the beam corresponds to y= L. The wave

equation for the elatric field can be expressed as

(V’ -~~) E(r,t) = -j + 4xVp
c’ a[z C2 at

(1)

where j and p arc the total current and charge densities. Scpwuting the source [u-m

into two picccs, an cx:cmul beam contribution rcprcscntcd by the subscript, b, und

un induced plasma response dcnmcd with a subscripl, p, Eq. (1 ) can bc cxprcsscd in

the form of a K!inc-Gordon cqua!ion, Using Ohm’s law to climinutc the plusm;i

current from !hc RI 1S of lx. (1 ) in favor of E wc obtuin

(:’)
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~A-k&::: )E
a Pb=-

2
z 4X =- (— + pp)

dj f

+r4&(Pb+Pp). (3)

A similar equation for the magnetic field is obtained from Eq. (3) and Furaduy’s

law;

(.’,)

Here we have substituted jb = pcp~, y= (1- flz)- ltz, and htivc dc!’incd A :. Vz -

#/&zz, kO= @P/c. These equations are solved by Fourier-t-mnsforming in ~hc

vwiuble, y, and Hiinkel tmnsfm-rning in the rdciial variublc. The induced charge

density is eliminated in !lvor of the beam chtirgt=density using the continuity

equation coupled with Poisson’s equation. The following solutions arc cxacr [o

order y 2. In front of the beam (y < O) all field components. 117,,11,,and 13{,,vunish

idcn[icully. The magnetic field also vanishes bchi,ld the beam. Wi[hill [Iw bcum

I;,(r,y) - J47t k; dr’r’ o(r’) l(,(kPr, )K[)(k,,r. )

()

v

. Jdy’ f(y’) c(~s k},(y y’)

()

(..

I;,(r,y) J f)m
4n [Ir’r” ~ Il(kl,r, )Kl(kl,r. )

()
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Y.

. ( kP ~y’ f(y’) sin kPiy-y’) - f(y))

o

.

Be(r,y) = - 4n~ Jdr’r”
ao
~ll(kPr<)K, (kPr )Of[y) .

(6)

(7)
o

In Equations (5) - (7) 1, and KVare the usual modified Ecsscl functions t>forder, Jr,

tmd r< and r, respectively denote the minimum and maximum of r and r’; kP =

(I)P/V~.Behind the beam (L < y) the upper limit cm the y-inrcpi-ations gt=tsrcpl:wcd

by I., and the second rerm in brackets in the cquution for E, a f(y) is a!wnt. Note

th:it in this regian Ez and Er arc oscillatory and ninety dcgrccs m,t of phtist, mc:lning

thti[ dwrc arc forty-five degrees of phtiw in which a [roiling bunch ciln bc both

ac~clcratcd imd focused.

Current shuping htis iI signiilcant effect on tlw wtilw[lclcis prtduccd within hcLLm.

1’0 stIIcly Illis wc IN pb(r.y) o(r) f(y). Wc ;Issumc thut the r:l(ii:il currcm profile i~ N

chrnmtcp distribllti(m. O(I) n[)(~(~-r). imd focus our attcntitm on ttw ;Ix;;il pr~~l”ilc.,

f(y). Wc anulyzc the currcn[ pr(filc !irst srudicd by Rune [21, ‘1’hispr(dilc rcs[llts in

iiil axi;il d~~.~l~rilting !_Kld within IIWbc;lm tll;l[ is unif(mn. illl(i ,CWIS to [Iw lilrgc”~[

~:llllc li)r the trinsfomwr ru(i(]. In uddilion t~lh;lving il SpCii\! distribuli(m the

cum* II: is CUIO![”tihruplly Jt the l;lil td”the bcwn. II”lhc currcnl is 11(Ncut 01”1”in ;1

1 IIIL’11 tllC ]llilSlllil l’11’UlriMIS \vil!Iimc lh:it is shtwt c(mlp;lrcd I(Jd plmm;i pcritd. m,, ,

Il;lvc Iinw 10 rcl;lx Iml.k [() their unpcrturlwi p~siliolls :111(!lhc w;lli:l’i~’ldilnlp!illlti~.

u’ill bc rl’(im-~’(![.31.‘I”llisis ii :;cl’L”rL’ IC’1’llllic;ll lilllililli~~ll(Jll ;lrllil’\’ill~~lli~:ll

;Iccclc’1:ltin~ ~lli!i; llllh in Ilw pl;lsnlil W’ilkrllcld ilC’lX’lL’Hltol,1‘(M’1111’L“ilw-01”111L’

()]llill);ll C.ilrrcll[ proflll.
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f(y) =
1 ()<y<ap/4

l.$+kPL

‘I-hefields behind the doorskp (0 < y < Ap/4) are

l~,(r,y) O

4K~)no
Il,)(r,y)

I
- — R.(r) —

kP L
]-+, kp[.

4rro(, C(Wkl,(y-L)
I{,(r,y) ~ R,(r) ( sin kl,y )

1’ I # I k)

.

(H)

((])

(10)

(Ii)

.llm(, sill k,,(y 1.)
l:,(l”,y) ——. 1{,(I ) ( c’(~skl,v I

k,,
) (1:’)

1 +Ikl,l.

..



The radial depen&ncies am given by

R,(r) = 1 - kpa K ,(kpa) Io(kpr)

R2(r) = kpa K,(kPa) Il(kpr) .

From the equations for the axial electric field one finds that R = 1-7r/2+ kPL for this

distribution For long pulse lengths R >>1, However. the beam pinching for (his

profile is not uniform along the beam axis, and this will eventually lead to rcducticm

in R. Behind the domstep the radial wiikefkld, W - Er - ~130, is solely due to the

azimuthal B-field;

4xpao
I- f+kpy

W(r,y) . - ~ R2(r)
P l-$+kpl,

(11)

The f(mgoing mmlysis htis yielded the kmgituc!imrl imd tmnsvcrsc wtikcficlds

assuming that the chwgc tind current profihx of the driving bunch mnuin fixed. If”

t;liloring of Ihc driving bunch is to mtikc sense, tlw bcium must low most of its

energy before the ~.rimsvcrsc wtikcficld idtcrs the profile of the t:iilorcl hunch. Al]

cstimr[c o! the condition ncurcss:u-y for m;lin!aining the profllc of the driving bum-h

c;in bc m;ldc by mmpring the ratio of the longitudin;ll w;ikcfickl to the tr:lnsb’m~.

w;!! -wlitild within th~ kilm. Aside from fiictors which CLpCIId (m IhC dcmi IcJ uxi;ll

pr(d’ilc (d’ Ihc bunch this rulio is given by

6



w R2(0 kPa Kl(kPa) ll(kPa)

q-~= 1- kPa K ~(kPa) 100.P; )

For beam pulse shzping to have an effat this ratio must be small. The doorstep

profile makes this ratio larger by the transformer ratio. For beams in which the

radius is small (~a c< 1) W/EZ >> 1 except very near r=O. Therefore, the

transve, ~e wakefield will always dominate the Icmgitudina! wakefield and pulse

tailoring will be ineffective. For large radii beams W/EZ can bc made large

everywhere except within a couple of skin depths (c/coP)of [he beam edge. The

difference between the small and large radii beams is attributable to a difference in

the rctum currw~is induced in the plasma.

We now give mt estimate of the curren[ required (o result in an accclcmting field

thut approaches the wavebreaking limit. From Eq. (113) the electric field behind the

driving bunch can be scaled in terms of diincnsionlcss wu-iablcs as follows,

e~ 4 (eI/mcq)
—= —, (]~)
mcm

P (Cllpafc)’

where I is the peak current in the beam, Note tht the dimensionless quantily cm the

Icft-hand side of the equtition i~ the peak electric fickl nornxdizcd 10 the witvc

brcuking field. It is desimblc to have this quantity near one. However, the

rcquircmcnt thut the bc~m be kwgc in order to mtiintain pulse ltiihving mctins Ihut [hc

pc~k cumenl must be large. This makes it very difficult to achimw the maximiulll

accelerating field possible in a plmmti, Fulhcrmore, Iargc currrnts tend to miik~ the

driving betim unstable to filamcntu[ion and hose instabilities.

‘l-o tcs[ Ihesc conclusions and to explore more fully ihc

self-consisittm! evolution of the driving beam in a pl:mm:l wakrfwld accelerator. the

systcin hm been simulufcd with Ihc pw-ticlc in cell m(xlcl, 1S1S 141, Simul:ltiims

htivc hccn performed with immobile ions and partick plil~m~ clcctmns imri pm-ticlc

bctim electrons.

‘I”lwbc;lm dyn:~nlics f(m a sm;ll! I-urn (ml)dc 2, ll~.:ti 3.4 kA) :Irc shtlwl) in

l;i~. ( l). The bcunl pxrlichx :Iru injcclcci Ir(m Ihc k.f hand b(~uml;lry It) give illl

7



optimal transformer profile, with a transformer ratio of five. The peak injected beam

2 – 20 The figure consists of fivedensity is n@P = 0.2, and the team energy, wc –

snapshots of the beam particle positions superimposed. By the second snapshot the

pinching has become severe. The fact that the pinching is nonuniform means that

the doorstep pulse tailoring is destroyed by this time. The phase space for the bunch

is shown in Fig. (2). As can be seen from this figure the energy loss is very

nonuniform, meaning a loss of accelerator efficiency. Fig. (3) shows the same

simulation as Fig, (1) for a beam radius 10 times larger (IPC&= 340 kA). As

predic.imd, initially the pinching occurs only near the beam edge. Comparing Fig,

(3) with Fig. (1) shows that the larger beam maintains its integrity longer than the

smaller beam. However, the large beam is seen to undergo a strong filamcntaticm

instability, resulting in the nonuniform deceleration displtiyed in t-hephmc space

plot shown in Fig. (4),

These stl”dies indicate that the self-consistent transveme motion of the driving

bunch males pulse tailoring impossible to maintain. If the beam density is reduced

so that ;he acccleritor is operated well below wavebreaking (cE/mcmP << 1), less

current is be needed to avoid beam pinching. At higher voltages, the beam pinching

will be slower because relativistic effects make the beam more massive and hcncc

stiffer, I{owcvcr, the beam must also tnvc] farther in order to Iosc its energy. 130111

of these effects scale as the Lorentz factor, y. Thus the pinching cannot bc

amlioratcd by using higher energy beams,

An alternative method of preventing beam pinching is to ~pply an extcmul axial

mugnctic field. A conscmalivc estimate of the magnetic field required can be

oblaincd by asstlming thtit ilC > WP. To get tin accelerating gmdicnt of 1 Gcv/m, the

plusma frequency must be at lc~st COP,. S.&l x 10’1 SCC”1, which means d mtignctic

field, 13?= 30 k(l, must bc used in order to avoid bcilm pinching. The c.omplic-,ltion

of applying a m;lgn~[i~ flel~ of I(Ys of kiloguuss along the iicccicr~tor pl;iux ;I

scvcrc tcchn(dogirnt rcstrir[ion on [hc accclcriitin: gradient [hut can be obtxined ill ;I

I)l;lsm;l wtik~ficld w~’cl~riltor. I;ig, (5) shows the same simulation as l:ig. ( 1) buI

wilh L+/m ~, 5.0.
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