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Summary 

Two dimensional cartesian and axia l ly-symmetr ic 
problems in electrostat ics or magnetostatics frequently are 
solved numerical ly by means of relaxation techniques - -
employing, for example, the program POISSON. In many 
such problems the "sources" (charges or currents, and 
regions of permeable material) l ie exclusively wi th in a f in i te 
closed boundary curve and the relaxation process in 
principle then could be confined to the region inter ior to 
such a boundary - - provided a suitable boundary condit ion is 
imposed onto the solution at the boundary. This paper 
discusses and i l lustrates the use o f a boundary condit ion of 
such a nature in order thereby to avoid the inaccuracies and 
more extensive meshes present when al ternat ively a simple 
Di r ich le t or Neumann boundary condit ion is specified on a 
somewhat more remote outer boundary-

Introduction 

The proposed boundary condit ion may be most simply 
i l lustrated by specif ic use of plane-polar coordinates. Thus, 
w i th a c i rcular boundary so located that no external sources 
are present, the potent ial funct ion external to that boundary 
is expressible in the form 

(c cos me + S m s i n ne ] 

in which no positive powers of r occur. Such 3 re lat ion wi l l 
permit one to extend the potent ia l to a surrounding 
concentr ic c i rc le of somewhat larger radius. If, in pract ice, 
values of potent ia l are known at only a f in i te number of 
points on the inner c i rc le , then of course only a f in i te 
number of harmonic coeff ic ients ( C m , S m ) could be Analysis 
evaluated for such tr igonometr ic representation of the 
potent ia l funct ion - - such a tr igonometr ic series may, 
however, be adopted to provide adequate estimates of the 
corresponding values of potent ia l at various points on a 
near-by surrounding "outer-boundary curve". 

In pe r fo rmhg a relaxation computat ion on a mesh 
bounded by such a pair of curves (external to al l "sources"), 
any fu l l relaxation pass through the mesh may be fol lowed 
by a step wherein the values of potent ia l at points on the 
outer boundary are revised (up-dated) on the basis o f a 
harmonic description of the potent ial funct ion on the inner 
curve. Such revised values would then be employed, as 
boundary values : in proceeding w i th the next relaxation pass 
through the mesh. [An analogous procedure of course would 
be fol lowed i f one were to adopt an e l l ip t ica l coordinate 
system (u,v), for which harmonic terms would be of the 
form e " m u t imes circular functions of argument mv]. 

In the work summarized here, we have made a pract ical 
application o f the techniques just described, w i th part icular 
application to the use of the relaxat ion program POISSON as 
applied to the design of superconducting magnets for 
advanced par t ic le accelerators. I t is evident that in such 
work one takes advantage of such intr insic symmetries as 
may be present in the geometr ical configurat ion and current 
distr ibut ion for the problem of interest. One realizes also 
that , in pract ice, there may be a large number of mesh 
points along the inner (circular) curve whereon one 
constructs a harmonic representation of the potent ial and 
(especially for circular boundaries) such points may have a 
quite unequal spacing. Under such circumstances i t may 
well be expedient, as we indicate, to base the analysis on a 
restr icted number of t r igonometr ic coeff ic ients and to 
compute these coeff ic ients by a weighted least-squares 
evaluation of the data. 

The fal lowing note includes a description of the 
equations introduced into our operating POISSON program, 
and this mater ial is fol lowed by some i l lustrat ive examples. 

Consider the case where a circular arc of radius 
r = R - H divides space into two regions, an inner one which 
includes a l l current sources and magnetic iron, and an outer 
one which is in free space (hereafter referred to as the 
"universe"). Since the free space region is in f in i te we shall 
arbi t rar i ly l im i t i t by a secondary circular arc of radius 
r = R. Bath circular arcs are an assembly of connecting 
mesh points such as the one generated by the program 
LATTICE. If we know the vector potent ia l for each mesh 
point on r = R - H (e.g. calculated by POISSON), we would 
l ike to f ind the vector potential a t each mesh point on r = R, 
so that such values may be employed as provisional boundary 
values in a subsequent relaxation pass through the entire 
mesh. This is expressed as: 

•ou te r (D 

A is the vector potent ial and E is a working matr ix , and 
the summation is over the ent ire mesh points of the inner 
arc. 
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In the f ree space region the vector potent ia l can be 
expressed as a sum of harmonic terms, each employing 
powers o f 1/r. 

^ = o5 r~°* hw (2 ) 

The vector potent ia l A of mesh point i on the circular 
arc r is expressed In terms of a series of functions F £ (e), 
their coef f ic ients D^and the problem type symmetry a^. 

Summing over the N boundary points on trie radius r, 
the d i f ference between the calculated vector potent ial 
values and the relaxed ones Is minimized w i th respect to D^. 

£ ^ (fi (3) 

The number of harmonic terms has been reduced to m and 
the weight factors Wj have been introduced t o take care of 
an uneven distr ibut ion of mesh points along the boundary. 

Fol lowing the minimizat ion process we arr ive at : 

nr - a . 

Fj,<e) = cos ( « * e - Bj, f ) 

a and B are i n t e g e r d i v i s i o n of : a = r ; 6 = r ~-

Two Dimensional Problems w i t h E l l ip t ica l Cyl indr ical 
Coordinates 

We replace the two circular arcs wi th two confocal 
ellipses and employ e l l ip t ic cyl indr ical coordinates. 

(^-r (a + b ) 1 

(a + b ) . 

f £ ( v ) = c o s ( « , . v - O j . f ) 

a and b are the semi-axes and v = tan- l [ (y>x) / (b/a) ] . 

Axis-Svmmetrv Problems wi th Polar Coordinates 

Here we consider cases which posses symmetry wi th 
respect to revolut ion around the Z axis. In a cyl indr ical 
geometry the flux lines are represented by the product p Ag , 
where p = rsin ©. The program fOISSON is wr i t ten in such a 
way that this product is the one which is being relaxed. 

H 1j ' £ Wn F i <en> fj < V 
s i n e P (cos e) 

• %, -1 < cos 6 < 1 

1 . j = 1 , 2, 3 . . . m 

V1 = £ Mn F i < V An 

Solving for D j on the inner arc i = R - H we get 

Dj - £ < R V J (H" 1 )^ V j n n e r (5) 

P n (u) are the associated Legendre functions. 

Axisvmmetr ical Problems w i th Prolate Spheroidal 
Coordinates 

We replace the circular arcs wi th two confocal 
ellipsoids. I t then becomes permissible to introduce terms 
in a development of Ag that involve 

s inv P1 (cosv) 

Using Eq. (2) on the outer arc r = R and substituting the 
expressions for D j and Vj we arr ive a t {Eq. 1) 

. o u t e r y _ . I n n e r 

m ra / D M \ J i 
- Z Z (•XTAj Wn <" >J1 FJ 

1=1 3-1 v ' 
«°k> F1 ( en» 

We put an arbi t rary upper l im i t on the number of 
harmonics m <, 50. 

Two pimensional Case w i t h Plane-Polar Coordinates 

The harmonic functions F £ (6) are a combination of the 
t r igonometr ic functions SIN and COS. I t is, however, 
convenient to express them in the fol lowing way 

/ " - M 3 / a 1 n n e r \ J H . i < W e r > 

\ R I " K u t e r ' % < " l m , e r > 

H n . (n) is a normalized funct ior derived f rom the 
associated Legendre funct ion Q n (n), ti is the eccentr ic i ty , 
andc = (a2 - &)U2. 

Superposition 

If an externally imposed f ie ld or a known external 
c i rculat ion is present, the vector potent ial representing such 
contributions can be subtracted f rom the potential on the 
inner circular curve prior to applying the boundary relations 
presented here. Corresponding potent ial values for the 
external f ie ld or c i rculat ion then are added to the values so 
transferred to the outer curve. 



POISSON relaxation of two dimensional cartesian problem of various symmetries (a), and no symmetry tb), using both circular 
and elliptical boundaries. Case (b) was checked and found to be in good agreement with analytical calculation. 

Cc) (d) 

Relaxed flux lines -- in a SSC dipole (c) and quadrupole (d) -- are magnified along the boundary by choosing only lines which 
leak out from the Iron (Reference Design A). 

(e) (f) 

POI5SON relaxation of axisymmetrical problems -- including iron and possible symmetries. Selected flux along the boundary 
Is plotted in case (e). Case (f), for both circular and elliptical boundaries, was checked and found to be in good agreement with 
analytical calculation. 
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