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LONGITUDINAL DYNAMICS IN STORAGE RINGS

Eugene P. Colton

Lcs Alamos National Laboratory, Los Alamos, NM H7545

The single-particle equations of motion are derived for charged

particles in a storage ring. Longitudinal space charge is included in the

potential assuming an infinitely conducting circular beam pipe with a

distributed inductance. The framewcrk uses Hamilton’s equaticns with the

canonical variables $ and W. The Twiss parameters for longitudinal motion

atic also defined for the small amplitude synch*:otron oscillations. The

sl)ilce-clla~R~ Hnmiltoniall is calculated for both parabolic bunches and

“mittcheclt’ b(lllches. A brief analysis including second-harmonic rf

rohti-ibutions is also given, The final sections SUPFIY calculations of

dy[li~micitl quantities and particle simulations vith the space-charge effects

11(’~l(i(’lt!il .
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the bunch shapes, we develop the single-particle Hamiltonian

assumed cilarge distributions. This analysis is repeated

assuming the addition of a higher harmonic rf voltage to the fundamental.

We next derive the synchrotrons quantities from the Hamiltonian. Finally w’e

plesent sirnul;ltions of adiabatic capture, 90° phase uotation, and creation

of voids in continuous beams.

;?. Equations of Motiol)

The single-particle dylwrnics uses the two canonically-conjugate

variables $ and W. These quantities are (i] # in units of rf phase and

(ii) W = AE/Q where AE is the departure from the ideal or central energy

n])d !7 = f3c/R iS the synchronous particle revolution frequency in the

assumed rnachille of circumference 2nR. We define the equatic s for

syllrhro[ron motion [ I ] assuminR n sinusoidal waveform

(1)

(2)

III llItI::tI (IIllIi Il i~)ll:; V i:: tlIt I m,lximllm t I VIIl I;IKII, + is 111~] l)llil S(’ 01 I II(}!;

vol 1,1}:1~ W,lvl, , II i’: 1111* Il,ltml)llit 111111111111, II ?nl ,,,/\/, Wll(’1(’ 1,., l!: 111(’ I I

,)
It l\lllll*ll[’y, t] ~,~’ y , Wll(lllt y, i:; tlII~ I I ,III:; I t 11)11 ~;llllm;l 1)1 11111 miI~*lIIIIII



-3-

transition or $~ = II above transition. The momentum p is expressed in eV!c

units. For the ~emainder of this work, we assume $s = O and Y < YT.——

Longitudinal space-charge effects influence the voltage seen by the

beam. The space--charge field is given by [2]

~ __efi

[

go
z- - : @*c*

32 4rl co Y* “ 1
(3)

where the bunch has charge per unit length eA, dz = -Rd$/h, and go =

1 , 2 In (b/a) where a is the beam l’adiUS and b is the beam-pipe radius.

We assume the beam pipe is a perfectly conducting cylinder but has a

distributed inductance dL/dz per unit lerigth [2.]. The voltage seen by a

particle per turn, V~ :: J Ez dz, can be written

~ [1Ze
v s - ef3cR ~~ Im

II

Wll(’ 1“!!

(4)

,111(1 I Ilo i mp~~(l,lll(’{’ of I l’(, (1 !:l),l (’(, ‘/, 120 n 011111::. Tl]() I(”!;llll il)~ lliIml 11011()

(11111.11 1011 ( I ) i:; I (IWI i I It’ll

Ilw {’v
:;itl+ II I]

d I ;) Ii

Will’1 1’

((, )
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e&R a~ ~m

[)

Ze
L- .. ___

Vsin+ az T
(7)

within the bunch and r = O outside. We can derive the Hamiltonian of the

motion fuom Eqs. (2) and (6) via

al{ d+ ~,,d gH . _ gw
aw ii a+ dt “

We obtain

I
‘$

H($,w)= (W2 ~~ (1 . r) sinwdv

(1

(8)

where

(; : hrlQc/(2])cR) .

‘1”11(’ fio;ll i:; I () WI i 1(1 111(’ (’(111;11 ions [Isi]lg il milll”ix il])])l”oil(!ll lllill iS

(I[llliv;ll(!lll I() 111:11 wid(lv kllow)l 101 I 1 illl!+V(?l” WC I)llil!; [’ !;[)il C(!. ‘1’llis ptO(.(dIIt -(!

wolk:; lot !:mill I ,111}:1(’!;. W(I wi:ill 1[) I]iltl::lo!m 111(I ($, W) v(~(’lf:t

(’))

(lo)
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In Eq. (10) @~, ~~, and Y~ are the so-called matched functions and (3

represents the phase shift for the cell. The functions repeat from cell to

cell. We take the approximation Wf = Vi + b$i, and tf = $i + aVi. Then

referuir?g to Eqs. (2) and (6) we obtain

and

b = : At (1-l-)

(11)

(12)

where dt is the tuansit time through the cell and V is the rf voltage seen

by the particle thr~ugh the cell.

The s:rnplest exa,nple 1s to assume onc rf cavity in a machine; then we

evaluate the matched functions in tl,e cavity center. The cell (or machine)

c{]l]sists of olle-:lillf cavity, a drift, and one-half cavity, respectively.

Wlillcll ill matl”ix [ol”rn

M [,:)(:1[:)’;1[,;2(1 (13)

(1 I
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. . ~ and ~~ = ~b. The small-angle synchrotrons tune vs = 0/(2n) with

\l = v~ojl-r where~

1

[1
1/2

-eVhh
‘so = ~ .—

2nE
(15)

where (3 is the usual v/c (vs is the number of synchrotrons oscillations per

:rvolution)m The units of @s are in (eVs)-l; it is defined by @s =

(3so/{~~ where

6so = 2K
-nfrfc

pcR eV

1/2

. (16)

4. Beam Sizes

Silirfi the marched a5 . (), [he longitudinal phase space is that of an

{Il)lighl C?~lipS6? with .Sf?M~-dXeS ($!l,WH). The semi-axes are given by

(17)

“’’”(’CL!‘:;111[’ l{)ll~i Ill(lilllll 1]11;1:;{} :;l],lt’t! ;II(I;I 01 ;! ::illfil(’ 1)111!(’11 i II (’v!;,

f:~ @J(l#l/l)m‘1’11[sI)r,lk ~1])/1) i:; t)llt,lilllt(l 111~111 Ml. (III)
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[1dp WMQ
.—.

-FM 13pc

The full bunch length Q (in meters) is given by

2R$M
Q=—.

h

(19)

(20)

The bunch length Q. in the absence of space-charge effec:s is defined by

!/40 = (B/E&)l/* = (1-r)-1’4 so the bunch lengthens as r is decreased.

If the bunches are taken to have a parabolic density dis’.ribution then

[)6N Q*
A(z) .—_-z2

a~
and — . -

12N
*3 4 az p=

(21)

where N is the number of particles in the bunch. We can rewrite Eq. (7) in

lh? ShOL’t bunch i?ipprOXiMatiOl) as

[)12R2 eNflc ~m ‘eI - ——. -
~3hV n

iIIId th~ equal ion for tile huIlch leli~tll becomes

[1
*/,, IN!!I16(’,“,k * ~/,

ilv
().

II ,)

(22)

(7.3)

lJiI (Ihlnill III(I [’[)tlf’sl)oll(lil’~ Il;lmi Ilolli;tll ltt)In Ihl. (/), (H), dlld (21)



2 eV

‘($ ’W) = ‘v + m

This equation is valid

zero for 1$1 > *M.
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p]
6e@cR2N ~m ‘e +2

Cos$ -- 1 + .
Vf13h Y)

(24)

for I* I S 41M. The space-charge term in Eq. (24) is

If the beam is “matched to the bucket” then

A(Z) = # Cos 24 and ~ . Nh2
7 az

sin+
2m2

and the Hamiltonian [Eq. (8)] becomes

H($,W) = GW2 + # (cost -- 1) (1 - r)

where

, .- ‘::2 l-.

5. Superposition of

Higher 11(11nlolli{’

(25)

(26)

(27)

Harmullic Voltages

v~)lt~tges ate sumelimes used 1u conlrol w,so and 10

illcueilse 111(! spread i II syl)chroLKoll” frequencies in a bunch in order 10

provide Landau di~mpi[lg agninst Io[lgi[u(lillal coupled-bunch instabilities in

;1 Syll(; hl”ot 1“()[1. 111 k’i~. 1, I sIIOW aII exilnl])le of ii f-.Indametltal witlI V . 1,

1)1U% 4(’% (d ~: (). ~f) SeVoll~l lli!l’lllOlli (- (P 2) ; tile ,superpositiotl (dotted)

Ilnllells Out II L’ill” 111(’ 01’ i~il) . ‘1’11(’syllrlIrolI.olI” tune vso is related to tlI(?
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slope of the voltage dV/d@ at the origin - in the ii”).ustrated case we see

vso is reduced with this polarity of the second harmonic.

Analytically we rewrite Eq. (1) in a form analogous to Eq. (6)

dU eV—. —
dt 211

sin~ (l-a)

with sin$~ = O where

dsinP$
a=

sin+ “

In small-angle approximation a - 1 - dP. The treatment above

valid, i.e., v~ = vso~a and ~s . @so/~ For positive

(28)

(29)

is still

a, the

synchrotrons tune is reduced and the bunch length is increased. It iS

understood that for stability a < + 1.

We obtain the Hamiltonian from Eq. (2), (24), and (28)

H($,w)= GW2 + E!
2n

[
COS4 - 1 - ;

[ 11COSP$-1 .

If we also rollsider A parabolic bunch (i.e., space -charge effects),

Hamiltonian becomes

[ [1zIl($,w) ~;”? , :V
?n

C,osf$ 1 I 6e!?$R2N Im .-e $2 j (cosP.$ .- 1)
VQ“$1 II 1

tlol~? illfol”nlill ion 011 this slit) j(~~ t i:; (’[)[]laif]r(l in ill] (’ill I i(’r I“(?llol”l [ 4 j ;

(30)

the

.(:11)

1IIC

11’(2illM(’111 it)vl(l(l(}:; il(’(”(li(!l ill ion.
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6. Synchrotrons OLantities for a Fundamental RF System

A given particle travels on a trajectory in ($,W) phase space with

ex t rema * ~a and * Wa. The Hamiltonian is constant along the trajectory.

Thus we obtain from Eq. (8)

and

The area traced out by the trajectory in (+,W) phase space is simply

(32)

(33)

(34)

FOP +a = n, we refer to the result as Lhe bucket area; the trajectory is

called the separatrix. In Fig. 2 we show trajectories in (+,W) space for

$a = n/2 and Oa = n; the space-cilauge term r is sst to zero in these cases.

It 1s of interest to calcu].atc rela!ive quantities; still assume no

space-clmuge effects are presenl. First we wish to know the relative areas

for a parti:le wilh maximum I+a to that of the separatrix ($a = n) - this is

fiivf!ll hy

(35)
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Next we wish to kno the ratio of the corresponding Wa (or alp/k). Thi.: is

given as

[1+a
Rw($a) = sin T . (36)

Finally we wish to understand the dependence of synchrotrons tune vs

upon +a. V? know Vso from Eq. (15) so we write this in the form of a ratio

[ J
-1

‘s ~ oj~a
Rvs(Oa) = ~ =-

d$
.

so (cost Cos$a)
(37)

1 have carried out the calculations of the above ratios Eqs. (35)-(37) and

they a~e listed it~ Table 1 vs ~a; they are also plotted in Fig. 3 vS $n.

T] e r.~t ios (35) and (37) were carried out with a program. They can be

approximated for $a < m/2 by [31

,alld

(38)

(,19)
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7. Operations

There are a number of procedures that are commonplace in storage rings

and accelerators. Basically they involve changing the shape of the

phase-space contour that encloses the particles in the longitudinal plane.

Generally, if one raises the rf voltage, the result is to bunch the beam -

similarly the beam debunches as the rf voltage is decreased. If the bunch

does not have the puopec (3s value [see Eq. (16)] then it is not matched -

the shape changes with time as it rotates like a rigid body in the phase

plane. For constant voltage, a matched bunch maintains its shape as lonE

as its length occupies no m, e than 120° of rf phase. Another phenomenon

is the filamentation of phase space: as is evidetlt from Fig. 3, the

syl,chrotrcm frequency changes with +? amplitude. Small amplitude parrlcles

spiua], faster than those at large amplitudes.

Some gymnastics have been developed, especially ior injection,

extraction, and matching between rings. One IS adiabatic capture of a beam

injected fuom a llildC. 111 this sase the rt is off during the injection

period; then the rf 1s raised slowly to capture the beam. In Fig. 4 I UI1OW

nll example of five turII II itl~ectiol~ tIllo the so--called SSC bottom-energy

I)ooslcl’o ‘1’l~emar.hillc ~olisirlel(l[l IInd a clucumteuence of 250 m, Lralwit ion

g;llnlllil of 10.4, and lht! IIfirmol)ic numhel. was 4H. The Illjectiol] was stmiicd

;It il killcti~ CIIIQUMY01 500” M(IV. ‘I’(I st~ldy LIIQ illjectloll, WC wrote it prugt:am

thal dirvctly illlrgrill,od IIlft S~llClll’otl”oll” :!llllfltioll!i ()!’ mot 1o11 [H(IS. (1) illl(l

(2)1 lulllhy 1111’11. A s(*(’OII(! 01(1(11 I{UIIKV KIIII:I IIIL(?KI;ILOI” W:IS USUd If)l I 11(”

t 1“,1(’li111~. ld)ll~i ,ll~lill,ll

:;i~llil lC’illll ;11 111(’::(’ !I’V(*

1)111 i~)~l 01 111(’ I Ill}: 1“1 1)1”

1)11 ;I llllllI)lmly I illt~fl I’I
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.88 x 10-3. The coordinate + represents phase relative to the synchronous

particle. The bunches were centered at : n, * 0.777 it, * 0.357 K,

t 0.33 n, and * 0.111 K in $ assu~ing

voltage is zero durin~ the process, which

Figure 4(a) shows the injected phase

a 440/9 M1lz rf system. The rf

we continue for five turns.

Spzce after five turns with 50

particles per microbunch (2500 total particles). Next, we raised the rf

vol tage slowly; for 200 turns the voltage was raised linearly at 1 kV/turn

to a final value of 200 kV. Figure 4(b) shows the beam phase space along

with the separatrix. The beam has been captured and is now ready for

acceleration.

Another trick is the 90° phase-rotation. Suppose it is desired to

extract a very short bunch from an accelerator. First you reduce the rf

voltage to a very small value; then the bunch lengthens to a flat pencil in

phase space. The voltilge is tllel] raised abruptly to :1 very larbe value.

Since the resident lIUHC1l :S mismatched to the new conditions, it just

rotates as a rigid body. After a 90° rotation (or 1/4 of a synchrotrons

oscillation) it r~il~he~ its shortest extent in time. The corresponding

Iluml)er of” IIIIIIS is l/(11 Vso) with Vs{) g~ven by Eq. (15). Figure 5(a) ::I1ows

the example of Fig. 4 I)ul wi;ll iI malched bunch $M = n/4 and (dp/p)H =

00106%.” TIIQ V()

v so 10 ().()125.

1/(4 V*(,). V(’

tagc is i~l)l”{ll)tly rcdtlc,ed from 200 kV to 40 kV; this reduces

W(*::IIOW ill FIR. 5(1)) tile stale after 20 tul-lls, which is

II(*II INIS(I [ho volt a~(: I() I MV/turn and track for five turns

111(’ pll:l:x(* ::l),i~’(~ i!: :;I1OWI1ill FIH. ‘)((,). ‘1’ho hutlch is indeed very sllor 1.

“I’IIi:; t(~rllililllli’ tl;l!: i)(~cll II::(v! ill FNAI, to (iXtl;tCt ;I V(?l”y Shot-[ ])1”01011 hll(’h

11)1 T(IV I fSXlItII imrllll :; I ‘II .
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Another way to lengthen a bunch without changing the voi?age is to

(i) shift the stnble phase +~ by n to the unstable fixed point for a preset

number of turns so the beam debunches; (ii) then the stable phase is

shifted back b) n. The mismatched bunch will just rotate - when it reaches

the desired length then the beam can be, e.g., extracted [6].

The abovl~ operations are straightforward and can be found described

elsewhere. One topic which has piqued my curiosity is the barrier bucket

that was desc[ibed by Jim Griffin in the 1983 PAC [7]. YOoJ use a single

pulsed rf cavity that is just fired at the revolution frequency of the

synchronous particle. With this bucket you can create and maintain a gap

iII a coasting beam. Mathematically this is done by just changing the sign

of the l-f voltage. Figure t(a) shows a coasting beam with momentum spread

alp/p = * 0.1%. The $ range represents the whole storage ring. Figure 6(b)

SIIOWS the situation after 1000 turns if you use a fourth harmonic be.rrier

bucket. A gap length of 1/10 the machine has been create~. The voltage

WiiS ~~~.l kV; vc [lse the same example as above.

R. CCJncluslolls

m~:f2 nle still l~lrtllet- opPIalloIIs III sl(JI:aEe rlilgs that I have I101

diS{-USSQd 101 ia~k 01 ~i)i~~p ;III(i CIICI”gy. N(?v(?I-I-!Ic?!css, I !IaVC Llie(j ~(,

dc!i[’ril)c ilov oll(~ (I”eills Iile Slllgi.e.])nl lLCIC? nl(}l iotl vi:{ Ilnnlilloll’s

(t(l(lil ! i 011S . ‘1’il(’ fotmnlisrn has heel) I;li[l 0111 101 111P ll’oillnl(~lll 01 coml)iox II

w,lv(~form.s, ;111(1 i II I (sII!; (* l)(~ilm (If I (If- ! :;. ! nil Vf* 1101 (1 i }.(’11!;::(){1 I 11(’

ill!:lill)i I i I i[’:4 (11 llllll(’llo(i Il(tilill:: . AIIIIIiIlly I!l(*:;II (10 1(111(1 II’ limit III(I ::101(~(1

lllll’ll!; ll i(’!; m ‘1’1)(’ (Ixl IIll!; lI)ll 10 111(11’ I I 011 ::1111 iIg(I t ill};:; I fi{llli I II:: (’(111111(111::,11 ioII

101 io!:!;(~s (Ill,) I(I ::yII(IIIIotIo II” I,l(iiiiliol]. ‘1’11(~ I I ();II Ill(hIll I)(!(’olll(t!i !iollll, Wllil I

III(Jt II Isom!)l i (’;II IIfl 101 ,11”{”l’lt’l ill ion 01 (1(*1’ (~i IIl .11 \I)ll; ill Ill i:: (’rl:iI~ !;ill + !: # ().
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TABLE 1. Ratios vs ~a

(::g) ‘A R
‘s

10

2(I

30

40

50

60

70

m)

90

100

;Io

120

130

140

150

16(I

1 ?0

1110

0.006

0.024

0.053

0.093

0.144

0.203

0.271

0.345

0.424

0. 5U6

0.589

0.672

0.751

0.825

o.k191

0.945

ooo~~”

1.()()()

0.087

0.174

0.259

0.342

0.423

0.500

0.574

0,643
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Figure Captions

RF voltage waveforms, “F” is fu.~damental, “P = 2“ represents 40%
#

second harmonic and “sum” represents t;le sum of the above two

waveforms.

Trajectories of constant Hamiltonian calculated from Eq. (33)

for the indicated values of @a. The axes are $ and the relative

momentum srtnead alp/p. We assume the fundamental rf system with

r=O.

Ratios plotted vs. $a. RA is defined by I?q. (35) and is the

ratio of the area

0 = $n to the bucket

lhe ratio of the

[Eq. (34)] for the trajectory with limiting

area. Rv is defined by Eq. (37) and is
s

synchrotrons lune for $ = $a to the small-

ampllludu value Vso defined ltl Eq. (15).

Simulation of the ~dlabatic capture process for a sample ring

with rirrumferencc 250 m, YL -. 1004, harmonic numbeu h - 40, and

pt(~tt)il klllctlc rl]t’lgy ‘)(M) HOV: (n) Phase-space p].ot nfter five
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Figure 6. Illustration of the formation of a gap in a coasting beam by use

of a barrier bucket. (a) Phase space of coasting beam with

alp/p = f 0.1%. The $ range represents the whole storage ring.

(b) Phase space after 1000 turns if you use a h = 4 single

plllsc.i rf cavity tl)nt is just fired at the revolution frequency

of the synchronous particle. The rf voltage is -3 kV/turn.
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