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L Introduction 

The idea that classical Yang-Milla theory [1] should be formulated over a princi­
pal fiber bundle, locally the product of space-time by a Lie group, was first expressed 
by Hud* and Miyachi [2] in 1956 and later by Lubkin [3] in 1963. It was widely 
accepted only in 1975 when Wu and Yang [4] showed that this geometrical setting 
was accessary for a proper understanding of the solitons. 

Semarkedly, the same classical geometry controls the quantized theory. I have 
show* ia 107* (5] that the globally defined Darboux-Maurer-Cartan-Ehresmann 
(DMCE) structural equations of the principal fiber bundle [6] imply in any given 
gaaae, ijt. over a local section, the Becchi Rouet Store (BRS) equations of the 
qaaatam ield theory [7] and hereby control its unitarity and renormalisability [7,8]. 
The nicest fading [0] that the BRS equations also control the algebraic classification 
of the anomalies greatly increases the interest of this identification. 

The aim of my talk is to show that one may identify the anomalies with the 
secondary characteristic classes of the principal fiber bundle, and hereby obtain 
their complete classification in a gauge invariant geometrical way. 

2 The Darboux-Maurer-Cartan-Ehresmann equa­
tion 

Let P denote a differentiable fiber bundle of dimension d+n over a base B of 
dimension d. Let n be the projection map. Let us adorn with a" the exterior 
dsfeieatlsl 4 and any exterior form over P . Let x* denote a coordinate system 
over B . Using the cotangent map II*, we can pull back on P the dx" : 

«y = ir(oV,) = 2(x''on). (i) 

Let ws BOW introduce over P a field of one-forms A valued into a Lie algebra A of 
dims—inn n : 

\ttf{P;A) , A = A'X. , X.t A , (2) 

sack that the n A' together with the d dx* define a moving frame (Cartan"; repere 
mobile) over P. 

Note that A is a field of one-forms valued into a finite dimensional vector space 
A , OT ^.ic.M'j a collection of vectors of the infinite dimensional cotangent space 
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the vectors d, tangent to the bate onto P,: 

& ) E = E.(A) (6) 

aad pall back the Ehresmann connection A onto the bate : 

As = S'(A) . (7) 

Ac if the Yang-Milk one-form in the gauge £ . However, -A contains more informa­
tion than Az alone. Given the section £ , we can complete a coordinate coframe 
oa / by choosing some coordinates y* along the fibers such that y* is sero on £ , 
i.«. •%* is normal to d,: 

(A)E-J(«V')E = o , ai-idz* = o . (8) 

The orieatatioa of the y* along each fiber is arbitrary, however, if we expand the 
coaaectioa A om this coframe: 

X' = [ADcdx* + Aftdy'h (9) 

the matrix A\ ghres at each point the orientation of the coordinate vectors d. with 
respect to the Killing vectors V%. 

We call Faddeev Popov ghost the section dependent object: 

e = At (Sy1),- . (10) 

la taw seme coordinate syjteo, we call Becchi-Rouet-Stora operator the differential 

» - («V')ai. • (ii) 

la these notations, the DMCE equation splits into 3 components known as the BRS 
eoaatioa* |7J: 

<U + | ( J M I - f(A) , *A + it + [e,A] = 0 , te + i [c,e] = 0 . (12) 

or hi a spore concise form : 

F[A + c) = F(A) (13) 

Thai equation, that I first proposed in 1ST8 [5] has been recently nicknamed by 
Stora the Ruenaa (?) formula. 
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For assy value of f nich that d + g ia odd, there exiati a aolution with 9 = 1. Thia 
iadadee the Deaer-Jackiw-Templeton topological man term in odd dimeniion and 
the a n i l 1 m 1 ABJ anomaly in eren dimeniion with ita associated g = 2 Faddeev 
aaosaaly ia the Bamilionian formaliam. Unnraal aolutiona with q > 1 occur with 
f > l omly ia the preaanci of two U(l) groupi in odd dimeniion : 

u - AAA'P(F,F) (18) 

With ( s ] , | « I , J odd, we note the Stf(2).U(l) anomaly : 

« = Trmt){A', A>, A') i»W p ^ (jr) ( 1 B ) 

5 The WeM-Zumino and the descent equations. 

Coaeider a cloaed non exact form w of degree d + y : 

i i & F ) = 0 , u / SK . (20) 

If we choose a section E and expand w in gauge and ghoet componenti: 

*», - tux. <i - jihi&jsT6^^lw • ( 2 1 ) 

The Tnaaafaia of uj+ f atarta with wj lince higher horizontal forms Taniih identically. 
If w« expaad the clomre equation, we obtain a let of equation! known aa the descent 

»<•>& + «*w£!-i = 0 • (22) 
IaUgratiag the 1 » 0 eqaatloD oner the baae and discarding the anrface termi, we 
•at tkM w{ —twin the daal CurUm fotm of the Wees Zumino consistency condition 
f*j which delmes the possible anomalies : 

/ swj = 0 . (23) 

However, im quantum Beld theory, the anomaly considered as a quantum correction 
to the BBS variation of lpi action [7,8] is a priori a function of A„, e, the antighost 
aad the soarce operators) and (23) could hare many more solutions. But recently, 
I have shown |13] that all Yang-Mills anomalies are of the type (20-22). The proof 
atvetves 4 steps: 

a) asamg auaBary fields, the antighoati and source operators are gauged away 
(Dim's problem [0j); 
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when: 
T = Dt* =* it' + «»V , K* = da* + «>•* . (27) 

The system is closed and consistent since : 

Ue = T , OT = Re , DR = 0 . (28) 

Considering the dual vector fields (!>.», £>.), one may easily verify that the D* 
represent the Lorentz algebra [IS]: 

[b*, b«) = i>[.»,«4 . (2g) 

Tie disTsr—cs between Aland a principal fiber bundle is that there is no predefined 
projectioa map, but the space develops a 'spontaneous fibration' along the D^ 
directions a* a result of the DMCE-BRS equations [16]. 

The best choice of variables to classify the anomalies is to devellop the u themselves 
on thee: 

u = u.i* + fi' (30) 

aad to iatrodacc [17] a 'translation covariant' BRS operator «' such that the 'alibi' 
active translation, or displacement in the tangent space, parametrised by the ghost 
IJ* is compensated for by and 'alias' transformation, a passive relabelling of the 
coordinates, or displacement along the curved section, induced by a Lie derivative 
aloag the ghost vector field ( associated to q* : 

« ' = « - £ « , (31) 

la these variables, i has no ghost! and the structure equations read [18] : 

S*e* = il* + till* = 0 , t't = -\%i] , (32) 

**w = DOt , t'n' = - i [tf.n'] . (33) 

These beautifully simple equations show that the classification of the anomalies of 
general relativity is reduced to the classification of the anomalies of a Yang Mills 
theory of the Lorents group [12,18] since the local cohomology of a and »' are 
identical: 

J Ju>d = J »w - d(f _JCJ) - (£_ldw) = J au (34) 

Indeed, the second term is exact and the third vanishes since du is a horizontal 
(d+t) form. 
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