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' SUMMARY

In this paper we present the formulation of an MCSCF

! “wavefunction of the GVB (generalized valence - bond)

‘type designed to deal with the changes occurring dur-
ing chemical reactions. As such, this wavefunction
which we have labeled SOGVB (strongly orthogonal
generalized valence - bond) overcomes one of the
deficiencies of the more familiar Perfect-Pairing
~GVB wavefunction (GVB-PP) while retaining much of

the computational simplicity of the Perfect-Pairing

~ approximation.

To understand the rationale behind the SOGVB ap-
proachl let us first consider the more well-known
GVB-PP wavefunction.? In essence, this wavefunction
results from a relaxation of the double-occupation
restriction placed upon the restricted Hartree-

Fock (RHF) wavefunction. That is, in GVB-PP, we
replace an RHF doubly-occupied orbital by a pair of
nonorthogonal singlet coupled orbitals. For ex-
ample, the RHF wavefunction
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However, while the orbitals in each such pair are

allowed to be nonorthogonal we require that they
be orthogonal to all other orbitals. Thus, in (2a)

' we impose the constraints

b leg> = <by1le5> =0 . (2b)

If we now express each nonorthogonal pair in terms
of the corresponding orthogonal natural orbitals
such that

01 = VAL 0+ g 0,00 + 22
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| ‘we obtain an MC wavefunction involving only ortho-

gonal orbitals. For example, (2a) then beomes (tak-
ing Afj + A3; = 1) |
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Since the GVB-PP wavefunction can be written as an
MC wavefunction involving orthogonal orbitals in
which the conflguratlons differ by at least a doubly-
occupied orbital the energy expression has a form
identical to_that oﬂ”an open-shell HF wavefunction

E = 25f <o, [h]6,> + z.[ai’jd.'. e [

i, 15 1,J 1,5]

As a consequence, solving for a GVB-PP wavefunction

‘is not much more difficult than solving for an RHF

wavefunction. The essential difference is. that the
{f a, b} energy coefficients involving paired orbials
are functions of the pair coefficients {A} which
must also be solved for self-consistently. In addi-
tion, there are more Fock operators to deal with
sincg each paired orbital has a unique one of its
own.

Because GVB-PP uses two nonorthogonal orbitals in
describing a typical chemical bond it serves as an
excellent wavefunction for near-equilibrium molecu-
lar geometries. In addition, it is capable of
describing rudimentary processes such as the forma-
tion of Hy from two hydrogen atoms. However, in
general it is not flexible enough to describe typi-
cal chemical reactions. For examfle, consider the
formation of CH 2Il from C3P and H In the sepa-
rated atom limit the two carbon p-orbitals are
triplet couplet so that
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. such as

(where . . . represents all other orbitals) whereas
in the product a carbon p-orbital and the hydrogen
orbital must become singlet coupled in order to des-

.cribe the C-H so that

| Veq = | %z % g
| %py

,Clearly, regardless of how the orbitals change, GVB-

PP wavefunction (6b) which gives a good description
of CH “Il at equilibrium can never describe the
separated atom limit. Conversely, (6a) which des-
cribes this limit cannot possibly describe a strong

. C-H bond (Fig. 1). The only way to properly des-

cribe this reaction is to employ a wavefunction
which incorporates both of these coupling schemes;
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in which we must solve not only for the optimal
orbitals but for the optimal coupling coefficients
{€} as well.

The inability of the GVB-PP wavefunction to deal
with chemical ré&actiors goes beyond-the obvious
example given above. It also extends to cases
where the coupling between product orbitals is the
same as that between reactant orbitals. An example
of this is seen in the formation of CH “A from C “D

" and H *S. Since this state arises from the forma-

tion of a bond between a hydrogen orbital and one
of the carbon sp-pair orbitals (the GVB picture

. of carbon has two sp-orbitals in place of the RHF

2s2 orbital) the product wavefunction is

(7a)

v = | ¥sz %
sz

whereas in the separated-atom wavefunction the hy-
brid sp-orbitals in C 'D are singlet coupled so
that

v, = |9z %7 . s
]

Since in either limit the system can be described
by a perfect-pairing coupling scheme it might be
expected that this reaction could be studied using
a GVB-PP wavefunction. However, when GVB-PP calcu-
lations are performed we find that this is not the
case. Rather, if we start at the separate-atom
limit and move inward we climb a repulsive curve
which does not lead to the bound molecular state
(Fig. 2). Likewise, if we start with the molecular
state and move outward we follow a potential curve

" which does not tend toward the proper atomic limit.
Therefore, while the GVB-PP approximation is ade-

quate at either limit it is quite inappropriate at
intermediate internuclear separations. In order to
obtain a smoothly varying adiabatic description of
this reaction a more flexible wavefunction is clear-
ly required.

Relaxing the constraints imposed upon the GVB-PP
wavefunction while still remaining within the frame-
work of an independent-particle model leads to the
unrestricted GVB wavefunction. In this approxima-
tion all orbitals are allowed to be nonorthogonal
and, while retaining the desired overall spin multi-
plicity, these orbitals are coupled in a fully gen-
eral manner.4 For example, the three-electron
doublet GVB wavefunction can be written as

-e [% %]
¢ =g ¢1_2 v :14’3 s
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Unfortunately, because of the computational complex-
ities involved, unrestricted GVB calculations are
pratical only for small systems. Furthermore, ex-
tending this method through inclusion of closed-
shell and/or perfect-pair orbitals is nontrivial.
However, GVB calculations on small but representa-
tive systems have been performed and from the re-
sults it becomes apparent that the full generality
of this wavefunction is usually not requried. To
illustrate, consider the simple colinear H2 + D =+

H + HD reaction. 1Initially the system consists of
a hydrogen molecule and a deuterium atom whereas

in the products we have an HD molecule and a hydro-
gen atom. Since the reactant and product wave-
functions are

v = % % and v, . | %'
R 1 ¢ - ¢ (9a)
L% H

the GVB wavefunction for this reaction can be written
as

-c 4 %] ¢ ¢
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From plots of the orbital changes involved in the

GVB description of this reaction” (Fig. 3)~ we see
that as the reaction proceeds, orbital ¢2, which

is initially associated with the H' nucleus, slowly
delocalizes in a symmetric manner over to the deu-
terium nucleus and finally relocalizes there.
Simultaneously, orbital ¢3, which is initially cen-
tered on the deuterium, delocalizes in an antisym-
metric manner over to the H' center and finally
relocalizes there. The result is that orbitals ¢7
and ¢, always remain highly overlapping while @3
remains nearly orthogonal to both of them. Thus,
these orbitals remain essentially strongly orthogonal
at all times. Hoever, the coupling between them

does not remain fixed. In fact, the coupling changes
drastically and, up through the saddle point, close-
ly resembles what one would expect were the reaction
to proceed via a purely localized orbital mechanism
(Fig. 4).

As the above examples have served to illustrate,6

in order to describe a typical chemical reaction it
is necessary to allow the orbitals involved in bond
breaking/forming processes to couple with one another
in a completely general manner. However, it is
usually not necessary to relax all orthogonality
constraints since the orbitals tend to remain strong-
ly orthogonal anyway. Therefore, in the SOGVB



approximation we allow the orbitals to couple in a
general manner, but nonetheless group them into
strongly orthogonal pairs. For example, the three-
electron doublet SOGVB wavefunction has the form of
the unrestricted GVB wavefunction but involves or-
bitals constrained to be strongly orthogonal
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<¢i] |¢3> = <¢2] l¢3> =1. (10b)

’:AAs with the GVB-PP wavefunction, it is computation-
ally convenient to write the SOGVB wavefunction in
terms of orthogonal orbitals.by expressing each
nonorthogonal pair in terms of orthogonal natural

_ orbitals.
‘each orthogonal configuration either contains only

\ one orbital of a pair with that orbital being doubly-

occupied or it contains both orbitals of a pair
triplet coupled.
(10a) gives
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and the two-pair four-electron singlet wavefunction
is
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subject to the constraint AjA; = AjA4. As a conse-
“ quence, the SOGVB energy expression for NG orbitals
involving NGP pairs is

This leads to an MC wavefunction in which

For example, substituting (3) into
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" and where the coefficients {f,a,b,c,d} are functions

of the configuration coefficients {A} which in turn
are functions of the pair and coupling coefficients

Since (13a) contains only diagonal one-electron
terms, inclusion of closed-shell, perfect-pairing,
‘and open-shell multiplet orbitals in the wavefunc-
tion is straightforward. This is of considerable
~ importance since in most chemical reactions only a
few orbitals are actually involved in the bonding
\process. However, nonparticipating orbitals must
also be taken into account since changes in these
orbitals can be important. To treat all orbitals
at a generalized coupling (GC) level is unnecessary
and computationally impractical. By allowing the
SOGVB wavefunction to explicitly include these less
correlated orbitals we arrive at a wavefunction in
-~which each group of orbitals is treated at an
appropriate level of correlation and with an appro-
priate amount of computational effort. Thus, gen-
eralizing (13a) to include NS closed-shell and
perfect-pair orbitals and NM multiplet-shell orbit-

‘als the energy expression for all N orbitals becomes
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Having arrived at the general energy expression for
the SOGVB wavefunction we can now consider the task
of developing the equations for its self-consistent
solution. For the present, let us ignore the pro-
blem of optimizing the pair and coupling coeffi-
cients and concentrate on orbital optimization.

" From the Variational Principle we know that the

orbitals will be self-consistent when the energy is
statioenary through first-order for any changes in
the orbitals provided these changes preserve orbit-
al orthogonality at least through first-order.

~ Allowing the orbitals in (1l4) to vary according to
the prescription

93 => 93 + 85
[<63]95>+<83]05> + <83]85>1 1) = 0 (15a)
; this variational condition is found to be
. GE(])=§[<5 |F.l¢:> + <6, [R.>] =
) i itilt iy (15b)
where
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and where we define the exchange-like operator

(9;]d5) by

<651 Cozl0 Yoy> = (9;0519,9,) (15d)
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If orbital i is not a GC pair orbital then Rj = O.
If however it corresponds to pair orbital ¢y, then
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If we define the operator Ri by
Ry = Ry <¢j | (16a)
then we can write (15b) in the more usual form
N
= o> (16b)
0=2 <5|Filey
1
where
F! = F, +R! (16c)
i i i

-However, we prefer to work with the quantities de-
fined in (15) since these arise directly from (14)
-whereas those of (16) do not. i

Now let us consider the problem of optimizing any
one orbital while keeping all others fixed. If
only orbital ¢i is varied then (15b) becomes

0= <5~ilF'i'¢'i> i <51|R1-> an |

‘However, this is subject to the constraint that

<Gi|¢j> = 0 for all ¢4. Therefore, if only one
orbital is varied it can only be changed with re-
spect to the space orthogonal to all orbitals.
Keeping this in mind, if we isolate from (14) all
terms involving ¢i and replace this orbital with
the improved orbital

8y = (o, + 86,/ + Az)"z

2 .
<A, = <A, |AD.> "
LBy "’1l i ———r—— A 18}



.a matrix over the Fock operator Fj.

.upon expan51on through second-order in Ad; we obtain

e(‘|+A) <¢1|F|¢>+<¢|R>

+ 2[<ag, |F|6,> + <06, [R>]

K. |A¢ > (18b)

+ <A¢1|F + 2a11 i

.where for simplicity we have taken bj,i = 0. Ex-

‘pPressing A¢l in terms of the basis space {x} ortho-
gonal to all orbitals
A¢ -zc

ki Xk (18c)

‘where

Xlo5> = 05 x> = & (18d)

- .ithe solution through second-order for the improved

orbital in the field of all other ones is obtained
by diagonalizing the matrix X where

Xg,0 = <¢jIF;leg> + <o;lRp>

X =X

Y.k = %k,0 = lFileg> + xRy

(18e)
= + 2a.
Xep = X IFylxg> + 225

and choosing the desired root (usually on the basis
of either lowest eigenvalue or least change).

<Xk|Kile> ; k,230

If ¢; is a closed-shell orbital, R; = 0. Further-

more, if we neglect the second-order self-correction:

‘term 2aj,j <Xk!Ki|X2>' the X matrix simply becomes
Since the Fock
operators for all closed-shell orbitals can be made
identical, solutions for all such orbitals could
then be obtained through a single diagonalization.
Since this offers considerable computational advan-
tage and since experience has shown that these terms

-are relatively unimportant, we normally follow this
_procedure.

For open-shell multiplet orbitals these
terms do not appear in the first place. For all
other orbitals the Fock operators are different and
no real advantage is gained in neglecting these
terms.

Examining the terms involved in (18) we see that for
closed-shell and perfect-pair orbitals these equa-
tions involve only the same operator matrices that
are required for a GVB-PP calculation. For the re-
maining orbitals the only additional matrices re-
quired are those over the GC-pair operators

( ¢1n| ). Therefore, only a little more computa-
tional egfort is required here than would be the
case for the corresponding GVB-PP calculation.

Equations (18) provide us with the prescription for
iteratively optimizing the orbitals with respect

to unoccupied space. There now remains the problem
of optimizing them with respect to one another.
Since the orbitals must always remain orthogonal the
only way to do this is to vary at least two of them
simultaneously. If orbitals ¢; and ¢j are

simultaneously varied while keeping all others fixed,
(15b) becomes

0 =<8, |F.]¢.> + <8.[R.>
L B ! ? y (19a)

+ JF.l¢.> + <8.[R.>
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subject to the condition f

[<6'i|¢j> + <6j|¢1'> + <51|6j>](]) =0, (19b)

through first-order. To obtain the equation for the
optimal mixing between these two orbitals we isolate
all terms involving them from (14) and substitute
the improved orbitals

o} = (o, + 200701 + a2)1/?
(20a)
1/2
¢; (o + 800/01 + 5 - L
'Realizing that if §
bo; = Y5 % (20b)
then we must have
Aps = = Yis b (20c)
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we expand through second-order in Yij to obtain
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+ 215 [<0, [ Fy-Fylog> + <oIRy> - <¢;[Rp>]

(204)

where the second-order correction term Qij is given
by

Yig%;
and where AF and AR are the first-order changes in
the corresponding operators. .. For example, if either
orbital is a closed-shellfior perfect-pair orbital or
if neither is a GC pair, orbltal

= <¢1|AFi'AFJl¢j> + <¢j|ARi> & <¢1|ARJ> (21a)

= 0= a _a..
Gyg = Qqg = 208 5 %725,9 = 24,3085
#ilbp g by~ 2ey) Thip b5 e

whereas if orbital ¢; is in GC pair m and orbital ¢j
is a multiplet or unpaired GC orbital



it .and where C{x) and Di?) are given by (22a). While

diagonalization of thls matrix and choosing the

| appropriate root still constitute only a pairwise
imi i it has been found to be super-

1" ) - < T B (21c) optimization scheme, it :

{ Qij = Q1j zch ¢1m|JJ j‘¢2m ior to simple sequential usage of (22) since each

6l ‘mixing coefficient is now weighted relative to its

l%etting importance in lowering the total energy.

Bl T k1)
of  C4y= <¢i|pi-pj]¢j> - <¢j|Ri> - <¢i|nj>

ey 3 = - NEEIRESEEIE 1, :

"Equations (18) and (23) provide us with the pre-

scriptions for optimizing the orbitals to self-

y |, ,consistency for fixed pair and coupling coefficients.

ol cf?)s <¢.|F _p.|¢'> = <¢.|F.-F.|¢.> f : We will now turn our attention to determining these
*J 37173773 17337 "% “coefficients. First of all, let us consider any

| . perfect-pair coefficients. If orbitals ¢y and ¢2k

¢ =) - <¢ila,> - <¢.|R.> + Q.. (22a) ' are perfectly paired, the coefficients in (14) which
. i 1 33 1] ., depend upon pair coefficients A1k and Ay are
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~-In principle, the orbitals can be iteratively opti- ik,J J,ik ik Jj
- mized with respect to one another using (22). How- y
o ever, to redefine all affected matrix elements after " 4 =12 5 ¢ # $q, 20

Y 3 -each such orbital-pair rotation is computationally J Tk 72k
hagide: » unacceptable and experience has shown that by not
doing so the overall orbital changes tend to be too b, = cmafi B3 (24a)
».large. To see if there is a simple way to overcome 1k{J - 3sik ik J :
i _this problem let us now consider simultaneously s Al 7
H - optimizing all orbitals with respect to one another i=1,2 ia' ¢j'*-¢1k’¢2k

by taking the improved orbitals to be
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Isolating these;}grﬁs in (14) gives
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Upon substituting these orbitals into (14) and ex-
panding through second-order in {Yi.; i>j} the re- i N
sult is a rather complicated expression involving + 23
many two-electron integrals not required in either p
(22) or (18). All such integrals, however, only ' e j*]kszk J
- .appear in terms involving the product of two dif- i
| ferent mixing coefficients. If we now content 1
ourselves with a pairwise mixing scheme by neglect- H]k 2k = HZk 1k =i o= _E_
ing all such mixed coefficient terms, we find that > i
AR - the mixing coefficients can be determined by dia-
gonalizing the matrix B where Therefore, we solve for Ajx and Ayx by diagonalizing
il . this 2X2 H matrix and choosing the root which mini-
! ; mizes Ex. If there is more than one perfect pair
1 i B =0 involved, the pair coefficients for each pair are

L TR

(24c)

Kik.2k

; ; i 0,0 optimized iteratively through sequential applica-
) (1) tion of (24) until self-consistency is achieved.
| ” B. 25 Bi. o %= L
» ! 0,1 ij,0  "ij - . Rtk
. e are now left with the task of optimizing the GC
- pair and coupling coefficients which, in turn, de-
Bij,k] = 0 for 13+k] fine the {f,a,b,c,d} energy coefficients involving
sy ~—(23c) GC orbitals. 1In general, the relationship between
’E B _ c(2) these coefficients is not straightforward and is
i ij,iJ - ij most easily established by first expressing the
EE\ ol wavefunction (ignoring all but GC orbitals) as
L] ! |
i . a - 1 ¥ = E A,i wi (25)
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where the configuration coefficients {A} are known
' functions of the GC pair and coupling coefficients
{A,E}. Determining the energy expression for Y
and rearranging it to the form of (13a) then estab-
: -lishes the relationship between {A} and the coeffi-
,cients in (13a).

.In general, the coefficients (A} in (25) are not
.all linearly independent. Therefore, they cannot
be determined simply by diagonalizing the hamilton-
\ . .dan over the configurations involved. To do this
.-we recast the wavefunction into the general form

- t 3 NGP 2

i Y= A DA eqy - Agi0p;

i 15 i
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9 N (26)
. N | J
] ., .where {X} is a set of appropriate orthogonal spin
- .eigenfunctions. Concentrating on pair k, (26) can
< } be written as
: 2 ¥ -
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ol (27b)
! " and where X (K), [X (k|),] is the ut® spin eigen-
! . function in which the electronic positions of pair
| . k are singlet (triplet) coupled. If we now let
‘ NO)
| B R R P N R
T )
| 51 Y T Yk X (KD,
S T T2 el AN ‘
ﬁ - k,v Tk 2k (27¢)
! y i
! we can solve for Ajy,Ay. and {§(k|)} by taking
' ; () (2)
SRR AL RIS RE SR e T
+I % £3)
| v sV K,V (27d)
§§§ " ‘and diagonalizing the hamiltonian matrix over the

X ,- configurations involved. If we then rewrite (27d)

4

as

ver g, Dyl!) - a0l
u
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+z ck k,v (27e)
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we can determine {£ (k), £ (k|)} by diagonalizing
the hamiltonian matrix over the indicated configura-
tions. Therefore, by constructing the hamiltonian
matrix over the basic configurations of (25) and
then by performing a series of contractions and
diagonalizations the optimum GC pair and coupling
coefficients can be iteratively obtained. In the
course of evaluating the required matrix elements
the presence of any closed-shell or perfect-pair
orbitals in the total wavefunction is taken into
account by using the modified one-electron operator

NS
h' =h+ 32 fi (ZJi'Ki) (28a)
i

and the presence of any multiplet-shell orbitals is
taken into account by formalizing the matrix element
expressions for NG + 1 electrons. This leads to
terms involving the multiplet-shell exchange opera-
tor

Ky = K (28b)

Early experience has shown that because of the high
degree of correlation existing between the GC orbit-
als, it is quite advantageous to fully optimize the
GC orbitals with respect to one another during each
iteration of the SCF cycle. Therefore, we usually
ignore terms in (23) which mix the GC orbitals and
perform this mixing during the GC pair and coupling
coefficient optimization stage, To do this we de-
fine the improved orbitals as in (23a, 23b) but with
the summations running only over GC orbitals. Upon
substituting these orbitals in (25) and expanding
through second-order we obtain

1
Yy =Y¥+z Y; p.. + I Yis Y wi. W (29a)
gy N gk N

If we then define the matrices H and S by

HO,O = <¥|H|¥>

Mis,0 = Mo,15 " <¥[Hlv;5>

Higoke = Viglilog> + <¥IRlbg; 0> (04 854 0,
: SO,O = <¥|¥>
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$i3,0 = So,45 = lhiy> .

Skike = Yy3/HlY,>

FHyg > (855 4, i

the mixing coefficients {Y;.; i>j} can be obtained
through second-order in the-energy by solving the
secular equation

(H-ES)y-=o0. (29¢)

Once the improved orbitals have been found we rede-
fine all required hamiltonian matrices for them

and once again solve (27) for new pair and coupling
coefficients. This process is continued until self-
consistency within the current GC space is achieved.

To summarize, the SCF cycle which we employ to solve
for an SOGVB wavefunction consists of the following
distinct steps:

1) Optimization of all GC pair and coupling
coefficients using equations (27);

2) Optimization of the GC orbitals with
respect to one another using equations
(29);

3) Optimization of all perfect-pair coeffi-
cients using equations (29);

4) Optimization of orbitals with respect to
one another (excluding mixing between GC
orbitals) using equations (23); and

5) Optimization of all orbitals with respect
to unoccupied space using equations (18).

Steps 1) and 2) are performed together until self-
consistent. Step 3) is continued until all perfect-
pair coefficients are self-consistent. Steps 4) and
5) are performed only once per SCF iteration (i.e.,
they are not continued until self-consistent).
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