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A SEHIGROUPASSOCIATEDWITHA QUASI-LINEAR SYWEH

IN WHICHTHE COUPLINGIS LINEAR

by

George H. Pimbley

Los Alamos National Laboratory

1. Introduction—

Until now, semigroup

mildly nonlinear initial

●ntial ●quation (PDE).

cipleai [Refs. 1, pp.

PDEs have encountered

solution has been successful mainly for linear and

‘~alue problems having but ● single partial differ-

Attempt6 to apply standard aemigroup generation prjn-

109, 110; 5, Chapn. IX, XIV] to systems of nonlinear

difficulties, though papers have ●ppeared that treat

❑jldly nonlinear systems [Ref. 2]. The purpose of this work is to demonstrate

ideas, involving the Trot~er product formula, that may be ●fficacious in find-

ing semigroups for coupled sy~tems of

which aemigr~tip genera~ion principle

ha’~e generally failed. These Trott~r

by J. tlarsden, using a profound Banach

quasi-linear PDEs. This io a class for

involving ●ccretivenesa of ●n operator

product ideas were originally ●xp!eined

manifold approach [Ref. 4],

We select one of

pt + @(p)x + Cn,lx

‘t
+ qx + W)x

the simplest quasi-linear coupled systems for our study:

❑ 0 , u~o

=0 , f)(x,o) = Po(x) , U(x,o) = Uo(x) , (1)

but choose to work in the space (L*(R))2 = L1(R) x L1(R), where R ia the real

axia. Thus (1) ia ● linear perturbation on a separated noulinear problem (for

a = O), that haa been successfully treated using ●emiuroup generation ❑ethods

by t!, Crandall [Ref. 1], Crandnll user ● ❑ore general settinu than used here

for the neparated problem however.



In (1) we take Q and ~
\

functions with bounded firet

We can write problem (1)

to be twice differentiable monotone increasing

derivative, and ouppose that $(0) = v(O) = O.

abstractly as follows:

*~t+A1w+A2w30
()

P()
, w(o) = W. =

‘o ‘

where

()P ()O(P)X
w=

u ‘ ‘Iws O(u)x , and A2U = o
r)Px “

The set-valued operator Al

domain D(A) of Al and A2

(L](R))2 that both map into

2. Two Component Problems

(2)

The idea is to solve two

is as given in Ref. 1, pp. 111-112. The joint

includes those absolutely continuous vectors in

(L1(R) )2.

separate problems:

(a) $+Alw30

or pt + @(p)x = o

‘t
+ Ul(u)x = o

with

p(x,o) = plo , U(x,o) = U*O

(b) ++ A2V=CI

or pt+cnlx=o

+Up=o‘t x

with

p(x, o) = P~fj , U(x,o) = U20 ,

and then to put the respective semigroups S1, S2 for problems (al and (b) tGL

gether, utiing Trotter’s p“.-oduct.

Problem (a) has two uncoupled PDEs that can be solved 10CB11Y, uBLng the

familiar method of clmra-terimtics for first order ●quations. This solution

carries the regularity of the initial data up to a finite breakdown time.

Problem (a) has been Slobally solved in the sense of diotributionu by H. Crsndall

[Ref. 11, who used the accretiveness properties of the operator Al to show the
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existence of the solution operator 51(c) having contraction mmigroup prop-

●rties.

If S@(t), So(t) are the two componentwise Crandall contraction ●migroups

in problem (a), then

so(t) ()o (P )()%0 = Sl(t)wlo ~ “low= =
$(t) Ulo

cm) .
mu) o

Here, so(t)P1o, S$(t)ulo are the Unjque weak ●ntropy solutions for the un-

coupled components of problem (a), produced by semigroup generation principles

based on the accretiveness and range

operators @(-)x, V(-)x in L](R). S*

they do not preserve regularity since

conditions satisfied by

and S
+

are contractions

they can ❑ap continuous

the respective

in L1(Rj, but

functions into

finitely discontinuous functions, Becau~e ●lementary methods are locally

valld however, if the initi~l w~0 has a prescribed smoothness, this will per-

sist in the generalized solution, for some small time interval.

Problem (b) is really ● linear ww? problem. By differentiating and sub-

W> cruld write the aemigroup solutlon asStitutlng, one obtoin8 ptt = u2pxx.

follows:

~~rx+ocgd[ ‘~ “a&-d P20(~

(){ [

P J x-et J X-ut
w=-

K)

&=s2(t)w20 ,
u +~

[

x+ut
1--
2

x-at ~”d[ ] a-k-at “dg “20(&ZE

’20
CD(A) ,

It ia better to write directly

(){
P(x,t) ~ 20 (X+ut) + P2JX - at) - U20(X +Ut) + U20(X - at)

Wc =
2

)

. (3)
U(x,t) -P20(X + ut) + p20{x - Ut) + U20(X +a) + U20(X - crt)

-3-



The semiaroup (actually group) c’iaracter of (3) can be checked, i.e. , S2(tl +

t2) = s2(tp2(t2) .

It ia well known thnt in the space (L2(R))2 the linear operator S2(t)

would be an ieometry. In (L1(R))2 this is not the case; S2(t) has the bound 2

if we usc the standard cartesian oorm: II ● II = II ●

II “ lILI= JR 1 ● I dx. We have, using (3):

ll~(@l!Ll+ I

+1

●nd this bound,

111] +11 “ IILI, where

‘(x,t)!lll : Ilp:o(x + ~~11~1 + 11t3& - 3L)11L1

U20(X + dlLl + 11u2~(x - ‘)t L1

= 2{ IIP20(X)IIL1 + llu20(x)llLd ,

namely 2, 1s assumed when p20,~20 are disjoint appxoxiinate

rectangle functions of unit L1 norm. For appropriate t ~

*U20(X t Crt) neparate, and their norms edd to twice

W. Littman [Ref. 3] relates that in LP(R], p # 2, utardard

0, %120(x * at) and

the initial norm.

energy estimates dG

not hold for the linear wave problem. Here we see :hat with p = 1, the sem~-

group solution ia ●xpaneive.

Let us ewmnarize the ●bove background material:

Theorem 1: Problem (a) has ● unique weak global ●ntropy solution, given by A

contraction semigroup Sl(t)m Sl(t) IS not regularity-preserving beyond a

finite breakdown time. Problem (b) has a unique globai aolutzon ●xpressed as

a regularity-preseming semigroup S2(t), with Lipechitz conetant 2. Each of

theme timewime ~olutions repreaentn ● trajectory in (L~(R))2 = L~(R) X L1(RJ.

3. Some Preparation

According to a theorem #iven by Yosida [Ref. 5, p. 249], the aemigroup

S2(t), bein~ generated by tbe closed linear opera~or A2 with D(AC? = (L1(R~12,

has a resolvant (1 + M2)-1 which obeys the condition II(I + M2)-mll ~ 2, A ~

o, m=l,2,’””. Thus Yoaida’a ●xponential representation [Ref. 5, p 268] is

valid:
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tA2(I + U2)
-1

s2(t!w
20 = lim e ’20 ‘ “20

E(L1(R))2 .
~+~

Expression (4) contains the “Yosida approximation” A2A as it iu usually de-

fined for linear Generators: ‘2A =A2(I + M2)-1. ‘2A is Lipschitz continu-

ous in (L1(R))2 fir given fixed A > 0. The convergence in expression (4) is

uniform on ●very compact t-set.

Me are now in a position to consider the Trotter product, which can pur-

port to rep:esent the overall semigroup for a A-approximation to our original

problem (1):

sA(t)wo = lim [s2A(~)s~(~)]nw0 ,
n-

(5)

where w
o is an lnitlal vector. S2A(t) in (5) is the semigroup for the A-ap-

proxlmatlon to problem (b):

-1
tA2(I+?42)

S2A(t) = e ‘A2A= ● t (6)

(cf. expression (4j). (6j is valid because the Yoaida approximatiar. A2A ia

llnear and bounded.

Part of the attractiveness of choosina problem (1) for our study i~ that

we can work ●ntirely in the linear Danach ❑anifold (L1(R))2, ● familiar aet-

tin& . It is not neces6ary to re-metrize, or to ❑ake the transition to mani-

fold theory outlined by Harsden [Ref. 4, pp. 63-65]. Thin writer believes,

however, that if we had considered ● problem that v-w much more complicated

than (l), ●uch a transition to ❑anifolda would have been needed. It is con-

jectured th~t, in general, semigroupa for systems of quasi-linear PDEs requi~”e

a manifold ●pproach.

(4)
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We must satimfy the Marsden requirements for the convergence of (5). Be-

cause (1) is among the ●asiest of the problems of this genre, some of the re-

quirements of lfarsden’s main theorem [Ref. 4, pp. 53-55] are met in a self-

-evident way. Harsden conditions (iii) and (iv) [Ref. 4, p. 54] present the

most difficulty. The satisfaction of condition (iii) required our introduc-

tion of the Yosida approximation A2A, which we now use.

Theorem 2: The semigroup S2A(t) in (6) is quasi-contractile, i.e., has a pure

expon(mtial for a Lipschitz constant.

Proof: S2A(t)w, w G (L1(R))2, solves s differential equation similar to that

in problem (b):

$ S2A(t@ + A2)S,,\(t)w = O ,
. -.

or

S2A(tjw = S2A(0)W - $: A2ASOi(t’)w dt’ ,

In the standard cartesian aormof (J,1(R))2, thi8 gives

where PA is the operator norm of A2A. Note that PA + @ as A + O. Then

~A?.
Gronwall’s inequality g~ves llS2A(t)~ll ~ ● Ilwll. Thus for Wl, W2 E

(L1(R))2,

(7)

The ●bo . pLvOf of Theorem 2 follown, but in much simpler th~n a similar

proof bytlarsden [Ref, 4, pp. 68, 69].

-L-



Although S2(t) has Lipschitz constant 2, the Yosida approximation so

$At
modifies the operator A2A that S2A(t) has the Lipschitz constant ● with

flA > 0, which approaches

is continuous for fixed

is ❑ore or less apparent

Qefining Chernoff’s

problem (1), we get from

HKA(t)wl

Thus our KA(t)

The next

unity as t + O. Such e thing is possible because A2A

A>(). Note that this quasi-contractiveness property

from (6).

operator KA(t) = S2A (t)Sl(t) [Ref. 4, pp. 52,66] for

(7),

pht 1 ?
- KA(t)~211 : e “ IIw1 - W211 , W1,W2● (I”(R))- . (8)

SaLlSfiC2S Maraden condition (hi] for fixed A > 0.

result takes the place of har,den L-ma 2.2 (Ref. 4, p. 55] and

results thereby In some relaxation of the sLrlctures in Ref. 4.

Theorem 3: Let y G W, where W C (L)(R))2 is a closed bounded region. Then

for O”t:T, there ●xists a bounded region VT, with W c VT,— such that the

sequence of Iterates i[KA(~)]nyj of Chernoff’s operator remains in VT, n =

1,2,3,” 0..

Proof: Our Chernoff operator has the property that KA(t)Q = 6, t ~ O, where 0

is the null element of (L1(R))2. Thm using (8) (Hcrsden condition (Iii)),

ll[KA(:)]nyll = l;[KA(:)]nY - [KA+I%I

13Ati’[i
<e II[KA(~)]n-lY - lKA(~)]n-lO1l

----- ----- ----- .-..

13At 13At fiAT
<e Ily -ell=e Ilvl[ :e Ilyll .

‘1’hun ([KA(~)]ny), YE W, remains in ● reaion VT.

-7-



It is by virtue of Theorem 3 that the composite semigroup for problem

(1), which results from (5), will be a global aemigroup. Harsden’s seroigroup

[Ref. 4, p. 54] is local partly because general Banach manifolds lack null

●l~nts, or other fixed points

4. AnAp proximate Semigroup

We devotr this section to

for the Chernoff operator.

the tedious taak of showing that ?larsden con-

dition (IV)

Theorem 4:

grnup,” in

] lKA(t

where

T
x~v-

2

7

is satisfied [Ref. 4, p. 541.

The Chernoff operator KA(t) = S2A(t)Sl(t) 1s an “approximate eeml-

the sense that there is a constant C~ (dependent on x) such that

+ S)X - KA(tjFA(g)xll : coat , (9)

Note: VA ia the region of Theorem 3, ●nd (kf’’(R))A = W“(R) x W“(R)..—

Praof: we J place the operator Al by its Lipschltz continuous Yosida approxl-

mstion: ‘1P = ;[1 - JP(AI)] (Bee Ref. 5, p. 447, Eq. (3)) and later take

p+o.
‘Iv qenerates ● semigroup S~V(t) (e.g., by Picard iterations). We

shall need the fact that, fo~ given x EV~, Sl(t)x ia

finite breakdown time. Also,
‘ince ‘1P

is hccretlve

Crandall ●ho:ed that Al is ●ccretive), we have that llm
p+o

itself regular

(see Ref. 5,

Slp(t)x = lim
n-

up to a

P. U8 ;

(I + ~ A,)-na = S,(t)%, where the convergence is uniform on ●ny compact t-set
UA 1

[Ref. 5, p. 461].

Let ua define two functiozs:

‘V(t,s) = S2A(t + s)Slp(t + a)x

gb(t,a) = S2A(t)S1p(t)S2A(s)S1p(a)x

-f”



for small s,t, letting x E V:. Recalling that A2A and S2A are linear bounded

operators,

a
~ fp(t, s) = & fy(t, s) = ‘A2AS2A(t + a)slp(t + s) - S2A(t + slAlpSlp(t + s)x ;

and

~2
— f (t*s) =

a’
atas p ~ fp(t,s)

= A2A[A2AS2A(t + S)S1p(t + 6)X + s2A(t + s)A&#+ S)X]

S (t + s)AIMSlp(t + 6)X + D[S2A(t + s)A1p]AlpS1p(t + s)x ,
+ ‘2A 2A

where the operator

tinuous operator in

~
‘ies dt

S,p(t)x +

D linearizes in a neighborhood of the .gument the ccn-

the following bracket. Note that we have used the identi-

A
lp%l(t)x = 0 and

& S2A(t)x + A2AS2AItjx = o. These

processes remain confined to (L](R))’. Again we obtain

:& 8P (L,s) = -A2AS2A(t)S1M(t)S2A(s)SJs)x - S2A(t)A1pS1p[t)S2A(s)SlB(s)x

a
G gp (t)s) = -D[S2A(t)S1p(t) ][A2AS2A(s)S1p(s)x + S2A(s)AlpS1Js)x]

a2 a’
~jj gu(t’s) = ~~ 8P(t,s)

= D[A2AS2A(t)sIP (t)] [A2AS2A(s)SlP(a)x + S2A(S)AlpSlM(S)X]

+ D[S2A(t)A S (t)] [A2AS2A(s)S (S)X ● S2A(S)A S
1P IIJ lp 1P Ill

(s)x] .

Other d.!rlvmLlves ● re computed in a similar way. These di:ferentlatlons are

valid because of the ●esumed differentiability of O, U.

It is our purpose to find out uhether ~ Ilf(t,e) - g(t,s)ll is bounded

●s ●t - 0, in whatever way that we ●ay have st - 0. We see plalnly that

-9-



llfp(t,6) - 8p(t,s)ll

= lls2A(t + s)slp(t + Sjx - s2A(t)s1p(t)s2A(s)s*p(s)x II + o

as a + 0, or ●s t +0. Likewise, taking p + O, we have

lls2A(t + S)sl(t + 8)X - s2A(t)sl(t)s2A(s)sl(s)xll + o

as s + O, 6,: as t + O, where we have switched limits by uniform convergence.

Thus llf(t,O) - g(t,c))ll = O along the t-axis of a t,s plane, and llf(O,s) -

8(0,s)11 = O along the s-axis. Moreover, using the expressions obtained

above,

Ilfpt(t,s) - 13ptws)ll = llA2AS2A(t + d~lp(t + 9)X + s2A(t + O1pSlp(t + 6)X

-A2AS2A(t)Slp(t)S2A(s)Slp(s)x - S2A(t)A@lp(t)SZA(s)Slp(s)x II

+ IIA2AS2A(S)S1P(S)X + S2A(S)A1PS1P(S)X

- A2AS2A(S)S1P(S)X - A S (S)SIP(S)XII < co as t + O
1P 2A

+ o as t,s + 0,0 .

Letting p + O (switching limits by the uniform con~srgence), gives

Ilft(t,s) - gt(t,dll + IIS2A(S)A;S1(S)X - A:S2A(s)S1(s)x~i < = (lo)

●s t + O, A: being the minimal section ot the set-valued accrrtive operator

We note that (10) is well defined for nmall a because of the finite
‘1”

breakdown time for x E V;. Equation (10) is ●lso bounded as A - 0, since

A~S2(s)Sl(a)x resides in (W1’1(R))2 = W1’l(R) X W1’l(R), ●nd tends to A~x as s

+ 0,

A84in,

“lo-



llfpJt,s) - 8p#,s)ll = lb2AS2A(t + S)slp(t ‘“ S)x + S2A(t + s)A1pS1p(t + s)x

‘D[s2A(t)slp(t)] [A2As2Ais)slp(s)x + S2A(S)A1PS1P(S)X] II

+ l/A2AS2A(t)Slp(t)x + S2A(t)AlpSJt)x - D[S2A(t)SJt)][A2Ax + Alpx]ll <=

as s +0 ,
+ O as t,s + 0,0 .

Letting p + O (with uniform convergence on compact t-acts),

Ilfs(t,s) - g~(t,s)ll + llA2AS2A(t)S1(t)x , S2A(t)A;S1(t)x

- D[S2A(t)S1 (t)l[A2Ax + A~xlll < ~ as s + ~ . (11)

We note that (11) is well defined for small t since x ~V~. Also it is bound-

ed as A + O since A2S2(t)S1(tJx resides in (W1’1(R))2 for small t, and tends

to A2X as t + 0.

Thus llf~(t,O) - ga(t,o)ll < @ along the t-axis of the t,s plane, and

llft(O,s) - gt(O,s)lj <rn along the s-axis. This means that along the t-axis,

Ilf(t,o) - g(t,o)ll = O is assumed at least to first order, while along the

s-axis, Ilf(o,s) - g((-),s)ll = O is also assumed to first order. We have more-

over

Ilf ~st(o,o) - gpst(o,o)ll = Ilfpta(o,o) - gptg(o,o)ll

= IIA2A(A2AX + AIPX) + A2AA1PX + DIA1p]AlpX

- A2AG42AX + Alpx) - DIA1PI(A2AX + AIPX)II

= IIA2AA1PX - DIAIPIA2AxII <OD .

Taking the uniform limit as p + O again, we aee that

IMJO,O) - Bmt(o,o)ll = llA2AA~x - D[A0]A2Axll (12)

-11-



is well defined. (12) is bounded as A + O since x G V:. (D[A~] is simply

lim DIAIP]; ($’(plo))px, V’(ulo)ux) is a representation in the variables
p%l

of (l)). Thus

II f(t,s] - g(t,s)ll < ~
:s

as s +0, as t+ 0, or as s,t + (0,0)

simultaneously,

(10), (11), or

dependent of A

theorem.

Theorem 4

regardles~ of manner, Letting Co be a constant larger than

(12), we Lee that Ilf(t,s) - g(t,s)ll ~ COst, where Co is in-

> 0. This verifieR (9), the Hhpsden condition (iv), and the

holda for each x cfiTn(h?’1(R))2, but the constant Co depends

on x. If we close VTn(#’1(R))2 in the norm 11°112 of (W2’1(R))2, however,

there is a common Co for x in this closure, as is readily seen. Thus (9)

holds on a dense set V; C VT, It was necessary to use V: in the proof. Since

KA(t) is defined on V; = VT however, inequality (9) is valid on VT itself,

This gives:

Corollary 4’: llKA(t + 8)X - KA(t)KA(s)xll ~ Cost, X E VT, where C is
(1

independent of A > 0 and x,

5. Convergence of the Trotter Prodllct—

The main tlarsden requirements have now bwn satisfied, nemely cundiLivn~

(iii) ●nd (iv), represented here by (8) and (9) (Or more tO the poinL~ Corol-

lary 4’), These are conditions on the Chernofi operator KA(t) = S2A(t)S1 (L).

We ❑ ust now go th-ough a sequence of lemma~, proved by tlar~den, which show

that the Trotter product (5) converses [Ref. 4, pp. 55-59]. Wc shall BtnLe

theme lealaa below, using the idiom of this pre~ent paper. The proofs arc so

similar to thos~ of Haraden that there in no need to reproduce thrm in detnll

hare, The only changes would be the u-e of th~ Banach apacr norm for tho

-12-



❑etric (replacing Flarsden’s general ❑etrication), and the ability here to use

W and V’r without intersecting ‘Jith (k?’l(R))2. Also, our Theorem 3 substi-

tutes for Flarsden Lema 2.2, and this permits us to do without tlarsden

Corollaries 2.4 and 2.4’.

Proposition 5 (!larsden Lema 2.3): Givm x ~ VT, there is a constant Cl rde-

pendent on x and A) such that

J lKA(t)x - [KA(~)12X11 ~C1t2 , 2= 1,2,3,”**. (13)

Flarsden’s hypotheses for this result are ❑ore involved, but this relates to

his manifold setting. By using a natural extension of (9), or Corollary 4’,

to 2 variables. we could remove the dependence of the constant C. in (13) on.— .

A. This A dependence results from PA in (6). (SFe

Again, because we have Theorem 3 (Marsden necessari

ing result), we dispense with the corollaries to L%nma 2

1

Corollary 4“ below).

y lacks a correspond-

3.

Proposition 6 (Maraden Lenuna 2.5): Given x G W, there is a constar,t C2 (de-

pendent on x and A) such that for m ~ n,

(14)

for all t with O ~ t ~ T. The aet W wa~ defined in Theorem 3.

Here [O,T] in the arbitrary time interval of our Theorem 3. In contraat

to Marsden’s situation, T need not be omall, The proof of Proposition 6 util”

izea l’laraden’n method of initially considering m to be an integral ❑ultiple of

n. W@ have KA(~)’Qx EVT by our Theorem 3.

Proposition 7 (Harnden Lemna 2.6): The ~equence ([KA(~)]’’x), n c 1,2,3,*-*,

x GW, converge- uniformly over O ~ t ~ T to a continuous limit: SA(t)x. In

particular, for fixed 4 > 0, SA(t)x ia jointly continuous in (x,t) ~ W

x [o,T].

-13-



The proof [Ref. 4,

6, and the completeness

metrics, denumerated by

our work would be the

p. 58] uses the Cauchy criterion baaed on Proposition

of (L*(R))2. Haraden, in his proofs, uses a family of

subscript k. The corresponding family of ❑etrics in

successive Sobolev norms. The rearon for Marsden’s

family of ❑etrics was the desire to produce regularizing properties for the

renulting semigroup aolutionso Here le do not expect remlarizing properties,

since the semigroups we started with, namely Sl(t) and S2(t), did not have

regularizing properties. Hence we use a single metric,

Proposition 8 (Marsden Lemna 2,7): SA(t) is a semigroup. Thus for x E W,

O~s+t~T, s,t~O, we haveSA(t+s) = SA(t)SA(e) where SA(t) is defined

in (5).

Mareden’s clever proof of this result is unchanged ●xcept for tL~ l~se of

Banach space norms. Where

3, and then generate a new

1)2,3,***, provided y G~,

needed in thie proof, we can put VT = ~ in Theorem

O<t<?, This aeaures convergence in Proposition 7.--

$-. The Eemigroup Asaocisted With Problem (11

We have seen that SA(t)x = lim [S2A(~)Sl(~)]nx, x E W, exists and repre-
n+m

sente a aemigroup of operators in the interval O < t < T, where T is arbi-—-

trary. This

approached a

In (8),

~~t
e for the

There may be

Indeed, K(t)

the operator

io for fixed A > 0. Th? question now is whether SA(L)X, x G W,

limit as A + O, ●nd whether this limit is a semigroup,

and nubaequently, it was convenient to use the Lip~chitz constant

Chernoff operator KA(t) = S2A(t)S1(t). Here, [IA + ~ aB A + 0.

a more refined A-continuous Lipachitz constant for K (t) however.
A

~~ s2(t)s1(t) = lim KA(t] has Lipschitz constant 2, (aa does
A*O

L (t)).
..

We shall need the following important extension of inequality (9).
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Corollary 4“ : llKA(tl +... + tn) % -KA(tl) . . . KA(tn)xll

:co(t1t2+tt +...+t13 *.ltn) (15)

wherf. the right side has ~ aummands, ●nd Co is the constant in (9),

independent of A > 0 and x CW, (see Corollaty 4’).

Proof: Inequality (15)—.

in n-space. The ratio

by CO along any path to

For more general paths

reducee to (9) on all 2-dimensional coordinate planeti

of the left qide of (15) to the right aide ia bounded

the origin involving a 2-dimensional coordinate plbne.

to the origin in (tl, t2, .,,, tn) space, the same

bound is shown to be Vglid by using a parametrization ●nd 2’Hopital’s rule,

By putting tl = t2 = . . . = tn =: in (15), we obtain thu inequality

lli:A(t)X - [KA(;)lnxl I ~ ~ Cot2 (16)

which is like (13), except that Co is independent of A ●nd x.

Inequality (16) permits us to derive ● bound for SA(t)x:

Theorem 9: The semigroup fiA(t) of Proposition 8, represented as - Trotter

product in (5), is -uch that llSA(r)xll im uniformly bounaed as A + O,

0 < t < T, where T > 0 10 ●rbitrnry,.—

Proof: Letting n -+ ~, ●nd rearranging in (16), we tihow that

l: SA(t)xll f HKA(t)xll + ; C:t$ x W, We have KA(t)x+K(t)x = S2(t)S1(t)x ●n

A + ,7 however, Since S2(t) iR a linear operator with bound 2 for t > 0, snd

Sl(t) .’s contracting wi~h Sl(~) = e, (where e in the null element of

(L’(R)I)A, we oee that llKA(t)xll < 4 11x11 ● o A + o. Hence

(17)

for small A > 0. Thin proveb the theorem.



Our method fGr showing that SA(t) converges strongly to some semigroup

limit SO(t) as A + O depends on proof that lim llsA(t.)x - sA, [t)xll = o,
A,A’+0

●nd uae of the Camchy criteriou and completeness, We ●stimate llSA(t)x -

SA,(t)xll uring (16). The aucceaa of this method depends ●violently on the

rapidity of the convergence of S~A(t) to S2(t), where the A-approximation

S2A(t) of S2(t) is ●s given in (6). We have developed a criterion for this,

but ‘2A may not converge fast ●nough to S2,

In this connection, it is well to develop information about the Yosida

.
●pproximation A2A of A2. BY definition, A2A = ~ [1 - JA(A2)], where the

reaolvent JA(A2) solves thcl DE ayst~m (cf. problem (b)):

:+A~x ~ h], h2~L](R),=h,

The solution of Eqa. (18) in (L1(R))2 {E ‘~btained explicitly:

x-x. —— x-x-—.

~(x) = }AJMe A [h1(;)+h2(;)]d;+~ ~= e A [hl(~)-h2(~)]d~
-m x

.
x-x

x
~ -x-x. ..—

u(x) ■ ~ J e
. A

lh@+h2(hldi-;l f e A [hi(i)-h2(;)]&
-m x

Then, u~ing A2A = ~[1 - JA(A2)], and aftrr inlegratinn by partN,

()P
■ !.

‘2A 2A
u .

x-x m .%?!
Jxe-T lPx(~)+@)ldi + J @ [px(;)-ux(md:
-w x

(18)

(19)
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As A + O, (19) tends in the norm of (L*(R))* to

x-x
x

~ -x-x,.—

since -~Je ‘d~=land~seAd~= 1. Thus expression (19) has
-m x

6-tendinE kernels.

Thus the Yo~ida approximation of A2 has component

fied derivative~.” For very omall A + O furthermore,

really are approximate mollified derivatives:

which contain “molli-

the components of A2A

JmtlA[x);)ux(;)d:

()( )
Ap:-m2A U

JmMA(x,bpx(~)d~
-m

where

we have thun obtained the aemisroup SA(t) corresponding to problem (1),

with the dertvativec in the coupling term ●pproximated by mollified deriva-

tivernl Thin serxigroup is expre~oed ● m a Trotter product, which it un{formly

bounded in the otron~ topology of (L’(R))* ● m A + 0, (Theoram 9). The

approximation improves the smmller we take A > 0,
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We ●xpect to prove actual fitrong convergence of SA(t) to a seni-~roup

SO(t) ● s A + O. It may be however that tb~ product formula (5) for SA(t), it-

self, doen not converge when A = 0. If not, it may possibly be because of the

Lipachitz constant 2 possessed by K(t) = S2(t)Sl(t). Product formulas

lim [K(~)]n often do not converge when K(t) has Lipschitz constant greater
w

than unity, Nc general theorem seems to be available on this.
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