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A SEMIGROUP ASSOCIATED WITH A QUASI-LINEAR SYSTEM
IN WHICH THE COUPLING IS LINEAR
by
George H. Pimbley

Los Alamos National Laboratory

1. Introduction

Until now, semigroup solution has been successful mainly for linear and
mildly nonlinear initial value problems having but a single partial differ-
ential equation (PDE). Attempts to apply standard aemigroup generation prin-
ciples [Refs. 1, pp. 109, 110; 5, Chapn. IX, XIV] to systems of nonlinear
PDEs have encountered difficulties, though papers have appeared that treat
mildly nonlinear systems [Ref. 2]). The purpose of this work is to demonstrate
ideas, involving the Trot:er product formula, that may be efficacious in find-
ing semigroups for coupled systems of quasi-linear PDEs. This is a class for
which semigruup generation principlec involving accretiveness of an operator
have generally failed. These Trotter product ideas were originally expl=ined
by J. Marsden, using a profound Banach manifold approach [Ref. 4].

We select one of the simplest quasi-linear coupled systems for our study:

P *+ 0(p), +Ou =0 , 020

u, +op + w(u)x 0o , p(x,0) -~ po(x) , u(x,0) = uo(x) , (1)

but choose to work in the space (LI(R))2 = LI(R) X LI(R), where R is the real
axis. Thus (1) is a linear perturbation on a separated noulinear problem (for
0 = 0), that has been successfully treated using semigroup generation methods
by M. Crandall [Ref. 1). Crandall user a more general setting than used here

for the aeparated problem however.



In (1) we take ¢ and ¢ to be twice differentiable monotone increasing
func{ions with bounded first derivative, and suppose that ¢(0) = y(0) = 0.

We can write problem (1) abstractly as follows:

dv _ - pO
! Alu + Azu 30 , w(0) = Yo -(;;) . (2)

where

0(p) (u
- [P X - X
w = (u) ’ Alw 2 (w(u)x) [ and Azu =0 p.)

The set-valued operator Al is as given in Ref. 1, pp. 111-112. The joint

domain D(A) of A] and AZ includes those absolutely continuous vectors in
o)

(L’ (R))? that both map into @),

2. Two Component Problems

The idea is to solve two separate problems:

dw dw
(a) e tAvD0 (b) T Azw

n
o

n
o
n

o

or p, * 0(0)x or p, +Ou

t X

"
(=)

u, + w(u)x u *top =0

t X
with with

p(x,0) = p.yq u(x,0) = U0 p(x,0) = Py u(x,0) = Uy o

and then to put the respective semigroups Sl' Sz for problems (a) and (b) to-
gether, using Trotter's p-oduct.

Problem (a) has two uncoupled PDEs that can be solved locally, using the
fapiliar method of chara~teristics for first order equations. This solution

carries the regularity of the initisl data up to a finite breakdown time.

Problem (a) has been globally solved in the sense of distributions by M. Crandall

[Ref. 1], who used the accretiveneas properties of the operator A1 to show the



existence of the solution operator Sl(c) having contraction eemigroup prop-
erties.

1f SO(t). Sw(t) are the twvo componcntwise (Crandall contraction semigroups

in problem (a), then

S (t) 9 b
= [P\ = ] 10)_ BGA
v = (u) - ( 0 Sm(t)> (um)" 5:(t)wyp » vy €DAA)

Here, Sw(t)pIO' Sw(t.)u]0 are the unjque weak entropy solutions for the un-
coupled components of problem (a), produced by semigroup generation principles
based on the accretiveness and range conditions satisfied by the respective
operators 0(')x. w(-)x in L](R). S, aad S¢ are contractions in Ll(R), but
they do not preserve regularity since they can map continuous functions into
finitely discontinuous functions. Becaure elementary methods are locally
valid however, if the initiel “10 has a prescribed smoothness, this will per-
sist in the generalized solution, for some small time interval.

Problem (b) is really a linear wave problem. By differentiating and sub-

2

0°p_.. W2 cculd write the semigroup solution as

stituting, one obtains Pee XX

follows:

1 8 I'X"'Ot I/R*Ot 9
. [ 8t »at -3 - daf\ fo,, (¢
<D‘> 20 Bt jx-ot 2 Jyeor BE 20
w s = £ =S, (t)v
u fo+ot X+0t 2 20 °
1 2] 1 @&
-3 - dat = = 13 u, (&
2 ) o0 ot 208 ) . 20
vy €D(A)
It is better to write directly
p(x,t) . 20(x + 0Ot) + pzo(x - agt) ~ uzo(x + ot) + uzo(x - ot)
wE = .(3)

u(x,t) 2 -pzo(x + ot) + pzo(x - ot) ¢+ “20(' + 0ot) + “20(' - ot)



The semigroup (actually group) cuaracter of (3) can be checked, i.e., Sz(tl +
t2) = Sz(tl)sz(tz).

It is well known that in the space (LZ(R))2 the lipear operator Sz(t)
would be an izometry. In (L'(R))’ this is not the case; S,(t) bas the bound 2
if ve use the standard cartesian asore: || * || = || - flpa + 11 1lj1, vhere

e Mg = IR ] + | dx. We have, using (3):

Hp(x, )1 a + G, g € Hpo(x + o) 1ipy + 1ip,p(x = 38) 115y

+

Iluzo(x + Ot)IILx + Iluzo(x - Ot)llLl

Zillpzo(X)II11 A RISUNCO TIPS

and this bound, namely 2, 18 assumed when Pygrisg BTE disjoint approximate
rectangle functions »¥ unit L1 nore. For appropriat-t > 0, Eozo(x 1t ot) and
buzo(x t ot) separate, and their norms add to twice the initial norm.
W. Littman [Ref. 3] relates that in LP(R), p ¥ 2, stanrdard energy estimates dc
not hoild for the linear wave problem. Here we see that with p = 1, the sema-
group solution is expansive.
Let us summarize the above background material:

Theorem 1: Problem (a) has a unique weak global entropy solution, given hy a
contraction semigroup Sl(t). Sl(t) is not regularity-preserving beyond a
finite breakdown time. Problem (b) has a unique globai solution expressed as
8 regularity-preserving semigroup Sz(t). with Lipschitz constant 2. Each of
these timewise solutions represents a trajectory in (LI(R)EZ = L’(R) x L}(R)-

3. Some Preparation

According to a theorem given by Yosica [Ref. 5, p. 249], the semigroup
Bz(t), being generated by the closed linear operaior Az with 5?K:3 = (LI(R))Z,
has a resolvent (I + I\Az)-1 which obeys the condition {{(I + AAZ)-mII <2, A>
0, @a=1,2,"*-. Thus Yosida'c exponentiasl representation [Ref. 5. p 248] is

valid:



th, (I + M\Z)_1
Sz(t)uzo = lim e w

o € @' ®)?
A0

1)

20 * "2

Expression (4) contains the "Yosida approximation" AZA as it is usually de-
. . - -1 -
fined for linear generators: Ay = AZ(I + AAZ) . AZA is Lipschitz continu
ous in (I.l(R))2 fir given fixed A > 0. The convergence in expression (&) is

uniform on every compact t-set.
We are now in a position to consider the Trotcter product, which can pur-

port to repsesent the overall semigroup for a A-spproximation to our nriginal

problem (1):
= 11 t ty,n
SA(t)UO = lim [SZA(n)Sl(n)] Yo (5)
n-x

where Wy 15 an initial vector. SZA(t) in (5) is the semigroup for the A-ap-

proximation to problem (bt):

-1
tA_ (I+2A)) tA
SZA(t) = e 2 2 = e 2A , (6)

(cf. expression (4)). (6) is valid because the Yosida approximation AZA is

Linear and bounded.

Part of the attractiveness of choosing problem (1) for our study is that
we can work entirely in the linear Danach manifold (Ll(R))z. a familiar set-
ting. It is not necessary to re-metrize, or to make the transition to mani-
fold theory outlined by Marsden [Ref. 4, pp. 63-65]. Thims writer believes,
however, that if we had considecred a problem that wes much more complicated
than (1), such a transition to manifolds would have been needed. It is con-

jectured that, in general, semigroups for systems of quasi-linear PDEs require

a manifold approach.

(4)



We must satisfy the Marsden requirements for the convergeace of (5). Be-
cause (1) is among the easiest of the problems of this genre, some of the re-
quirements of Marsden's main theorem [Ref. 4, pp. 53-55] are met in a self-
evident way. Marsden conditions (iii) and (iv) [Ref. 4, p. 54] present the
most difficulty. The satisfaction of condition (iii) required our introduc-
tion of the Yosida approximation AZA’ vhich we now use.

Theorem 2: The semigroup SZA(t) in (6) is quasi-contractive, i.e., has a pure
exponvntial for a Lipschitz constant.

Proof: SZA(t)w' w € (LI(R))Z, solves » differential equation similar to that

in problem (b):

d _
3t S (v + AyS,\(tw =10

or

e ot
S2A(t)w = SZA(O)w IO AZAsq\(t‘)w dt'
In the standard cartesian aorm of (LI(R))Z, this gives
t
- - ! ' '
18y (w11 = Llwl] < [11S,,(0nl] = 1lwlt]| < By S5 118, (edwll et

vhere BA is the operator norm of AZA' Note that BA <~ agg A » 0. Then

B, *
Gronwall's inequality gives ||32A(t)¥|| < e A {{wl|. Thus for Vi W, €
wl®)n?,
. BAt
S, (0w, = S, (Duyl] < e ™ 1wy = wyll Q)

The abo . ,.vof of Theorem 2 follows, but is much simpler than a similar

proof by Marsden [Ref. 4, pp. 68, 69].



Although Sz(t) has Lipschitz constant 2, the Yosida approximation so

B.t

modifies the operator AZA that SZA(t) has the Lipschitz constant e with
BA > 0, which approaches unity as t =+ 0. Such a thing is possible because AZA
is continuous for fixed A > 0. Note that this quasi-contractiveness property
is more or less apparent from (6).

Defining Chernoff's operator KA(t) = SZA(t)Sl(t) [Ref. &4, pp. 52,66] for
problem (1). we get from (7),

Bt 1,002

HK}\(t)Hl - KA(t)Wzll <e IIH1 - HZII y MY, € (I"(R)) . (8)
Thus our KA(t) satisfies Marsden condition (11i) for fixed A > 0.

The next result takes the place of Mar.den L.mma 2.2 {Ref. 4, p. 55] and
results thereby in some relaxation of the strictures in Ref. 4.
Theorem 3: Let y € W, where W C'(LI(R))2 is a closed bounded region. Then
for 0 © t < T, there exists a bounded region VT, with W C VT, such that the
saquence of 1iterates {[KA(E)]nyj of Chernoff's operator remains in VT, n =
‘1'2!3‘...
Proof: Our Chernoff operator has the property that KA(t)B =0, t >0, vhere 6

is the null element of (Ll(R))z. Then using (8) (Mersden condition (1i1)),

K 1= 1,51 - (K, (5)1%1
B.t/u - -
ce || Eny -kl
BA" B,t 8, T

A A
=e  |lvlil <e " |lyll

A
n

<
1

(<]

Thus {[K (E)]ny}. y € W, remains in a region VT.
A'n



It is by virtue of Theorem 3 that the composite semigroup for problem
(1), which results from (5), will be 3 global semigroup. Marsden's semigroup
[Ref. &, p. S54] is local partly because general Banach manifolds lack null
elements, or other fixed points for the Chernoff operator.

b, An Approximate Semigroup

We devote chis section to the tedious task of showing that Marsden con-
dition (iv) is satisfied [(Ref. 4, p. 54].
Theorem 4: The Chernoff operator Kk(t) = SZA(t)sl(t) 18 an “approximate semi-

group,” in the sense that there is a constant Co (dependent on x) such that

1Ky (t + 8)x = K, (L)K, (s)x]] < Coot (9)

where

=V A W 1Rr))?

x<V

N1

Note: VT is the region of Theorem 3, and (UZ’I(R))2 = Hz'l(R) X Hz'l(R).

Proof: We ) .place the operator Al by its Lipschitz continuous Yosida approxi-

1
u-~+0. Alu generates a semigroup Slu(t) (e.g., by Picard iterations). We

shall need the fact that, for given x € Vz, Sl(t)x is itself regular up to a

mation: A = 5[1 - Jp(Al)] (see Ref. S, p. 447, Eq. (3)) and later take

finite breakdown time. Also, since Alu is accretive (see Ref. 5, p. 448B;

Crandall shoved that Al is accretive), we have that lim S1 (t)x = 1lim
p+0 K n-e
(I + % Al)-nk z Sl(t)x, vhere the convergence is uniform on any compact t-set

[Ref. 5, p. 461].

Let us define two functiocs:

‘p(t.l) = SZA(t + I)Slp(t + 8)x

lu(t.l) = SZA(t)slu(t)s2A(')slp(')'



for small s,t, letting x € Vg. Recalling that A2A and SZA are linear bounded

operators,

f (t,s) = f (t,s) = Ao 5,,(t + s)S (t +8) - S (t + S)A]pS]p(t + 8)x ;
and
2 2
9 _ 9
otos fp(t's) ~ 3sdt
= AZA[AZA 2)‘(1’. + s)S (t + s5)x + SZA(t + s)Alpslp(t + 5)x]

+ AZASZA(t + s)Aluslu(t + 5)x + DlsZA(t + s)A ]Aluslp(t +8)x ,

where the operator D linearizes in a neighborhood of the _gument the cen-

tinuous operator in the following bracket. Note that we have used the identi-
ies 9 c = 4 g Ix =

ties - Slp(t)x + Alp"lu(t)x = 0 and ac (t)x + AZASZA(t)x = 0. These

processes remain confined to (L](R))z. Again we obtain

9 _ : -
3t gp(t.s) = ZA ZA(t)S (t)SZA(S)Slu(S)x SZA(t)Alpslp(t)SZA(S)Slu(s)x
a — -
3% gu(t.s) = D[SZA(t)S (t)]lAZA ZA(S)Slp(s)x + SZA(S)AIpSIp(s)x]
2 2
9 _ 9
otos gp(t.s) = dsot 8p(t's)

D[AZA 2A(t.)S (t)]lAZASZA(s)Slu(s)‘ + SZA(S)AlpSlu(s)xl

+ DlSzA(t)Alpslp(t)llA (s)Slp(s)x . (s)A S. I5)x])

ZASZA 11yt

Other d:rivatives are computed in s similar way. These ditferentiations are
valid because of the assumed differentiablity of ¢, v.
It is our purpose to find out vhether %I 11£(t,8) - g(t,s)|| is bounded

as st » 0, in wvhatever way that we may have st » (0. We see plainly that



IIf“(t.l) - su(t.s)ll

= ||SZA(t + ')Slu(t + 8)x - SZA(t)Slu(t)SZA(S)Slu(s)xI| -0
as s » 0, or as t * 0. Likewise, taking gy + 0, we have
llSZA(t + s)Sl(t + 8)x - SZA(t)sl(t)SZA(S)Sl(s)xII >0

as 8 » 0, ¢. as t + 0, where we have switched limits by uniform convergence.

Thus |if(t,0) - g(t,0)|| = O along the t-axis of a t,s plane, and ||f(0,s) -

g(0,s)I| = 0 along the s-axis. Moreover, using the expressions obtained

above,

Ilfpt(t,s) - gpt(t,s)ll = "AZA ZA(t + s)b (t + s)x + SZA(t + S)Alpslp(t + s)x
A xS (1)S) (t)SzA(s)Slp(s)x - (t)Alpslp(t)SZA(s)Slp(s)xI|

+ IIAZASZA(S)SIH(S)X + SZA(S)A (s)x

1y 1p

2A 2A(s)S (s)x - AlpSZA(s)Slu(s)xl' <o®as t »0

+ 0 as t,s » 0,0
Letting p *+ O (switching limits by the uniform convergence), gives

Ilft(t.S) - st(t.s)ll -+ "SzA(')Agsx(s)“ - Agszk(a)sl(s)xtl <@ (10)

as t » 0, A? being the minimal section ot the set-valued accretive operator

Al. We note that (10) is well defined for amall s because of the finite

breakdown time for x € V;. Equation (10) is also bounded as A - 0, since

°sz(s)sl(-)x reaides in (V"I(R))2 = HI'I(R) x Hl'l(R), and tends to A?x ap s

Again,

=10-



Ilfps(t,s) - g“s(t.s)ll = (t + s)S (t + 8)x + SZA(t + s)Aluslp(t + s5)x

||A2A 2A

-D[SZA(t)Slp(t)][A (s)x + S (s\A S (s)x]ll

2aSaate)8,,

> 11Ap5,0(0)S) (D)% + 55, (A S\ (£)x = DIS,, (6)S) (D)1[Ayx + Ay x]1] < o

171

as s * 0 ,
+0as t,s + 0,0

Letting p » 0 (with uniform convergence on compact t-zets),

0S (t)x

[1£(t,8) = g (t,8) 11 > [1A,5,,(£)S ()% - S, (£)A]S

- DIS,, ()5 (D)][A,,x + A?x]ll Cwas s >» . (11)

We note that (11) is well defined for small t since x & Vg. Also it is bound-
ed as A » 0 since AZSZ(t)Sl(L\x resides in (Wl'l(R))2 for small t, and tends
to Azx as t » 0.

Thus I|fs(t,0) - gs(t,o)ll < ® along the t-axis of the t,s plane, and

||ft(0,s) - gt(O,s)ll < ® along the s-axis. This means that along the t-axis,

I{£(t,0) - g(t,0)[] = 0 is assumed at least to first order, while along the
s~axis, ||£(0,s) -~ g(0,s)i] = 0 is also assumed to first order. We have more-
over

ll ¢ (0,0) - 8, ¢ (0,001

Il tg'0:0) - 8, MCHOR

| 1A x + Alpx) + A_,A_ x + D|A

aa (A 21 1l A*

AZA(AZAX + Alpx) - D[Alp](AzAx + Alpx)ll

'lAZAAlux - D[Alu]AZAx|| <o

Taking the uniform limit as J + O again, we see that

- 0
11£,,€0,0) ~ g,,(8,0)11 = 1A,,Ax - DIA°}A,,x1| (12)

ZA 1

=11~



T

is well defined. (12) is bounded as A =+ 0 since x ¢ V2. (D[A?] is simply

1lim D[A1
p+0 H

of (1)). Thus

l; (¢‘(p10))px, w'(ulo)ux) is a representation in the variables

<®w as s >0, as t+0, or as s,t » (0,0)

simultaneously, regardless of manner. Letting C, be a constant larger than

0

(10), (11), or (12}, we see that |}f(t,s) - g(t,s)|| < C_st, where CO is in-

0
dependent of A > 0. This verifies (9), the Muvsden condition (iv), and the

theorem.

Theorem 4 holds for each x € VTﬂ(wz’l(R))z, but the constant Co depends
on x. If we close VT;’\(Wz’l(R))2 in the norm ||~||2 of (WZ'I(R))Z, however,
there is a common C0 for x in this closure, as is readily seen. Thus (9)
holds on a densc set Vz C VT. It was necessary to use Vg ir the proof. Since
KA(t) is defined on Vz = VT however, inequality (9) is valid on VT itself,
This gives:

Corollary 4': IIKA(t + §)x - KA(t)KA(s)xII < Cost, X e VT, where C0 is

independent of A > 0 and x.

5. Convergence of the Trotter Product

The main Marsden requirements have now bwen satisfied, namely conditinons
(iii) and (iv), represented here by (8) and (9) (or more to the point, Corol-
lary 4'). These are conditions on the Chernuvfi operator KA(t) = SZA(t)sl(L)'
We must now go th-ough a sequence of lemmas, proved by Marsden, which show
that the Trotter product (5) converges [Ref. &4, pp. 55-59]. We shall state
these lemias below, using the idiom of this present paper. The proofs are so
similar to thos~ of Marsden that there is no need to reproduce them in detnil

here. The only changes would be the use of the Banach space norm for the

-12-



metric (replacing Marsden's general metrization), and the ability here to use
W and Vr without intersecting =ith (WZ’I(R))Z. Also, our Theorem 3 substi-
tutes for Marsden Lemma 2.2, and this permits us to do without Marsden

Corollaries 2.4 anid 2.4'.

Proposition 5 (Marsden Lemma 2.3): Givan x g VT, there is a constant C, (de-

pendent on x and A) such that

t
LK x - 1511 cee? , 2=1,2,3,000. (13)
Marsden's hypotheses for this result are more iavolved, but this relates to
his manifold setting. By using a patural extension of (9), or Corollary &',

to £ variables, we could remove the dependence of the constant C, in (13) on

1
A. This A dependence results from ﬂA in (8). (Sme Corollary 4" below).
Again, because we have Theorem 3 (Marsden necessarily lacks a correspond-

ing result), we dispense with the corollaries to Lemma 2.3.

Proposition 6 (Marsden Lemma 2.5): Given x € W, there is a coastant C2 (de-

pendent on x and A) such that for m > n,

Nk, 51% - 1k, 5 1™1 < ¢ 2 (14)
K, (3] A el < ¢y

-

for all t with 0 < t < T. The set W was defined in Theorem 3.

Here [0,T] is the arbitrary time interval of our Theorem 3. In contrast
to Marsden's situation, T need not be small. The proof of Proposition 6 util-
izes Marsden's method of initially considering m to be an integral multiple of

n. We have Kk(ﬁ)jnx EVT by our Theorem 3.

Proposition 7 (Marsden Lemma 2.6): The sequence {lkk(ﬁ)]“x}, nel1,2,3,° ",
X € W, converges uniformly over 0 <t < T to a continuous limit: SA(t)x. In
particular, for fixed A > 0, SA(t)x is jointly continuous in (x,t) € W

x [0,T]).

-13-



The proof [Ref. 4, p. 58] uses the Cauchy criterion based on Proposition
6, and the completeness of (LI(R))Z. Marsden, in his proofs, uses a family of
metrics, denumerated by subscript k. The corresponding family of metrics in
our work would be the successive Sobolev norms. The reasron for Marsden's
family of metrics was the desire to produce regularizing properties for the
resulting semigroup solutions. Here ‘e do not expect regularizing properties,
since the semigroups we started with, namely Sl(t) and Sz(t), did not have
regularizing properties. Hence we use a single metric.

Proposition 8 (Marsden Lemma 2.7): SA(t) is a semigroup. Thus for x € W,

0<s +t<T, s,t 20, ve have 5,(t + s) = SA(t)SA(s) where S,(t) is defined
in (5).
Marsden's clever proof of this result is unchanged except for ti.« nse of

Banach space norms. Where needed in this proof, we can put VT = W in Theoren

3, and then generate a new VT. {[Kk(ﬁ)]ny} then rema:we i this ﬁT, n =

1,2,3,++, provided y € ﬁ, 0<t< T. This assures convergence in Proposition

6. The Gemigroup Associated With Problem (1)

We have seen that SA(t)x = lim [SZA(E)S (E)]nx, X € W, exists and repre-
o n""1'n

sents a semigroup of operators in the interval 0 < t < T, where T is arbi-
trary. This is for fixed A > 0. The question now is whether SA(L)x, XKew,
approaches a limit as A + 0, and whether this limit is a semigroup.

In (8), and subsequently, it was convenient to use the Lipschitz constant

Bt
e A for the Chernoff operator Kk(t) = SZA(t)S](t)' Here, “A + ®»ag A+ 0.

There may be s more refined A-continuous Lipschitz constant for KA(t) however.

Indeed, K(t) » Sz(t)Sl(t) = lim KA(t) has Lipschitz constant 2, (as does
A»0

the operator : (t)).

We shall need the following important extension of inequality (9).
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(1] -
Corollary 4": HKA(t1 +... + tn) X KA(tI) - Kk(tn)x|'

CColr e, +t e+ ...+t ) (15)

2 173 n-ltn

where. the right side has Ei%:ll summands, and Co is the constant in (9),
independent of A > 0 and x € W, (see Corollary 4').

Proof: 1Inequality (15) reduces to (9) on all 2-dimensional coordinate planes
in n-space. The ratio of the left side of (15) to the right side 1s bounded
by C0 along any path to the origin involving a 2-dimensional coordinate plane.
For more general paths to the origin in (tl, t2' ciey tn) space, the same
bound is shown to be valid by using a parametrization and £'Hopital's rule.

By putting by =, = . =t = E in (15), we obtain thc inequality

2 (16)

. - tyn 1
which is like (13), except that Co is independent of A and x.
Inequality (16) permits us to derive a bound for SA(t)x:
Theorem 9: The semigroup SA(t) of Proposition 8, represented as a Trotter
product in (5), is such that IISA(t)xII is uniformly bounded as A =+ 0,

0 <t <T, where T > 0 is arbitryary.

Proof: Letting n + o, and vearranging in (16), we show that
: 1 .22
I.SA(t)xII < IIKA(t)xll + 2 Cot , X W. We have KA(t)x*K(t)x = Sz(t)Sl(t)x as

A + 0 however. Since Sz(t) ir a linear operator with hound 2 for t > 0, and
SI(L) .8 contracting with sl(e) = 6, (where © is the null element of

(L'(R)))k‘ we see that IIKA(t)xll <4 ||x|| as A+ o. Hence
2.2
LIS, (L)x| < C,T™ + 4 x| an

for small A > 0, This proves the theorem.
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Our method for showing that SA(t) converges strongly to some semigroup

limit S_(t) as A + 0 depends on proof that lim s, (t)x - 8., {t)x]] =0,
0 A A'+0 A A
’

and use of the Camchy criterion and completencss. We estimate IISA(t)x -

SA,(t)xII using (16). The success of this method depends evidently on the
rapidity of the convergence of Szx(t) to Sz(t), where the A-approximation
SZA(t) of Sz(t) is as given in (6). We have developed a criterion for this,
but SZA may not converge fast enough to 82'
In this connection, it is well to develop information about the Yosida

= 1
aa = [

resolvent JA(AZ) solves the DE system (c.f. problem (b)):

approximation AZA of Az. By definition, A JA(AZ)]' where the

ol
+
>
[
[}
-2

U+tAp =n

1

The solution of Eqs. (18) in (LI(R))2 is obtained explicitly:

. XX o XX
px) =1 f e M th,(O1dk+ £ oe A h, R)-h (R))dR
pix) =l c R R AR TN LTy X
X=X X-x
U(x) = L * e-_xulh (X)+h, (X)) dx-1= f”e-“x_[h (X)=h_(x)]dx
A Y 1 2 A © 1 2

1
Then, using AZA = Xll - JA(AZ)l’ and after integration by parts,

. XX » XTX

fe M o, (R)+u (14X - [ e A lp, (F)-u (%) 1dx
P\ - X
! L XX - KoX

fe M lp, (K)+u () 14X + [ e A [p, (X)=u (%) 14

=16~



As A » 0, (19) teads in the norm of (Ll(R))2 to

1 1
2(px+ux) 2(px ux) Ux
lo +u) + LI P
27"x x 2% x X
X-X X=X
1 XX~ 1 o T
since x J e dx = 1 and x J e dx = 1. Thus expression (19) has
-0 x

6-tending kernels.

Thus the Yosida approximation of Az has components which contain "molli-
fied derivatives." For very small A + 0 furthermore, the components of AZA
really are approximate mollified derivatjves:

) MA(x,;)ux(;)d;

P\ [ =
A2A<u> ~f] ®

I M, (x,30p, () dx

-0
where
X 4
%R e A ’ an < ;
HA(x.i) = -
JXOX
%X e A ’ X > x

We have thus obtained the semigroup SA(t) corresponding to problem (1),
with the Jerivatives in the coupling terms approrximsted by mollified deriva-
tives. This seniigroup is expressed as a Trotter product, which is uniformly
bounded in the strong topology of (L’(R))2 as A + 0, (Theorem 9). The

approximation improves the smaller we take A > 0.
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We expect to prove actual strong convergence of SA(t) to a semi-group
So(t) as A+ 0. It may be however that tb- product formula (5) for SA(t)’ it-
self, does not converge when A = 0. If not, it may possibly be because of the
Lipschitz constant 2 possessed by K(t) = Sz(t)Sl(t). Product formulas

lim [K(ﬁ)]n often do not converge when K(t) has Lipschitz constant greater
noo

than unity. Nc general theorem seems to be available on this.
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