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ABSTRACT 

Th is  s e l f  teaching cu r r i cu lum on sens 
c o n s i s t s  o f  t h r e e  p a r t s :  

t i v i t y  ana lys i s  techniques 

1) Use o f  t h e  L a t i n  Hypercube Sampling Program [Iman, 
Davenport and Z i  egl e r  , Lat i n Hypercube Sampl i ng 
(Program User 's Guide), SAND79-1473, January 19801. 

Use o f  t h e  Stepwise Regression Program [Iman, 
e t  al., Stepwise Regression w i t h  PRESS and Rank 
Regression (Program User 's Guide) SAND79-1472, 
Ja n ua ry 19801. 

2) 

3 )  App l i ca t i on  o f  t h e  procedures t o  s e n s i t i v i t y  and 
unce r ta in t y  analyses o f  t h e  groundwater t r a n s p o r t  
model NWFT/DVM [Campbell, Iman and Reeves, Risk 
Methodology f o r  Geologic Disposal of Radioact ive 
Waste - Transport Model S e n s i t i v i t y  Analysis; 
SAND80-0644, NUREG/CR-1377, June 1980: Campbell , 
Longsine, and Reeves, The D i s t r i b u t e d  V e l o c i t y  Method 
o f  Solv ing t h e  Convective-Dispersion Equation, 

This cu r r i cu lum i s  one i n  a se r ies  developed by Sandia National Labora- 
t o r i e s  f o r  t r a n s f e r  o f  t h e  c a p a b i l i t y  t o  use t h e  technology developed 
under t h e  NRC funded High Level Waste Methodology Development Program 
(NRC FIN. No. A-1192). 
under NRC F i n  No. A-1158. 

SAND80-0717, NUREG/CR-1376, J u l y  19801. 

The technology t r a n s f e r  process i s  c a r r i e d  ou t  
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TUTORIAL ON THE LATIN HYPERCUBE SAMPLING PROGRAM 

The Purpose o f  t h e  Course 

The purpose o f  t h i s  t u t o r i a l  i s  t o  demonstrate how t o  draw m u l t i -  
v a r i a t e  random samples, us ing e i t h e r  Random Sampling o r  us ing  L a t i n  
Hypercube Sampl i ng , where t h e  mu1 ti v a r i  a te  random sample may have any 
s p e c i f i e d  marginal  d i s t r i b u t i o n s  and any s p e c i f i e d  c o r r e l a t i o n  mat r ix .  
Th is  t u t o r i a l  shows how t o  o b t a i n  such a sample manually, and how t o  
use t h e  L a t i n  hypercube computer program t o  accompl i s h  t h e  same task.  
A comparison between Random Sampling and L a t i n  Hypercube Sampling i s  
made t o  show some o f  the  r e l a t i v e  b e n e f i t s  o f  u s i n g  a L a t i n  Hypercube 
Sampl e. 

The ImDortance o f  Good SamDl i n a  Techniaues 

Some phys ica l  processes are d i f f i c u l t  t o  study d i r e c t l y ,  f o r  
var ious reasons, and are  t h e r e f o r e  observed i n d i r e c t l y  through the use 
o f  mathematical models. The mathematical models are o f t e n  so complex 
t h a t  they a r e  amenable'to s o l h t i o n  only  through t h e  use o f  numerical 
methods on a computer. Even then t h e  s o l u t i o n  may i n v o l v e  a consider-  
ab le amount o f  computer t ime, so care i s  needed i n  s e l e c t i n g  t h e  i n p u t  
var iab les  i n  such a way t h a t  t h e  most impor tan t  i n f o r m a t i o n  i s  obta ined 
concerning t h e  output  var iab le .  Th is  suggests the  use o f  e f f i c i e n t  
s t a t i s t i c a l  methods f o r  t h e  design and a n a l y s i s  o f  pseudo-data generated 
through the  use o f  such models. Some o f  those methods are descr ibed i n  
d e t a i l  i n  t h e  f o l l o w i n g  sections. 

The Nuclear Waste ReDositorY Model 

Consider t h e  model f o r  s imu la t ing  geologic  cond i t ions  i n  a reposi -  
t o r y  f o r  nuc lear  waste. The i n p u t  v a r i a b l e s  may be random v a r i a b l e s  o r  
may be parameters whose values are unknown b u t  may be known t o  l i e  i n  
g iven i n t e r v a l s  w i t h  s p e c i f i e d  p r o b a b i l i t i e s .  
v a r i a b l e s  a r e  s u b j e c t  t o  u n c e r t a i n t i e s  t h a t  may be descr ibed by means 
o f  a p r o b a b i l i t y  d i s t r i b u t i o n .  
nuc lear  waste r e p o s i t o r y  i s  given, and f o u r  i n p u t  v a r i a b l e s  are shown 
along wi,th t h e i r  hypothesized p r o b a b i l i t y  d i s t r i b u t i o n s .  Each proba- 
b i l i t y  d i s t r i b u t i o n  i s b s p e c i f i e d  by name and by the  lower l i m i t  a and 
upper l i m i t  b. I n  t h e  normal d i s t r i b u t i o n  a and b represent  t r u T c a t i o n  
o f  t h e  usual-normal d i s t r i b u t i o n  a t  the .OOT and 7999 quant i les.  The 
upper l i m i t  f o r  t h e  lognormal and logun i fo rm d i s t r i b u t i o n s  are taken 
t o  be the  .999 quant i les.  
range f o r  each v a r i a b l e  considerably  outweighs t h e  disadvantage o f  
working w i t h  a s l i g h t l y  . "  t runcated  form o f  a standard d i s t r i b u t i o n .  

I n  e i t h e r  case, t h e  i n p u t  

I n  F igure  1 a diagram o f  a hypothe t ica l  

The convenience o f  working w i t h  a f i n i t e  



Several TvDes of I n D u t  Distributions 

The normal distribution and the uniform distribution are well 
known distributions which are symmetric. Typical density functions for 
these two distributions are given i n  Figure 1. The lognormal distribu- 
t i o n  i s  a unimodal distribution, skewed t o  the right, w h i c h  i s  often 
used t o  represent random variables t h a t  assume only positive values. 
The logarithm of a lognormally distributed random variable i s  a random 
variable w i t h  a normal distribution. A loguniform distribution has 
many of the same properties a s  a lognormal d i s t r i b u t i o n ,  such a s  being 
unimodal, skewed t o  the right, and nonnegative. T h e  shape of the 
distribution i s  s l i g h t l y  different, w i t h  the right t a i l  of the distri-  
b u t i o n  being considerably heavier t h a n  the right t a i l  of a lognormal 
distribution. If  a random variable has a loguniform distribution, i t s  
logarithm has a uniform distribution. Instead of these four distribu- 
tions, any probability d i s t r i b u t i o n  may be specified for the i n p u t  
vari ab1 es. These distributions are simply the ones used most frequently 
i n  this type of model. 

The Importance of Accurate I n p u t  Distributions 

In any model such as the waste isolation model the o u t p u t  from the 
model i s  the item o f  interest. There are uncertainties attached t o  the 
o u t p u t  because there are uncertainties inherent in the input. T h u s  the 
o u t p u t  i s  expressible only i n  terms of i t s  probability distribution, or 
properties such as the mean, standard deviation, median, quartiles o r  
other quantities. An accurate representation of the o u t p u t  requires an 
accurate representation of the i n p u t .  
t ions  concerning the o u t p u t  requi re accurate representations of the 
input distributions. Since the quantities represented by the i n p u t  
variables may possess some correlation i n  nature, t h a t  same correlation 
should be reflected i n  the selection of i n p u t  variables f o r  the model. 
The  requirements imposed thus f a r ,  i .e., specified distributions on 
each variable and specified correlations between variables, require some 
nonstandard statistical methodology. The methods presented i n  this 
tutorial have been developed specifically for  models such as this one, 
so they will probably n o t  be familiar t o  the reader. 

Therefore good answers t o  ques- 

The SimDlified Black Box Model 

In order t o  present the s t a t i s t i ca l  methodology i n  a clear, unclut- 
tered manner, details which  are not relevant t o  the statistical method- 
ology are suppressed i n  this tutorial. 
i tself .  Al though  the model i s  the most important l i n k  i n  the study of 
a physical system, the proper development and ver i f ica t ion  of the model 
i s the responsi b i l  i t y  of geol ogi s t s  , physi ci  sts, engineers and other 
experts. From the statist ician's  viewpoint the model i s  viewed as  a 
"black box," w i t h  many i n p u t  variables and one or more o u t p u t  variables. 
Figure 2 shows a diagram of the model from a statistician's v iewpoin t ,  

One such detail i s  the model 
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x1 = N o r m a l  

I 
0 
I 

x3 = L 

Figure 1. Some Inpu t  Variables f o r  a Hypothet ical  Nuclear Waste Reposi tory.  
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where t h e r e  a r e  f o u r  i n p u t  v a r i a b l e s  and where the  i n p u t  v a r i a b l e s  have 
s p e c i f i e d  p r o b a b i l i t y  d i s t r i b u t i o n s ,  a l l  normal i n  t h i s  case. The 
s t a t i s t i c i a n ' s  j o b  i s  t o  understand t h e  des i red  o b j e c t i v e s  o f  t h e  study, 
and t o  use (and/or develop) methods f o r  achiev ing those o b j e c t i v e s .  
Some o f  the  d e s i r e d  o b j e c t i v e s  o f  t h i s  study a r e  g iven as f o l l o w s .  

Object ives o f  a S i m u l a t i o n  Study 

To assess t h e  p r o b a b i l i t y  o f  t h e  output  exceeding s p e c i f i e d  l i m i t s .  

For some values o f  t h e  i n p u t  var iab les  - the ou tpu t  o f  a model may 
exceed t h e  l i m i t s  o f  a c c e p t a b i l i t y  as imposed by r e g u l a t o r y  agencies. 
How l i k e l y  i s  t h i s  t o  happen? Because t h e  i n p u t  v a r i a b l e s  have uncer- 
t a i n t i e s  associated w i t h  them, t h e  exceedance probab i l  i ty can o n l y  be 
est imated on t h e  b a s i s  o f  severa l  runs i n  which i n p u t  v a r i a b l e s  a r e  
se lected and t h e  o u t p u t  v a r i a b l e  i s  observed. A method f o r  o b t a i n i n g  
a confidence i n t e r v a l  on t h i s  p r o b a b i l i t y  i s  a l s o  needed. I f  severa l  
v a l i d  methods are  a v a i l a b l e  f o r  f i n d i n g  such a conf idence i n t e r v a l ,  
t h e  method t h a t  g ives  t h e  smal les t  i n t e r v a l  i s  obv ious ly  t h e  b e s t  
method t o  use f o r  ach iev ing  t h i s  ob jec t ive .  

To determine t h e  s e n s i t i v i t y  o f  t h e  ou tpu t  t o  t h e  v a r i o u s  i n p u t  
v a r i  ab1 es. 

I f  some i n p u t  v a r i a b l e s  a r e  very i n f l u e n t i a l  on t h e  ou tpu t  v a r i a b l e ,  
those i n p u t  v a r i a b l e s  r e q u i r e  c l o s e  study i n  any a c t u a l  s i t e  s e l e c t i o n  
decisions. Assumptions regard ing  t h e  d i s t r i b u t i o n s  o f  those v a r i a b l e s  
a1 so need c a r e f u l  cons idera t ion .  On t h e  other 'hand any i n p u t  v a r i  ab les 
t h a t  show l i t t l e  o r  no i n f l u e n c e  on t h e  output  v a r i a b l e  a r e  n o t  v e r y  
impor tant  t o  s tudy f r o m  a c o s t  e f f e c t i v e  standpoint ,  and assumptions 
regarding t h e i r  d i s t r i b u t i o n s  are  not  as c r i t i c a l  . S t a t i s t i c a l  methods 
a r e  needed for measuring  t h e  r e l a t i v e  importance of t h e  i n p u t  v a r i a b l e s  
on the  bas is  o f  several  runs o f  the model. Note t h a t  some v a r i a b l e s  
may be impor tan t  a t  some t ime p o i n t s  b u t  n o t  impor tant  a t  o t h e r  t i m e  
points ,  so t h e  method o f  s e l e c t i n g  i n p u t - v a l u e s  f o r  t h e  v a r i o u s  r u n s  o f  
t h e  model should be f l e x i b l e  enough t o  a l low t h i s  determinat ion.  The , 

e l i m i n a t i o n  o f  n o n s i g n i f i c a n t  i n p u t  v a r i a b l e s  may r e s u l t  i n  a substan- 
t i a l  s i m p l i f i c a t i o n  o f  t h e  model, and a sharper focus on t h e  more r e l e -  
van t  aspects o f  t h e  model. 

On t h e  L a t i n  Hypercube Sampling Program 

researcher t o  s e l e c t  i n p u t  v a r i a b l e s  accord ing t o  any o f  severa l  d i f f e r -  
e n t  methods. 
several  items, i n c l u d i n g  t h e  i n p u t  d i s t r i b u t i o n s ,  t h e  c o r r e l a t i o n  m a t r i x  
o f  the i n p u t  var iab les ,  and t h e  type o f  sampling procedure des i red .  
The program then takes  care  o f  o b t a i n i n g  numerical q u a n t i t i e s  t o  use as 
i n p u t  v a r i a b l e s  f o r  t h e  model, where those numerical q u a n t i t i e s  resemble 

' 

The L a t i n  Hypercube Sampling Program was w r i t t e n  t o  enable a 

It i s  necessary f o r  t h e , u s e r  o f  t h i s  program t o  s p e c i f y  
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values o f  random var iab les  w i t h  the  spec i f i ed  p robab i l i t y  d i s -  
t r i b u t i o n s ,  w i t h  a co r re l a t ion  s t r u c t u r e  as spec i f i ed  by the  
u s e r , ' a n d  se l ec t ed  a c c o r d i n g  t o  the  spec i f i ed  sampling scheme. 
As the  name o f  the p r o g r a m  sugges ts ,  one o f  the opt ions f o r  
sampling i s  L a t i n  Hypercube S a m p l i n g ,  w h i c h  i s  a very  useful 
sampling scheme developed s p e c i f i c a l l y  f o r  problems such  as 
t h i s  one. However, the user may spec i fy  Random S a m p l i n g  i n -  
s t e a d ,  which i s  a f requent ly  used sampling procedure. Varia- 
t i o n s  o f  these sampling procedures a r e  ava i l ab le  as opt ions i n  
t h i s  p r o g r a m ,  however, attentSon wi l l  be focused pr imari ly  on 
these two  op t ions .  

Options f o r  I n p u t  Dis t r ibu t ions  

The i n p u t  d i s t r i b u t i o n  i s  s p e c i f i e d  separa te ly  f o r  each 
input var iab le .  There a re  f ive  options ava i lab le  f o r  input  
d i s t r i b u t i o n s ;  normal , uniform, lognormal , loguniform, a n d  a 
user -spec i f ied  d i s t r i b u t i o n .  The f i r s t  f o u r  d i s t r i b u t i o n s  a re  
b u i l t  i n t o  the p r o g r a m  a n d  a r e  very easy t o  use. These were 
discussed e a r l i e r .  The user -spec i f ied  d i s t r i b u t i o n  requi res  
t h a t  a s u b r o u t i n e  b e  w r i t t e n  t o  s u p p l y  d i s t r i b u t i o n s  o t h e r  t h a n  
those f o u r .  

The Dis t r ibu t ion  Function vs. the Density Function 

A l t h o u g h  i t  i s  more usua l  in s t a t i s t i c s  t o  t h i n k  i n  terms 
o f  d e n s i t y  funct ions when descr ibing the d i s t r i b u t i o n  o f  a 
random v a r i a b l e ,  t he re  a r e  d e f i n i t e  advantages of considering 
d i s t r i b u t i o n  funct ions ( C D F S )  i n  t h i s  t u t o r i a l .  A C D F  repre- 
s en t s  the  cumulative p robab i l i t y  assoc ia ted  with a random va r i -  
ab l e .  T h a t  i s ,  i f  f ( x )  i s  the densi ty  f u n c t i o n  o f  a continuous 
random var iab le  X, then the d i s t r i b u t i o n  function F ( x )  repre-  
s en t s  the  cumulative p robab i l i t y  u p  t o  the  value x ,  

X 

F ( x )  = P ( X 2  x )  = / f ( t )  d t  
- 0 0  

While a random va r i ab le  must be continuous in order  t o  possess 
a dens i ty  func t ion ,  a l l  random var iab les  possess d i s t r i b u t i o n  
func t ions ,  whether they a r e  continuous, d i s c r e t e ,  or some com- 
biination o f  'continuous a n d  d i s c r e t e .  Figures 3 ,  4 ,  5 a n a  6 
i l l u s t r a t e  d i s t r i b u t i o n  funct ions a n d  densi ty  funct ions f o r  
p a r t i c u l a r  normal, u n i f o r m ,  lognormal, a n d  loguniform d i s t r i -  
but ions.  Figure 7 presents  the estimated d i s t r i b u t i o n  func -  
t i on  o f  the number of boreholes present i n  a randomly se l ec t ed  
1 1 0 0  acre  t r a c t  which i s  underlain by bedded s a l t  a n d  which h a s  
a t  l e a s t  one borehole present .  Note t h a t  t h i s  i s  a d i s c r e t e  
d i s t r i b u t i o n  funct ion.  
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Drawi ng a Random Sampl e ( I1 1 us t ra t i  on 

A hypothetical distribution function i s  given i n  Figure 8 for the 
purposes of i l l u s t r a t ing  the principles behind drawing a random sample. 
If a random sample of s ize  N = 2 i s  to  be drawn from F ( x ) ,  the follow- 
i n g  s teps  a re  followed. 

1. Draw N = 2 random uniform values. 
Table 1 may be used f o r  this purpose. 
selected row (suggestion: 
of your social security number) and a random column (perhaps the t h i r d  
d i g i t  from the end of your social security number) and record two se t s  
of numbers, two d i g i t s  each, reading across. 
selected, t he  numbers are  87 and 91. 

A table of random d i g i t s  such as  
Enter the table a t  some randomly 

l e t  the row number equal the l a s t  two d i g i t s  

I f  row 31, column 3 i s  

2. The simplest way t o  do 
this is  to divide by 100, w h i c h  converts 87 t o  .87 and 91 t o  .91. 

3. 
.91 a r e  found on the vertical  axis i n  Figure 8, and the inverse func- 
t ion F-1  of F ( x )  i s  used to  convert these to  2.13 and 2.34. 
numbers 2.13 and 2.34 a re  the random sample of s ize  2 from the  probabil- 
i t y  dis t r ibut ion given by F ( x ) .  

Convert these to  numbers between 0 and 1. 

Use F i g u r e  8 t o  f i n d  F-1 for  these numbers. T h e  numbers .87 and 

These two 

Note that by chance b o t h  of  the numbers i n  the random sample i n  
the example happened to  be near the  upper end of the range of possible 
values of  the random variable being sampled, because the two numbers 
from Table 1 happened to  be close to  100. T h i s  i s  the nature of random 
samples; no guarantee is given t h a t  the numbers i n  the sample will be 
spread out over the range o f  possible values of the random variable. 
For this reason, the following method of sampling, called s t r a t i f i e d  
sampl i ng , i s  often preferred. 

Drawina a S t r a t i f i ed  SamDle ( I l l u s t r a t i o n )  . 

A hypothetical dis t r ibut ion function F ( x )  ( the  same one used i n  
Figure 8 )  i s  given i n  Figure 9 to  i l l u s t r a t e  the principle behind 
s t r a t i f i e d  sampling. 
vation i s  sampled a t  random from the lower half ( i n  a probability sense) 
o f  the dis t r ibut ion and one value i s  sampled a t  random from the upper 
ha1 f .  

For a s t r a t i f i e d  sample of s ize  N = 2, one obser- 

1. 
87 and 91 will be used again. 

Draw N = 2 random uniform values. For simplicity the same numbers 

2. 
second to  a number between .5 and 1.0. t i r s t ,  each number i s  converted 

Convert the f i r s t  number t o  a number between 0 and .5 and the 

3.0 a number between 0 and .5 by d i v i d i n g  by 200. 
the second number. 

Then .5 i s  added t o  

-10- 
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87 - -  200 - .435 

91 + .5 = .455 + .5 = .955 

3. Use Figure 9 t o  f ind  F-1 f o r  these numbers. The numbers .435 and 
.955 a r e  'found on the ver t ical  sca le  i n  Figure' 9,  and the inverse 
function F-1 of F ( x )  is  used t o  convert these t o  a s t r a t i f i e d  sample 
of size 2 from F ( x ) .  The sample consists of the two numbers 0.84 and 
2.70. Note t h a t  the  f i r s t  number i s  i n  the lower ha1 f of the d i s t r i -  
b u t i o n  and the second number i s  i n  the upper half  of the d is t r ibu t ion ,  
i n  a probability sense. 

For a s t r a t i f i e d  sample of size N, t he  ver t ical  axis of Figure 9 
would be d i v i d e d  into N equal in te rva ls  between 0 and 1, one observa- 
t ion would be sampled a t  random from each interval u s i n g  uniform random 
numbers, and these would be converted t o  a random sample from F ( x )  
through the use of an inverse function. 

More Exact Normal Values from Table 2 

The graphical method for  finding x ,  given F ( x ) ,  t h a t  was i l l u s t r a t ed  
i n  the preceding examples i s  simple and straightforward. I t  may be used 
w i t h  the graph of any d is t r ibu t ion  function. The  only l imitat ion of 
such a method is  t h a t  graphical methods a re  good t o  2 or 3 decimal place 
accuracy a t  best. Of course, i f  the d is t r ibu t ion  function i s  d iscre te ,  
as i n  Figure 7 ,  whole integer accuracy may be suf f ic ien t .  

The d is t r ibu t ion  function used i n  the i l l  ustrations happens t o  be 
normal w i t h  mean 1 and variance 1. Therefore, the  exact values for  
F - I ,  column ( d )  i n  Figures 10 and 1 2 ,  may be found from Table 2. 
the value i n  column ( c )  to three decimal places. Enter Table 2 t o  get 
cp-1, the inverse for  a standard normal dis t r ibut ion ( P = 0, (5 = 1).  
add 1 t o  get the inverse f o r  F ( x ) ,  because c1 = 1. 
cation by (T and addition of P ,  i n  t h a t  order, converts from +-1 to  any 
normal random variable w i t h  mean p and variance a2. 

Round 

Then 
In general , multipli- 

The number .87 converts t o  1.1264 i n  Table 2 ,  and then t o  2.1264 
The number .91 converts to  2.3408 u s i n g  the same by adding 1.0. 

procedure, t h u s  jus t i fy ing  the two numbers obtained i n  the random sample 
of size 2. For the s t r a t i f i e d  sample of s ize  2 ,  the numbers F ( x )  = .435 
and F ( x )  = .955 convert t o  -.1637 + 1 = .8363 and 2.6954 respectively, 
i n  agreement with the graphical results b u t  w i t h  greater accuracy. 
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EXERCISE 1 

Use Table 1 and Figures 10 and 11 [columns ( a )  through ( d )  only], to  
obtain a random sample of s i ze  4 from the distribution F ( x ) .  

1 .  

3 ,  

4. 

.I Figure 10. Worksheet for Drawing a Random Sample 01 3ize N = 4 rruii r \ A j .  



U 

0 

F i g u r e  1 1 .  A H y p o t h e t i c a l  D i s t r i b u t i o n  F u n c t i o n  F ( x )  
f o r  Use i n  D r a w i n g  a Random Sample  o f  
S i z e  N = 4 .  
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EXERCISE 2 

I 

Use Table 1 and Figures  12 and 13 [columns ( a )  through ( d )  only], t o  
ob ta in  a s t r a t i f i e d  sample of size 4 from the  d i s t r i b u t i o n  F ( x ) .  
Note how the s t r a t i f i e d  sample i s  spread over a l l  fou r  q u a r t e r s  of  
the p r o b a b i l i t y  d i s t r i b u t i o n .  

I 

numbers ( b ) -  (a ) -1  
( 2  d i g i t s )  ( c )  = 400 + 7 .F-'(C) +- ' (c)  *-'(c) + 1 

1. 

2. 

3 .  

4. 

Figure  12. Worksheet f o r  Drawing a La t in  Hypercube Sample of S ize  N = 4 
from F ( x ) .  

QUESTION 1: 
you t h i n k  the average of  a random sample or the average of a s t r a t i f i e d  
sample will tend t o  g ive  a more accurate f i g u r e ?  
PAGE 18. 

For purposes  of  e s t ima t ing  the mean of the popula t ion ,  do 

ANSWER AT BOTTOM OF 

-16- 
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EXERCISE 3 

Use Table 2 and F igu re  10, columns ( e )  and ( f ) ,  t o  o b t a i n  more accurate 
f i g u r e s  f o r  the  random sample from F(x), t he  normal d i s t r i b u t i o n  w i t h  
P = 1 and o =  1. 

EXERCISE 4 

Use Table 2 and F igu re  12, columns ( e )  and ( f ) ,  t o  o b t a i n  more accurate 
f i g u r e s  f o r  t h e  s t r a t i f i e d  sample from F ( x ) .  

ANSWER TO QUESTION 1: 
sample w i l l  t end  t o  be 

It can 
c l  oser 

be 
t o  

shown t h a t  the  average from 
t h e  t r u e  popu la t i on  mean. 

a s t r a t i f i e d  

-18- 



Obtai n i  ng a Mu1 ti v a r i a t e  Random Sample 

one i n p u t  v a r i a b l e  as was used i n  the  prev ious examples. 
va r iab les  are  invo lved,  as i n  F igu re  2 ,  then one value needs t o  be 
obta ined f o r  each i n p u t  v a r i a b l e  be fore  an i n p u t  t o  the model i s  com- 
p le te .  L e t  K be the  number o f  i n p u t  var iab les ;  K = 4 i n  F igu re  2 .  
Then K numbers a re  obta ined as one i n p u t  vec tor ,  where each number 
represents  one i n p u t  var iab le .  I f  N i s  t he  number o f  runs  desired, 
then N se ts  o f  K numbers each are  obta ined i n  a l l .  

The usual model i nvo l ves  many i n p u t  va r iab les  r a t h e r  than j u s t  t h e  
I f  f o u r  i n p u t  

The Random Sampling method w i t h  K i n p u t  va r iab les  i s  a s imple 
ex tens ion  o f  the  Random Sampling method f o r  one i n p u t  va r iab le ,  i f  the 
i n p u t  va r iab les  are  independent. 
matched w i t h  t h e  f i r s t  observat ion on X2, the  f i r s t  observat ion on X3, 
and so on, f o r  t h e  f i r s t  i n p u t  vector .  The second i n p u t  vec tor  cons i s t s  
o f  t he  second va lues obta ined f o r  XI, X2, ..., XK, and so on f o r  a l l  N 
i n p u t  vectors .  
l a t i o n  i s  des i red  on the  i n p u t  values, b u t  t h a t  w i l l  be descr ibed l a t e r .  

The f i r s t  observat ion on X 1  i s  simply 

The s i t u a t i o n  i s  n o t  so s imple i f  some s p e c i f i e d  cor re -  

Obtai  n i  ng a L a t i  n Hypercube Sampl e 

To ob ta in  a L a t i n  Hypercube Sample, when the  i n p u t  v a r i a b l e s  a re  
uncorre la ted,  t h e  s i t u a t i o n  i s  almost as simple. 
samples o f  s i z e  N are  obtained on each i n p u t  va r iab le ,  i n  the  manner 
p rev ious l y  descr ibed f o r  f i n d i n g  s t r a t i f i e d  samples. Then t h e  s t r a t i -  
f i e d  sample o f  s i ze  N on X 1  i s  permuted i n t o  a random order ,  us ing  some 
randomizat ion method. The N observat ions on X2 a re  a l s o  permuted i n t o  
a random order ,  independent o f  t he  order  on t h e  values o f  XI. The 
values f o r  each i n p u t  v a r i a b l e  are arranged i n  a random order ,  indepen- 
dent of the  order  o f  the o the r  i n p u t  var iab les .  

Sample i s  e a s i l y  const ructed.  
t he  f i r s t  v a l u e s - o f  X2, X3, ...., XK f o r  t h e  f i r s t  i n p u t  vector .  The 
second values o f  each a r e  matched f o r  the second i n p u t  vector .  
matching procedure i s  f o l l owed  u n t i l  a l l  N values o f  each v a r i a b l e  a re  
used. The method f o r  matching t h e  observat ions t o  achieve some t a r g e t  
c o r r e l a t i o n  va lues w i l l  be g iven l a t e r ,  f o r  t h e  non-independent case. 

F i r s t ,  s t r a t i f i e d  @ 

Once the  samples are  permuted as described, t he  L a t i n  Hypercube 
The f i r s t  va lue o f  X 1  i s  matched w i t h  

Th is  

Comparing L a t i n  Hypercube w i t h  Random Sampling 
1 

A L a t i n  Hypercube Sample has observat ions t h a t  a re  spread over t h e  
e n t i r e  range o f  each i n p u t  va r iab le ,  and t h e  spread i s  i n  a un i form 
manner, i n  a p r o b a b i l i t y  sense. Th is  i s  u n l i k e  the Random Sample which 
may produce c l u s t e r s  o f  observat ions anywhere i n  t h e  range o f  t h e  v a r i -  
ables. It i s  d i f f i c u l t  t o  prove a n a l y t i c a l l y  t h a t  e i t h e r  method o f  
sampling i s  b e t t e r  than the  other .  However, some comparisons o f  t he  
two sampling methods have been made w i t h  actual  models, and t h e  L a t i n  

-19- 



Hypercube Samples appear t o  g ive  much b e t t e r  r e s u l t s  where t h e  goal i s  
t o  est imate t h e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  ou tpu t  var iab le .  The 
f o l l o w i n g  exerc ises are designed t o  i l l u s t r a t e  how t o  o b t a i n  Random 
Samples and L a t i n  Hypercube Samples w i t h  mu1 t i v a r i a t e  i nput, when t h e  
i nput v a r i a b l e s  are uncorre l  a ted 
t h e  two methods t o  see what k i n d  o f  accuracy i s  obta ined on est imates 
o f  the  output.  

Then comparisons w i  11 be made between 

Obta in ing a M u l t i v a r i a t e  Random Sample ( I l l u s t r a t i o n )  

Refer t o  F igure  2 where there  are f o u r  i n p u t  var iab les  each w i t h  
a normal d i s t r i b u t i o n  func t ion .  I n  each run observat ions on these f o u r  
i n p u t  v a r i a b l e s  go i n t o  a model, represented by a b lack box, and t h e  
ou tpu t  i s  recorded. The f o l l o w i n g  exerc ise  takes the reader s tep by 
s tep through t h e  process o f  o b t a i n i n g  a random sample o f  s i z e  10. 
subsequent exerc ise takes the reader through the steps i n  o b t a i n i n g  a 
L a t i n  Hypercube Sample o f  s i z e  10. 
i n t o  a black-box type  model and t h e  outputs  recorded and compared. 
f i r s t  t h e  samples are obtained. 

The 

L a t e r  these samples w i l l  be entered 
But 

EXERCISE 5 ( M u l t i v a r i a t e  random sample o f  s ize  10) 

1. I n  order  t o  draw a 4-var ia te  random sample o f  s i z e  10, 40 random 
nunhers are needed from Table 1. 
Exerc ise 2, choose 40 t h r e e - d i g i t  random numbers, reading across t h e  
t a b l e  row by row. 
F igures 14-17. 

S t a r t i n g  where you l e f t  o f f  i n  

Record these i n  t h e  order  drawn, down column (b )  i n  

2. The nunhers i n  column (b)  are converted t o  p r o b a b i l i t i e s  between 
0 and 1 by d i v i d i n g  by 1000, f o r  column ( c ) .  

3.  
from a standard normal d i s t r i b u t i o n  ( P = 0, 0 = 1)  by e n t e r i n g  Table 2 
i n  t h e  respec t ive  row and column, and record ing  t h e  t a b l e  e n t r y  i n  
column (d) .  

The p r o b a b i l i t i e s  i n  column ( c )  are converted t o  random samples 

4. The standard normal values from column (d )  are converted t o  normal 
values w i t h  o ther  means by adding t h e  constant  i n d i c a t e d  i n  column ( e )  
o f  each f i g u r e .  

5. Transcr ibe a l l  40 numbers i n  column (e)  i n t o  the  respec t ive  columns 
o f  F i g u r e  18. 
box model. 

Each row o f  F i g u r e  18 represents  one i n p u t  t o  t h e  b lack 



( a )  
Obs. 

Number 

( b )  
Uni form 
Ra nd om. 
Number 

( 3  d i g i t s )  

Input  
( e )  = ( d ) + l  

1. 

2. 

3 .  

4. 

5. 

6. 

7. 

8. 

9. 

10. 

t 
! 

Figure  14. Worksheet for Drawing a Random Sample o f  Size 10 f o r  X 1  
where X 1  i s  Normal, 1.1 = 1, cr = 1. 
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( a )  ( b )  (,C 1 ( d )  ( e )  
Obs. Uni form 

CB-1 ( c )  Input  
from Table 2 ( e )  = (d )+2  

Number Random 
Number ( c )  = 1000 

( 3  d i g i t s )  

1. 

2. 

3.  

4. 

5. 

6. 

7. 

8. 

9. 

10. 

f o r  Drawl ng 
s Normal, c1 

a Random 
= 2 , a =  

Sample o f  S ize  10 f o r  X 2 ,  
1. 



( a )  
Obs. 

Number 

( b )  
Uniform 
Random 
Number 

1. 

2. 

3.  

4. 

5. 

6. 

7 .  

8. 

9. 

10. 

Figure  6 .  

( b )  
( c )  = 

Worksheet l d r  Drawing a Random Sample o f  S ize  10 f o r  X3, 
where X3 i s  Normal, I-L = 2, = 1. 
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( a )  
Obs. 

Number 

1. 

2. 

3 .  

4. 

. 5. 
/ 

6 .  

7. 

8. 

9. 

10. 

Figure  17 Worksheet 
where X4 i 

f o r  Draw 
s Normal 

i n g  a 
, P =  

Ra nd om 
3,  (3 = 

Sample o f  S i z e  10 f o r  X4, 
1. 
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6. Using a pre-programmed calculator ,  o r  the equation 

Y = X i  + X 2 X 3  - X2ln  

whichever i s  more convenient, f ind the output value Y for  each of the 
10 i n p u t  values ( X i ,  X2, X 3 ,  X q ) ,  and record these i n  column ( f )  o f  
Figure 18. 

7. Plot the 10 values of Y on the abscissa of Figure 19, and draw a n  
empirical d i s t r ibu t ion  function. An empirical d i s t r ibu t ion  function 
i s  a step function which equals zero on the l e f t ,  and proceeding from 
l e f t  t o  r i g h t ,  r i s e s  a height of 1 / N  a t  each of the N sample points, 
u n t i l  i t  equals 1.0. 
function of the output. In this case, s ta r t  a t  zero on the l e f t  and 
increase the height of the graph by 1/10 a t  each observation on Y ,  a s  
the graph proceeds from 1 e f t  t o  r i g h t .  A t  the l a rges t  observed Val ue 
of Y the graph should j u m p  from a height of .9 t o  a height of 1.0. 

T h i s  is an estimate of the t rue  dis t r ibut ion 

The Accuracy of the O u t p u t  From a Random Sample 

The empirical d i s t r ibu t ion  function i n  Figure 19 provides an e s t i -  
mate of the population d i s t r i b u t i o n  function of the output. The sample 
mean of the 10 values of Y provides an estimate of the population mean, 
and other sample Val ues provide estimates of t h e i r  corresponding popu- 
l a t ion  values i n  the usual manner fo r  random samples. 

In order t o  see how well. these samples function as the basis  for  
population estimates, f i v e  random samples o f  s ize  10 each were obtained 
u s i n g  the Latin Hypercube Sampling Program, and were entered in to  the 
black box model t o  obtain o u t p u t s .  The f ive  empirical d i s t r ibu t ion  
functions a re  given i n  Figure 20, while Figure 21  presents a picture 
of the mean of a l l  f ive  e.d.f . 's  together. 
20 and 2 1  i s  an accurate estimate of the t rue d is t r ibu t ion  function o f  
the output, obtained by u s i n g  a random sample of s ize  N = 1000. 

i s  plotted again i n  Figure 22. 
obtain i f  a l l  50 sample observations were t reated as  a random sample 
of s ize  N = 50, which  i t  actual ly  i s .  Above and below the mean curve 
i n  Figure 22 a re  curves t h a t  represent one standard deviation distance, 
where the standard deviation i s  computed ver t ica l ly  from the f i v e  
curves i n  Figure 20, and smoothed u s i n g  a three point moving average. 
The standard deviation i s  presented t o  givef some idea of the accuracy 
involved i n  each individual random sample o f  si ' te 10. 

In the background of Figures 

The mean of a l l  f ive  e .d . f . ' s ,  averaged i n  the  ver t ical  direct ion,  
This,.is the same e.d.f.,one .would 
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( a )  ( b )  ( C )  ( d )  ( e )  
Obs. Val ues Val ues Val ues Val ues 

Nunber for X i  for X2 for X3 for X4 

( f  1 
Y 

( O u t p u t  

2. 

3.  

4. 

5. 

6. 

7 .  

8 .  

9. 

10. 

I n p u t  Vectors 
o u t p u t .  

Using a Random Sample, and 
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Figure 19. 
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An Empirical Distribution Function from the 
o f  Figure 18. 
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I C )  

F i g u r e  20.  F i v e  E m p i r i c a l  D i s t r i b u t i o n  F u n c t i o n  ( a )  - ( e )  
f rom Random Samples o f  S i z e  10, and an E s t i m a t e  
o f  t h e  P o p u l a t i o n  D i s t r i b u t i o n  F u n c t i o n  
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F i g u r e  2 1 . .  A Graph o f  t h e  Mean o f  t h e  F i v e  E D F ' s  f r o m  F i g u r e  20, 
a n d  an  E s t i m a t e  o f  t h e  P o p u l a t i o n  D i s t r . i b u t i o n  F u n c t i o n  
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- 

- 

- 

- 

- 

- 2 . 0 0  2 . 0 0  6 .  0 0  1 0 . 0  1 4 . 0  1 8 . 0  2 2 . 0  

F igure  22. The Mean and One Standard Deviation Bounds o f  the F ive  
EDFs from Figure 20. 
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Obtaining a Random Permutation 

Before drawing a La t in  Hypercube Sample, one method f o r  a r ranging  
numbers i n  a random o r d e r  will be discussed; One way of o b t a i n i n g  a 
random permutation of the i n t e g e r s  1 t o  N i s  t o  draw N numbers from a 
random number t a b l e  ( o r  a computer program) and use the ranks of those  
numbers a s  the random permutat ion.  For example, s t a r t i n g  w i t h  row 41, 
column 1 i n  Table  1, ten consecut ive  4 - d i g i t  numbers a r e  given a s  
fo l lows ,  a long  w i t h  their  ranks.  

Random 
Numbers 

9842 
7075 
2333 
3626 
4 270 
0163 
8924 
7766 
9699 
84 20 

Ranks 

10 
5 
2 
3 
4 
1 

, 8  
6 
9 
7 

Since  the random numbers fo l low a random o r d e r i n g ,  the ranks form a 
random permutation of the i n t e g e r s  from 1 t o  10. 

Obtai n i  ng a La t in  Hypercube Sampl e ( I1 1 u s t r a t i o n )  

The  fol lowing steps o u t l i n e  the procedure f o r  f i n d i n g  a La t in  
Hypercube Sample. The s i tua t ion  descr ibed  i n  F igure  2 i s  used. A 
sample o f  s i z e  N = 10 w i l l  be formed u s i n g  K = 4 i n p u t  va r i ab le s ,  w h i c h  
a r e  independent o f  each o t h e r ,  and normally d i s t r i b u t e d  w i t h  u2 = 1 and 
means 11.1 = 1, ~2 = 2, 11.3 = 2 ,  ~4 = 3 respectively. The reader should 
fo l low through the steps, and Figures  23-28 t o  ensure an understanding 
of the process.  

S t ep  1. Obtain uniform random numbers i n  each of N s t r a t a .  
random s t a r t i n g  po in t  i n  Table 1 and, reading  a c r o s s ,  select  40 two- 
d i g i t .  random numbers. 
Divide each of these numbers by 1000 and add the lower bound f o r  the 
s t r a t a  from column ( a ) .  P u t  the result i n  column ( c ) .  These a r e  the 
s t r a t i f i e d  sample va lues  o f  F ( x ) .  

Draw an  addi- 
umbers t o  reduce 
1. In the case  

S e l e c t  a 

Write these i n  column ( b )  i n  Figures 23-26. 

I 
. l  

of t ies ,  redraw u n t i l  there are no ties. Rank.each 10 of these from 
1 t o  10 i n  each Figure  and p u t  the ranks  i n  column (e) .  
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(a )  
Lower ( b )  (C) ( d )  ( e )  ( f )  (g) (h )  
Bound Uniform Uniform Ranks Random 

Stratum Numbers Numbers (d )  o f  F ( x )  
o f  Random F ( x )  Random o f  Order c3-1 F-1 = (g)+l 

.o 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

31 
93 
52 
70 
22 
84 
06 
70 
54 
62 

.031 7216 

.193 3095 
,252 3312 
.370 1510 
.422 6878 
.584 9190 
.606 3187 
.770 4934 
.854 4055 
.962 6087 

9 
2 
4 
1 
8 
10 
3 
6 
5 
7 

'.854 
.193 
.370 
.031 
.770 
.962 
.252 
.584 
.422 
.606 

1.05 
-0.87 
-0.33 
-1.87 
0.74 
1.77 
-0.67 
0.21 
-0.20 
0.27 

2.05 
0.13 
0.67 

1.74 
2.77 
0.33 
1.21 
0.80 
1.27 

-0 -87 

F igu re  23. A S t r a t i f i e d  Sample o f  S ize 10 f o r  X i  from a Normal 
Popu la t ion  w i t h  CL = 1 and 02 = 1. 

(a )  ( b )  (C) 
Lower Uni form 
Bound Random F(x  

o f  tJumbe r s  
S t r a  tum 

.o 

.1 

.2 

.3 

.4' 

.5 ' 

.6 

.7. 

.8 

.9 

35 .035 
21 .121 
61 .261 
44 .344 
86 .486 
29 .529 
89 .689 
16 .716 
86 . .886 
07 .907 

( d )  ( e )  ( f )  (g) ( h )  
Uni form Ranks Random 
Random o f  Order c3-1 F-1 = (g)+2 
Numbers ( d )  o f  F (x )  

8279 
0709 
2565 
3900 
5224 
7295 
8286 
0981 
4063 
91 47 

8 
1 
3 
4 
6 
7 
9 
2 
5 
10 

.716 
,035 
.261 
.344 
.529 
.689 
.886 
.121 

, .486 
.907 

0.57 
-1 -81 
-0.64 
-0.40 
0.07 
0.49 
1.21 

-1.17 
-0.04 
1.32 

2.57 
0.19 
1.36 
1.60 
2.07 
2.49 
3.21 
0.83 
1.96 
3.32 

* - 1  

F igu re  24. A S t r a t i f i e d  Sample o f  S ize  10 f o r  X2 from a Normal 
Popu la t ion  w i th  I.(. = 2 and 02 = 1. ' 
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( a )  
Lower ( b )  ( C )  ( d )  ( e )  ( f )  ( 9 )  ( h )  
Bound Uniform Uniform Ranks Random 

Stratum Numbers Numbers (d )  o f  F ( x )  
of Random F ( x )  Random o f  Order +-l F'l = (g)+2 

.o 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

41  
86 
71 
49 
51 
91 
69 
68 
50 
65 

.041 2554 

.186 9485 

.271 4242 

.349 6274 

.451 5233 

.591 5720 

.669 2946 

.768 1723 

.850 7720 

.965 7896 

2 
10 

4 
7 
5 
6 
3 
1 
8 
9 

.186 

.965 

.349 

.669 

.451 

.591 

.271 
,041 
.768 
.850 

-0.89 1.11 
1.81 3.81 

-0 39 1.61 
0.44 2.44 

-0.12 1.88 
0.23 2.23 

-0 -61  1.39 
-1 -74 0.26 
0.73 2.73 
1.04 3.04 

F i g u r e  25. A S t r a t i f i e d  Sample o f  Size 10 f o r  X3 from a Normal 
Populat ion w i t h  P = 2 and o2 = 1. 

( a )  
Lower ( b )  ( C )  ( d )  ( 4  ( f )  ( 9 )  ( h )  
Bound Uniform Uniform Ranks Random 

Numbers (d )  o f  F ( x )  
of Random F ( x )  Random o f  Order +-I F-1 = (g )+3 

- Stratum Numbers 

.o 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

50 ,050 2750 4 .381 
00 . l o0  4961 9 .899 
13 .213 3183 6 .566 
81 .381 9444 10 . .924 
40 .440 1575 2 . loo 
66 .566 1057 1 .050 
32 .637 3086 5 .440 
11 .711 1964 3 .213 
99 .899 4827 8 .711 
24 .924 3923 7 .637 

-0 30 
1.28 
0.17 
1.43 

-1.28 
-1 -64 
-0 15 
-0.80 
0.56 
0.35 

2.70 
4.28 
3.17 
4.43 
1.72 
1.36 
2.85 
2.20 
3.56 
3.35 

F igu re  26. A S t r a t i f i e d  Sample o f  Size 1 0 ' f o r  X4 from a Normal 
Populat ion w i th  P = 3 a n d 6 2  = 1. 



( a )  ( b )  (C) ( d )  ( e )  ( f )  
Obs. I n p u t  I n p u t  I n p u t  I n p u t  o u t p u t  
No. x1 x2 x3 xq Y 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

2.05 
0.13 
0.67 

1.74 
2.77 
0.33 
1.21 
0.80 
1.27 

-0.87 

2.57 
0.19 
1.36 
1.60 
2.07 
2.49 
3.21 
0.83 
1.96 
3.32 

1.11 
3.81 
1.61 
2.44 
1.88 
2.23 
1.39 
0.26 
2.73 
3.04 

2.70 
4.28 
3.17 
4.43 
1.72 
1.36 
2.85 
2.20 
3.56 
3.35 

5.02 
4.16 
5.61 
6.28 
6.02 
7.19 
10.39 
3 .OO 
9.02 
12.88 

F i g u r e  27. A L a t i n  Hypercube Sample o f  Size 10 and  t h e  A s s o c i a t e d  
o u t p u t  Y .  
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.7000 

.6000 
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Figure  28. An Empirical D i s t r i b u t i o n  Func$ion for the Output i n  
F igure  27. 
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Now rearrange the nunbers from column ( c ) ,  putting the smallest number 
next t o  rank 1, the second smallest next t o  rank 2 ,  and so on t o  the 
la rges t  number which goes next t o  rank 10 i n  each Figure. These go i n  
column ( f ) .  

Step 3. 
Since F ( x )  i s  a normal d i s t r i b u t i o n  function, enter the respective row 
and column of Table 2 as  indicated by the value i n  column ( f ) ,  and 
record the table entry +-I i n  column ( 9 ) .  Add the mean of F ( x )  to  
column ( 9 )  t o  get the value of F - l ,  which goes i n  column ( h ) .  
( h )  contains the s t r a t i f i ed  sample from F ( x ) ,  arranged i n  random order. 

Step 4. Combine the individual s t r a t i f i ed  samples i n t o  a Latin 
Hypercube Sample. Transcribe the nunbers i n  column ( h )  o f  I-igure 23 
i n t o  column ( b )  of Figure 27, without changing the re la t ive  ordering. 
In  a similar fashion the numbers i n  column ( c )  of Figure 27 come from 
Figure 24, column ( d )  comes from Figure 25 and column ( e )  comes from 
F i g u r e  26. I t  i s  important  t o  keep the same relat ive ordering o f  the 
numbers when transcribing them. 

Convert the values of F( x )  t o  a s t r a t i f i e d  sample from F( x )  . 

Column 

Step 5. 
Hypercube Sample. 
a pre-programed calculator,  or the function 

Obtain the o u t p u t  from the black box model u s i n g  the Latin 
Th e entries i n  row 1 of Figure 2'/ are entered i n t o  

whichever i s  more convenient, t o  get the o u t p u t  Y of the black box 
model. Repeat this procedure f o r  each row i n  Figure 27. 

of height 1/10 a t  each-value of Y 
of 1.0 a t  the la rges t  value 0f.Y. 
t i o n  function of the o u t p u t ,  obta 
The average of the 10 values of Y 
mean; the sample variance, sample 
the population counterparts. 

Step 6. P l o t  an empirical d i s t r i b u t i o n  function. P l o t  the 10 values 
--i 0 gure 28. Draw a 
step function, s ta r t ing  a t  zero on the l e f t ,  and increasing i n  steps 

the graph reaches a height 
s an estimate of the d i s t r i b u -  
ng Latin Hypercube Sampl i ng. 
used t o  estimate the population 
e tc . ,  may be used t o  estimate 

u n t i l  
T h i s  

ned us 
may b e  
median 

EXERCISE 6. (Obtaining a Latin Hypercube Sample o f  size  10) 

Follow the same steps used i n  the previous example, and obtain a 
Latin Hypercube Sample of s ize  N = 10. Use Figures 29-32 t o  record the 
steps involved i n  finding the s t r a t i f i e d  samples, and p u t  them together 
i n  Figure 33 as  a Latin Hypercube Sample. Obtain the o u t p u t  values and 
graph the empirical d i s t r i b u t i o n  function i n  F igure  34. 
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( a )  
Lower ( b )  ( C )  ( d )  ( e )  ( f )  ( 9 )  ( h )  
Bound Uniform Uniform Ranks Random 

Stratum Numbers Numbers ( d )  o f  F ( x )  
o f  Random F ( x )  Random o f  Or de r a-1 F-1 = ( g ) + l  

.o 

.1 

.2 

. 3  

.4 

.5  

.6 

.7 

.a 

.9 

F igure  29. Student Problem: A S t r a t i f i e d  Sample o f  Size 10 f o r  X 1  
from a Normal Population wi th  CL = 1 and u2 = 1. 
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I ( a )  ( b )  (C) ( d )  ( e )  ( f )  ( 9 )  

Bound Random F ( x )  Random o f  Order +-I 
Lower Uni form Uniform Ranks Random 

I o f  Numbers Numbers ( d )  o f  F ( x )  
- Stratum 

I .o 

.1 

- 2  

. 3  

.4 

.5 

.6 

.7 

.8 

.9 

I Figure  30. Student Problem: A S t r a t i f i e d  Sample o f  S ize  10 
from a Normal Populat ion wi th  c1 = 2 and a* = 1. 

f o r  X2 
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( a )  ( b )  (C) ( d )  ( e )  ( f )  (9) ( h )  
Lower Uni form Uniform Ranks 'Random 
Bound Random F ( x )  Random o f  Order cp'l F - l  = (g )+2  
o f  Numbers Numbers ( d ) '  o f  F ( x )  

Stratum 

.o 

.1 

.2 

. 3  

.4 

.5 

.6 

.7 

.8 

.9 

Figure  31. Student Problem: 
from a Normal Populat ion wi th  11 = 2 and 0 2  = 1. 

A S t r a t i f i e d  Sample o f  Size 10 for X3 
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( a )  ( b )  ( C )  ( d )  ( e )  ( f )  ( g )  ( h )  

o f  Numbers Numbers ( d )  of F(x) 

Lower Uni form Uniform Ranks Random 
Bound Random F(x) Random of  Order F-1 = ( g ) + 3  

- S t r a  tum 

.o 

.1 

.2 

.3  

.4 

.5 

.6 

.7 

.8 

.9 

Figure  32. Student Problem: A S t ra  
from a Normal Populat ion 

t i f i e d  Sample o f  S ize  10 f o r  X4 
wi th  CL = 3 and a* = 1. 
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( a )  
Obs. 
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

( C )  
I n p u t  
x3 

( d )  ( e )  
I n p u t  I n p u t  
x3 xq 

(f) 
o u t p u t  

Y 



1 . 0 0 0  

. g o o 0  

. B O O 0  

. 7 0 0 0  

, 6 0 0 0  

. 5 0 0 0  

. 4 0 0 0  

. 3 0 0 0  

. 2 0 0 0  

. l o o 0  

0 . 0 0 0  

-1 I 1 I I I I I I I I I 

. .............................. 

................................................................ 

.............. .... .................................................................................................... 

.................................................... - .................................................... ...................................................................................................................................... 

........................................... 

..... .............................................. 

0 . 0 0  2 . 0 0  4.00 6.00 8 . 0 0  1 0 . 0  1 2 . 0  1 4 . 0  

Figure 34. Student Problem: Worksheet for an Empirical Distribution 
Function for the Output in Figure 33. 
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Accurac-y Obtained from Usina a Latin HvPercube SamDle 

In order t o  get some idea of how well a l  Latin Hypercube Sample of 
s ize  10 functions as  a basis for estimation,l t'he Latin Hypercube 
Sampling program was used to  obtain five Latin Hypercube Samples of 
s i ze  10 each. The e.d.f.'s for  these f ive  samples appear i n  Figure 
35, (a ) - (e ) .  The  mean of these f ive  graphs,'computed i n  a vertical  
direction, appears i n  Figure 36. 
36 is  an estimate of the population d i s t r i b u t i o n  function, obtained 
using a Latin Hypercube Sample of size N = 100'0. 
almost perfectly w i t h  the estimate i n  Figures '20 and 21 which was 
obtained from a Random Sample of size N = 1000. 
confirms the f a c t  t h a t  both methods of samplin,g are providing unbiased 
estimates of the population dis t r ibut ion function. 

In the background of Figures 35 and 

T h i s  estimate coincides 

T h i s  c lose agreement 

T h e  mean EDF is plotted again i n  Figure' 37, along w i t h  curves plot- 
ted one standard deviation above and below the  mean curve. These three 
curves col lect ively give some idea of the spre,ad involved u s i n g  Latin 
Hypercube Samples of s ize  10 as estimators o$ the population d i s t r i b u -  
t ion  function. The standard deviation i s  compyted ver t ical ly  from the 
five curves i n  Figure 35, and smoothed u s i n g  a1 three point moving 
average. 

A Comarison of Latin HvDercube w i t h  Random SamDlinq 

A comparison of Figures 36 and 37 w i t h  Filgures 2 1  and 22 shows 
tha t ,  i n  this case, the f ive  Latin Hypercube1 Samples provide a bet ter  
composite estimate of the population dis t r ibut ion function than do 
the f ive  random samples obtained ear l ie r .  Because of sampling vari- 
ab i l i t y ,  there i s  no guarantee tha t  Latin Hypercube samples are always 
better than random samples, b u t  a l l  of the slimulation studies we are  
aware of indicate a def ini te  tendency i n  this ,direction. 

The Replicated Latin Hypercube Sample 

When f ive  random samples are pooled t o  ther as i n  Figure 21  the 
result is another. random sample, whose s ize  s equal t o  t h e  total  pooled 
sample size. However, when f ive  (or any n u  er La ti n Hypercybe Sampl es 
a re  pooled together as i n  Figure 36, the  re I t  is  called a Replicated 
Latin Hypercube Sample. Actually the i npu t s j  a re  more correctly cal l  ed 
the replicated L a t i  n Hypercube Sample. 
deviations t o  be computed. These standard deviations should be d i v i d e d  
by*, where r is  the number of replications/, t o  get  an estimate of the 
standard error lof  the estimate of the mean c1.d.f. 
example, the standard deviations would be di,vided byfi. The estimate 
o f  the true output dis t r ibut ion function obtained from a random sample 
o f  size 50, and the standard error  of the e timate', i s  given i n  Figure 
38. T h i s  i s  different  than Figure 22 which i 11 ustrated the error  
involved when u s i n g  a random sample of size 10. 

Repllication a1 lows standard 

In the previous 

The corresponding 

1 
I 

S t a n d a r d  e r r o r  re fe rs  t o  t h e  s t a n d a r d  
d e v i a t i o n  o f  an e s t i m a t e  
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F i g u r e  3 5 .  F i v e  EDF's O b t a i n e d  f rom L a t i n  H y p e r c u b e  Samples 
o f  S i z e  10 Each ,  and  an E s t i m a t e  o f  t h e  P o p u l a t i o n  
D i s t r i b u t i o n  F u n c t i o n  
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1.000 

.9000 

.8000 

- 7 0 0 0  

.6000 

.5000 

.4000 

.3000 

.2000 

. l o o 0  

0.000 - .  ~~~ 

6 .  00 1 0 . 0  1 4 . 0  1 8 . 0  2 2 .  c - 2 . 0 0  2 . 0 0  

Figure 3 7 .  T h e  Mean o f  the Five  EDF's f r o m  Figure 35 ,  and One 
Standard D e v i a t i o n  Bounds 
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figure for  a Replicated Latin Hypercube Sample (5 samples of 10 each) i s  
given i n  Figure 39, showing the estimated dis t r ibut ion function and the 
one standard error  bounds. T h i s  may be contrasted w i t h  Figure 37 which  
i l l u s t r a t ed  the standard e r ro r  involved when u s i n g  a single Latin 
Hypercube Sample of size 10. 

Estimatina Other Pow1 ation Parameters 

Other population quant i t ies  are  estimated i n  the usual way from 
the sample outputs. 
the population mean. 
mean, as does each of the f ive  Latin Hypercube samples. 
l i s t ed  below. 

For example, the sample mean i s  used to  estimate 
Each of the f ive  random samples provides a sample 

These a r e  

True population mean CI = 7.585 

Random Sample L a t i n  Hypercube Sample 
Estimates Estimates 

1. 8.504 
2. 9.736 
3. 10.778 
4. 8.825 
5. 10.029 

ave. 9.575 

1. 7.672 
2. 7.682 
3. 9.266 
4. 7.735 
5. 7.867 

ave. 8.044 

L a t i n  Hypercube Samples appear t o  provide be t te r  estimates of most, i f  
not a1 1 ,  population parameters when compared w i t h  Random Samples. 
However, this observation i s  based only on empirical evidence, not 
theoretical proof, and may not be t rue i n  par t icu lar  cases. 

Changes i n  the I n p u t  Distributions 

will be changed also. J u s t  how much the output dis t r ibut ion function 
will change depends on the degree of change i n  the i n p u t  d i s t r i b u t i o n s  
and the strength of the association between the output and each i n p u t  
variable. For purposes of i l l u s t r a t ion ,  the i n p u t  d is t r ibut ions i n  the 
example depicted i n  Figure 2 were changed from normal t o  uniform for  
each of the four variables. The range of each variable remained the 
same. Now the samples of observations from each dis t r ibut ion will not 
tend t o  be i n  the center of the range, a s  w i t h  a normal dis t r ibut ion,  
b u t  will tend t o  be spread evenly from one end of the range to  the 
other. 
be expected t o  a l t e r  the output d i s t r i b u t i o n  somewhat, b u t  the degree 
of change i s  d i f f i c u l t  t o  predict .  

If  the i n p u t  d i s t r ibu t ions  are  changed, t he  o u t p u t  d i s t r ibu t ion  

T h i s  increased emphasis on values i n  the t a i l s  of the range can 
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I l l u s t r a t ing  the Effect of a Change i n  I n p u t  Distributions 

To see how much change is induced by changing the four i n p u t  
d i s t r i b u t i o n s  from normal t o  uniform, a Latin Hypercube Sample of 
s ize  N = 1000 was obtained us ing  the Latin Hypercube Sampling Program. 
The steps involved i n  f i n d i n g  such a sample a re  s imilar  t o  those 
described ear l ie r .  That i s ,  i n  Figures 23-26, columns ( a )  through ( f )  
would remain unchanged, b u t  to  convert from F ( x )  to F- l ,  a s  given i n  
column ( h ) ,  the inverse function for  a uniform dis t r ibut ion would be 
used instead of the inverse function f o r  a normal d i s t r i b u t i o n  function. 
The r e su l t  for  a sample of s ize  1000 i s  given i n  Figure 40 (dark line) 
and contrasted w i t h  the previous case involving normal distributions 
( l i g h t  l i n e ) .  
as if  they were the t rue output dis t r ibut ion functions. The change i n  
the dis t r ibut ion i s  considerable, which  i l l u s t r a t e s  the importance of 
being as  accurate as possible i n  specifying the i n p u t  d is t r ibut ion 
functions. 

The large sample s i ze  enables these graphs to  be treated 

The Actual Correlation on t h e  I n p u t  Values 

Recall t ha t  i n  drawing a mu1 t i va r i a t e  random sample, the process 
depended on numbers from a random number generator or ,  i n  this case, 
Table 1. Since the numbers drawn i n  this way are  supposed to  be inde- 
pendent of one another, any correlation induced should be spurious 
correlation due simply t o  usual random fluctuation one m i g h t  expect t o  
encounter i n  random samples. 

The same i s  t rue for  the Latin Hypercube Samples, which were depen- 
den t  on random numbers f o r  the pairing of values of X i  w i t h  X2 for  
instance. Since the values of X 1  and X2 were permuted a t  random, any 
correlation between X i  and X2 should be spurious correlation. To see 
how much correl ation actual l y  exists between these randomly permuted 
values, the actual correlation coeff ic ient  was computed on the values 
of X 1  and X2 given i n  columns (b) and ( c )  of F i g u r e  27. That correla- 
t ion i s  r12 = .3595 which i s  much l e s s  than the 5% c r i t i c a l  value .632, 
so a correlation this large can easily be due to  chance fluctuations. 
The en t i r e  correlation matrix f o r  the columns i n  Figure 26 i s  given i n  
Figure 41. 
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X 1  x2 x3 

x2 .3595 

x3 -.2822 -. 1024 

x4 -.8535 -:3170 .5565 

F igure  41. The C o r r e l a t i o n  M a t r i x  f o r  the L a t i n  Hypercube Sample 
i n  F i g u r e  27. 

Note t h a t  f i v e  o f  the  s i x  c o r r e l a t i o n  c o e f f i c i e n t s  a r e  n o n s i g n i f i c a n t  
a t  t h e  5% l e v e l .  
exceeds i n  absolute va lue t h e  c r i t i c a l  value, b u t  t h i s  i s  merely a 
chance occurrence, s ince  the sampling method does n o t  induce any system- 
a t i c  c o r r e l a t i o n  i n  t h e  values. Also, t h e  c r i t i c a l  value .632 app l ies  
t o  random samples; t h e  exact c r i t i c a l  value f o r  L a t i n  Hypercube Samples 
i s  unknown. 

The c o r r e l a t i o n  between X i  and X4 i s  -.8535, which 

The Rank C o r r e l a t i o n  on t h e  I n p u t  Values 

Since t h e  exac t  behavior o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  from L a t i n  
Hypercube Samples i s  n o t  known, and s ince  i t s  behavior  even w i t h  random 
sampling i s  unknown, i f  t h e  i n p u t  d i s t r i b u t i o n s  are n o t  normal, i t  makes 
more sense t o  work w i t h  the rank c o r r e l a t i o n  c o e f f i c i e n t ,  known as 
Spearman's rho, and which i s  simply r computed on t h e  ranks o f  t h e  data. 
The behavior o f  t h e  rank c o r r e l a t i o n  c o e f f i c i e n t  i s  the  same f o r  L a t i n  
Hypercube Samples as i t  i s  f o r  random samples, and i s  t h e  same f o r  a l l  
types o f  i n p u t  d i s t r i b u t i o n s .  

The ranks o f  t h e  L a t i n  Hypercube Sample o f  F igure  27 a r e  g iven i n  
column (e)  o f  F igures 23-26, and are reproduced i n  F igure  42 f o r  t h e  
reader 's  convenience. The rank c o r r e l a t i o n  m a t r i x  f o r  these ranks i s  
g iven i n  F i g u r e  43. 
c o e f f i c i e n t  i s  .6364. Note t h a t ,  as be fore ,  t h e  on ly  c o r r e l a t i o n  t h a t  
exceeds t h i s  va lue i n  abso lu te  value i s  t h e  rank c o r r e l a t i o n  between 
X 1  and X4. Some o f  t h e  o t h e r  c o r r e l a t i o n s  tend t o  be l a r g e  also,  such 
as P34 = .6121 between X3 and X4. 

The 5% c r i t i c a l  value f o r  t h e  rank c o r r e l a t i o n  

Some Undesirable E f f e c t s  o f  Spurious C o r r e l a t i o n  

These l a r g e  c o r r e l a t i o n  c o e f f i c i e n t s  t h a t  occur by chance a f t e r  a 
random permutat ion o f  the  i n p u t  v a r i a b l e s  are annoying f o r  several  
reasons. For one, t h e  independence assumption between i n p u t  v a r i a b l e s  
imp1 i es t h a t  the  popul a t i o n  c o r r e l  a t i o n s  equal zero. Since the  sample 
c o r r e l a t i o n s  a c t  as est imates o f  t h e  popu la t ion  values, i t  would be 
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des i rab le  f o r  t he  sample c o r r e l a t i o n s  t o  be c lose  t o  zero i f  possible.  
I n  t h i s  way, t he  sample i n p u t  values would be more " t y p i c a l "  o f  t h e  
populat ion,  and t h i s  should be r e f l e c t e d  i n  more confidence i n  the  out- 
p u t  being more t y p i c a l  o f  t h e  popu la t ion  output.  

A second reason f o r  wanting sma l le r  c o r r e l a t i o n  i s  t h a t  l a r g e  
c o r r e l a t i o n  tends t o  in t roduce an e f f e c t  known as mu1 t i - c o l  i n e a r i  ty, 
which i s  acceptable i f  the v a r i a b l e s  are a c t u a l l y  r e l a t e d ,  b u t  which may 
be  undesi r e a b l  e i f  t h e  va r iab les  are  a c t u a l l y  independent. For 
these reasons, a method f o r  reducing sample c o r r e l a t i o n s  o f  i n p u t  va lues 
i s  des i rab le .  
Program. 

Such a fea tu re  i s  b u i l t  i n t o  the  L a t i n  Hpercube Sampling 

Reducina t h e  SDurious C o r r e l a t i o n  

The L a t i n  Hypercube Sampling program does no t  ob ta in  a random p a i r -  
i n g  o f  t h e  i n p u t  vec tors  i n  e i t h e r  the  random sampling op t i on  o r  t h e  
L a t i n  Hypercube opt ion.  Rather, i t  p a i r s  the v a r i a b l e s  so they w i l l  
have c o r r e l a t i o n  c o e f f i c i e n t s  c l o s e r  t o  the populat ion c o r r e l a t i o n  
c o e f f i c i e n t s ,  i n  o rder  t o  reduce the undes i rab le  e f f e c t s  associated wi th  
spur ious c o r r e l a t i o n .  For t h e  f i r s t  random sample o f  s i r e  10, whose 
e.d.f. i s  g iven  i n  F igure  20(a),  t h e  i n p u t  v a r i a b l e s  were arranged so 
t h a t  t h e i r  ranks matched t h e  ranks given i n  F igu re  44. That i s ,  i n s t e a d  
o f  be ing  s a t i s i f i e d  w i t h  a random o rde r ing  such as i n  column ( e )  o f  
F igures  14-17, t h e  values are arranged so t h a t  t h e i r  o r d e r i n g  agrees 
w i t h  the order ing  i n  F igure  44. 
i n  F igu re  45. 
.2217, and t h a t  f o u r  o f  the s i x  c o r r e l a t i o n s  are  l e s s  than .l. 
c o r r e l a t i o n s  as a group tend t o  be c l o s e r  t o  t h e  zero  popu la t i on  value 
t h a t  i s  appropr ia te  f o r  independent i n p u t  va r iab les .  Note a l s o  t h a t  
t he  rank c o r r e l a t i o n s  i n  F igu re  45 depend on ly  on t h e  ranks i n  F igu re  44 ,  
and no t  i n  any way on t h e  i n p u t  d i s t r i b u t i o n s  o r  t h e  p a r t i c u l a r  i n p u t  
Val ues 

Then t h e  rank c o r r e l a t i o n s  are g iven 
Note t h a t  t h e  l a r g e s t  rank c o r r e l a t i o n  i n  F igu re  45 i s  

These 

An I 1  1 u s t r a t i  on o f  Reduci ng t h e  Cor re l  at3 on 

The same rank o r d e r i n g  given i n  F igu re  44 was used on bo th  t h e  
f i r s t  random sample and t h e  f i r s t  L a t i n  Hypercube Sample, whose e.d.f. 
i s  g iven  i n  F igu re  35(a).  To i l l u s t r a t e  how t h i s  i s  accomplished, t he  
example g i ven  i n  F igures 23-27 w i l l  be reworked so t h a t  t he  c o r r e l a t i o n  
m a t r i x  o f  t h e  i n p u t  values w i l l  be t h e  same as i n  F igu re  45. This  means 
t h a t  the ranks o f  the i n p u t  va lues need t o  agree w i t h  the columns o f  
F igu re  44. 
are  g i ven  i n  F igu re  46. 
column ( h )  and t h e  o r i g i n a l  ranks were given i n  t h e  same f i g u r e ,  column 
(e) .  The new rank o r d e r i n g  f o r  X i  i s  g iven  i n  F igure  44,  column (b) .  
Since t h e  new o r d e r i n g  has rank 8 i n  run  number 1, t h e  X 1  va lue  with 
rank 8, X 1  = 1.74, i s  now l i s t e d  f i r s t .  A l l  of t h e  values o f  X 1  a r e  
thus arranged t o  agree w i t h  t h e  new rankings, as i l l u s t r a t e d  i n  Fl'gure 46.  

For v a r i a b l e  X i  t h e  o r i g i n a l  o rde r ing  and t h e  new o rde r ing  
The o r i g i n a l  o rder ing  was g iven i n  Figure 23, 
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Figure 44. The Rank Ordering Induced on t t e  Random Sample of Size 
N = 10, Whose O u t p u t  EDF i s  Gi(en in Figure 20(a) .  
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Figure 45. The Rank Correlation Coeffic nts for the Ranks in 
Figure 44. 
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Figure 46. 
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Changing the Order o f  the Values o f  X i  t o  Reduce the 
Spurious Correlation. 
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S i m i l a r l y  t h e  values o f  X a r e  arranged!j in t h e  o rde r ing  suggested 
by t h e  ranks i n  column ( c )  o f  f i g u r e  44. Co7,umns ( d )  and ( e )  o f  F igure  
44 d e f i n e  t h e  new order ings  o f  t h e  values of;lX3 and X4. 
t h e  i n p u t  v a r i a b l e s  a r e  arranged i n  t h e  orden s p e c i f i e d  by F igu re  44, 
t h e i r  rank c o r r e l a t i o n  m a t r i x  w i l l  be t h e  same as t h e  one i n  F igu re  45. 
O f  course, t h e  ou tpu t  values Y w i l l  n o t  be t h e  same as be fo re  s ince  t h e  
combinations o f  i n p u t  values a r e  now d i f f e r e n t .  However, these new 
outpu t  values a r e  t reat 'ed t h e  same as any o the r  ou tpu t  values; e.d.f.'s 
a r e  p l o t t e d  as they  were i n  F igures  20 and 35, sample means and sample 
standard d e v i a t i o n s  a r e  computed, and so on.'/ 

When a l l  o f  

I 

S i m u l a t i n g n p u t  Var iables 
ii 

The same p r i n c i p l e  t h a t  i s  used t o  makejithe sample c o r r e l a t i o n s  
c l o s e  t o  zero i s  used b,y t h e  L a t i n  Hypercube'i/Sampling program t o  make 
t h e  sample c o r r e l a t i o n  (close t o  any t a r g e t  c o r r e l a t i o n .  That i s ,  f i r s t  
t h e  p a i r i n g s  o f  ranks a r e  found t h a t  r e s u l t  i n  a des i red  sample rank 
c o r r e l a t i o n  c o e f f i c i e n t ,  and then t h e  sampl ei/val ues a r e  arranged i n  t h e  
order  suggested by t h e  ranks. These sample c o r r e l a t i o n  c o e f f i c i e n t s  
w i l l  n o t  equal e x a c t l y  t h e i r  t a r g e t  cor re la t i ,ons ,  j u s t  as t h e  sample 
c o r r e l a t i o n s  i n  t h e  prev ious  example d i d  notliequa1 e x a c t l y  zero, bu t  
t hey  w i l l  u s u a l l y  be f a i r l y  close. 
f u rn i shes  a m a t r i x  o f  ranks t o  use f o r  t h e  oddering o f  t h e  sample values, 
and a l s o  fu rn i shes  t h e  sample c o r r e l a t i o n  m a t r i x  associated w i t h  those 
ranks. I f  t h e  sample c o r r e l a t i o n  m a t r i x  i s  u n s a t i s f a c t o r y  f o r  any 
reason, t h e  program can be used again and again t o  f u r n i s h  new rank 
order ings  u n t i l  a rank o rde r ing  w i t h  a sa t i seac to ry  sample rank c o r r e l a -  
t i o n  m a t r i x  i s  found. (See Iman and Conover, 1980). 

The L a t i n  Hypercube Sampling program 

1 
I 

I l l u s t r a t i o n  o f  C o r r e l a t i n g  Inpu t  Var iables ' 1  

:j 
Suppose t h e ' t a r g e t  c o r r e l a t i o n  m a t r i x  i s  g iven  by F igu re  47. These 

values a r e  supp l ied  t o  t h e  L a t i n  Hypercube mpl i n g  program, and a 
m a t r i x  o f  ranks t h a t  may be used i s  supp l i e  
i n  F igure  48. Note t h a t  any sample o f  s i z e  0 f o r  each o f  f o u r  i n p u t  
Val ues may be arranged .in t h e  order  suggest by F igu re  48. It does 
n o t  ma t te r  i f  a random sample i s  used, o r  i a L a t i n  Hypercube Sample 
i s  used, o r  what t ypes  c j f  i n p u t  d i s t r i b u t i o  a r e  used. When t h e  sample 
values have t h e  o rde r ing  o f  F igu re  48, t h e y  h i l l  have t h e  sample rank 
c o r r e l a t i o n  c o e f f i c i e n t s  g iven i n  F igu re  49., 

a r e  rearranged i n  t h e  order  suggested by F igu re  48. 
a r e  rearranged so t h a t  t h e i r  rank o rde r ing  i 
order, 9, 2, 4, 1, 8, 10, 3, 6, 5, 7, as  g i v  n i n  column (e )  of F igu re  23, 
t o  t h e  new order  1, 9, (3, 3, 7, 4, 2, 6, 5, 0, as given i n  column ( b )  
o f  F igu re  48. This i s  t h e  same t y p e  o f  proc dure t h a t  was i l l u s t r a t e d  
i n  F igu re  46, o n l y  t h e  new o rde r ing  i s  d i f f e  ent, s ince  now t h e  o b j e c t i v e  
i s  t o  achieve c o r r e l a t i o n s  c l o s e  t o  zero, as was formerly t h e  case. 

One such m a t r i x  i s  g iven  

' 11  

The sample values from t h e  L a t i n  Hyperc be sampl e g iven i n  F igu re  27 
F i r s t  t h e  XI values 

changed from t h e  former 

I I  

I 1  
I /  
I /  

I 
I 
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Figure 47. A Target Correlation Matrix for Four I n p u t  Variables. 
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Figure 48. Rank Orderings to Achieve Correlations Close to Those in 
Figure 47. 
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x3 .3212 .3576 

.5152 ,8545 .6606 x4 

Figure 49. Sample Rank Correlation Matrix for Ranks in Figure 48. 
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I 

After rearranging the order of the sampleilvalues ~ for X 1  through X4 
i n t o  the order suggested by the ranks given inlfigure 48, the new' 
arrangements are given i n  Figure 50. The values given i n  columns ( b )  
through (e )  of Figure 50 are ob ta ined  from column ( h )  of Figures 23 
through 26 respectively. 
Figure 48, so the sample rank correlation matrix of the da ta  g i v e n  i n  
Figure 50 i s  given by Figure 49. 

Sample, a random sample could have been used j q s t  as well. 
required i s  t h a t  the values have the same ordeqing as given in Figure 
48, and the sample rank correlation matrix will, be the one i n  Figure 49. 

The ranks in Figure 50 are the ranks i n  

I 

i Note t h a t  even though  this example happened t o  use a Latin Hypercube 
A l l  t h a t  i s  

I 

A New O u t p u t  Distribution Function ! 
' 1  

For the sake of illustration, the new comdinations of i n p u t  values 
shown i n  Figure 50 were entered i n t o  the black libox model. The o u t p u t  
values are l isted i n  column ( f )  of Figure 50. lIThese are different out-  
p u t  values than  those given in Figure 27,  because the i n p u t  values occur 
i n  different combinations t h a n  before. The e.diof. i s  therefore differ- 
ent t h a n  before. This i s  as i t  should be becaulse the p o p u l a t i o n  distri-  
b u t i o n  function b e i n g  estimated i s  different t h a n  i t  was before. That 
i s ,  the true o u t p u t  distriibution funct ion depedds on what correlations 
the i n p u t  variables have, as well as w h a t  the i h p u t  distributions are. 
The difference i n  the o u t p u t  distributions due llto the correlations 
structure, Figure 4 7 ,  being assumed rather than assuming independence 
of the i n p u t  variables is  shown by the differen/ce i n  the two curves i n  
Figure 51. 
when the inputs are correlated, and the lighter, curve i s  the one which  
results from independent i n p u t s .  
important for the i n p u t  variables t o  simulate the population correlation 
mat r ix ,  t h r o u g h  the use o f  some device s u c h  a s k h e  one b u i l t  i n t o  t h e  

How Many Runs are Needed? 

One of the main advantages of the Latin h ercube sampl i ng procedure 
i s  t h a t  the number of runs can be very small, hegardless of the number 
of variables involved. In fact, there 4s no 1 r l imit  t o  the number 
of runs ( i n p u t  vectors) ifsthe user i s  willin o-sacrifice some of 
the statistical analyses t h a t  are available w larger numbers of runs. 

To be able t o  use the correlation reduct techniques, the number 
of runs needs t o  exceed the number of var iabl  . This procedure is  more 
stable i:f the number of runs exceeds the numb of variables by approxi- 
mately 25%. This is  also a m i n i m u m  requiremen for stability i n  the 
regression procedures and partial correlation efficients described in 
the next p a r t  of this tutorial. Of course, m runs t h a n  this results 
i n  even more stability, arid for  best results, the number of runs should 
be about  two or  three times the number of variables involved i f  time 

The darker curve in Figure 51 i s  the true o u t p u t  distribution 

Because of thlis difference, i t  i s  

Lat in  Hypercube Sampl i ng program. 'I 

and money permit. ' I  
1 

I 
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P 

( a )  ( b )  
Run Input  

Number 3 ( rank)  

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

-0 -87 

2.05 

1.74 

0.33 

1.27 

0.67 

0.13 

i 1.21 

0.80 

2.77 

( C )  

x7 ( rank 1 
Input  

0.83 (2) 

3.32 (10) 

2.57 (8) 

1.36 (3) 

3.21 (9) 

2.49 (7) 

0.19 (1) 

1.96 (5) 

1.60 (4) 

2.07 (6) 

( d )  

Xs ( r a n k )  
Input  

1.11 (2) 

3.04 (9) 

2.73 (8) 

3.81 (10) 

2.44 (7) 

1.39 (3) 

2.23 (6) 

1.61 (4) 

0.26 (1) 

1.88 (5) 

( e )  
Input  
X4 ( r a n k )  

2.20 

4.43 

3.56 

3.17 

4.28 

3.35 

1.72 

2.85 

1.36 

2.70 

( f )  
output  

Y 

1.90 

12.79 

9.77 

9.23 

11.25 

7.44 

2.48 

6.03 

2.98 

6.52 

Figure  50. New Input  Values w i t h  Rank C o r r e l a t i o n  M a t r i x  Given by 
F lgure  49. 
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-3398 
-3665 

.3934 

.4207 
-4402 
.4761 
.SO44 

.5330 

.5622 
-5918 
.6219 
.6526 

.6840 

.7160 

.7824 

.8169 

-8524 
.8890 
.9269 
.9661 
1.0069 

1.0494 
1.0939 

.748a 

.1407 

.1901 

.2426 

.2988 

.3595 

.4255 

.4985 
1.5805 

1.6646 1.6747 
1.7744 1.7866 
1.9110 1.9268 
2.0969 2.1201 

.004 

.0100 

.0351 

.0602 

.0853 
-1105 

.1358 

.1611 

.1866 

.2121 

.2378 

.2637 

.2898 

.3160 

.3425 

.3692 

.3961 
-4234 
.4510 
.4789 
.SO72 

.5359 

.5651 

.5948 

.6250 
-6557 

.6871 
-7192 
-7521 
.7858 
.8204 

.8560 

.8927 

.9307 

.9701 
1.0110 

1.0537 
1.0985 
1.1455 
1.1952 
1.2481 

1.3047 
1.3658 
1.4325 
1.5063 
1.5893 

1.6849 
1.7991 
1.9431 
2.1444 

-005 

.0125 

.0376 

.0627 

.0878 

.1130 

.1383 

.1637 

.1891 

.2147 

.2404 

.2663 

.2924 
-3186 
.3451 
.3719 

.3989 
-4261 
.4538 

-5101 

.5388 

.5681 

.5978 

.6280 

.6508 

.6903 

.7225 

.7 554 
,7092 
.E239 

.E596 

.8965 

.9346 

.9741 
1.0152 

1.0581 
1.1031 
1.1503 
1.2004 
1.2536 

1.3106 
1.3722 
1.4395 
1.5141 
1.5982 

1.6954 
1.8119 

.4ai7 

1.9600 
2.1701 : 

.006 

.0150 

.0401 

.0652 

.0904 
-1156 

-1408 
-1662 
.1917 
-2173 
.2430 

-2689 
-2950 
-3213 
-34 78 
.3745 

.4016 

.4209 
-4565 
.4845 
.SI29 

.5417 
-5710 
.6008 
-6311 
.6620 

-6935 
.7257 
-7580 
.7926 
-8274 

-8633 
.9002 
,9385 
.9782 
1.0194 

1.0625 
1.1077 
1.1552 

1.2591 

1.3165 
1.3787 
1.4466 
1.5220 
1.6072 

1.7060 
1.8250 
1.9774 
2.1973 

1 2055 

.007 

.0175 

.0426 

.0677 

.0929 

.1181 

.1434 

.1687 

.1942 

.2198 

.2456 

.2715 

.2976 

.3239 

.3505 

.3772 

.4043 
-4316 
-4593 
.4874 
-5158 

.5446 
-5740 
.6038 
.6341 
.6651 

.6967 

.7290 
,7621 
.7961 
.8310 

.8669 

.9040 

.9424 

.9822 
1.0237 

1.0669 
1.1123 
-1601 
.2107 
.2646 

.3225 
-3852 
.4538 
-5301 
1.6164 

1.7169 
1.8384 
1.9954 
2.2262 
2.7470 

.008 

.020 1 

.0451 

.0702 

.0954 

.1206 

.1459 

.1713 

.1968 
-2224 
.2482 

.2741 

.3002 

.3266 

.3531 

.3799 

.4070 
-4344 
.4621 
.4902 
.5187 

.5476 

.5769 

.6068 

.6372 

.6682 

.6999 

.7323 

.7655 

.7995 
,8345 

.8705 

.9078 

.9463 
,9863 
1.0279 

1.0714 
1.1170 
1.1650 
1.2160 
1.2702 

1.3285 
1.3917 
1.4611 
1.5382 
1.6258 

1.7279 
1.8522 

.009 

.0226 

.0476 

.0728 

.0979 

.1231 

.1484 
,1738 
.1993 
.2250 
.2508 

.2767 

.3029 
,3292 
.3558 
.3826 

.4097 

.4372 

.4649 

.4930 

.5215 

.5505 

.5799 

.6098 

.6403 

.67 13 

.7031 

.7356 

.7688 

.8030 

.E381 

.E742 

.9116 

.9502 

.9904 
1.0322 

1.0758 
1.1217 
1.1700 
1.2212 
1.2759 

1.3346 
1.3984 
1.4684 
1.5464 
1.6352 

1.7392 
1.8663 

2.0141 
2.2571 

2.0335 
2.2904 

2.8782 3.0902 2.4089 2.4573 2.5121 2.5758 2.6521 
T a b l e  2 ( c o n t i n u e d )  The  C u m u l a t i v e  S t a n d a r d  Normal  D i s t r i b u t i o n  
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TUTORIAL ON THE REGRESSION PROGRAM 

The Purpose of the Course 

It introduces and discusses 
the topics of regression on one variable, rank regression on one variable, 
and then proceeds to the case of regression on several variables, using raw 
data or ranks. 
important variables. Other regression procedures known as forward regression 
and backward regression are also mentioned. At the conclusion of this tutorial 
the reader should be able to understand better the regression program described 
in "Stepwise Regression with PRESS and Rank Regression (Program Users Guide)" 
by Iman, Davenport, Frost and Shortencarier (1980). 

This is a tutorial on regression methods. 

Stepwise regression is discussed as a means of selecting 

The Need for Regression Methods 

relationship between a variable of interest Y and one or more observable 
variables, called independent variables and denoted by X i ,  Xz, etc. 
regression methods are used in a variety of ways, their primary importance 
on the study of geologic models is for identifying the input variables X i ,  
Xz, ... which are the most influential on the output variable Y. For this 
specific goal o f  identification o f  important variables, some regression 
methods are particularly useful. These include rank regression and stepwise 
regression. To lead into these topics, simple regression is introduced 
first. 

Regression methods are useful for identifying and/or defining the 

Although 

Simple Linear Regression 

able is considered. Observations (y1, xi), (y2, x?), ..., on the bivariate 
random variable ( Y ,  X )  are analyzed to see what type of relationship may 
exist between Y and X. In all but artificial situations, the exact relation- 
ship between Y and X cannot be expressed mathematically, so regression methods 
are directed toward approximating the exact relationship between Y and X 
with mathematical equations. 
line, so a straight line is the most popular equation to fit to a set o f  
points such as the observations (yi, xi), (y2, x2), ..., (Yn, Xn). 
The equation of a straight line is 

Simple regression refers to the case where only one independent vari- 

The simpliest mathematical equation is a straight 

y = a + b x  

The jnalysis using linear regression begins with finding estimates a* 
and b so that the straight line ,will agree well with the data. 
popuiar method o f  finding - a and Themost 

is called the method of least squares. 

The Method of Least Squares 

When an estimated regression equation is obtained, the observed 
values of X may be substituted into the regression equation t;o get values of 
Y which are called predicted values o f  Y and are denoted by Y. In the case 
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I 
' I  
' I  

o f  simple l i n e a r  regress ion the  p red ic ted  values are given by 

'i 

~ 

A 

where ^a and b 
f i n d i n g  - ?i ana - chooses the  numbers t h a t  minimize t h e  sum o f  squares 

r e  sample estimates. The l e a s t  squares method f o r  

I 

ss = C ( Y ' 1 -  ? ) 2  

I 
A 

Th is  method assures t h a t  t h e  p red ic ted  value's Y w i l l  be as c lose  as pos- 
s i b l e  ( i n  t h e  l e a s t  squares sense) t o  the oqserved values Y. 

1 1  

I /  

The Least Squares Equat ions:  i 
ij 

I n  t h i s  cas o f  one independent var iabl je the  l e a s t  squares solu- 
~ 

I/ 
t i o n s  f o r  - a and - are simple t o  express 

1: 

~ n 

i 
I /  
I/ 

When the re  a re  two o r  more 

I /  

and may be computed on a hand c a l c u l a t o r .  
independent va r iab les  the  c a l c u l a t i o n s  becom,e much more d i f f i c u l t  and are 
u s u a l l y  performed on a computer. 

I 

ai Example 

A simple example i s  used t o  i l l us t ra te ' i l l t he  computations i nvo l ved  i n  
the  l e a s t  squares s o l u t i o n  t o  s imple 1 inear:lregression. 
w i l l  then be used t o  in t roduce rank regressi 'on. Suppose f i v e  observat ions 
on ( Y ,  X )  are obtained as given i n  F igu re  1:: The l e a s t  squares c o e f f i c i e n t s  
a re  found us ing Equations (1 )  and (2).  

The same example 

1 1  /j 
, I *  

I!, 

6 = 199.83 - (29.0)(28.4)/5 = 35.$10 = 1.226 
-Bx-mJ 

Ilk 
189.94 - (28.4)2/5 

:I A 

a = l(29.0 - (1.226)(28.4)) = -1.$64 
5 it 

I 

I 
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A graph of the five observations and the least squares regression line 

0 = -1.164 + 1.226X 

are given in Figure 2. 

Obs. 
Pair Y X X2 XY 

1 1.4 2.3 5.29 3.22 
2 5.3 4.1 16.81 21.73 
3 4.8 5.6 31.36 26.88 
4 6.5 7.2 51.84 46.80 
5 11.0 9.2 84.64 101.20 

Total 29.0 28.4 189.94 199.83 

Figure 1. Worksheet for Finding - and - 6 Using Least Squares. 

G Residual ( Y - ? 1 2  

The linear regression model gppears to fit the points in Figure 2 
fairly well. 
regression model agrees with the data points 

The residuals ( Y  - Y )  are a measure of how well the linear 

A 

residual = Y - Y = Y - (-1.164 + 1.226X) 

This choice of coefficients, $ = -1.164 and 6 = 1.226, results in the 
smallest possible sum of squares achievable using a straight line t o  fit the 
data. In this case the minimum value is SS = 5.0803, as given in Figure 3.  

Obs. 
Pair Y X 

1 1.4 2.3 1.6558 -0.2558 .0654 

2 5.3 4.1 3.8626 1.4374 2.0661 

3 4.8 5.6 5.7016 -0.9016 .8129 

4 6.5 7.2 7.6632 -1.1632 1.3530 

5 11.0 9.2 10.1152 0.8848 .7829 
m 

Figure 3. The Residuals and Sum of Squares from Figure 2. 

Rank Regression 

For the set of data given in Figure 1 the linear regression model 
appears to be satisfactory, so no further analysis would usually be 
required. However, merely for the sake o f  illustration, rank regression 
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is used on the same se t  of  d a t a  and comparisons are made w i t h  regression on 
the raw d a t a .  

I 

Rank  regression involves simply the usual regression methods applied 

I n  case several observations i n  

t o  the ranks of the d a t a  rather t h a n  to  the d a t a  themselves. 
observation has rank 1, the second smallest has rank 2, and so on to  the 
largest  of n observations which has r a n k  n. 
a group are  a l l  exactly equal t o  each other ( t i e d ) ,  the rank assigned to  
each i s  the average of the ranks t h a t  would have been assigned to  them had 
they not been t ied.  T h i s  i s  called the average ranks method of h a n d l i n g  
t i es .  
observations on Y are ranked separately from the observations on X i ,  which 
are  i n  t u r n  ranked separately from the observations on X2, and so on. The 
ranks o f  the d a t a  i n  Figure 1 are given i n  Figure 4. 
of  the Y ' s  are obtained independently of the ranks rx  of the X's. 

The smallest 

In rank regression each variable is  ranked by i t s e l f ;  t h a t  i s ,  the 

Note t h a t  the ranks ry 

The l eas t  squares equation on the ranks i s  obtained us ing  Equations 
(1) and (2 )  just as on the original d a t a .  

Therefore the l ea s t  squares equation on the ranks i s  given by 

Obs. 
P a i r  Y X 2 r r  rY rx rx X Y  

1 '  1.4 2.3 1 - 1  1 1 
2 5.3 4.1 3 2 4 6 

4 6.5 7.2 4 4 16 16 
25 5 5 11.0 9.2 - 25 - 5 - - 

Tota l  15 15 55 54 

Figure 4. Worksheet for  Least Squares on the Ranks 



r 
Y 

5 

4 

3 .* 
1 



A graph o f  t h e  ranks o f  t h e  data, and t h e  l e a s t  squares s t r a i g h t  
l i n e  computed f o r  the  ranks i s  given i n  F igure  5. Again note t h a t  the  l i n e a r  
model f i t s  t h e  ranks f a i r l y  w e l l ,  j u s t  as t h e  l i n e a r  model f i t  the  data 
f a i r l y  w e l l  i n  F igure 2. Th is  i s  a t y p i c a l  r e l a t i o n s h i p  between rank regres- 
s ion  and o r d i n a r y  regression. I f  t h e  simple l i n e a r  regress ion model f i t s  
t h e  data w e l l ,  i t  u s u a l l y  works w e l l  on t h e  ranks also. However, rank regres- 
s ion  i s  use fu l  i n  s i t u a t i o n s  where simple l i n e a r  regress ion does n o t  work 
s a t i s f a c t o r i l y  w i t h  t h e  data. Th is  p o i n t  w i l l  be i l l u s t r a t e d  i n  a l a t e r  
example, b u t  f i r s t  t h e  r e s i d u a l s  from t h e  rank regress ion procedure w i l l  be 
computed. 

Conver t ing Pred ic ted  Ranks t o  Pred ic ted  Values 

o f  r e s i d u a l  i s  the  d i f f e r e n c e  between the  pred ic ted  ranks o f  Y and the  actual  
rank o f  Y, which i s  obtained i n  t h e  same way ? was obtained i n  o r d i n a r y  
regress ion,  as i n  F igure  2, b u t  us ing ranks ry and rx instead o f  Y and X, 
and us ina t h e  eauat ion f o r  ranks Equation ( 5 )  ins tead o f  the  l e a s t  squares 

There are two types o f  r e s i d u a l s  from rank regression. One type 

l i n e  f o r - t h e  data. These are c a l l e d  rank r e s i d u a l s  and are n o t  use fu l  because 
they  convey no in fo rmat ion  on how w e l l  t h e  data are being f i t t e d ,  o n l y  i n f o r -  
mat ion on how w e l l  t h e  ranks are  being f i t t e d .  

To see how w e l l  t h e  data a re  being f i t t e d ,  t h e  pred ic ted  rank r^ o f  
each observat ion Y i s  obta ined from,Equation, (5).  

ranks are  converted t o  p red ic ted  values Y o f  Y by comparing t h e  pred ic ted  
ranks w i t h  t h e  ac tua l  ranks of the  f i v e  observat ions on Y ,  and o b t a i n i n g  
p r e d i c t e d  values o f  Y on t h e  b a s i s  o f  t h i s  comparison, us ing i n t e r p o l a t i o n  
i f  necessary. 

These pred ic red  

Obs. 
P a i r  

1 

2 

3 

4 

5 

Tota l  

A 

r Y rX Y r 

1 1 1.2 

3 2 2.1 

2 3 3.0 

4 4 3.9 

5 5 4.8 

A 

Y Y Residual (Y-;)2 

2.08 1.4 .68 .4624 

4.85 5.3 -.45 .2025 

5.30 4.8 .50 .2500 

6.38 6.5 -.12 ,0144 

10.10 11.0 -.go .8100 

SS = 1.7393 

F i g u r e  6. Worksheet f o r  F ind ing  Residuals from Rank Regression 
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A 

For example, t o  f i n d  the Y corresponding t o  the  f i r s t  p a i r  o f  obser- 
va t i ons  (y1, x i )  = (1.4, 2.3), en te r  the  rank of x i ,  rx = 1, i n t o  Equation 
( 5 )  t o  ge t  the  pred ic ted  rank o f  y1; 

A 

ry = .3 + .9 rx 

= . 3  + (.9)(1) 

= 1.2 

The p red ic ted  Y corresponding t o  a p red ic ted  rank 1.2 i s  found by i n t e r -  
p o l a t i n g  between the  actual  observed Y w i t h  rank 1, Y = 1.4, and the  ac tua l  
observed Y w i t h  rank 2, Y = 4.8; 

A 

Y = 1.4 + 1.2 - 1.0 (4.8 - 1.4) = 2.08 
2.0 - 1.0 

A 

This  p red ic ted  value Y = 2.08 i s  compared w i t h  the  observed value i n  the  
f i r s t  p a i r  Y = 1.4 t o  ge t  t he  res idua l  0.68. 
i n c l u d i n g  the  r e s i d u a l s  and the  sum o f  squares i s  g iven i n  F igure  6. 

A summary o f  t he  ca l cu la t i ons ,  

The Residuals Sum o f  Squares (SS)  

Note t h a t  the  r e s i d u a l s  i n  F igure  6 tend t o  be smal ler  than the  
r e s i d u a l s  found from the  l e a s t  squares f i t  t o  the  o r i g i n a l  data, g iven i n  
F igu re  3. The sum o f  squares f rom F igure  6 

SS = 1.7393 (Rank Regression) 

i s  much smal ler  than the  sum o f  squares f rom F igure  3. 

SS = 5.0803 (Regression on Data) 

The r e s i d u a l s  sum o f  squares f rom F igu re  3 i s  the  smal lest  t h a t  can be 
obta ined from a s t r a i g h t  l i n e  f i t t o  the  data. 
g i ve  a s t r a i g h t  l i n e  f i t t o  the  data. 
rank regress ion  p r e d i c t i o n s  i s  g iven i n  F igu re  7. 
s ion  equat ion adapts i t s e l f  t o  the  p o i n t s  observed, b u t  i s  s t e a d i l y  inc reas ing  
as x increases. 
decreasing, and the re fo re  work very  w e l l  w i t h  data t h a t  tend t o  show a monoto- 
n i c  r e l a t i o n s h i p ,  even though the  r e l a t i o n s h i p  may be nonl inear .  

But  rank regress ion  does n o t  
To show t h i s ,  a graph o f  a l l  poss ib le  

Rank regress ion  equat ions are  monotonica l ly  inc reas ing  o r  

Note t h a t  the  rank regres- 
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Exercise 1 

Use t h e  f o l l o w i n g  steps t o  f i n d  
the  second p a i r  o f  observat ions 
F i g u r e  6 from rank. regress ion.  

F i n d  t h e  rank o f  x2 = 4.1. 1. 

2. S u b s t i t u t e  the rank o f  x2 i n t o  
f o r  y2. Compare w i t h  t h e  value 

3. F ind  the  two observed values o f  
and j u s t  below) t h e  pred ic ted  r 

4. I n t e r p o l a t e  between t h e  two obs 
ge t  a p red ic ted  value f o r  y2. t h  

Th is  predi l  d = 4.85 from F igure  6. 
o r  y2 from step 2. 

The F l e x i b i l i t y  o f  Rank Regrlession f 

The a b i l i t y  o f  t h e  rank regress 
which e x h i b i t  a nonl inear ,  b u t  monotl 
c a l l y  i n  F igure  9. I n  F igure  8 n i n e  
y = ex, w i t h  no e r r o r  o f  measurement 
a good regress ion technique should wi 

Here t h e  c o n d i t i o n s  f o r  rank regress 
between X and Y i s  monotonic. Becau 
X and Y, t h e  ranks o f  X show an exac 
o f  Y. That i s ,  t h e  smal lest  X i s  pa 
X i s  pa i red  w i t h  rank 1 f o r  Y. 
second smal lest  Y so rank 2 f o r  X i s  
f o r  a l l  o f  t h e  ranks. The ranks f o r  
F igure  10. Th is  r e s u l t s  i n  a rank ri 
c o n s i s t s  o f  a s e r i e s  o f  l i n e  segment 
f i t  i s  exce l len t .  The l e a s t  squares 
tize the limitations of that method. 

The 

An Example w i t h  Real Data 

The f i r s t  two examples bo th  invc 
example serves merely t o  in t roduce tl 
s ion  and rank regression. The seconc 
t i o n s h i p  between X and Y, and shows 
t o  data o f  t h i s  type. A t h i r d  examp 
r e a l  data, where t h e  independent var  
obtained us ing a r e l a t i v e l y  inexpens 
v a r i a b l e  Y represents  corresponding I 
e x t r a c t i o n  and weighing technique. ' 

sample was thoroughly  mixed j u s t  befc 
met hods. 

Th is  s e t  o f  data i s  presented ai 
Wood (1971). Other authors have usee 
regress ion  methods, so t h i s  (set o f  d, 

I I 
! 

t i  
I '  A 

t h e  pred ic ted  value Y = 4.85, f o r  
(y2, x2) = (5.3, 4.1), a s  given i n  
See F igure  4 , r fo r  the  o r i g i n a l  data. 

t i  

'I 
quat ion ( 5 )  t o  ge t  a p red ic ted  rank 
from F igure  6. 

Y whose ranks s t r a d d l e  ( j u s t  above 
nk f o r  y2. 

rved values fo r  Y from step 3, t o  
t corresponds t o  the  pred ic ted  rank 
t e d  value should match t h e  value 

l l  

I 

!I 

added. 
r k  w e l l  i f  t h e  c o n d i t i o n s  are  idea l .  
on are i d e a l i  s ince t h e  r e l a t i o n s h i p  
e o f  t h i s  monotonic r e l a t i o n s h i p  between 
l y  l i n e a r  r e j l a t i o n s h i p  w i t h  t h e  ranks 
red  w i t h  thelbsmallest Y, so rank 1 f o r  
econd smal lest  X i s  p a i r e d  w i t h  the 
p l o t t e d  against '  rank 2 f o r  Y, and so on 
t h e  data i n  F igure  8 are  graphed i n  
gress ion equat ion i n  F igure  9 which 

s t r a i g h t  l i n e  i s  shown also,  t o  drama- 

The qas ic  premise here i s  t h a t  

connect ng t h e  observed points .  The 

1 data. The f i r s t  
o f  simp1 e 1 i n e a r  regres-  

s t r a t e s  a monotonic r e l a -  
rank regress ion t o  adapt 
presented. It invo lves  

able X represents  chemical measurements 
ve t i t rat ionl l 'method, and t h e  dependent 
easurements ,obtained b y  a more expe,nsive 
rJenty samplqs were obtained, and each 

t and analyzed I ,  by both  

I! 
d thorough1y;janalyzed b y  Danie 
these data ';n t h e i r  papers on 

t a  i s  now a c l a s s i c a l  standard 
:! 

and 
new 
on wh ch 
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X: -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 

Y . = e .  x. .14 .22  . 3 7  -61 1.00 1.65 2.72 4.48 7.39 

Figure 8.  Nine Values from the  F u n c t i o n  Y = ex .  

i 
. . ,  

0 
I 

I 
I 
I 

I 
I 

I 
I 

y = 2.063 + 1.584~ 

\ 

0 
I 

I 
I 
I 

I 
I 

I 
I 

y = 2.063 + 

e-.’- /@a’ 
4-0 - 

1 / I  I I 

-2 -1 0 1 2 
I 

I 
I 1 

Figure 9 .  R a n k  Regression Curve a n d  the  
Least Square Line f o r  9 Points 
from the  Relat ionship Y = ex. 
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new regress ion methods are tested. 
t h a t  they f o l l o w  a l i n e a r  r e l a t i o n s h i p  very c l o s e l y ,  w i t h  a c o r r e l a t i o n  
c o e f f i c i e n t  o f  .997. 
have a smal ler  c o r r e l a t i o n ,  a re  somewhat non l inear  i n  appearance, and conta in  
occasional o u t l i e r s  which cannot be discarded because they represent  l e g i t i -  
mate measurements. 
data, w i t h  n o n l i n e a r i t i e s  and o u t l i e r s ,  than t o  t h i s  type o f  data which i s  
adequately expla ined by o r d i n a r y  l i n e a r  regression. But merely f o r  the  sake 
o f  i l l u s t r a t i o n ,  rank regress ion  i s  app l ied  t o  t h i s  s e t  o f  data and the  
r e s u l t s  a r e  compared w i t h  the  f i t  from o r d i n a r y  regression. 
t h e  r e s i d u a l s  a re  given i n  F igure  11. 

The data are somewhat u n r e a l i s t i c  i n  

Most b i v a r i a t e  data sets  encountered i n  app l ied  work 

Rank regress ion i s  more s u i t e d  t o  the messy types o f  

The data and 

17 
I 1 8 

Obs. 
No. 

1 
2 

3 
4 

5 
6 

7 
8 

9 
10 

11 
12 

13 
14 

15 
16 

I9 
20 

Least  Sauares 

Y 

76 
70 

55 
71 

55 
48 

50 
66 

41 
43 

82 
68 

88 
58 

64 
88 

89 
88 

84 
88 

- X 

123 
109 

62 
104 

57 
37 

44 
100 

16 
28 

138 
105 

159 
75 

88 
164 

169 
167 

149 
167 

- 
h 

Y 

75.02 
70.51 

55.40 
68.91 

53.79 
47.36 

49.61 
67.62 

40.60 
44.46 

79.84 
69.23 

86.59 
59.58 

63.76 
88.20 

89.81 
89.17 

83.38 
89.17 

Residual 

.98 
- a 5 1  

- .40 
2.09 

1.21 
.64 

.39 
-1.62 

.40 - 
-1 a46 

2.16 
-1.23 

1.41 
-1 58 

.24 
- .20 

- -81 
-1 17 

.62 
-1 17 

SS = 27.23 

Rank Regression 
A 

Y 

75.85 
70.98 

56.11 
68.01 

55.00 
48.18 

50.26 
66.04 

41.23 
43.51 

81.75 
69.99 

85.49 
58.25 

64.06 
88.00 

88.95 
88.00 

83.89 
88.00 

Residual 

.15 
- -98 
-1.11 

2.99 

0.00 - -18 
- -26 
- -04 
- .23 
- -51 
.25 

-1.99 

2.51 
- e 2 5  

- .06 
0.00 

.05 
0.00 

.ll 
0.00 

SS = 21.94 

Figure  11. A Comparison o f  Least Squares L i n e a r  Regression on the  Data w i t h  
Regression on the  Ranks, Using Data from Daniel  and Wood (1971). 
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'1 
I/ 

Comparing Rank Regression With Ord inary Regression 

from t h e  rank regress ion are smal ler  than t h e  r e s i d u a l s  from o r d i n a r y  
regress ion f o r  15 o u t  o f  the  20 points .  
i s  o n l y  21.94 f o r  rank regression, compared w i t h  q7.23 f o r  o r d i n a r y  l i n e a r  
regression. The p o i n t  t o  be made w i t h  t h i s  examplie i s  t h t  rank regress ion 
works w e l l  even w i t h  data t h a t  f o l l o w  a c l o s e  l i n e a r  pat tern.  

The ana lys is  o f  t h e  data i n  F igure  11 was peTformed us ing t h e  regres-  
s ion  program descr ibed i n  Iman e t  a1 (1980). 
r e s u l t s  and the  r e s u l t s  repor ted  i n  Iman and Conoter (1979) i s  due t o  a 
d i f f e r e n c e  i n  t h e  method o f  handl ing t i e s .  0 

Mu1 t i p l e  Regression 

A comparison o f  t h e  r e s i d u a l s  i n  F igure  11 shLows t h a t  t h e  res idua s 
i near  

The sum o f  squares o f  t h e  r e s  duals  

11 
Thel ls l ight  d i f f e r e n c e  i n  these 

I 

The regress ion  examples w i t h  one are use fu l  
and rank regres- f o r  i l l u s t r a t i n g  t h e  p r i n c i p l e s  behind 

sion. When t h e  number o f  independent more these same 
p r i n c i p l e s  app ly  b u t  they  become very  d i f f i c u l t  t o  i l l u s t r a t e .  
independent v a r i a b l e s  the  l e a s t  squares method on./ the data i s  used t o  f i t  a 
plane t o  data i n  the  th ree  dimensional space spanned by Y, X i  and X2. The 
rank regress ion method uses t h e  l e a s t  squares method t o  f i t  a plane t o  t h e  
ranks o f  t h e  data, i n  t h e  th ree  dimensional spacel!spanned by t h e  ranks o f  Y, 
t h e  ranks o f  X i ,  and t h e  ranks o f  X2. 
t o  t h e  t h r e e  dimensional space -spanned by Y, X i  and X2, t h e  r e s u l t  i s  a 
s e r i e s  o f  connected m i n i  planes t h a t  adapt t o  the'lldata, i n  a monotonic manner, 
j u s t  as  t h e  s e r i e s  o f  l i n e  segments adapted t o  the data i n  the  case o f  one 
independent var iab le.  
v a r i a b l e s  i s  simple i n  concept, b u t  impossible t o / [ v i s u a l  i z e  because t h e  
d iscuss ion  invo lves  hyperplanes i n  many dimensional space. 

An Example o f  M u l t i p l e  Regression - 
An example i s  now presented which i l l u s t r a t e  the  r e s u l t s  o f  o r d i n a r y  

m u l t i p l e  regress ion and m u l t i p l e  regress ion on t h  
F i g u r e  12 are from Brownlee (1965), and have become somewhat o f  a standard 
s e t  o f  data f o r  use i n  comparing new regress ion  methods w i t h  o l d  methods. 
They f o l l o w  a 1 inear  regress ion p a t t e r n  c l o s e l y ,  ,w i th  R2 = .914.' The measure 
o f  f i t  f o r  a regress ion model i s  u s u a l l y  R2, whi 

means t h a t  91.4% o f  the  v a r i a t i o n  i n  Y i s  expla ined by regress ion on t h  
v a r i a b l e s  X1, . This  f i g u r e  i s  much c e r  t o  100% than the  R 
values ered i n  appl i e d  work. 

days of opera t ion  o f  

With two 

When t h i s  plane i s  t r a n s l a t e d  back 

The extens ion t o  i n c l u d e  more than two independent 

j /  

ranks. The data given i n  

s t a t e s  t h e  pro o r t i o n  o f  
v a r i a b i l i t y  o f  Y t h a t  i s  expla ined by t h e  regres  on model. An R B o f  -914 

5 

The data i n  F igure  12 represent  21 success 
a p l a n t  o x i d i z i n g  ammonia t o  n i t r i c  acid. 
f o l  1 ows: 

Y = 10 t imes t h e  percentage o f  t h e  ingo ing  a n i a  t h a t  i s  lost as 

The i a b l e s  i n  F igure  12 are  as 

unabsorbed n i t r i c  oxides; i t  i s  an i n d i r e c t  measure o f  the  y i e l d  o f  
n i t r i c  acid. 

the  f l o w  o f  a i r  t o  the  p l a n t  

;/ % 

i/ 
X 1  = 
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Obs. 
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

Y 

42 

37 

37 

28 

18 

18 

19 

20 

15 

14 

14 

13 

11 

12 

8 

7 

8 

8 

9 

15 

15 

X 1  

80 

80 

75 

62 

62 

62 

62 

62 

58 

58 

58 

58 

58 

58 

50 

50 

50 

50 

50 

56 

70 

x2 

27 

27 

25 

24 

22 

23 

24 

24 

23 

18 

18 

17 

18 

19 

18 

18 

19 

19 

20 

20 

20 

x3 

89 

88 

90 

87 

87 

87 

93 

93 

87 

80 

89 

88 

82 

93 

89 

86 

72 

79 

80 

82 

91 

Figure 12. Mu1 tivariate Data From Brownlee (1965). 
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Obs. 
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

Y 

42 

37 

37 

28 

18 

18 

19 

20 

15 

14 

14 

13 

11 

12 

8 

7 

8 

8 

9 

15 

15 

- 

Least; Squares 
A 

Y Residual 

38.77 3.23 

38.92 -1.92 

32.44 4.56 

22.30 5.70 

19.71 -1.71 

21.01 -3.01 

21.39 -2 39 

21.39 -1.39 

18.14 -3 14 

12.73. 1.27 

11.36 2.64 

10.22 2.78 

12.43 -1.43 

12.05 -0.05 

5.64 I . 2.36 

6.09 .91 
. ,  

-1.52 
! 

9.52 

ij 
I 
I 

I A  

j Y  Residual 

0.36 it 

/ I  

141.64 
'1 
"41.83 -4 83 

0.00 I '  !,3 7 . 00 
4 
I 

:I1 9 . 0 1 8.99 

8.00 0.00 

118.36 -0 36 
t i  

1 

I '  

0.15 

1.15 

15.00 0.00 

$2.47. 1.53 

2.21 1.79 

'11.11 1.89 

I /  

I 

I/ 

113.43 
$1 

z12.43 -1 -43 

-1 -43 
'i 

/ 8.00 0.00 

!/ 8.00 ' :  -1.00 

8.46 , -0.46 

9.60 I -0.60 

13.59 , 1.41 

22.24 -7.24 

SS = 178.83 

, j /  8.86 -0.86 

$0.70 -1.70 
il 

:I. 
O!' 

''S 2 .80 2.20 

-3.66 
4 
;t' 'i18.66 

I 
' 1  SS = 142.63 

Figure 13. Predicted Values and Residuals Using Least, Squares Regression 
and Rank  Regression, on the Data from F5gure 12, Using the Varia- 
bles XI, X2 and X3. -81- 



X2 = 

X3 = 

Ord inary M u l t i p l e  Regression I l l u s t r a t e d  

The temperature o f  the  c o o l i n g  water e n t e r i n g  the  countercurrent  
n i t r i c  ox ide absorp t ion  tower 

t h e  c-oncentrat ion o f  n i t r i c  a c i d  i n  the  absorbing l i q u i d  

The model used t o  f i t  the  data i s  

The method o f  l e a s t  squares i s  used t o  f i n d  the  values o f  Bo, 61, B2 
and 63 t h a t  minimize the  res idua l  sum o f  squares. The equat ions f o r  
f i n d i n g  the  l e a s t  squares c o e f f i c i e n t s  a re  very  complex and are n o t  pre- 
sented. 
p r i n t o u t ,  and are given i n  Equat ion (7 ) .  

The ac tua l  values f o r  t he  c o e f f i c i e n t s  appear as p a r t  o f  t he  computer 

I n  o rder  t o  evaluate the  goodness o f  f i t  o f  t h i s  model, values f o r  X i r .  
X2 and X3 are  s u b s t i t u t e d  i n t o  Equat ion (7 )  t o  ge t  a p red ic ted  value Y 
f o r  Y. 
27 and X3 = 89. These are  s u b s t i t u t e d  i n t o  Equation (7 )  as fo l lows,  

For example, i n  observat ion number 1 i n  F igure  12, X i  = 80, X2 = 

A 

Y = -39.92 + (.7156)(80) + (1.2953)(27) - (.1521)(89) = 38.76 

t o  ge t  38.76 as the  p red ic ted  value f o r  Y. 
observed value f o r  Y, 42,vgiven i n  F igure  12. The res idua l  (42 - 38.76) = 
3.24 agrees w i th  the  value g iven i n  F igure  13, except f o r  d i f f e r e n c e s  caused 
b y  rounding o f f  the  c o e f f i c i e n t s  i n  Equat ion (7 ) .  The sum o f  squares o f  
r e s i d u a l s  i s  a me'asure of t h e  goodness o f  f i t  o f  t he  model. I n  t h i s  case i t  
i s  g iven by  

Th is  i s  compared w i th  the  

ss = C ( Y  - P ) 2  

= 178.83 

as shown i n  F igu re  13. Th is  i s  the  smal lest  value o f  SS poss ib le  us ing  
the  model g iven by  Equat ion (6). 

Exerc ise 2 

observat ion number 2, i n t o  Equation f 7 )  t o  v e r i f y  t h a t  the pred ic ted  value 
i n  F igure  13 i s  indeed cor rec t .  

S u b s t i t u t e  the values fo r  X i ,  X and X3, given i n  F igure  12 under 

-82- 



a '  Rank Mu1 t i p l e  Regression I l l u s t r a t e d  

I f  t h e  model i n  Equation (6 )  i s  usedeon the Ranks ins tead o f  t h e  
data i t  becomes 

where r represents  the ' ranks  o f  the  observat ions on Y, rx, represents  

examples given e a r l i e r .  
F igure  14. 
f i c i e n t s  Bo through 83, which appear as p a r t  o f  the  computer output.  
For  the  data i n  F igure  12 the  c o e f f i c i e n t s  a re  I 

t h e  r a n  31 s o f  t h e  observat ions on X i ,  and so on, j u s t  as i n  the  s impler  
The ranks f o r  the  data i n ' f i g u r e  13 are g iven i n  

The l e a s t  squaresrmethod i s  used t o  f i v d  t h e  values o f  t h e  coef-  

ry = -0.31 + .6650r,K + .3859rx - .0226rx (9 )  
1 2 3 

i 

The pred ic ted  r a n k  f o r  each,obse'rvation i s  obtained by s u b s t i t u t i n g  t h e  
respec t ive  ranks o f  t h e  indepibdent v a r i a b l e s  i n t o  Equation (9). As an 
example t h e  ranks o f  X i ,  X2 and X3 f o r  observat ion number 1 are g iven i n  
F i g u r e  14 as rx, = 20.5, rxp :=;*-20.5 and rx3 = 15  respec t ive ly .  
a re  s u b s t i t u t e d  i n t o  Equation (9 )  t o  g e t  

These 

A 

ry = -0.31 + (.6650)(20.5) + (.3859)(20.5) - (.0226)(15) 
l 

= 20.89 
r 

i n  agreement w i t h  t h e  number-g;iven i; Figure  14 f o r  observat ion number 
1. To conver t  t h i s  p red ic ted  rank, ry = 20.89, t o  a p red ic ted  value f o r  Y 
the  two values o f  Y whose ranks s t radd le  20.89 a r  found from F igu re  14. 
These are  Y = 42, whose rank i s  21, and Y = 37, w se rank i s  19.5. In te rpo-  
l a t i o n  g ives  t h e  pred ic ted  value o f  Y, i 

(" 

L 

~ I 

I1 ' .  6 

A 

20.89 - 19.5 (42 - 37) Y = 3 7 +  
21 - 1 9 3  

= 41.63 

which agrees w i t h  the  value from Figure.13, excep 
b y  us ing  rounded-off values ,o. t h e  c o e f f i c i e n t s  i n  Equation (9).  

Exerc ise 3 

t h e  ranks from F igure  14 i n t o  Eq t i o n  (9). 
p red ic ted  rank given i n  F i g u r e ' l  

fo r  d i f ferences caused 

1 
. .  .. a 

Obtain t h e  pred ic ted  ranlk i n  observat ion nu r 4 by s u b s t i t u t i n g  
See if t h i s  agrees w i t h  t h e  
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Exerc ise 4 

Use the  pred ic ted  ,rank f o r  observat ion number 4 from F igure  14 
t o  o b t a i n  a p red ic ted  value f o r  Y. 
i n  F igu re  13. 

See i f  t h i s  agrees w i t h  the  number given 

Comparing Ord inary Regression and Rank Regression 

A measure o f  the  goodness o f  f i t  o f  ths rank regress ion  model i s  
obta ined by  comparing each pred ic ted  value Y w i t h  ' t h e  corresponding observed 
value Y. The sum of squares o f  t he  r e s i d u a l s  i s  

A 

S S  = C ( Y  - Y)2  

= 142.63 

which i s  l e s s  than the  value 178.83 obta ined us ing  o rd ina ry  regression. 
Al though o r d i n a r y  regress ion  f i n d s  the  bes t  f i t t i n g  hyperplane, rank regres-  
s ion  i s  n o t  r e s t r i c t e d  t o  work ing w i t h  a s i n g l e  hyperplane. A c t u a l l y  a 
se r ies  o f  connected hyperplanes i s  obta ined us ing  rank regression, so t he  
model can a d j u s t  t o  the  data w i t h  some degree o f  f l e x i b i l i t y ,  w i t h i n  the  
c o n s t r a i n t  o f  be ing monotone i n  each o f  i t s  var iab les .  Any disagreement 
between the  r e s i d u a l s  i n  F igure  13 and t h e  r e s i d u a l s  repor ted  i n  Iman and 
Conover (1979) i s  due t o  a d i f f e r e n c e  i n  the  method o f  hand l ing  t i e s .  

S e n s i t i v i t y  Ana lys is  

.. I t  i s  apparent from the  r e l a t i v e  s i z e  o f  the  c o e f f i c i e n t s  i n  Equations 

For  example, X i  ranges f rom 50 t o  80, 
( 7 )  and (9) t h a t  t he  ou tpu t  i s  more s e n s i t i v e  t o  changes i n  some independent 
va r iab les  than t o  changes i n  others.  
a change o f  30 un i t s .  The c o e f f i c i e n t  o f  X i  i n  Equation (7) i s  .7156, so 
the  maximum change i n  Y due t o  changes i n  X i  i s  (30)(.7156) = 21.5 un i t s .  
On t h e  o the r  hand X3 ranges from 72 t o  93, a d is tance o f  21 u n i t s ,  and has 
a c o e f f i c i e n t  o f  -.1521 i n  Equat ion (7). 
changes i n  X3 i s  o n l y  3.2 u n i t s ,  l e s s  than one-s ix th  o f  t he  t o t a l  i n f l uence  
o f  X i .  The s i t u a t i o n  i s  f u r t h e r  compl icated by t h e  f a c t  t h a t  X i  and X3 
have a p o s i t i v e  c o r r e l a t i o n  c o e f f i c i e n t  o f  r 1 3  = .500. 
i f  X3 were dropped from the  regress ion  model, t h e  c o e f f i c i e n t  o f  X i  m igh t  
increase somewhat t o  account f o r  some o f  t he  v a r i a b i l i t y  i n  Y t h a t  was fo rmer l y  
accounted f o r  by  X3. Thus X3 might n o t  be making a s i g n i f i c a n t  con 
i n  the  model, and perhaps should be omit ted.  S t a t i s t i c a l  t e s t s  a re  

The maximum change i n  Y due t o  

This  suggests t h a t  

f o r  a i d i n g  i n  the  dec i s ion  o f  whether o r  n o t  t o  omi t  va r iab les  f rom 
model. 

A s i m i l a r  l i n e  o f  reasoninq ma.y be used on the  l e a s t  sauares f 

r i b u t  ion 
a v a i l  ab1 e 
the  

t 
t o  t h e  ranks, o n l y  here the  ana iys i s  i s  s imp ler  because a l l  ' o f  t h e  ranks 
have approx imate ly  the  same range. Only the  c o e f f i c i e n t s  i n  Equat ion (9) 
need t o  be examined. 
the  s i z e  o f  t he  c o e f f i c i e n t  o f  rx,, -6650, again suggesting t h a t  t he  rank 
o f  Y i s  much l e s s  s e n s i t i v e  t o  changes i n  the  rank o f  X3 than t o  changes i n  
the  rank o f  XI. 

The c o e f f i c i e n t  of  rx3 -.0226 i s  about o n e - t h i r t i e t h  
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Obs. h 

rY rY No. x1 r x  
1 

x2 r x  
2 

x3 r x  
3 

1 42 21 20.89' 80 20.5 27 20.5 89 15 

2 37 19.5 20.95 80 20.5 27 20.5 88 12.5 

3 37 19.5 19.27 75 19 25 19 90 17 

4 28 18 16.01 62 15 24 17 87 9.5 

5 18 14.5 14.47 62 15 22 13 87 9.5 

6 18 14.5 15.04 62 15 23 14.5 87 9.5 

7 19 16 15.'77 62 15 24 17 93 20 

8 20 17 15.77 62 15 24 17 93 20 

9 15 12 11.39 I 58 9.5 23 14.5 87 9.5 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

14 9.5 7.47 

14 9.5 7.21 1 

13 8 6.11 

11 6 7.43 

58 9.5 80 

89 

88 

82 

83 

89 

86 

72 

79 

80 

82 

91 

3.5 

15 

12.5 

5.5 

20 

15 

7 

1 

2 

3.5 

5.5 

18 

18 4 

58 9.5 18 4 

58 9.5 I 17 1 

58 9.5 18 4 

12 7 

8 3  

7 1  

8 3  

8.64 

2.89., 

58 9.5 

50 3 

! 19 8 

, 18 4 

3.07 18 4 50 3 

4.75 1 ,  
l 

I 1-9 8 

' $ 1 9  8 

t '  20 11 
1: 
! 

50 3 

50 3 8 3  

9 5  

4.73 ! 
~ 

50 3 5.85, j 

7.80 

I 

15 12 56 6 i 20 11 

' 20 11 
I 

15.50 I 
! 

15 12 70 18 I 

F igu re  14. The Ranks o f  t he  Data i n  F igu re  13 and the Predic ted Ranks from 
Equation (9). 

c .  



On Decidina What Var iab les t o  Inc lude  i n  t h e  Model 

The i n c l u s i o n  o f  many v a r i a b l e s  i n  t h e  regress ion  model may r e s u l t  
i n  " o v e r f i t t i n g "  t h e  data. That i s ,  the  e f f e c t  o f  having many v a r i a b l e s  i s  
t o  f o r c e  the  regress ion  sur face  i n t o  w i l d l y  e r r a t i c  pa t te rns  j u s t  so i t  w i l l  
pass c l o s e r  t o  the  observed p o i n t s  and have smal le r  res idua ls .  Some system- 
a t i c  method i s  needed t o  a s s i s t  i n  dec id ing  whether va r iab les  should be 
inc luded o r  excluded from the  analysis.  With such a t o o l  t o  a i d  i n  the  
d e c i s i o n  making, one may consider o the r  v a r i a b l e s  r e l a t e d  t o  X i ,  X2 and 
X3, such as X1 
a re  more use fu l  than t e simple ones t h a t  have been considered so fa r .  
Three o f  these dec i s ion -ass i s t i ng  t o o l s  w i l l  be introduced and compared. 
But  f i r s t  t he  concept o f  p a r t i a l  c o r r e l a t i o n  needs t o  be explained. 

, because i t  i s  poss ib le  t h a t  these o the r  v a r i a b l e s  
Or x1x2 

S imp1 e Cor re l  a t  i o n  

The s t reng th  o f  a s imple l i n e a r  r e l a t i o n s h i p  between two va r iab les  
i n  u s u a l l y  measured w i t h  r, c a l l e d  Pearson's product moment c o r r e l a t i o n  
c o e f f i c i e n t ,  o r  simply, t h e  c o r r e l a t i o n  c o e f f i c i e n t  f o r  short .  
r e l a t i o n  c o e f f i c i e n t  between X and Y i s  g iven  by 

The co r -  

r =  
d Z ( X i  - - 2  X )  C(Yi - a)* 

- f o r  pa i red  observat ions observat ions (X i ,  V i ) ,  ..., (Xn, Yn), where x and 
Y a re  the  sample means. The s t a t i s t i c  r may be used t o  t e s t  the  hypothesis 
o f  no c o r r e l a t i o n ,  b u t  o n l y  i f  the  v a r i a b l e s  have a p a r t i c u l a r  d i s t r i b u t i o n  
c a l l e d  b i v a r i > a t e  normal d i s t r i b u t i o n .  T h i s  c o n d i t i o n  i s  o f t e n  assumed, b u t  
r a r e l y  met, i n  p rac t i ce .  

When more than two v a r i a b l e s  are  i nvo l ved  subsc r ip t s  a re  used t o  
show which two va r iab les  a re  be ing  co r re la ted .  
c o r r e l a t i o n  between X i  and X2, 

Thus r 1 2  r e f e r s  t o  t h e  

r12  = 

w h i l e  ryi r e f e r s  t o  the  c o r r e l a t i o n  between'y and X i .  

Rank C o r r e l a t i o n  

The s t reng th  o f  a monotonic r e l a t i o n s h i p  between two var iab les ,  as 
opposed t o  a l i n e a r  r e l a t i o n s h i p ,  i s  u s u a l l y  measured us ing  r, b u t  computed 
on t h e  ranks o f  t h e  v a r i a b l e s  ins tead o f  t h e  va r iab les  themselves. It i s  
customary t o  use e i t h e r  rs  o r  p ( rho)  t o  denote the  rank c o r r e l a t i o n  c o e f f i -  
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c i e n t ,  sometimes c a l l e d  Spearman's rho. We w i l l  t r y  t o  minimize problems 
w i t h  subsc r ip t s  by  us ing  p ,  such as p i 2  

t o  denote the  c o r r e l a t i o n  between the  ranks rx 
o f  X2. A l l  o f  t he  c a l c u l a t i o n s  and in te rp re ta t : i on  o f  r e s u l t s  us ing  the  
c o r r e l a t i o n  on the  data may be app l ied  t o  the  ranks o f  the  data as w e l l .  
The regress ion  program descr ibed by  Iman, b t  a1 (1980) handles a l l  o f  the  
c a l c u l a t i o n s  on the  data o r  the  ranks o f  he daita, the  c a l c u l a t i o n s  j u s t  

be used t o  t e s t  the  hypothes is  o f  independence,'without r e q u i r i n g  any 
d i s t r i b u t i o n a l  assumptions. Special  t ab les  may be found i n  Conover (1980). 

o f  X i  and the  ranks rx 

descr ibed and the  c a l c u l a t i o n s  i n  the  f o l l o w i n g  4 pages. Spearman's rho  may 

P a r t i a l  C o r r e l a t i o n  

Sometimes the  apparent c o r r e l a t i o n  between two va r iab les  may be due 
i n  p a r t  t o  the  i n d i r e c t  i n f l uence  o f  a t h i r d  v a r i a b l e  on bo th  o f  t he  o ther  
var iab les .  
appear t o  be c o r r e l a t e d  w i t h  the  average u t i l i t y  bond y i e l d  X2 f o r  the  same 
week. 
by  the  Federal  Reserve, X3, f o r  t h a t  week. How can the  i n f l u e n c e  o f  t he  
v a r i a b l e  X3 be removed from the  r e l a t i o n s h i p  between X i  and X2? 

'var iab le  X i  and X2 separatlely on X3. 
t o  f i t  c o e f f i c i e n t s  t o  

For example, t he  weekly average mun:icipal bond y i e l d  X i  may 

Yet bo th  may be h e a v i l y  in f luenced by the  average i n t e r e s t  r a t e  charged 

One way t o  do t h i s  i s  t o  use a simple l i n e a r  regress ion  o f  each 
The l e a s t i  squares method i s  used 

A 

x 1  = 80 + B1 x3 

A 

t o  g e t , t h e  r e s i d u a l s  ( X i  - X i ) .  I n  a s i m i l a r  manner t h e  r e s i d u a l s  
(X2 - X2) a re  a l so  obtained1 by  a regress ion  o f  ,X2 on X3. Thus the  1 inear  
in f luence of X3 on bp th  X i  and X2 ' s  removed, and the  c o r r e l a t i o n  between 
t h e  r e s i d u a l s  ( X i .  - X i )  and; (X2 - d,) can he  computed us ing  Equat ion 
( l o ) ,  b u t  where r i s  computed us ing  ( X i  - X i )  ins tead o f  X i ,  and (X2 - $2) 
ins tead o f  X2. 

An Equat ion f o r  Computing P a r t i a l  C o r r e l a t i o n  

c o e f f i c i e n t  between X i  and-Xz, g iven X3 and i s  
easy way t o  compute r12.3 , is ' !wi th the equat ion 

I 
g -  

Such a c o r r e l a t i o n  c o e f f i c i e n t  i s  c a l l e d  t e p a r t i a l  c o r r e l a t i o n  
enoted by r12.3. An 

! 
I 

r12  " " r 1 3  r23  < 

-87- 



where r12, r13 and r23 are  the  simple l i n e a r  c o r r e l a t i o r .  c o e f f i c i e n t s  
between X i  and X2, X i  and X3, and X2 and X3 respec t i ve l y .  
g iven b y  Equat ion ( 1 3 )  obta ins  the  same p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t  as 
would be obta ined by going through the  process o f  c o r r e l a t i n g  res idua ls  
descr ibed e a r l  i e r .  

The r e l a t i o n s h i p  

P a r t i a l  Rank C o r r e l a t i o n  

The use o f  rank regression, and the  rank c o r r e l a t i o n  c o e f f i c i e n t s  p 1 2 ,  
~ 1 3 ,  and ~ 2 3  gives ~ 1 2 . 3 ,  which measures the  s t rength  o f  t he  l i n e a r  
assoc ia t i on  between the  ranks o f  X i  and the  ranks o f  X2, a f t e r  the  
l i n e a r  e f f e c t  of the ranks of Xg i s  removed from the  ranks o f  X i ,  and the 
ranks o f  X2. The equat ion 

P 1 2  - P 1 3 P 2 3  

, .  . .  
P12.3 = 

may be used t o  f i n d  the  p a r t i a l  r a n k . c o r r e l a t i o n  c o e f f i c i e n t .  

P a r t i a l  C o r r e l a t i o n  Given Several Var iab les 
I 

The concept o f  p a r t i a l  c o r r e l a t i o n  i s  e a s i l y  extended t o  measure the  
s t reng th  o f  t he  l i n e a r  r e l a t i o n s h i p  between two va r iab les  X i  and X2, a f t e r  
t he  l i n e a r  e f f e c t s  o f  several  var iab les ,  say X3, X4 and X5, have been 

One way o f  l o o k i n g  ,a t  t h i z  p a r t i a l  c o r r g l a t i o n  i s  t o  compute t h e  
c o r r e l a t i o n  on the  r e s i d u a l s  ( X i  - X i )  and (X2 - X2) as before,  b u t  
where X i  and X2 are obta ined from a l i n e a r  regress ion  on X3, X4, and X5. 
That i s ,  t he  model 

, removed. 

i s  f i t t e d  us ing  l e a s t  squares, and so i s  t he  model 

i n  o rder  t o  remove the  unwanted in f l uence  o f  X3% X4 and X5 on,,the v a r i a -  
b l e s  X i  and X2. 
denoted b y  r12.345. The corresponding t reatment  on t h e  ranks i s  denoted 
by  ~ 1 2 . 3 4 5 .  

The c o r r e l a t i o n  between ( X i  - X i )  and (X2 - X2) i s  

Another way o f  f i n d i n g  r12.345 i s  by  t h e  equat ion 
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I 
I 

r12.45 - r13.45 r23.45 
r12.345 = - 

2 
/ E : 3 . 4 5 ) ( 1  - r23.45) 

which i analogous t o  Equation (13). 

Three Mu1 t i p l e  Regression Procedures 

used i n  several  d i f f e r e n t  ways t o  a s s i s t  i n  dec id ing  which v a r i a b l e s  t o  
i n c l u d e  i n  a regress ion  model i n v o l v i n g  Y and several independent var iab les.  
Three such methods w i l l  be described. , 

1. 

C o r r e l a t i o n  c o e f f i c i e n  t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  a re  

I 

Th; forward procedure. 'The regress ion model s t a r t s  w i t h  no v a r i -  
, ab les i n  s i t .  Var iab les are then added, one-at  a t ime, t o  t h e  regress ion 
model u n t i l  a dec is ion  ;is reached t h a t  no new v a r i a b l e s  w i l l  c o n t r i b u t e  
s i g n i f i c a n t l y  t o  t h e  improvement o f  t h e  f i t o f  t h e  model t o  t h e  data. 

2. Tlie backward procedure.': The regress ion mod 1 s t a r t s  w i t h  a l l  o f  the  
v a r i a b l e s . i n  it. Then var iab les  which are donsidered n o t  making a 
s i g n i f i c a n t  c o n t r i b u t i o n  t o  the f i t  are  dropped one by one u n t i l  a l l  

I 

i n s  i g n  i f ican t v a r  i a b l  e!; 

3. The stepwise procedure,, 
ab les i n  it. Variable!; 
procedure.. Each t ime ii 
t o  d e l e t e  a l l  variable!; 
considered t o  be ins ia r i  

have been removed f r o m . t h e  model. 

The regress ion model s t a r t s  w i t h  no v a r i -  
a re  then added, one a t  a t ime, a s  i n  t h e  forward 
v a r i a b l e  i s  added, t h e  backward procedure i s  used 
p r e v i o u s l y  added t o i t h e  model b u t  which are now 
f i c a n t  i n  the  presence o f  the  new var iab le .  

Th is  combination o f  th? iforward and backward procedures i s  t h e  most 
commonly used method 01' determin ing which se t  o f  v a r i a b l e s  belongs i n  
t h e  model. I .  

I 

The Var iab les Being Considered 

These methods f o r  a s s i s  i n g  i n  dec id ing  whi h v a r i a b l e s  t o  inc lude 
enable many more v a r i a b l e s  t o  be considered than",one would normal ly  use i n  a 
model. 
t h e  number o f  data p o i n t s  be ing f i t t e d ,  b u t  i n  tbe  forward and stepwise 
procedures no such 1 im i ta t io ln  .ex is ts .  
t h e  or ighnak 5 a r i a  X 9 l e s  X i ,  X i  and X3 w i l l  be con-sidered, p l u s  t h e  squared 
terms X1 , 
Thus n ine  i n  epen e n t  v a r i a b l e s  w i l l  be consi  ered i n  t h i s  r e  ress ion  model. 
Many o t h e r  v a r i a b l e s  could bd included, such as l l X l ,  X1/X2, 
and so on. Any .var iab les  whiich may have a r e a l  phys ica l  i n t e r p r e t a t i o n  
i n  the  s i t u a t i o n  being modele'd should be considered. I n  our example we w i l  
cons ider  o n l y  t h e  n ine  f i r s t  land second order  terms, as mentioned. For 
convenience t h e  var iab les,  i n c l u d i n g  Y, a re  numbered from 1 t o  10, as shown 
i n  F i g u r e  15. 

I n  t h e  backward procedure t h e  number' o f  gar iab les  must be l e s s  than 

For  t h e  Cpample in t roduced e a r l i e r ,  

, and t h e  :cross products X X2, X1X3, and X2X3. s- 5 '  a a 
X3, l n  X2, 
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The Forward Procedure 

The forward procedure s t a r t s  w i t h  a model t h a t  has no var iab les .  
The f i r s t  v a r i a b l e  chosen t o  be inc luded i n  the  model i s  the  one t h a t  has 
the  l a r g e s t  c o r r e l a t i o n  w i t h  Y. 
F igure  12 and i n v o l v i n g  Y as one o f  the  va r iab les  i s  the  c o r r e l a t i o n  c o e f f i -  
c i e n t  between Y and X1X2 

The l a r g e s t  value o f  r f o r  the  data i n  

so X1X2 i s  the  f i r s t  v a r i a b l e  considered f o r  i n c l u s i o n  i n  the  model. 

A Test o f  S ign i f i cance  

i n c l u s i o n  o f  X1X2 i n  the  model reduces the  unexplained v a r i a t i o n  o f  Y a 
s i g n i f i c a n t  amount. The s t a t i s t i c a l  t e s t  used i s  exact  o n l y  i f  several  
assumptions regard ing the  d i s t r i b u t i o n  o f  Y a re  t rue .  These assumptions a re  
we1 1. expla ined i n  textbooks which present regress ion  methods (see Draper and 
Smith, 1 9 6 6 ) ,  so they  are  not repeated here. In p r a c t i c e  these assumptions 
are, a t  best ,  o n l y  approximately t rue ,  so t h i s  t e s t  and a l l  subsequent 
s t a t i s t i c a l  t e s t s  a re  o n l y  approximate. S t i l l  they  serve as a use fu l  o b j e c t i v e  
method f o r  a s s i s t i n g  i n  making the  dec i s ion  as t o  whether o r  n o t  a v a r i a b l e  
should be included. 
included, so the  forward procedure cont inues. 

A t  t h i s  p o i n t  a t e s t  o f  s i g n i f i c a n c e  i s  conducted t o  see i f  the  

The t e s t  i n d i c a t e s  ( a t  a = .05) t h a t  X1X2 should be 

Using P a r t i a l  C o r r e l a t i o n  i n  Forward Regression 

X1X2, a re  compared and the  l a r g e s t  one i s  selected. 
are computed us ing  Equat ion (13) i n  con junc t ion  w i t h  the  c o r r e l a t i o n s  given 
i n  F igure  15. 

I 

The p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  o f  each v a r i a b l e  w i t h  Y, g iven 
P a r t i a l  c o r r e l a t i o n s  

For  example, the  p a r t i a l  c o r r e l a t i o n  o f  Y w i t h  X12,  g iven X1X2 i s  

Exerc ise 5 

r15  - r 1 8  r 5 8  

= -9251 - (.9588)(.9500) 

4 (1 - (.9588)2)(1 - (.9500)2) 

= .1605 

Use Equat ion 13 and the cor re1at ion”coef f  
t o  f i n d  the  p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t  o f  

c i e n t s  g 
Y and X i  

ven i n  F igu re  15 
g iven X1X2. 
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V a r i  ab1 e 
Number 

1 

2 

3 

4 

5 

9 

10 

Var iab le 
Name 

Y 

X 1  

x2 

x3 

X I  

x22 

x32 

Corre l  a t  i on 
With Y 

1.0000 

.9197 

.a1755 

.3#998 

.91251 

.e1934 

.3958 

I 

Corre l  a t  ion' 
With X 1 X 2  ' 

.9588 

.9453 

.9378 

.4508 

.9500 

.9499 

.4497 1 

I 

Rank 
Corre l  a t  i on 

With Y 

1.0000 

.9180 

.8521 

.4974 

.8896 

.8897 

.4161 

Rank 
C o r r e l a t i o n  

With X1X2 

.9224 

.go99 

.9188 ', 

.4985 

.9519 

.9628 

.4352 
I 

.91588 1.0000 .9224 1.0000 

x1x3 .E1712 .9094 I 7892 .8249 

x1x2 

.e1554 9239 .8276 .886 2 x2x3 
I 

- 1  

F i g u r e  15. Some C o r r e l a t i o n  C o e f f i c i e n t s  f o r  the  IData. from F i g u r e  12 and the  0 Ranks from F igure  114. 

. I  

Adding Another Var iab le  t o  t h e  Model 

ab le  i s  examined us ing  t h e  t e s t  o f  s ign i f i cance,  t o  see i f  i n c l u d i n g  i t  i n  
t h e  model reduces t h e  v a r i a t i o n  o f  Y a s i g n i f i c a n t  amount. 
t e s t  shows nonsign i f icance,  so no a d d i t i o n a l  v a r i  b l e s  a r e  inc luded i n  the 
model 

The l a r g e s t  p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t  J s  found, and t h a t  v a r i -  

I n  t h i s  case the  

The Forward Regression Model 

ab les examined, f o r  the  data i n  F igure  12. 

I, I1 

r! 
Only t h e  v a r i a b l e  X1X2 i s  inc luded i n  t h e  model, o f  the  n i n e  v a r i -  

The l e a s t  squares f i t r e s u l t s  i n  
. t h e  model 

(16) 
I t  

'r' = -15.29 + .025315 

The R2 value i s  .919 f o r  t h i s  model, i n d i c a t i n g  91.9% of t h e  v a r i a -  
t i o n  i n  Y i s  accounted f o r  by a l i n e a r  r e g r e s s i o  XlX2. Th is  i s  about 
t h e  same as t h e  R2 = .914 obtained f o r  t h e  model quat ion (7) which used 
t h e  v a r i a b l e s  X i ,  X2 and X3. The i n c l u s i o n  o f  a d d i t i o n a l  v a r i a b l e s  autom- 
a t i c a l l y  increases t h e  value of R2,  generally, a m o d e l  w i th  o n l y  one 
v a r i a b l e  i s  p r e f e r r e d  o v e r  a mode l  w i t h  t h e  same v a l u e  o f  R 2  
b u t  w i t h  t h r e e  v a r i a b l e s .  
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Obta in ing  Pred ic ted  Values i n  M u l t i p l e  Regression 

To o b t a i n  a p red ic ted  value from Equation (16)  the  value o f  X i  i s  
m u l t i p l i e d  by X2, and the  product i s  placed i n  the  equation. 
i n  observat ion number 1 i n  F igure  12, X i  = 80 and X2 = 27. 
(16) becomes 

For example, 
Then Equation 

9 = -15.29 + .025315 X1X2 

= -15.29 + ( -025315)  (80)  (27 )  

= 39.39 

i n  agreement w i t h  the  p red ic ted  va lue g iven i n  F igure  16. 
squares o f  r e s i d u a l s  f o r  t h i s  model i s  

The sum o f  

SS = 116.846 

which i s  cons iderab ly  b e t t e r  ( sma l le r )  than the  value 178.83 given i n  
F igu re  13 f o r  t he  model w i t h  v a r i a b l e s  X i ,  X2 and X3. 
method has found a b e t t e r  model, w i t h  fewer var iab les ,  than the  model 
examined e a r l  i e r .  

Th is  forward regress ion  

The Forward Rank Regression Procedure 

Forward rank regress ion  proceeds j u s t  as descr ibed f o r  o r d i n a r y  
forward regress ion,  except X i ,  X2 and X3 a e rep laced by t h e i r  ranks 
i n i t i a l l y .  Then terms corresponding t o  X ' o r  X 1 X  become the  square o f  
t he  rank o f  XI, o r  the  rank o f  X i  t imes t k e rank o f  X2. 

The l a r g e s t  s imple rank c o r r e l a t i o n  i s  

so t h e  rank analogue t o  X1X2 i s  se lec ted  f o r  poss ib le  i n c l u s i o n  i n  the  
model. The t e s t  o f  s i g n i f i c a n c e  ind i ca tes ,  a t  a = .05, t h a t  t h i s  v a r i a b l e  
should be inc luded i n  the  model. 

The l a r g e s t  p a r t i a l  c o r r e l a t i o n  w i t h  the  rank o f  Y, g iven the  rank 
analogue o f  X1X2, i nvo lves  the  r a n k ' o f  t h e  v a r i a b l e  X i  
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Obs. 
No. - 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

Observed 
Value Y 

42 I 

37 

37 

28 

18 

18 

19 

20 

15 

14 

14 

13 

11 

12 

8 

7 '  

8 

8 

9 

15 

15 

A 

Y -- 

39.39 

39.39 

32.17 

22.3'8 

19.24 

20.81, 

22.38 

22.38 

18.48 

11.14 

11.14 

9.67 

11.14 

12.60 

7.49' 

7.49 

8.76 

8.76 

10.02 

13.06 

20.15 

Least Squares 

Model: X1X2 

Residual 

2.61 

-2 39 

4.83 

5.62 

-1.24 

-2.81 

-3 38 

-2 38 

-3.48 

2.86 

2.86 

3.33 

-0.14 

-0 60 

0.51 

-0.49 

-0.76 

-0.76 

-1.02 

1.94 

-5.15 

SS = 116.846 

Rank  Regression 

Model : X1, Xz2,. X1X2 

Y Residual 
A 

40.40 1.60 

40.40 -3.40 

33.95 3.05 

19.80 8.20 

16.59 1.41 

18.00 0.00 

19.80 -0 80 

19.80 0.20 

16.37 -1.37 

12.70 1.30 

12.70 1.30 

.13.44 -0.44 

i z .  70 -1.70 

13.10 -1.10 

, 7.34 0.66 

-0 34 ' /  7.34 

1 8.00 0.00 

I 8.00 0.00 I '  

I 

I 

SS = 119.176 

Figure 16. Predicted Values and Residuals from the.Forward Regression Models 
on the Data and on the Ranks. 
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p12.8 = p12 - p18 p28 

= .9180 - (.9224)(.9099) 

J (1 - (.9224)2) (1 - (.9099)2) 

= .4912 

and t h i s  i s  l a r g e  enough t o  be dec lared s i g n i f i c a n t ,  us ing  the same 
s t a t i s t i c a l  t e s t  t h a t  i s  used f o r  r12.8. Therefore the  va r iab le  X i  
added t o  the  model. 

S 

The nex t  s tep cons is t s  o f  examining a l l  p a r t i a l  c o r r e l a t i o n s  w i t h  
the  rank o f  Y, g iven the  rank analogues t o  X i  and X1X2. 
p a r t i a l  rank c o r r e l a t i o n  c o e f f i c i e n t  belongs t o  the  rank analogue o f  X z 2 ,  
and t h a t  term i s  inc luded i n  the  model a f t e r  a s t a t i s t i c a l  t e s t  determines 
i t s  s ign i f i cance.  No more terms a re  found t o  be s i g n i f i c a n t .  The l e a s t  
squares method i s  used t o  ob ta in  the  coe f f i c i en ts ' ,  w i t h  the  r e s u l t  

The l a r g e s t  

2 '  
p, = -2.11 + 1.1938 rx + .06227 rx - .06666 rx rx 

1 2 1 2  
(17) 

Using Rank Regression t o  P r e d i c t  Values o f  Y 

X2 are  s u b s t i t u t e d  i n t o  Equat ion (17). 
1 o f  F igu re  14 the  ranks a re  rx 

To f i n d  a p red ic ted  rank f o r  Y ,  the  corresponding ranks f o r  X i  and 
For  example, i n  observat ion number 

= 20.5 and rx = 20.5. Th is  g ives 
1 3 
L L 

p = -2.11 + 1.1938(20.5) + .06227(20.5)2 - .06666(20.5)(20.5) 

= 20.52 
Y 

The two ranks which s t r a d d l e  the  value 20.52 are, f rom F igure  14, 21 
( Y  = 42) and 19.5 ( Y  = 37). I n t e r p o l a t i o n  g ives 

A 

y = 37 + 20.52 - 19.5 (42 - 37) 
21 - 19.5 

= 40.40 

which i s  i n  agreement w i t h  the  value g iven i n  F igure  16. 
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a 

0 

Exerc ise 6 

yse the ranks o f  X i  and X2 f o r  observat ion number gA in  F igure  14 t o  
f i n d  ry from Equat ion 17. 

Exerc ise 7 

U;ie i n t e r p o l a t i o n  i n  F igure  14 t o  ob ta in  a p red ic ted  value f o r  Y ,  
given ry = 13.14 fo r  observat ion number 9, and see i f  your  answer agrees 
w i t h  the  p red ic ted  value g iven i n  F igure  16. 

(The computer p r i n t o u t  g ives ry = 13.14.) 

Comparing Rank Regression w i t h  Ord inary Regression '. 

The sum o f  squares o f  r e s i d u a l s  f o r  the  rank reglression model g iven 
by Equation (17) i s  

SS = 119.176 

which i s  about the  same as t h e  value found us ing  forward regress ion  on 
the  data. O f  t h e  two models found us ing  forward regression, t he  model based 
on the  data i s  p re fe r red ,  because i t  has about the'same value f o r  SS as the  
model based on ranks, and i t  has o n l y  one v a r i a b l e  as opposed t o  th ree  v a r i -  
ab les f o r  t he  model based on ranks. 

Backward Regression 

The backward regress ion  procedure begins w i t h  $he model con ta in ing  
a l l  o f  t h e  var iab les ,  f i t t e d  us ing  the  l e a s t  squares method. Then the  p a r t i a  
c o r r e l a t i o n  c o e f f i c i e n t s  o f  each .var iab le  w i t h  Y ,  gliven a l l  o f  t he  o the r  
va r iab les  i n  the  model, a re  compared t o  see which one i s  t he  smal lest .  The 
v a r i a b l e  corresponding t o  t h i s  smal lest  p a r t i a l  rank c o r r e l a t i o n  c o e f f i c i e n t  
i s  then tes ted  t o  see i f  i t s  presence i n  the  model c o n t r i b u t e s  s i g n i f i c a n t l y  
i n  account ing f o r  the  v a r i a t i o n  i n  Y. 
remains i n  the  model and t h e  procedure i s  f in ished. If the  v a r i a b l e  does 
no t  t e s t  as s i g n i f i c a n t ,  i t  i s  dropped f rom the model., and the  e n t i r e  proce- 
dure i s  repeated f o r  t he  remaining var iab les.  
c o r r e l a t i o n s  i nvo l ve  o n l y  the  va r iab les  remaining iin !he model. 
ward regress ion  procedure has a tendency t o  inc lude:  more va r iab les  i n  the  
f i n a l  model than i f  forward regress ion  i s  used. 

If the  t e s t  i s  s i g n i f i c a n t  the  v a r i a b l e  

A t  each' stage the  p a r t i a l  
Th is  back- 

Y 
A t  t h i s  p o i n t  a very  use fu l  technique w i l l  be / in t roduced and i l l u s -  

t ra ted .  The method f o r  f i n d i n g  p a r t i a l  c o r r e l a t i o n  coe f f i c i en ts  by  b u i l d i n g  
s tep  by s tep  from the  simple c o r r e l a t i o n  c o e f f i c i e n t s i  as descr ibed e a r l i e r ,  
works w e l l  f o r  forward regression. Th is  i s  an awkward way o f  hand l ing  back- 
ward regress ion  however, s ince  backward regress ion  / ! s ta r t s  w i t h  the  f u l l  
model, a l l  va r iab les  included, and requ i res  knowled,gei of t he  p a r t i a l  c o r r e l a -  
t i o n  c o e f f i c i e n t s  g iven a l l  b u t  one of t he  independent var iab les .  There i s  
a very  s imple way t o  do th i s .  

L e t  R be the  c o r r e l a t i o n  ma t r i x ;  t h a t  i s ,  t he  m a t r i x  con ta in ing  the  
simple pa i rw ise  c o r r e l a t i o n  c o e f f i c i e n t s  where row i, column j conta ins  rij. 
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L e t  R - 1  be the  i nve rse  m a t r i x  o f  R ,  which i s  t h e  m a t r i x  t h a t  can be m u l t i p l i e d  
by R t o  g e t  the  i d e n t i t y  m a t r i x  I .  Many software packages e x i s t  f o r  f i n d i n g  
R-'. 
c o r r e l a t i o n  o f  v a r i a b l e  i w i t h  v a r i a b l e  j, g i v e n ' a l l  o f  {he o the r  v a r i a b l e s  
represented i n  the  c o r r e l a t i o n  mat r ix ,  i s  obtained very  s imply from R - l  as 

Denote t h e  element i n  row i, column j o f  R ' l  by  bi.. The p a r t i a l  

b i  j - 
r i j . ( a l l  o thers )  - - 

When a v a r i a b  e i s  e l im ina ted  from the  model because i t  i s  n o t  s i g n i f i -  
cant, t h e  row and column i n  R, which represent  c o r r e l a t i o n s  i n v o l v i n g  t h a t  
va r iab le ,  a r e  remove from R t o  o b t a i n  a new and smal le r  c o r r e l a t i o n  m a t r i x  
R1. The i n v e  se R1-' o f  R i s  found and t h e  new p a r t i a l  c o r r e l a t i o n  

t h e  model, a re  found from R 1 - l  us ing  Equat ion (18). 

An I l l u s t r a t i o n  o f  t he  Procedure 

i l l u s t r a t e d  us ing  the  f u l l  model, w i t h  Y and n i n e  independent var iab les .  
T h i s  would i n v o l v e  a c o r r e l a t i o n  m a t r i x  R w i t h  10 rows and 10 columns, and 

c o e f f i c i e n t s  o f  each v a r i a  i! l e  w i t h  Y, g iven  the  v a r i a b l e s  s t i l l  remaining i n  

T h i s  procedure f o r  f i n d i n g  p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  cou ld  be 

i t s  inverse  R - l  a l s o  w i t h  10 rows and 10 columns. 
so l a r g e  t h a t  i t  may confuse the  i l l u s t r a t i o n  o f  t he  procedure, so the  proce- 
dure w i l l  be i l l u s t r a t e d  us ing  o n l y  Y and t h e  o r i g i n a l  independent v a r i a b l e s  
XI, X2 and X3. 

Such an example i s  

Fo r  the  da ta  i n  F igu re  12 t h e  c o r r e l a t i o n  m a t r i x  i s  given by  

X 1  x2 x3 Y 

1.0000 .7819 .5001 .9197 
.7819 1.0000 .3909 .8755 

.3909 1.0000 .3998 

.8755 .3998 1.0000 

where row 4 (and column 4) con ta ins  t h e  c o r r e l a t i o n  c o e f f i c i e n t s  of Y 
w i t h  X i ,  X2 and X3 and i t s e l f ,  r espec t i ve l y .  

The inverse  m a t r i x  i s  found from a computer program as 

X 1  x 2  x3 Y 

7.7241 .9922 -1.2655 -7.4665 
.9922 4.4469 -e3727 -4.6568 

1.4078 .9274 
.9274 11.5732 

Note t h a t  both R and R - 1  a re  symmetric matr ices.  
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The p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  a re  found us ing  Equat ion (18). 
Only the  p a r t i a l  c o r r e l a t i o n s  i n v o l v i n g  Y a re  o f  i n t e r e s t ,  s ince these repre-  
sent the  amount o f  i n f l uence  each independent v a r i a b l e  has on Y, when the  
l i n e a r  in f luence o f  the  o the r  va r iab les  i s  removedo These are  

7.4665 
= .7897 - - -b41 

Y and X i :  r41.23 = 
4-1 (7.7241)(11.5732) 

4.6568 
= .6491 - -b42 

Y and X2: r42.13 = 4-2 (4.4469)(11.5732) 

-b43 - 9274 
Y and X3: r43.12 = = -e2298 4- 7 ( 1.40 78 ) ( 11.5732 ) 

I n  a backward regress ion  procedure the  v a r i a b l e  X3 would be se lec ted  
f o r  t e s t i n g  because i t  has the  lowest  p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t  ( i n  
absolute value).  
were i n s i g n i f i c a n t  i t  would be dropped from t h e  model. Row 3 and column 3 
would be removed from the  c o r r e l a t i o n  m a t r i x  R, t he  new inverse  m a t r i x  found, 
and the  new p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t s  found w i t h  X3 e l im ina ted  from 
a l l  f u r t h e r  considerat ion.  Th is  procedure would be repeated u n t i l  a l l  v a r i -  
b l e s  remaining i n  the  model a re  s i g n i f i c a n t .  

I f  the  t e s t  showed t h a t  X3's c o n t r i b u t i o n  t o  the  model 

0 
Measuring the  Importance o f  Var iab les 

A d i r e c t  i n t e r p r e t a t i o n  o f  t he  p a r t i a l  co r re lna t i on  c o e f f i c i e n t s  
found from the  f u l l  model i s  very  usefu l .  
X3 may be ranked i n  o rder  o f  importance on the  bas i s  o f  t h e i r  p a r t i a l  
c o r r e l a t i o n  c o e f f i c i e n t s .  Var iab le  X i  i s  t he  most impor tant  because i t s  
p a r t i a l  c o r r e l a t i o n  c o e f f i c i e n t ,  ~ 4 1 . 2 3  = .7897, i,s t h e  l a r g e s t  i n  
absolute value. The v a r i a b l e  X2 i s  t he  second most ' important v a r i a b l e  and 
X3 i s  the  l e a s t  impor tant  var iab le .  
when t h i s  model was in t roduced i n  Equation (7 ) ,  a ~ r e s u l t e d  i n  these same 
conclusions, t h i s  method o f  ana lys i s  removes f rom ons ide ra t i on  the  i n d i r e c t  
i n f l uence  of t he  o the r  var iab les ,  and thus i s o l a t e s  the  e f f e c t  o f  each v a r i a -  
b l e  on Y i n  a more prec ise  manner. 

The th ree  va r iab les  X i ,  X2 and 

Al though a rough ana lys i s  was made 

The Resu l ts  Using Backward Regression I$ 

jl 
The backward regre  s ion  procedure on a l l  n ine  independent va r iab les  

removed the  v a r i a b l e  X ' i n  i t s  f i r s t  step. Subs" uent steps removed, one 
by  one, t he  va r iab les  &X3, XI, X3, X1X3, X3', Xltqand X i ,  l e a v i n g  
X1X2 as the  o n l y  s i g n i f i c a n t  var iab le .  
ended up w i t h  the  same model as'was obta ined from'/the forward regress ion  
procedure. 
case. 
a re  thus g iven i n  F igure  16. 
t h a t  t he  model i n v o l v i n g  o n l y  X1X2 i s  a good model f o r  the  data. 

Thus the  dackwar regress ion  procedure 

Th is  i s  merely a coincidence t h a t  happ$ened t o  occur i n  t h i s  
The p red ic ted  values, the  res idua ls ,  and the  res idua l  sum o f  squares 

Th is  lends f u r t h e r  support  t o  the  conclus ion 

-97- 



Backward Rank Regression 

regress ion  on the  data. 
and X3 are s u b s t i t u t e d  f o r  t he  ac tua l  values o f  those var iab les.  
p a r t i a l  rank c o r r e l a t i o n s  are  found by  i n v e r t i n g  the  m a t r i x  o f  simple rank 
c o r r e l a t i o n s  and us ing  

/ 
Backward regress ion  on the  ranks fo l l ows  the  same steps as backward 

The o n l y  d i f f e r e n c e . i s  tt-iat t he  ranks o f  Y, X i ,  X2 
The 

, .  
- b i  j 

P i j . ( a l l  o thers )  = 

i n  a manner e n t i r e l y  analogous t o  the  procedure descr ibed prev ious ly .  

r e s u l t s  i n  the  e l i m i n a t i o n  of v a r i a b l e  X2 on the  f i r s t  step. 
ana lys i s  on the  ac tua l  data d i f f e r e d  i n  t h i s  respect,  because X2 was 
removed on the  f i r s t  step, and the  v a r i a b l e  X2 was the  l a s t  one t o  be removed. 

The backward regress ion  procedure on t h e  ranks given i n  F igure  14 
Nojje t h a t  the  

Bear i n  mind t h a t  regression on ranks is based on monotonic re la t ionsh ips ,  
w h i l e  regress ion  on the  data i s  based on l i n e a r  r e l a t i o n s h i p s ,  so removal o f  2 X2 us ing  rank regress ion  i s  n o t  e n t i r e l y  d i f f e r e n t  than the  removal o f  X2 
us ing  o r d i n a r y  regression. 

The Model f rom Backward Rank Regression 

one a t  a time, the  va r iab  es X1X3* X2X$, X l X g ,  X3, and X?’. This  
l e f t  t he  va r iab les  X1, X1’ and X2 i n  he mo e l .  Severa i n t e r e s t i n g  
t h i n g s  happened. Th is  
i s  one o f  t he  th ree  va r iab les  which remained i n  the  model us ing  forward 
regress ion  on t h e  ranks, and the  o n l y  v a r i a b l e  which remained i n  the  model 
us ing  bo th  forward regress ion  and backward regress ion  on the  ac tua l  data. 
Also, t he  v a r i a b l e  X remains i n  the  model f o r  backward regress ion  on the  
ranks. 
mogel. I t  i s  i n t e r e s t i n g  t o  see what e f f e c t  t he  replacement o f  X1X2 w i t h  
X1 has on t h e  rank regress ion  model, as t h i s  represents  the  o n l y  d i f f e r e n c e  
between the  forward regress ion  model on the  ranks and the  backward regress ion  
model on t h e  ranks. The f i n a l  model i s  g iven as 

Subsequent steps i n  the  backward rank regress ion  p ro  edure removed, 

The v a r i a b l e  X1X2 was removed on the  f o u r t h  step. 

Th is  i s  t he  + i r s t  t ime t h i s  v a r i a b l e  has appeared i n  a regress ion  

A ry = -2.02 + 1.41 rx - .04410 r2 + .02781 r2 
1 x, I I L 

The p red ic ted  values o f  Y and the  r e s i d u a l s  appear i n  F igure  17. 

A Comparison o f  t he  Several Models 

The model g iven b y  Equat ion (20) appears t o  be the  bes t  model 
obta ined so f a r ,  as measured by  the  s i zes  o f  t he  res idua ls  g iven i n  F igu re  
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17. When x o  k regression, the backward rank regression 
r 10 o f  the 121, pqints, larger residual s 
cases. , However, :th-e import,ant measure 

res of residual]s, , i s  reduced by about  23 
pepcent, t o  

S S  = 91.677 

w h i G h  .i,s sdby ;far i s  i s  smaller 
on the actual 
s fewer variables. 

,The stepwi-se L . _ .  . regres i s  the procedure,that i s  used 
most,often - i , n  ,ob ta in ing  - del. I t  begins as-a forward regres- 
;sio,n :pqocedur,e, - b u t  each e i s  added ' t o :  the model i t  becomes a 

ac kwayd regce 
1 iminated;fyo 

' ~ a r - t  i a1 -c,orr_el 
,t.he -previ,ou_s -vaqiables, 
covrelatipn c,oefficients 

regyessi\on. ,This does n o t  ,preclude ,being 'added again  a t  
some : 1 ater , , po in t ,  i f  i t  -again- .  b 
,have entered the model. ' 

-The -appl , iq t i ,on ,of  ,the 
I i n ~:F i gupe ':12 .,and ,:the ranks - .._. -; 
-case,s no8,variadl2es ace el $m 
, - the  result:ti:ng,,mod*els , predi.  
obtained . . , E L  using ..( f;orwar,di sege - .  

Discussi.on 

a l l  ,insignific,ant .variables 'have been 
ew , variable i,s ,,a$ded t o ,  the model , the 

riable i n  a d d i t i o n  t o  
n the previous p a r t i a l  
t was ,-previously consid- 
insignificant after a 

u,s i n g b a c( kwa rd 

a d d i t i o n a l  variables 

e t , h e  .same a s  those 

- -_-. 

A1 1 .of ,theSe ,procedure 
s,s. ,=They -shoul d; be c 
pert idvice. - 3 -  Amateur - ,. 
r ,-tooc1%i>ttl e .or too  ,mu 

- Pr,ofessional stati,st 
_ex-tent. The . - better + * . x _  'these c 
i t  i,s t h a t  the result,s'of a .regces%sion,analysis will *be given . i t s  proper 
weight i n  the final 'decisionrmaking -process. 
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Obs. 
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

Observed 
Value Y 

42 

37 

37 

28 

18 

18 

19 

20 

15 

14 

14 

13 

11 

12 

8 

7 

8 

8 

9 

15 

15 

Forward Rank 

Regression: X1,X22,X1X2 

Y Residual 
A 

40.40 1.60 

40 . 40 -3.40 

33.95 3.05 

19.80 8.20 

16.59 1.41 

18.00 0.00 

19.80 -0.80 

19.80 0.20 

.16.37 -1.37 

12.70 1.30 

12.70 1.30 

13.44 -0 44 

13.44 -1.70 

13.10 -1.10 

7.34 0.66 

7.34 -0.34 

8.00 0.00 

8.00 0.00 

11.81 -2.81 

13.13 1.87 

17.06 -2.06 

SS = 119.176 

Backward Rank 

Regression: X 1 , X l  2 2 .  ,Xz 
A 

Y 

38.92 

38.92 

33.54 

22.18 

17.32 

18.39 

22.18 

22.18 

16.51 

12.86 

12.86 

12.44 

12.86 

14.00 

8.00 

8.00 

8.00 

8.00 

9.37 

13.15 

15.00 

Residual 

3.08 

-1.92 

3.46 

5.82 

0.68 

-0.39 

-3.18 

-2 18 

-1.51 

1.14 

1.14 

0.56 

-1.86 

-2.00 

0.00 

-1.00 

0.00 

0.00 

-0.37 

1.85 

0.00 

SS = 91.677 

Figure 17. Predicted Values and Residuals Using Forward Rank Regression and 
Backward Rank Regression. 
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EXAMPLE OF SETTING UP AND EXECUTING THE 
LATIN HYPERCUBE S A M P L I N G  P R O G R A M  ALONG 

WITH OUTPUT FROM A TRANSPORT MODEL 

T h i s  p a r t  o f  t h e  c o u r s e  d e m o n s t r a t e s  t h e  t e c h n i q u e s  o f  t h e  
f i r s t  t w o  s e c t i o n s  o n  t h e  NWFT/DVM m o d e l .  The NWFT/DVM mode l  
uses  1 7  i n p u t  v a r i a b l e s ,  4 o f  w h i c h  a r e  c o r r e l a t e d .  

Page 1 0 4  shows t h e  p a r a m e t e r .  c a r d s  u s e d  t o  g e n e r a t e  t h e  L a t i n  
h y p e r c u b e  s a m p l e  as d e s c r i b e d  i n  SAND79,-1473. 

Page 105 g i v e s  t h e  u s e r  s p e c i f i e d  s u b r o u t i n e  as r e q u i r e d  o n  
c a r d s  1 4  t o  21 o n  page  104 .  ~ 

Pages 1 0 6 - 1 0 8  g i v e  t h e  a c t u a l  LHS f o r  1 7  v a r i a b l e s  a n d  a 
s a m p l e  o f  s i z e  35 .  

Pages 1 0 9 - 1 1 1  g i v e  t h e  r a n k s  f r o m  1 t o  ‘35 f o r  each  o f  t h e  1 7  
i n p u t  v a r i a b l e s  o n  pages 106-108 .  

Page 1 1 2  c o n t a i n s  t h e  o u t p u t  f r o m  r u n n i n g  t h e  35 i n p u t  v e c t o r s  
t h r o u g h  NWFT/DVM. The o u t p u t  i s  i n  he, f o r m  o f  t o t a l  i n t e g r a -  
t e d  d i s c h a r g e  f o r  7 i s o t o p e s  o v e r  10 k y e a r s  o n  a p e r  v e c t o r  
b a s i s .  

t 

! 
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PARAMETER CARDS USED TO GENERATE A L A T I N  
HYPERCUBE S A M P L E  A S  D E S C R I B E D  I N  T H E  

PROGRAM U S E R ' S  G U I D E  

Card No. 
1. 
2. 
3. 
4 .  
5 .  
6.  
7 .  
8 .  
9. 

PO. 
11. 
1 2 .  
1 3 .  
1 4 .  
15 .  
1 6 .  
1 7 .  
1 8 .  
1 9 .  
2 0 .  
2 1 .  
22 .  
2 3 .  
2 4 .  
25 .  
2 6 .  
2 7 .  
2 8 .  
2 9 .  
3 0 .  
3 1 .  
32 .  
3 3 .  
34 .  
3 5 .  
36 .  
37 .  
3 8 .  
39 .  
4 0 .  
4 1 .  
42 .  
4 3 .  
44.  
4 5 .  
4 6 .  
47 .  

624576Z76f631657 LHS SCENASIOS NUFT O V H  
T I T L E - L H S  NYFT C U M  FOR NRC SHORT C C L R S E  

LCGNORYAL KO f G R  C M 1 A Y )  

LOGNORPAL KO FOR P U  

LCGNCRHAL K O  FOR U 

LCGNCRUA L K D  F O R  TH 

LCGNCRHPL K O  F O R  NP 

USER- IkPUT SOL L I M I T  FOR PJ(L0i; 10) 

USER-IhFUT SOL L I M I T  FOR U!LDG 1 0 )  

USER-IhFUT SOL L I M I T  F O R  T H ( L 0 6  1 0 )  

USER-IhFUT SOL L I M I T  FOR NPaLCG 1 0 )  

UhIFOSP 

17 2 5  1 1 C 

o r 1  1.55 

m e 1  1eE4  

e t l  1 o E 4  

. C 1  1 .E 4 

- 0 1  50 

- 7 e l  2. 

-5.7 l e  

-7.1 06 

- 1 4 0 4  30 
D ISPE R S I  V I  T Y 

1 
5 0 0  500. 

LCGUNIFOR?! LEACH T I M E  
1 

1.E03 1oEC7 
LCGNCRFPL KtUPPER A Q U I F E R )  

NCRMAL POROSITY<UPPER AOUIFER) 

LOGUNIFCRP K OF THE FEATUR;<S) 

e01 SC e 

e c c  030 

1 
1 e C 5  25 .  

NCRHAL POROSITY O F  TbE F E 4 T U R E t S )  

UhIFORY T I N E  OF ONSET OF MIGRATION 
e 0 5  0 3 0  

1 
100. 1 o E 4  

UKIFORY NUYBER OF ROOMS 
1 

4 
l o t !  1 1 0 0 .  

12 13 14 15 
1 . 0  0 . 7  1 . 0  0.0 0.0 1 .0  0 .0  0.0 
0 . 7  1.0 

O U T P U T ~ D A T A ~ P L O T ~ C O R R  
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E X A M P L E  O F  A U S E R  SUPPLIED SUBROUTINE F O R  U S E  WITH 
T H E  L A T I N  HYPERCUBE S A M P L I N G  PROGRAM T O  GENERATE A 
S A M P L E  FROM A D I S T R I B U T I O N  NOT I N C L U D E D  I N  T H E  PRO- 
GRAM - T H E  I M P L E M E N T A T I O N  OF T H I S  S U B R O U T I N E  I S  
E X P L A I N E D  I N  T H E  PROGRAM U S E R ' S  G U I D E  

SUBRCUTINE 
COHPON L(10061!  1 
COW PCN/A/X<10 0 3  00) 
CCWCON/@/# X(100  O G O  1 
LEVEL 2 r X 9 K X  
LOC ( I * J ) = <  J-1 )*N*I 
PLPIKC=O095/N 
REAC(891 lC  ) A 9 6  

1 1 0  FORMAT(2GI@o4)  

USHD ISTC 1 9  N 9 I N S E T  9 I RS oL19 L 2 r  L f) 

C A IS T k f  HEAh ON A L O G 1 0  SCALE F C R  NORHAL DISTRIBUTION 
C 8 IS THE ST CEV ON A L O G l C  SCAL€ F G R  A NORMbL D I S T R I B U T I O N  
C F O R  T H I O  OISTRIBUTION A U I L L  6€ T R E A T E D  AS THE G o 3 2 5  O U A N T I L E  
C Ah0 B U I L L  BE TREATED A S  THE F o g 1 5  QUANTILE 

CELTP=o025 
C O  1 0  K = l r Y  
P=PLPINC*UDGEN( Oo)*DELTA 
)r< L O C  ( K  9 I )  ) = I O  * * t F I  NVNOR C R  1 *d *& P 
tEL7b=CEL7A+ALPINC 

1 0  CONTINUE 
I F  4 INSFT.AE.1 ) G O  T O  2 0  
CR IFIT 12C 9 I rA 9 6  
F R f h T  l S O r L 1 9 L 2 1 L 3  

2 0  CONTINUE 
1 2 0  F O R P ~ T ( * C * ~ ~ ~ X I I ~ ~ ~ ~ K , ~ U S E R  SUPPLIED HEAh=+rlPGlCo39 

t * S T  DEV=*9 lPGlOo3)  
1 3 0  F G R P D T < ~ H + ~ T S X I ~ A ~ ~ )  

RETURN 
END 
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ACTUAL LATIN HYPERCUBE SAMPLE GENERATED 
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TITLE-LHS NYFT DVC FOR NRC SHOP1 CCURSE 

INPUT VECTORS 

R U N  hO. Xt13)  

1 123 

2 - 1 4 7  

3 e164 

4 0169 

5 - 2 1 5  

6 0 2 6 9  

7 0 2 0 3  

8 01-0 

9 . l P l  

10 - 1 4 1  

11 016R 

12 0212 

1.3 - 2 3 1  

1 4  - 1 1 7  

15 0 1 0 5  

16 0 1 6 1  

1 7  0 1 9 6  

11 .127 

19 0 1 5 5  

20 0 1 9 2  

2 1  7.72PE-02 

22 0 1 5 1  

2 3  0 1 8 7  

2 4  0 2 0 6  

25 - 2 4 2  

26 0 1 7 5  

27 0 1 3 2  

28 0 1 5 7  

29 0 2 2 1  

30 - I C 4  

3 1  .1*4 

32 178 

3s 0220 

3 4  . 280 

55 172 

70 03 .16A 

13A .110 

1P. 3 0201 

9.332E-02 - 1 6 2  

. w n  165 

- 1 0 5  . l l A  

6 . 1 4 7 ~ - 0 2  .i*r 
-566 .153 

0 5 0 0  127 

7.R76E-02 0123 

1-57  . 230 
6.42 0 2 1 1  

e 176 0179 

154 . 158 

225 0142 

2.20 9202 

5.03qE-02 91.37 

. J55 

3.92 

12.3 

l o a 4  

0877 

2 r 2  

2.*2 

4.74 

1.30 

Q.11 

.320 

1.17 

5.4h 

16. * 
-642 

10.4 

8.71 

24.6 

0 2 1 1  . 174 

0239 

.IS5 

. I n 2  

. i r 3  

. I S 3  

1*3 

0136 

- 2 2 3  

161 

152 

,187 

190 

7.814E-02 20101E*03 67P. 

234 1.11qE*03 1.019€+03 

.20A 2.754F+03 256. 

255 8.193€*03 772. 
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TITLE-LWS NUFT O V M  F O R -  YRC SHOP1 C O l ' a S E  

RAWKS OF 

RUN NO. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

11 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29. 

30 

31 

32 

33 

34 

35 

X C 1 3 )  

4. 

9 .  

14. 

16. 

3 0 .  

35. 

21. 

23. 

20. 

7. 

15. 

29 

33. 

3. 

2. 

13. 

25. 

5. 

11. 

24. 

1. 

10. 

22. 

2R . 
34. 

18  

h. 

' 12. 

32. 

r). 

21. 

19. 

31. 

26. 

17. 

INPUT V E C T O R S  

l r f 1 4 )  

24. 

6. 

34. 

4. 

15. 

5. 

2. 

14. 

13. 

3. 

20. 

29 

8. 

7. 

3 .  

22. 

1. 

12. 

25 

32 

21. 

17. 

10. 

23. 

26. 

1 Q. 
23. 

11. 

19. 

27. 

33. 

15. 

31 

30. 

35. 

*(15) 

16. 

2. 

26. 

14. 

15. 

3. 

9. 

11. 

5. 

4. 

32. 

30. 

19. 

12. 

8 .  

27. 

7 .  

29. 

18. 

34. 

25. 

20. 

17. 

24. 

21. 

6. 

31 

1s. 

10. 

22. 

23. 

1. 

33. 

2R. 

35. 

l f ( L 6 )  

5 .  

230 

50 

16. 

20. 

19 e 

120 

27 0 

330 

31 o 

30 0 

35 * 

60 

28 e 

7. 

1s 0 

13 o 

10 

32 0 

24 0 

25 

26 * 

9 r  

34 e 

19. 

170 

22. 

21 ; 

11 - 
I*.  

2. 

8 .  

29. 

X ( 1 1 I  

5. 

35. 

3 4 -  

23. 

15. 

IT. 

21. 

24. 

2 .  

11. 

26. 

29. 

20. 

16. 

32. 

12. 

60 

1 4 .  

in. 

1. 

4. 

19. 

5.  

3 0 .  

I .  

31. 

2n. 

21. 

1s. 

R. 

I 10. 

22. 

33. 

9. 

25. 
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SAMPLE OUTPUT GENERATED FROM A TRANSPORT 

MODEL U S I N G  THE P R E V I O U S  LATIN HYPERCUBE SAMPLE A S  I N P U T  

Total Integrated Discharge to  104 Years 

Run 
No . 237Np 2 3 3 ~  

1 0. 0. 
2 4.809E-05 3.997E-09 
3 5.807E-02 2.110E-04 
4 4.066E-07 3.740E-08 
5 8.083E-06 1 329E-04 

6 5.576E-04 1.214E-06 
7 7.907E-05 2.207E-08 
8 9.516E-07 1.721E-11 
9 0. 0. 

10 30740E-06 6.712E-13 

11 0. 0. 
12 0. 0. 
13 3.311E-05 2.807E-06 
14 0. 0. 
15 0. 0. 

16 8.823E-04 5.075E-07 
17 6.064E-06 5.218E-06 
18 4.677E-06 7.400E-10 
19 0. 0. 
20 1.139E-06 2.458E-06 

21 0. 0. 
22 0. 0. 
23 3.175E-05 5.000E-08 
24 1.133E-05 0. 
25 4.759E-03 3.276E-05 

26 1 227E-06 7 218E-07 
27 4.045E-05 1.882E-05 
28 0. 1 138E-05 
29 2.666E-05 1.888E-08 
30 4.007E-05 1.443E-09 

31 1.215E-04 2.401E-04 
32 2.404E-06 0. 
33 1.526E-02 1 349E-06 
34 8.162E-02 5.781E-03 
35 0. 0. 

0. 0. 
0. 0. 
8.775E-03 0. 
1.311E-06 0. 
2.863E-06 0. 

1.101E-06 2.403E-02 
8.621E-04 6.525E-05 
0. 0. 
0. 0. 
0. 0. 

0. 0. 
0. 0. 
3.090E-09 0. 
1.054E-07 0. 
0. 0. 

0. 0. 
5.379E-07 4.088E-10 
5.223E-11 7 0345E-06 
0. 0. 
6.329E-05 6.568E-05 

0. 0. 
0. 0. 
2.164E-09 0. 
0. 2.354E-03 
4.575E-03 0. 

4.092E-08 1.737E-04 
5.402E-08 0. 
1.549E-08 0. 
0. 0. 
0. 0. 

8.373E-06 0. 
0. 0. 
2.725E-02 0. 
3.261E-03 12.2 
0. 0. 

0. 0. 0. 
0. 0. 0. 
0. 3.097E-05 0. 
0. 2.754E-10 0. 
2.385E-04 1 . 268E-05 0. 

9.049E-05 1.187E-07 0. 
1.710E-08 0. 0. 
0. 0. 0. 
0. 0. 0. 
5.496E-08 0. 0. 

0. 0. 0. 
0. 0. 0. 
4.503E-06 7.751E-07 0. 
0. 0. 0. 
0. 0. 0. 

0. 0. 0. 
0. 6.111E-07 0. 
1.052E-06 0. 0. 
0. 0. 0. 
6.829E-06 2.269E-07 0. 

0. 0. 0. 
0. 0. 0. 
0. 2.289E-10 0. 
3.387E-07 0. 0. 
1.372E-02 2.614E-06 0. 

3.003E-07 8.495E-08 0. 
0. 9.383E-07 0. 
0. 1.077E-06 0. 
0. 0. 0. 
1.936E-07 0. 0. 

0. 3.816E-05 0. 
0. 0. 0. 
8.097E-03 0. 0. 
1.471E-03 6.204E-04 0. 
6.242E-06 0. 0. 
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A N  E X A M P L E  O F  S E N S I T I Y I T Y  A N A L Y S I S  
R E S U L T S  B A S E D  O N  T H E  P A R T I A L  R A N K  

C O R R E L A T I O N  C O E F F I  c I E N T  

Page 114 c o n t a i n s  a summary o f  t h e  p a r t i a l  r a n k  c o r r e l a t i o n  
c o e f f i c i e n t s  a s  g i v e n  i n  Equat ion ( 1 9 ) /  on page 98  on P a r t  
Two o f  t h i s  c o u r s e .  L is ted  down t h e  l e f t  hand s i d e  o f  t h e  
t a b l e  a r e  t h e  17  i n p u t  v a r i a b l e s  from 'paige 104 .  The head ing  
a c r o s s  t h e  t o p  o f  t h e  columns i d e n t i f i p s  6 o u t p u t  v a r i a b l e s ,  
3 of  w h i c h  a r e  l i s t e d  on page 112. T h e  numer i ca l  e n t r i e s  i n  
i n  t h e  body o f  t h e  t a b l e  can be used t p  i d e n t i f y  t h e  i n p u t  
v a r i a b l e s  w h i c h  a r e  dominate  i n  inf1uenc: ing t h e  o u t p u t .  For 
example t h e  e n t r y  o f  70 f o r  K D  U and $33 means t h a t  t h e  ab-  
s o l u t e  v a l u e  o f  t h e  p a r t i a l  ranK correl la i t ion c o e f f i c i e n t  was 
a t  l e a s t  .70  a t  sometime d u r i n g  t h e  104 y e a r  p e r i o d .  

While page 114 shows t h e  PRCCs  based on t h e  35 i n p u t  v e c t o r s  
o n  pages 106-108,  pages 115 and 116 show r e s u l t s  f o r  two 
a d d i t i o n a l  s e t s  o f  35 i n p u t  v e c t o r s .  The r e s u l t s  a r e  simi- 
l a r  on  p a g e s  1 1 4 ,  1 1 5 ,  and 116. 

Page 1 1 7  shows t h e  summary f o r  a l l  1051 i n p u t  v e c t o r s  pooled  
t o g e t h e r  b u t  t h e  i n d i v i d u a l  numerical  p r i t r i e s  show a P R C C  o f  
a t  l e a s t  . 5 0  r a t h e r  t h a n  .70 a s  on pag'es 114-116.  On  page 118  
t h e  105 v e c t o r  r e s u l t s  a r e  r e p e a t e d  fo / r  P R C C s  o f  a t  l e a s t  .70 .  

1 

Pages 119-132 p r o v i d e  P R C C  p l o t s  f o r  elach c o m b i n a t i o n  o f  i n p u t  
v a r i a b l e  and o u t p u t  v a r i a b l e  t h a t  have/ numer i ca l  z a b l e  e n t r i e s  
o n  page 117 .  
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WHERE T A B L E  E N T R I E S  OCCUR T H E  PRCC BETWEEN 
T H E  I N P U T  V A R I A B L E  (ROW) A N D  T H E  O U T P U T  
V A R I A B L E  ( C O L U M N )  A C H I E V E D  A T  L E A S T  T H E  

C A T E D  A T  SOME P O I N T  I N  T I M E  O V E R  T H E  10,000 
L E V E L  . 7  OR .8 I N  A B S O L U T E  V A L U E  A S  I N D I -  

Y E A R  P E R I O D  

PRCC LHS-YYFT-DVq V 3  TID-S3-CH2 H L Y t l m E Q  Y R S )  NPC S H O R T  C 

O u t p u t  V a r i a b l e s  
I n p u t  ISOTOFE C?! PU AM NP U TH 

V a r i  ab1  es 2+5 2 4 1  2 4 1  237 233 229 

1. 
2. 
3 .  
4. 
5 .  

6. 
7 .  
8. 
9. 

10. 

11. 
12. 
1 3 .  
14. 
15. 

16. 
17. 

-114 -  



A T A B L E  S I M I L A R  TO T H E  O N E I O N  PAGE 1 1 4  
B U T  W I T H  A NEW L A T I N  HYPERCUBE S A M P L E  
FOR D E M O N S T R A T I N G  C O N S I S T E N C Y  I N  I D E N -  

T I F I C A T I O N  O F  I M P O R T A N T  V A R I A B L E S  

I 
I 

P S C C  LHS-NYFT-DVq V S  fID-S3-CH2 H L U ( l c E 4  Y R S )  NPC SHORT COU3SE 
I 

O u t p u t  V a r i  ab1 es 
I SOT I n p u t  

V a r i a b l e s  gooo 

6. SOL LTH PU 
7 .  SOL LTM U 
8. SOL L I M  fH 
9. SOL LIP4 NP 

10. DI S D E R S I V  

- 1 1 5 -  



I n p u t  
Variables  

1. 
2. 
3 .  
4 .  
5.  

6 .  
7. 
8. 
9. 

10. 

11. 
12. 
1 3 .  
14. 
15. 

1 6 .  
1 7 .  

R E S U L T S  FROM A T H I R D  L A T I N  HYPERCUBE 
SAMPLE TO COMPARE W I T H  T H E  T A B L E S  ON 

T H E  P R E V I O U S  TWO PAGES 

-116-  



I n p u t  
V a r i a b l e s  

1. 
2. 
3. 
4. 

7.  
8. 
9 .  

10. 

11. 
12. 
13. 
14. 
15. 

16. 
17. 

- 1  1 7 -  



I n p u t  
V a r i a b l e s  

1. 
2 .  
3 .  
4. 
5 .  

6 .  
7 .  
8. 
9 .  

10. 

11. 
12. 
1 3 .  
14. 
15.  

16. 
1 7 .  

S A M E  C O M P O S I T E  R E S U L T S  A S  O N  P R E V I O U S  
P A G E  O N L Y  W I T H  T H E  F I L T E R S  I N C R E A S E D  

I N G  D O M I N A N T  V A R I A B L E S  
T O  . 7  A N D  - 8  F O R  P U R P O S E S  O N  P I N P O I N T -  

PRCC LWS-NYFT-DVr 

01 

vs 
tpl 

TTO-S3-CH2 HLU<I.EQ Y R S )  NRC SHORT COUqSE 

.-118- 



z 
0 
B-4 

t- 
< 

Y z 
< 
a 
J 
< 
t- 
B-4 

a 
< 
a 

1 . 0 0 0  

. 0 0 0 0  

. 6 0 0 0  

,4000 

, 2 0 0 0  

0 . 0 0 0  

-. 2000 

-. 4000 

6 0 0 0  

8 0 0 0  

- 1 . 0 0 0  

I 

I 
P L O T S  QF PRCC's F O R  A L L  V A R I A B L E S  

I D E N T I F I E D  AS I l l lPORTANT ON PAGE 1 1 7  

PRCC LHS-NWFT V S  TI0 S 3  HLW K O  CM'CAMI CM245 

I 
Y 

+3 
1 0  1 O+*  

TIMECYEARSI 

. .  
I 

. : . .  

- 1 1 9 -  



1.000 

,8000 

. 6 0 0 0  

.4000 

. 2 0 0 0  

0.000 

-. 2000 

-.4000 

-.6000 

-.8000 

-1.000 

PRCC LHS-NWFT VS TID S3 HLW KD C M C A M I  PU241 
I I 

I I 

I 0+3 

TIMECYEARSI 

+4 
1 0  

- 1 2 0 -  



z 
0 

I- 
< 
-I 

Y 

~ 

W 
LL: 
a: 
0 
u 
?L z 
< 
a: 
J 
< 
I- 
LL: 
< 
0 

Y 

1.000 

.8000 

.6000 

. 4 0 0 0  

. 2 0 0 0  

0.000 

- . 2 0 0 0  

-. 4000 

-.6000 

-. 8000 

- 1 . 0 0 0  

PRCC LHS-NWFT V S  T I D  S3 HLW K D  C M C A M I  AM241 



1.000 

.8000 

.6000 

.4000 

. 2 0 0 0  

0.000 

-. 2 0 0 0  

-.4000 

-.6000 

-. 8000 

-1.000 

PRCC LHS-NWFT V S  T I D  S3 HLW K O  NP NP237 

I I 

+2  
1 0  

+3 

TIMECYEARSI 

1 0  
+ 4  

1 0  



z 
0 
Y 

I- 
< 
-I 
W 
E 
E 
0 
0 

x 
Z 
< 
E 

I 
I 

P R C C  LHS-NWFT V S ' T I D  S3 HLW LEACH T I M E  NP237  
1.000 

.8000 

,6000 

.4000 

.2000 

0.000 

-.2000 

-. 4000 

-. 6000 

-. 8000 

-1.000 
+2 

~ 1 0  

. . . . . .  ' ' ' " ' I  

I 

1 
1 ,  
I 
I:' 
I 
I '  

+3 1 )  
i 1 0  

TIMECYEARSI 
I 

1 
i 
i 

I 

-1 2 3 -  

+4 
1 0  



1.000 I 

.8000 - - 

.6000 - - 

- 1 2 4 -  

, 4 0 0 0  

. 2 0 0 0  
z 
0 

I- 

A 
w 
e 
e 

U 

< 0.000 

- . 2 0 0 0  

Y z 
< 

-.4000 
1 
< 
I- 
c( 

-.6000 
a 

-.8000 

-1.000 

PRCC LHS-NWFT VS T I D  S 3  HLW K UP A Q  NP237 

- 

- 

- - 

- - 

- - 

- - 

I 

+ 4  + 2  



z 
0 

l- 
< 
J 
w 
K t  
E 
0 
0 

Y 

x z 
< 
E 

J 
< 
I- 
Y 

E 
< 
a 

1.000 

.8000 

.6000 

.4000 

,2000 

0.000 

-. 2000 

-. 4000 

-.6000 

-.8000 

-1.000 

P R C C  LHS-NWFT VS 'TID S3 HLW REL /TIME NP237 
1 

I 

+2 
1 0  

, 
+3 , i 

I 1 0  

TIMECYEARSI I 

- 1 2 5 -  



Z 
0 

I- 
< 
J 
w 
(5: 
LT 
0 
0 

x z 
< 
(5: 

J 
< 
I- 
cr 
< 

c( 

c( 

a 

1.000 

.8000 

.6000 

.4000 

.2000 

0.000 

-. 2000 

-. 4000 

-. 6000 

-. 8000 

-1.000 

PRCC LHS-NWFT VS T I D  S3 HLW KO U U 233 
I . 

i I 

+ 2  
10 

+3 

TIMECYEARSI 

1 0  
+ 4  

1 0  
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z 
0 
CI 

I- 
< 

' X  z 
< 
e 
J 
< 
I- 
lY 
< 
Q 

c( 

1 . 0 0 0  

.8000 

.6000 

.4000 

.2000 

0.000 

-.2000 

-.4000 

-. 6000 

-. 8000 

-1.000 

I 
PRCC LHS-NWFT V S  T I D  S 3  HLW K UP A Q  U 233 

I 
I 
I 

, 1 )  
, 1 

+ 4  
1 0  

+ 3  1 ,  
10 I '  

+2  
1 0  

TIMECYEARSI 

- 1  2 7 -  



Z 
0 

I- 
< 
-1 
W 
tY 
tY 
0 
0 

?L z 
< 
tY 

-1 
< 
I- 
tY 
< 
a 

I 

Y 

1.000 

.8000 

.6000 

, 4 0 0 0  

.2000 

0.000 

-.2000 

-.4000 

-. 6 0 0 0  

-. 8000 

-1.000 

PRCC LHS-NWFT V S  T I 0  S3 HLW REL TIME U 233 

1 0+2  

, 

+3 
1 0  

TIMECYEARSI 

+ 4  
1 0  

-128-  



z 
0 

I- 
< 
J 
w 

I 

Y z 
< 
LL 
-I 
< 
I- 

< 
a 

c( 

a 

1.000 

.0000 

.6000 

.4000 

.2000 

0.000 

- . 2 0 0 0  

-. 4000 

-. 6000 

-.8000 

-1.000 

P R C C  LHS-NWFT V S  T I D  S 3  HLW K D  U T H 2 2 9  

1 0 + 3  
1.. +4 

1 0  

TIMECYEARSI 

- 1 2 9 -  



Z 

I- 
< 
-J 
w 
e 
n! 
0 
0 

hz z 
< 
U 
J 
< 
I- 
U 
< 

0 
Y 

CI 

a 

1.000 

.8000 

.6000 

.4000 

,2000 

0.000 

-.2000 

-. 4000 

-.6000 

-. 8000 

-1.000 

P R C C  LHS-NWFT V S  T I D  S 3  HLW K O  TH T H 2 2 9  
I I 

+3 + 4  
1 0  , 10 +2  

1 0  

T IMECYEARSI  
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1.000 

.8000 

,6000 

.4000 

. 2 0 0 0  
z 
0 

I- 

-I 
w 

u 

< 0.000 

< 
r~ -.4000 
J 
< 
c( 

I- 

$ -.6000 
a 

-. 8000 

-1.000 

PRCC LHS-NWFT VS T I D  S 3  HLW K UP A Q  T H 2 2 9  

h 

1 o + ~  

TIMECYEARSI 

' + 4  
1 0  

- 1 3 1 -  



z 
0 

I- 
< 
J 
w 
IY 
0: 
0 
0 

x 
Z 
< 
IY 
J 
< 
I- 
IY 
< 
a 

c1 

c( 

1.000 

.8000 

.6000 

.4000 

.2000 

0.000 

-. 2000 

-. 4000 

-. 6000 

-. 8000 

-1.000 

PRCC LHS-NWFT V S  T I 0  S 3  HLW REL T I M E  T H 2 2 9  

+ 2  
1 0  

I L 

1 o + ~  

TIMECYEARSI  

+ 4  
1 0  

-1  3 2 -  



ST P I R E  R E  IO A N  
’ PREVIOUS E X A M P L E  O F  TH 

Y S O R  THE 
SECTION USING 

A L L  1 0 5  OBSERVATIONS 

The r e m a i n d e r  o f  t h e  pages  i n  t h i s  s e c t i o n  c o n t a i n  t h e  re-  
g r e s s i o n  a n a l y s i s  r e s u l t s .  Page 134 shows some t r a n s f o r m a -  
t i o n s  made o u t s i d e  o f  t h e  r e g r e s s i o n  program t o  c r e a t e  new 
v a r i a b l e s  s u c h  a s  r e t a r d a t i o n  f a c t o r s .  Page 135  shows t r a n s -  
f o r m a t i o n s  f o r  v a r i a b l e s  made w i t h i n  t h e  r e g r e s s i o n  program.  
T h e  r e g r e s s i o n  p a r a m e t e r  c a r d s  a s  d e s c r i b e d  i n  SAND79-1472 
a r e  l i s t e d  on page 136 .  The r e s u l t s  o f  t h e  r e g r e s s i o n  a n a l -  
y s i s  on raw d a t a  f o r  U233 i s  g i v e n  on ,page 1 3 7 .  Pages 1 3 8  
t o  144  c o n t a i n  t h e  r e s u l t s  o f  r e g r e s s i o n  on r a n k s  f o r  U233. 

Summaries o f  t h e  r e g r e s s i o n  r e s u l t s  o n  raw and r a n k  t r a n s -  
formed d a t a  a r e  g i v e n  on pages  1 4 5  and 146  r e s p e c t i v e l y .  An 
e x a m i n a t i o n  o f  page 145  shows t h e  a n a l y s i s  on raw d a t a  t o  l a c k  
c o n s i s t e n c y  o f  v r i a b l e  s e l e c t i o n  from s e t  t o  s e t  and t o  g i v e  
poor  f i t s  ( l o w  R3 v a l u e s ) .  O n  t h e  o t h e r  hand t h e  a n a l y s i s  on 
r a n k s  shown on page 146  does  show c o n s i s t e n c y  o f  v a r i a b l e  se -  
l e c t i o n  and p , rovides  improved f i t s  t o  t h e  d a t a .  

, 
.. . 

. .  .. 

I. 

-1 33- 



1 .  

5 

1 c  

1 5  

2 0  

2 5  

3G 

A N  E X A M P L E  OF A PROGRAM F O R  T R A N S F O R M I N G  
SOME V A R I A B L E S  T O  C R E A T E  NEW V A R I A B L E S  

V A R I A B L E S  A R E  S T O R E D  ON D I S K  10  P R I O R  T O  
T H E  E X E C U T I O N  O F  T H E  S T E P W I S E  PROGRAM 

O U T S I D E  T H E  R E G R E S S I O N  PROGRAM - T H E S E  

PROGRAM STAN< I Y P U T r O U 7 P U T ~ T A P E 1 , T A P E l O )  
O I N t N S I O N  X I N ( 2 3 )  e K O U f ( 2 5 )  
N = 1 0 5  
00 1 0 0  I=l,hr 
R E A D <  1 ) X I N  
CO=2.73+<1.0-XIN< 13) ) / X I N < 1 3 )  
C E = 2 . 7 3 * 4 l e C - X I N ( l S )  1 IWXN(15)  
20 111 J = l r S  
LO=2*J-1 

, L E = 2 * J  
XOUT< LO)=le C + X I N t  J) + C O  
X O U T < L E ) = l . ( . + X I N ( J ) * C E  

10 C O N T I N U E  
X O U T < l l ) = X I N C  5 )  
X O U T < 1 2 ) = X l N < 7 )  
KOUT<13)=XIN< 5) 
X O U T < l 4 ) = K I N <  3 )  
X O U T ( l S ) = X I N <  1 3 )  

X O U T t 1 7 ) = X I N <  12) 
K O U T ( l B ) = l e  O / X I N <  1 3 )  
XOlJTClS)=XXN( 1 4 )  
X O U T ( 2 0 ) = X X r 4 (  15) 
X O U T ( 2 1 ) = X I N (  15)  
x 3 U T ( 2 2 ) = K I N <  1 7 )  
X O U T < 2 3 ) = K I N (  18) 
X O U T < 2 4 ) = X I N (  19) 
X 3 U T < 2 5 ) = K I N I  2 3 )  
L I R I  TE ( 1 0  JXdUT 

R C U I N D  1 0  
END 

X O U T < l 6 ) = l . C / X I N ( l l )  

1 O C  CONTINUE 

-1  34-  



SUB.ROUTINE F O R  M A K I N G  T R A N S F O R M A T I O N S  
W I T H I N  T H E  R E G R E S S I O N  P R O G R A M  

SUBROUTINE TR A I S <  W D  
C O M M O N / I  MAN/NR4U,NTRARSp I D R O P q I D U M  9 I R 4 N K  
D I M E N S I O N  X ( 4 9 )  
DO 1 I = l r 2 2  

1 x 4  1+25)=x(x B *  x <  I )  
X < 4 A ) = K < 1 7 l * X < 1 8 )  
X < 4 3 ) = X < 1 9 ) + X < 2 C )  
RE*TURN 
END 

' - 1  35- 



S A R D I L  L A H O R A T O R I E S  0 S T E P Y I S E  REGRESSION FR06RAM <>  COURTESY OF OEPT. OF S T A T I S T I C S  - K P N S I S ,  S T I T E  U N I V E R S I T ' I  

T I i L t r s T E P u I s E  FOR NRC w o a i  COURSE R A Y  C A T A  UECT 1-12s 

DATA r 2 5 r 2 4 r 2  

I N P U T  CHECK OF PflRAMETERS 

NUM8ER O F  V A R I L H L E S  READ I N  -- 25 

YO. O F  TRANSFORCED UARIABLCS = 2 4  

DATA D I S P O S I T I O N  IS 2 

L A B E L ( l ) = R F  A C q r R F  S CMrRF 4 P U r R F  S P U r R F  A U r R F  S t I r R F  A THrRF S THI 

L b E f L ( J J = R F  A N P r R F  S N P r S  L I M  PUIS L I M  U r S  L I M  T H r S  L I M  N P r D I S P * L E A C H  1 9  

L A R t L ( 1 7 ) = C O N D  AOrPOR LDrCONO SIPOR SIREL TIMEIMUM R M S r T I O  NPrT IO U r T f O  THr 

LIRELC2b)=KlSO r X 2 S Q r X ) S O r X 4 S Q r K 5 S P I I S S Q I  U T S O I X B S Q ~ X ~ S ~ ~ X ~ D S O I X ~ ~  SQrX12SO9 

L A 8 E L ~ 3 f l ~ ~ X 1 5 S 0 ~ X 1 4 S 9 r M l 5 S O r K l 6 S ~ r ~ l T S O r R l f l S O r S l 9 S O ~ K 7 O S O r K 2 l S O ~ X 2 2 S 9 ~  

LABEL(4B J = K I T *  K18rX19*M20 

OUTPUTrCORRr STEPS 

S T E P Y I  SEr SI6 IN=B.OCjr S I GOUT=O 10  

M 0 D E L r 2 3 ~ 2 ~ r 2 5 ~ l * 3 * 5 * 7 * 9 + 1 1 * 1 2 * 1 ~ * 1 4 + 1 5 * 1 6 * 1 ~ * 1 ~ * 1 9 * 2 0 + 2 1 * 2 2 * 2 6 * 2 8 * 5 0 + S 2 * 3 4 *  

3 6 * 3 7 * 3 8 * 3 9 * 4  0*41*42*45+)4*45*46*4T+40*49.  

PRESS 

EN0 OF PIRAMLTERS 

( S T L T  CONTROL CARD) 

( S T I T  CONTROL CARE8 

( S T A T  CONTROL CAROB 

( S T A T  CONTROL CAROJ 

( s i n 1  CONTROL CARD) 

( S T A T  CONTROL CARD) 

( S T A T  CONTROL CARD) 

( S T A T  CONTROL CARD) 

( S T A T  CONTROL CARD) 

( S T A T  CONTROL CAROJ 

( S T l i f  CONTRCL CARD) 

( S I 4 1  CONTROL CARD) 



I 

w 
v 

I 

4 

;F) 
m 
v, 
c r 
-I 

PACE 15 T I T L E ~ S T C P U I S E  FCR NRC SHORT COURSE R A Y  D A T A  VECT 1-105 

S A N D I A  L I B O R A  TORIES <X> S T E P Y I S E  R E G R E S S I O N  <><> FROM KANSAS STATE U N I V E R S I T Y  
v, 

0 
ZZO 

_. A O V  TABLE 
A N A L Y S I S  O f  R E G R E S S I O N  FOR V A R I A R L E  Z I - - - I I O  U 

n (TAHLE 1) 

ss F 

REGRESSION 1 78530 1 9 2 E - 0 5  . T B S S O ~ ~ ~ E - O ~  1 4 . 6 5 "  1 5 0  
a €  s I C U I  L 1 0 3  .550 se n ~ 1 x - 0  9 . 5 3 4 3 5 7 9 2 E - 0 6  
T O T A L  1 0 4  e628 l l 8 R 5 L  -0 4 

R e a 2  IS 912459 
I N T E R C E P T  IS - . 1 2 1 4 3 3 6 2 r - 0 4  
STLNOAPD ERROR C F  I N T E R C F P I  IS .8OB32SE-O4 

V A R I A R L E  V l R I A 9 L E  R E I R E S S I O N  ST A NO A R 01 LED 
R E  6 R f  S S I O N  

COCFF I C I E N T S  
. _ _  NUIWER *-_ M A W E  C O E F F I C I E N T S  

16  LEACH 1 1 . 3 5 7 7 5 4 9  352969 

UWIOUE SEQUENCE NUMBER F O R  T H I S  &NOVA = 1 0 A  

PRESS IS , 0642 75E-04 

P l R T  I AL - SSQ 

. 0 0 0 0  

T-TEST 
YA L UE S' 

~ e 2 e i  

S I C N I F I C I I I C E  

.0002 

ne.2 
DELETES 

0.0000 
w 

90002 O b  

The A n a l y s i s  on  Raw D a t a  Shows O n l y  One 
V a r i a b l e  ( L e a c h  T i m e )  t o  b e  S i g n i f i c a n t .  



I 

S A N C I L  L L E O R L T O R I E S  C> S T E P Y I S E  REGRESSION F R O G R A M  <> COURTESY OF OEPT. OF S l P T I S T I C S  - K A N S 4 S  STATE U N I V E R S I T T  

W 
m 
v) 
c 
I- 
-I 

T I T L E * S T F P Y I S E  F O R  NRC SHORT COURSE RLNK TRANSFORHEO D A T A  VECT 1-105 

D A T A  r 2 S r 2 4 r 2 .  

I N P U T  CHECK OF PAR4HETERS 

NUMBER OF V A R I A P L E S  RELO I N  25 

NO. OF TRANSFORNEO V A R I A B L E S  = 2 4  

DATA O I S P O S I T I O N  IS 2 

OUTP UT CORR S 1 t P S  

S T E P Y I  SE S I G I N = O  e 0 5 9  SI 60UT=O 10  

M 0 0 E L ~ 2 3 ~ 2 ~ r 2 5 ~ 1 * 3 * 5 * 7 * ~ * 1 ~ * 1 2 * 1 3 * 1 ~ * 1 5 * 1 6 * 1 7 * 1 ~ ~ 1 9 * 2 0 + 2 1 * 2 2 * 2 6 * 2 8 ~ ~ 0 ~ 3 2 ~ 3 4 ~  

3 6 * 5 7 ~ 3 8 ~ 3 9 * 4 0 ~ 4 1 ~ ~ 2 ~ 4 3 * 4 ~ * 4 5 * ~ 6 ~ ~ 7 * ~ ~ * 4 9 .  

PRESS 

RANK R E G R E S S I O N  

E N 0  OF PARAMETERS 

v, 

00 
z-n 

( S T 1 1  CONTROL CAROB ~ --I 

>I 
z m  
7r: 
v , W  

rn 
-nm 
o w  
; a m  

w 
cv, 

W O  

D 
z 
D 
I- 
-< 
v, 

v, 

( S T A T  CONTROL CARO) N 

(SlIT CONTROL CAROB 

( S T A T  CONTROL CAROB 

( S T A T  CONTROL CAROB 

( S T A T  CONTROL CARC) 

( S l A T  CONTROL C I R O )  

U 



R A N K  C O R R E L A T I O N  

1.ooog 7 

.030d 1 . 0 0 0 0  
RF A U 5 . -0035 .0145 1.oooo 
R F  A TH- 7 * . 0051  -.OS14 .0109 
RF A NP 9 .n3ps .06ss ~ .or11 
s Lxn FU 11 :0114 .,,.0146 

' - R E L  T I R E  21  

X l l S Q  36 - 0 2 2 9  a . O S O O  e0098 
Xl2SO 37 -a0949 
X13SQ - 3 8  - a 0 3 5 1  
x14so 39  - 0 3 8 2  e0265 -0191  
X15SQ. 4 0  .003R - 0 0 2 1 6  ' - 0 2 5 8  
X l 6 S Q  ~ *1 -0 3 1 6  - 0 0 0 6 2  -.0477 
X17SO 42 -.OS00 -.0382 -00924 
X18SO 43  .101)7 - 0 9 1 7  .1532 

x20so 45 -0 579 -0419  -.0121 
X21SO 46  - e 0 2 4 2  - e 0 1 5 9  . lo20 
X22S,Q 47 -.0258 .0102 -0156 
X17*X10  48 e0649  - e 0 5 0 1  -.OS85 
X19*X20 49 ' -0690  - 0 5 1 2  -.0144 
T I 0  NP 23 -0048 3 - s o 8 3 6  -.1530 
110 u 24 .OS69 . -e0597  -.5808 
TI0 TH 25  .0208 -e0277  -e5265 

X19SQ 4 4  ,0609 - 0 3 2 3  - . o x 8  

1.0000 
- 0 0 2 6  i1 .0008 

- 0 1 5 5  
-e0126  
- e 0 0 9 1  

. . l o 4 7  - 2 5 0 8  
-e0275  - .0231  

- 0 1 2 6  0 0 0 6  
-.O J27  0 0 5 8  

.C 18 7 -e0097  
- 0 7 3 2  - a 0 2 1 3  

-.0397 - 0 5 2 5  
.0211 -1065  
.9688 - 0 0 5 9  

-.0186 .96@8 
a0427  - 0 5 4 2  
e0298 - 0 2 0 7  
0 0 4 6 4  -e0143 

-e0075  -mol65 
.0240 - .0120 

- e 1 0 3 8  - e 0 9 8 3  
- 1 2 7 6  e2593  

-.os75 -.0228 
.0100 - e 0 0 4 5  

-e0176  -.OS53 
-.obsa - 0 0 3 1 0  

- 0 0 4 6  .0424  
-e0337  - .0193 
-a0664  - e 4 7 1 1  

- 0 0 2 6  - e 2 2 9 8  
-.4736 - a 1 5 7 5  

- 0 5 6 6  .ooee 

NO. 1 3 5 7 9 

NbRE R F  4 C y  RF 4 PU RF 4 U RF 4 TH R F  4 NP 

M A T  R I, x 

~! 

1.0000 
- 0 1 4 6  

-.0536, 
098 7 

.O,ll7 
-e0514 

0 0 0 1 9  -. 0879 
0 1 74 

-00120 
-.0213 
-.0030 
- 0 0 7 0 0  

a0355  
- 0 2 4 5  

- 0 0 1 9 8  
.0208 

9688  
- 0 0 1 9  

-a0943 
- 0 8 8 7  
.0104 

- 0 0 6 2 1  
-0  00 18 
-e0538 
- 0 0 2 9 1  
-00464  
-00014  
-.0181 
-00174  

-0235 
e0229  

-. 

. .  . _  

1.0000 
- 0 4 9 2  

-e0149  
- .~0086 

. 0 4 0 1  
e0516  

-moo62 
-.0200 
-a0183  

a0219  
-.0439 
-.0104 

.0233 

.0080 
-.0124 

0099  
.0244 
,9688 
.0499 
- 0 0 1 5  

-.0038 
- 0 4 7 9  
a 0 2 6 6  

- .0031 
.0224 

-*U248 
-0353 

-e0557  
.0081  

-.OB52 
-.ou24 

e0529  
.OS72 

-e0297  

11 

S LIM PU 

I -  ' 
1:. 0 0 00 

.0020 
-e0107 
-:Oll5 

' -00255  
.os05 
-0149  

-a0575  
'a0312 

-.0320 
-.OS23 

-0505  
- 0 3 6 7  

-a0268 
- 0 4 5 6  

-e0238 
-.0105 

09688 
.0141  

- .0240 
-.0201 -. 0113' 

-0164 
-a0446 
- e 0 1 7 9  

00305  
-e0302 
-e0567 

1544 
-.0010 

00364 
e0626 
-0868 

12  

S LIM U 

1 .0000  
, -.0.493 

.0288 
-.OlOS 

io111 
-00084 
- e 0 1 9 3  

00280  
-a0237  

.0102 
-e0095  
- 0 0 1 0 6  
-.0122 

- 0 2 9 6  
- e 0 1 3 4  

- 0 0 6 2  
- 0 1 2 9  
- 9 6 8 8  

-.0694 
e0792 
.or40 
.0003 
- 0 2 0 9  

- a 0 0 3 8  
- 0 2 2 3  

-e0285  
,0032 

-.os31 
-.0412 
- e 1 3 1 9  

-.0038 

1 3  1 4  

S L I R  TH S L I R  NP 

1l0000 
-.0200 
-e0199  

0 0 2 7 3  
.0042 
-0324  
.0401  

-.0580 
-.0063 
-moo64 

.04 OR 
m0061 

-.0006 
.0278 . 0 355 

-00414  
-00286  

- 9 6 8 8  
-a0582 

e0159 
00277  

-a0189  
-e0013 
.0520 

- 0 0 8 4 1  
-00013  
-.0041 
.0513 
- 0 2 4 6  
0 1 1 5 2  

1s 

DISP 

1.0000 
- 0 0 4 9  
00342 
- 0 1 3 6  

-00166  
-00523  

-0474  
00042  
.0031 

-e0327 
- 0 0 9 6  

-e0318 
-0358 

-e0116  
00 118 
- 0 0 7 2  

-*0240 
- 9 6 8 8  
.0154 
00668  
.0102 

-.0200 
-.0586 

.0577 
-.0218 

.0047 
-4146  
01086 

1365 

1 6  

Lmcn T 



I 

P 
0 
I 

-I 

CONO I lQ  
POR A Q  
CONO S 
POR S 
RCL T IVE 
Null  AMS 
X l S Q  
XSSQ 
X 5 S Q  
X7SO 
X9SQ 
Xl lSO 
X12SB 
X13SO 
x14so 
Xl5SQ 
Xl6SO 
Xl7SO 
Xl8SO 
Xl9.S-0 
x2oso 
X Z l S O  
X22SQ 
X l l * X 1 8  
#19*N20 
1x0 NP 
TI0 u 
TI0 rn 

W AME 

IT 1.0000 
18 -a6708 
19 a0206 
20 .oo 4 1  
21 - e 0 3 4 2  
22 - a 0  195 
26 -ab167 
2P -e0948 
30 -.0946 
32 -e0708 

-e1348 
-e0356  36 

37 -.0040 
38 00664 
39 00207 
40 -.O 20 3 
41 - * 0 0 0 3  
42 ,9688 
43 -06635 
4 4  e0647 
45 -00052 
46 00351 
47 -.0010 
48 036 16 
49 0 0 4 0 1  

,4390 
418  1 

*S564 

34 . 

% 
2. 

No. 17 

CONO L a  

T I T L E I S T E P Y I S E  FCR NRC S H O R T  COURSE RANK TRANSFORMEO DATA VECT 1-105 

SANDIA LABORATORIES C X >  STEPYlSE REGRESS1 ON <><> FROM KANSAS STATE UNIVERSITY 

CCRRELbTION MATRIX 

PAQE 4 

1.0000 
-.OS09 
-.0111 

-0387 
e0036  
-0642 
-090 7 
.1151 
e0989 
-2465 

.0*50 
-a0713 
-00290 

e0204 
-0503 

-e6450 
~ 9 6 8 8  

- e 0 4 3 5  
-a0135 

,0249. 
.O085 
.3209 

-e0354  
-e3396 
-e3315 
-.3605 

18 

-.aim 

POR ao 

1.0000 
-7310 

-e0069 
- . 0 0 3 6  

-0122 
-0425 

-e0259 
-e0351 
-e0260 
-e0523  
-.a127 
-00063 
-e0293 

-0090 
.0203 
.0242 

-e0469 
-9688 
-6944 
00123 
.OO46 
.0240 
-9068 
e2464 
-1781 
-2291 

19  

COND S 

1.0000 
.0054 
.0143 
e0251 
e0289 

-00062 
.Ol93 
00004  

-a0131 
00362 

-00876 
-.0147 

-0319 
-.0181 

.0007 
-00111 
.TO33 
.9688 
00 137 
.0287 
00439 
08970 
01619 
01516 
-1629 

20 

POR S 

1.0000 
. 0 4 1 1  

-.0110 
- 0 0 1  16 

00550 
00054  
00243 

-.0055 
-00308  
-.OS77 
- a 0 0 5 7  

00150 
-00863 
-e0152 

00440  

- e 0 0 4 3  
- 9 6 6 8  
00522 

-00643  
00021 

-04800 
-04618 
-e3992 

2 1  

- . o o m  

RCL TIP€ 

1.0000 
.0012 

-e0194 
-0328 
-0078 

-.0370 
-a0245 
-e0332 
-e0305 
-e0807 
-.0453' 

-0652 
00 06 

004 05 
.0204 
00617 
.os74 

9688 
-00624 I 

00186 
0 0 3 4 4  
00109 

-00806 

22 

NUM RMS 

1.0000 
00835 

-00252 
00172 

-00591 
e0290 
00011 

-a0236 
.0403 

-.02*3 
-0237 

-.OO83 
.os77 
.OS81 
00400 
-0090 

-00197 
e0958 
00559 

-00179 
00831 
00185 

26  

XlSQ 

100000 
-e0536  
-00294 

00152 
-00307 

-00193 
00007 

-0 0 258 
-0  0 063 
-ob450 

1097 
00548 
.0.471 

-00264 -. 0048 
-e  OS56 

00687 
-0 0867 
-00473 
-mol31 

28 

.osni 

XSSO 

1.0000 
.0174 
01125 

-e0127 
-e0618 
-e0543  

.017s 
00358  

-00579 
-01045 

01482 
-00384 
-00026 

. lo15 
00260 

-.0250 
-00186 
-e1670 
-05277 
-03086 

30 

xsso 

1.0000 
-e0188 

00069 
00620 
,0429 
00138 
00244 
a0123 

-01001 
0 122) 

-00985 
00146 

-00102 
-.OS19 

a0298 
-00263 
-.os57 

.0212 
-040S8 

3 2  ' 
m a  

100000 
00512 
0 0 0 6 1  
00103 
00 118 

-00220 
-00  378 
-00927 

.2520 
- O O P S 4  
-00074 
-00 120 
-00614 

00418 
-mol64 
-04954 
-e2651 
-01834 

34 

X I S Q  



O
Q

~
O

N
Q

C
 

O
I

C
d

O
I

Q
 

=
w

o
N

w
O

IO
C

 
OIO 

o
o

e
o

e
e

n
 
e
 

0
 

....... 
v
) 

r
l 

I
l

l
 

r
l

.
 

01 
w 

m
 

W
 

I n 

c
 

Y
 

v
) 

W
 

w
 

u
l

z
 

0
3

 

I
W

 
4

c
 

U
 

c
c

 
u

v
)

 
w

 
Z

v
)

 
U
 

u
v

)
 

c
z

 
u

u
 

o
x

 

a
 

I
 

r
l
 

2
-

 
u

v
)

 

W
 

a
v

)
 

w
a

 

u
w

u
 

0
C

.o
m

O
N

C
.m

 
o

e
n

n
w

~
a

~
m

 
o

o
m

e
o

n
m

n
 

ul 
o

o
o

o
w

d
o

r
(

 
e
 
a
 

........ 
v
) 

r
l 

0
 

N
 

x
 

o
n

m
w

~
n

o
n

a
~

 
o

n
e

e
m

~
m

e
c

 
o

m
r

(
n

a
~

~
n

c
v

)
 

e
 

0
O

I
O

0
0

0
m

N
M

N
 
e
 

0
 

......... 
v
) 

r
l 

e
 

r
l 

X
 

~
~

c
m

m
n

e
e

e
r

-
~

 
o

m
~

n
o

n
e

~
e

m
c

 
o

-
~

a
~

t
n

~
a

n
m

n
~

 
o

a
~

o
o

o
~

o
n

e
m

 
........... 
d

l
 

I 

N
 

e
 

0
 

v
) 
c
 

d
 

X
 

n
n

~
m

w
c

n
n

m
n

m
~

 
O

O
n

O
d

d
u

l
O

.
4

*
.
4

+
 

0
0

m
I

N
e

a
I

O
O

C
N

 
d
 

o
O

O
O

O
O

o
0

0
e

I
d

 
e
 

0
 

............ 
v
) 

4
 

I
I

 
I 

lo
 

r
l 

L
 

C
e

O
L

N
c

5
d

n
c

c
d

e
c

 
0

 d
e
 n

 d
r

 a
-
 U

I “1 
n

o
. n

 
0

~
0

r
l

N
O

O
C

O
O

~
v

)
N

 
0

 
0

0
0

0
0

0
0

0
0

0
0

0
d

 
&

 
e
 

............. 
v
) 

d
l

 
I

I
 

I 
I 

ul 
4

.
 

X
 

O
O

U
I
u

l
 

D
o

m
e

 
o

m
&

&
 

0
0

0
0

 
.... ‘

D
m

~
b

e
n

~
 

N
5

6
\

n
O

Q
m

 
&

O
O

d
J

r
l

r
(

 
0

0
0

0
0

0
0

 
....... 

4
1

 
.

“
I

1
1

1
1

1
1

 

a
 

v
) 
* 4 X

 

01 
n

 

W
 

8 a 

* c Y v
) 

W
 

- a
 

Y
 

U
I

Z
 

0
3

 
I
 

I
W

 
r

l
c

 
4
 

c
c

 
V

’
 v

) 
w

 
Z

v
)

 
* 

4
v

)
 

e
z

 
U

U
 

O
X

 

B
L

 
w

o
 

u
u

 
c
 

(
L

A
 

v
)

w
 

e
w

 
c
 

Z
 

I
O

 

r
a

 

z
n

 
a
 

2
-

 
u

v
)

 

w
 

a
m

 

U
 

c
 

w
u

 
C

V
)

L
 

a
-

 
O

l
Z

 
r

o
o

 
m 
‘
:
.
I
 I
 

c
c

 
u

v
)

u
 

K
 

A
 

2
 

w
 

A
K

 
K

 
u

x
c

 
L

L
W

V
 

0
 

0
 

o
m

 
O

N
E

 
d

 
0

 
I
 

c
 

o
c
 

o
m

 
o

m
 

&
 

o
c
 

(u
 
3
 

d
 

0
 

c
 

0
.

 

Y
 

o
r
l
a

 
o
c
a
 

O
a

I
C

 
n
 
0
 

O
h

*
 

01 
2

 

d
 

0
 

... 
Y

 
c
 

0
 

=
*
*
e
 

0
m

tn
F

-l 
L1 

fn
 

W
W

 
O

P
n

d
 

O
L 

N
 

-
I

 
O
d
d
N
 

x
 

f
L

 

c
u

 
d

 
tn 

a
 

x
 

-
0

 
2

4
 

c
-

t
 

S
O

\
o

O
c

d
 

O
C

d
b

O
 

O
O

r
(

N
N

 
e
 

X
 

0
 

..... 
d

 
c
 

z
 

U
 

v
) 

X
 

~
n

~
a

-
~

t
n

~
~

a
a

o
m

u
l

o
 

o
o

m
a

r
-

0
~

1
-

u
l

m
a

~
1

m
m

1
-

m
 

O
O

O
r

l
O

O
O

O
O

0
0

0
0

0
0

 
n

 
0

 
I 

............... 
-

1
1

 
I

I
I

I
I

I
 

n
 

u
l

c
 

c
u

 
r
l
 

0
)

K
 

X
 

-
0

 
w

m
 

J
U

 
*

A
 

o
O

~
C

w
O

L
N

t
n

u
l

0
1

L
n

F
S

4
N

e
 

I
 

o
~

a
~

c
~

n
~

~
a

c
o

e
~

o
e

 
c

q
 

Q
~

-
I

-
C

O
+

N
N

~
~

~
~

N
N

~
C

 
e
 

L
J

 
v
) 

f
n

w
 

.... 
Y

Y
 

o
.o

n
 N

 \o
 - o

 a
n

 c
 N

 N
 e
 U

IV
) 

m
 

%
a

 
n

e
 

v
) 

5
2

 
I
 

P
 

u
r

n
 

m
 

c
q

 
o

u
l

c
n

m
 

m
 

I
 

................ 
I
 

; 
c
(
 

I
 

O
O

O
O

O
D

O
O

O
O

O
r

l
a

O
C

O
 

n
 

0
 

3 

0
 

(
0

,
 

r
l 

I 
I

I
 

I
1

 
(
u
 

r
l

J
 

z
 

9
 

fn
 

X
 

d
 

-141- 



I 

P 
N 
I 

-1 

T I T L E * S r E P Y I S E  FCR NRC SHORT COURSE RANK TRANSFORMED 01711 VECT 1-105 

SANDIA LARORlTORIES <X> STEPYISE REGRESSION <><> FROM KANSAS STATE U N I U C R S I T Y  

LOU TL8LE 
A N L L Y S I S  OF REGRESSION FOR VARIABLE 2 4 - - - T I O  U 

(TLHLE 1) 

PPGE 14 

SOURCE 0.F.  ss MS F 

REGRESSION 1 3 1 9 8 8 . 1 4 5  
RES I CUAL 105 62833. e15 
T C ~ ~ L  1 0 4  9 4 6 2 2 . 0 0 0  

31988 -185 
61 0 0 37 0 4  

52 435463 

A 4 4 2  IS e33135 
INTEPCEPT I S  85.520879 
S l P N D l R O  E R R O R  CF INTERCEPT IS 4.85538 

V A R I 1 8 L E  V I R I L B L E  REORESSION S T A  NOLI701 ZE 0 P L R T I A L  T-TEST 
NUMPER NPME C O E F F I C I E N  IS RE 6RE SSION SSQ ULLUES 

C 0 E FF I C 1E NT S 
5 RF A U -e57586564 - . s m i n  3 1988.18 4 8  -1.2413 

UNIQUC SEOUENCE NUMBER FOR T H I S  ANOVA = 11P 

R 1 N K  F I T  G I V E S  1 R A M  DATA NORNALIZED R * * 2  = 027533482E-01 

C O E F F I C I E N T  OF INTERPOLATION = . 2T042919€-01  

CRESS IS 64948. 

S I G N I F I C A N C E  

.oooo 

114.2 
OELETES 

0.0000 



PA6E 1 5  T I T L E t S T E P Y I S E  F C R  NRC SHORT COURSE R I N K  TRANSFqRMED DLTA WEE1 1-105 

SANDIA LABORITORIES <><> S T E P Y I S E  REGRESSION 00 FROM KANSAS STATE U N I V E R S I T I  

AOW TABLE 
A N l L T S I S  OF R f G R E S S I O N  FOR WIRIABLE 24---11D U 

(TARLE 1) 

SOURCE ,.D.F. ss MS F 

REGRESSION 
. RCSIDUAL 

T C T I L  

2 49717.436 
102  45 10 4.564 
104 94R 22.110 

24858 .714  
442.20161 

56 2 1 .; 8 02 

S I G N I F  ICAWCE 

.oooo 

~ a - 2  11 . 5 2 4 i 2  
I n i E n c E P i  IS  105.09772 
SIANDARD ERROR C F  INTERCEPT IS 5.55730 

VARIABLE< V ~ R I A B L E  REGRESSION S T  A NDARDI ZED P I R T I A L  
NLIMFER - N I M E  .COEFFIC IENTS RE 6RE SS1  ON SSQ 

C O E F F I C I E N T S  
5 RF A U - .55368456 -. 558446 2 9 4 9  2 4664  

21  REL TIME-.42929127 - .4329as 17729.251 2 

UNIQUE SEOUENCE NUMBER FOR T H I S  ANOVA = 1 1 9  

R*.2 
DELETES 

02133 
.3373 

ALPHI 
HATS 

.0000 
00 000 

RANK F I T  G I V E S  A R A Y  DATA NORMALIZED R * * 2  = .26972345E-01 

C O E F F I C I E N T  OF INTERPOLATION = .219910966-01 

FRESS I S  4761  3. 
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P 
P 
I 

-I 

T I T L E t S T E P Y I S Z  FCR NRC SHDRT COURSE R A N K  TRANSFORMEO O A T a  VECT 1-105 

S A N O I L  LLBORLTORI'S C><> S T E P Y I S f  REGRESSION 00 F R O M  KANSAS STLTE U N I V E R S I T Y  

AOV T L H L E  
A N L L I S I S  O f  REGRESSION FOR V P R I A B L E  24---110 U 

(TAHLE 1) 

P L G E  16 

SOURCf: 0.F. ss NS F 

RCORESSION 3 bSiA61.336 
RES I CUAL 1 0 1  28960.661 
TOTAL 104 94822.000 

21953.179 16.56SS62 
296. I3925 

S I 6 N I F I C A M C E  

0000 

Ra.2 IS 06545R 
I h T E R C E P T  IS e0.643414 
SlLNDLRO ERROR CF I N T E R C E P T  IS 5.40667 

V P R I L B L E  V L P t A 8 L F  R E G R E S S I O N  S T A NOAR 01 ZCO 
w w e t  R NLNE C O E F F I C I E N T S  REdRESSION 

C O E F F I C I E N T S  
c R F  A U -051549520 -. 519929 

I? C O N 0  A 0  .411115?3 . 414651 
21 RE L T I ME-* 41 1 1 9551 - . 4 2 0 1 R 3  

UNIOUE SEOUENCE NUMBER FOR T H I S  ANOVA = 1 2 0  

RLNK F I T  S I V E S  A R A Y  D A T A  NORMALIZED Re.2 = e50148162 

C O t F F I C I E N T  OF I N T E R P O L A T I O N  = .I8 SSBSl7E-02 

PRESS I S  51213. 

P P R T I A L  
ss 9 

2534 4. 1328 
16143.8996 
16129.6515 

T-TEST 
VALUES 

-9 0401s 
7.5034 

-1.6304 

Rae2 
DE LE TE s 

-4273 
.5243 
05181 

LLPH& 
Hli TS 

00000 
.0000 
.a000 



Vectors 

1-35 

36-70 

71 -1 05 

1-1 05 

SUMMARY O F  STEPWISE R E G R E S S I O N  O N  RAW D A T A  

NP 237 R2 

Cond S -15 

(Por A ) *  .66 
Por A 
Leach 

Re1 Time .12 

Re1 Time -27 
Cond S 
(Cond S ) 2  
Leach T 

2 - U233 R2 TH229 R 

Leach T .18 No. Rms. .33 
Re1 Time 
Por S 

Leach T *. 55 Leach T . 56 
S. Lim N p  
(Leach T ) 2  (Leach T ) 2  

S. Lim N p  .57 (S. Lim Th)2 .97 

So Lim N p  

S. Lim N p  
S. Lim Th 
RF A N p  

Leach T 012 Por S 01 9 
Re1 Time 
No. Rms 

N o t e  t h e  i n c o n s i s t e n c y  o f  v a r i a b l e  s e l e c t i o n  
f r o m  one s e t  o f  runs t o  the next for  t h i s  
a n a l y s i s  on raw d a t a  

-1 45- 



Vectors 

1-35 

36-70 

71 -1 05 

1-1 05 

SUMMARY O F  STEPWISE R E G R E S S I O N  ON R A N K S  

NP237 R 2  

Cond A .57(.74) 
Re1 Time 
RF A Np 
Leach T 

Leach T .06(.86) 
Re1 Time 
RF A Np 
Cond A 
Cond S 

RF A NP .41(.81) 
Re1 Time 
Leach T 
Cond A 
Cond S 

RF A Np .48(.73) 
Re1 Time 
Leach T 
Cond A 

U233 R 2  - 
Re1 Time .99+(.78) 
Cond A 
RF A U 

RF A U .64(.82) 
Re1 Time 
Cond A 
Por S 
Leach T 

RF A U .47(.74) 
Re1 Time 
Cond A 
Cond S 
(RF A U)2 

RF A U .51(.69) 
Re1 Time 
Cond A 

TH229 R 2  

Cond A .94( .83) 
RF A TH 
Re1 Time 

Cond A .89( .79) 
Re1 Time 
RF A TH 
(RF A T H ) ~  

Cond A .41(.68) 
RF A TH 
Re1 Time 
RF A Np 
(RF A T H ) ~  

Cond A .59( .75) 
RF A TH 
Re1 Time 
RF A U 
Cond S 

These  a r e  t h e  v a r i a b l e s  s e l e c t e d  as  i m p o r t a n t  b y  t h e  s t e p w i s e  
r e g r e s s i o n  a n a l y s i s  on  r a n k s .  T h i s  s e l e c t i o n  a g r e e s  w e l l  w i t h  
t h e  v a r i a b l e s  i d e n t i f i e d  as i m p o r t a n t  b y  t h e  P R C C  o n  pages 1 1 4  
t o  118 .  N o t e  t h a t  t h e  n o t a t i o n  RF A u s e d  h e r e  means r e t a r d a t i o n  
f a c t o r  (RF)  i n  t h e  a q u i f e r  a n d  i s  c a l c u l a t e d  u s i n g  t h e  KD v a l u e s  
l i s t e d  w i t h  t h e  P R C C .  L i k e w i s e  K UP A Q  and  Cond A b o t h  r e f e r  t o  
c o n d u c t i v i t y  i n  t h e  u p p e r  a q u i f e r .  

- 1 4 6 -  
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