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Physical Interpretation of Supercoherent States
and their Associated Grassmann Numbers

Michael Martin Nieto

Theoretical Division, Los Alamos National Laboratory,
Los Alamos, New Mexico 87545, U.S.A.

ABSTRACT

A physical interpretation of supercoherent states is suggested. It is based
upon the observation that an ordinary coherent state is an eigenstate of a
specific mode of the radiation field. A supercoherent state is viewed a_ a photino
coherently combined with photons of the same mode. An interpretation of the
associated Grassmann-valued numbers of the state is also discussed.

The introduction of graded Lie algebras was an important milestone in the study
of combined internal and space-time symmetries. This led to the development of
supersymmetric theories which predict the existence of boson and fermion partner
states: e.g., for the photon there is a partner photino, etc.

Up to now none of the supersymmetric partners have been found, so that super-
symmetry, if extant, is broken. All evidence for supersymmetry has been found in the
low energy regeme: e.g., in nuclei, 1 in atomic systems, 2 and in WKB calculation§. 3
But these results, although exciting and indicative, do not unequivocally prove the
need for a fundamental supersymmetry. Rather, they are tantalizing hints. The proof
would be in the discovery of supersymmetric particles, perhaps at the SSC.

However, if supersymmetric partners were found, then there would be a need

to give a physical interpretation to unusual quantities in the full supersymmetry
mathematics: Grassmann numbers. We will return to Grassmann numbers below, but
first we point out that such a situation _1ould be similar to the problem of the physical
interpretation of imaginary numbers when quantum mechanics was discovered.

When SchrSdinger described his "coherent states", 4 he thought that the physics
was contained in the real part of his wave solutions. It was only later that the
interpretation of the wave function us a probability amplitude was formulated. The
realization that the complex phase had physical information followed. Similarly_ it
was understood that the decay time is the modulo of a pure imaginary number. No
experiment ever measures an imaginary number. Rather, an imaginary number in
the theory is interpreted in terms of a real physical process.

Returning to the coherent states (of the harmonic oscillator), *-s they can be de-
fined in many equivalent ways. r Among them are a) the position-momentum minimum-
uncertainty states of the harmonic oscillator, b) the eigenstates of the destruction
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operator, and c) those states obtained by applying the displacement operator on tile
ground state:

D(a)10 >- exp[aa+ - a'a]10 >- la >. (1)

In the number-state basis, la > has the decomposition

i_ >= ezp[-lal212]E.[a"l(n!)'12llr_ > (2)

= >. (3)
The a_ represent the relative occupation in each energy level; i.e., the probability
that the particle is in the eigenstate with energy (bw) is

P(,,) = la,,I_. (4)

There are also many ways to give a physical interpretation of these coherent states.
One is that they describe the most classically- possible motion of a quantum-mechanical
particle in a harmonic oscillator potential.

The displacement operator method has been generalized to arbitrary semisim-
ple Lie Groups by a number of authors, s Recently, FKNT 9 further generalized this
method to supergroups, yielding supercoherent states. 9 As with Lie groups, one ap-
plies a unitary irreducible representation of the supergroup to the ground state to
obtain its coherent states. In particular, for the super Heisenberg-Weyl group defined
by

[a,a +] -- I, {b,b + } = I, (5)
one has

T(g) = exp[-Aa + Aa + + BI + Ob+ + "Ob], (6)

T(g)10,0 >= IZ >. (7)
Technically, A and A are complex, even, Grassmann numbers. Because a+ and a
are pure even elements, we associate A and A with the a and a* of the ordinary
coherent states (A = ai). B is an imaginary, even, Grassmann number. 0 and _ are
odd Grassmann numbers. An odd Grassmann number can be written as a complex
number, c, multiplying an odd Grassmann basis vector ¢'; that is, 8 = c¢'. However,
these odd Grassmann numbers are nilpotent, since they satisfy anticommutation re-

' lations among themselves: {_1, _2} = 0.1°-12 If there is a fundamental supersymmetry
'' in nature, obtaini:lg a physical interpretation of these vectors would be analogous to

having obtained ar_ interpretation of imaginary numbers in early quantum mechanics.
The two labels of ',0,0 >in Eq. (7) represent the even (bosonic) and odd (fermionic)

sectors. Explicit calcu!ation yields

[Z >= [I - (1/2)-gO][A,O > +OIA, 1 >, (8)

with the bosonic sector b('ing a coherent state lA > and the fermionic sector having
zero or one fermions. The supersymmetric Hamiltonian and its expectation value are

g=a+a+b+b= {Q,Q+}, Q=ab +, (9)



!

< ZIHIZ >= +
The question now arises as to what is the physical interpretation of these states.

To t/nderstand our suggestion, it is useful to review another, more field-theoretic,
interpretation of the ordinary coherent states. It is that the coherent states describe
a coherent radiation field. Then a coherent state describes only one mode of the
possible many modes of the radiation field, the commutation relations more precisely
being

[akz,a"/r]= 5kj6zr. (11)
In general there is a product of coherent states for ali possible momentum k-vectors,
corresponding to Ek = wk, and all possible polarizations A. (We could also be
describing other bosons, such as scalar mesons, for example.)

Ignoring the k-vector and the polarization of the photon, P(n) signifies the proba-
bility that there are n photons with energy E in the coherent field. There is a definite
phase relation to the probability amplitude that there are m photons in the coherent
field. It is given by the phase of a,_ relative to any other a,_.

Now return to the supercoherent states of Eq. (8). We suggest that the odd part
describes the existence of a coherent, massless fermion; i.e., a "photino" with energy
E. (If one will, one could consider the cavity to be the early universe at 10-16 sec
when even the mass of a 1 TeV photino would be insignificant.)

As to the Grassmann numbers, we now make a suggestion for their interpretation.
To begin, we propose that the fermion sector "phase" relative to the boson sector is
defined by the c in 0 = c¢', _ labeling the fermionic part of the state. The probability
of finding a supercoherent state that has a bosonic sector coherent with one photino
is c'c, with the ¢'_ in 8_ labeling the probability as being for a fermion. Thus, the
probability of finding a bosonic sector without a coherent photino is (1 - c'c), from
(1 -00). Note that one must have lc[ < 1. Then the probabilities for the coherent
state having or not having a fermion are both < 1. (It is to be observed that our
restriction on the value of c is analogous to physical restrictions placed on ordinary
quantum mechanics. For example, one demands that all [a,_[< 1 and one disallows
unnormalizable solutions of the SchrSdinger equation.)

The above restriction on the value of c is consistent with the expectation value of
the Hamiltonian, given in Eq. (I0). The amount of fermion energy is lc[2 _< 1. The
maximum energy that there can be in the fermion sector is 1 since there can be at most
one fern,,ion in a given mode. The fact that when one squares a Grassmann number
one obtain.,; zero is simply a reflection that one can't have two identical fermions.

Observe that one also give an ansatz for the number of Grassmann basis vectors

that a particular system should have. In general, this number is determined by the
number of independent_ _fermi°n operators. Here we have two (b and b+, so the basis
vectors are I, _, _, and (_'.

This suggestion would be a field-theoretic generalization of the physical interpreta-
tion that FKNT 9 gave to the supercoherent states for a quantum-mechanical electron
in a magnetic field. There one has two towers of states separated by the magnetic field
energy eB/M. In the expectation value of the Hamiltonian, this energy is multipled
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by 00, and so 00 can be taken as a measure of the separation energy of the two towers;
i.e., Icl = 1. Here we could also say we have two towers (each of which is comprised
of the number states which define the ordinary coherent states). However, instead we
are indentifying 08 with the probability, Icl2 < 1, that there is a fermionic quanta of
the system, a massless photino, which is supercoherent with the even, bosonic-sector,
coherent state.

At this point it is apropriate to comment on the simplicity of the supercoherent
states in Eq. (8). This simplicity allowed our interpretation to be clearly described.
These coherent states can be written as a direct product of boson and fermion coherent
states. Therefore, the reader might wonder if such a direct product is always the case.
The answer is,"No." As demonstrated in FKNT, 9 there are other supercoherent states,
such as for osp(ll2), which do mix fermions and bosons.

Therefore, the simplicity of these present states comes about because the algebra
of Eq. (5) does not have any nontrivial (anti-) commutation relations which explicitly
involve both even and odd operators. In particular, note that when the odd Grass-
mann numbers associated with the fermion sector are zero, there is no "soul" in the
Grassmann number associated with the bosonic probability amplitude. We suspect
that if our suggested interpretation has some validity, then this restriction will be true
in general, even for more complicated coherent states This is one of many aspects of
our proposal which will have to be investigated further.

To this last, remember that there are many questions which remain to be under-
stood. In particular, we have advocated a finite basis set for systems with a finiute
number of fermion modes (states). To date, mathematical studies ha_e not rigor-
ously yielded either a mathematical norm nor an integral-differential procedure for
such systems. Even so, we hope that our suggestions are steps in the right direction,
which will aid in the search for a physical interpretation of multimode Grassmann
systems.

I thank P. Ginsparg, A. S. Goldhaber, T. Goldman, and J. R. Klauder for illumi-
nating questions and discussions on this topic. Special thanks go to V. A. Kosteleck_
and D. R. Truax. In our collaborative work on supergroups, 9,13 we have continu-
ously kept in mind and discussed the possibility of there being a proper physical
interpretation of Grassmann-valued quantities
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