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ABSTRACT 

NOTICE 

sponsored by the Unitcd State Govnnment. Nrithcr 
Ihe United Smtw nor the United Stala Energy 
Research and Development Admimistration, nor any of 
I h ~ i r  employees, nor any o f  lhcb mntmctorl. 
rubconlracton or lhcb cmploycw. make any 
warranty, e x i r e s  or implied, or nnumcr any legal 
bbil i ly  or rcrpondbilily for the acfurscy, mrnplctcncn 
or uxfulncn of any infarmtion. appa1aI~1.ProdUC1 Or 
p r o m  d ' i l oud ,  or rcpruents that its uu would no1 

A once-subtracted form of t h e  Low equat ion  f o r  t h e  pion-nucleon s c a t t e r i n g  

amplitude i s  der ived ,  w i th  PCAC used t o  d e f i n e  the  amplitude when one pion is  

o f f  t he  mass s h e l l .  The s t a t i c  approximation i s  n o t  made and both t h e  s e a g u l l  

terms and ' t h e  an t inuc leon  c o n t r i b u t i o n  (2-graphs) a r e  r e t a i n e d .  The theo'ry i s  

appl ied  t o  c a l c u l a t e  t h e  S-wave ampli tudes i n  t h e  e l a s t i c  s c a t t e r i n g  reg ion .  

Good agreement is  found wi th  t h e  phase s h i f t  f i t s  t o  t h e  da t a  when we use 

2 
l g T ( 4 ~  ) I = 11.69 and 25.5 MeV f o r  t h e  nN a-commutator. The imp l i ca t ions  of 

t h i s  work f o r  t h e  a n a l y s i s  o f . 1 0 ~ - e n e r g y  e l a s t i c  s c a t t e r i n g  of p ions  from 

n u c l e i ' a r e  d iscussed .  I n  p a r t i c u l a r ,  we p o i n t  out  how t h i s  work e s t a b l i s h e s  

the  presence of a Laplac ian  term i n  t h e  pion-nucleus o p t i c a l  p o t e n t i a l  w i th  

a  magnitude t h a t  is f i x e d  from t h e  va lue  of t h e  a-commutator. 

KEY WORD ABSTRACT 
. . 

NUCLEAR REACTION Pion .nucleon ' s c a t t e r i n g ,  o f f - s h e l l  ampli tude,  , a-commutator , 

Laplacian i n  pion nucleus o p t i c a l  p o t e n t i a l .  
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I. INTRODUCTION 

I n  a  r e c e n t  paper1 we presented  a  b r i e f  d e s c r i p t i o n  of a  theory  of t h e  

low-energy pion-nucleon i n t e r a c t i o n  and i t s  main r e s u l t s .  The p re sen t  a r t i c l e  

g i v e s  a  d e t a i l e d  e x p o s i t i o n  of t he  r a t i o n a l e  behind t h e  theory ,  t h e  method 

of c a l c u l a t i o n  and a f u l l e r  d e s c r i p t i o n  of our  r e s u l t s  f o r  t h e  S-wave ITN 

ampl i tudes .  

2 
The work was motivated by our s tudy  of t h e  problem of low and i n t e r -  

mediate  energy pion-nuclear s c a t t e r i n g  which r e q u i r e s  a knowledge of t h e  pion- . 

nucleon s c a t t e r i n g  ampl i tudes  where a l l  p a r t i c l e s  a r e  o f f  t h e i r  mass s h e l l .  

Cur ren t ly  s e v e r a l  methods of cons t ruc t ing  such amplitudes a r e  popular .  One 

of t hese ,  f o r  example, i s  t h e  ~ i s s l i n ~ e r ~  model where one r e p r e s e n t s  t h e  

+ -b 
isoscalar,spin-independent p a r t  of t he  ITN ampli tude i n  t h e  form b(w) + c ( w ) k * k l .  

+- -f 
I n  t h e  s imp les t  model w ,  k ' a n d  k t  a r e  t h e  p ion  energy, f i n a l  and i n i t i a l  momenta, 

r e s p e c t i v e l y ,  i n  t h e  CM flame. The q u a n t i t i e s  b(w) and c(w) g ive  t h e  s t r e n g t h s  

of t h e  S- and t h e  P-wave ampli tudes.  There has been c o n s i d e r a b l e  d i s c u s s i o n  4 

as t o  whether one should use t h e  Ki s s l inge r  form o r  t h e  so-ca l led  Laplacian 

2 .  
form, b '  (w) - c '  (w) ($ - z') . I n e v i t a b l y  t h e  ques t ion  arises, why no t  a  com- 

+ +  2 
b i n a t i o n  of both, b"(w) - cr'(w) (k - k f )  + d(w)$ g' . Clea r ly ,  ques t ions  of 

t h i s  n a t u r e  cannot be s e t t l e d  wi thout  a  dynamical theory  of t h e  pion-nucleon 

i n t e r a c t i o n .  For t h e  P-wave t h e r e  is t h e  well-known work of Chew and Low 5 

based on t h e  s t a t i c  approximation and neg lec t  of s e a g u l l  terms. Simj.lal: 

approximate t r ea tmen t s  have a l s o  been t r i e d  f o r  t h e  S-wave ampli tudes.  6 

The theory  descr ibed  i n  t h e  p re sen t  work i s  a n  ex tens ion  and improvement of 

t h e s e  e a r l i e r  e f f o r t s  i n  which both nucleon r e c o i l  and t h e  s e a g u l l  terms 

a r e  i nc luded ,  



Another popular  approach t o  desc r ib ing  the  pion-nucleon i n t e r a c t i o n  makes 

/ 

use  of s epa rab le  p o t e n t i a l s .  This  method, o r i g i n a l l y  proposed by Landau and 

~ a b a k i n ,  ' g i v e s  f o r  t h e  i sosca l a r ,  spin-independent amplitude t h e  form 

b (w)vS (z2)vs ( z t 2 )  + ~ ( 0 ) ;  z l v p  (c2)vp (z' 2, . The method has t h e  advantage 

t h a t  t h e  q u a n t i t i e s  b(w) and c(w) and t h e  form f a c t o r s  v and vp can be  de- 
S 

t e rmined  from experimental  d a t a  by an  inve r s ion  procedure. Attempts have 

been made t o  improve t h i s  approach.8 But t h e  r e s u l t s  a r e ,  only a s  v a l i d  a s  

t h e  r a t i o n a l e  f o r  desc r ib ing  t h e  dynamics w i th  a p o t e n t i a l  i n  t h e  f i r s t  p l ace ,  

and then  f o r  a sepa rab le  p o t e n t i a l  i n  every channel.  The Chew-Low theory  and 

t h e  resonance dominance j u s t i f i e s  a sepa rab le  form f o r  t h e  P-wave amplitude. 

But i t  is  ha rd  t o  j u s t i f y  a s epa rab le  S-wave amp'litude and we do n o t  know of 
. % .  

an? a t tempt  a t  provid ing  t h e  needed j u s t i f i c a t i o n .  

There a r e  t h r c e  b a s i c  mechanisms j.n pion-nucleon e l a s t i c  s c a t t e r i n g  which 

any model of t h e  ITN ampli tude must inc lude .  F i r s t ,  t h e r e  a r e  exchanges of 

s c a l a r - i s o s c a l a r  bosons and vec tor - i sovec tor  bosons be tween , the  p ion  and 

nucleon. Second, a nucleon can absorb a pion and then e m i t  i t ,  o r  emit and 

then  absorb a pion. Third,  a p ion  can v i r t u a l l y  d i s s o c i a t e  i n t o  a nucleon- 

an t inuc leon  . p a i r ,  t h e  nucleon going i n t o  the  f i n a l  s t a t e  and t h e  an t inue leon  

being absorbed by t h e  i n i t i a l  nucleon t o  form t h e  f i n a l  s t a t e  p ion  (2-graph). 

I n  a d d i t i o n  t h e r e  a r e  many o t h e r  processes  involv ing  more bosons and baryons,  

b u t  t h e s e  are l e s s  important  f o r  t h e  low-energy i n t e r a c t i o n .  The most prac-  

t i c a l  method of d e s c r i b i n g  t h e s e  importa;t mechanisms i s  t o  u se  f i e l d  theory ,  

9 where' t h e  . s c a l a r  q u a n t i t y  



is t h e  genera l  pion-nucleon s c a t t e r i n g  amplitude assoc ia ted  with the  process 

depic ted  i n  Fig. 1. When any one of the  four  momenta p 
i' 

p f ,  k o r  k'  - p + k - p i  
f  

i s  such t h a t  i t s  square is  equal  t o  the  square of the  mass of the  associa ted  

p a r t i c l e ,  the  corresponding p a r t i c l e  (or leg) i s  s a i d  t o  be  on t h e  mass s h e l l .  

Apart from t h e  f a m i l i a r  symmetries imposed by Lorentz invar iance  and 

i s o s p i n  independence t h e  pion-nucleon s c a t t e r i n g  amplitude must s a t i s f y  the  

symmetry condi t ion  r e s u l t i n g  from the  self-charge-conjugate cha rac te r  of the  

pion.  This  is  known a s  t h e  crossing symmetry wh,ich says rhat t he  s c a t t e r i n g  

amplitude .is i n v a r i a n t  under t h e  change k *> - k' and a <-> B.  The importance 

of c ross ing  symmetry i n  pion-nucleon s c a t t e r i n g  i s  w e l l  known. Its important 

r o l e  i n  pion-nuclear s c a t t e r i n g  has b"een discussed by us lo  e a r l i e r .  F i e l d  

theory  provides a convenient framework i n  which t o  cons t ruct  a  cross ing sgm- 
,- 

met r i c  amplitude, though a p o t e n t i a l  formalism can a l s o  incorpora te  t h i s  sym- 

metry. 
10 

There a r e ,  however, a  number of d i f f i c u l t i e s  i n  a  p o t e n t i a l  theory 

approach t o  t h e  nN amplitude. 

S i n c e . p o t e n t i a 1  theory is  genera l ly  used i n  the  a n a l y s i s  of pi-nuclear 

s c a r t e r f n g ,  i t  i s  perhaps worthwhile t o  d i scuss  the  r e l a t i o n s h i p -  between the  

p o t e n t i a l  and f i e l d - t h e o r e t i c  desc r ip t ions  of the  elementary pi-nucleon 

i n t e r a c t i o n .  For t h e  p resen t  d iscuss ion we ignore sp in ,  s o  the  .rrN amplitude 

becomes a funct ion  of s i x  s c a l a r  va r i ab les .  It i s  convenient t o  choose these  

t o  be  tlie following s i x  CM frame q u a n t i t i e s :  the  t o t a l  energy W = pfO + k g ,  

+2 +2 +-2 
t h e  squares  of i n i t i a l  and f i n a l  momenta, pf = k and pi = Z v 2 ,  t he  angle of 

s c a t t e r i n g  8 and t h e  pion energies  k and k '  W e  note  t h a t  usual ly  a  poten- 
0 0 ' 

t i a l  theory is  used t o  desc r ibe  an i n t e r a c t i o n  which is instantaneous i n  the  

M frame, s o  the  r e s u l t i n g  s c a t t e r i n g  amp1.it.ude cannot depend on ko o r  k i .  

It. can be a funct ion  of the  f i r s t  four  v a r i a b l e s  only. Nevertheless a  sub- 



s e t  of t h e  r e l a t i v i s t i c  s c a t t e r i n g  ampli tudes can be descr ibed  by a n  e f f e c t i v e  

1 2  2 2 
p o t e n t i a l .  The s u b s e t  has  k = k '  = - 

0 0 2W 
(W - M  +m=), which i s  t h e  va lue  when 

2 2 2 2 2 2 
a l l  p a r t i c l e s  a r e  on mass s h e l l .  W i t h  t h i s  cond i t i on  k - p f  = k' - p i  = m - M  Y 

TI 

2 2 2 2 
b u t  no t  n e c e s s a r i l y  k = m pf = M , e t c .  These ampli tudes a r e  u s u a l l y  

71 ' 
. . . . . . . . . 

ca tegor ized  a s  be ing  on  o r  of f  t h e  energy s h e l l .  When W = h2 +;; + dm2 +$: 
TI 

+2 2 +2 
and s2 = pi (CM frame) t h e  ampli tude is  on t h e  energy s h e l l .  When W = JM + p f  + f  

Jm: +;: o r  W = h2 +;: + dm2 +;: and G: # G: 'it is h a l f  off  t h e  energy s h e l l , '  
TI 

whi le  i f  W # h12 + + Am: + s; and W # h2 + G2 + Jm2 + $? and G2 # G2 i t  i s  
1 ? 1 f  1 

f u l l y  o f f  t h e  energy sheXl. 

. There a r e  two s t e p s  i n  de r iv ing  t h e  e f f e c t i v e  p o t e n t i a l .  F i r s t  one w r i t e s  

down t h e  ~ e t h e - s a l p e t e r l 1  equat ion  f o r  t h e  s c a t t e r i n g  amplitude. Next one uses  

12 
t h e  Blankenbecler-Sugar p r e s c r i p t i o n  f o r  conver t ing  t h e  Bethe-Salpeter equat ion  

i n t o  t h e  Lippmann-Schwinger form. . I n  t h e  p roces s  one r e p l a c e s  t h e  product  of 

t h e  Feynman propagators  f o r  a nucleon and a  p ion  appear ing  i n  t h e  Bethe-Salpeter  

equat ion  by t h e  Lippmann-Schwinger propagator  w i t h  a d e l t a  f u n c t i o n  which keeps 

1 . 2  2 2 t h e  energy of t h e  in t e rmed ia t e  p ion  f i x e d  a t  -(w - M  +mT). Now, i f  t h e  
2W 

e x t e r n a l  p ion  momenta are a l s o  f i x e d  a t  t h i s  va lue  a l l  r e f e r e n c e s  t o  ko and 

k' a r e  removed. 0 

I n  p r a c t i c e  i t  i s  very d i f f i c u l t  t o  c a r r y  ou t  t h e  program desc r ibed  above. 
1 3  

It has  proved t o  be  q u i t e  d i f f i c u l t  f o r  nucleon-nucleon s c a t t e r i n g .  For  pion- 

nucleon s e a t t e r i h g  t h e  p rob leb  is  f u r t h e r  complicated by t h e  e x i s t e n c e  of t h e  
b 

absorpt ion-emission mechanism and c r o s s i n g  symmetry. 

Even i f  t h e  equ iva l en t  p o t e n t i a l  could be found t h e r e  would be  s t i l l  

another  d i f f i c u l t y  i n  us ing  t h e  r e s u l t i n g  ampli tudes i n  t he .p rob lem of pion- . ,< . )  

nuc l ea r  s c a t t e r i n g .  This  can be seen  from t h e  fo l lowing  c o n s i d e r a t i o n s .  

' j  > To construct t h e  f i r s t  o rde r  o p t i c a l  p o t e n t i a l  one needs t h e  ampli tude where, 

i n  t h e  targee nucleus rest frame, k = ki aud p 
0 = p i 0  

= M -  c w i t h  E t h e  
fO 



b ind ing  energy of a n  occupied s i n g l e  p a r t i c l e  s t a t e .  One a l s o  needs t h e  

-+ -+ -+ 
ampl i tude  f o r  a wide range  of va lues  of k ,  pf and pi. So t h e  r equ i r ed  con- 

2 . 2  2 , d i t i o n s  f o r  a p o t e n t i a l  d e s c r i p t i o n ,  namely 2k ( k + p f )  = ( k + p f )  - M  + m n ,  'L 

2 2 2 2 e f c . ,  o r  e q u i v a l e n t l y  p -k = p i - k '  = M~ - m2 cannot be  f u l f i l l e d . '  (This 
71 ' 

problem is a l s o  p r e s e n t ,  i n  p r i n c i p l e ,  i n  nucleon-nuclear s c a t t e r i n g . )  This  

problem i s  r e l a t e d '  t o  t h e  non-instantaneous c h a r a c t e r  of t h e  i n t e r a c t i o n .  

The non- ins tane i ty  of t h e  pion-nucleon i n t e r a c t i o n ' m a n i f e s t s  i t s e l f  through 

1 2 t h e  dependence of t h e  scattering ampli tude on t h e  variable  11 = -[w2 - M + 
ZM 

-+ -+ I pi 1 lpf 1 cos 0 - k k '  1. The i s o s c a l a r  ( i sovec to r )  p a r t  of t h e  s c a t t e r i n g  0 0 

ampl i tude  i s  an even (odd) f u n c t i o n  of v which, we exphasize,  depends exp l - i c i t l y  

on k and k '  
0 0 ' 

Because of t h e s e  d i f f i c u l t i e s  wi th  a p o t e n t i a l  theory  d e s c r i p t i o n  of t h e  

ITN ampli tude,  we cons ider  i n s t e a d  a  f i e l d - t h e o r e t i c  d e s c r i p t i o n .  We develop a 
L 

t heo ry  f o r  t h e  ampli tudes where only one p ion  is  of f  t h e  mass s h e l l .  Once 
'0 

t h e s e  a r e  known i t  is s t r a i g h t f o r w a r d  t o  cons t ruc t  ampli tudes where bo th  pions 

are o f f  t h e  mass s h e l l .  Cons t ruc t ion  of ampli tudes where a l l  p a r t i c l e s  are 

of f  t h e  mass s h e l i  r e q u i r e s  some approximations which w i l l  b e  d i scussed  i n  a 

f u t u r e  paper .  The p r e s e n t  work i s  thus  a necessary  f i r s t  s t e p  i n  t h e  cons t ruc t ion  

of t h e  ampli tudes r e q u i r e d  i n  t h e  a n a l y s i s  of pion-nuclear s c a t t e r i n g .  

I n  t h e  fo l lowing  we p r e s e n t  a theory  of nN s c a t t e r i n g  which i s  a  l o g i c a l  

e x t e n s i o n  of fhe  work of Chew and LOW.' We use  ;he Low equat ion14 obta ined  

by LSZ r e d u c t i o n ? b u t  i n  c o n t r a s t  t o  Chew-Low we do n o t  use  t h e  s t a t i c  

approximation,  and we r e t a i n  t h e  s e a g u l l  terms and t h e  an t inuc leon  i n t e r -  

media te  s t a t e  c o n t r i b u t i o n .  The d e f i n i t i o n  of t h e  s c a t t e r i n g  ampli tude o f f  

t h e  mass s h e l l  of one p ion  fo l lows ,  i n  p a r t ,  from t h e  i n d e n t i f i c a t i o n  of 

t h e  i n t e r p o l a t i n g  p ion  f i e l d  as t h e  divergence of t h e  a x i a l  v e c t o r  c u r r e n t .  



A soft-pion l i m i t  is  used t o  ,e l imina te  t h e  i s o s c a l a r  p a r t  of t h e  s e a g u l l  term 
Q '  

and o b t a i n  a once-subtrracfed form of t h e  Low equat ion  which suppresses  con- 

t r i bu t ionso fh igh -mass  in t e rmed ia t e  s t a t e s .  This  equat ion  a l lows  t h e  evalua- 

t i o n  of both t h e  p h y s i c a l  nN ampli tude as w e l l  as t h e  off-mass-shell15 ampli tude 

once t h e  remaining dynamical i n p u t s  a r e  s p e c i f i e d .  These inc lude  t h e  i sovec to r  

p a r t  of t h e  s e a g u l l  term, t h e  pion nucleon form f a c t o r ,  and t h e  sigma commu- 

t a t o r  term which appears  i n  t h e  sof t -p ion  l i m i t .  W e  d i s c u s s  t h e  v a l i d i t y  of 

each dynamical i npu t  t o  t h e  theory.  - 

The Low equat ion  de r ived  i n  Sec t ion  I1 desc r ibes  a l l  nN p a r t i a l  waves 

and . formal ly  is v a l i d  f o r  a l l  ene rg i e s .  I n  Sec t ion  I11 we p r e s e n t  a  cova r i an t  

p a r t i a l  wave expansion of t h i s  equat ion  and d e s c r i b e  t h e  method of numerical 

s o l u t i o n  f o r  t h e  S-wave ampli tudes us ing  Pad6 approximants. Seve ra l  new 
. 0 , .  

0 .  ,- J .. " 

and u s e f u l  techniques developed f o r  so lv ing  t h e  S-wave equat ion  a r e  d i scussed  
. . 

.6 

i n  s u f f i c i e n t  d e t a i l  s o  t h a t  they  may be  app l i ed  r e a d i l y  t o  o t h e r  problems. 

I n  Sec t ion  I V  we comment on the  va r ious  s e t s  of "experimental" phase s h i f t s ,  

t h e  method of searching  f o r  t h e  b e s t  va lues  of t h e  parameters  of t h e  theory 
, 

and our  f i n a l  r e s u l t s  f o r  t h e  S-wave ampli tudes.  We f i n d  t h a t  our on-shel l  
. .. 

ampli tudes ag ree  w e l l ' w i t h  experiment.  Sec t ion  V con ta ins  a  b r i e f  d i scuss ion  

of t h e  s i g n i f i c a n c e  of t h e  va lue  of some of t h e  parameters  determined b y ' o u r  

a n a l y s i s ,  and Sec t ion  V I  i nc ludes  a  summary and concluding remarks. 



11. DEVELOPMENT OF THEORY 

A.  Off-Mass-Shell Amplitude and t h e  Low Equation 

An expres s ion  f o r  t h e  off-mass-shell  pion-nucleon ampli tude i s  obta ined  

9 by apply ing  t h e  LSZ reduc t ion  procedure t o  t h e  S-matrix element f o r  ITN s c a t t e r i n g ,  

which g i v e s  

w i t h  

and where + (x) is  t h e  i n t e r p o l a t i n g  p?on f i e l d .  I n  t h e  S-matrix element t h e  
a 

four-momenta of a l l  p a r t i c l e s  sa t i s fy  an  a p p r o p r i a t e   mas^ ~ h c l l  c o n s t r a i n t .  The 

ampl i tude  F (,pl ,pK. k) has no exp? i ri.t dependence on t h c  f  ~ur.~rnornentum C' ul 

t h e  i n i t i a l  s t a t e  pion. Defining t h e  f o u r  momentum of t h i s  pion by t h e  ene,rgY- 

momentum r e l a t i o n  

2 2 
we do n o t  n e c e s s a r i l y  have k' = m . Thus with (2) givins the dependence of 

Tr 

F on k '  , we t ake  Eq. (1) a s  a  d e f i n i t i o n  of what can be  c a l l e d  a  "half-off - 

mass-shell" ampli tude.  I n  t h i s  work we a r e  primarily concerned wi th  tlie nunlr.rj.ca1 

e v a l u a t i o n  of t h i s  ampl i tude .  This  i s  accomplished by s o l v i n g  t h e  Low equat ion ,  14 

'J  

w h i c h i s a  non l inea r  inhomogeneous i n t e g r a l  equa t ion  f o r  &h i s  off-mass-shel l  

ampl i tude .  
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, '  , 

We develop t h e  Low eqJuation by reducing out  t h e  f i n a l  s t a t e  pion i n  
. . 

(1) g iv ing  

The symbol T denotes t h e  usua l  time order ing  of ope ra to r s ,  and f o r  b r e v i t y  we 

hencefor th  i n d i c a t e  only  k a s  t h e  argument of F, and where no confusion can  

a r i s e ,  we omit t h e  p a r t i c l e  symbols N and IT. I n  (3)  both  i n i t i a l  and f i n a l  

nucleons a r e  on t h e i r  mass s h e l l ,  b u t  s i n c e  t h e  four-momentum of t h e  f i n a l  

s t a t e  pion occurs  only  i n  t h e  exponent ia l  i t  can be taken a s  a  f r e e l y  v a r i a b l e  

parameter  no longer  r e s t r i c t e d  t o  s a t i s f y  t h e  mass s h e l l  cond i t i ons  k2 = m 
2 
IT 

k '  > 0. To guarantee  a convergent . i n t e g r a l ,  however, t h e  f o u r - v e c t o r - k  must 0 

b e  r e a l . .  Thus w i t h . k V  aga in  given by ( 2 ) ,  Eq. (3 )  d e f i n e s  what may be  c a l l e d  

a "f ul ly-off  -mass-shell" amplitude. 

.Allowing t h e  Klein-Gordon opera tor .  t o  a c t  on t h e  ma t r ix  element i n  Eq. 

(3 )  gives  

where we have made t h e  d e f i n i t i o n s  

d wi th  $ = -- 
dx  . This  equat ion  d e f i n e s  t h e  so-ca l led  s e a g u l l  terms. C is  a 

0 
s c a l a r - i s o s c a l a r  ope ra to r ,  whi le  Y is  a  vec tor - i sovec tor  ope ra to r .  Crossing 

symmetry . . r e q u i r e s  t h a t  i n  an  expansion of t h e  s e a g u l l  terms i n  powers of k 
. . 

and k '  t h e  i s o s c a l a r  ope ra to r  is  a s s o c i a t e d  wi th  even powers wh i l e  t h e  i so -  
. . 

(2; 



io 

v e c t o r  ope ra to r  m u l t i p l i e s  t h e  odd powers. In  phenomenological Lagrangian 
8 4 

models16 L and Y d e s c r i b e  t h e  t-channel exchanges of s c a l a r - i s q s c a l a r  and 

vec to r - i sovec to r  bosons, r e s p e c t i v e l y .  The ( k + k 1 )  f a c t o r  i n  t h e  v e c t o r  

term, f o r  'example, is  a l s o  p re sen t  i n  t he  express ion  corresponding t o  the  - 
Feynman diagram f o r  p-meson exchange between a p ion  and a nucleon. From a 

s imple  s tudy  of phendmenological Lagrangians one can s e e  t h a t  t h e  quantum 

numbers of pions and nucleons exclude from Eq. (5) o p e r a t o r s  wi th  transforma- 

t i o n  p r o p e r t i e s  d i f f e r e n t  from those  of C and Y .  

It is s t r a i g h t f o r w a r d  . to  o b t a i n  from (4) a . 'nonlinear inhomogeneous 

equa t ion  f o r  t he  h a l f  -off -mass-shell amplitude. One i n s e r t s  a complete s e t  

of p h y s i c a l  s t a t e s  between t h e  c u r r e n t  ope ra to r s  i n  both  terms of t h e  time 

ordered  product .  The I T N >  s t a t e  c o n t r i b u t i o n  g ives  terms q u a d r a t i c  i n  t h e  

half-off-mass-shel l  ampli tude.  The o t h e r  i n t e rmed ia t e  s t a t e  c o n t r i b u t i o n s  

p l u s  t h e  s e a g u l l  t e r m s , c o n s t i t u t e  t h e  inhomogeneous terms. Also s e t t i n g  

ko = Jm: + k2 y i e l d s  a half-of  f-mass-shell  amplitude" on t h e  lef t -hand s i d e  of 

t h e  equat ion .  

B. Dynamical Inpu t  

Before p r e s e n t i n g  t h e  d e t a i l s  of t h e  eva lua t ion  of .Eq. ( 4 ) ,  we l i s t  

and d i s c u s s  f i v e  dynamical f e a t u r e s  which determine bo th  t h e  o f f -  and 

on-she l l  behavior  of t h e  TN amplitude. 

1. The i n t e r p o l a t i n g  p ion  f i e l d  i s  def ined  t o  be  p r o p o r t i o n a l  t o  t h e  

' d ive rgence  of khe weak ax ia l -vec tor  c u r r e n t ,  

3 
I1 

where fT  = 0.939m i s  t h e  charged p ion  decay cons t an t .  There are 
IT 

two consequences of t h i s  d e f i n i t i o n :  

a. It f i x e s  t h e ' f o r m  of t h e  coupling of p ions  t o  nucleons i n  t he  

sof t -p ion  ampli tude d i scussed  below, and 



b.  i t  s e t s  t h e  s t r e n g t h  of t h e  coupling of pions, t o  nucleons 

a t  zero  momentum t r a n s f e r  by the  'Goldberger-Treiman r e l a - .  
. 

t ion17 between the  nN form faCtor  g (0) and t h e  weak a x i a l  a 

f  orm f a c t o r  gA(0) ; namely 

2 
ga(0) = fi M mIT gA(0) If ,  = 12.7, (7) 

where M - i s  t he  nucleon mass, and gA(0) = 1.25. 

The dynamics i m p l i c i t  i n  (6) h a s  been t e s t e d  be fo re ,  f o r  example, 

i n  t h e  Adler-Weisberger sum r u l e ,  18' l9 which agrees  w i th  experiment 

t o  w i t h i n  5%. Following convent iona l  usaged,we r e f e r  t o  Eq.  (6) 

as t h e  hypothes is  o f t h e ' p a r t i a l  conserva t ion  of t h e  a x i a l - v e c t o r  

c u r r e n t  (PCAC). It should be noted t h a t  i n  using (6) we . w i l l  n o t  

need t o  assume l'smoothness'' i n  t h e  behavior  of ma t r ix  elements  a s  

- pion' v a r i a b l e s  a r e  changed. 

2 .  W e  assume t h a t  . t h e  i sovee to r  s e a g u l l  term Y' = 0. This  is  b a s i c a l l y .  

equ iva l en t  t o  t h e  assumption t h a t  t h e r e  is no canon ica l  p-meson f i e l d  

i n  t h e  Lagrangian f o r  ITN s c a t t e r i n g .  We s t r e s s  t h a t  t h i s  does n o t  

imp .1~  t h a t  our theory  excludes t h e  e f f e c t s  of vec to r  meson exchanges 
. . 

Basdevant and Lee, f o r  example, us ing  t h e  o-model of Gell-Mann 

and . L L V ~ , ~ '  have shown t h a t  p and f resonances can  b e  dynamically 
0 

generated from higher  o r d e r  i t e r a t i o n s  of a u n i t a r y  theory  even 

though t h e  vec to r  mesons 'are  n o t  included i n  t h e  Lagrangian. 

3 .  W e  must d e f i n e  t h e  s t r e n g t h s  and i n v a r i a n t  momentum t r a n s f e r  depen- 

dences -o f  two i n v a r i a n t  form f a c t o r s  which e n t e r  our model independent 

a n a l y s i s .  One is  t h e  aN a-commutator form f a c t o r  r ( t )  ( f o r  t C 0) 
o 

2 
and t h e  o the r  is t h e  ITN form f a c t o r  g ( t )  ( f o r  t 1 0' and t 2 4M 1. 

'm 

w e  f i n d  t h a t  t he  most important  f e a t u r e s  of t h e s e  form f a c t o r s  a r e  

cons t r a ined  by. t h e  on-she l l  d a t a .  
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4. A necessary  consequence of c r o s s i n g  symmetry and nucleon r e c o i l  

, i n  any theory  of t h e  rN ampli tude i s  t h a t  t he  i n t e g r a l  equat ion  f o r  

each p a r t i a l  wave ampli tude is  coupled t o  a l l  p a r t f a l  wave ampli- 

t udes .  Thus t o  s o l v e  f o r  t h e  S-wave ampli tudes from t h e  Low equa- 

t i o n  i t  is  necessary  t o  s p e c i f y  t h e  o f f - s h e l l  behavior  of t h e  

R 2 1 p a r t i a l  wave ampli tudes.  We have theref  o r e  in t roduced  simple, 

s e p a r a b l e  f o r &  f o r  t h e  P-, D- and F-wave o f f - s h e l l  ampli tudes.  We 

f i n d  t h a t  . the e f f e c t s  of t h e  D- and F-wave amplitudes a r e  n e g l i g i b l y  

small over t h e  e n t i r e  e l a s t i c  s c a t t e r i n g  reg ion ,  and t h a t  t h e  P-wave. 

ampli tudes have a sma l l ,  b u t  non-negl.i.gible, e f f e c t  on t h e  S-wave 

ampl i tudes .  

5. F i n a l l y ,  we r e c a l l  t h a t  t o  express .Eq.  (4) a s  an  inhomogeneous equa- 

t i o n  f o r  t h e  o f f - s h e l l  amplitude a  complete s e t  of p h y s i c a l  s t a t e s  

i s  i n s e r t e d  between each term of t h e  time ordered product .  Na tu ra l ly ,  

t h i s  i n f i n i t e  sum must be t runca ted .  The t r u n c a t i o n  is  c a r r i e d  ou t  

i n  t h e  CM frame. Because o f . t r u n c a t i o n ,  t h e  i n t e g r a l  terms a r e  no 

longer  covariant . '  We inc lude  only  those low m a s s  s t a t e s  which a r e  

f e l t  t o  Le ~uusL  Impurcanr. These i nc lude  t h e  s t a t e s  IN>, and 

t h e  disconnected p a r t s  (z-graphs) a r i s i n g  from t h e  I%N> terms, where 

- 
N = a n t i n u c l e , o n .  Tile r a t i o n a l e  f o r  r e t a t n i n g  only these  s t a t e s  

w i l l  be  presented  when we di.scuss t h e  eva lua t ion  of t h e  i n t e g r a l  

t e r m  of E q .  ( 4 ) .  But l e t  us p o i n t  ou t  h e r e  that because our ereat- 

ment of t h e  i s o s c a l a r  s e a g u l l  t e r m  l eads  t o  an  equat ion  w i t h  a 

once-subtracted form, t h e  e f f e c t s  of h ighe r  m a s s  s t a t e s  w i l l  tend t o  

b e  suppressed.  



C. Evalua t ion  of t h e  Low Equation 

We now cons ider  t h e  eva lua t ion  of t h e  two remaining terms i n  Eq. ( 4 ) ,  

t h e  i s o s c a l a r  s e a g u l l  and the  time ordered 'product  of c u r r e n t s  terms, using 
' . I  

only Lorentz  covariance and the  above-mentioned dynamics. 

1. I s o s c a l a r  s e a g u l l  term 

The i s o s c a l a r  s e a g u l l  t e r m  can be e l imina ted  from t h e  Low equat ion 

by us ing  a sof t -p ion  l i m i t  of t h e  ful ly-off-mass-shel l  amplitude. Re- 

w r i t i n g  Eq. (4) wi thout  t he  i s o v e c t o r  s e a g u l l  term 

4 i k - x  
F (k) = < p f 1 6 a B ~ ~ j  [pi> + i [ d  x e < p f I T ( j B ( x ) j a ( o ) )  Ipi>, ( 8 )  

Ba 

we r e c a l l  t h a t  k is a f r e e l y  v a r i a b l e ,  r e a l  parameter.  Taking t h e  l i m i t  i n  

which a l l  fou r  components of k vanish  y i e l d s  a sof t -p ion  amplitude 

4 Lim [pi F (k) 1 = F (0) = < p f 1 6 a B ~ ( 0 )  Ipi> + i l d x<pf I~ ( jB(x ) j a (0 ) ) lp i ? .  
ki-6 k+o Pa fin 

Sub t rac t ing  Eq. (9) from Eq. (8) formal ly  e l i m i n a t e s  t h e  i s o s c a l a r  s e a g u l l  

t e r m  

4 - i j d  X < P ~ I T ( J ~ ( X ) ~ ~ ( O ) ) ~ P ~ > .  . :  . . (10) 

For  Eq. (10) t o  be  an improvement over Eq. (8), which con ta ins  the'  unknown ' 
. . 

s e a g u l l  term, we must of course  know F (0 ) .  
Ba 

An exac t  express ion  f o r  t h e  sof t -p ion  ampli tude can b e  obta ined  by us ing  

22 
PCAC, applying t h e  genera,l&ed :ward-~akahakhi ' .  i d e n t i t y .  .. t o  t h e  o r i g i n a l  

eqimtion:fqr.. . t h e  : f u l l y - . o f f 7 ~ s s - s h e 1 1  ampli tude, '  and t ak ing  the  l i m i t  k -t 0.  

Using Eq. . ( 6 3  and,  i n t e g r a t i n g  'by p a r t s  wi th  the '  D7.Alembertian i n  Eq. (3 )  g ives  

4 i k - x  2 2 
f  

'm 
~ ~ ~ ( k )  = i j d  x e (mT - k  a A~ (XI , j a (0)) 1 pi> . 

. Wi.th P denot ing  t h e  energy-momentum four-vector  o p e r a t o r ,  t r a n s l a t i o n a l  

i nva t iknce '  i:mp 3,j:es the': equa t5 ,on~ 



Thus w e  have 
z 

where k' = ( p f + k - p  ) has  been used. From t h e  d e f i n i t 5 . m  of t h e  p ion  source 
i 

c u r r e n t  

2  
f  

2  'TI 
J,(x) = ([I +m'TI)@a(x) = (1 +m,Iz aVA:(x) 

we g e t  

2 2 2  
F.Ba(k) = i ( m T - k  ) ( q - k '  

i k i x  
= i (mi -k2 ) (m2  'TI - k1  

where a  second t r a n s l a t i o n  was used t o  g e t  t h e  l a s t  l i n e .  

Upon i n t e g r a t i n g  by p a r t s  t h e  a AIJ.(x) term we f i n d  
u B 

The 'TIN u-commutator. 23y 24 is  def ined  by 

The last  l i n e  fo l lows  from Lorentz  covar iance  a s  t h e  most gene ra l  form f o r  

t h i s  m a t r i x  element,  w i th  r ( t )  an  i n v a r i a n t  func t ion  of t he  i n v a r i a n t  momentum u  
2 

t r a n s f e r  t = ( p f - p i )  . That t h e  a-commutator is  symmetric i n  i s o s p i n  i n d i c e s  

fo l lows  from. t h e  assumption t h a t  
a 

Though t h i s  r e l a t i o n  is  implied by t h e  SU(2) xSU(2) a lgeb ra  of c u r r e n t s ,  
25 

t h e  converse is no t  t r u e .  Thus t h e  i s o s c a l a r  na tu re  of the u-coxmnutator 

f o l l o &  from a  weaker coi idi t ion than  . t h e  c u r r e n t  a lgeb ra . .  '- 

We parametr ize  t h e  form f a c t o r e r  (t) a s  
a 

? 
The q u a n t i t y   TIN) i s  a n  important  parameter of low energy 'TIN s c a t t e r i n g .  Its 

numer ica l  va lue  i s  e s p e c i a l l y  s i g n i f i c a n t  s i n c e  i t  provides  a direct. ~~~~~~~e 

of t h e  s t r e n g t h  of t h e  chiral-symmetry breaking p a r t . o f  t he  s t r o n g  i n t e r a c t i o n  



~ a m i l t o n i a n . ' ~  A s  w e  d i scuss  below, o(nN) i s  a c c u r a t e l y  determined from 
, 6 . W  

Eq. (10) by r e q u i r i n g  t h a t  t h e  on-shel l  ampli tudes ag ree  wi th  experiment.  

I n  th; f i n a l  term i n  Eq. (11) we i n s e r t  a complete s e t  of p h y s i c a l  ( i n  

o r  ou t )  s t a t e s  i n  both  p a r t s  of t h e  t i m e  ordered product ,  t r a n s l a t e  A (x) B 

t o  A (0) and c a r r y  ou t  t h e  i n t e g r a t i o n  g iv ing  B 

where, i n  an  obvious n o t a t i o n ,  n  denotes  t h e  t o t a l  four-momentum of t h e  s t a t e  

In>. , 

To form t h e  sof t -p ion  ampli tude,  we must l e t  a l l  four  components of k  
, '. 

approach zero.  I f  w e  f i r s t  l e t  C -t 0 then  k -t 0 on t h e  r ight-hand s i d e  
0 .I ' 

of (14) we have a  wel l-defined l i m i t  

(15) . ' 
3 3- 

i .e. ,  only t h e  nucleon in t e rmed ia t e  s t a t e  c o n t r i b u t e s .  The sum over s denotes  
- 1 ,-. 

M 
' a  sum over t h e  nucleon s p i n  states and t h e  f a c t o r s  - a r i s e  from our i n v a r i a n t  

0  + 
normal iza t ion  of s t a t e s .  The l i m i t  whereby ko -t 0 f i r s t ,  then  k + 0 d i f f e r s  ~ 

from (15) and docs n o t  nppcnr t o  be  u s e f u l  i n  t h c  prcocnt  work. 
\ 

The form of t h e  ma t r ix  element of t h e  a x i a l  c u r r e n t  between nucleon 

states fo l lows  from Lorentz covar iance  a s  

w i th  g A ( t )  and g p ( t )  t h e  weak a x i a l  and induced pseudoscalar  form f a c t o r s ,  

r e s p e c t i v e l y .  expresk2on f o r  t h e  m a t r i x  element of t h e  divergence of . t h e  

a x i a l  c u r r e n t  i s  obta ined  us ing  PCAC, t h e  d e f i n i t i o n  of t h e  pion sou rce  

c u r r e n t  j - ( 0 )  and Eorentz  covar iance :  



Equation (15) then  becomes 

This  r e p r e s e n t s  a nucleon p o l e  term i n  t h e  s o f t - p i o n  l i m i t .  

Taking t h e  l i m i t  k + 0 i n  t h e  o r d e r  noted above, and us ing  

kC2 = (pf - pi) = t i n  t h a t  l i m i t ,  we o b t a i n  from Eq. (11) t h e  so£ t pion 

ampl i tude  i n  t h e  form 

where i n  g e t t i n g  the  l a s t  I.int?, we have used the Guldbe~.ger.-Tre.illra~~ r e l a t i o n .  

2 The f a c t o r  ( t - m  ) i n  t h e  a-term i s  p r e c i s e l y  what is  r equ i r ed  by t h e  Adler 
IT 

cons i s t ency  condi t ion .26  I n  Sec t ion  V I  we w i l l  comment on t h e  r o l e  t h i s  

f a c t o r .  p l ays  i n  t h e  pion-nucleus o p t i c a l  p o t e n t i a l .  We no te  t h a t  t h i s  expres- 

s i o i ~  f o r  t h e  so f t -p ion  ampli tude is  e x a c t ,  a s  t h e r e  a r e  no o t h e r  terms i n  

t h e  sum over s t a t e s  which su rv ive  i n  t h e  k -t 0 l i m i t .  

The remaining p a r t  of t h e  i s o s c a l a r  s e a g u l l  term, t h e  i n t e g r a l  expres- 

s i o n  i n  Eq. ( 9 ) ,  i s  eva lua t ed  i n  t h e  same manner a s  t h e  f i rs t  i n t e g r a l  rerm 

i n  ( l o ) ,  which we cons ider  i n  t h e  nex t  s e c t i o n .  

2.  Time-ordered product  of c u r r e n t s  terms 

To s o l v e  f o r  t h e  half-off-mass-shel l  amp1,itude from Eq. (10) we must 

e v a l u a t e  two i n t e g r a l  terms con ta in ing  time-ordered products  of p ion  

sou rce  c u r r e n t s .  I n  one term, the f o u r  momentulli of t h e  f i n a l  s t a t e  p ion  must 
. ? .--, 2 +-.j' 

satisfy kg = Jq,,, + k (hard pion i n t e g r a l ) ,  wh i l e  i n  t h e  o t h e r  k = 0 ( s o f t  

p ion  i n t e g r a l ) .  S ince  t h e  l a t t e r  can be obta ined  from t h e  former by a 

t r i v i a l  change of v a r i a b l e s  we concen t r a t e  on the e v a l u a t i o n  of only t h e  

ha rd  pfon i n t e g r a l .  

I n s e r t i n g  a complete s e t  of p h y s i c a l  s t a t e s  i n  both  t e r m s  of t he  time- 

orc2ered.product and c a r r y i n g  out  t h e  coo rd ina t e  i n t e g r a t i o n  a f t e r  t r a n s l a t i n g  

t h e  Hesienberg p i c t u r e  o p e r a t o r s  t o  t h e  space-time coord ina t e  o r i g i n  g ives  



The f i r s t  term o r  t h e  r i g h t  w i l l  be  r e f e r r e d  t o  a s  t h e  d i r e c t  ( s -  

channel) p a r t ,  whi le  t h e  second w i l l  be  c a l l e d  t h e  c rossed  (u-channel) p a r t .  

The admiss ib le  s t a t e s  In> c o n s i s t  of one o r  more p a r t i c l e s  w i th  t o t a l  baryon.  

number +l. When In> c o n s i s t s  of one pion and one nucleon we g e t  a  cont r ibu-  

t i o n  t o  t h e  r ight-hand s i d e  of (19) which involves  an  i n t e g r a l ' q u a d r a t i c  i n  

t h e  o f f - s h e l l  ampli tudes of i n t e r e s t .  Other c o n t r i b u t i o n s ,  a long wi th  the  
. . 

i s o s c a l a r  s e a g u l l  term, form t h e  inhomogeneous p a r t  of t h e  i n t e g r a l  equa- 

t i o n  f o r  t h e  o f f - s h e l l  ampli tude.  

We inc lude  i n  t h e  inhomogeneous term t h e  c o n t r i b u t i o n s  from t h e .  nucleon 

and an t inuc leon  in te rmedia te  s t a t e s .  The nucleon in t e rmed ia t e  s t a t e , c o n -  

t r i b u t i o n  i s  s t r a igh t fo rward ly  ' eva lua ted .  . A s  i n  Eq. (17) ,  Lorentz  covariance . . 

impl ies  t h a t  t he  ma t r ix  element of t h e  pion source  c u r r e n t  between nucleon . 

s t a t e s  has  t h e  form . . ...: . 

2 -' 
<pl  I j a (0 )  I p . = i g IT( (p l  - p) u(p'  ) Y ~ T ~ U ( P ) , ~  (20) , . 

which l e a d s  t o  t h e  fo l lowing  p o l e  terms 

a s  the  d i r e c t  and c ros sed  nucleon state c o n t r i b u t i o n s  t o  t h e  r i g h t  hand  s i d e  

of ~ q .  (19) . Equation (21) is  expressed  i n  t h e  ITN center-of-mass frame, 

-t -+ -t -+ 
k + p f  = 0, and and p are fou r  momenta of p h y s i c a l  nueleons w i t h  $= - ( k + k l )  

+- 
a n d ' p  = 0. Figure  2a shows a diagrammatic r e p r e s e n t a t i o n  of t h e  nucleon 

p o l e  terms. 

Obtaining rhe  aflt$.riiucl&ofi t .em i s  a b i t  more compl.ir.ated. It i s  g iven  

by t h e  f u l l y  d isconnected  p i e c e  of t h e  product  of ma t r ix  elements  of cur- 

r e n t s  appearing on t h e  r i g h t  of Eq. (19) .  The term "disconnected" can be " 



de f ined  r i g o r o u s l y  us ing  t h e  r educ t ion  technique?7 Roughly what i t  amounts t o  

i s  as fo l lows .  I n  a m a t r i x  element . l i k e  < N  I G ( Nix>, where x i s  any par- f 

/ ' 
t i c l e ( s )  and N denotes  nuc leons ,  one h a s  a term i n  which N .  propagates  

1 

f r e e l y ,  and t h e  rest which does no t .  Thus.we may w r i t e  

The f i r s t  term is r e f e r r e d  t o  as disconnected,  and t h e  second a s  connected (sub- 

s c r i p t ' . ~ ) .  Note:. t h a t  . i f  G canno t .  c0.nnec.t t he '  vacuum and . t h e ' . s t a t e :  I x>, t h e r e  is  no 

d isconnected  term. When a product  of two such matrix elements appears  

as i n  Eq. (19) ,  we w i l l  then  have a f u l l y  connected p i e c e ,  two semf-con- 

nec t ed  ( o r  semi-disconnected) p i e c e s ,  and a f u l i y  disconnected p i ece .  I n  t h e  

Appendix t h i s  decomposition is worked o u t  e x p l i c i t l y  f o r  t h e  terms of 
\ (.. 

Eq. (19) .  We f i n d  f o r  t h e  f u l l ?  disconnected p a r t  of Eq. (19) t he  express ion  

where now t h e  s t a t e s  n must have baryon number -1. Thus t h e  ant i -nucleon 

i s  t h e  lowes t  mass p a r t i c l e  i n  t h e  sum. 

From covar iance  we have 

' -  2 - - 
<o 11,(0) IN(pi) - , i(p)> = i ~ , ,  ((P~ +PI ) v ( ~ ) y ~ r , ~ , e ( p , ) .  (23) 

That t h e  same form f a c t o r  appears  i n  both  t h e  coup l ing  of t h e  pi'on c u r r e n t  

t o  a nucleon-antinucleon p a i r  and t h e  coupling of t h e  c u r r e n t  t o  two 

nucleons [Eq. (20 ) ]  fo l lows  from t h e  r educ t ion  formalism. It should be 
. . 

no ted  t h a t  i n  Eq. (20).  t h e  argument of gT is  10, whi l e  i n  Eq.  (23) i t  
, . 

is  2 4 ~ ~ 1  
. . 

From Eq. ('22) t h e  ahtTnucleon c o n t r i b u t i o n  from t h e  hard p ion  i n t e g r a l  

t o  t h e  inhomogeneous term i s  



where t h e  four-vector  p  is  t h e  same a s  de f inea  p rev ious ly  and i i s  t h e  f o u r  

+ +  
momentum of a  p h y s i c a l  nucleon wi th  R = k + k V  . Again, .Eq. , (24)  is  .expressed 

i n  t 4 e . c ~  frame. F igu re .2b  shows a  diagrammatic r e p r e s e n t a t i o n  of t h e  

ant inucleon po le  terms, and.from theshape  of ' t he ' nuc leon  l i n e s  i t  i s  

c l e a r  why - these  a r e  ., r e f  e r r e d  t o  as zigraphs.  'The' f a c t o r s  
. . - 2 

Re [g,*( (pf + N) ) g71 ( (Pi +:El) 1 arise because i n  summing over i n t e rmed ia t e  

s t a t e s  i n  (22) we have used i/2(Zi, sLaCes 
+ l o u t  sCates 

) Since  t h e r e  i s  

'28. 2  ~ o n ~ i d e r a b l e  unce r t a in ty  i n  , t he  knowledge of gT ( t )  f o r .  t 2 4M , i n  Eq . (24) 

we w i l l  make t h e ' s i m p l i f y i n g  assumption of r ep l ac ing  t h e  r e a l  p a r t  of t h e  

product of two complex form f a c t o r s  by t h e  product  of two, ye,al, f unc t ions ,  

2 c a l l e d  g IT( t ) ,  and def ined ,  f o r  t 2 4 M  , by . . ,-, 

2 u 
where = 1 gT(4M ) I .  This  q u a n t i t y  w i l l  be determined from on- she l l  d a t a  IT 

as w i l l  t h e  parameter m . .  For g T ( t ) ,  t 1 0 ,  w e  use  
0 ,. 

with  t h e  same mass parameter m The express ions  (25) and (26) were 0 ' 
2 8 

obta ined  from a crude d i s p e r s i o n  r e l a t i o n  a n a l y s i s  of t h e  TN form f a c t o r .  

Es timate.s of t h e .  rnagnitud.es of terms. a r i s i n g .  from . o t h e r '  in te r inedia te  

s t a . t e s ' s u g g e s t  they a r e  small i n  comparison t o  those d i scussed  s o  f a r  f o r  

e f t h e r  of two reasons :  t h e  coupling cons t an t  f o r  t h e  process  is  r e l a t i v e l y  

small o r  t h e  phase space  f a d t o r s  tend t o  suppress  t h e  c o n t r i b u t i o n .  Hence, 

combinlng these. r e s u l t s ,  our  approximation t o  t h e  hard  pion i n t e g r a l  becomes 



. . , ' b-.) , 

2' 2 
4 i k * x  , ~ , ( ( P ~ - P )  ) .~ , ( (P , -P )  - 

i l d  x e < p f I ~ ( j B ( x ) j a ( o ) )  Ipi> =-- 2 (kO + PfO - M) 
u (p f )  ( 1  - Yo)TBTau(pij 

The corresponding expres s ion  f o r  t h e  sof t -p ion  i n t e g r a l  i s  obta ined  from 

+- 
Eq.  (27) by dropping t h e  nucleon po le  terms, s e t t i n g  (ko,k) = 0 ,  and r ep lac ing  

-h - + 
t h e  four -vec tors  p by (pfn,-pf) and by (piO,-pi). 

C 

I n  summary, we have developed from ~ q .  (10) an inhomogeneous, non l inea r  

i n t e g r a l  equat ion  f o r  t h e  half-off-mass she l l 'p ion-nucleon  ampli tude which 

can  be w r i t t e n  i n  t h e  schematic  form 

t t t F ?. V + I  [F I?), + (F F ) ~ ] ,  - l [ o ? " ' ~ ) ~  + (F F)CISy (28) 

where V c o n s i s t s  of t h e  6-commutator and so f t -p ion  N-pole terms of Eq. (18) ,  

t h e  hard-pion N-pole terms of Eq. (21) and t h e  z-graphs of Eq. ( 2 4 ) .  The 

s u b s c r i p t s  D and ' C  denote d i r e c t  and c ros sed  terms, wh i l e  H and S s t a n d  f o r  

t h e  hard- and sof t -p ion  i n t e g r a l ,  r e s p e c t i v e l y ,  w i t h  app ropr i a t e  energy 

-denominators understood. By omi t t i ng  t h e  S-wave i n . e l a s t i c  s t a t e s  from t h e  

complete sum i n  t h e s e  . i n t e g r a l s  we have l i m i t e d  t h e  range of a p p l i c a b i l i t y  



@ ,"  

of t h e  theory t o  t he  e l a s t i c  reg ion .  Because t h e  sca t t e r i . ng  amplitude i s  

given by an equat ion  wi th  a  once-subtracted form, t h e  n e g l e c t  of t hese  h igh  

mass s t a t e s  w i l l  have a  weaker e f f e c t  on t h e  low energy e l a s t i c  amplitude 

than  what occurs  i n  an  unsubtracted equat ion  (e.g.,  t he  Chew-Low equa t ion ) .  



111. METHOD OF SOLUTION 

I n  t h i s  s e c t i o n  we p r e s e n t  a  method f o r  t h e  numerical s o l u t i o n  of Eq. (28) 

f o r t h e p a r t i a l  wave components of t h e  s c a t t e r i n g  amplitude. The method is  i l l u s -  

t r a t e d  by a d e t a i l e d  d i s c u s s i o n  of t h e  s o l u t i o n  f o r  t he  S-wave ampli tude.  

A. Covar ian t  P a r t i a l  Wave Expansion 

Our equa t ion  f o r  t h e  s c a t t e r i n g  ampli tude is  c ros s ing  symmetric and f u l l y  

i n c l u d e s  nucleon r e c o i l .  A s  d i scussed  below a consequence of t h i s  i s  t h a t  ' t h e  

i n t e g r a l  equat ion  f o r  each p a r t i a l  wave ampli tude is  coupled t o  a l l  p a r t i a l  wave 

ampl i tudes .  To handle  t h e  terms which couple t h e  ampli tudes,  i t  is  p a r t i c u l a r l y  

convenient  t o  make t h e  p a r t i a l  wave expansion i n  terms of p r o j e c t i o n  ope ra to r s  

which can  r e a d i l y  be  expressed  i n  any Lorentz frame, a s  w i l l  become c l e a r  sub- 

s equen t ly .  

Expressions f o r  angu la r  momentum p r o j e c t i o n  ope ra to r s  f o r  ITN s c a t t e r i n g  i n  

- t h e  CM frame a r e  w e l l  known. Denoting t h e  p r o j e c t o r  f o r  a  s t a t e  wi th  o r b i t a l  

momentum quantum number R and t o t a l  angular  momentum j byb'  t h e  S- and P-wave 
R ' 

pr .o j ec to r s  i n  t h e  center-of-mass frame a r e  given by 

A 6 

where p i (pf )  denotes  a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of t h e  i n i t i a l  ( f i n a l )  CM 

momentum. and X. ( X  ) r e p r e s e n t s  a P a u l i  s p i n o r  f o r  t h e  i n i t i a l  ( f i n a l )  nucleon 's  
1 f  

s p i n .  These p r o j e c t o r s  s a t i s f y  t h e  idempotency r e l a t i o n  

To express  t h e s e  p r o j e c t o r s  i n  a man i f e s t ly  cova r i an t  form, we f i r s t  w r i t e  

them i n  t e r m s  of Dirac s p i n o r s  



It is now easy t o  express  t hese  p r o j e c t o r s  i n  an a r b i t r a r y  frame. I f ,  i n  

2 a given frame, P denotes  t h e  t o t a l  four  momentum of t he  pion and nucleon and s = P  , 

t h e  angular  momentum p r o j e c t o r s  i n  t h a t  frame a r e  obta ined  from E q .  (31) by t h e  

replacements 

These r e s u l t s  can be  genera l ized  t o  h ighe r  p a r t i a l  waves by f i r s t  d e f i n i n g  
. . 

["21 ( 2 ~  + 1 - 4 n ) ~ ~ - ~ ~ ( c o s  8). , R&(COS 8) = (33) 

where [XI = l a r g e s t  i n t e g e r  i n  x and P  (cas  8) is  a  Legendre polynom,ia!, i n  cos 9 ,  wi th  8 t h e  R 

CM s c a t t e r i n g  ang le .  We f i n d ,  f o r  any R ,  

The ~ r o j e c t o r s  def ined  by Eq.  (31).-(34), of course ,  a l s o  s a t i s f y  t h e  idempotency 

r e l a t i o n  (30). 

Since  each of t h e  terms i n  Eq. (28) can b e  w r i t t e n  i n  t h e  form 

M - - 4.n u(pf )  [ ~ ( c o s  8) + ~ ~ ~ ( c o s  8) lu(pi) ,  

w i th  A and B app ropr i a t e  func t ions  of cos  8, we w i l l  need t h e  p a r t i a l  wave expan- 

s i o n  of t h i s  express ion .  Wri t ing  

A(COS 8) = zR(2e..+ I ) A ~ P ~ ( C O S  e ) ,  



2 4 

w i t h  a  similar expansion f o r  B, and us ing  Eqs. (31) and (34) we f i n d  

Using t h i s  r e s u l t ,  t h e  expansion of t h e  terms denoted by V i n  Eq. (28) i n  par-  

t i a l  waves i s  t r i v i a l l y  c a r r i e d  ou t .  For t h e  o the r  terms,  we expand t h e  s c a t -  

t e r i n g  ampl i tude  as 

. . + 
where q  = 1 Pi 1 (qf = 1 Gf I ) is the  magnitude of t h e  i n i t i a l  ( f i n a l )  momentum i 

T 
i n  t h e  CM frame and II is a p r o j e c t o r  f o r  a  s t a t e  of t o t a l  i s o t o p i c  s p i n  quan- 

tum number I, and is  g iven  by 

where 5 is a P a u l i  s p i n o r  f o r  i s o s p i n  and T (a = 1 ,2 ,3 )  i s  t h e  u s u a l  P a u l i  
a 

2 x 2 matrix. These p r o j e c t o r s  obey t h e  idempotency r e l a t i o n  

. P a r t i a l  Wave Expansion of I n t e g r a l  Terms 

Next we d i s c u s s  t h e  e v a l u a t i o n  of t h e  i n t e g r a l s  i n  (28) w i t h  t h e  expansion 

(36)  s u b s t i t u t e d  f o r  t h e  half-off-mass s h e l l  ampli tudes.  A t y p i c a l  i n t e g r a l  

i s  of t h e  .form 

-). 

The v a l u e s  of p, v,. L and E i n  t h e  CM frame f o r  t h e  f o u r  i n t e g r a l s  DH, 

+- 
CH, DS and CS a r e  g iven  i n  Table I. Whenever L f 0 t h e  i n t e g r a t i o n s  over t h e  



\ + +- 
I a ng l e s  of qT and q a r e  d i f f i c u l t .  The d i f f i c u l t y  is  removed by r e w r i t i n g  N 

. . t h e  i n t e g r a l  i n  t h e  fo l lowing  manner: . . 

W i s  t h e  t o t a l  energy of t h e  in t e rmed ia t e  state i n  i t s  own CM frame. I ts  

minimum va lue  i s  M+m . The express ion  w i t h i n  t h e  square  b racke t s  i s  a Lorentz  
IT 

i n v a r i a n t .  Therefore one can eva lua t e  i t  i n  a  frame where t h e  in t e rmed ia t e  s t a t e  

i s  a t  r e s t .  Upon doing s o  one g e t s  

Here q i s  t h e  CM frame momentum of t h e  p ion  ='orresponding t o  t h e  t o t a l  energy ,  W ,  

AS a  r e s u l t  of t h e  boos t  t o  t h e  in t e rmed ia t e  s t a t e  CM frame (ICM) $f changes 

. . +- I t o  p f y  e t c .  Now we can s u b s t i t u t e  expansion (36) f o r  t h e  half-off-mass s h e l l  

ampli tudes.  

Summing over y and s ' ,  i n t e g r a t i n g  over 5 2 ~  and us ing  t h e  idempotency cond i t i ons  
q 

(30) and (38) g ives  
m 

dW Mq * +- ' I  f 2 1 , 2 j ( ~ ~ l ~ ; l ' f 2 ~ , 2 j  
I T M h  4w2+i2- E dw2+Z2 I J ~  

I T .  



2 6 

A t  t h i s  s t a g e  it i s  u s e f u l  t o  i l l u s t r a t e  the  form of the  opera tors  

f ( s t  s ! )  by considering the  case j = 312 and !2 = 1 :  
R f f  1 1  

9 1 0  . I. I- 3 ;: • ;: 

Here w e  have used t h e  covar ian t  na tu re  of the  p ro jec t ion  operators  and the  

r e s u l t s  (32). The four  v e c t o r  

r e p l a c e s  P i n  the  equations (32).  Thus 

3 
From Table I we s e e  t h a t  f o r  the  Direc t  Hard (DH) i n t e g r a l  L  = 0 .  The 

p r o j e c t i o n  opera tors  i n  (43) a r e  those f o r  ' t h e  f i n a l .  (or  i n i t i a l )  s t a t e  CM 

frame (FCM) and (43) has  t h e  proper form f o r  the  p a r t i a l  wave expansion of (28). 

-t 
For t h e  o ther  t h r e e  i n t e g r a l s  L # 0 and the  p ro jec t ion  opera tors  appear- 

ing  i n  (43) a r e  not  p ro jec t ion  opera tors  f o r  t h e  FCM frame. For each of these  

i n t e g r a l s  t h e  p a r t i a l  wave expansion i n  the  FCM w i l l  have t o  be c a r r i e d  out .  

An immediate consequence is t h a t  the  i n t e g r a l  equation f o r  any p a r t i a l  wave 

i s  coupled t o  a l l  p a r t i a l  waves. The coupling a r i s e s  not  only thro,ugh the  

crossed i n t e g r a l  b u t  a l s o  through the  s o f t  i n t e g r a l s .  The i sosp in  cross ing,  

p resen t  f o r  both crossed terms, is exac t ly  the  same a s  i n  the  Chew-Low theory. 

The FCM p a r t i a l  wave p ro jec t ion  c-an be '  c a r r i e d  out  wi th  the  he lp  of Eq. 

3 3 
(35). Expression (43) depends on the  s c a t t e r i n g  angle  8 between. p and p I: -. 1 

3 3 
through t h e  kinematical  ' f a c t o r s  a s  we l l  a s  through lp: 1 and lp; 1 appearing a s  



-t 2 
arguments i n  t h e  p a r t i a l  wave ampli tudes.  The expressions f o r  I p i  1 = 2 2 

PiO - M  9 

e t c . ,  can be  r e a d i l y  obta ined  from (45) ,  s i n c e  t h e  nucleons a r e  always on 

+ 
t h e i r  mass s h e l l .  The Dirac  ma t r ix  y appearing i n  t h e  p ro j ec t ion ,  ope ra to r s  . 
can be e l imina ted  by adding t o  $ an  a p p r o p r i a t e  l i n e a r  combination of $ - M  i 

and l b f - M ,  which then p u t s  Eq. (43) i n  t h e  form of Eq. (35) .  

. In  our  s tudy  of t h e  S-wave s c a t t e r i n g  ampli tudes we inc lude  t h e  r e c o i l  

e f f e c t s  from 'P-wave only.  Pre l iminary  examination shows t h a t  D- and F-waves 

have i n d i v i d u a l l y  sma l l  c o n t r i b u t i o n s  t o  t h e  S-wave equa t ions  and, fur thermore,  

they tend t o  cance l  one another .  

To inc lude  t h e  e f f e c t s o f  t h e  P-wave ampli tudes we .must make a  model f o r  

t h e  half-of$-mass s h e l l  ampli tudes i n  t h e  f o u r  P-wave channels .  We use the  

f a c t o r a b l e  form 

where t h e  on-shel l  e l a s t i c  s c a t t e r i n g  ampli tude .. 

wi th  TI t he  modulus of t h e  S-matrix element and6  t h e  r e a l  phase s h i f t .  The 
v v 

form f a c t o r  $(p)  is  parametr ized a s  

u ' 
The power of 512 was ehosen s o  t h a t  p((p)- which w e  f e l t  w a s  t h e  d e s i r a b l e  

P-t O0 

r a t e  f o r  damping a t  h igh  momentum. So f a r  as t h e  low energy phase s h i f t s  a r e  

d - 5 concerned t h e  q u a n t i t y  of i n t e r e s t  i s  7 $(p)  - - -  
2 '  

n o t  t h e  power o r  

2 dp 2u 
t h e  va lue  of p i n d i v i d u a l l y .  

The form (46) is  l i k e l y  t o  b e  q u i t e  good f o r  t h e  P33 channel  because of 

t h e  resonance dominance, b u t  f o r  t h e  o t h e r  channels  i t  may no t  be a s  good. 
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* 
These ampl i tudes  always appear  i n  t h e  form f v ( q , p ) f v ( q , p V ) .  I n  o the r  words, 

t h e  channel  e l a s t i c  c r o s s  s e c t i o n s  determine t h e i r  s i z e s .  In spec t ion  of 

Eq. (19) shows a l l  P-wave i n e l a s t i c  channels  can be  inc luded  by simply 

ex tending  t h e  f a c t o r a b i l i t y  a n s a t z  t o  t h e  i n e l a s t i c  ampli tudes.  Thus t h e  

complete P-wave c o n t r i b u t i o n  t o  express ion  (43) i s  

+- 
x n T . ( u , v ) ~ ~ t 6 ; , a ; . ~ ; , s ; ) .  ( 4 9  j 

To e v a l u a t e  t h i s  exp res s ion ,  w e  w i l l  use  t h e  P-wave phases and i n e l a s t i c i t i e s  

of t h e  C ~ R N  t h e o r e t i c a l  f i t .  2 9 

C. The S-Wave Equat ion 

The non l inea r  i n t e g r a l  equat ion  f o r  S-wave ampli tudes can be  schemat ica l ly  

r ep re sen ted  i n  t h e  s t y l e  of (28) ,  

f v  = u v + I [ ( f * f I D +  ( f* f )&-  j l ( f * f I D +  (f*f)&.  (50) 

The d r i v i n g  term D is t h e  sum of a l l  terms i n  t h e  i n t e g r a l  equat ion  which 
V 

do n o t  c o n t a i n  t h e  S-wave ampli tudes.  It inc ludes  t h e  S-wave pro. ject ions of 

t h e  sigma commutator, nucleon pole ,  z-graphs and t h e  P-wave c o n t r i b u t i o n  t o  

t h e  S-wave. The 0-commutator i s  a pu re ly  i s o s c a l a r  , r e p u l s i v e  (negat ive)  t e r m .  

-t +- 
The z-graphs i n  t h e  l i m i t  Ip.  1 = Ip I = 0 have t h e  form 

1 f ,. 

One f i nds  char rhe l e ad ing  term of t h e  hard-pion z-graphs, t he  i s o s c a l a r  expres- 
- 2 

6ag. is  cance l l ed  by t h e  corresponding term of t h e  sof t -p ion  graphs-  

The sof t -p ion  s u b t r a c t i o n  thus  e f f e c t s  t h e  f a m i l i a r  "pa i r  suppression."  

A f t e r  s u b t r a c t i o n  t h e  i s o v e c t o r  p a r t  of t h e  z-graphs becomes t h e  leading  term. 

This  i s  a l s o  the  l a r g e s t  i s o v e c t o r  term i n  Dv. 
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The power ' s e r i e s  (54) s ' a t i k f  i e s  . , the u * i t i r i t y  condit ibnk ' (51) &id (52) 
. . 

i n  every  o rde r .  This  h a y  b e  v&ri.fied wi th  t h e  h e l p  of t h e  f  o'ilowing observa- 

t i o n s .  S ince  the  d r i v i n g  terms a r e  r .ea l  an ' imaginary p a r t  'can ar ' ise only from 
~' . 

t h e  i n t e g r a l s .  I f  t h e  numerator ' i n  t h e  i n t e g r a l s  a r e  a l i  r e a l  than  thd 

i.rr6(W- k - p  ) f a c t o r  i s  t h e  only  source  of an  imaginary p a r t ,  e x a c t l y  as 
0 fO 

demanded by e l a s t i c  u n i t a r i t y .  I f  a l l  f p )  f o r  in < n satisiy t h e  u n i t a r i t y  

c o n d i t i o n s ,  i. e . , ' 

t hen  i n  t h e  p roces s  of e v a l u a t i n g  ' f  (") one w i l l  f i n d  a l l  t h e  numerators t o  be  
v 

real  and t h a t  I m  f  s a t i s f i e s  t he  u n i t a r i t y  cond i t i on  o'f t h e  form (57) . v 

I n  many a r e a s  of phys i c s  a power s e r i e s  l i k e  t h a t  of -c54).  has of t e n  been 
. . 

approximated by a  r a t i o n a l  f u n c t i o n  of A .  30, T h i s  is  known as t h e  method of 

Pad6 approximants.  It h a s . t h e  advantage t h a t  t h e  r a t i o n a l  func t ion  may b e : a  

good r e p r e s e n t a t i o n  of t h e ' i n i t i a l  func t ion  even when A = 1 is o u t s i d e  t h e  

r a d i u s  of convergence of t h e  s e r i e s .  W e  should p o i n t  ou t  t h a t  f v  is  n o t  an  

a n a l y t i c  f u n c t i o n  of A. Rather ,  i t  can b e  made an ana ly t ic  func t ion  of two 

v a r i a b l e s ,  viz., t h e  r e a l  and imaginary p a r t s  of A .  Of course ,  t h i s  i n  no 

way p rec ludes  the  p o s s i b i l i t y  t h a t  a  r a t i o n a l  func t ion  i n  t h e  two v a r i a b l e s  can 

s e r v e  as a good approximation f o r  f . 
W e  found no tendency of convergence i n  our  power s e r i e s  expansion of t h e  

S-wave equa t ion ,  n o t  even of l oga r i t hmic  type.  We have t h e r e f o r e  t r i e d  t h e  

method of Pad6 approximants t o  o b t a i n  a  s o l u t i o n .  Thnllgh the. method of Pad6 

approximants has  been s t u d i e d . e x t e n s i v e l y  i n  t h e  context  of l i n e a r  i n t e g r a l  

e q u a t i o n s ,  t h e r e  have been few a p p l i c a t i o n s  t o  nonl inear  equat ions .  30 
Never- 

t h e l e s s ,  we f i n d  t h a t  i t  is p o s s i b l e  t o  c o n s t r u c t  a  s o l u t i o n  of t h e  non l inea r  

S-wave equa t ion  us ing  Pad6 approximants.  The v a l i d i t y  of t h e  s o l u t i o n  i s  



e s t a b l i s h e d  by p u t t i n g  i t  i n t o  t h e  equat ion  and v e r i f y i n g  t h a t  i t  a c c u r a t e l y  

reproduces i t s e l f .  

I n  t h e  con tex t  of s c a t t e r i n g  theory  i t  has  been customary t o  approximate 

the  half-off-mass s h e l l  amplitude wi th  a r a t i o n a l  func t ion  
30 

IN]  (A) 
. 'ij 

f i ~  
E fv(k i ,k . )  = 

I + Q : ~ ] ( A ) '  

where i and j l a b e l  t h e  on-mass-shell and t h e  off-mass-shell  momenta,: respect i$e ' ly .  

The polynomials a r e  

It i s  w e l l  kno,yn t h a t  t h e  u n i t a r i t y  cond i t i on  imposes the  restr ic t ion. .N. ;L.M. 
,.',' 

We found t h a t  [N,M] Pad6 approximants w i th  N I M  a r e  q u i t e  u n s a t i s f a c t o r y  f o r  

t h e  S11 ampli tude.  We t h e r e f o r e  circumvented the  u n i t a r i t y  r e s t r i c t i o n  by, . . . . 

- making Pad6 approximants no t  f o r  f b u t  f o r  t he  ampli tude , 

i j . . 

- - L i j  
Kij  9 (60) 

%i l+ i  - 
4nwi fii 

: where W = */M2 + P2' + Jm2 + 2;. The on-shel l  element 
i i 7T 4lTW. 

1 
Kii = - t a n  6 . 

*i i 

The i n v e r s e  of (60.) is 
Ki 

f =  
i j 

. (62) 

%I 1-i  - %i 
4nwi Kii. . . . .  . .  . . .  

The u n i t a r i t y  cond i t i ons  (51) a r e  i d e n t i c a l l y  s a t i s f i e d  when t h e  K i j l s  a r e  

r e a l  and, conversely,  when t h e  f 's s a t i s f y  (51) t h e  K ~ ~ ~ '  s a r e  r e a l .  As we 
i j 

have noted b e f o r e , t h e  i t e r a t i o n  procedure s a t i s f i e s  t h e - c o n s t r a i n t s  of (51) 

a s  a s e r i e s  of i d e n t i t i e s .  Thus main ta in ing  t h e  r e a l i t y  of t h e  K ' s  i s  n o t  a 
i j 



problem. We a r e  t h e r e f o r e  f r e e  t o  t r y  Pad6 approximants f o r  K w i th  r e a l  
i j 

polynomials .  Our procedure i s  a s  fo l lows .  F i r s t  we f i n d  t h e  Pad6 approximants 

f o r  t h e  on-mass-shell e lements  

Then f o r  t h e  half-off-mass s h e l l  elements we use t h e  form 

f [ N l  
ij. Pi ' 

K = - - 
ij Mk. :I. I -1- q [ M I  

l + i  - 
4nwi 'ii i i 

where t h e  denominator i s  t h e  one determined f o r  t h e  on-mass-shell element.  This 

i 6 i  
f = e  c 0 s 6 ~ .  procedure i s  d i c t a t e d  by p r a c t i c a l  cons ide ra t ions .  l + i  - 

4nW. ii 
1 

(A) Hence bo th  Kii and Kij have p o l e s  when 6 = n / 2 .  I n  o t h e r  words, l + Q i i  

and 1 + Q ! ~ ]  (A) should bo th  be  ze ro  a t  t h e  s a m e  time f o r  a va lue  of k .  f o r  
1 J  1 

which 6 = 1 ~ 1 2 .  Because of numerical  i naccu rac i e s  i t  is  no t  p o s s i b l e  t o  
i 

ach ieve  t h i s  e x a c t l y .  So w e  en fo rce  t h e  cond i t i on  wi th  t h e  form (64) .  A s  

a r e s u l t ,  f o r  Kij ,  i # j ,  w e  have t o  determine only t h e  numerator polynomial. 

E. Details of Numerical Ca lcu la t ion  

1. Evalua t ion  of i n t e g r a l s  

The e n t i r e  range of momentum, from 0 t o  w a s  d iv ided  i n t o  f i v e  

s e c t o r s  w i t h  1 . 2 5 ~  2 . 5 ~ 1  9mT and 24m;,, as t h e  i n t e r v a l  d iv id ing  po in t s .  
IT ' n , 

1 n t e g r a t i o n . o v e r  each of t h e  f i r s t  fou r  s e c t o r s  was c a r r i e d  ou t  w i t h  

5-point  Gaussian quadra ture .  The s e c t o r  24mn I p 2 was mapped i n t o  
.p-50mT 

- 1 ~ y  = I 1 and t h e  i n t e g r a t i o n  over y was 'al 'so c a r r i e d  o u t  w i th  
P 

5-point  Gaussian quadra ture .  



Evaluat ion of t h e  CH, CS and DS i n t e g r a l s  r e q u i r e  ang le  i n t eg ra -  

t i o n s .  A c e r t a i n  amount of c a r e  i s  necessary  i n  ca r ry ing  out  t h e s e  
. . 

-s 
gn tkg ra l s .  because of t h e  cons iderable  c a n c e l l a t i o n  between a hard and 

t h e  corresponding s o f t  term. The ang le  dependence always a r i s e s  i n  t h e  

form pipf cos 0 .  SO t h e  number of Gaussian mesh p o i n t s  used t o  span the  

range of cos 8 was increased  as t h e  va lue  of p .p  increased .  The e n t i r e  
I f  

range of p p from 0 t o  w was d iv ided  i n t o  seven s e c t o r s  w i th  4m 
2 

i f 71 ' 
2 2 2 2 2 

12rnT, 36mr, 108mT, 324m and 972m a s  t h e  i n t e r n a l  d iv id ing  p o i n t s .  The 
71 71 

number of Cos 8 mesh p o i n t s  f o r  each s e c t o r  w a s  i nc reased  from 6 t o  24 

i n  s t e p s  of 3 .  

From (43) one a l s o  s e e s  t h a t  t h e  i n t e g r a l s  CH, DS and,CS r e f e r  t o  t h e  

-f I 
q u a n t i t i e s  l p  I = iP;i - M ~ ,  e t c . ,  where p '  is def ined  by (45).  The 

i i 0  

l a t t e r  depends on pi, p f ,  q ?nd cos 8. I n  genera l ,  t h e  v a l u e  of p f and 

P; is  n o t  equal  t o  any of t h e  momentum mesh p o i n t s .  The va lues  of 

f  (q, 1 1 ) , e t c  ., were obta ined  from the  c a l c u l a t e d  va lues  a t  t h e  mesh 
v 

' p o i n t s  by using three-poin t  i n t e r p o l a t i o n  o r  e x t r a p o l a t i o n .  For 

-t IP ; I  ' 25mT t h e  r e c i p r o c a l  of t h e  momentum was used a s  t h e  b a s i c  v a r i a b l e  

f o r  t h e  in t e r - ( ex t r a - )po la t ion .  

The prFnc3ple va lue  i n t e g r a l  i n  t h e  DH i n t e g r a l  w a s  eva lua t ed  by 

r ea r r ang ing  i t i.n the f o m  

The va lue  of t h e  q u a n t i t y  i n  c u r l y  b racke t s  a t  t h e . p o i n t  W = Wo w a s  ob ta ined  

by i n t e r p o l a t i o n  from i t s  va lues  a t  t h e  two n e a r e s t  p o i n t s .  Whenever 

t h e  on-mass-shellmomentumwas g r e a t e r  than  25mT the  r e c i p r o c a l  of t h e  



34 

momentum was chosen t h e  v a r i a b l e  f ~ r  t h e  purpose of i n t e r p o l a t i o n .  
9 

Because of t h e  l a r g e  i n t e r v a l s  between t h e  momentum mesh p o i n t s  

(n) a t  t h e  upper range,  t h e  c a l c u l a t i o n  of f  (q ,p)  , n 2 2, becomes i m -  

c r e a s i n g l y  u n r e l i a b l e  as q  'and p  inc rease .  .So i n s t e a d  of a c t u a l l y  ca l -  

c u l a t i n g  f o r  t h e  l a s t  two mesh p o i n t s  a t  104m and 512m we 'evaluated 
IT 71 ' 

t h e  ampl i tudes  by an e x t r a p o l a t i o n  procedure assuming a  q u a d r a t i c  form 

The accuracy of ou r  c a l c u l a t i o n  is  s e v e r e l y  r e s t r i c t e d  by t h e  number 

of momentum mesh p o i n t s .  The time f o r  c a l c u l a t i n g  a  comp1,ete s e t  of 

r? e lements  fSl1)(q,p) goes a s  N where N i s  t h e  number of momentum mesh 

p o i n t s  and 4 . >  rl > 3 .  It ~ L S Q  increases I , inearly w i t h  n. Fnr e x a m p l ~ ,  

a Univac 1140 computer t akes  7.5 minutes t o  c a l c u l a t e  a l l  second o rde r  

terms and 11 minutes f o r  a l l  s i x t h  o r d e r  terms. Thus i t  was no t  p r a c t i c a l  

f o r  u s  t o  i n c r e a s e  t h e  number of momentum mesh poLnts. It i s  obvious 

t ha t  a more e f f i c i e n t  numerical  approach i s  requi red .  

2. Const ruc t ion  of s o l u t i o n  

A s  s t a t e d  e a r l i e r  t h e  accuracy of t h e  c a l c u l a t i o n  of f F ) ( q , p )  

worsens as q and p  i n c r e a s e .  The problem f i r s t  appears  i n  t h e  calcu-  

l a t i o n  of t h e  second order term. As W P  c a l c u l a t e  h ighe r  o rde r  terms t h e  

e r r o r s  i n  t he  lower o r d e r  terms f low down t u  t h e  lower momentum reg ion ,  

which makes i t  very  d i f f i c u l t  t o  check t h e  convergence of t h e  Pad6 apptox- 

imants .  I n  Table I1 t h e  S11 and S31 phase s h i f t s  from [N,N] Pad6 approx- 

Imnahcs wich 1 1 N < 4 are l i s t e d .  The r e s u l t s  from [ N + ~ , N ]  Pad6 approx- 

imants a r e  l i s t e d  i n  Table 111. The [4 ,4 ]  Pad6 r e s u l t s  a r e  q u i t e  d i f -  

f e r e n t  from those  of a l l  lower o r d e r  approximants f o r  bo th  i s o s p i n s .  The 



[5 ,4 ]  Pad6 r e s u l t s  f o r  I = 112 e x h i b i t  t h e  same f e a t u r e .  

Since a  convergent Pad6 approximant was n o t  f e a s i b l e  we decided t o  

6' use t h e  ampli tudes obtained from t h e  va r ious  Pad6 approximants a s  t r i a l  

s o l u t i o n s .  These s o l u t i o n s  were p u t  i n t o  t h e  right-hand s i d e  of t h e  

i n t e g r a l  equat ion  (50) and t h e  ou tpu t  was compared w i t h  t h e  inpu t .  We 

r equ i r ed  t h a t  t h e  output  and i n p u t  agree  w e l l  f o r -  low va lues  of pi and 

pf .  Af t e r  many trials we found t h a t  t h e  q u a l i t y  of t h e  agreement could 

be  improved v a s t l y  by t ak ing  l i n e a r  combinations of ampli tudes from two 

Pad6 approximants. The combination which worked b e s t  was of t h e  form 
I I 

xI Pi. (N , M  ) + (l-xI)Pij  (N2,M2) 
KI = J l l  

I (65) 
'j l + x I  Qii(N1.M1) + ( ~ - x ~ ) Q ~ ~ ( N ~ . M ~ )  

I 
where P I  (N,M) and Q , ~ ~ ( N , M )  a r e  t h e  numerator and denominator polynomials 

i j  .; 

f o r  [N,M] pad6 approximants, def ined  by '(63) and (64) .  Our b e s t  r e s u l t  
. ' \' 

is  obta ined  by combining t h e  ampli tudes from t h e  [3 ,2]  and [ 3 , 3 ]  Pad6 
i 

-h -% 
approximants. For  I pi 1 ,  1 pf 1 s. 2mT t h e  average percentage  d i f f e r e n c e  

between t h e  ou tpu t  and .the inpu t  ampli tudes '<2001f output  - i n p u t  I / 
v  v 

i n p u t  
+ f v  . )>  is  36 f o r  I = 112 and 21  f o r  I = 312 when we use pure  

[3 ,2 ]  and [3 ,3 ]  ampli tudes f o r  I = 112 and 312, r e s p e c t i v e l y .  Both t h e s e  

numbers reduce t o  3 when we combine t h e  two s e t s  of ampli tudes w i t h  

x = -0.05 f o r  I = 112 and xI= 1.195 f o r  I = 312. These improvements occur  
I 

mainly i n  t h e  off-mass-shell  ampli tudes.  An i n s p e c t i o n  of Tables  I1 

and I11 shows t h a t  t h e  phase s h i f t s  f o r  t h e  two s e t s  of va lues  of x  
112 

and x d 3 f f e r  by l e s s  than 1%. 312 * 

The most p l a u s i b l e  exp lana t ion  of t h e s e  r e s u l t s  is  t h a t  had i t  n o t  

'been f o r  t h e  l i m i t e d  accuracy of t h e  c a l c u l a t i o n  t h e  [N+l,N] Pad6 approx- 

imants  would have converged f o r  I = 112 and the : [N,N] : . for  I = 312, It 

appears  p o s s i b l e  t o  suppress  t h e  e f f e c t s  of e r r o r s  by a l i n e a r  combina- 

t i o n  of t h e  ampli tudes from two d i f f e r e n t  approximants. 



IV . NUMERICAL RESULTS 

A.  Experimental  Phase , S h i f t s  

Before d i s c u s s i n g  t h e  numerical  r e s u l t s  a few comments on t h e  s t a t u s  of 

t h e  low-energy S-wave phase s h i f t s  a r e  necessary .  There a r e  two g e n e r a l  types 

of a n a l y s i s  by which phase s h i f t s  a r e  obta ined  from c r o s s  s e c t i o n  da t a .  One 

i s  t h e  so-ca l led  energy-dependent f i t ,  where a c e r t a i n  reasonable ,  smooth 

dependence of t h e  phase s h i f t s  on energy is assumed, and t h e  o t h e r  i s  t h e  en- 

ergy-independent f i t ,  where d a t a  i s  analyzed s e p a r a t e l y  a t  each energy. 

S e v e r a l  r e c e n t  energy-dependent f i t s  are a v a i l a b l e .  29 For t h e  p re sen t  d i s -  

c u s s i o n  w e  cons ider  a p re l imina ry  set of energy-dependent phase s h i f t s  due 

t o  Z i d e l l ,  Roper, and *rndt31 (ZRA) . We a l s o  cons ider  t h e  energy-independent 

f i t  of C a r t e r ,  Bugg, and carter3* (CBC) . The two s e t s  a r e  shown i n  F ig .  3 .  

For I = 112 t h e r e  i s  a remarkable d i f f e r e n c e  between t h e  two s e t s .  The 

CBC phase s h i f t s  a s  a f u n c t i o n  of T t h e  p ion  l a b  energy, have a g e n t l e  
IT , 

c u r v a t u r e .  The ZRA phase s h i f t s ,  on t h e  o t h e r  hand, s t a r t  w i th  a l a r g e r  

s l o p e  and then  around T 70 MeV t h e  s l o p e  r a p i d l y  decreases  t o  a very  small 
71 

va lue .  The e n t i r e  change occurs  i n  an  i n t e r v a l  of 20 MeV. Other energy- 

dependent ana lyses ,  f o r  example. t he  CERN t h e o r e t i c a l  f i t ,  29 g ive  S11 phase 

s h i f t s  w i th  a similar energy dependence. For I = 312 both  types of a n a l y s i s  

appear  t o  g i v e  phase s h i f t s  w i t h  t h e  same g e n e r a l  q u a l i t a t i v e  behavior .  The 

q u a l i t a t i v e  n a t u r e  of t h e  energy dependence of t h e  exper imenta l  phase s h i f t s  

is a p a r t i c u l a r l y  impor tan t  cons ide ra t ion  i n  t h e  p re sen t  work, s i n c e  we f i n d  

t h a t  when our  t h e o r e t i c a l l y  c a l c u l a t e d  phase s h i f t s  have t h e  e x p e r i m e n t a l . 1 ~  

observed energy dependence, g e t t i n g  h igh  q u a l i t y  agreement w i th  experiment 

is  then  a ma t t e r  of c a r e f u l l y  s ea rch ing  t h e  Pafameter va lues .  

Our theory  c o n t a i n s . n o  s c a l e  parameter comparable t o  20 MeV,  s o  i t  is  

n o t  s u r p r i s i n g  t h a t  we f a i l e d  t o  f i n d  a s e t  of parameters  which can reproduce 
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the  energy dependence of t he  S11 phase s h i f t s  of ZRA. We t h e r e f o r e  simply assume 

t h a t  the.CBC phase s h t f t s  for .  I. = 112 a r e  t h e  c o r r e c t  experimental  d a t a .  

For I = 312 we t ake  t h e  ZRA s e t  as t h e  exper imenta l  d a t a .  These au tho r s  have 

a  h igh  l e v e l  of confidence i n  t h e s e  phase s h i f t s .  The ZRA and t h e  CBC s e t s  

f o r  I = 312 d i f f e r  s l i g h t l y  a s  TIT inc reases .  But i n  t h a t  energy r e g i o n  our 

p re sen t  c a l c u l a t i o n s  a r e  a l s o  n o t  r e l i a b l e  as we have no t  included S-wave 

i n e l a s t i c i t y .  

From t h e  s t andpo in t  of our  theory  we p r e f e r  the.CBC s e t  f o r  I = 112. An 

a d d i t i o n a l  reason  f o r  p r e f e r r i n g  these  CBC phase s h i f t s  i s  t h a t  when our 

t h e o r e t i c a l  S11 phase s h i f t s  ag ree ,  w i th  t h e  CBC f i t  we g e t  f o r  t h e  charge 

-1 
exchange s c a t t e r i n g  l eng th ,  a(-)  , t h e  v a l u e  0. 0793mIT i n  e x c e l l e n t  agreement 

wi th  t h e  c u r r e n t  a lgeb ra  p red ic t ion23  of 0.0786m-I. An i n s p e c t i o n  of Fig.  3 
IT 

, (77) , 
shows' t h a t  the' .  energy-.dependent . . . f i t .  g ives  a la rger ' .va lue : .of  a . . 

B. parameter  Search f o r  Best Resu l t s  

I n  i t s  p r e s e n t  form the  theory  has  s i x  parameters  : o (nN) , u1 and u 2  , 

- 
(a-commutator), g  (2-graphs) , p (P-wave), and m (nucleon p o l e  terms and 2- 

IT 0 

graphs) .  It should be noted t h a t  gIT(0) i s  f i x e d  by gA(0) and fIT through t h e  

Goldberger-Treiman r e l a t i o n .  The numerical  r e s u l t s  a r e  most s e n s i t i v e  t o  t h e  

va lues  of a(nN) and ZIT. A s  s t a t e d  p rev ious ly  t h e  phase s h i f t s  a r e  l e s s  

s e n s i t i v e  t o  t h e  f o u r  form f a c t o r  mass parameters .  

We searched f o r  t h e  b e s t  va lues  of t h e  mass parameters  by examining 

t h e  q u a l i t a t i v e  behavior  of t h e  [1 ,1]  .Pad$ p h a s e . s h i f t s .  The va lues  we.  

s e t t l e d  on are 

= 8..24q, u 2 =  7.5m m = 8.6m and u = 8mIT. 
IT' 0 IT 

0bviou.sly some v a r i a t i o n s  i n  t h e s e  parameters  a r e  p o s s i b l e .  But we t h i n k  t h a t  

5, u 2  a n d m  a r e  w i t h i n  l m  of t h e i r . b e s t  va lues .  Since t h e  e n t i r e  r o l e  of 0  IT 



t h e  P-waves is sma l l e r  t han  t h a t  of ' the a-commutator term o r  t h e  z-graphs, t h e  

parameter  p has  a l a r g e r  u n c e r t a i n t y  when we t r y  t o  f i x  i t  from t h e  107-energy 

S-wave d a t a  only.  The P-wave work is i n  progress .  When i t  is  complete we 

w i l l  have a b e t t e r  knowledge of t he  off-mass-shell  P-wave amplitude. 
33 How- 

e v e r ,  as subsequent  d i s c u s s i o n  w i l l  show a b e t t e r  va lue  of p is  about  1 0 4 .  

The p re l imina ry  s e a r c h  of t h e  parameters  a(rN) and g was c a r r i e d  out  
IT 

a l s o  w i t h  t h e  [1,1]  Pad6 r e s u l t s .  The f i n a l  search  was made i n  t e r m s  of t h e  

s o l u t i o n s  cons t ruc t ed  i n  t h e  manner desc r ibed  a t  t h e  end of Sec t ion  111. I n  

F ig .  3 we p r e s e n t  t h e  phase s h i f t s  due t o  t h r e e  s e t s  of va lues  of ~ ( T N )  and 

- 
g g iven  i n  Table I V ,  w i t h  t h e  o t h e r  parameters  given by Eq .  (66) .  The 

'11 

parameters  were chosen t o  have t h e  S31 phase s h i f t s  i n  very  good agreement 

w i t h  t h e  ZRA r e s u l t s .  It was' p o s s i b l e  t o  accomplish t h i s  f o r  T I_ 100 MeV. 
IT 

A s  we have n o t  inc luded  S-wave i n e l a s t i c i t y  we have no j u s t i f i c a t i o n  f o r  

demanding good agreement f o r  l a r g e r  va lues  of T But s i n c e  we have a  once- 
71 ' 

s u b t r a c t e d  Low equat ion ,  and . t he  e f f e c t s  of S-wave i n e l a s t i c i t y  a r e  q u i t e  sma l l  

n e a r  t h e  e l a s t i c  t h re sho ld ,  t h e  theory i s  requi red  t o  do w e l l  a t  low energy. 

The v a l u e s  of ~ ( I T N )  and in f o r  t h e  s e t s  ( a )  and ( c )  d i f f e r  from those  

of o c t  (b) by 2% and 1+3X, r c 3 p e e t i v c l y Y  whi l e  t h e  corresponding E l 1  phase 

s h i f t s  d i f f e r  by 10% i n  each case .  For I = 112 t h e r e  is cons ide rab le  can- 

c e l l a t i o n  between t h e  a t t r a c t i o n  from t h e  i sovec to r  .terms produced by t h e  

z-graphs and t h e  r e p u l s i v e  i s o s c a l a r  a-commutator term. The two terms a r e  

bo th  r e p u l s i v e  i n  t h e  I = 312 channel .  This  exp la ins  t h e  s e n s i t i v i t y  of 

t h e  S11 phase s h i f t s  on t h e  two parameters .  A t  p r e sen t  we cons ider  t h e  s e t  

(b)  our  b e s t  r e s u l t  f o r  u = 8mIT. The va r ious  o rde r  Pad6 r e s u l t s  l i s t e d  i n  

Tables  I1 and 111, t h e  percentage  d i f f e r e n c e s  between t h e  i n p u t  and output  

s o l u t i o n s  and the  v a l u e s  of x and x quoted i n  Sec t ion  I11 a r e  a l l  f o r  
1 / 2  312 

s e t  ( b ) .  The corresponding parameters  of t h e  e f f e c t i v e  range expansion 



1 1  2 k Cot 6(k) = - - + - r  k + P k  4 
a 2 0  

are l i s t e d  in Table V. 



V. DISCUSSION OF RESULTS 

' 'b 
I f  t h e  t r u e  S11 phase s h i f t s  have the  g e n t l e  energy depende.nce o f  t he  

CBC f i t 3 2  then  t h e  theory  d iscussed  i n  t h i s  paper  can exp la in  t h e  low-energy 

S-wave phase s h i f t s .  I f  t h e  t r u e  phase s h i f t s ,  whi le  having t h e  d e s i r e d  energy 

dependence, a r e  numer ica l ly  d i f f e r e n t  from t h e  CBC f i t  t h e  major parameters  

2  
o(nN) and in = 1 gn (4M ) I w i l l  b e  commensurately d i f f e r e n t  from t h e  va lues  

25.5 MeV and 11.69, r e s p e c t i v e l y , . o b t a i n e d  by us .  It i s  very l i k e l y  t h a t  

such changes would be  smal l .  

It i s  d e s i r a b l e  t o  have independent checks of o(nN) and in. Since t h e  

i n t r o d u c t i o n  of t h e  n o t i o n  of t h e  b-commutator as a measure of c h i r a l  symmetry 

breaking ,  t h e r e  h a s  been a l a r g e  amount of work on the  eva lua t ion  of a(nN). 

The s i t u a t i o n  i n  r ega rds  t o  g i s  q u i t e  t h e  oppos i te ;  t h e r e  a r e  no r e l i a b l e  n 
2 

t h e o r e t i c a l  e s t i m a t e s  of g  ( t )  f o r  t = 4M , s o  t h e r e  is  noth ing  t o  compare 
TT 

w i t h  our r e s u l t ,  

~ e ~ a ~ ~  has  reviewed t h e  work p r i o r  t o  1974 on t h e  de te rmina t ion  of o(nN). 

Though t h e r e  i s  a wide spread  i n  t he  va lues  obtained by va r ious  au tho r s  i n  

t h e  e a r l i e r  work, more r e c e n r   evaluation^^^ appear  t o  have converged t o  

~ ( I T N )  = 65 2 5  ?lev, i n  v i o l e n t  disagreement w i th  our  r e s u l t .  I n  a  r e c e n t  

paper35 we have analyzed t h i s  problem c a r e f u l l y .  We concluded t h a t  t h e  l a r g e  

va lue  , r e s u l t s  from e r r o r s  of e x t r a p o l a t i o n .  With a(nN) = 25.5 MeV our  theory  

g ives  reasonably good q u a n t i t a t i v e  agreement w i t h  t h e  b a s i c  ampli tudes which 

a r e  used f o r  e x t r a c t i o n  of ~ ( T N )  by e x t r a p o l a t i o n  t o  t h e  unphysical  va lue  

2 
t .= 2m. . . The agreement i s  improved i f  w e  i n c r e a s e  p, t h e  P-wave form 

TI 

f a c t o r  mass, from its p r e s e n t  va lue  of 8m t o  lorn?,. With t h e  l a r g e r  va lue  
IT 

of p w e  can  e s s e n t i a l l y  reproduce t h e  set (b) S-wave phase s h i f t s  d i scussed  

e a r l i e r  i f  we change o ( n ~ )  t o  24.9 MeV and En t o  11.90, a l l  o t h e r  parameters  

JJ r e n a i n i n g  t h e  same. We f i n d  t h a t  only t h e  sma l l e r  va lue  of U(ITN) Q 25 MeV 



appears  t o  be c o n s i s t e n t  wi th  the  experimental  d a t a  and t h e o r e t i c a l  c o n s t r a i n t s .  

Before ending t h i s  s e c t i o n  we make a  few comments on t h e  conseiuences of 

I 
nucleon r e c o i l  i n  t h e  S-wave equat ions .  The nucleon p o l e  te rms ,and  the .P-  

' - 9  

wave c o n t r i b u t i o n s  a r e  e n t i r e l y  due t o  r e c o i l  and s o  they  vanish  i n  t h e  s t a t i c  

l i m i t .  To i l l u s t r a t e  t h e  r o l e  of nucleon r e c o i l  we have c a l c u l a t e d  t h e  S-wave 

phase s h i f t s  by dropping these  terms one a t  a time b u t  keeping a l l  o t h e r  

parameters  e x a c t l y  t h e  same a s  those  of curves (b) of F ig .  3 .  These r e s u l t s  

a long wi th  curves (b) a r e  shown i n  F ig .  4. The accuracy of t hese  new s o l u t i o n s  

a r e  no t  a s  good as t h a t  of s o l u t i o n  (b ) .  But t h i s  does n o t  a f f e c t  t h e  con- 

c l u s i o n  one can draw from inspec t ion  of Fig.  4, namely, t h a t  t h e  r e c o i l  terms 

a r e  of . coiisf de rab le  ' iqpor tanke .  
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V I .  SUMMARY AND CONCLUDING REFfARKS 

We have d iscussed  a theory  of pion-nucleon s c a t t e r i n g  based on t h e  

dynamics of boson exchange, t h e  absorption-emission process  and t h e  z-graphs. 

The dynamics e n t e r  through PCAC, t h e  0,-commutator term, t h e  coupling cons t an t s  

- 
ga and ga and t h e  v a r i o u s  form f a c t o r  masses. We have cons t ruc t ed  s o l u t i o n s  of 

t h e  n o n l i n e a r  i n t e g r a l  equa t ions  f o r  t h e  S-wave ampli tudes using Pad6 approx- 

imants .  W e  succeed i n  reproducing t h e  energy dependence of t h e  low-energy 

S31 and S11 (CBC) phase s h i f t s .  I n  t h e  p roces s  we evaluated t h e  major parameters  

o(nP7) and ga, g being t i x e d  by the  ' ~o ldbe r~e r - ' l ' r e imann  r e l a t i o n .  Uur low a 

v a l u e  of 25.5 MeV f o r  ~ ( I T N )  has  been j u s t i f i e d  i n  a prev ious  paper .  
3 5 

The complete numerical  eva lua t ion  of t h e  ampli tude r equ i r ed  f o r  pion- 

nucleon s c a t t e r i n g  must a w a i t  completion of work on t h e  P-wave ampli tudes,  

which is  i n  p rog res s .  However our p r e s e n t  work a l r eady  e s t a b l i s h e s  a very  

impor tan t  f e a t u r e  of t h e  t h e o r e t i c a l  d e s c r i p t i o n  of pion-nuclear s c a t t e r i n g .  

2 
The presence  of t h e  f a c t o r  ( t - m  ) i n  Eq. (18) t e l l s  u s  t h a t  t h e  pion-nucleus 

a 

o p t i c a l  ' p o t e n t i a l '  ( f o r  use  i n  t he  Klein-Gordon equat ion)  w i l l  con ta in  a 

Laplac ian  term of well-defined magnitude. From Eq. (18) w e  determine t h i s  

J F 2  2 2.. -3 2 
term t o  be -(r.) m, ,  u(nN)V p = -0.414m V p ,  where p i s  t h e  nuc lea r  dens i ty .  

'11 
IT 

A pre l imina ry  study36 of t h e  r o l e  of t h i s  term i n  pion-nuclear s c a t t e r i n g  

h a s  shown i t  t o  be  of g r e a t  importance a t  low e n e r g i e s ,  
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APPENDIX 

We i l l u s t r a t e  t h e  s e p a r a t i o n  i n t o  connected and disconnected p a r t s  of a  

product of ma t r ix  elements of the'' pi'on c u r r e n t  by' cons ider ing  t h e  f i r s t  term 

on t h e  r i g h t  of Eq. (19).  Denoting by P = (H,$) t h e  energy-momentum four-vector  

ope ra to r ,  we have 

(A. 1 )  

where w e  have a r b i t r a r i l y  chosen t h e  second quant ized  c r e a t i o n  ( a n n i h i l a t i o n )  

ope ra to r  f o r  t h e  i n i t i a l  ( f i n a l )  s t a t e  nucleon t o  be  an i n  (ou t )  o p e r a t o r .  

Equation (A.1) can be expressed as 

3 -'. ' +- 
6 ( k + p f - P )  

+ < O  1 j (0)af  (out )  [j (0) , a i ( i n )  t 110> k ' + p  - H + i e  ci 
0 f 0  

3 '  +- +- 
6 ( k + p f - P )  

+ '01 j ;(0)ai(out) k o + p f O - H + i e  a f  1 ( i n )  ja (0) 10,. 

Using t h e  ope ra to r  i d e n t i t i e s ,  v a l i d  f o r  e i t h e r  i n  o r  ou t  o p e r a t o r s ,  

t t 
P a = a (P + p i s f )  

P i , £  'i,i 

(A. 3) 

and i n s e r t i n g  complete s e t s  of phys i ca l  s t a t e s  between a l l  terms i n  (A.2) we o b t a i n  



The s u b s c r i p t  c denotes  a connect,ed m a t r i x  element.  The f i r s t  term i s  thus 

t h e  f u l l y  connected p a r t ,  t h e  second and t h i r d  a r e  t h e  semi-connected (semi-dis- 

connected)  p a r t s ,  and t h e  f i n a l  term i s  t h e  f u l l y  disconnected p a r t .  The minus 

-? 
sign i n  f r o n t  of t h i s  t e r m  comes from commuting a (ou t )  and a i ( i n )  i n  ( ~ . 2 ) .  f 
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TABLE CAPTIONS 

+ 
Table I: CM frame expres s ions  f o r  t he .  v a r i a b l e s  IJ, v ,  L and.  E 18 Eq.  (39) 

f o r  each of t h e  f o u r  i n t e g r a l s  o f  Fq. (28)  . ,% 

Table 11: S11 and S31 phase s h i f t s  i n  degrees corresponding t o  t h e  s e t  (b) parameters  
, 

l i s t e d  i n  S e c t i o n  I V  f o r  va r ious  order  [N,N] Pad6 approximants.  

Table 111: 'same a s  Table 11, except  f o r  [N+l,N] Pad6 approximants.  

Table I V :  Values of t h e  main parameters  of s o l u t i o n s  ( a ) ,  (b) and (c )  . 
A l l  o t h e r  parameters  f o r  each of t hese  s o l u t i o n s  a r e  f i x e d . a t  t h e  

va lues  l i s t e d  i n  Eq. (66) .  

Table V: Parameters  of t h e  e f f e c t i v e  range expansion corresponding t o  

s o l u t i o n  (b) . 



TABLE I 

DIRECT-HARD 
DH 

CROSSED-HARD . 
B 

-t -t -+ .-b 

CH a pi  - k  = P i + p f  

DIRECT-SOFT -b 

DS B '  a P f .  P fo  

CROSSED-SOFT ,a -f 
B c s P i  i o  



TABLE I1 



TABLE I11 

-- 

ENERGY 

1078.4 

1084.6 . 

1107.2 

1141.7 

1170.2 

1186.0 

1218.9 

1271.0 

1326.8 

1366.7 

1432.6 

1667.6 

2049.7 

2462.3 

2756.2 

S.11 
. . 

[2, 1 1  [3,21 [4,31 [5,41 

.38 .47 . 5 1  -4'3 

1.88 2.34 2.51 2 .41 

3.90 4.94 5.31 5 .O.E 

5.60 ?.28 7.96 7.31 

6.55 8.60 9.24 7.95 

6.97 9.23 9.78 8.12 

7.68 10.32 10.78 7.45 

8.43 11.29 11.41 5 .81  

8.90 11.11 11.23 2.79 

9.08 10.33 11.28 2.37 

9.02 8.20 10.45 -3.65 

5.83 5.72 7.61 7.62 

-4.88 -6.96 -5.23 -4.39 

-18.08 -17.83 -18.03 -18.29 

-17.76 -25.99 -22.90 -32.79 

S 3 1  

[2,11 [3,21 [4,31 [5,41 

- :31 -. 34 -.38 . ' - . 3 8  

-1.55 -1.72 -1.90 . -1.88 

-3.63 -4.03 -4.40 -4.31 

-6.19 -6.80 -7.23 -6.98 

-8.21 -9 .'OO -9.64 -9.43 

-9.32 -10,. 1 3  -10.51 -9.96 

-11.58 -12.48 -12.72 -12.02 

-15.05 -16'. 11 -16.24 -15.23 

-18.41 -19.64 -19.64 -18.87 

-20.44 -21,92 -21.92 -16.67 

-26.48 -25.45 -25.60 -18.85 

-34.66 -28.31 -35.42 -40.69 

-46.69 -16.16 -41.45 -44.96 

-50.44 -27.80 -42.17 -57.11 

-48.83 -32.81 -43.86 -56.51 



Set (aN) 
in MeV 

TABLE V 

Quantity S 11 S 3 1  

a (in ml) 
IT 

r o (in mi1) 
P (in m-31 

71 



* 
FIGURE CAPTIONS 

Fig. 1: Diagrammatic representation. of the ITN scattering amplitude fqr 

n (kt) + N(pi) + IT (k) + N(p ), where a,B denote isospin com- 
a B f 

ponents (1,2,3). 

Fig. 2: (a) Nucleon pole diagrams corresponding to Eq. (21) . The inter- 

mediate state nucleon is in a positive energy state only, and thus 

these are not Feynman diagrams. (b) z-graphs corresponding to 

Eq. (24). The intermediate state particle is an antinucleon, 

described by a negative enqrgy propagator. 

Fig. 3: The dashed lines are our .results with (a), (b) and (c) representing 

different choices for o(nN) and gIT, as discussed in the text. The 

solid lines give Ref. 31 phase shifts, while flagged circles are 

from Ref. 32. 
. ., . .. 

. ... 
Fig. 4: Illustration of the sensitivity of phase shifts to nucleon recoil 

terms in the S-wave equation. Curves labelled (1) result when the 

P-wave contributions are dropped, while those labelled (2) result , . 

when the N-pole terms are omitted. In each calculation all other 

terms in the S-wave equation are exactly the same as in solution (b) 

of Fig. 3, which is redrawn here for comparison. 







F i g .  3 



- 
U) 
a, 
a,' 
L 
CT 
Q) 

8 
u - - - 
GQ 4 




