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ABSTRACT 

For antlproton energies of several eV or less, annihilation 1n matter 
occurs through atomic rearrangement processes 1n which the antlproton becomes 
bound to a nucleus prior to annihilation. Annihilation cross sections via 
rearrangement at such energies are much higher than for direct antlproton -
nucleon annihilation and are therefore of consequence to antiproton 
annihilation propulslcn of space craft and, 1n general, to the annihilation of 
antlprotons that have come to rest 1n matter. Existing calcualtions of the 
antlproton - hydrogen atom rearrangement cross section are semlclasslcal and 
employ the Born-Oppenhelmer approximation. They also employ various arguments 
1n regard to the behavior of the system when the Born-0ppenhe1mer 
approximation breaks down at small antlproton - proton separations. These 
arguments Indicate that rearrangement 1s essentially Irreversible. 

In the present study, a detailed Investigation was made of the 
antlproton - hydrogen atom system when the Born-0ppenhe1mer approximation 
breaks down. The results of this study Indicate that the previous arguments 
were approximately correct, but that there 1s a significant probability for 
rearrangement reversing prior to annihilation. This probability 1s estimated 
to be about 20%. This consequent reduction 1n annihilation cross section has 
Uttle or no negative consequences for antlproton annihilation propulsion at 
the present time. However, because of the approximate nature of this result 
and because more accurate values will be required 1n the future, 1t 1s 
Important to conduct an accurate, fully quantum-mechanical calculation of 
antlproton - hydrogen atom rearrangement. 

*Work performed for the A1r Force Rocket Propulsion Laboratory under the 
auspices of the U.S. Department of Energy by the Lawrence Llvermore National 
Laboratory under Contract W-7405-Eng-48. 
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1. INTRODUCTION 
The Interaction of low-energy antlprotons (< 1 eV) with hydrogen (or 

other) atoms 1s Important 1n annihilation propulsion of spacecraft' ' and In 
experiments Involving antlprotons where they come to rest before annihilating. 
At such low energies, an atomic rearrangement occurs. The electron (e~) of 
the hydrogen atom (H) 1s emitted while the proton (p) of the hydrogen atom and 
the antlproton (p ) form an excited bound state of protonlum (Pn)' ': 

p > H • Pn * e' , (1) 

The p and p In Pn Inevitably annihilate after undergoing radiative decay to 
states of lower energy. The energy lost by the p by entering a negative-
energy, bound state Is transferred to the er That energy Is slightly 1n 
excess of the 13.6 eV binding energy of the e" In H. The cross section for 
annihilation through reaction 1 at energies below about 20 eV 1s much greater 
than that for annihilation of an antlproton on a bare proton. ' Hence the 
Interest 1n this and similar reactions for use 1n antlproton annihilation 
propulsion. Similarly high annihilation cross sections result when the H 1s 
replaced by another atom or molecule and/or the p 1s replaced by an 
antlhydr'ogen atom (an antlproton with-a positron bound to 1t, which 1s emitted 
along with the electron). 1 ' ' 

1.1 Annihilation Cross Section 

Morgan and Hughes determined the cross section for reaction 1 (see 
Fig. 1) by employing a semiclasslcal, Impact-parameter approximation 1n which 
the p - H relative motion 1s assumed to be classical, while the motion of the 

( 2 31 
e - 1n H 1s treated quantum mechanically. • ' The e" motion 1s determined 
for the gound state by using the Born-0ppenhe1mer approximation. ' Solving 
for the electron motion gives the electron energy as a function of p-p 
separation, R (see F1g. 1). This energy determines the potential energy 
between the p" and the H for the p" - H classical orbits (R not fixed). < 2 , 3 ) 

When the Impact parameter, b, of the orbit 1s greater than a particular 
value, b , which depends on the collision energy (Jl eV), the Inner turning 
point (R_.„) 1s not much smaller than b ; the p" and H stay relatively far 



apart and no rearrangement (reaction 1) occurs (see F1g. 1). However, as b 
becomes less than b , R , drops dlscontfnuously from Targe values to 
values much smaller than the critical radius, R . For R '• R 

(5) c c 

( = 0.639 a ') the e- 1s no longer bound to the p. Morgan and Hughes 
assumed that once R became less than R , rearrangement occurred with 
near-unity probability; the electron left the region and the p became bound to 
the p since 1t had lost energy to the escaping electron. Thus the 

2 rearrangement and annihilation cross section was o = va (Fig. 2). 
Morgan and Hughes demonstrated the validity of the classical motion by 

showing that the results were not altered when that motion was treated quantum 
mechanically with an optical-model potential energy. ' However, their 
arguments that rearrangement was permanent for b < b were only 
qualitative. A possibility for reattachment lowers the rearrangement-
annihilation cross section. The problem 1n considering reattachment 1s that 
the Born-0ppenhe1mer approximation breaks down for R < R . In Ueu of a 
full quantum-mechanical solution valid for ! < R , It Is difficult to 
quantitatively demonstrate that the e- 1s Indeed emitted with high probability 
when R becomes less than R . The purpose of the work reported here has been 
to examine, quantitatively, what goes on during the time when the 
8orn-0ppenhe1mer approximation breaks down. 

2. BORN-OPPENHEIMER BREAKDOWN 

The Born-0ppenhe1mer approximation 1s valid when the mean velocity (1n an 
rms sense) of the electron relative to the proton 1s much larger than the 
velocity of the antlproton relative to the proton, as 1s true here when R Is a 
few times a or greater. However, as R decreases, the mean velocity of the 
electron decreases as 1t 1s pushed farther from the proton (Hs negative 
energy approaches zero) while the velocity of the antlproton Increases due to 
U s attraction to the H atom (Induced dlpole attraction for large R). For R * 
R In the Born-0ppenhe1mer approximation, the energy and velocity of the 
electron have become zero, so 1n that approximation the cross-over point of 
the velocities 1s at a small value of R but greater than R . 



-4-

The value of R at which crossover occurs (R ) was found by using two 
different methods to determine u, the mean velocity of the electron. Both use 
the Born-0ppenhe1mer energy of the electron, e, determined from references 
2, 5, and 6. c 1s given In Table 1 along with V, the p - H potential energy, 

(2) 

where e Is the unit electric charge, and e n 1s the ground state energy of 
:, sc 
,1/2 

the electron 1n H. The vlrlal theorem' ' 1s assumed to apply to c, so the 
kinetic energy of the electron 1s -1/2 c and u Is therefore (-e/m) 
where m 1s the electron mass. In the second method a quantity, e 1 . Is used 
1n place of e, giving u 1 1n place of u. c' 1s determined from e by 
subtracting an R-dependent portion of the e" - p mean potential energy, since 
this energy has only a small dynamic effect on the e" for R » a few a . ' 
e' 1s given 1n Table 1, and u and u' are given 1n Table 2 where they are 
compared to the p - p relative velocity, v, which 1s determined for a p 
collision energy of 0.027 eV. It applies for b< b and 1s not significantly 
dependent upon collision energy for collision energies < 1 eV. 

By plotting the velocities 1n Table 2, it 1s found that R = 0.79 a 
when c 1s used and R = 0.68 a when c 1 1s used - nearly equal values 
1n spite of the large differences between c and c'. Since the 
Born-0ppenhe1mer approximation becomes Invalid as R decreases through R , 1t 
will be assumed that 1t 1s valid until R = R . In the following section, 
the evolution of the p - H system 1s modeled for R < R . 

3. The p - H SYSTEM FOR R < R^ 

For R <̂  R the value of e (or c 1) 1n Eq. 2 Is small enough to be 
neglected so 

V = -e2_ + e2 , (3) 
R 2a 0 

2 
where 1/2 e /a = -c = 13.6 eV 1s the energy the p loses to the e - . Thus, For 
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R £ R the p will be In a portion of an ellptlcal orbit relative to the p as 
pictured 1n F1g. 3. If the electron remains unbound , the p will stay 1n the 
full orbit (1n the classical picture) until radiative decay occurs. Since V 
1s a conlomb potential energy (with an added constant) the characteristics of 
the p motion for R < R,.can readily be determined/ The p stays within 
R for a time, t , between 18 and 27 atomic time units, depending on Its 
Initial kinetic energy, Its Impact parameter, and the choice made for R . 
During this time 1t traverses an angle of 295° to 360° around the p. As 
1t passes through R on the way out It 1s moving with the same speed but 1n 
nearly the opposite direction as 1t had when on the way 1n. 

For B £ B the e" motion 1s aproxlmated as that of an evolving Gaussian 
wave packet. It 1s assumed that the evolution 1s unaffected by the p and p 
because of the large spread of the e~ distribution compared to R for R < R . 
Thus, the wave function for the e" Is 

V ' - ^ S M W ) - " , . ^ , (4) 
where t 1s the time following the first Instance that R = R , 8 1s a 
constant, and all quantities are 1n atomic units. The kinetic energy of the 
electron 1n this description 1s 3/(43 2). This energy may be equated to the 
kinetic energy that the electron has at t = 0 (R = R ) (when the 
Born-0ppenhe1mer approximation breaks down). Using the vlrlal theorem, this 
latter energy 1s -c/2 or -e'/2 at R = R . (For R = R , 
c = -0.00166 and e' « -0.00211). Thus 

8= (-3/(2c)) 1 / 2 or (-3/(2c')) 1 / 2, (5) 

giving 8= 30.1 a for c and 3 = 26.7 a for c'. Hence the earlier 
statements that the e~ distribution 1s spread over distances much greater 
than R . x 
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The reattachment probability, P, 1s calculated 1n the sudden 
approximation: 

P = | / >h •;-: dt | 2, (6) 

where ? 1s the normalized e" wave Function when R = R the first time 
and <|f applies when R = R the second time (see F1g. 4). R 1s chosen 
because 1t 1s the nominal value of R where the e" motion becomes uncoupled 
from the p - p motion as the p moves Inward and the point where coupling can 
be reestablished as the p moves outward. In addition, R 1s close to R 
where, 1n the Born-Oppenhelmer approximation, the e~ switches between bound 
and unbound states. 

When the values of 0 along with t = 0 and t are placed In Eq. 4, 1t Is 
seen that there Is essentially no Increase In size or other change tn form In 
i|r - due to time evolution from t = 0 to t = t . Since the size of 
i|re- (the mean radius 1s 2 IT " 1 / 2 ( 6 '* t f 6 J 1 / ?- Is much 
greater than the changes 1i position (which are not larger than R ), changes 
1n position will also not result 1n significantly dissimilar wave functions 
going Into Eq. 4. Thus the only significant difference between tyi and 
^ j . and thence the only reason P differs from one, comes from the change 
1n the velocity of the proton on which the wave functions are centered. 
Therefore one may take 

* 2 - , ~ m S - 3 / 2 e" ^ +1kz 

where k 1s the electron wave number corresponding the approximate reversal 1n 
velocity of the proton and z 1s the component of position 1n the direction of 
the velocity change. Eq. 4 then gives 

2 2 
P = e- (S^x) = 0.22 



where v is the p-p relative velocity for R = R . The value of P 1s 
essentially independent of whether e or c' Is used to determine <|r and 
v . x 

At face value, a value for the reattachment probability of about 20% 
means that the Morgan-Hughes results for the p - H rearrangement-annihilation 

(2 3) cross section ' 'should all be reduced by about 20%. However, the 
accuracies of two approximations that went Into this value are unclear. The 
first approximation Is the assumption that the Born-Oppenhe1mer approximation 
is valid and accurate for all values of R greater than R , the point where 
the electron mean velocity 1s equal to the antlproton velocity, and that the 
electron motion 1s wholly uncoupled from the p and p for R < R The second 
approximation 1s the assumption that the electron wave function 1s a gausslan 
wave packet for R < R . In reality, the transition from Born-0ppenhe1mer 
motion of the electron to uncoupled motion occurs gradually over a range of 
values of R, and the form of the wave function for R < R 1s more 
complicated than the gausslan form assumed. 

4. CONCLUSIONS AND DISCUSSION 

A Investigation has been made of antlproton - hydrogen atom scattering 
for small values of the antlproton, hydrogen atom separation where the 
Born-0ppenhe1mer approximation 1s invalid. The calculations yield an estimate 
of 20% for a reduction 1n the rearrangement cross section calculated by 
Morgan and Hughes' ' ' that leads to antlproton annihilation with the proton 
of the hydrogen atom at antlproton energies of several eV or less. 

Such a reduction 1s of limited negative consequence at the present time 
to considering antlproton annihilation as a means of spacecraft propulsion. 
It means, for Instance, that thf density of hydrogen atoms (or other forms of 
matter for which similar reductions would probably occur) 1n the annihilation 
region would have to be Increased by only 20'/. over previous estimates' ' to 
achieve the same annihilation efficiency. However, because of the approximate 



-3-

nature of the present calculations and because precise values of the 
annihilation cross section will be required In the future, 1t 1s Important to 
recalculate the antlproton - hydrogen atom rearrangement cross section with an 
accurate, fully-quantum mechanical method. 
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Table 1. Various energies pertinent to the p - H system, c and V are taken 
from References 2. 5, ana 6. a 0 = 5.29 x 10-* cm, e*/a 0 =27.2 eV. 

i - p 
;eparat1on, 
! [ a 0 l 

p - H 
p o t e n t i a l 

energy ; 

V [ e = / a 0 ] 
e - energy, 
c E e * / a 0 ] 

ad jus ted 
e - energy, 

c ' [ e = / a 0 ] 

0.1 -9 .500 0 0 

0.2 -4 .500 0 0 

0.4 -2 .000 0 0 

0.639 -1 .565 0 0 

0.7 -0 .929 -0 .00038* 0.0043* 

1.0 -0 .510 -0 .010 -0 .183 

2.0 -0 .087 -0 .087 -0 .412 

4 .0 -0.0091 -0 .2591 -0.4909 

7.0 -0.00136 -0 .3580 -0.500013 

10.0 -0.000310 -0.400310 -0.500183 

20. D -0.0000141 -0.4500141 -0.5000140 

•interpolated using c or c' = const, x (R/a - 0.639)", u = 2 
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Table 2. Values of the electron mean velocity, u and u', compared to the 
antiproton velocity, v. u and u 1 are obtained by applying the 
virial theorem to the electron energy c and the adjusted electron 
energy c', r̂\d v 1s for an initial collision energy of 0.027 eV. 
Units for the velocities are e(a0m)~'/2 (atomic velocity units). 

R[a 0] (J u' V 

0.1 0 0 0.2012 
0.2 0 0 0.1385 
0.4 0 0 0.0924 
0,639 0 0 0.0674 
0.7 0. .028 0.092 0.0630 
1.0 0. 142 0.605 0.0467 
2.0 0. 417 0.907 0.0194 
4.0 0. 720 0.991 0.0086 
7.0 0. 847 1.000 0.0032 
10.0 0.895 1.000 0.0024 
20.0 0. 949 1.000 0.0021 
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Fig. 1. Horgan-Hughes description of t> - H scattering (not to scale). 

a: » 1s held fixed while the e" motion 1s determined quantum 
mecn,:n1cally. This provides the potential energy between the p 
and the H atom to determine the classical orbits of the p. 

b: When_the Impact parameter, of the p 1s > b c (b c depends on 
the p Initial kinetic energy) then Rm1n > > "c-

c: When b < b c then R m i n « R c and rearrangement occurs with 
the e- emitted and the p becoming bound to the p. The 
annihilation of p and p then follows. 
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fig Z The n - H rearrangement cross section as a function of the p - H 
kinetic energy In the center of n\ass frarr.a as calculated by Morgan 
and Hughes.<2) 
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F1g. 3. o - p orb i t for R - Rx (not to scale). 
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F1g. 1. Motion of the p and p In the center of mass frame for R < R Y 

(not to scale). At t = 0, when the e- motion becomes 
uncoupled from the p motion, the e- wave function. i|re-
1s centered at point A and has an overall velocity equal to 
the p velocity at t = 0. When the p has reached point B (R 
again = R x) the center Gf i)re-has moved to point C. The 
reattachment e- wave function has a form equivalent to that 
at point A, but 1t has be'-ome slightly larger, 1s centered at 
point B, and has an overall velocity equal to the p velocity 
at that point. 

DISCLAIMER 

This report was preparel as an account or work sponsored by an agency of the United States 
Government. Neither the United States Government nor any agency thereof, nor any of their 
employees, makes any warranty, express or implied, or assumes any legal liability or responsi­
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or 
process disclosed, or represents that its use would not infri °e privately owned rights. Refer­
ence herein to ?ny specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise does noi necessarily constitute or imply its endorsement, recom­
mendation, or favoring by the United Stales Government or any agency thereof. The views 
and opinions of authors expressed herein do not necessarily state or reflect those or the 
United States Government or any agency thereof. 


