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1. INTRODUCTION 

We cons ider  t h e  family o f  curves genera,ted 
by t h e  mapping of a  uniform dens i ty , 'namely  

. - t h e s e  be ing  a r epa rame t r i za t ion  of t h e  set i r i t ro-  
duced by .Ramberg e t  a2 (1979) , and a  genera i iza-  
t i o n  of a  mapping due t o  Tukey (1960). 

. . ' Our main concern- is  t h e  a p p l i c a t i o n  of (1) 
t o  approximating t h e o r e t i c a l  d i s t r i b u t i o n  func t ions  

'o f  test s t a t i s t i c s  such a s  S.D., skewness, and 
k u r t o s i s  under non-normality. 

..... . " .  . . . . . . . . . . . : . . . . . . .  . . . . . .  , . .  , 
, . . . ' . It i s  a s ' w e l l  t'o remark a t  t h e  o u t s e t  t h a t  

. . .  . . . i f  (1) is  f i t t e d  by us ing  t h e  f i r s t  f o u r  moment% 
t h e r e  may b e  more than  one so lu t ion . .  T h i s  problem 
does n o t  a r i s e . i f  we merely d e f i n e  t h e  v a l u e s . o f  . .  

a ,  f3, y , 6 and use  t h e  mapping-. t o  gener2t.e random . . 

samples. " 

. . 

. . Again;. moments a r e  s t r a i g h t  forward t o  

.eva lua te  i n  terms o f ,  gamma func t ions ,  o r  polygamma 
' ' func t ions ,  i n  sp.ecia1 cases .  . ,Thus  when y = 0 , 

t h e  m.g.f. i s  
. . .  

. . . . . .  . . . . . . 

and when y # 0 , t h e  kth non-cenrral  moments is. 

2 .  SKEWEU'ESS AND KURTOSIS 

Let h1 = u 3 / ~ 3  , and B 2  = pr/a4 , 
where 

k  
"k = EC(x-ui) I is  t h e  kth c e n t r a l  

moment and a = "/u2 . J B ~  and R2 a r e  o f t e n  
d i s c r i b e d  as measuring skewness and k u r t o s i s ,  
For t h e  fami ly ,  and B 2  can b e  obta ined  
from (2)  o r  ( 3 ) .  It i s  c l e a r  that and 

B2 are func t ions  of t h e  shape parameters y and 
.& , t . e .  



I 

For given va lues  of Y and 5 , 46 1 and B2  can b e  

e a s i l y  obta ined  by us ing  d i g i t a l  computer. Fig.  1 

i l l u s t r a t e s  t h e  contours  of and B 2  i n  t h e  ( ~ , 6 )  

plane.  

- I n  gene ra l  it. i s  impossib.le t o  o b t a i n  t h e  

i n v e r s e  exp res s ion  of (4) e x p l i c i t l y ,  i . e .  

A s a t i s f a c t o r y  numerical  method is  t h e  f i n i t e  : - ! . .  

d i f f e r e n c e  Levenberg-Marquardt a lgori thm. Suppose 
* 

&ik  i n d  B2 a r e  two s p e c i f i e d  va lues  of ' J B ~  and . .  - 
. . .  B Z  o f  t h e  d i s t r i b u t i o n  t o  b e  f i t t e d .  'We d e f i n e  

* 
. . .  . . g l ( ~ , 6 )  d 8 1 ( ~ , 6 )  - J B i  9, , _ 

g 2 ( ~ , ' 6 )  = B 2 ( ~ , 6 )  - 8 2 *  , 
. . 

then  t h e  ~ e t e n b e r g - ~ a r ~ u a r d t  a lgor i thm can be  

app l i ed  t o  o b t a i n  t h e  va lues  of y and 6 which w i l l  

minimize t h e  ssa of squares  of g l  and g2 . I f  

t h i s  sum of squares  is  s a t i s f a c t o r y  c l o s e  t o . z e r o ,  

t h e '  y , 6 va lue  j u s t  ob ta ined  can b e  considered a s  
. . . . . . . . .  . . . .  . . .  . . . . .  . . . . . . .  , . - . . . . . . 

. . 
- . . . t h e  approximate solut ibn ' . .  Like m i s t  numerical . 

. . .  . . 
. . . . .  a lgor i thms,  i n i t i a l  guesses  of y  and 6, a r e  . . . . . . .  . . . . .  

. . . . . . .  . . .  . . . . . . . . . . . .  . . r equ i r ed  and.. impor tan t  ; re.asonable i n i t i a l  guesses. 
. . . . . . . . . .  . . . . . . .  

w i l l  s&e  co .ns iderable '  computer time. ~ i g u r e  1 may . . . 
. . 

. . . . . . .  s e r v e  as ' a  guide i n  t h i s  r e s p e c t .  
. . _ I .  

. . 

. . .  
3 .  .APPROXIMATIONS TO DISTRIBUTIONS ' . ''. ' . 

. . . . .  . . . . 
.-.: 

I 
- ,  

. .  . . . . . . . . . .  . . .  'A . s tandard  technique . t o  f i t .  a, .  curve .  is. .by . . .  

&king t.he f i r s t  f o u r  moments. of t h e  f i t t e d  . curve . . 
. . . . 

I 
. . 

, . a g r e e  w i t h  th&e  of:the d i s t r i b u t i o n  t o . b e  f i t t e d  

( s e e  Shenton and .Bowma?, (.1979) ) . Pearson, Johnson . . .  1 : .  ::. . . . . . . . . . . .  . . . , .  
. . . . and Burr (19.7.8) . i nves t iga t ed  t h e  degree.  o'f :'agree- . . 

- . .  - .  
- .. msnt o f .  t h e  .percentage  po in t s  of  d i s t r i b u t i o n s  . . . . 

. . .  wi th  t h e  same f i r s t .  f o u r  moments. Supplementing 
. . 

t h e  percentage p o i n t s  of t h e  gene ra l i zed  lambda 

family t o  t h e i r  t a b l e  1 gives  t h e  fo l lowing  compar- 

i s o n  of s t anda rd ized  5 and 1 percentage p o i n t s  of 

s i x  d i s c i n c t  f a m i l i e s  having 4, and $ 2  va lues  

c l o s e  t o . 0 . 8  and 4.2 r e s p e c t i v e l y .  There i s  s a t i s -  

f a c t o r y  agreement between t h e  s i x  approximations. 

I n  t h e  r z s t  of t h i s  s e c t i o n ,  'we w i l l  f i t .  
. . . . 

t h e  gene ra l i zed  family t o  t h e  d i s t r i b u t i o n  of test 

s t a t i s t i c s  such a s  s tandard  d e v i a t i o n ,  , b 2  . 
Exact d i s t r i b u t i o n ,  i n  some c a s e s  t he  exac t  

. . . . .  . . . . .  . . . . . . -  . . . .  . , 
. . .  . . .  . . . . . .  . . . . 

I 
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I eXPression of t h e  moments a l s o ,  of t h e s e  s t a t i s t i c s  
i x 

i n  most ca ses  a r e  s t i l l  unknown. However, we call 

approximate i ts  moments, and thus  us ing  fou r  of .. : 

f t h e s e ,  approximate i ts  percentage  po in t s .  The 
. 

. " 

method of us ing  moments of s t a t i s t i c s  which them- 

s e l v e s  a r e  moment-functions is descr ibed  i n  d e t a i l  . . -  . . .  

i n  Shenton, Bowman and Reinfe lds  (1967), and 

Shenton, B.owman and Sheehan (1971) . 
Table 1. comparisons of P e r c e n t i l e  03 Fami l ies  

having c l o s e  Values of  and 62. 

Pearson Type 1 . 8 0 0  4.2001 -1.80 -1.40- 1.62 2.90 

Johnson SU 1 .800 4.200) -1.80-1.40 1.82 2 .91  

Note: F0.r t h e  gene ra l i zed  lambda d i s t r i b u t i o n ' ,  
. . 

. - y=..oj.i578, 6=. 35540, a=-:51833; p.88360 ' . - ' ' 

. . .  No log-normal o r ,  l og -x2d i s t r i bu t ions  - h a v e  . . . .  

- .  . . .  . . . JB1=.8, 82-4.2 e x a c t l y  and t h i s .  be ta -poin t  . . . .  . - . . 

. . i s  o u t s i d e  t h e  non-central  t a rea .  

. . . .  . . .' Denote the.kernber of  t h e  genera l ized  f ami ly .  
. . .  

' - by ~ ( ~ , 6 , a , f 3 ) - .  For s p e c i f i e d  va lues  of v (mean), : 
. . 

a2 (va r i ance ) ,  and B p  , t h e  va lues  of Y and 6 , 
say  y o  and 60 a r e  obta ined  by employing t h e  f i n i t e  

d i f f e r e n t  Levenberg-Marquardt a lgori thm. Denote 

. t h e  mean. and. v a r i a n c e  of L(yo,  60-,0,  1) by u -  and u2 ,. 

t h e n  L(yo , a o  ,ao ,Bo) ,  where bo =4(rT2/u2) and 

- - a, = ~ - u f 3 ~  , w i l l  have t h e  s p e c i f i e d  moments , 
o2 , AB, and 0, . 
3.1 Sample s t anda rd  d e v i a t i o n  (Am,) i n  exponen t i a l  

sampl ing  

Lam(1978) der ived  t h e  exac t  d i s t r i b u t i o n  of  

{m i n  exponen t i a l  s a i i ~ p l i n g  f o r  n < 4 .  The t?xact 
2 - 

d i s t r i b u t i o r i f o r  n 2 5 a r e  s t i l l  unknown. To f i t  

t h e  d i s t r i b u t i o n ,  we need t h e  f i r s t  4 moments of 

t h e  statistic. Lam (1978) a l s o  gave t h e  approach 

of ob ta in ing  t h e  exac t  express ion  of t he  gene ra l  
. . . .  . . .  . . . .  

moment bf - m i  f o r  B1.l' samplk' s i z e .  He'cice .exnc't'. . - . . . . . .  . . . .  

va lue  of t he  ever! rnoxclnts o f '  /m2 a r e  known. For 

t h e  f i r s t  two odd moments, we apply t h e  'I..evin's . 
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a lgor i thm t o  t h e  f i r s t  28 and 1 3  terms of t h e  .:! .'..: 

-1 s e r i e s  expansion i n  powers of n of p and p, ( s e e  

Bowman, Lam and Shenton (1979) ) .' Table 2 shows t h e  

numerical va lues  of t h e  f i r s t  f o u r  moment paraments. 

D i s t r i b u t i o n  f i t t i n g  and comparisons are given i n  

Table 3, 

Table 2. Noments of Jm, i n  Exponential Sampling 

M: Monte-Car1.0 Simulation,100000 cycles  f o r  11x15 
and n=20; 50COC cycles f o r  n < 10. - 

5 .77451 ,20013 1,42955 6.27480 a ; 
6 .80717 .I8181 1.33699, 5.95404 
7 ,83120 .I6625 . 1.26517 5.70555 
8 .84969. .I5302 1.20691 .. 5.50515 

. . 9 .85440 .I4170 1 ,158E-x .  5.34177 
10 .87640 .I3192 ... 1.11641 -. 5.20335, . .. 

. .  . 1 5  ,91388 .09815 . ' .96954 4.73539 .. 

20 . .93367. ,07826 
., - ,87632 - 4.46412 , - . . .  

25 
. , .  

,94597 ,06514 ..80921 4.27772 . j . . 

. . . -. . .  . . % 

Table 3. Percentage Poin t  Comparison 
f o r  f i t t i n g  Jm2 i n  Exponential sampling . .  . . . 

I .. n 1% 52 10% 90% 95% 99% 
. . 

. . - .  
. . 

. . 

. . .. . 

. . 

1 
,50641 

I . . . . . . 

. . .  . 
. I81  .327..404 1.368 1.610 2.147 

. . 

. - 
I .237 ,352 .423 1.366 1.583 2.086 ,34950 

. . .  

,62714 
,268 ,376 .450 1.366 1.582 

.03523 

.294 .402 .471 1.360 1.557 2.006 

' 2 0  

L: L(y,G,a,B) 

9 

. . 

.236 ,386 .'463 '1.360 1.5T7 2.057 
,03242 
.26139 



. . 
. 3 . 2 . h ;  i n  Normal Sampling 

- 
A ,  = m , ~ m : ' ~  , "here m r i s  t h e  rth s&nple 

c e n t r a l  moment, is used i n  t e s t i n g  f o r  normali ty .  

The only exac t  d i s t r i b u t i o n  f o r  4b1 i n  normal - 
. . 

& .  sampling be ing  k n m  is t h e  case n=4 due t o  Mckay . 
(1933) . Exact va lues  of the f i r s t  3 even moments- - .. 
t h e  odd moments a r e ,  of course ,  zero-, df n o m i l  - 

1 ,=. ... 
h,  have been determined- by R. A. ~ i i h e r  (1930). ... 

.- 
Let n be  t h e  sample s i z e ,  t hen  

Table 4 and Table 5 g ive  t h e  ~(y,'d;a';B) f i t  t o  t h e  
J a 

d i s t r i b u t i o n  of h , a l o n g  w i t h  a l t e r n a t i v e  model j : . . 
. . .  3 - .  . . . . . . . . . .  . comparisbns (sed Shenton; ~ o w k a n  and - ~ k + ( 1 9 7 9 ) ) - ~ - . .  .: . . .  

... . . . . ' . I  - 

. . . . . . .  . . . . .  
Table 4 .  Percentage P o i n t s  o f  Normal hi ,  : ~ = 4  r ' '  

' 

. . 
-- 

. . . . . . . 
.900 .950 ,975 .990 . .995 ,999 .; : - 

Note: L : L(ya.40738, 6=1, a=O, B=.56967) 
M : Ptulholland (1977) . . 

. . .  P. : 4-moment .Pearson 
. . PC : ~ o f t d i  t i o n a l  4-moment Pearson 

SB, SBc, ': Johnson.4-moment & 4-moment . - 
c o n d i t i o n a l  



. Table 5. Percentage Points of ~ o r m a i  , 5 < n < 25 
- - 

Note: L : ~ ( y ,  &=I, m=O, ,B) 
ti : Mulholland (1977) 



. 3 . 3  Jbl and b, from Normal Mixture 

Table  6 .  Percentage  Po in t s  of from N.M. 
a 

Lly ,6 ,a, B) 

y=.10540. 
6c.91729 
a=.09013 
B=.18421 

.07945 
,95271 
,07277 
.31995 
.09185 
.73205 
.34581 
.24523 
.I1714 ' 

,95425 
,54993 
.20832 
,12298 
.61403 
.94111 
,17772 
.12473- 
.60743 

1,1378 
- ,16357 .... 

,13541 ' 

.64047 
1.15580 

,13282 

,010 .050 . I00 .900 ,950 .990 

'L - '-. 536 .-. 340 -. 239 ' ;449 ,555 .-761 
C -.532 -.340 -.241 .449 .552 ,757 
Z -.532 -.340 -.241 .449 ,552 .757 
M -.534 '-. 339 -.240 .449 .551 .755 

-1.109 -.728 -.538 -714 .910 1.304 
-1.132 -.744 -.533 .737 ,952 ,1.299 
-1.000 -.726 -.540 ,714 ,906 1.294 
-1.107 -.728 -.541 .711 .903 1.307 

-.363 -.I29 -.011 ,836 ,979 1.265 
-.354 -.135 -.019 .830 .972 1.259 

- 3 5 5  3 -.016 ' .834 ,973' '1.258 
-.354 -.I34 -.019 ,834 ,970 1.255 

Moment 
of h,  n 

. ~ o t e :  L : ~ ( y , 6 , a , B )  ; P : Pearson 4-moment approximant 
C : Cornish-Fisher  expansion w i t h  S a s  k e r n e l  (Shenton and Bowman (1975)) 

I! 
Z : Zeroth-order SU approximant .. . . -  

14 : Monte-Carlo approximant,  100000 cyc l e s  . . . 

Table 7,  Percentage  P o i n t s  of b 2  from N.M. 

Popula t ion  
moment 

p = . lo27  
p,= ,0739 5 0 dB,= .051 

2 ~ 3 . 2 0 5  

0.6 
100 

l 4 . 0  

... 
L(Y,  6 ,a,B) 
Y=-..02443 
6= ,30808 
c=2.30819 
B=. .43101 ' . 

-.05817 
.34031 

.3:34681 ' 

. .78.282. 

- . .0.1790 . . . -. 

,35899 
3.59648 

,59072 

,03813 . 

,33753 
2.37495 

.49878 

1 Popula t ion  Ploment 
n 

' 1 0  

25. 

. -  - 
.5576 -.I64 .055 . I68  .950 1.066 1.289 
,0943 -.I59 ,053 -165 .948 1.060 1,286 

3.118 ,025 -.I60 .055 ,167 .949 1.054 1.285 

75 

100 

. . 
. . .  . 

. . 50 

.99 79 

.04 85 
,287 

3.263 
1.1909 

.0406 
,291 

. 3.257 
1.1945 

,0270 ' 

,241  
3.167 

1 .o 

3.2 

I. 2 

4 .O . . 
. . .  

monlen t of b n .  ' .010 .050 . l o0  ,900 .. .950 .990 
. . L 1.690 1.928 -2.045 3.315 - 3.641 4.408 

&,=0.6 C 1.737 1.922 2.030 3.315 3.642 4.399 
Z 1.737 ' 1.922 2.030 3.318 3.635 4.387 

B,=2.6 $1 1.754 1.916 2.018 3 .316  3.636 4.393 
P 1.755 .1.921 2.026 3..320 3.635 4.379 

I - 1 1.679 1.893 2.024 3.456 3 ; 7 6 4 , , 4 ; 4 5 2  - 4.0306-2 3-107 3.280 4.899 5,236 5.937 ,07424 
7 , 2.755 3,074 3.258 4.892 5.217 5.919. .39 122 

150 2.802 3.091 3.259 4.894 5,218 
4 .O 4.056 2.809 3.084 ' 3.252 4.886.  .5,209 5.9.00 .56973 

0.. 1 

2.2 

0 .4  

2.0 

- .I58 .055 . I66 .946 1.062 1.280 
.518 ,658 ,729 1';286 1.381 1.565 
,524 .654 .725 1.283 1.375 1.561 
.524 .654 .725 1.284 1.376 1.561 
.525 .653 ,723 1.283 1.376 1.559 
,753  .880 ..945 1.455 1.542 1,710 
.758 ,875 .941 1.452 1.536 1.707 
.759 ,877 ,941  1.452 1.537 1.707 
.758 .  .876 . .941. 1.451 1.534. .1.692 
.834 .938 ,992' 1.410 1.479 1.610 

. .838 . .936 ' .990 1.408 1.47'5 1.608 
.838 .936 .989 1.408 1.475 1 . 6 0 8 .  
.837 ,934, ,988 1.408 1.472 1,606 

1.2 
150 ) 4.0, 

,0858 
.2487 
.034 

3.374 
.4022 
.I139 
.214 

3.390 

3.9062 - 2.070 2.565 2.802 5.248 5.895 7.478 
.O .8 1.1573 . 2.140 2.557. 2.780 5.273 5.889 7.447. 

1.473 
5 0  4 . 2  7.933 I 2.140 2.557 2.780 5.254 5.889 7.447 

150 ' 

. . .  . .  

1.0  

I 

1 , 2 

, . , . . . . . i - - ---- - - . -  
- - - - - - r -q .a;ar~&n%:~L-: i i+~~i~p~~. i i i i :~ .~t~ ;. >-LL.;>=i;4;didi +, L.- I -  , :., . . .. ; ,,.: .., L. - ;; ~f~~~~~~~rj:~,~~:~~~i':~~~~d,3~h~Gi;il~i; j> $&BIi;2 

. .. 

. 1 . 5  . 

2.'8@,5- 3,OgO 31257 4..894 - 5;217 : '  5..911 - . . - 

I 3 . 4  

2.276 '2.584 - 2.775 5.274 5.913. 7 .48n.  

. .01519 '- 

' ' . 3 4 0 0 8 .  . . 

3,5403 ' 

.. ,7283. 

3.9661. 
, .5255 
1.005 
5 ,135  

2.6892 
,3428 
,964 

2.0'09 2.414 2.615 4.648 5.12'8 6,202'  
i . o j 5 . , 2 . 3 4 0  '2.600 4 , 6 4 6 .  5 . 1 1 3 . 6 . 1 6 8  

- 2.209 2.556 2.765 5.264 5..890 7.417 
. 2.640 2.998. 3.174% 4.907 ' 5.309 .6.206. 

2.692 2.884 3.156 4,902 5.296 . 6.184 
2.692 2.954 3.155 4.906 5.295 6,175 
2,704 2.977 3,141. 4.903 5.287 6.148 
2.705 2.982 3.147 4.907 5.292 6.167 
1.627 1,9.Q6 2,045 3.457 3,578 4,450. 
1 , 6 7 3  1.873 2.032 3.454 3,765 4,459. 
1 .673 1.89.4 2.026 3.455 3,765 4.455 

1.059 
5,235 

4.818 1.673 1,884 2,013 3.429 3,740 4,439: 

2 ,075 2,399 2 .583 . ' 4 .648  5 , l i 2  6.166 
2.C!+5 2,401) 2.559 /!.5l[t 5>133  6;1.90 
2.090 2.397 2.584 4.650 5.110 6.157 1 



1 d .  3.4 - V% from Pearson Type I 
I 

Table 8. Percentage Po in t s  of hl  i n  Pearson Type I Sampling 

Note: L : L(y,b,a,B) . . 

'(') : Monte-Carlo a p p r o x i k n t ,  mean, of 3 r u n s ,  50000 cycles  each .. M 
(2)  M : Monte-Carlo approximant, mean of 3 runs ,  30000 cycles  each. 

C-F : Cornish-Fisher approximant (Bowman and Shenton (1973)) .  

L(y,G ,a,B) 

y=.13768 

a=-8o217 6=. 68805 
B=.15104 

.13671., 
,80055 
.43524 
,1300 2 

* : ~ o m e n t s  by Cornish-Fisher approyimant . 

Moments* I 
of Jhx .005 .010 .050 .950 .990 .995 n 

Popula t ion  
moment 

L .370 .416 .539 1.1.68 1.316 1.370 
(1)  M ,375 .418 .535 1.161 1.308 1.369 

C-F .378 . .419 ,536 1.163 1.313 1.371 
L -017 ,060 .176 ,750 .879 .925 
M ( ~ )  .019 . .059 . I72 .744 .875 : .925 

C-F .022 .063 -175 .747 ,876 .925 

D = . 8 4  
JB1=*860663 p2= .0365 

100 1 '  ' 1  /el= .I953 
=3'095 Bn=3.124 

.4558 
*0303 
.I108 

3.071 

100 

2 

.467707 

2.625 
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