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ABSTRACT b 

Al though var ious  d i s c r e t e  o rd ina tes  quadrature se t s  a r e  i n  general  

use, t h e r e  e x i s t s  a  need f o r  a  s tandard c o l l e c t i o n  suppor ted by documen- 

t a t i o n  o f  t h e i r  o r i g i n  and d e r i v a t i o n .  Th i s  r e p o r t  a t tempts  t o  p rov ide  

t h i s  documentation f o r  most o f  t h e  commonly used se t s .  I n s t r u c t i o n s  f o r  

u s i n g  DOQDP - t h e  computer code used t o  generate these quadratures - i s  

p rov ided .  A 1  i b r a r y  ( i n  s tandard i n t e r f a c e  f o rma t )  c o n t a i n i n g  many o f  

t h e  quadratures has been generated and i s  documented i n  t h i s  r e p o r t .  

F i n a l l y ,  a  l i s t i n g  o f  t h e  f u l l y  symmetric, ha l f -symmetr ic ,  and severa l  

b iased  s e t s  i s  p rov ided  f o r  XY,  RZ, and Re geometr ies.  

P a r t  I of t h e  r e p o r t  descr ibes  t h e  DOQDP code and t h e  gene ra t i on  o f  

S2-S16 f u l l y  symmetric quadratures.  P a r t  I 1  descr ibes  t h e  gene ra t i on  o f  

S4-S10 ha l f -symmet r i c  and severa l  b iased  se ts ,  as w e l l  as a d i scuss ion  

o f  t h e  quadrature l i b r a r y .  



PART I. FULLY SYMMETRIC QUADRATURES AND THE 
DOQDP COMPUTER CODE 

J .  P. Jena l ,  D. B. Simpson, and W.  A. Rhoades 

The purpose o f  t h i s  p a r t  o f  t h e  s tudy was t o  produce and document a 

s tandard c o l  l e c t i o n  o f  two-dimensional  l e v e l  symmetric (R-Z ,  X-Y) 

, quadra tu re  s e t s  f o r  use w i t h  DOT-I11 and l a t e r  codes. Th is  was expe- 

d i  t e d  by t h e  m o d i f i c a t i o n  o f  t h e  DOQ~ code, subsequent ly renamed DOQDP. 

Al though two-dimensional quadratures a r e  i n  common use bo th  here  a t  

ORNL and elsewhere, t h e r e  e x i s t s  a need f o r  a s tandard c o l l e c t i o n  sup- 

po r t ed  by documentation o f  t h e i r  o r i g i n s  and d e r i v a t i o n .  Th is  p a r t  

w i l l ,  t h e r e f o r e ,  be comprised o f  two ma jo r  sec t i ons .  The f i r s t  w i l l  be 

a b r i e f  d i scuss ion  o f  quadrature se t s  i n  genera l  w h i l e  t he  second w i l l  

deal  w i t h  t h e  DOQDP code i n  p a r t i c u l a r .  A s h o r t  s e c t i o n  o f  comments and 

genera l  observa t ions  f o l l o w s .  



F u l l y  Symmetric Quadrature Sets 

The method of d i s c r e t e  ord ina tes ,  in t roduced by Carlson, Lathrop, 

Lee and o thers  i n  t he  l a t e  f i f t i e s  f o r  ob ta in ing  numerical  so lu t i ons  t o  

t h e  Boltzmann t r a n s p o r t  equat ion, incorpora ted  the  development o f  sets 

o f  " d i s c r e t e  d i r e c t i o n s  t o  which i s  at tached a s e t  o f  we igh tsyU2  t h a t  

i s ,  quadrature se ts .  Over t h e  years,  the  "How-To" o f  quadrature s e t  

genera t ion  has changed repeatedly .  It i s  n o t  t he  goal o f  t h i s  paper t o  ' 

p resent  a survey o f  p r i o r  methods ( t h e  t r u l y  e n t h u s i a s t i c  reader i s  

i n v i t e d  t o  pursue the  b ib l i og raphy  f o r  a more o r  l ess  complete l i s t  o f  

p e r t i n e n t  documents concerning quadrature s e t s ) ,  b u t  r a t h e r  i t  seeks t o  

p resent  t h e  background m a t e r i a l  needed f o r  one type o f  quadrature s e t  

c u r r e n t l y  i n  use, namely LQn. LQn stands f o r  l e v e l  symmetric quadrature 

and i s  a type of quadrature c u r r e n t l y  used w i t h  the  DOT two-dimensional 

t r a n s p o r t  codes developed a t  ORNL. "Level symmetric" means t h a t  the  

angles subtended by the  l a t i t u d i n a l  l e v e l  l i n e s  are  constant.  O r ,  i n  

Eng l ish ,  t h e  e t a  l e v e l s  ( l a t i t u d e  l i n e s )  a re  constant  as the mu's vary. 

Some r u l e s  he lp  t o  d e f i n e  the  quadrature set. They srpr 

(1)  The quadrature s e t  i s  de f ined as a s e t  o f  pairs ( P ,  $,) o f  

weights and d i r e c t i o n s  - the  number o f  which depends on the  order  o f  the  

quadrature se t ,  and m = 1, 2, 3, . . . M(n). 

( 2 )  The order ,  n, i s  even: n = 2, 4, 6 . . . . . 

(3 )  The weights, Pm, a r e  genera l l y  p o s i t i v e  w i t h  t h e  normal iza t ion  

( 4 )  The components p,, q,, and 4, o f  t he  vec tors  nm s a t i s f y  



and 

Equation 3 i s  known as the  f low c o n d i t i o n  w h i l e  equat ion 4 i s  the  d i f f u -  

s ion  theoreill c o t ~ d i t i o n . ~  

( 5 )  The common quadrature s e t  i s  de f ined on one oc tan t  (known as 

the  p r i n c i p l e  oc tan t )  and i s  r e f l e c t e d  i n t o  o the r  oc tan ts  by making 

appropr ia te  s i g n  changes. The fo l l ow ing  statements apply w i t h i n  any 

oc tan t  : 

( a )  t he  number o f  po in t s  per  oc tan t  i s  g iven by 

M(n) = n(n+2)/8 

(b) the  p o i n t s  a re  arranged i n  a t r i a n g u l a r  p a t t e r n  w i t h  n/2 

d i f f e r e n t  l e v e l s  and n/2 - i + 1 p o i n t s  on the  i t h  - l e v e l .  

( c )  if a p o i n t  fim (urn, urn, 5,) i s  conta ined i n  the  bas ic  quadrature 

se t ,  so are  a l l  p o i n t s  t h a t  can be cons t ruc ted  by permutat ing i t s  com- 

ponents. Such permutat ion groups fa1  l i n t o  classes o f  1, 3, fir 6 po in ts  

each and w i t h i n  a g iven c lass ,  a l l  p o i n t s  have the  same weight.  This' 

condi t i 'on i s  known as r o t a t i o n a l  symmetry. 

This  describes a completely symmetric quadrature se t ,  one t h a t  

e x h i b i t s  no b i a s  toward any p a r t i c u l a r  d i r e c t i o n .  C a l l i n g  t o  mind the 

t r i a n g u l a r  p a t t e r n  mentioned i n  5b above, no te  t h a t  the  l e v e l s  may be 

numbered from one o f  the  th ree  sides o f  t he  oc tan t  t o  t he  opposi te 

corner  o r  pole.  These l e v e l s  may be regarded as l i n e s  on the  sur face o f  

the  u n i t  sphere, i n  t h i s  case, l a t i t u d i n a l  l i n e s  t h a t  subtend ( f rom 



t h e  cen te r  o f  t h e  sphere) a  constant  angle w i t h  the  companion pole. A 

p o i n t  i n  t h e  se t ,  nm, can be g iven th ree  1  eve1 i nd i ces  , c a l l  them i , j , 
and k, one w i t h  respect  t o  each o f  the  th ree  poles. I t  can be shown (by 

i nduc t i on ) '+  t h a t  

I n  t h e  l e v e l  symmetric case (LQ,), the  components pm, om, 5, a re  chosen 

f rom t h e  same s e t  o f  n/2 cosines , oi , i = 1  , 2, . . . n/2. Hence, i f  i , 
J ,  and k  a r e  the  l e v e l  i n d i c i e s  f o r  nm, Equation 2 becomes 

Making use o f  r o t a t i o n - r e f l e c t i o n  invar iance,  Lee has shown4 t h a t  

Equations 6 and 7 w i l l  y i e l d  the  r e l a t i o n  

where 

Th is  r e s u l t  i s  very  impor tan t  and can be v e r i f i e d  by s u b s t i t u t i o n  i n t o  

Equation 7 as f o l l o w s :  

Us ing  tqua t i on  6, 

1  = 3e12 + ( n / 2 + 2 - 3 ) ~  = 3o12 + (n l2 -1  ) A  . 



No SYM H a l f  SYM Complete SYM 

Fig. 1. Po in t  Numberinq Schcmcs f o r  D i f f e r e n t  SYM 
Options, Po in t s  i n  t he  p r i n c i p a l  octant ,  



So lv ing  f o r  A g ives ,  

which i s  Equation 9. 

Thus, t h e  c o n d i t i o n  o f  complete symmetry f i x e s  a l l  0 ' s  except o1 and the 

freedom o f  Gaussian quadrature i s  n o t  present .  

Givcn o,, t h e  remaining d i r e c t i o n  cosines are determined from 

F q ~ ~ a t i o n s  8 and 9. A1 thouqh the  value o f  ol determines how the po in t s  
1 a r e  c lus te red ,  i t s  magnitude i s  somewhat a r b i  t r a r y  (0  < o1 < -). The 3 

p o i n t s  w i l l  possess t h e  requ i red  symmetry regardless o f  t he  value o f  ol. 

Lee de r i ved  a p r e s c r i p t i o n  f o r  ol t o  b e  o1 - I 
-7(ay 

With t h e  p ' s  and TI'S determined, a l l  t h a t  remains i s  t o  so lve f o r  

t he  p o i n t  weights. Carlson, w r i t i n g  i n  1971 ,5 makes use o f  "even angular  

moments" t o  so lve f o r  t h e  needed p o i n t  weights. This  amounts t o  double 

moments i n v o l v i n g  the  weights, p ' s  and q 's ,  and i s  an expansion o f  a 

technique developed by Carlson f o r  one-dimensional quadrature sets.  

Thus, 

# w t s .  

f o r .  some s e t  o f  p a i r s  (k,%) ( k  and a even), where 

w i t h  

= cos $ 

5 = m  C O S $  



which r e l a t e  $I t o  I-I and 6.  Because p and TI come f rom the.same s e t  o f  

numbers, they  a re  in te rchangeab le  and thus we need o n l y  i n c l u d e  (k ,a)  

combinat ions f o r  which k 2 a. No even moments i n v o l v i n g  a l l  t h r e e  

components need t o  be cons idered because any even power o f  a t h i r d  com- 

ponent can be exp ressed ' i n  terms o f  even powers o f  t he  two. 

I n t e g r a t i n g  Equat ion 15 w i t h  a r b i t r a r y  k and a g ives ,  

where r ( 1 / 2 )  = and r ( x )  = (x -1 )  r ( x - 1 ) .  For  k and a even, Equat ion 18 

becomes 

where t h e  b racke t  i s  s e t  t o  u n i t y  i f  a= 0. Equat ion 14 i s  l i n e a r  w i t h  

r espec t  t o  t h e  p o i n t  we igh ts  and by choosing va r i ous  a p p r o p r i a t e  combi- 

na t i ons  o f  (k,a) , a system o f  s imultaneous 1 i n e a r  equat ions a r e  produced; 

t h e  system can then  ( t h e o r e t i c a l l y )  be solved, Th i s  b r i n q s  us t o  t h e  

d i scuss ion  of t he  DOQDP code i t s e l f ,  

DOQDP 

Theo re t i ca l  Considerat ions 

DOQDP i s  an acronym f o r  d i s c r e t e  o rd ina tes  quadratures double 

p r e c i s i o n .  It i s  b a s i c a l l y  a m o d i f i c a t i o n  o f  t h e  DOQ code which was 

i t s e l f  adapted by Westi nghouse ~ s t r o n u c l  ea r  f rom t h e  SNAFU code 

o r i g i n a l l y  developed by J. Penland and F. R. ~ y n a t t ~  a t  ORNL. 

Completely symmetric quadra tu re  s e t s  a r e  those i n  which p, T-I, and 

6 a r e  chosen f rom t h e  s e t  o f  cos ines determined by Equat ions 8 and 9. 

Hal f -symmetr ic  quadratures a r e  those i n  which p and T-I a r e  chosen f rom 

t h e  same s e t  o f  cos ines w i t h  va lues f o r  5 determined by Equat ions 2 and 

6. A common procedure i s  t o  choose t h e  va lues f o r  p and I-I t o  be t h e  



r o o t s  o f  t h e  Legendre polynomial o f  o rder  n. Non-symmetric quadratures 

a r e  those i n  which values f o r  u, 0, and 6 a r e  each chosen from a 

d i f f e r e n t  s e t  o f  cosines. 

DOQDP i s  used t o  generate a weight  f o r  each d i r e c t i o n  determined 

by t h e  app rop r ia te  p, n ,  and 6 .  For o the r  than complete ly  symmetric 

quadratures, values f o r  p and q must be supp l ied  as i n p u t .  Given a s e t  

o f  p ' s  and ~ ' s ,  t h e  p o i n t  weights a re  determined us ing  Equations 13 and 

13. 

Depending on the  symmetry op t ion ,  some d i r e c t i o n s  may be constra ined 

t o  have equal weights.  F igure  1 shows the d i r e c t i o n  ar rays  w i t h  p r i n t s  

o f  equal weights assigned a common number; e.g., a l l  d i r e c t i o n s  having 

the number 3 have a common weight.  

The number o f  unknowns f o r  a g iven n and symmetry c o n d i t i o n  i s  

g i ven  hy 

* 
Half-symmetry = n(n+4)/16 , and (21 

* 
Compl ete-symmetry = n(n+8)/48 (22) 

where t h e  a s t e r i s k  denotes rounding t o  the nex t  h igher  i n t e g e r  i f  the 

r e s u l t  i s  n o t  i n t e g r a l .  

Equations 14 and 19 may be w r i t t e n  i n  m a t r i x  form as 

where 

A - i s  the m a t r i x  o f  elements formed from Equation 13, 

P i s  the column vec to r  o f  unknown p o i n t  weights, and 

B i s  the column vec to r  o f  elements formed from Equation 19. 



The p a r t i c u l a r  values o f  k and a i nhe ren t  i n  Equat ion 23 a r e  a r b i t r a r y  

except t h a t  k and a must bo th  be even and k + a '< n. DOQDP w i l l  de te r -  

mine which (k,a) p a i r s  a re  used' t o  generate Equat ion 23 unless the  user  

chooses t o  supply these values as . inpu t .  

Code S t r u c t u r e  and Improvements 

DOQDP represents a major  m o d i f i c a t i o n  o f  t he  DOQ code t h a t  i t  

replaces and, i t  i s  be1 ieved, a major  improvement. DOQDP i s  f a s t e r  and 

more v e r s a t i l e  than i t s  predecessor w h i l e  a t  t h e  same t ime i t  i s  more 

accurate. A word about how t h i s  was accomplished i s  i n  o rder .  

With regard t o  speed, DOQ used Equat ion 18 t o  s t o r e  values f o r  

bk ,a t h a t  requ i red  f o u r  c a l l s  t o  t he  Gamma func t i ons  f o r  each moment 

desi red.  Since i t  i s  known t h a t  a and m d i l l  always be even, Equat ion 

19 can be s u b s t i t u t e d  f o r  Equat ion 18 and the  subsequent code i s  bo th  

s h o r t e r  and f a s t e r .  Also, t he  i n t e r a t i v e  r o u t i n e  f o r  s o l v i n g  the  system 

o f  simultaneous equat ions s to red  a m a t r i x  on tape and then renewed t h e  

m a t r i x  a f t e r  each i t e r a t i o n .  The tape was replaced by a f i x e d -  

dimension a r r a y  which can be enlarged i f  needed and on one run, t he  

number o f  110 requests dropped from 383 t o  15. S i m i l a r l y ,  t he  cpu t ime 

was b e t t e r  than c u t  i n  h a l f .  

As f o r  f l e x i b i l i t y ,  FIDO ou tpu t  o p t i o n  was added t o  t he  code. 

Thus, t h e  user  can choose f rom f o u r  poss ib le  ou tpu t  combinat ions: ( 1 )  

j u s t  p r i n t ,  no punch; ( 2 )  p r i n t  p l u s  ANISN-W type punch; ( 3 )  p r i n t  

p lus  ADOQ o r  DOT-I1 w i t h  punch; and (4)  p r i n t  p lus  FIDO punch. FIDO, 

o f  course, i s  used as i n p u t  t o  DOT-I11 and severa l  o t h e r  codes. 

Fu r the r  improvement cou ld  be r e a l i z e d  i n  t he  area o f  s o l v i n g  t h e  

system o f  simultaneous equat ions. The c u r r e n t  r o u t i n e s ,  (ISUDS and 

DSIMEQ) f a i l  f o r  h igh  n. So far., an a l t e r n a t i v e  r o u t i n e  which performs 

b e t t e r  has n o t  been found. 



I n p u t  Data Desc r ip t i on  

A l l  da ta  a r e  i n p u t  f rom cards and are read us ing  e i t h e r  a  r i g h t -  

j u s t i f i e d  I 12 i n t e g e r  format  o r  an E12.7 r e a l  format.  

Appendix A desc r ibes . the  i n p u t  data requ i red  t o  run  DOQDP. 

D e s c r i p t i o n  o f  P r i n t e d  Output 

The ou tpu t  o f  DOQDP i s  as fo l l ows :  

- . - -  . . - - - .  - -  
( 1 ) -  The amount of  s torage used i n  t h e - c a l c u l a t i o n  ( i  .e.; t he  t o t a l  

number o f  l o c a t i o n s  used f rom the  common b lock )  

(2 )  A  . l i s t  o f  t h e  Mu's ( p ' s )  

( 3 )  ,A 1  i s t  of t h e  L and M combinations used f o r  moment equat ions 

( 4 )  The p o i n t  diagram used 

( 5 )  The maximum elementwise e r r o r  by i t e r a t i o n  i n  s o l v i n g  the  

simultaneous system 

(6 )  The o r d e r  o f  t h e  quadrature 

( 7 )  A  t a b u l a t i o n  o f  t h e  i n i t i a l  d i r e c t i o n s  ( t h e  Mu's t h a t  correspond 

t o  zero weights)  

(8)  A  t a b u l a t i o n  o f  t h e  p o i n t  weights der ived from s o l v i n g  the  

system o f  simultaneous equat ions 

(9)  A  ,comparison o f  r e s u l t s  from equations 16 and 20 ( l abe led  

"Gamma Expression") 

(10) F i n a l l y ,  a  l i s t i n g  o f  t h e  quadrature s e t  i t s e l f .  

A sample o f  t he  ou tpu t  i s  shown i n  F ig .  2. 

D e s c r i p t i o n  o f  Punched Output 

Cards are punched by DOQDP i f  IDEM = 1  , 2, o r  3. No cards are  

punched i f  IDEM = -1, -2, o r  -3. ( -2 and -3 are  equ iva len t ) .  I f  IDEM = 

1, t h e  ou tpu t  i s  as f o l l o w s :  (1)  a  6U card  ( 6  i n  c o l .  2, U i n  Col. 9); 

( 2 )  quadrature weights, 6F12.9 format;  (3 )  A 7U card (as above) ; and (4)  

quadrature d i r e c t i o n  cosines, 6F12.9 format. 



C b T A  S T ~ P ~ G F  R E O U I R E M F Y T  = 2 5 7  

'QUA1 1 3 Y S  U S E D  

P O I N T  D I A G R A M  

I TERAT I J Y  CONVERGENCE 
EPR3R = 9.666673-01 
EKRJR = 1.2490CD-16 

W I T  1AL D I R E C T I O N S  
T. 428090530- 01 
4.71 4044 740- 01 

P O I N T  P O I N T  W I S H T  P C I H T  W E I G H T / 2  
1 3.333333330-41 1 e666666670-0 1 
3 3.333333 330-31 1 e666666670-0 1 

L M SUM GAMMA E X F R  
P 9 I .ECn00C003 00 1.09O0C'OOGD 00 
2 0 3.333333333-01 3-333333330-01 

W M  I1 F T A  Y F Y G H T  

F i g  . Sample Output o f  DOQDP. 

P O  I N T  WE 1 G H T / 4  
8.333333330-02 
8.3 3 33'33 3 JD- 02 



For  IDEM = 2, t h e  o u t p u t  i s  as f o l l o w s :  

( 1  ) a  7U c a r d  

(2 )  Mu's, 6F12.9 f o rma t  

( 3 )  E t a ' s ,  6F12.9 f o rma t  

( 4 )  A T c a r d  

( 5 )  A 6U c a r d  

( 6 )  Weights, 6F12.9 f o rma t  

( 7 )  A T ca rd .  

For  IDEM = 3, t h e  o u t p u t  i s  as f o l l o w s :  

( 1 )  A t i t l e  c a r d  (FIDO comment) 

( 2 )  ~ , 7 *  card 
( 3 )  Mu's 

( 4 )  E t a ' s  

( 5 )  A T carrl 

( 6 )  A 6* ca rd  

( 7 )  Weights 

(8)  A T card. 



PART 11. COMMON QUADRATURES AND THE QUADRATURE LIBRARY 

P. J. Er ickson, M. L.  W i l  l iams,  and W. A. Rhoades 

The purpose o f  t h i s  p a r t  o f  t he  s tudy was t o  generate a  quadrature 

l i b r a r y  con ta in ing  t h e  d i s c r e t e  o rd ina tes  quadrature se ts  (R-Z ,  X -Y ,  

R-e) commonly used by r a d i a t i o n  t r a n s p o r t  computer codes a t  ORNL. This  

requ i red  t h e  generat ion o f  ha l f -symmetr ic  and b iased se ts  t o  be combined 

w i t h  p rev ious l y  produced f u l l y  symmetric se ts  (see P a r t  I), as w e l l  as 

t he  development o f  a  c o n t r o l  program t o  c rea te  and access t h e  l i b r a r y .  

The f i r s t  sec t i on  o f  t h i s  p a r t  i s  a  d e s c r i p t i o n  o f  t h e  var ious  types 

o f  quadrature sets  found i n  t h e  l i b r a r y .  The second sec t ion ,descr i ,bes  

t h e  contents o f  t he  l i b r a r y  and t e l l s  how t o  access i t. 



Quadrature Sets 

The direction variable in a radiation transport calculation i s  

defined by i t s  direction cosines in an orthagonal coordinate frame which 
i s  local ly  aligned with respect to  the unit vectors of the geometrical 

coordinate system. The possible orientations of the angular direction 

vector 8 define a uni t  sphere in  TI,§) space. In . a  discrete  ordinates 
cal cul a t ion ,  t h i s  continuous direction space i s  represented by a discrete  
s e t  of vectors known as the "discrete ordinates directional quadrature 

s e t :  " 

with the constraint 

The "weights" of the quadrature s e t ,  Pm, are  proportional to  the 

areas subtended by the sol id  angles associated with the specified direc- 

t ions.  They correspond to  fractions of the total  surface area of the 
unit  sphere and are generally positive with the normalinatlon 

Proper ordering of the directions i s  essent ia l .  For the DOT code 

and cer tain other codes, a l l  directions with common must be grouped 

together in order of increasing p. Each such group must have, as i t s  

f i r s t  member, an arb i t ra ry  boundary direction for  which 5 = 0. Thus, 

f o r  a given TI: 

These directions are  assigned weight = 0. All negative T I ' S  must pre- 

ceed a l l  positive T I ' S .  In a two-dimensional code, only 4 octants are 

considered, the others being redundant. 



Fu 1 1 Symmetry 

F u l l y  symmetric quadrature s e t s  a r e  those e x h i b i t i n g  complete r o t a -  

t i o n a l  symmetry; i .e., t h e  d i s c r e t e  (pi. ni , )  coord ina tes  chosen t o  

r ep resen t  t h e  d i r e c t i o n  vec to r s  a re  r e q u i r e d  t o  be i n v a r i a n t  under a l l  

90 degree r o t a t i o n s  about t h e  p, q, o r  s ax i s .  Hence, each s e t  o f  p, 0, 

5 ,  coord ina tes  must be symmetric w i t h  r espec t  t o  t h e  o r i g i n ;  and, f u r t h e r ,  

t h e  s e t  o f  p r o j e c t e d  p o i n t s  oi on each a x i s  must be t h e  same. These 

c o n d i t i o n s  d i c t a t e  t h a t  quadratures we igh ts  a l s o  be chosen i n  a  symmetric 

fash ion .  

A l l  oi except  o1 a r e  determined by t h e  complete symmetry requi rement  

and t h e  f a c t  t h a t  p 2  + q2 + g 2  = 1. The s e l e c t i o n  o f  f a m i l i a r  Gaussian 

quadrature i s  n o t  a l lowed,  s i n c e  choosing pi and ni t o  be Legendre 

zeros,  a u t o m a t i c a l l y  se t s  

\-,--&--- - 
which i s  not a Gaussian se t ;  and t h e r e f o r e ,  t h e  Gauss ia~ i  d i r e c t i o n s  a r e  

n o t  f u l  l y  symmetric. 

The f u l l y  symmetric se t s  con ta ined  i n  t he  generated quadra tu re  

l i b r a r y  a r e  t h e  S2, S4, S6, $8, S10,.S12, S14, S16 se t s  and a r e  taken  

f rom P a r t  I o f  t h i s  r e p o r t .  For  more i n f o r m a t i o n  on f u l l y  symmetric 

q u a d r i t u r c  s c t s ,  scc P a r t  I. 

No Symmetry and H a l f  Symmetry 

Complete symmetry i s  r e q u i r e d  o n l y  i n  three-d imensional  geometr ies.  

I n  1  ower d imensional  geometr ies,  a  r e 1  a x a t i o n  o f  symmetry requi rements 

a1 1 ows a d d i t i o n a l  degrees o f  freedom. 

A s imp le  such r e l a x a t i o n  i s  t o  keep t h e  p o i n t  and l e v e l  arrangement 

o f  complete symmetry w h i l e  a l l o w i n g  t h e  p o i n t s  on each a x i s  t o  be chosen 



f rom an independent se t ;  t h e  o n l y  requirement being t h a t  t he  p o i n t s  l i e  

on t h e  u n i t  sphere ; i .e. , 

Th is  corresponds t o  a "no symmetry" cond i t i on .  

The " h a l f  symmetry" c o n d i t i o n  requ i res  r o t a t i o n a l  symmetry about 

one a x i s  on ly ,  so t h a t  u i2  = 'i 2 .  and S i  = dl - p i Z  - niZ . Thus h a l f  

symmetric quadrature se ts  a re  those which are  i n v a r i a n t  f o r  90" r o t a -  

t i o n s  o n l y  about t h e  s a x i s .  (Note t h e  c o n t r a s t  t o  f u l l y  symmetric sets  

t h a t  e x h i b i t  r o t a t i o n a l  i nva r i ance  about a1 1 t h ree  axes).  

U n l i k e l y  f u l l y  symmetric se ts ,  t he  0 ' s  o f  a  h a l f  symmetric s e t  can 

be a r b i t r a r i l y  chosen. For  a Sn h a l f  symmetric s e t ,  they  a re  u s u a l l y  

chosen t o  be t h e  zeros o f  a  N~~ degree Legendre polynomial ,  and such was 

t h e  case f o r  t h e  present  work. 

-. - ..'-I' 
H a l f  symmetric quadrature se ts  conta ined i n  the  quadrature l i b r a r y  

a r e  t h e  54, SG, S8, and S10 se ts  and were generated by us ing  the  DOQDP 

code as descr ibed i n  Referer~ce 1 .  The N/2 p o s i t i v e  r o o t s  o f  the  N~~ 

o rde r  Legendre polynomial  ( i n p u t  i n  descending o rde r )  were i n p u t  as the  

va lues f o r  0 .  

Biased Quadrature Sets 

Biased quadrature se ts  a re  those quadrature se ts  which do n o t  have 

an equal number o f  d i r e c t i o n s  i n  t he  p o s i t i v e  and negat ive  domain o f  

one o f  t h e  va r i db les ;  i . e . ,  they are " h i a 5 ~ d "  by having a larger number 

of  d i r e c t i o n s  i n  some p o r t i o n  o f  t h e  u n i t  sphere. 

These se ts  a re  used when the  neut ron  f l o w  i s  h i g h l y  a n i s t r o p i c  

i n  some p r e f e r r e d  d i r e c t i o n .  The b iased quadrature se ts  conta ined i n  

t h e  .quadrature l i b r a r y  a re  the  100, 166, and 210 d i r e c t i o n  downward 

b iased se ts  and t h e  100, 166, and 210 d i r e c t i o n  upward b iased se ts .  



100-Di rec t ion  Biased Sets. The 100 d i r e c t i o n  sets con ta in  65 

d i r e c t i o n s  i n  t he  b iased hemisphere and 35 d i r e c t i o n s  i n  the unbiased 

hemisphere. The d i r e c t i o n s  i n  t he  unbiased hemisphere were taken from 

the  S10 h a l f  symmetric se t .  The d i r e c t i o n s  i n  the  b iased hemisphere are 

a l so  from the  S10 h a l f  symmetric se t ;  however, the  f i r s t  e t a  l e v e l ,  con- 

t a i n i n g  th ree  po in t s ,  has been replaced by 11 new l e v e l s ,  each con ta in ing  

th ree  po in t s .  These 11 replacement l e v e l s  were taken from a  h igh  order  

one-dimensional quadrature se t .  

166-Direct ion Biased Sets. The 166 d i r e c t i o n  sets con ta in  131 

d i r e c t i o n s  i n  t he  b iased hemisphere and 35 d i r e c t i o n s  i n  the  unbiased 

hemisphere. The d i r e c t i o n s  i n  t he  unbiased hemisphere were again taken 

from the  S10 h a l f  symmetric se t .  The d i r e c t i o n s  i n  the  biased hemisphere 

are from a  S10 h a l f  symmetric se t ,  i n  which the  f i r s t  e t a  l e v e l ,  con- 

t a i n i n g  th ree  po in t s ,  has been replaced by 11 new l e v e l s ,  each conta in -  

i n g  n ine  p o i n t s .  These 11 new l e v e l s  a re  again taken from a  h igh  order  

one-dimensional quadrature se t .  

210-Direct ion Biased Sets. The 210 d i r e c t i o n  se ts  conta in  153 

d i r e c t i o n s  i n  t he  b iased hemisphere and 57 d i r e c t i o n s  i n  t he  unbiased 

hemisphere. They a re  found e x a c t l y  l i k e  the  166 d i r e c t i o n  sets w i t h  one 

a d d i t i o n :  t he  l a s t  e t a  l e v e l  o f  bo th  the  b iased and unbiased hemi- 

sphere, conta in ing  11 po in t s ,  i s  replaced by th ree  new l e v e l s ,  each 

con ta in ing  11 po in t s .  

R-Theta Quadrature Sets 

The quadrature l i b r a r y  described i n  t h i s  r e p o r t  a l s o  conta ins the 

S2, S4, S6, S8, S10, S12, S14, and S16 R-o quadrature sets.  

An R-o quadrature s e t  i s  a  s e t  where the  p and s angles a re  spec i -  

f i e d  ins tead o f  t he  v and Q angles; i .e., i t  corresponds t o  a  s l i c e  

through an i n f i n i t e  c y l i n d e r .  



Since u 2  + n2 + s 2  = 1, g iven any two o f  the  angles, t he  t h i r d  one 

can be found. Thus a R-0 quadrature s e t  i s  a c t u a l l y  the same as i t s  

coun te rpa r t  R-Z quadrature s e t  except t h a t  p and s are  used t o  spec i f y  

t h e  d i r e c t i o n  vec to r  i ns tead  o f  p and Q. The d i r e c t i o n  o rde r ing  i s  n o t  

changed. The va lue  o f  s i s  s to red  i n  t he  p o s i t i o n  normal ly  occupied by 

0 i n  da ta  f i l e s  and l i s t i n g s .  

The R-o sets i n  t h i s  r e p o r t  were generated from the  S2, S4, S6, S8, 

S10, S12, S14, and S16 f u l l y  symmetric R-Z quadrature sets.  Note t h a t  

t h e  3 ' s  f o r  t he  zero-weight p o i n t s  a re  equal t o  +0.00001. 

T h e o r e t i c a l l y ,  t he  5 ' s  should be zero a t  these p o i n t s  b u t  c e r t a i n  

computer code r e s t r i c t i o n s  (e.g., i n  00'1') r e q u i r e  them t o  be non-zero. 

Quadrature L i b r a r y  

The quadrature l i b r a r y  which has been generated conta ins twenty s i x  

d i f f e r e n t  quadrature se ts  o f  types descr ibed i n  prev ious sec t ions  o f '  

t h i s  r e p o r t .  This  s e c t i o n  w i l l  descr ibe the  exact  contents o f  t h i s  

l i b r a r y  and the  necessary i n fo rma t ion  t o  access each o f  t he  quadrature 

se ts .  Appendix B descr ibes t h e  computer program which generated the  

quadrature l i b r a r y .  

The t a b l e  below g ives  a l i s t  o f  a l l  quadrature sets i n  t he  l i b r a r y  

and i n fo rma t ion  necessary t o  access them. 



Quadrature Set Data Set Name Log ica l  U n i t  Data Set Sequence 
( DSN) Number Number 

S2 Symmetric 
S4 Symmetric 
S6 Symmetric 
S8 Symmetric 
S10 Symmetric 
S12 Symmetri c 
S14 Symmetric 
S16 Symmetric 
S4 H a l f  Symmetric 
S6 H a l f  Symmetric 
S8 H a l f  Symmetric 
S10 H a l f  Symmetric 
100 Angle Biased Down 
100 Angle Biased Up 
166 Angle Biased Down 
166 Angle Biased Up 
210 Angle Biased Down 
210 Angle Biased Up 
S2 R-o 
S4 R-o 
S6 R-o 
S8 R-o 
S10 R-o 
S12 R-o 
S14 R-o 
S16 R-o 

S2SYM 
S4SYM 
S6SYM 
S8SYM 
S l  OSYM 
S12SYM 
S14SYM 
S16SYM 
S4HSYM 
S6HSYM 
S8HSYM 
S l  OHSYM 
BDNl 00 
BUPl 00 
DDN166 
BUP210 
BDN210 
BUP210 
S2RTH 
S4RTH 
S6RTH 
S8RTH 
S l  ORTH 
S12RTH 
S 1 4RTH 
S16RTH 

The quadrature l i b r a r y  i s  p resen t l y  a v a i l a b l e  on tape w i t h  each 

quadrature s e t  e x i s t i n g  as a separate da ta  s e t  w i t h  a d i f f e r e n t  l o g i c a l  

u n i t  number. The data se ts  a re  w r i t t e n  i n  standard i n t e r f a c e  f i l e  

format f o r  Sn constants as s e t  f o r t h  on Pages 39-40 o f  Reference 3. 

A separate DD card  must be inc luded t o  access each o f  t he  quadrature 

sets.  A sample DD card f o r  t he  S2 symmetric s e t  f o l l ows :  

F002 DD DSN= ,VOL=SER=X12163,DISP=OLD,UNIT=TAPE9, 

LOG I CAL DATA LABEL= 

UNIT SET I 
NUMBER NAME DATA SET 

SEQUENCE 
NUMBER 



To access any o f  t h e  o t h e r  se ts ,  s imply i n c l u d e  a  s i m i l a r  DD card  and 

s u b s t i t u t e  t h e  app rop r i a te  l o g i c a l  u n i t  number, da ta  s e t  name, and data 

s e t  sequence number. The s e t  ctin then be read by us ing  the  l o g i c a l  u n i t  

number i n  a  FORTRAN READ statement.  
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APPENDIX A. DOQDP INPUT DATA DESCRIPTION 

- - Column Var iab le  Name Card # Format Desc r i p t i on  

1  (20A4) 1 - 8 0 .  T i t l e  

2 (6112) 1-12 NQD Order o f  quadrature des i red  (even i n t e g e r  - 2/4/6/ 
e t c ;  S2/S4/S6 e t c ) .  

13-24 ISYM Symmetry c o n d i t i o n  o p t i o n  (see e a r l i e r  comments) : 
ISYM = 1  no symnetry, 
ISYM = 2  h a l f  symmetry (suggested op t i on ) ,  
ISYM = 3  complete symmetry. 

25-26 LMRD Moment equat ion  op t i on :  
LMRD = 0  Use i n t e r n a l l y  determined moment equat ions,  
LMRD = 1  User w i l l  i n p u t  own moments, 

37-48 I ET Eta op t i on :  
IET = 0  Set nj = p i  f o r  a l l  i ' s  (suggested o p t i o n ) ,  
JET = 1  read i n  values f o r  n. 

49-60 NMU Mu op t i on :  
. NMU - 0 reed i n  e l l  p i ' s ,  

NMU = 1  read i n  o n l y  I J ~  ( u s u a l l y  p1  = ' / d m  , 
and c a l c u l a t e  a l l  o t h e r  pi 's  f rom eqns 2  and 3. 

IDEM 61 72 Punoh and gcomc ty  op t i on1  
IDEM = 1  1-D c a l c u l a t i o n  (ANISN-W), 
IDEM = 2 2-0 c a l c u l a t i o n  (ADOQ o r  DOT 11-W), 
IDEM = 3 2-D c a l c u l a t f o n  (FIDO) 
I f  IDEM i s  negat ive  ( i e  -1, -2, -3)  no cards w i l l  
be punched. 

3  (6612.7) 1-12,13-24 MU(1) - Enter values f o r  u i  as f o l l ows :  I f  NMU = 0, en te r  
e t c .  values; I f  NMU = 1, e n t e r  p1 o n l y .  

1 (6E12.7) 1-12,13-24 ETA(J) Enter values f u r  n i  as f o l l ows :  I f  IET 0, o111iL 
e t c .  t h i s  card; I f  IET = 1, e n t e r  NQD/2 values. 

5 (2112) 1-12, 13-24 LR(I),MR(I) Power o f  p and II t o  be used i n  t he  ith-moment eqn. 
O m i t  i f  LMRD = 0 e lse .  one card  per  equat ion.  

T y p i c a l l y ,  
NQD - var ies  
ISYM = 2  
LMRD = 0  
IET = 0 
NMII = 1 
IDEM = +3 
M I I ( ~ )  = I/[- 
cards 4  and 5 a re  om i t t ed  



APPENDIX B. PROGRAM TO GENERATE QUADRATURE LIBRARY 

This  appendix descr ibes the  program which generated t h e  quadrature 

l i b r a r y .  The program reads . the  quadrature se ts  i n  FIDO format  and ou t -  

puts  them as separate data se ts  ( w i t h  d i f f e r e n t  l o g i c a l  u n i t  numbers) on 

tape. Each data s e t  i s  w r i t t e n  accord ing t o  t he  standard i n t e r f a c e  f i l e  

format f o r  S, constants l i s t e d  on Pages 39-40 o f  Reference 7. The pro-  

gram i n p u t  d e s c r i p t i o n  f o l  lows below. 

VARIABLE FORMAT 

CARD #1 HNAME A6 

CARD #2 ,HUSE(l ) ,HUSE(2) ,IVERS ,NDIM,FILE 2A6,314 

NDIR 5$ FIDO ARRAY 

DIRMU(1) ,I=1 ,NDIR 7* FIDO ARRAY 

*DIRETA(I) ,I=1 ,NDIR 

DIRWGT(1) ,I=1 ,NDIR 6* FIDO ARRAY 
* 

O m i t  i f  quadrature s e t  i s  1D 

Repeat t h i s  sequence (except  f i r s t  card)  f o r  each quadrature s e t .  

The program i s  s e t  up t o  handle 26 d i f f e r e n t  se ts  w i t h  l o g i c a l  u n i t  

numbers 8-33. 

A d e s c r i p t i o n  o f  t he  i n p u t  v a r i a b l e  names i s  l i s t e d  below. 

VARIABLE NAME DESCRIPTION 

H N AM E 
HUSE 
IVERS 
NDIM 
NDIR 
D I RWGT 
DIRMU 
D I RETA 
FILE 

F i l e  name 
User I d e n t i f i c a t i o n  
F i l e  Version Number 
Number o f  Uimensions 
Number o f  D i rec t i ons  
D i r e c t i o n  Weights 
D i r e c t i o n  Mu's 
D i r e c t i o n  E t a ' s  
Log ica l  U n i t  Number 



U
) 

: 
ll!
 4
 

r
r
 

"?
Z 

n
F

- z 
r
r
-
4
 

.I o
-m

 
. 

m
 

+
'+

w
 

W
Z

Q
 

*
o
o
 

z
-
n
 

0
s
 

I
 
w

 
C

 
8 D
 

tn +
 

j 
n
 

:
 

D
 

r
 

o
n

r
 

O
D

 
-
r
 4

 

V
, m
 * 

s
 n

r
r

 
D

F
lJ

IC
D

U
i 

-.
D 

Y
 

4
0
 l
l 

u 
m

- 
O

B
 

-m
- 

Z
 

0
-
0

 
0
 

0
 
0

 
W
G
 

0
 

-
3
 

I+
 

0
 I
 

-m
 

o
 

6 
:
 

C
L

It
 

z
 

u
la

 
4

 
rv

g
 

m
 

--
 n

 
- 

cn
 

;:
 

a
m
 

cn
m

 
0

.
 

z
- 

Q
C

 
m

m
 

P
C
 

-
m
 

ll
* 

-
2
 

I-
 
J
 

m
- Z

 
I
 

l
"
 - r m

 

. 
-4

 
-L

.m
 

n
n

n
 

m
u,

 
n

r
 
n
 

L
-r

 
D
 

O
 

c
n

 
r
u
, 

5
 

: 
3
 

-
P

L
 

'Z
F

 z 
o

c
m

 

: 
-?

.-
\w

-:
 

'-
-
c

T
f
U

 
x

i 
.- :L

O
 -

m
- 

r
r

 Y 
*-

 
O

Z
G

C
' 

:
 

I
D

-
+

 
,- n

-
 

z
r

c
 

r
 

D
f
n

P
 

3
.
0

 
r
 

m
r
r
 

- 
C
ZB

 
- 

In
- 

m
r
 

-
m

 
. 

- 0 c
r

 
m

* 
. 

n
 - 

mi
- - .3 z 
I
 

0
2

 
. 

-
0

 
. 

XP
. X?

 



C 
50  RE7 U R N  

... m... ... FORWAT (A6.J.. - . . . . . . . . .  
505 F O V M A T ( 2 A h r 3 1 4 )  
510 F O R M A T ( l O * r 2 A b * J I 4 )  
5 1 5  f O u ~ A T ( * * * S E R D f J Q l t S  N D I M  u!' P e l J )  

EFlD 

S U B ~ U U T ~ ~ E  T & P F I D ~ ~ I R * G T ~ ~ ~ R ~ ~ U ~ N ~ I R ~ F I L E )  
S E A L * 4  D l R ~ C f l l ) r D l R M ~ ( l )  
R E A L * e  HUSE ( 2  r H N A M E  

.. L.NTEGERI4 F I L E .  
C O ~ @ C l h / C U l ~ 2 / b 4 N A M E  I H I I S E  9 I v E U S * h l O  J M  

r 

. ............. . - .-. 
SUBROUTlNE T A P E 2 D ( D I Q ~ G T r O I R ~ E s N b X P r F I ~ E )  
PE.&L*4 O I R W G T (  1.) t O I Q M E (  I ) 
S E 4 L * B  U U S f ( Z 1 r H N A M E  

. .................... .--.- l.@lblfE,IiERL4...1F. LLE ... 
C O M M O N / C O W 2 /  H N A M E ~ H U S E ~ ~ V E P S W N D I M  

C 
C W R I T E  i?mV O U A O R A T I J u E  S E I  O N  T 4 P E  
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W k l V ' k ( F f L E )  N D I M r N B I R r f D U M r I O U M  
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+ ( O I Q M € ( N O ~ R + ~ ) ~ I ~ ~ B N D I ~ ~  
E b m E U - a r -  
R E M I N D  F I L E  
R E  T U R N  
E N D  



APPENDIX C. LISTING OF QUADRATURE SETS 

This appendix cons is ts  o f  a l i s t  of a l l  quadrature sets contained 

i n  the  l i b r a r y .  

S2 Symmetric 

M U  E T A  
- 0 e B l b S O E  00 - b r 5 7 7 3 5 E  0 0  
- 0 e S 7 7 3 S E  0 0  -0.57735E 00 

C)e577J"jE :'O - 9e47735E  O O  
- n . ~ 1 6 5 0 ~  n o  OI577.75F_ (10 
- 0 e 5 7 7 3 5 E  9 0  Oe57735E 00 

0e57735E  00 9 e 5 7 7 3 5 E  00 

S4 Symmetric 

S6 Symmetric 
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S12 Symmetric (Cont. ) 

S14 Symmetric 

E T A  
- 0 . 9 9 a n ~ ~  
- 6 r q T ~ f i i ? E  
- 0 , 9 7 8 n a ~  
- o r 8 9 1  56f 
-008Q13rSE 
-0.891 56E 
-0eP915BE 
-0  e 89 156E 
sn, R n n h B F  
-o,@(?96aE 
-0 ,90064F  
-0e80064E  
-0 ,0?064€  
-0ee0664E  
~ O r @ r ) Q S 4 E  
- 0 r 6 9 7 9 8 E  
- 0 0 6 9 7 9 8 E  
l+0*69488E 
mOe6979PE 
- 0  r 697Q8E 
- 0  169798E 
-0e69798E  
-0 .69798E  
- 0  m6Q796E 
~ 0 1 5 7 7 3 5 E  
- 0 e 5 7 7 3 5 E  
-0 .57735E  
- 0 * 5 ? 7 3 5 €  
-0e57735E  
- 0 0 5 7 7 3 5 E  



S14 Symmetric (Cont.) 



S14 Symmetric (Cont. ) 

0 O 
0 0  
c _ r Q  
00 
Cl 0 
00 
on 
00 
QO 
00 
no 
00 
00 
QO 
09 
0 0  
no 
00 
n0 
00 
00 
"I? 
0 0 
Q O  
on 
00 

0e57735E  0 0  
CIn42366k 00 
0,423hhE 00 
n r 4 2 3 6 6 E  00 
0e42366E  0 0  
0 . ~ 2 3 6 6 ~  no 
0e4236dE Or3 
0142366E  00 
Oe423hbE 0 0  
6 * 4 2 3 6 6 E  00 
0ea2J6SE 90 
Qe423hCjE 06 
n e a 2 3 6 b E  Or? 
Oe42366E 0 0  
O . I ~ O I J E  nn 
O + l b O l J E  00 
Oe16CI13E 0 0  
Q q l 6 O l J E  0 0  
0114013E  00 
be16013E  QCI 
OelSnbbE 00 
n e ~ ~ o i 3 e  00 
Oelb013E  00 
0 . 1 6 0 t 3 ~  on 
0e16013E  00 
0 * ~ 4 r S I S e  00 

S l  b Symmetric 



S16 Symmetric (Cont. ) 



S16 Symmetric (Cont.) 

00 
00  
or? 
0 0  
0 0  
no 
00 
no 
0 0  
00 
Qf3  
CI? 
9 0  
,d 0 
00 
0 0  
no 
no 
0 0  
n o  
00 
0 0  
00 
00 
O Q  
00 
00 
00 
0'3 
0 0  
00 
00 
9 0  
00 
no 
6 0  
06 
0 0  
00 
00 
b O  
0 0  
0 0  
0 0  
0 0  
00 
0 6  
0 0  
00 
0 0  
UCI 
no 
0 0  
0 0  
00 
0 0  
0 0  
0 0  
6 0  
0 0  
QO 
0 0  

0 0  
0 0  
00 
0 0  
09 
no 
0 0  
0 0  
0 0  
00 
0 0  
00 
0 0  
SO 
0 0  
0 0  
0 0  
0 0  
00 
0 0  - -  

00 
a n  
0 0  
0 0  
0 0  
00 
0'3 
0 0  
09 
on 
00 
0 0  
0 0  
00 
0 0  
60  
0 0  
00 
0 0  
00 
0 0  
0 0  
00 
0 0  
0 0  
or) 
00 
0 0  
O Q  
O Q  
00 
0 0  
90 
0 0  
0 0  
0 0  
0 0  
no 
0 0  
00 
0 0  
0 0  



S4 Half Symmetric 

E T A  
- 0 e H B l  I L E  0 0  
-? *@6!145  QO 
-0e86114E 00 
-0 . 33999E 00 
-0.33998E 0 0  
-013399BE 0 9  
-0e33999E 00 
-0.3399RE 0 0  

Qe@cjl14E 00 
OeF(rjll4E (?d 
Oe96114E 00 
Oe33898E 00 
oe3399eE 00 
Qe33999E 0 0  
0.33999E 00 
0*33999E 00 

S6 Half Symmetric 

S8 Half Symmetric 

WEIGHT 
0.0 
0.2530YE-01 
0125307E-01 
0.0 
0,35623E-01 
Q e 1 9 9 7 Z E * 0 1  
0.19972E-Ol 



S8 Half Symmetric (Cont.) 

S10 Half Symmetric 

ETA 
- 0 a P t 3 9 1 E  
- 0 , 9 7 3 9 1 E  
-0,993816 
-9.9650hU 
- 0  4 86506E 
- 0  * @rjSOBE 
- 0  1865Q6E 
-6.0650hE 
- 0 . 6 7 9 4 1 E  
- 0 . h 7 9 ~ 1 E  
-0 6794 3 6 
- 0 e r j 7 9 4 1 E  
- 0 r 6 7 8 4 1 E  
-0.64941E 
* 0 r 6 7 9 4 1 E  
- 0  1 4 5 3 4 0 8  
mOr43340E 
- 0 e 4 3 3 4 O E  
- 0 , 4 3 3 4 0 E  
- 0 . 4 3 3 4 0 E  



S10 H a l f  Symmetric (Cont.) 

100 Angle Biased Down 



100 Angle Biased Down (Cont.) 



100 Angle Biased Down (Cont. ) 

100 Angle Biased Up 

WE I G H T  



100 Angle Biased Up (Cont.) 

08 
0 0  
0 0  
0 0  
on 
00 
0 0  
00 
Qc! 
0 0  
00 
00 
0 0  
0 0  
00 
0 0  
00 
0 0 
Q O  
0 0  
(40 
0 0  
00 
00 
no 
60 
0 0  
0 0  
Or) 
00 
0 0  
0 0  
00 
0 0  
90 
00 
0 0  
0 0  
r?o 
O D  
6 0  
0 0  
0 0  
0 0  
0 0  
Q Q  
Or)  
0 0  
0 0  
0 0  
0 0  
0 0  
Q O  
0 0  
0 0  
0 0  
00 
0 0  
0 0  
0 0  
0 0  
00 
0 0  



166 Angle Biased Down 

WEIGHT 
0 . 0  
0 e 1 6 6 8 2 E - 0 3  
0 e ! 5 3 6 5 € - 0 4  
0 . 8 7 7 9 9 E - 0 5  
O r 6 5 B S l E - 0 5  
Oe659SIE-BS 
0e877QQE-05  
O ~ I ~ ~ ~ S E - C J ~  
Oe16682E-OJ 



166 Angle Biased Down (Cont.) 



166 Angle Biased Down (Cont. ) 

166 Angle Biased Up 

E T P  
-0 .97390E 
- 0 0 9 7 3 9 0 E  
-0e97390F  
-0 865OhE 
- 0 0 8 6 5 0 6 E  
-0 .  8h506E 
1 0 0  86506E 
- 0 0 8 6 5 0 6 E  
- 0 0 6 7 9 4 0 E  
-006794OE 
-00 b7940E 
- 0 0 6 7 9 4 0 E  
-0r6794OE 
-0 .67940E  
- 0 0 6 7 9 4 0 E  
- 0  43339E  
- 0  43339E 
- 0 .43339E  
- 0  43339E 
- 0 0 4 3 3 3 9 E  
- 0  r 43339E 
- 0 0 4 3 3 3 9 F  
= 0 . 4 3 3 3 9 €  
-6 ,43339E  
- 0  14887E 
- 0  14889E  
- 0 0  1 4 8 8 7 E  
- 0 0  11 4887E 



166 Angle Biased Up (Cont.) 

53 
50  
55 
56 
57  
56  
5 9  
rg(! 
6 1 
32 
153 
b+ 
65 
rib 
4 7  
6 8  
69 
7 0  
I 1  
7 2  
7 3  
7 0  
7 5  
7 6  
7 7  
7 e  
79 
8 0  
8 1 
82  
83 
8 s  
85 
84 
87 
9!3 
89 
99 



166 Angle Biased Up (Cont. ) ' 

60 
on 
00 
00 
0 0  
(10 
c10 
08 
00 
00 
00 
90 
or? 
0 0 
00 
00 
00 
00 
00 
00 
0 0 
no 
00 
00 
Or? 
0 0  
00 
00 
00 
0 0 
00 
00 
09 
00 
00 
d o  
00 
00 
Q O  
O Q  
no 
00 
00 
on 
00 
00 
00 
no 
00 
60 
00 
0 0  
0 0  
00 
00 
00 
00 
90 
00 
00 
00 
00 
00 
00 
09 
00 
no 
0 0  
0 0  



210 Angle Biased Down 

E T A  
-0.99968F 
-0e999643E 
-0,99968E 
- 0  * 9996eE 
-0 l 99969E  
-0  l 9P968E 
-0 9 9 9 6 B E  
-0e99968E 
-0 l 9 9 9 S B E  
-0e99R3BE 
rOe9983bE 
-n,994?!315€ 
-0 e99836F 
- 0  99e36E 
-0 l 99836L 
-0  l 99e36E 
-0e9QB3bE 
-0rQ99Jfit 
- 0  9 9 5 Y R E r  
-0,994Oli)E 
-0  9939BE 
-0 l 99599E 
- 0  e99596E 
- 0  e 99598F 
- 0  99598E 
-0 l 99598E 
-0 1 9 9 5 9 8 E  
-0e9Q254E 
-0.99254E 
-0 a99254E 
. r O c Q Q 2 5 4 E  
-0e99254E 
-0 e99254E 
- f l * 9 9 2 5 4 E  
- 0 . 9 9 3 ~ 4 ~  
-0a99250E 
-0m9BfiOSE 
-0e98a05L 
-Oa96r?OSE 
-0e94ROSE 
-0e98805E 
-0a9RCIOSE 
-0e9nB05E 
-0 e9RAC)SE 
-0.9BrPOSE 
- 0 . 9 n 2 ~ 1 ~  
-0 19825 1 E 
- 0  l 9829 1 E 
-0e9r3251E 
*QeSBZS1E 
* 0 ~ 9 9 2 5 1 €  
-0e9P251E 
-0e98251E 
- 0 1 0 e a ~ 1 e  
-0e97593E 
-0e97593E 
-9 e 975935 
-0e97593E 
-0e97593E 
-0  1975935, 
- 0  l 97593E  
-0e97593E 
-0 e97593E 
-0 e9rj8SZE 
- 0  l 96032E 
-0e94832E 



210 Angle Biased Down (Cont . )  





210 Angle Biased Down (Cont. ) 
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APPENDIX D. BIBLIOGRAPHY 

The f o l l o w i n g  are  i n  chrono log ica l  o rder  o n l y  by da te  w r i t t e n  ( a l l  

were ob ta ined a t  t h e  Cent ra l  Research L i b r a r y )  . 

( 1  ) B. G .  Carlson, " S o l u t i o n  o f  t he  Transpor t  Equat ion by Sn Approxima- 

LA-1891, February 1955 - e a r l y  work prov ides background data on 

bas i s  f o r  Sn method, one-dimensional on l y .  

( 2 )  B. G.  Carl son and G. I. Be1 1 , "So lu t i on  o f  the  Transpor t  Equat ion 

by t h e  Sn Method," P/2386, 1958 - same as above, con ta ins  a mathe- 

m a t i c a l  development o f  t h e  method. 

( 3 )  Bengt ti. Car lson and Clarence t .  Lee, "Plechanical yuadratuve and the 

Transpor t  tqua t ion , "  LAMS-2573, June 1961 - f i r s t  d iscuss ion  O f  t he  

development o f  one-dimensional quadrature se ts  (Sn, Pn-1, DPn/2-1) - 
s o l v i n g  p o i n t  weights by Lee's method o f  areas - hexagonals, houses, 

and squares, t ab les  t o  S16 (one-dimensional) .  

( 4 )  C .  E. Lee, "The D i s c r e t e  Sn Approximation t o  Transpor t  Theory," 

March 1962 (Chapter 3 and Appendices A-3), LA-2595 - an exhaust ive 

t r e a t i s e  on Lee's  e a r l y  method f o r  us ing  a rea ' s  (as mentioned above) 

t o  c a l c u l a t e  p o i n t  weights,  pages o f  formulas and diagrams. 

( 5 )  K. D. Lathrop and B. G. Carlson, "D i sc re te  Ordinates Anqular 

Quadrature o f  t h e  Nuetron Transpor t  Equation," LA-3186, September 

1964 - t h i s  r e p o r t  s t a r t s  t o  h i t  home. Discusses symmetry requ i re -  

ments, when they  a re  and why they are  des i rab le .  F i r s t  re fe rence t o  

two-dimensional se t s  and a l s o  b iased quadrature se ts .  I t  i s  a l l  

here, j u s t  hard t o  recognize unless you known what you are  l o o k i n g  

f o r .  

( 6 )  P. N. Stevens, "Use o f  t he  D isc re te  Ordinates Sn Method i n  Rad ia t ion  

S h i e l d i n g  Ca lcu la t i ons  ," NucZ. Eng. and Design, March 1970 - b a s i c a l l y  

mentions codes used w i t h  the  Sn method - no d i r e c t  r e l a t i o n  t o  the  

quadrature problem. 

(7 )  Bengt G. Ca r l  son, "Transpor t  Theory: D i sc re te  Ordinates Quadrature 

Over t h e  U n i t  Sphere," LA-4554) - f i r s t  paper t o  d iscuss " l e v e l  

symmetric" quadrature se ts  i n  one o r  two dimensions (LPn o r  LQn). 



Shows t h e  moment equat ion s i m p l i f i c a t i o n  used i n  DOQDP. Also 

discusses SQn quadrature sets.  

(8)  Bengt G. Carl  son, "On a More Precise D e f i n i t i o n  o f  the  D isc re te  

Ordinates Method,'' January 1971 - discusses th ree  types o f  quadrature 

sets (SQn, LQn, and EQn) and ways o f  producing them - p r i m a r i l y  LQn, 

f i r s t  d e f i n i t i o n  o f  EQn (equal we igh t )  quadrature sets.  

(9 )  Bengt G. Carlson, "Tables o f  Equal Weight Quadrature EQn Over t h e  

U n i t  Sphere," LA-4734, J u l y  1971 - conta ins a sparse exp lanat ion  o f  

how t o  produce EQn quadrature se ts  along w i t h  several  pages o f  t ab les  

and formulas up t o  S16. 
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