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ABSTRACT -

Although various discrete ordinates quadrature sets are in general
use, there exists a need for a standard collection supported by documen-
tation of their origin and derivation. This report attempts to provide
this documentation for most of the commonly used sets. Instructions for
using DOQDP — the computer code used to generate these quadratures — is
provided. A library (in standard interface format) containing many of
the quadratures has been generated and is documented in this report.
Fina]]y; a listing of the fully symmetric, half-symmetric, and several
biased sets is provided for XY, RZ, and Re geometries.

Part I of the report describes the DOQDP code and the generation of
S2-S16 fully symmetric quadratures. Part Il describes the generation of
S4-S10 half-symmetric and several biased sets, as well as a discussion
of the quadrature library. '

vii



PART I. FULLY SYMMETRIC QUADRATURES AND THE
DOQDP COMPUTER CODE

J. P. Jenal, D. B. Simpson, and W. A. Rhoades

The purpose of this part of the study was to produce and document a
standard collection of two-dimensional level symmetric (R-Z, X-Y)
quadrature sets for use with DOT-III and later codes. This was expe-
dited by the modification of the DOQ! code, subsequently renamed DOQDP.

Although two-dimensional quadratures are in common use both here at
ORNL and elsewhere, there exists a need for a standard collection sup-
ported by documentation of their origins and derivation. This part
will, therefore, be comprised of two major sections. The first will be
a brief discussion of quadrature sets in general while the second will
deal with the DOQDP code in particular. A short section of comments and
general observations follows.



Fully Symmetric Quadrature Sets

The method of discrete ordinates, introduced by Carlson, Lathrop,
Lee and others in the late fifties for obtaining numerical solutions to
the Boltzmann transport equation, incorporated the development of sets
of "discrete directions to which is attached a set of weights,"2 that
is, quadrature sets. Over the years, the "How-To" of quadrature set
generation has changed repeatedly. It is not the goal of this paper to
present a survey of prior methods (the truly enthusiastic reader is
invited to pursue the bibliography for a more or less complete list of
pertinent documents concerning quadrature sets), but rather it seeks to
present the background material needed for one type of quadrature set
currently in use, namely LQn.3 LQn stands for level symmetric quadrature
and is a type of quadrature currently used with the DOT two-dimensional
transport codes developed at ORNL. "Level symmetric" means that the
angles subtended by the latitudinal level lines are constant. Or, in
English, the eta levels (latitude lines) are constant as the mu's vary.

Some rules help to define the quadrature set. They are:

(1) The quadrature set is defined as a set of pairs (P, @m) of
weights and directions — the number of which depends on the order of the
quadrature set, and m = 1, 2, 3, . . . M(n).

(2) The order, n, is even: n =2, 4,6 .

(3) The weights, P> are generally positive with the normalization

ZP =1 (1)
m
(4) The components Moo N and 5 of the vectors 2. satisfy

2 2 2 -
H +nm +§m 1 . (2)

m



i P ¥ = O
i Py =0 (3)
ipm m=0

and | zP ow?=1/3. (4)

m

Equation 3 is known as the flow condition while equation 4 is the diffu-
sion theorem condition.“

(5) The common quadrature set is defined on one octant (known as
the principle octant) and is reflected into other octants by making
appropriate sign changes. The following statements apply within any
octant: ‘

(a) the number of points per octant is given by
M(n) = n(n+2)/8 (5)

(b) the points are arranged in a triangular pattern with n/2
different levels and n/2 - i + 1 points on the ith level.

(c) if a point o (um, N §m) is contained in the basic quadrature
set, so are all points that can be constructed by permutating its com-
ponents. Such permutation groups fall into classes of 1, 3, or 6 points
each and within a given class, all points have the same weight. This
condition is known as rotational symmetry.

This describes a completely symmetric quadrature set, one that
exhibits no bias toward any particular direction. Calling to mind the
triangular pattern mentioned in 5b above, note that the levels may be
numbered from one of the three sides of the octant to the opposite
corner or pole. These levels may be regarded as lines on the surface of
the unit sphere, in this case, latitudinal Tines that subtend (from



the center of the sphere) a constant angle with the companion pole. A
point in the set, &.» can be given three level indices, call them i, j,
and k, one with respect to each of the three poles. It can be shown (by
induction)"* that

i+ j+k=n/2+2 (6)
In the level symmetric case (LQn), the components y_, n_, § are chosen

from the same set of n/2 cosines, ;5 i=1,2, ... n/2. Hence, if 1,
j, and k are the level indicies for Qm’ Equation 2 becomes

5 2 5 2 oy N =
9=+ o5 * o, 1. (7)

Making use of rotation-reflection invariance, Lee has shown" that
Equations 6 and 7 will yield the relation

912 = e]z + (i=1)a (8)

where ‘
A = 2(1-39,%)/(n-2) (9)

This result is very important and can be verified by substitution into
Equation 7 as follows:

1 =02+ (i-1)a + 0,2 + (j-1)a + 0,2
+ (k-1)a = 3@1.2 + (i+j+k-3)A (10)
Using tquation 6,

1 = 30,2 + (n/2+2-3)a = 3@12 + (n/2-1)a . (11)

1
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Solving for A gives,

A = (1—3@12)/(n/2-1) = 2(1-3@12)/(n42) (12)
which is Equation 9.

Thus, the condition of complete symmetry fixes all 0's except e] and the
freedom of Gaussian quadrature is not present.

Given 015 the remaining direction cosines are determined fram
Fquations 8 and 9. Although the value of ©, determines how the points
are clustered, its magnitude is somewhat arbitrary (0 < 912 < %). The
points will possess the required symmetry regardless of the value of 0,

. s ]
A 2 =
Lee derived a prescription for 0] to be o] 3In-T)

With the u's and n's determined, all that remains is to solve for
the point weights. Carlson, writing in 1971,5 makes use of "even angular
moments" to solve for the needed point weights. This amounts to double
moments involving the weights, u's and n's, and is an expansion of a
technique developed by Carlson for one-dimensional quadrature sets.

Thus,
# wrs.
e D Pouiny (13)

n

for some set of pairs (k,t) (k and % even), where

9 1 [ T/2
bk,JL B ;r—_/; _/; ukn jz'dct)du (14)

with

n =V T2 cos ¢

€ =V 1-u2  cos ¢



which relate ¢ to n and £. Because u and n come from the same set of
numbers, they are interchangeable and thus we need only include (k,%)
combinations for which k > 2. No even moments involving all three
components need to be considered because any even power of a third com-
ponent can be expressed in terms of even powers of the two.

Integrating Equation 15 with arbitrary k and & gives,

bk’; =172 oK) r(%)ﬁ(]/z) (kt2r3) (18)

where 1(1/2) = V/n and r(x) = (x-1) T{x-1). For k and & even, Equation 18
becomes - '

1 1 2-1

e 1
Ko - K+ <k+3 45 KT T KegHl (19)

b

where the bracket is set to unity if &= 0. Equation 14 is Tinear with
respect to the point weights and by choosing various appropriate combi-
nations of (k,%), a system of simultaneous linear equations are produced;
the system can then (theoretically) be solved. This brings us to the
discussion of the DOQDP code itself.

DOQDP

Theoretical Considerations

DOQDP is an acronym for discrete ordinates quadratures double
precision. It is basically a modification of the DOQ code which was
itself adapted by Westinghouse Astronuclear from the SNAFU code
originally developed by J. Penland and F. R. Mynatt® at ORNL.

Completely symmetric quadrature sets are those in which p, n, and
£ aré chosen from the set of cosines determined by Equations 8 and 9.
Half-symmetric quadratures are those in which u and n are chosen from
the same set of cosines with values for ¢ determined by Equations 2 and
6. A common procedure is to choose the values for p and n to be the



roots of the Legendre polynomial of order n. Non-symmetric quadratures
are those in which values for u, n, and £ are each chosen from a
different set of cosines.

DOQDP is used to generate a weight for each direction determined
by the appropriate u, n, and £. For other than completely symmetric
quadratures, values for u and n must be supplied as input. Given a set
of u's and n's, the point weights are determined using Equations 13 and
19,

Depending on the symmetry option, some directions may be conétrained
to have equal weights. Figure 1 shows the direction arrays with prints
of equal weights assigned a common number; e.g., all directions having
the number 3 have a common weight.

The number of unknowns for a given n and symmetry condition is

given hy
No-symmetry = n(n+2)/8., _ .(20)
Half-symmetry = n(n+4)/16*, and (21)
Comp]ete-symmetry = n(n+8)/48* , (22)

where the asterisk denotes rounding to the next higher integer if the
result is not integral.

Equations 14 and 19 may be written in matrix form as

AP = B,
where
A is the matrix of elements formed from Equation 13,

P is the column vector of unknown point weights, and
B is the column vector of elements formed from Equation 19.



The particular values of k and ¢ inherent in Equation 23 are arbitrary

except that k and 2 must both be even and k + 2 < n. DOQDP will deter-
mine which (k,2) pairs are used to generate Equation 23 unless the user
chooses to supply these values as -input.

Code Structure and Improvements

DOQDP represents a major modification of the DOQ code that it
replaces and, it is believed, a major improvement. DOQDP is faster and
more versatile than its predecessor while at the same time it is more
accurate. A word about how this was accomplished is in order.

With regard to speed, DOQ used Equation 18 to store values for
bk,z that required four calls to the Gamma functions for each moment
desired. Since it is known that & and m will always be even, Equation
19 can be substituted for Equation 18 and the subsequent code is both
shorter and faster. Also, the interative routine for solving the system
of simultaneous equations stored a matrix on tape and then renewed the
matrix after each iteration. The tape was replaced by a fixed-
dimension array which can be enlarged if needed and on one run, the
number of I/0 requests dropped from 383 to 15. Similarly, the cpu time

was better than cut in half.

As for flexibility, FIDO output option was added to the code.
Thus, the user can choose from four possible output combinations: (1)
just print, no punch; (2) print plus ANISN-W type punch; (3) print
plus ADOQ or DOT-II with punch; and (4) print plus FIDO punch. FIDO,
of course, is used as input to DOT-III and several other codes.

Further improvement could be realized in the area of solving the
"system of simultaneous equations. The current routines (ISUDS and
DSIMEQ) fail for high n. So far, an alternative routine which performs
better has not been found.
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Input Data Description

A11 data are input from cards and are read using either a right-
justified I 12 integer format or an E12.7 real format.

Appendix A describes.the input data required to run DOQDP.

Description of Printed Output

The output of DOQDP is as follows:

(1) The amount of storage used in the calculation (i.e., the total =~

number of locations used from the common block)

(2) A list of the Mu's (u's)

(3) -A 1ist of the L and M combinations used for moment equations

(4) The point diagram used

(5) The maximum elementwise error by iteration in solving the
simultaneous system

(6) The order of the quadrature

(7) A tabulation of the initial directions (the Mu's that correspond
to zero weights) ' o

(8) A tabulation of the point weights derived from solving the
system of simultaneous equations

(9) A comparison of results from equations 16 and 20 (labeled
"Gamma Expression")

(10) Finally, a listing of the quadrature set itself.

A sample of the output is shown in Fig. 2.

Description of Punched OQutput

Cards are punched by DOQDP if IDEM = 1, 2, or 3. No cards are
punched if IDEM = -1, -2, or -3. (-2 and -3 are equivalent). If IDEM =
1, the output is as follows: (1) a 6U card (6 in col. 2, U in Col. 39);
(2) quadrature weights, 6F12.9 format; (3) A 7U card (as above); and (4)
quadrature direction cosines, 6F12.9 format.
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CATA STIRAGF REQUIREMENT = 257
MU( 1) = B.E161712889D-01
MUl 2) = 3,3333330CCHD=-01
EQUAT IINS USED L M
[s] n
2 [a]
POINT DIAGRAM
1
2 1
ITERATIIN CONVERGENCE
ERRIR = 9,666670~-C1
ERRDR = 1.2490C0~16
S 4 CINSTANTS
INITIAL DOIRECTIONS
€. 428090530~ 01
40 714044 74D- 01
POINT POINT W IGHT PCINT WEIGHT/Z 2 POINT WEIGHT/4
1 ’ 3.33333333D0-91 1e666666670-01 8,333333330-02
2 . 3.333333330-01 1466666667001 8,333333330-02
L L] SUM GAMMA EXFR
n 0 1.0C000C000 00 1.0000C00CD 00
2 [o] 3.33333333D>-01 3.333333330-01
&
v . My ETA WE IGHT
1 =-4,71404474D-01 -8, 81917129D-01 0.0
2 =3333333000-01 -8+.819171290-01 8433333333002
3 3.333333000-01 -8+81917129D-01 8.+33333333D0-02
4 -9.428060530-01 - 3333333000~-C1 00
S =-8+819171290-01 -3.33333300D~-01 833333333092
& ~3+333333C00-01 -3.333333000-01 8+333333330-02
7 3+333333000-01 -3,333333000-0C1 8.33333333D0-02
8 8.819171290-01 -3,333333000-01 8.333333330-02
9 -4,714044740-01 8. 819171290D0-01 C «0
1 -3,333333000-01 8. 819171290-01 8.333333330-02
11 3.333333000-01 8¢ 819171290-01 8 33333333002
12 =9,428€9€53D0~-01 3+333333000-01 0.0
13 -8.819171290-01 3.333333000D0-01 8+333333330-02
1a -3,33333300D0-C1 3.333333000~01 84333333330-N2
15 3.3333330CD-01 3.333333000-01 8.333333330-02
16 B.819171290-01 3.,333333n00-01 833333333002
Fig. 2. Sample OQutput of DOQDP,
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IDEM = 2, the output is as follows:

a 7U card

Mu's, 6F12.9 format
Eta's, 6F12.9 format
AT card

A 6U card

Weights, 6F12.9 format
AT card.

IDEM = 3, the output is as follows:

A title card (FIDO comment)
: A,7* card

Mu's

Eta's

AT rcard

A 6* card

Weights

AT card.
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PART II. COMMON QUADRATURES AND THE QUADRATURE LIBRARY

P. J. Erickson, M. L. Williams, and W. A. Rhoades

The purpose of this part of the study was to generate a quadrature
library containing the discrete ordinates quadrature sets (R-Z, X-Y,
R-6) commonly used by radiation transport computer codes at ORNL. This
required the generation of half-symmetric and biased sets to be combined
with previously produced fully symmetric sets (see Part I), as well as
the development of a control program to create and access the library.

The first section of this part is a description of the various types
of quadrature sets found in the library. The second section describes
the contents of the library and tells how to access it.
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Quadrature Sets

The direction variable & in a radiation transport calculation is
defined by its direction cosines in an orthagonal coordinate frame which
is locally aligned with respect to the unit vectors of the geometrical
coordinate system. The possible orientations of the angular direction
vector § define a unit sphere in (u,n,5) space. In a discrete ordinates
calculation, this continuous direction space is represented by a discrete
set of vectors known as the "discrete ordinates directional quadrature
set:" '

Q= (up> M

m m? §m) ’

with the constraint

2 2 2 -
Moy +nm +§m 1.0

The "weights" of the quadrature set, Pm, are proportional to the
areas subtended by the solid angles associated with the specified direc-
tions. They correspond to fractions of the total surface area of the
unit sphere and are generally positive with the normalization

Proper orderinquf the directions is essential. For the DOT code
and certain other codes, all directions with common n must be grouped
together in order of increasing p. Each such group must have, as its
first member, an arbitrary boundary direction for which § = 0. Thus,
for a given n:

wo = VT - n?

These directions are assigned weight = 0. A1l negative n's must pre-
ceed all positive n's. In a two-dimensional code, only 4 octants are
considered, the others being redundant.
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Full Symmetry

Fully symmetric quadrature sets are those exhibiting complete rota-
tional symmetry; i.e(, the discrete (“i’ n;s §i) coordinates chosen to
represent the direction vectors are required to be invariant under all
90 degree rotations about the u, n, or § axis. Hence, each set of u, n,
§, coordinates must be symmetric with respect to the origin; and, further,
the set of projected points Qi on each axis must be the same. These
conditions dictate that quadratures weights also be chosen in a symmetric

fashion.

A1l 0; except 0; are determined by the complete symmetry requirement
and the fact that p2 + n2 + §2 = 1. The selection of familiar Gaussian
quadrature is not allowed, since choosing M and n; to be Legendre

zeros, automatically sets

.= V1 - u.% - n.*
- §_| 1 M Nt
which is not a Gaussian set; and therefore, the Gaussian directions are

not fully symmetric.

The fully symmetric sets contained in the generated quddrature
library are the S2, S4, S6, S8, S]O,»S]Z, S14, S16 sets and are taken
from Part I of this report. For more information on fully symmetric

quadraturc scts, scc Part I.

No Symmetry and Half Symmetry

Complete symmetry is required only in three-dimensional geometries.
In lower dimensional geometries, a relaxation of symmetry requirements

allows additional degrees of freedom.

A simple such relaxation is to keep the point and level arrangement
of complete symmetry while allowing the points on each axis to be chosen
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from an independent set; the only requirement being that the points lie
on the unit sphere; i.e.,

U2+n2+§2=]

This corresponds to a '"no symmetry" condition.

The "half symmetry"” condition requires rotational symmetry about
one axis only, so that uiz = niz‘ and 5, = /T - pii - niZ . Thus half
symmetric quadrature sets are those which are invariant for 90° rota-
tions only about the 5 axis. (Note the contrast to fully symmetric sets

that exhibit rotational invariance about all three axes).

Unlikely fully symmetric sets, the 0's of a half symmetric set can
be arbitrarily chosen. For a Sn half symmetric set, they are usually
chosen to be the zeros of a Nth degree Legendre polynomial, and such was

the case for the present work.

Half symmetric quadrature sets contained in the quadrature 1ibréry”'“'
are the S4, S6, S8, and S10 sets and were generated by using the DOQDP
code as described in Reference 1. The N/2 positive roots of the Nth
order Legendre polynomial (input in descehding order) were input as the
values for ©.

Biased Quadrature Sets

Biased quadrature sets are those quadrature sets which do not have
an equal number of directions in the positive and negative domain of
one of the variables; i.e., they are "hiased" by having a larger number
of directions in some portion of the unit sphere.

These sets are used when the neutron flow is highly anistropic
in some preferred direction. The biased quadrature sets contained in
the quadrature library are the 100, 166, and 210 direction downward
biased sets and the 100, 166, and 210 direction upward biased sets.
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100-Direction Biased Sets. The 100 direction sets contain 65

directions in the biased hemisphere and 35 directions in the unbiased
hemisphere. The directions in the unbiased hemisphere were taken from
the S10 half symmetric set. The directions in the biased hemisphere are
also from the S10 half symmetric set; however, the first eta level, con-
taining three points, has been replaced by 11 new levels, each containing
three points. These 11 replacement levels were taken from a high order
one-dimensional quadrature set.

166-Direction Biased Sets. The 166 direction sets contain 131
directions in the biased hemisphere and 35 directions in the unbiased
hemisphere. The directions in the unbiased hemisphere were again taken

from the S10 half symmetric set. The directions in the biased hemisphere
are from a S10 half symmetric set, in which the first eta level, con-
taining three points, has been replaced by 11 new levels, each contain-
ing nine points. These 11 new levels are again taken from a high order
one-dimensional quadrature set.

210-Direction Biased Sets. The 210 direction sets contain 153
directions in the biased hemisphere and 57 directions in the unbiased
hemisphere. They are found exactly like the 166 direction sets with one
addition: the last eta level of both the biased and unbiased hemi-
sphere, containing 11 points, is replaced by three new levels, each

containing 11 points.

R-Theta Quadrature Sets

The quadrature library described in this report also contains the
s2, S4, S6, S8, S10, S12, S14, and S16 R-0 quadrature sets.

An R-0 quadrature set is a set where the u and § angles are speci-
fied instead of the u and n angles; i.e., it corresponds to a slice

through an infinite cylinder.
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Since u2 + n2 + §2 = 1, given any two of the angles, the third one
can be found. Thus a R-0 quadrature set is actually the same as its
counterpart R-Z quadrature set except that u and § are used to specify
the direction vector instead of u and n. The direction ordering is not
changed. The value of § is stored in the position normally occupied by
n in data files and 1istings.'

The R-0 sets in this report were generated from the S2, S4, S6, S8,
S10, S12, S14, and S16 fully symmetric R-Z quadrature sets. Note that

_the §'s for the zero-weight points are equal to +0.00001.

Theoretically, the §'s should be zero at these points but certain
computer code restrictions (e.g., in DOT) require them to be non-zero.

Quadrature Library

The quadrature library which has been generated contains twenty six
different quadrature sets of types described in previous sections of
this report. This section will describe the exact contents of this
library and the necessary information to access each of the quadrature
sets. Appendix B describes the computer program which generated the
quadrature library.

The table below gives a list of all quadrature sets in the library
and information necessary to access them.
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Data Set Name Logical Unit Data Set Sequence

Quadrature Set (DSN) Number Number
S2 Symmetric S2SYM 8 1
S4 Symmetric S4SYM 9 2
S6 Symmetric , S6SYM 10 3
S8 Symmetric S8SYM 11 4
S10 Symmetric : S10SYM 12 5
S12 Symmetric S125YM 13 6
S14 Symmetric S14SYM 14 7
S16 Symmetric S16SYM 15 8
S4 Half Symmetric S4HSYM 16 9
S6 Half Symmetric S6HSYM 17 10
S8 Half Symmetric S8HSYM 18 11
S10 Half Symmetric S10HSYM 19 12
100 Angle Biased Down BDN100 20 13
100 Angle Biased Up BUP100 21 14
166 Angle Biased Down DDN166 22 15
166 Angle Biased Up BUP210 23 16
210 Angle Biased Down BDN210 24 17
210 Angle Biased Up BUP210 : 25 18
S2 R-0 S2RTH 26 19
S4 R-0 S4RTH 27 20
S6 R-0 S6RTH 28 21
S8 R-6 S8RTH 29 22
S10 R-0 S10RTH 30 23
S$12 R-0 S12RTH 31 24
S14 R-0 S14RTH 32 25
S16 R-0 ST6RTH 33 26

The quadrature library is presently available on tape with each
quadrature set existing as a separate data set with a different logical
unit number. The data sets are written in standard interface file
format for Sn constants as set forth on Pages 39-40 of Reference 3.

A separate DD card must be included to access each of the quadrature
sets. A sample DD card for the S2 symmetric set follows:

//GO.FTF002 DD DSN=[S2SYM] ,VOL=SER=X12163,DISP=0LD,UNIT=TAPEY,

LOGICAL DATA LABEL=

UNIT SET |

NUMBER NAME DATA SET
| SEQUENCE

NUMBER



20

To access any of the other sets, simply include a similar DD card and
substitute the appropriate logical unit number, data set name, and data
set sequence number. The set can then be read by using the logical unit
number in a FORTRAN READ statement. - '
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APPENDIX A.

Card # Format Column Variable Name
1 (20A4) 1-80 - Title
2 (6112) 1-12 NQD
13-24 1SYM
25-26 LMRD
37-48 CIET
49-60 NMU
61 72 1DEM
3 (6612.7) 1-12,13-24 MU(I) -
etc.
q (6E12.7) 1-12,13-24  ETA(J)
etc.
5 (2112) 1-12, 13-24 LR(I),MR(I)
Typically,
NQD - varies
ISYM = 2
LMRD = 0
IET =0
NMU = 1
IDEM = +3

Mi(1) = 1//3(n-1)

cards 4 and 5 are omitted

22

DOQDP INPUT DATA DESCRIPTION

Description

Order of quadrature desired (even integer - 2/4/6/
etc; S5/S,/S¢ etc).

Symmetry condition option (see earlier comments):

ISYM = 1 no symmetry,
ISYM = 2 half symmetry (suggested option),
ISYM = 3 complete symmetry.

Moment equation option:
LMRD = 0 Use internally determined moment equations,
LMRD = 1 User will input own moments,

Eta option:
IET = 0 Set nj = uj for all i's (suggested option),
JET = 1 read in values for n.

Mu option:

NMU = O read in all uy's,

NMU = 1 read in only p, (usually u, = 1//3(n-T) ,
and calculate all other ”ils from eqns 2 and 3.

Punch and gcometry optiont

IDEM = 1 1-D calculation {ANISN-W),
IDEM = 2 2-D calculation (ADOQ or DOT II-W),
IDEM = 3 2-D calculation (FIDO)

If IDEM is negative (ie -1, -2, -3) no cards will
be punched.

as follows: If NMU = O, enter
enter y; only.

Enter values for uj
values; If NMU = 1,

as follows: If IET = 0, omit
1, enter NQD/2 values.

Enter values for nj
this card; If IET =

Power of y and n to be used in the ith moment eqn.
Omit if LMRD = 0 else, one card per equation.
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APPENDIX B. PROGRAM TO GENERATE QUADRATURE LIBRARY

This appendix describes the program which generated the quadrature
library. The program reads the quadrature sets in FIDO format and out-
puts them as separate data sets (with different logical unit numbers) on
tape. Each data set is written according to the standard interface file
format for Sn constants listed on Pages 39-40 of Reference 7. The pro-
gram input description follows below.

VARIABLE FORMAT

CARD #1  HNAME | A6
CARD #2  HUSE(1),HUSE(2),IVERS,NDIM,FILE  2A6,314 -
NDIR 5% FIDO ARRAY
DIRMU(I),I=1,NDIR 7% FIDO ARRAY
*DIRETA(I) ,1=1,NDIR
DIRWGT(I),I=1,NDIR . 6" FIDO ARRAY

*Omit if quadrature set is 1D

Repeat this sequence (except first card) for each quadrature set.
The program is set up to handle 26 different sets with logical unit
numbers 8-33.

A description of the input variable names is listed below.

VARIABLE NAME DESCRIPTION

HNAME File name

HUSE User Identification
IVERS File Version Number
NDIM Number of Dimensions
NDIR Number of Directions
DIRWGT Direction Weights
DIRMU Direction Mu's
DIRETA Direction Eta's

FILE ’ Logical Unit Number
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The program is designed to write either a one-dimensional or two-
dimensional quédrature set depending on the value of NDIM. A list of
the program follows. Note that when running the program, the FIDO
subroutine must also be included.

COMMON DL1000)

C
€ CALL SUBROUTIME WHICH READS QUADRATURE SETS
CaLlL INPUT

sToe
END

EUBNQUTIMNE INPUY

COMMON L1aL29L392Lasl SeL Bl
COMMON/COMR/ HNAME ¢ HUSE IV
REAL®8 HUSE(2) sHNAME
IMTEGER®S FILE

DIMENSION D(1)

EQu

RE&

ﬂ‘ﬂ

IVALENCE (D( de LT
CAD(S9000) HINAME

ND 6% POINTERS

.
on
»
™
-

NDZ50) HUSE«IVERSGNDIVMeF fLE
HUSE s IVERSINDIMGF[LE
1

Q._NDLE

1
Q
E
S
3
é
E
R

E0rec

Ty
{1 NER» %2 &)

'y
g
NE QUADRATURE SET IS 1«0 QR 2eD
NOIM sEQ, 2) G6OYO 10.. .. .. ..
ND
NT
L
[

.60 NO o
©
m
F-2

IM +NEs 1) GOTO 15

ERS FOR 1«0 SET
.+ NOIR ... ..
LT + NDIR

[a]
T
m

-y

C READ 6% AND 7% ARRAYS CONTAINING WEIGHT'S AND MU'S OF teD SETY
. CaLl FIDO(1aNERB6) . .
CALL FIOU(]14NERISH)

CALL TARPE ODUTRUT SURRODUTINE FOR 1«0 SETS
R gSLL ;APEID(D(Lb)oO(L?)nNDIR'FILE)
T

T

SEY POINTERS FOR 2eD SET
T T Le ® L7 ¢+ 2sNDIR

an =aon
=3

READ &% AND 7% AQRAYS CNONTAINING WEIGHT ISy MU'S ANR ETA!'S (OF 2«0 SET
CaLL FIDQO (12 NERs 5y 6) A
CaLl FIDO (19 NERs 54 &)

APE DUTBUT SUBROUTINE FOR 2eD SETS
L TAPE2D(D(LG&)sD(LT)sNDIRSFILE)
0 5

o

wWRITE ERROR MESSAGE IF nDIM T BOUAL TO 1 OR 2
5 WRITE(64515) NDIM
STOP

- N0

LY. B L6 .+ NDIR e e e e et o e s re e
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C

50 RE TURN

.800. .. EORMAT(AB) -

505 FNOMAT(2469314)

510 FORMAT(YO' 424649313

515 FORMAT( Y SSSERRNREEE NNIM T $413)

R EMND
SUBROUTINE TAPEID(DIRWGTsDIRMUGNDIRFILE)
REAL*4 DIRUGT(1)eDIRMY()
REAL$8 HUSE(2) ¢ HNAME

. INTEGER®4 FILE.

COMMON/COMR /HNAME s HUUSE s TVERS s ND T M

C #RITE 1=D QUADRATURE SET ON TAPE

. WRITE(FILE) . HNAM51HUSEnLVERS C o

WRITE(FILE) NDIMeNDIR, IDUMs IDUM
WRITE(FILE)I(DIRWGTIT) o IS1oNDIR)S(DIRMUIT) s IZ1oNDIR)
ENOFILE FILE -
REWIND FILE. _
RETURN
END
" SYBROUTINE TADEED(D!RWGT’DlRMEQNDIQoFILE)
REAL®%G DIRWGTY(1)sDIRME(])
QEALSA HUSE(2) s MNAME

e JNTEGER G FILE ..
COMMON/COM2/ HWNAME 4HUSE s TVERSgNDIM

C

C WRITE 2«0 QUADRATURE SET ON TAPE

—~HRIYE(FET
WRITE(FILE) NDlMtNDIDolD
WRITE(FILE)(OIRWGT(I),y[=
+(DIRME(NDIR4TI)412),4yNDIR)
--.ENOF. EILE .

ILE.
REWIND FILE -
RE TURN
END

lUERS—U
1eNDIR) o (DIRME(T) s IZ14NOIR)
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APPENDIX C. LISTING OF QUADRATURE SETS

This appendix consists of a list of all quadrature sets contained
in the library.

S2 Symmetric

My ETA WETGMT
1 ~0,81650E 00 =0 ,577T3ISE 00 0.0
2 =0¢S5TTISKE 00 w0 ,H57735E 00 0,25C00E 0O
3 0s37735E 0O »NHTTISE OO Ds25000FE QO
4 =0.81680E 00 04577356 00 040
5 =0+577385E 00 0+57735E 00 D.25000E 00
6 NeSTTISE 00 0.57735€ 00 0,25000E 0N
S4 Symmetric
My ETA WETGHT
1 =0,a7140E OO =0,88192E 00 0,0
2 =0,33333F 0O =N,B8R2192& 00 D,83333E=0]
a 0,33333E no =N,RR192E 0O 0.,B83333E=01
a =0 Q42RE 0O =(),33333 00 0.0
S =),88192€ 00 =0 e33333E 0O 0 83333¢=01
6 »0«33333E 00 =N, 3323I3E NN 0,833336=01
7 Ne33333F NA «n, 333338 N0 N,93333F=01
) 0.8R192E 00 »0,33333E 00 N,R3333F=01
9 “Da4T140E 0O Q0,RR192E 00 0.0
10 -ﬂ.3‘331F 00 0,BR192E 00 NaBR3333F=01
11 0433333E Q0 0,RR192E 0N N0,R3333F=01
12 =(1,98281E 00 0.,33333F 00 0.0
13 -0.881926 00 0,33333E 00 0.B3IIJIE=01
14 *0,33333F noO 0,33333E 00 0,83333F=0
15 0.313336 00 0e33333E 00 0eB3333E=D])
16 0.,BR192€ 00 0,33333E N0 0,R3IZIIE=01
S6 Symmetric
MU ETA WEIGH?T
1 0, 36515E 00 =0 493095E 00 0,0
2 N, 25820 00 =0 ,33098E 00 0.41667E=01
A 0., 2B820E C0 *=0493095E 00 D) 6ATF®D
o =0473030E 00 =0,68313€E 00 0,0
5 «Ne68313E 00 «0,68313E 00 Ne816R7TE=O1
o) =N, 25820 00 =0,6R3I1IE NO 0:sa1RATEmAY
7 0.25820E 00 =0,62313E 00 0,81667E=01
] C.68313E 00 «0,6R313E 00 0e01667E=D])
9 =N, 9AGNDAE N0 =0 ,25820FE 00 0¢N
10 «0,9303%E N0 . @0,25R20E 00 0.416R7Em0O1]
1l =0,66313E 00 =0 ,25R20E 00 0s41667E=D1
12 =0,25820E 00 e 4258B20E 00O Ne8166T7E=D
13 0¢28%820€ OO0 w(,258B20E 00O 0,41667TE=01
14 0,68313€ 00 =0,25R20€ 00 0:,216676=01
15 0e93095E 00 0 ,25820E 00 0.81667Em0
16 =0 IESISE 0O 0,93095€ 00 0,0
17 =0,25820€ 00 0+93095€E 00 0,41667F =01
18 N+25R2N0E 00 D0,93095€E nO 0:4166TFE=0}



[V VL VL VY Ve N W :
ELUNSOPYPNFNLUN~DDOTRNPNS N~

«Q0,73030E
«0sHRI)IE
w0 25R20E
0.25820E
Ne6RI1IE
0+.96HA09E
=0,3309%€
06231 3E
=0 e25R820E
N 25R20E
0+A8313¢€
De9Q3IVISE

MU
=0¢30RBI1E
=0,21822E

0e21822E
wQeh1721€
«)e577T2SE
=) e21822E
0e21R22E
NeS7TT3IRE
=N,R1650E
=) TRARBNE
=0,57735¢E
w0, 21R22E
0.21822E
0,57735E
0. 78B680E
-0 ITSI0E
=(0,95119E
=0, 7TRARBOFE
=0,87735€

=0,57735€
“0,21822E
0.21B22E
0+57735€
0¢78680E
=0,97890€E
«0,95119€
«0478680E
-0,57735€
“0,21822E
0,21822€
0+57735E
0.78680€E
0+95119E
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S6 Symmetric (Cont.)

00
00
0o
00

00 -

00
Uy
an
no
00
09
Q0

Q0ehHINIE

(3
«0,95119E
=0,7RHR0E
-0.78680E
e, 7RKABQE
=0,7R6R0E
=0, 7RBH680E
=0,57735E
«0e57735E
=0,57735E
*0,57735E
=0 57735E
=0 57735
=0457735E
=0,21822€E
=04,218B22E
=0,4,21822¢E
~0,21822€
«0,21822€
=0,21R22E

0o
o0
00
00
00
0o
00
00
00
00

= 00

00

00

DOODO0O0DOCO

OOO0ODCO0
SOO0OVDOOCOO0DODDLOIDOC

DO
o9

00

0e0

0e41667E=01
Ned1AETEwQL
D,416H7E=N]
0eR16HT7E=O1
Qa0

0,41667E=01
0e41667E=0]
0:4166TE=01
ND,4166T7E=01
0e41667E=01
0s816A7E=01

WEIGHT

0,0

Ne3024T7Em0}
«J0247€E=01
o0 ]

e 226RBE=01
1 220REFm0 Y
2 226RKBEW(D1
2685E=01

2685E=01
Jl14BEe(
26B5E=O01
2685E«01
3148FEw0
26B5FEent

0247E=01
2HASE=Q])
26R5E =01
30247EwmO 1
N2G67E=D
26A5¢6w0]
2685F =01
024T7E=D]

0247E-d1
30247€E«()

26B5Em0O1
2685Ew01
2685E=01
2685E=01

2 2685E w0t
A14RE=Q
2685E=01
e6BSEeDl
J14RE=0)
2268501

0247E=01
2685E=01
2685E=01
0247E=01
30247E=01
22685E=01
22685E=01
3024TE=01

-OOCHIDOOCNJOOCNDOOCHDOOCHDODCNDDOCHDODCNDOOCJDDOCHDODCMDO
UNRH“DNNNNVNNNDNNNHUOUOMDUNNHAUNNHHONNUNNNHDON
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My
w0 aR7217E
=)y 19245E

0« 19245E
=)y H54433F
(e S509)RE
e 19245E

NDe19245E

0,50918E
«Nea72008E
(i ¢e hGIBRAE
() 5091 RE
w o 19245E

CelQ2458E

DeS0918E

Q,693R9IE
.0.860665
=0, RAIBRTE
w()469389€C
w0e¢50918C
oo 19245F

0s19245E

Qs H0Q18€E

0+69389E

0.BR38A7E
=0,93131€
() o96225E
«0,838R7¢t
) s BITAQE
=(0.509]RE
w() e 19248E

DelB2uBE

050491 8E

0+HIIBRIE

Ny B3BRTE

0+96225E
@) 2721 7E
=04 19245E

De13245E
=} e50918E
()¢ 19268E

0,19245¢

Ne50918E
*0es72008E
=0 4,50918€
w0, 19245€

O 19245E

-50°l3€
0+693I89E
w0 BHOHKKE
w() g BIRBTE
=)o 69IBIE
=0, %NQ1AF
»(0e19245E€

Ne19245E

0¢5%0918E
0.A9389E
0.83887E
v, 98131E
=(,86225€
w() 4 BARRTE
=0 46IIBIE
w0 .80918E
wDy 192458
0e19245E

Q0+50918€

0,693R9E
0,R3887E
0.96225€

ATy
Q0
Q0
no
00
00
00
00
o0
00
00
00
on
00
00
00
00
00
oo
0on
Q0
a0
00
0o
00

00
oo
00
00
00
00
00
0o

00

Q9.

0o
00
00
0o
00
0o

o0,

00
00
00
nn
0o
0Q
o0
00
00
00
no
Q0
00
o0
00
00
oo
00
00
00
0o
00

00
00

o0
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S10 Symmetric

ETA
'0.962?56
() 3R 225F
=0 ,Q9R2258E
=N ,83ARTE
w0 ,83RRTE
=) ,83887E
=) ,BARR7E
=0 483RATE
*Q,h3I3IRAE
o) 6Q3HIE
v} HI3IRQE
=} b3ABYE
‘00693895
=0 HAJAQE
w( o, FOIAYE
=0 .50918BE
=0 H091RE
»N,50918E
-0, 5NP1AE
«0.HN91AE
=0 ,50Q18E
04,5091 RE
-O.SO?!HE
‘0.509!5&
w04 19248%E
*0,1Q245E
w04 1G24%E
e, 12245E
w(,19245F
=)y 19245E
w0, 192456
1y 1Q24%¢
«N,a19245E
oDy, 19245¢E
-y l924%€

Qa956225E
0e88225E
Qe 9R225E
NBIARRTE
QC.B83BATE
0+8B3IKABTE
«838BBTE
«BABATE

0
Coi ok
0
L+ R¥e]
mm

£ P ot et s ah Jud Gt et Sl et ]
DPPDPPPTED
TMAmmmmmmmmm

[V
"

NG OO OD OO LD G i
&
(v
m

245E

OOODODDODADINDIOCICODIOOO T OOCNDOC

e e e
"”‘“F”‘ﬂﬂﬂdﬁ'”“muﬂﬂwuﬁﬂmUH’OUW’@UW’@

LODDOOLLDELEODTIODODOCO L

No

DOOOOOCIDO00D
o

QIO
DOODOOOOODIOO000D

ODOVODDOI0VDOCDIOODODODIDIIADCONO0IDIOAODIDIATOODDOOONIIIDITODIIVOCODIDIODDIDODD

WEIGHT

O-ZJOOI&-“I
Ne230N1EmN]

7468E=0)
746BE=O1
17468Fen]
7668E=0]

?346E-0’
1305%1Ew0}
12346E=01

AVE
[ &)
o~
o
*N
]
[~}
-

3051&-01

N
[~]
X
'
M
]

=1

E=wQ]

~DOHD~*3HP®“

P OC DPWEDOPLELD §3C3&93
- -

F D3 OPPIPDODONEID lT

NN N WG WNNNWENVNG NG ad~NWW N
b -

- o g

2346E=01
3081€E=01
2346Ew0]
C3U4BE=(1
3051E=01
2346E=01

46BEmQ])
IS1E=Q1
S1tE=01
6RE=(]
6BE=NY
YS51E=(]
IS1E=01
HAE=0Q1
0
L 6

Nn——ﬂumuuuﬂoQn—umumw—“nCnmuuwnnc-umwnonﬂszw—ﬂ-mV~—u—m3hn-uupn—uou~m“:-3pnm—~o
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MU

‘-, 246K18E

-0e17408RE
NDel74nAE
- 49237€
=0,46057E
=(0.17408€E
Nel7408E
D.0B0S57E
-0NesB5134F
=0, A2765E
D 66H0KTE
«(0y,17408E
0.17408E
0:46057€
0e627H58E
=)y 7T7TR50E
=0,75R79E
=Q0,62765E
=(le4BQ0S7E
=0Ne17408E
0e17408RE
Deab6NSTE
0ehH27H5E
De75879E
w«)BRTSIE
=i} ATN3I0E
=0 ,75879E
“0s627H5E
=0 44R057E
=) e 17408E
0e1T40RE
N0.46087E

0D,62765E .

Ne7S5879E
0.827039E
-0498473E
=0, 3R922F
-00370395
NeT5879E
) B2765E
(), 46N85TE
-'J.!.?aan
Ne)T40RE
0.46057E
0.62765E
0e7%5879¢
0.87039E
0+96922E
=Ne246]13E
«0es)17408E
Ne17408E
=()¢49237F
=)o 46Q57E
®«0e17408E
Os17a08E
0e¢46057E
=(0s6513aF
=0 e627H5E
=0:46057E
=(,17408F
0e17408€
D044H6057E
D.H2765E
=N, 7T7850E
0, 75879E
w0 ,62768E

Qo0
0o
00
oo
0o
00
00
00
o0
aQ

ﬁﬂ

on
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S12 Symmetric

ETA
'0-96922&
=0 e95922F
-O.ngaze
0, A703E
=0 87039E
=N, B7N3QE
=04,B7039F
-00570395
(), 7TSBR79E
=0,75879¢€
~0s 75879E
=0y 7TSRTIE
=0, 75879E
=0, 75879E
=0,75879E
04 &27T65E
=0 ,62765E
=0y, 62THSE
=0,62765&
«0,62765E
’0.62765&
=0,62765E
'0.527655
N, 4A08TE
=0 445087E
=0 e46HN87E
'0.“60576
‘=0,46057E

NeAROSTE
-00“50575
-0006057E
=Na6HK057E
=0 4a46057E
«0,46087E
-0917405E
Ny 1740RE
=(1e17408E
=0, 1 TA08E
“0es1740RE
=(0,17408E
-0017“055
=0, 1740Q8E
=0,17408E
=0 e 1740RE
=C,17408E
-0,17408E

0e96922E
© 0496922E
- 0,496922¢€

NeB2765E

WETGHT
0.0
0,18643E=01)
De1RHLIE=D]
Do
0,13760E=01
Del3T60EmDY
0.13760E-0!

0e13760EmO1

8031E=0Q2
R912EmQ2

b A8 3 3 s B

=02

DO 0L D00 0D

LEE A AR A 2 2 B Ik B BN BN I B BN )

OODDCDOVOOCDOIIDITIOTODODD I IO

«13760E=01
0,98912E=02
Q. 76720E=02
0.98912F =02
0e13760E=01
0,0
Ne1B643E=01]
0e13760E=01
0.98031E=02
0,98031E=0Q2
0,13760E=01
18643E=0N1}
8643E«01
T760E=01
011F-02

TO0E=Q1L
3760E=01
760E=01
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166 Angle Biased Down
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166 Angle Biased Down (Cont.)
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166 Angle Biased Up (Cont.)
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166 Angle Biased Up (Cont.
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APPENDIX D. BIBLIOGRAPHY

The following are in chronological order only by date written (all
were obtained at the Central Research Library).

(1) B. G. Carlson, "Solution of the Transport Equation by Sn Approxima-
LA-1891, February 1955 - early work provides background data on
basis for Sn method, one-dimensional only.

(2) B. G. Carlson and G. I. Bell, "Solution of the Transport Equation
by the Sn Method," P/2386, 1958 - same as above, contains a mathe-
matical development of the method.

(3) Bengt G. Carlson and Ularénce E. Lee, “"Mechanical Quadrature and the
Transport kquation," LAMS-2573, June 1961 - first discussion of the
development of one-dimensional quadrature sets (Sn, Pn-1, DPn/2-1) -
solving point weights by Lee's method of areas - hexagonals, houses,
and squares, tables to S16 (one-dimensional).

(4) C. E. Lee, "The Discrete Sn Approximation to Transport Theory,"
March 1962 (Chapter 3 and Appendices A-3), LA-2595 - an exhaustive
treatise on Lee's early method for using area's (as mentioned above)
to calculate point weights, pages of formulas and diagrams.

(5) K. D. Lathrop and B. G. Carlson, "Discrete Ordinates Anqular
Quadrature of the Nuetron Transport Equation," LA-3186, September
1964 - this report starts to hit home. Discusses symmetry require-
ments, when they are and why they are desirable. First reference to
two-dimensional sets and also biased quadrature sets. It is all
here, just hard to recognize unless you known what you are looking
for.

(6) P. N. Stevens, "Use of the Discrete Ordinates Sn Method in Radiation

Shielding Calculations," Nucl. Eng. and Design, March 1970 - basically

mentions codes used with the Sn method - no direct relation to the
quadrature problem. '

(7) Bengt G. Carlson, "Transport Theory: Discrete Ordinates Quadrature
Over the Unit Sphere," LA-4554) - first paper to discuss "level
symmetric" quadrature sets in one or two dimensions (LPn or LQn).



(8)
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Shows the moment equation simplification used in DOQDP. Also
discusses SQn quadrature sets.

Bengt G. Carlson, "On a More Precise Definition of the Discrete
Ordinates Method," January 1971 - discusses three types of quadrature
sets (SQn, LQn, and EQn) and ways of producing them - primarily LQn,
first definition of EQn (equal weight) quadrature sets.

Bengt G. Carlson, "Tables of Equal Weight Quadrature EQn Over the
Unit Sphere," LA-4734, July 1971 - contains a sparse explanation of
how to produce EQn quadrature sets along with several pages of tables
and formulas up to Sl6.
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