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FOREWORD 

This report has been prepared under Lawrence Livermore National 

Laboratory Subcontract No. 6448509 w i t h  the University o f  Oklahoma. Work 

accomplished herein is  part  of the Flywheel Rotor and Containment Technology 

Task o f  the Mechanical Energy Storage Project. Professor Charles W .  Bert 

was the Principal Investigator and Dr. Satish V. Kulkarni was the LLNL Project 

Engineer. 
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ABSTRACT 

This r e p o r t  i s  the f i r s t  p a r t  of a design guide f o r  composi te-mater ia l  

f lywheel dynamics. I n  t h i s  repo r t ,  the  flywheel i t s e l f  i s  considered as a 

r i g i d  body, a l though shaf t  f l e x i b i l i t i e s  a re  considered. I n  P a r t  11, th ree  

types of f l e x i b l e  f lywheels  a re  considered. 

The o b j e c t i v e  o f  t h i s  r e p o r t  i s  t o  p rov ide  in format ion t o  designers o f  

f l ywhee ls  which w i l l  enable them t o  p r e d i c t  many aspects o f  t he  dynamic 

behavior of t h e i r  f lywheel systems when sp in - tes ted  w i t h  a q u i l l - s h a f t  

support  and d r i v e n  by an a i r  t u rb ine .  

Computer programs are  presented f o r  the f o l l o w i n g  dynamic analyses t o  

o b t a i n  the  r e s u l t s  i nd i ca ted :  

1.  Free w h i r l i n g :  na tu ra l  f requencies versus r o t a t i o n a l  speed ( o r  f o r  

b r e v i t y  c r i t i c a l  speeds o f  var ious orders )  and the  associated mode shapes. 

2. Routh-type s t a b i l i t y  ana lys is :  t o  determine the  s t a b i l i t y  l i m i t s ,  

i .e . ,  t he  speed range w i t h i n  which small per tu rba t ions  a t tenuate  r a t h e r  than 

causing ca tas t roph ic  f a i l u r e .  

3 .  Forced w h i r l i n g  ana lys i s :  t o  est imate the response o f  major com- 

ponents o f  the system t o  f lywheel  mass e c c e n t r i c i t y  and i n i t i a l  t i l t . 

For the  f i r s t  and t h i r d  k inds o f  analyses, two d i f f e r e n t  mathematical 

One i s  a seven-degree-of- models o f  t he  gener ic  system a re  i nves t i ga ted .  

freedom lumped-parameter ana lys is ,  w h i l e  the  o the r  i s  a combined d i s t r i b u t e d -  

and lumped-parameter ana lys is .  When app l i ed  t o  an e x i s t i n g  f lywheel  system 

( t h e  G a r r e t t  AiResearch mu1 t i - r i n g  design),  the two models y i e l d e d  numerical 

values f o r  the  lowest f i r s t - o r d e r  forward c r i t i c a l  speed i n  very  cJose agree- 

ment w i t h  each o ther  and w i t h  experimental r e s u l t s  obtained i n  sp in  t e s t s .  
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Thus, in the interests of computational economy, for the second kind of 

analysis, only the lumped-parameter model is implemented. 

Qualitative discussions as to why forced retrograde whirling is not 

as severe as forward whirling are also presented. 

The analyses are applied to three specific prototype flywheel systems: 

the mu1 ti-material ring type mentioned above, a constant-thickness-disk 

ring type (General Electric), and a tapered-thickness-disk type (Lawrence 

Livermore National Laboratory). In addition, the effects of the following 

flywheel design parameters on system dynamics are investigated: 

1. Flywheel mass 

2. Flywheel diametral and polar mass moments of inertia 

3 .  Location of flywheel mass center from the lower end of the 

quill shaft 

4. Quill shaft length 

5. Lower turbine-bearing support stiffness 

6. 

7. Flywheel dead weight 

8. 

Equivalent viscous damping coefficient of the external damper 

Torque applied at the turbine 

c 
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GLOSSARY OF TERMS* 

D i f f e r e n t  i n v e s t i g a t o r s  i n  the  f i e l d  o f  r o t o r  dynamics have used c e r t a i n  

terms i n  q u i t e  a v a r i e t y  of d i f f e r e n t  con tex ts .  

c l a r i t y ,  most o f  the  spec ia l i zed  terms f o r  t h i s  f i e l d  a re  def ined, i n  the 

way t h a t  they are  used i n  t h i s  design guide, i n  t h i s  sec t ion .  

arranged i n  a lphabe t i ca l  order .  

Therefore, f o r  purposes o f  

The terms a r e  

Bear inq - any support, w i t h  low r o t a t i o n a l  f r i c t i o n ,  which c a r r i e s  the  r o t o r  

and o f f e r s  r a d i a l  r e s t r a i n t .  

Branch - i n  a p l o t  o f  w h i r l i n g  frequency o f  a g iven mode (see Mode) versus 

r o t a t i o n a l  speed, the re  i s  on ly  one curve a t  zero r o t a t i o n a l  speed; however, 

as r o t a t i o n a l  speed is increased,  t h i s  s i n g l e  curve s p l i t s  i n t o  two curves 

(un less the re  i s  n e g l i g i b l e  gyroscopic a c t i o n  associated w i t h  t h i s  p a r t i c u l a r  

mode). 

branch i s  assoc iated w i t h  forward w h i r l i n g  (see Forward Wh i r l i ng )  and the 

lower-frequency one w i t h  re t rograde w h i r l i n g  (see Retrograde Wh i r l i ng ) .  

Each o f  these curves i s  r e f e r r e d  t o  as a branch. The higher- f requency 

Campbell Diagram - a p l o t  o f  curves of w h i r l i n g  frequencies o f  various modes 

and branches versus r o t a t i o n a l  speed. 

Combined Ana lys is  - a r o t o r  dynamic ana lys i s  (see Rotor Dynamics) con ta in ing  

bo th  d is t r ibu ted-parameter  and lumped-parameter models o f  var ious components 

o f  a r o t o r  (see Rotor) .  

* 
A Complete l i s t  o f  symbols used i n  t h i s  design guide i s  presented i n  

Appendix E. 
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Crit ical  Speed - a rotational speed ( a )  a t  which a resonance occurs; usually 

this occurs when the w h i r l i n g  frequency ( w )  i s  equal t o  nn, where n i s  the 

order of the excitation (usually an integer, either positive or negative). 

Damping - a velocity-dependent action (force or couple) resisting motion; 

see External Damping and Internal Damping. 

Diametral Mass Moment of  Inertia - the mass moment of iner t ia  (see Mass Moment 

of Inertia),  about a diameter passing through the component's mass center, of 

a rotor component i n  the form of a body of revolution. 

Distributed-Parameter Analysis (Model) - a rotor dynamic analysis (or  model) i n  

which a l l  of  the components of the rotor are  modeled as having distributed mass, 

damping, and/or s t i f fness .  

Dynamic Unbalance - the type of unbalance i n  which rotational speed se t s  u p  an 

unbalanced couple; an example i s  a flywheel system i n  which'the flywheel axis 

has an i n i t i a l  t i l t  with respect t o  the axis of rotation. 

Eccentricity - distance from the mass center of a body a t  r e s t  t o  the axis of 

ro t a t i  on. 

External Damping - damping (see Damping) between a rotating member and a 

stationary member; i n  a flywheel system, the largest  source of such damping is  

intentionally introduced i n  an external damping device that  acts on the f ly-  

wheel shaf t .  

Flywheel - the main energy-storage element of a flywheel system. 

Flywheel Shaft - the shaf t  on which the flywheel i s  mounted; called the qui l l  

shaf t  on Barbour Stockwell air-turbine-drive spin-test  f a c i l i t i e s .  

Flywheel System - a complete mechanical -energy-storage system i n  w h i c h  energy 

is  stored i n  the form of kinetic energy. 
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Forced W h i r l i n g  - the response of a system, t o  an unbalance e x c i t a t i o n  due t o  

s t a t i c  o r  dynamic unbalance o r  both. 

Forward C r i t i c a l  Speed - c r i t i c a l  speed (see C r i t i c a l  Speed) associated. w i t h  

forward w h i r l i n g  and i n  which the  order  (see Order) i s  p o s i t i v e .  

Forward W h i r l i n g  - w h i r l i n g  (see Wh i r l i ng )  i n  which the  d i r e c t i o n  o f  w h i r l i n g  

co inc ides w i t h  the  d i r e c t i o n  of r o t o r  r o t a t i o n ,  due t o  forward-precession 

gyroscopic a c t i o n .  

Free W h i r l i n g  - w h i r l i n g  o f  a r o t o r  (see Rotor)  w i thou t  an e x c i t a t i o n ;  analogous 

t o  f r e e  v i b r a t i o n  o f  a non ro ta t i ng  system. 

Frequency - t h e  number o f  cyc les  o f  v i b r a t i o n  ( i n  t h i s  case, w h i r l i n g )  per  u n i t  

t ime. 

General ized Displacement - t r a n s l a t i o n  o r  t i lt. 

General ized Force - fo rce  o r  couple. 

Growth Factor  - a Routh-type s t a b i l i t y  parameter which i n d i c a t e s  an unstable 

exponent ia l  growth w i t h  t ime i f  p o s i t i v e  and a s t a b l e  exponent ia l  decay i f  

nega t i  ve . 
Gyroscopic Ac t i on  - a m o d i f i c a t i o n  

due t o  the  gyroscopic couple assoc 

of the  bas ic  t ransverse w h i r l i n g  ac t ion ,  

a ted  w th t i l t i n g  of a massive component 

of a r o t o r  (such as t h e  f lywheel o r  t he  a i r  t u r b i n e ) .  

I n i t i a l  T i l t  - angle between the  geometric a x i s  o f  a r o t o r  component and the  

a x i s  o f  r o t a t i o n  o f  t he  r o t o r ;  t h i s  angle i s  measured when the  r o t o r  i s  a t  

r e s t .  

I n s t a b i l i t y  - oppos i te  o f  s t a b i l i t y  (see S t a b i l i t y ) ;  h i g h l y  undesi rab le from 

the  s tandpo in t  o f  system sa fe ty  and r e l i a b i l i t y .  
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Internal Damping - damping (see Damping) w i t h i n  any of the rotating parts 

of a flywheel system; i n  such a system, the principal source of this k i n d  of 

damping is  internal material damping (sometimes called hysteretic damping) .  

Lumped-Parameter Analysis (Model) - a rotor dynamic analysis (or model) i n  

which a l l  of the components of the system are  modeled by lumped (concentrated) 

mass damping, and/or s t i f fness .  

- Mass - the iner t ia l  coefficient ( m )  i n  Newton's second law for  translational 

motion. 

Mass Moment of Inertia - the iner t ia l  coefficient i n  Euler's equations for  

rotational motion, given by the following volumetric intregral  

I X = pr: dV 

V 

where p i s  the material density, rx i s  the distance of a n  arbi t rary p o i n t  from 

the axis of rotation, and V is  the volume. 

Material Damping - see Internal Damping. 

Mode - a d i s t inc t  vibration configuration w i t h  associated natural frequency and 

mode shape; a discrete  system w i t h  N degrees of freedom has N modes of v ib ra t ion  

(or  less  i f  the system has one or  more degrees of freedom associated w i t h  r i g i d  

body motion); a continuous system theoretically has an in f in i t e  number of degrees Q 

of freedom. 

Mode Shape - a p l o t  of the generalized displacements ( t ranslat ion and t i l t ) ,  

associated w i t h  a given mode, versus position in the system. 

Natural Frequency - the number of cycles per u n i t  time a t  which a system under- 

goes f ree  whirling (or  f ree  vibration).  
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Operat ing Speed Range - speed range over which a f lywheel  i s  expected t o  be 

operated, u s u a l l y  from 25% ( o r  50%) o f  maximum t o  maximum opera t ing  speed. 

Order - frequency o f  an e x c i t a t i o n  source, measured i n  m u l t i p l e s  o f  r o t a t i o n a l  

speed, i . e . ,  w/n. 

Polar  Mass Moment o f  I n e r t i a  - the  mass moment o f  i n e r t i a  (see Mass Moment o f  

I n e r t i a ) ( o f  a r o t o r  component i n  the  form o f  a body o f  r e v o l u t i o n )  about i t s  

a x i s  o f  r e v o l u t i o n .  

Q u i l l  Shaf t  - the  flywheel s h a f t  on a pendulous 

under sp in  t e s t  on a Barbour Stockwel l  a i r - t u r b  

y supported f lywheel  system 

ne-dr i  ve sys tern. 

Resonance - the  fo rced -v i  b r a t i o n  ( o r  fo rced-wh i r l  i n g )  phenomenon i n  which a 

peak response occurs. 

Restor ing Ac t i on  - a genera l ized f o r c e  ( f o r c e  o r  couple) tending t o  r e s t o r e  

a system t o  equ i l i b r i um.  

Retrograde C r i t i c a l  Speed - c r i t i c a l  speed (see C r i t i c a l  Speed) associated w i t h  

re t rograde w h i r l  i n g  (see Retrograde Wh i r l i ng )  and i n  which the  order  (see Order) 

i s  p o s i t i v e .  

Retrograde W h i r l i n q  - w h i r l i n g  (see Wh i r l i ng )  i n  which the  d i r e c t i o n  o f  

w h i r l i n g  i s  backward, i .e. ,  opposi te  t o  the  d i r e c t i o n  o f  r o t o r  r o t a t i o n ,  due 

t o  backward-precession gyroscopic ac t i on .  

Rota t iona l  Speed - the  speed a t  which the  r o t a t i n g  components o f  t he  f l ywhee l  

system t u r n  i n  the  bear ings; a l s o  c a l l e d  running speed. 

Rotor - a gener ic  term r e f e r r i n g  t o  a l l  o f  the  r o t a t i n g  components. 

Rotor Dynamics - the  dynamic behavior o f  a r o t o r .  

Shaf t  - a f l e x i b l e  beam ( u s u a l l y  c i r c u l a r  i n  cross sec t i on )  which connects any 

two components o f  a r o t o r ;  see Flywheel Shaf t ,  Q u i l l  Shaft ,  and Turbine Shaf t .  



Shear Factor - a correction factor  used w i t h  Timoshenko beam theory to  more 

accurately account for  the d i s t r i b u t i o n  of transverse shear s t ra in  across a 

shaf t  cross section. 

S tab i l i ty  - the tendency 

perturbation) to  decay w 

character is t ic  . 

for  the response of a system ( t o  

t h  time; t h i s ,  of course, i s  a h 

a small , sudden 

ghly desirable 

S ta t ic  Unbalance - the type of unbalance i n  which rotational speed se t s  up  

an unbalanced force; may be specified e i ther  a s  eccentricity o f  the local 

mass center or  i t s  product w i t h  the local m a s s .  

Stiffness - the derivative of generalized restoring force w i t h  respect t o  

generalized displacement, i . e . ,  the spring constant. 

Synchronous Whirl - a forward whirling in which the shaf t  rotational speed 

equals the shaf t  whirling frequency; i . e . ,  i t  has a n  order o f  + l .  

System - the interacting combination of ro tor (s )  , bearings, pedestals, e tc .  

T i l t  - angle between the geometric axis of a rotor component and the axis of 

rotation o f  the rotor.  

Turbine Shaft - shaft ,  supported on bearings, t o  which the a i r  turbine and 

qui l l  shaf t  are  attached. 

Unbalance - see Dynamic Unbalance and S ta t i c  Unbalance. 

Whirl - rotor transverse orbital  motion about the s t a t i c  equilibrium position 

a t  any location along the length o f  the ro tor (s )  

Whirl Map - see Campbell Diagram. 

Whi r l ing  Frequencies - frequency of w h i r l i n g  ac t  on (see Whirl). 
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1. INTRODUCTION 

The use of a rotating wheel , called a flywheel, to store mechanical 

energy dates back to antiquity in the form of the potter's wheel, believed 

to be approximately 5,500 years old [l]. 

have been used in buses, spacecraft auxiliary power systems, regenerative 

In the present century, flywheels 

braking systems for railroad trains, and automobiles. 

The scarcity and rising costs of petroleum have mot vated international 

interest in reducing the use of petroleum-derived fuels. In view of the large 

number of automobiles in service and the nearly universa use of gasoline or 

diesel fuel to power them, an important means of reducing petroleum usage could 

be by introducing hybrid automobiles using flywheels for energy storage. 

just recently, practically all of the flywheels developed have been constructed 

of materials that are essentially homogeneous and isotropic, such as steel 

and titanium alloy. 

competitive with storage batteries in energy storage per unit weight. 

Until 

Thus, these flywheels have been quite heavy and not 

Recently, with the continuing development and commercialization of improved 

filamentary composite materials, there has been considerable interest in the 

possibility of using these high-strength lightweight materials t o  construct 

flywheels that are lighter in weight and more compact in size and yet having 

excellent energy-storage capacity. It i s  well established that in designing 

for steady centrifugal stresses, the only material parameter affecting the 

energy storage per unit weight is the governing failure strength per unit 

density [Z]. Thus, a variety of high-performance flywheel systems under develop- 

ment in the United States for automotive energy storage use fiber-reinforced, 

polymer-matrix composite materials 131. However, to actually achieve 
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this higher energy-storage potential of composite-material flywheels, it is 

imperative that they be operated at much higher rotational speeds than is 

feasible for flywheels constructed of conventional homogeneous materials. 

Unfortunately, however, this higher speed requirement has been very difficult 

to achieve in practice because of rotor-dynamic considerations. 

In view of the preceding discussion, it is apparent that the success of 

the U.S. high-performance flywheel program depends very critically upon the 

rotor-dynamic characteristics of such systems. 

a long history extending over a century to the work of Rankine in 1869 [4], 

and including numerous treatises and monographs [5-101. 

as well as numerous research papers, have been concerned almost exclusively 

with geometrical configurations typical of steam and gas turbines, compressors, 

and electric motors. 

The rotor-dynamics field has 

However, these works, 

Probably the first rotor-dynamic analysis appropriate to flywheel systems 

is due to Thomson, Younger, and Gordon in 1977 [ll]. 

of a single-mass system with a single vertical shaft mounted on flexible 

bearing supports and compared the predicted critical speeds with experimental 

results obtained from two different small models. 

a lumped-parameter system having two degrees of freedom: flywheel lateral 

translation and flywheel tilt. Shortly thereafter, McKinnon [12] made a 

lumped-parameter analysis including these three degrees of freedom: lateral 

translation and tilting of the flywheel hub and tilting of the flywheel rim. 

Unfortunately, some program errors were found in [12], making its results 

questionable. 

include one more degree of freedom: 

with respect t o  the hub. 

They analyzed whirling 

The system was modeled as 

This work was corrected and extended by Bert et al. [13] to 

lateral translation o f  the flywheel rim 
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i 

I n  

States , 

i n  t u r n  

sys tem. 

* 
the  m a j o r i t y  o f  the  major s p i n - t e s t i n g  f a c i l i t i e s  i n  the Uni ted 

the  f lywheel  i s  pendulously supported by a v e r t i c a l  q u i l l  sha f t ,  which 

i s  mounted c o n c e n t r i c a l l y  a t  i t s  top  end t o  an a i r - t u r b i n e  d r i v e  

The f i r s t  ana lys i s  t o  consider  the turbine-wheel dynamics and the  

f l e x i b i l i t y  of the  t u r b i n e  shaf t  on i t s  bear ing supports was the  work o f  B e r t  

and Chen [17]. 

of freedom: l a t e r a l  t r a n s l a t i o n  and t i l t  of the  flywheel r i m ,  f lywheel  hub, 

and t u r b i n e  wheel. 

i nc lude  two more degrees of freedom: t r a n s l a t i o n  and t i l t  o f  an ex terna l  v i s -  

cous damper mounted between the  flywheel shaf t  and ground. Fur ther  s tud ies  o f  

t h i s  system, w i t h  a more re f i ned  va r iab le -coe f f i c i en t  model o f  t he  damper, were 

repo r ted  i n  [19]. 

Th is  was a lumped-parameter ana lys i s  which inc luded s i x  degrees 

This  ana lys i s  was l a t e r  extended by Chen and B e r t  [18] t o  

A l l  o f  the  FRD ( f l ywhee l  r o t o r  dynamics) analyses mentioned so f a r  have 

To the  bes t  of the  present  i n v e s t i g a t o r s '  been lumped-parameter analyses. 

knowledge, the  o n l y  FRD analyses which considered the  d i s t r i b u t e d  nature o f  

the s t i f f n e s s  and mass of the  sha f t s  were the  l i m i t e d  a p p l i c a t i o n s  o f  f i n i t e -  

element codes repor ted  i n  [16,20]. 

The purpose o f  t h i s  r e p o r t  i s  t o  present  FRD analyses o f  f l ywhee ls  supported 

i n  a manner t y p i c a l  o f  c u r r e n t  f lywheel t e s t  f a c i l i t i e s ,  i .e. ,  w i t h  the  f lywheel  

pendulously supported by a q u i l l  s h a f t  concent r i c  t o  a ba l l -bear ing-suppor ted 

a i r  t u r b i n e  and prov ided w i t h  o i l - t y p e  ex terna l  damping. 

i n  [18-19,211, i t  can be concluded t h a t  t h e  i n t e r n a l  f l e x i b i l i t y  between the  

f lywheel  r i m  and hub, even i n  such a f l e x i b l e  band system as i n  the  Sandia 

Based on the  s tud ies  

* 
These inc lude:  Johns Hopkins U n i v e r s i t y  App l ied  Physics Laboratory,  

Laure l ,  MD [14]; Oak Ridge Flywheel Eva lua t ion  Laboratory,  Y-12 Plant ,  Oak 
Ridge, TN [15]; Sandia Nat ional  Laborator ies,  Livermore, CA [16]; and General 
E l e c t r i c  Co., Corporate Research and Development, Schenectady, NY. One 
except ion i s  t he  Rocketdyne f a c i l i t y  a t  Canoga Park, C A Y  which has prov is ions  
f o r  a ho r i zon ta l  s h a f t  mounted on a f i x e d  bear ing support  a t  each end. 
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20-inch-diameter flywheel, has a negligible effect  on rotor dynamics fo r  

speeds up  t o  design burst speeds. 

of the damper on the 4-inch Barbour Stockwell air  turbine as used i n  the 

Oak Ridge Flywheel Evaluation Laboratory [15], i t  was decided t o  assume 

t h a t  the damper i s  constrained t o  move only la te ra l ly  (no t i l t i n g ) .  T h u s ,  

one system model used i n  the present investigation is a seven-degree-of- 

freedom lumped-parameter analysis. The other i s  a combined model consisting 

of three shaf ts  modeled as distributed-parameter elements and the remaining 

rigid-body mass elements. 

* 
Furthermore, i n  view of the long length 

The three k i n d s  of analyses conducted a re  the same three considered i n  

[18]: 

1. Free w h i r l i n g  

2.  Routh-type s t a b i l i t y  c r i t e r i a  

3 .  Forced whirling due to  both mass eccentricity and i n i t i a l  t i l t  

of the flywheel 

However, here, i n  the f ree  whirling analysis, resu l t s  a re  presented fo r  mode 

shapes as well as Campbell diagrams (whirl maps of frequency versus r u n n i n g  

speed) 

Detailed numerical resu l t s  a re  given for  a baseline flywheel system. 

Then the resul ts  of parametric studies a re  presented to  show the e f fec ts  of 

a variety of system parameters. 

Suggestions for  fur ther  research i n  the  area o f  flywheel rotor  dynamics 

a re  presented i n  Appendix F. 

* 
Internal f lexibil i t ies of various flywheel systems are  studies i n  Part 

I1 of this project. 

'4 



2 .  LUMPED-PARAMETER MODEL 

4 

The most w ide ly  used approach t o  model mathemat ica l ly  t he  l a t e r a l  

dynamic behavior of r o t a t i n g  machinery i s  t he  lumped-parameter model. 

t h i s  approach, each of t he  bu lky  masses of t he  system i s  t rea ted  as a r i g i d  

body and each o f  t he  f l e x i b l e ,  d i s s i p a t i v e  sha f t s  i s  t r ea ted  as a lumped 

complex-st i f fness spr ing .  Since the  system i s  a r o t a t i o n a l  one, the  

combination of c e n t r i f u g a l  force and gyroscopic a c t i o n  must be inc luded,  as 

f i r s t  suggested by Stodola [22] i n  1918; see a l s o  [6]. 

of the  r o t o r  dynamics of s ing le -shaf t ,  s i n g l e - r o t o r  systems was presented by 

Hartog [23]. 

I n  

A very c l e a r  d iscuss ion  

The l i t e r a t u r e  conta ins a few lumped-parameter analyses o f  more compl icated 

systems i n v o l v i n g  more than one r i g i d  body and/or f l e x i b l e  sha f t ,  f o r  example, [ l a ,  

2 4 -  281. The methodology used here f o l l o w s  t h a t  presented i n  [18]. 

2.1 Desc r ip t i on  o f  Model 

The f lywheel system,mounted i n  an a i r - t u r b i n e - d r i v e n  f lywheel  t e s t i n g  

f a c i l i t y , i s  modeled as shown schemat ica l l y  i n  F ig .  2.1. The t u r b i n e  i s  modeled 

as a r i g id -body  mass clamped t o  a t u r b i n e  s h a f t  which i s  mounted on b a l l  bear- 

ings,  assumed t o  a c t  as momentless e l a s t i c  supports.  

t u r b i n e  shaf t  i s  t he  f lywheel o r  q u i l l  sha f t .  

t o  t h e  tu rb ine ,  and a l s o  i s  assumed t o  be supported by the  bottom end o f  t h e  

t u r b i n e  shaf t ,  due t o  the  very  smal l  c learance a t  t h a t  p o i n t .  A t  a r e l a t i v e l y  

s h o r t  d is tance below the  lower t u r b i n e  bear ing,  an o i l - t y p e  damper connects 

t h e  q u i l l  s h a f t  t o  ground. Due t o  t h e  h igh  length- to-d iameter  r a t i o  o f  t he  

damper assembly, i t  i s  assumed t h a t  t he  damper r e s t r a i n s  the  q u i l l  s h a f t  

f rom t i l t i n g ,  so t h a t  i t  i s  f r e e  t o  move on ly  r a d i a l l y .  The f l ywhee l  i t s e l f  

i s  modeled as a r i g id -body  mass clamped t o  the  lower end o f  t he  q u i l l  sha f t .  

Concentr ic w i t h i n  the  

It i s  clamped a t  i t s  upper end 

? 



TURBINE ! WHEEL 
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Fig.  2.1. Schematic diagram o f  t h e  
lumped-parameter model w i t h  
dimensions. Drawing n o t  t o  . p o s i t i v e  shear- force and 
scal  e. bending-moment convent ion (b ) .  

F ig .  2 . 2 .  A p o s i t i v e  system of ex te rna l  
forces and moments (a )  and a 
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2.2 Free W h i r l i n g  Analys is  

I n  t h e  presence o f  gyroscopic a c t i o n  and i n  t h e  absence of e x c i t a t i o n  

and damping ac t i ons ,  t h e  equations of mot ion of a mult i-degree-of-freedom, 

lumped-parameter, l i n e a r  dynamic system can be expressed i n  m a t r i x  form as* 

Here, [ G I ,  [K], and [ M I  a r e  t h e  respec t i ve  gyroscopic, s t i f f n e s s ,  and mass 

matr ices,  i n, and {q) i s  t h e  general ized displacement vec to r .  For the  

system modeled as shown i n  F ig .  2.1, - (q}  i s  

where r i s  l a t e r a l  displacement, + i s  tilt, and subsc r ip t s  f, d, i, and t 

r e f e r  t o  t h e  f lywheel  , damper, in termediate mass, and tu rb ine ,  r e s p e c t i v e l y .  

Note t h a t  +d = 0 because o f  t h e  d e t a i l s  i n  t h e  damper cons t ruc t i on .  

matr ices [ M I  and [ G I  appearing i n  equat ion (2.1) a re  de f i ned  as 

The 

CMI  = 

I d  i 

t 0 rn 

' d t  

( 2 . 3 )  [GI = 

0 

I n  0 
Pf 

0 

0 

I .ra 
P1 

0 0 

I n  
P t  

(2 .4)  

* 
See [18] f o r  d e r i v a t i o n s  o f  governing equations. 
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To obtain the stiffness matrix [K], we start with the following 

generalized force-general ized displacement relations expressed in compliance 

form (see Appendix A for details): 

[a1 

f r 

4f 

rd 

Od 

i r 

4i 

rt 

+ t ,  

Inverting the equation (2.5) and setting 4d = 0, one obtains 

= [R] 

rf 

4f 

rd 
0 

ri 

4i 

rt 

$t 
1 

(2.5) 

where [a]-’ = [E]. 
one has 

Hence, by deleting the fourth row and fourth column in [k], ,. 
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rf 

$f 

rd 

i r 

$i 
r t 

(2.7) 

Note that Md is an unknown which could be calculated upon knowing (ql. 

We assume the form of solution for (ql as 

(ql = {;leiwt (2.8) 

where w is real. Substituting the above into equation (2.1), we obtain 

-w~[M]{{> + ~[G]{ql + [K]{il={Ol (2.9) 

Premultiplying by [MI-’ and rearranging yield 

w[M]-’[G]{Gl + [M]-’[K]{ql = u2{ql (2.10) 

Let 

[B,] = [M]-’[G] , [I] = identity matrix , 

[B,] = [MI-’[K] , [ O ]  = zero matrix , 
and 

{ P I  = W ( q l  

Thus, equation (2.10) becomes 

(2.11) 

(2.12) 

(2.13) 

which can be solved numerically by standard eigenvalue algorithms. 
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2.3 S t a b i l i t y  Analys is  

For the  s t a b i l i t y  analys is ,  i n t e r n a l  mater ia l  damping ( h y s t e r e t i c  damping) 
* 

i s  incorporated by us ing complex s t i f fness  [K ] and adding external  viscous 

damping ( i n  t h e  system damper) t o  equat ion (2.1):  

[M]{ql - i [ G I E $  + [ C l C { l  + [K*](ql = (0) (2.14) 

where f o r  the  present  system t h e  o n l y  ex terna l  damping [C ]  present  i s  loca ted  

a t  t h e  system damper ( c o e f f i c i e n t  Cd): 

Ccl = 

0 0 

0 

0 

0 .  0 

0 

. 

(2.15) 

* 
I n  equat ion (2.14), [K ] i s  a complex s t i f f n e s s  m a t r i x  which i s  der ived  i n  t h e  

same way as [K] i n  Sect ion 2.2 except t h a t  t h e  moduli  E and G used i n  t h e  [a] 

m a t r i x  i n  Sect ion 2.2 a r e  rep laced here by t h e  corresponding complex moduli  

E* and G* de f ined by 

* 
E = (1  5 i yS)E , G* = (1 5 iys)G (2.16) 

A s o l u t i o n  of t h e  form { q l  = {!leiWt f o r  equat ion (2.14) i s  assumed, where 

= WR t iWI, and uR and oI a r e  t h e  respec t ive  r e a l  and imaginary p a r t s  o f  W. 

Note t h a t  t h e  response { q l  w i l l  grow exponent ia l l y  w i t h  t ime i f  -wI i s  p o s i t i v e .  

Denoting -aI as t h e  growth f a c t o r ,  we see t h a t  a p o s i t i v e  growth f a c t o r  causes 

i n s t a b i l i t y  o f  t h e  system and a negat ive growth f a c t o r  t h e  s t a b i l i t y  o f  t h e  

\ 
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. 

system (by exponent ia l l y  a t tenuat ing  the  d is turbances) .  

t h e  p o s i t i v e  s i g n  i s  used when n < uR and the  negat ive s i g n  when 0 > uR. 

(See Sect ion 4.2 f o r  a d e t a i l e d  d iscuss ion. )  

s o l u t i o n  and equat ion (2.14), we o b t a i n  

I n  equat ion (2.16) 

With t h e  assumed form o f  

Premul t i p l y i n g  by and rearranging y i e l d  

(2.17) 

Using t h e  d e f i n i t i o n s  o f  tp>, [ I ] ,  and [ O ]  p r e v i o u s l y  defined i n  equations 

(2.11), we can r e w r i t e  equat ion (2.18) as  

(2.19) 

1 *  
where [B:] = [ M I - ’ ( [ G I  + i [ C ] )  and [B:] = [MI- [K 3 .  

To reso lve  t h e  d i f f i c u l t y  i n  us ing d i f f e r e n t  s igns f o r  t h e  complex 

s t i f f n e s s e s  i n  d i f f e r e n t  reg ions i n  t h e  W~ - 0 plane, t h e  above eigenvalue 

problem i s  solved tw ice  a t  each r o t a t i o n a l  speed, once w i t h  t h e  p l u s  s i g n  

and then w i t h  t h e  negat ive s ign. 

r o t a t i o n a l  speed n. 

t h a t  uI i s  discarded. 

aga ins t  r o t a t i o n a l  speed R t o  determine s t a b i l i t y  p l o t s .  

The r e a l  component o f  w i s  compared t o  t h e  

I f  t h e  r e l a t i o n  between n and uR i s  n o t  s a t i s f i e d ,  

Then t h e  s t a b i l i t y  growth f a c t o r ,  -uI, i s  p l o t t e d  

2.4 Forced W h i r l i n g  Analys is  

Here, t h e  i n t e r n a l  m a t e r i a l  damping does n o t  come i n t o  p l a y  because 

t h e  synchronous mot ion does n o t  induce an a l t e r n a t i n g  s t r e s s  s t a t e  i n  t h e  

s h a f t .  

vec tor  on t h e  r i g h t  s ide,  t h e  governing equat ion o f  motion i s  

Hence, w i t h  the  a d d i t i o n  o f  t h e  s teady-state harmonic e x i c t a t i o n  
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Here, t h e  e x c i t a t i o n  vec tor  can be expressed a s  

IF) = 

/ 

(2.20) 

. 
(2.21) 

where re i s  t h e  mass e c c e n t r i c i t y ,  0, the  i n i t i a l  tilt, and B t h e  phase l a g  

between t h e  in-p lane e c c e n t r i c i t y  re and i n i t i a l  tilt 4, (see Fig.  B9). 

The steady-state s o l u t i o n  i s  

Then, equat ion (2.20) becomes 

[-n2[Ml + n[Gl + in[CI + [K]]r!> = {F) (2.23) 

Note t h a t  {!I cons is ts  of t h e  s teady-state ampli tudes of t h e  seven degrees 

o f  freedom o f  t h e  system, as de f ined i n  equat ion (2.2). 
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3. COMBINED (DISTRIBUTED AND LUMPED-PARAMETER) MODEL 

... 

To more accura te ly  model t h e  l a t e r a l  dynamic behavior o f  r o t a t i n g  mach- 

i ne ry ,  one can model the f l e x i b l e  shafts as elements hav ing d i s t r i b u t e d  e l a s t i c ,  

damping, and mass p roper t i es .  

s i n g l e - r o t o r  systems having a t h i n  s h a f t  modeled as a Bernou l l i -Eu le r  beam 

[8,29-301 o r  a t h i c k e r  s h a f t  taken t o  be a Timoshenko beam [31-331. The pre-  

sent  work i s  an extension of t he  l a t t e r  work t o  multimass, m u l t i s h a f t  systems 

and i t  i s  unique, except fo r  some concurrent  research [21], i n  comparing r e s u l t s  

obta ined by the  combined model w i t h  those o f  a lumped-parameter model. 

Th is  approach has been used before fo r  simple, 

3.1 Desc r ip t i on  of  Model 

The pr imary d i f f e r e n c e  between t h i s  model and the  s t r i c t l y  lumped-parameter 

model discussed i n  Sect ion 2 i s  t h a t  here the  t u r b i n e  s h a f t  and the  q u i l l  s h a f t  

a r e  modeled as d is t r ibu ted-parameter  elements; see F ig .  3.1. 

The assumptions on which the  ana lys is  i s  based are:  

1. The sha f t s  a re  t r e a t e d  as f l e x u r a l  systems w i t h  ax isymmet r ica l l y  d i s -  

t r i b u t e d  mass and s t i f f n e s s .  

2. The e f f e c t s  o f  r o t a t o r y  i n e r t i a ,  t ransverse  shear deformation, gyro- 

scopic  ac t ion ,  and, f o r  the  q u i l l  shaft ,  t he  pendulum-effect moment due t o  the  

dead weight  o f  t he  f l ywhee l ,  a r e  included. 

3. The coup l ing  between f l e x u r a l  and t o r s i o n a l  v i b r a t i o n s  i s  neglected. 

4. A l l  components a r e  assumed t o  be geomet r ica l l y  p e r f e c t .  

5. The sha f t s  a r e  assumed t o  be o f  l i n e a r l y  e l a s t i c  ma te r ia l  and under- 

going smal l  d e f l e c t i o n s .  

6. The f lywheel  and a i r  t u r b i n e  ( i n  the  s p i n - t e s t  c o n f i g u r a t i o n )  a r e  

considered n o t  as p o i n t  b u t  as r i g i d ,  f i n i t e  masses, i .e . ,  t h e i r  l a t e r a l  t rans -  

l a t i o n a l  i n e r t i a s ,  r o t a t o r y  i n e r t i a s  , and gyroscopic ac t i ons  a re  inc luded.  
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i r T U R B I N E  WHEEL 

3 (TURBINE SHAFT) 

I NTE RMED I ATE 

F i g .  3.1. Combined model for Oak Ridge system with pertinent 
dimensions. Drawing not to scale. 
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A24 

A 32 

A 3 3  

k A34, 

7. The on ly  ex terna l  .damping inc luded i s  a l i n e a r i z e d  o i l - t y p e  damper 

which i s  assumed t o  prov ide o n l y  ax isymnetr ic  r a d i a l  damping forces and i s  

const ra ined f rom t i l t i n g .  

f l ywhee ls  w i l l  be expected t o  operate i n  an evacuated con ta ine r . )  

(Aerodynamic damping i s  neglected, s ince  the  

8. A l l  o f  t he  support  bear ings are  assumed t o  be b a l l  bear ings,  approx i -  

mate ly  a x i s y m e t r i c  i n  nature,  and modeled as momentless e l a s t i c  supports.  

3.2 Free W h i r l i n g  Analys is  

A s i n g l e  reduced d i f f e r e n t i a l  equat ion governing the  w h i r l i n g  o f  a shear- 

f l e x i b l e  s h a f t  i s  der ived  (see Appendix 8.2) w i t h  the  s h a f t  d e f l e c t i o n ,  w, as 

the  dependent va r iab le .  

equat ion f o r  each shaft, f o r  the  r e l a t i v e  displacements and eigenvalues 

( n a t u r a l  w h i r l  i ng speeds) s u i  tab1 e boundary cond i t i ons  and c o n t i n u i t y  condi - 
t i o n s  a re  w r i t t e n  (see Appendix 8.3). 

t h ree  w h i r l i n g  s h a f t  sec t ions  and the  c o n t i n u i t y  cond i t ions  a re  those which 

connect ad jacent  s h a f t  sec t ions  approp r ia te l y .  

To so lve  t h e  system, c o n s i s t i n g  o f  such a d i f f e r e n t i a l  

Note t h a t  t he  system i s  composed o f  

The boundary and c o n t i n u i t y  cond i t i ons  a r e  cas t  i n t o  a m a t r i x  form (see 

Appendix 8 . 4 )  

1 = (03 (3.1 1 
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where 

s h a f t  

s h a f t  

equat 

zero. 

r e  the  unknown con tan ts  i n  the  assumed l u t i o n  f o r  

sec t ion  1; A21, ..., A24 fo r  shaf t  sec t i on  2; and A31, ...,A34 f o r  

sec t ion  3. I n  o rder  t o  have a nonzero s o l u t i o n  f o r  t he  s e t  o f  

ons i n  the  m a t r i x  equat ion (3.1),  the  determinant o f  [ e ]  should be 

From t h i s  c o n d i t i o n  the  eigenvalues (na tu ra l  w h i r l i n g  f requencies) 

o f  t he  system a re  computed. 

3.3 Forced Wh i r l i ng  Analys is  

I n  t h i s  analys is ,  the  ef fects  of mass e c c e n t r i c i t y  (re) and i n i t i a l  tilt 

(40) ,  which a re  shown i n  Fig.  B9, a r e  taken i n t o  account when fo rmula t ing  the 

boundary c o n d i t  ons on the  shaf t  t o  which the  f lywheel i s  at tached. 

o f  equations i n  equat ion (3.1) takes the f o l l o w i n g  form (see Appendix 8.5): 

The s e t  

, 
A 1  1 

A 1 2  

A 1 3  

A 14 

A 2  1 

A22 

3 

A 2 4  

A 3 1  

A 32 

A 3 3  

, A34  

f 

-m r f e  

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
I 

(3.2) 

From equat ion (3.2) the  forced w h i r l i n g  responses o f  any p o i n t  on a shaf t  

sec t i on  can be ca lcu la ted .  
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4. NUMERICAL RESULTS FOR A BASELINE FLYWHEEL SYSTEM 

' I n  t h i s  sect ion,  we present  and discuss the  numerical r e s u l t s  obta ined 

by app ly ing  the  var ious analyses der ived  i n  Sect ions 2 and 3 t o  a spec i f i c  

f lywheel  system, the  23- in . -d iameterY 80-w-hr/kg wheel developed by G a r r e t t  

AiResearch i n  Torrance, CA and descr ibed i n  d e t a i l  i n  [34]. 

d r i v e  data a re  f o r  a fou r - i nch  Barbour Stockwel l  t u r b i n e  as i n s t a l l e d  a t  

the  Oak Ridge Flywheel Eva lua t ion  Laboratory [15]. This f l y w h e e l / a i r  t u r b i n e  

combinat ion i s  used as the base l ine  f o r  var ious parametr ic  s tud ies  i n  Sect ion 

5 and i s  h e r e a f t e r  r e f e r r e d  t o  as System A f o r  b r e v i t y .  

4.1 Free Whi r l ing :  Campbell Diagrams and Mode Shapes 

The a i r - t u r b i n e -  

One o f  the  most i n fo rma t i ve  ways o f  p resent ing  numerical data on r o t o r  

dynamics i s  t he  Campbell diagram o r  " w h i r l  map" o r i g i n a t e d  i n  1924 [35] i n  

connect ion w i t h  tu rb ine -d i sk  f l e x u r a l  v i b r a t i o n .  This  diagram i s  a p l o t  o f  

var ious  n a t u r a l  w h i r l i n g  frequencies o f  l a t e r a l  v i b r a t i o n  versus r o t a t i o n a l  

speed. 

ana lys i s  de r i ved  i n  Sect ion 2 . 2 ,  i s  shown i n  F ig .  4 . 1 * .  

c a r r y i n g  ou t  t h i s  ana lys i s ,  we omi t ted  both i n t e r n a l  ma te r ia l  and ex terna l  

A Campbell diagram fo r  System A, as p red ic ted  by the  lumped-parameter 

As i s  customary, i n  

v iscous damping. Since t h i s  model has seven degrees o f  freedom, equat ion 

(2.2),  i t  has seven na tu ra l  f requencies (and a l i k e  number o f  assoc iated 

v i b r a t i o n  modes) a t  zero r o t a t i o n a l  speed R (see the  i n t e r c e p t s  a long the  

v e r t i c a l  a x i s  i n  F ig .  4.1). However, as R i s  increased, each o f  these 

frequencies (and associated mode shapes) " s p l i t s "  i n t o  two d i s t i n c t  

branches. The d e v i a t i o n  between .the two branches associated w i t h  a g iven 

zero-speed mode i s  caused by t h e  gyroscopic t i l t i n g  moments induced i n  the  

var ious  masses which a re  f r e e  t o  tilt. The branches having the  h igher  

* 
Complete FORTRAN computer documentation i s  prov ided i n  Appendix C .  O f  

course, the  program can be used t o  o b t a i n  Campbell diagrams f o r  o t h e r  f l y -  
wheel systems i n  a s p i n - t e s t  f a c i l i t y  of the  type assumed here.  
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FIOTAT!ONf lL  SPEED. FlPM 

Fig. 4.1 Campbell diagram f o r  System A (Garrett), as calculated 
using the lumped-parameter free-whirling analysis. 



19 

r 

frequencies i n  each s e t  a re  associated w i t h  forward w h i r l i n g ,  i . e . ,  the  

s h a f t  i s  w h i r l i n g  i n  t h e  same d i r e c t i o n  as the  r o t a t i o n .  

w i t h  t h e  lower frequencies i n  each s e t  a re  associated w i t h  backward ( o r  

re t rograde)  w h i r l i n g ,  i .e . ,  t he  d i r e c t i o n  of w h i r l i n g  i s  opposi te  t o  the  

d i r e c t i o n  o f  r o t a t i o n .  

The branches 

Not ice  t h a t  t he  lower modes have the  most pronounced s p l i t t i n g  

I n  f a c t ,  w i t h i n  the  range o f  the  p l o t  ( r o t a t i o n a l  speeds up t o  dev ia t i on .  

100,000 rpm*), no s p l i t t i n g  i s  d i s c e r n i b l e  i n  the  two h ighes t  frequency 

modes. 

forward w h i r l i n g  and soften i t  i n  the  case o f  re t rograde w h i r l i n g .  

The n e t  e f f e c t  of the  gyroscopic a c t i o n  i s  t o  s t i f f e n  the  system f o r  

I n  r o t a t i n g  machinery, one of t h e  most impor tan t  c lasses o f  e x c i t a t i o n  

i s  t h a t  caused by mass e c c e n t r i c i t y  and i n i t i a l  t i l t  of t he  p r i n c i p a l  axes 

o f  t h e  l a r g e r  r o t a t i n g  masses. 

extent ,  even i n  the  case o f  a c a r e f u l l y  balanced system. The frequency o f  

t h i s  s inuso ida l  f o r c i n g  system i s  the  same as the  r o t a t i o n a l  speed. Thus, 

t h e  i n t e r s e c t i o n s  o f t h e  do t ted  l i n e  labe led  o = fi ( a  s t r a i g h t  l i n e ,  i n  F ig .  4.1 

which is  

i n  so-ca l led  f i r s t - o r d e r  " c r i t i c a l  speeds". Although a l l  o f  these a r e  

p o t e n t i a l  resonances, experiments [7,11,36) have shown t h a t  those associated 

w i t h  t h e  forward w h i r l i n g  branches a r e  more severe than those associated 

w i t h  the  re t rograde branches. Furthermore, t h e r e  i s  cons iderable v a r i a t i o n  

i n  the  " s e v e r i t y "  o f  t h e  var ious  fo rward-wh i r l ing  c r i t i c a l  speeds (see 

This  i s  s t i l l  t r ue ,  a l though t o  a smal le r  

a. l og - log  p l o t )  w i t h  the  var ious  modal-frequency curves r e s u l t  

Sect ion 4.3). P r a c t i c a l  exper ience has shown t h a t  

speed c r i t i c a l  speeds a r e  much l e s s  impor tant  than 

genera l l y  t h e  lower- 

t h e  higher-speed ones. 

* 
The s p i n - t e s t  f a c i l i t y  i s  ra ted  t o  on l y  60,000 rpm. 
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There a re  two reasons for  this: f i rs t ,  the higher the rotational speed 

the higher the kinetic energy i n  the system and the s t i f f e r  i t  becomes 

( i n  forward w h i r l i n g ) .  Secondly, and perhaps more importantly, i t  is  

usually much easier  to  accelerate suff ic ient ly  rapidly th rough  lower-speed 

c r i t i ca l  speeds than higher-speed ones [7,10,37]. The reason fo r  this i s  

tha t  typically air-turbine drives have a torque capacity t h a t  decreases as 

the rotational speed i s  increased [13], pp. 48-51. 

Another important c lass  of excitation may resu l t  from a combination 

of gravity force (only i n  the case of a horizontal or nearly horizontal 

axis of rotat ion)  and nonaxisymmetric shaf t  cross section (due t o  e i ther  

small e r r o r s  i n  machining o r  the  presence o f  a f a t i g u e  crack)  [38]. This 

excitation has a frequency of exactly twice the rotational speed. 

the upper dotted l ine  labeled o = 2n determines this excitation frequency, 

and the associated intersections with the various whirling branches give 

the second-order c r i t i c a l  speeds (read from the abscissa, rotational speed) 

Hence, 

[23], pp. 247-249; [39], pp. 290-294. 

All o f  the f irst-  and second-order c r i t i c a l  speeds predicted fo r  

System A u p  t o  100,000 rpm are  l i s t ed  i n  Table 4.1. 

To supplement the information provided in a Campbell diagram, experi- 

ence has shown tha t  mode shapes a re  very h e l p f u l .  

parameter system, the mode shapes depict the re la t ive  motions* o f  the 

various rigid-body masses of the system. 

In the case of a lumped- 

The  mode shapes f o r  System A predicted by the lumped-parameter-model 

analysis a t  speeds close t o  the f irst-  and second-order c r i t i c a l  speeds 

* 
In f ree  w h i r l i n g ,  as i n  f r ee  vibration of a nonrotating system, only 

re la t ive  motions, not absolute ones, can be determined. 



I 

I Order 

Mode & Branch* 

Lumped Model 

Combined Model 

Ex per imen t a l  
** 

Table 4.1 C r i t i c a l  Rota t iona l  Speeds, i n  rpm, f o r  System A ( G a r r e t t )  

F i r s t  ( ~ / n  = 1) Second (U/Q = 2) 
1 R  1F 2R 3R 1R 1F 2R 2F 3R 3F 4R 4F 

301 1,027 12,450 54,480 172 269 6,615 16,020 30,530 42,510 64,400 61,330 

304 1,038 14,140 56,120 173 271 7,516 18,100 31,400 43,390 74,000 70,050 

1,040 
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are  shown i n  Figs. 4 .2  and 4.3. They were plotted by computer graphics, 

using simple, s t r a i g h t  1 ines to connect adjacent mass-center locations. The 

dotted l ines  denote f lexible  shaft  portions, which obviously will deflect  

i n  smooth curvil inear fashion (as  will be seen in F ig .  4.5). Also note that  

i n  each of the mode-shape plots the turbine wheel i s  a t  the top of the page 

and the flywheel i s  a t  the bottom. As would be expected a t  a speed (1,023 rpm) 

near the f i r s t -order  c r i t i ca l  speed, the most drast ic  mode i n  F ig .  4.2 i s  the 

f i r s t  one ( 1 F )  and i n  this mode the main action is  taking place i n  the lower 

end of the q u i l l  shaf t ,  the damper and turbine being relat ively unaffected. 

I t  can be seen i n  F i g .  4.3, a t  a rotational speed of 269 rpm, that  the 

damper i s  operative in the second and fourth forward modes, b u t  not the 

f i r s t ,  t h i r d ,  and f i f t h  or higher forward modes. 

rpm,the damper i s  operative for  the f i r s t ,  second, and fourth forward modes. 

In contrast ,  a t  63,096 rpm, the damper i s  operative i n  only the f i r s t ,  t h i r d ,  

and fourth modes. 

A t  both 15,849 and 41,687 

Although the combined model of the system has an in f in i t e  number of 

forward modes, each w i t h  a forward and retrograde branch, only a re la t ively 

small number intersect  the w = iI and w = 2iI l ines  i n  the region up t o  a 

rotational speed of 100,000 rpm. These a re  shown i n  the Campbell diagram, 

F i g .  4.4. 

c r i t i c a l  speeds a re  l i s t ed  i n  the second l ine  of Table 4.1. 

The associated f irst-  and second-order forward and retrograde 

Comparison of  the Campbell diagrams i n  Figs.  4.1 and 4.4 shows very 

good qual i ta t ive agreement, especially a t  the lower rotational speeds. The 

major difference between the two i s  t h a t  i n  the combined model, the c r i t i c a l  

speeds are  shif ted i n t o  higher regions. This is  especially noticeable a t  

I 
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I: . _.._._ 

YOOE IDENlIFJEASr 0 IF + 3F 
A 2 F  X i lF  

YODE IDENlIFJERS: 0 S F  X 7 F  
-? GF 

F i g .  4 .2  Mode shapes of the seven forward branches a t  a rotational 
speed (1,023 rpm) near the f i rs t -order  c r i t i ca l  speed, 
using the lumped-parameter analysis (System A ) .  
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... n .  i 
I .,,I ....,_ 

YODE IDENTIFIERS: 0 1 F  + 3 F  
A 2 F  X LlF YODE IDENTIFIERS: 0 5 F  X 7 F  

- 

4 6 F  

Fig .  4.3(a) Mode shapes o f  t h e  forward branches of t h e  seven modes 
a t  269 rpm, near t h e  f i r s t  second-order c r i t i c a l  speed, 
us ing  the  lumped-parameter ana lys i s  (System A ) .  
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- YODE IDENIJFJERS: 0 i F  + 3F 

* 2F X Y F  
.- 

P 

YOOE IOENlIFJERS.. 0 5 F  X 7 F  
9 6 F  

F i g .  4 . 3 ( b )  Mode shapes of the forward branches of the seven modes 
a t  15,849 rpm, near the second second-order c r i t i ca l  
speed, using the 1 umped-parameter analysis (Sys tem A ) .  



26 

i l  .' 

t i  
I: 

"e 

YODE IDENTJFIERS: 0 i F  + 3 F  
A 2 F  X q F  
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YODE IDENTJFJERS: 0 S F  X 7 F  
4 6 F  - 

F i g .  4.3(c) Mode shapes of the forward branches of the seven modes 
a t  41,687 rpm, near the t h i r d  second-order c r i t i c a l  
speed, us ing  the lumped-parameter analysis (System A ) .  
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* 
Y YODE IDEN'TJFJEAS: 0 S F  X 7F YOUE IDENTJF?EAS: 0 1F + 3F 

A 2F X 'IF + 6 F  

F ig .  4.3(d) Mode shapes o f  t h e  fo rward  branches o f  t he  seven modes 
a t  63,096 rpm, near t h e  f o u r t h  second-order c r i t i c a l  
speed, us ing  the  lumped-parameter ana lys i s  (System A ) .  
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Fig. 4.4 Campbell diagram for System A, as calculated 
using the combined free whirling analysis. 
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h igher  r o t a t i o n a l  speeds and h igher  modes. This same t rend  i s  a l so  revealed 

i n  Table 4.1. This  t rend  suggests t h a t  t he  d i s t r i b u t e d  shaf t  masses s t i f f e n  

the  system. 

It i s  i n t e r e s t i n g  t o  note t h a t  i n  the  reg ion  covered (up t o  100,000 

rpm r o t a t i o n a l  speed) , a1 though t h i s  system has many second-order forward 

c r i t i c a l  speeds and f i r s t - o r d e r  re t rograde ones, i t  has o n l y  one f i r s t - o r d e r  

forward c r i t i c a l  speed. For t h i s  c r i t i c a l  speed, the re  i s  good agreement 

among the  two d i f f e r e n t  models and t e s t  data obta ined a t  Oak Ridge, as can be 

seen i n  Table 4.1. 

The mode shapes associated w i t h  those forward branches t h a t  i n t e r s e c t  

t h e  w = R and w = 20 l i n e s  ( i n  F ig .  4.4) a re  p l o t t e d  by computer graphics 

i n  F ig .  4.5. Again, i n  the  mode shapes, the  p o i n t  of attachment o f  the  t u r b i n e  

s h a f t  t o  the  t u r b i n e  wheel i s  a t  the  top  of t he  page and the  p o i n t  o f  a t tach-  

ment o f  the f lywheel  t o  the  q u i l l  s h a f t  i s  a t  t he  bottom. 

r e l a t i v e  magnitudes o f  the  t i l t s  o f  the  r i g i d  masses can be obta ined by 

observing t h e  slopes o f  the  sha f t s  a t  t he  p o i n t s  of attachment o f  the  respec- 

t i v e  r i g i d  masses. 

t r a s t  t o  those depic ted i n  Figs.  4.2 and 4.3. 

It i s  impor tan t  t o  no te  the  d i f f e r e n t  bas i s  f o r  t he  mode shape p l o t s  

I n  F igs.  4.2 

the  mode shapes associated w i th  a f i x e d  r o t a t i o n a l  speed a re  p l o t t e d ,  

An idea o f  the  

It i s  noted t h a t  now the  shafts d e f l e c t  smoothly i n  con- 

i n  F igs.  4.2 and 4.3 on one hand and F ig.  4.5 on the  o ther .  

and 4 . 3 ,  

w h i l e  i n  F ig .  4.5, those associated w i t h  a -- f i x e d  order  (U/Q r a t i o )  a re  shown. 

Thus, t h e  mode shapes obta ined by means of t he  two d i f f e r e n t  analyses can be 

compared o n l y  f o r  t he  cond i t i ons  l i s t e d  i n  Table 4.2. 
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Fig .  4.5 Forward-whirling mode shapes using the combined analysis 
for  the branches that  intersect  the l ines  ( a )  w/n = 1 and 
( b )  w/n = 2, a t  speeds corresponding t o  t he i r  intersections.  
The mode shape corresponding to  the second f i rs t -order  
forward c r i t i ca l  speed ( 2 F  a t  108,500 rpm) i s  also included 
i n  ( a ) .  
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Po t a  t i ona 1 
Speed 

5 

Lumped-Parameter Model Combined Model 
Fig. Mode & Branch Fig. Mode & Branch 

1 

4 

4.3(a)  
4.2 
4.3(b) 
4.3(c) 
4.3(d) 

... 

1 F  4 . 5 (  b )  1 F  
1 F  4.5( a )  1 F  
2F 4.5(b) 2 F  
3F 4.5(b) 3F 
4F 4.5( b )  4F 

Table 4 . 2  Condit ions for Comparison of Forward Mode Shapes 
f o r  System A (Garret t )  

I 

269 
1,023 

15,849 
41,687 
63,096 

In b o t h  models, the mode shapes associated with the retrograde branches 

were very similar t o  the forward ones in the v ic in i ty  of the corresponding 

c r i t i c a l  speeds and thus, for  brevity, a re  not  shown here. 

4.2 S t ab i l i t y  Growth Factor 

Rotor i n s t ab i l i t y  due t o  internal material damping (hysteresis)  was 

f i r s t  reported in 1924 by Newkirk [40], who observed i t  experimentally. 

was f i r s t  explained by Kimball [41] in the same year. 

in several books [9], pp .  17-69, [23], pp. 295-299. 

[42,43] has presented two extensive surveys of t h i s  topic.  

I t  

I t  has been discussed 

Recently, Iwatsubo 

Hysteresis i n  the s t ress -s t ra in  re lat ion of shaf t  material involves a 

damping force which ,  i n  l inear  theory, i s  proportional t o  the f i r s t  derivative 

o f  the s t r a in  (and,  t h u s ,  of the lateral deflection of the shaf t )  in contrast  

t o  the restoring force which i s  proportional t o  strain ( o r  deflection) i t s e l f .  

T h u s ,  there i s  a 90" phase difference between the damping force ( r d )  and the 

restoring force ( F r ) .  For forward whirling, there are three cases, depending 

upon the r e l a t ive  magnitudes of rotational speed (Q) and whirling speed (w,), 

as  shown i n  Fig. 4.6. The r e l a t ive  rotation of the shaf t  w i t h  respect t o  a 

frame of reference, attached t o  the shaf t  and rotating with i t ,  i s  shown a t  
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n-WR = 0 
R - WR 

n 

W c W 

Fr 

( a )  R < W R 

W 

I E+ Fr 1 
F i g .  4.6 Relationship between s ide force due t o  hysteretic damping 

(Fd)  and restoring force F ) due t o  shaf t  s t i f fnes s  
fo r  forward w h i r l i n g  fo r  [a? fi < uRY (b )  R = uRY ( c )  fi > uR. 

the top of the figure f o r  each of the three cases. 

i s  drawn so tha t  the shaf t  center (SC) i s  deflected upward from the center 

of rotation (RC) ;  thus, the top flexural f ibers  of the shaf t  are  i n  tension 

and those a t  the bottom are  i n  compression. 

upward deflection, the restoring force ( F r ) ,  due to  the e l a s t i c  s t i f fness  

of the shaft ,  ac t s  downward. 

In each case the diagram 

Also, as a consequence of the 

In case ( a )  fo r  r u n n i n g  speed below the f i r s t  whirling frequency (aR), 

( r d )  ac t s  i n  the opposite direction to  the f i r s t - c r i t i c a l  whirling motion 

of the shaft .  T h u s ,  the motion is  damped out, even i n  the absence of external 

damping. 

speed direction, a positive sign must be used i n  equation (2.16) when R < w 

I n  case ( b ) ,  since there is  no re la t ive  rotation between the shaf t  

Since Fd leads Fr by 90 degrees w i t h  respect t o  the rotational-  
- 

R '  

whirling (w,) and the shaft  rotation ( a ) ,  the shaf t  does n o t  undergo any 

hysteretic cycling and hence, Fd = 0. 
- 



I n  case ( c ) ,  the  s ide  force Fd ac ts  i n  the  same d i r e c t i o n  as the  

forward w h i r l i n g  mot ion o f  the  sha f t ,  and uns tab le  mot ion would r e s u l t  

unless the re  i s  s u f f i c i e n t  ex te rna l  damping a c t i o n  i n  the  o i l - t y p e  damper. 

Since Fd lags  Fr by 90 degrees w i t h  respect  t o  the  ro ta t i ona l - speed  d i r e c -  

t i o n ,  a negat ive  s ign  must be used i n  equat ion (2.16) when sa > w ~ .  

The t o t a l  force on a shaf t ,  i n  general ,  i s  g iven by 

= F t iFd = F,(I - t i y s )  r -  

which i s  p ropor t i ona l  t o  
* 

(Ew)( l  5 i Y s )  = E w 

where i = Ci, ys = l oss  tangent ( =  Fd/Fr), E = young's modulu , f =  
modulus, and w = shaf t  de f l ec t i on .  

ompl X 

For re t rograde w h i r l i n g ,  t he  s i t u a t i o n  i s  as depic ted i n  F ig .  4.7. Here, 
- 
Fd i s  always opposed t o  the  w h i r l i n g  mot ion and thus, t h e  system should be 

s t a b l e  a t  a l l  r o t a t i o n a l  speeds. 

F ig .  4.7 Re la t i onsh ip  between damping 
and r e s t o r i n g  forces f o r  
re t rograde w h i r l  ing .  

W 

F r  I 

To summarize, i n s t a b i l i t y  due t o  i n t e r n a l  damping o f  the  s h a f t  can occur 

-- a t  most on l y  i n  forward w h i r l i n g  w i th  Q > uR9 i .e . ,  t o  the  r i g h t  of  and below 

the  w = sa l i n e  i n  the Campbell diagram ( F i g .  4 .1) .  Th is  general statement i s  

supported by the  a n a l y t i c a l  r e s u l t s  obta ined f o r  System A by means o f  the  
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lumped-parameter s t a b i l i t y  analysis (see Section 2 . 3 )  and depicted by the 

plots of growth factor ,  -wI, versus rotational speed i n  F i g s .  4.8 and 4.9. 

T h u s ,  a l l  of the retrograde branches have zero or negative growth factors ,  

i s  negative. The second, t h i r d ,  and f i f t h  retrograde branches 1 .e., 

are  shown i n  F ig .  4.8. The f i r s t  retrograde branch has a constant value of 
- 

= 0 for  a l l  rotational speeds, while the fourth, sixth, and seventh - 
have constant values of -wI < -200; thus, they are not plotted. 

The non-trivial s t a b i l i t y  plots for  the forward branches are shown i n  

F i g .  4.9. 

have simply constant values of -wI < -200. Only the f i r s t  forward branch 

enters the region s2 > wR ( the  region of potential ins tab i l i ty  for  forward 

whirling) by cutting across the f i rs t -order  l ine  (dotted l i ne  = R in Fig. 

4.1) a t  the f i rs t -order  c r i t i c a l  speed. Thus ,  we expect the f i r s t  forward 

branch to  become unstable a t  the lowest f i rs t -order  c r i t i c a l  speed as pre- 

dicted by the lumped-model f ree  whirling analysis (1,027 rpm from Table 4.1).  

This i s  indeed the case as can be seen i n  F ig .  4 .9(a) ,  where the growth 

factor  for  this branch becomes positive (unstable) above 1,027 rpm. 

t o  show the in s t ab i l i t y  regions more clear ly ,  a considerably enlarged view 

of F ig .  4.9(a) i s  shown i n  F i g .  4.10. 

i n  the system's oil- type damper ( cd  < 1.0 lb-sec/in. approximately) the 

ins tab i l i ty  region extends indefinitely ( a t  l ea s t  up to 100,000 rpm) from 

1,027 rpm upward. 

mately), the unstable region has a f i n i t e  band-width which has an upper l imit  

tha t  decreases as cd i s  increased. The s i tuat ion i s  summarized i n  Table 4.3. 

The sixth and seventh forward branches a re  not shown, since they 

In order 

For small values of external damping 

* 

However, for  larger values of cd ( >  2.0 1 b-sec/in. approxi- - 

Unfortunately, an oil-type damper is  n o t  l inear  [19]; t h u s ,  i t  i s  

d i f f i c u l t  t o  se lec t  a proper value of l inear  damping coefficient.  
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Fig.  4.10 Enlarged view of F ig .  4.9(a), which i s  t h e  s t a b i l i t y  
diagram f o r  branch 1F of System A. 
w id th )  of i n s t a b i l i t y ,  f o r  example w i t h  cd  = 10 l b -sec / i n . ,  
i s  shown marked. 

The r e g i o n  (band- 

Table 4.3 E f f e c t  o f  Ex terna l  Damping C o e f f i c i e n t  on t h e  
Upper and Lower L i m i t s  of t h e  Unstable Region 
f o r  t h e  F i r s t  Forward Branch 

Ex terna l  damping Cd , 1 b-sec/ i  n , I L i m i t  

10 

Upper l i m i t  o f  A t  l e a s t  I i n s t a b i l i t y  band,, rpm 

- 

5 

1,027 

5,012 

1,207 

3,162 
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4.3 Forced Whirling Response 

Potentially the excitation for forced 

any masses in the rotating system. This m 

whirling can be misalignment of 

salignment is of two types: 

center 1. Eccentricity, i.e., the radial distance between the 

and the center of rotation, 

2. Tilt, i.e., the smallest angle between a principal- 

and the axis of rotation. 

mass 

nert 
* 

a axis 

The nature of the design of current and projected energy-storage fly- 

wheels is such that by far the largest rotating mass in the system is the 

flywheel itself. For example, in the system analyzed by Bert et al. [13], 

p. 13, the flywheel assembly comprised 76.6% of the total rotating mass. Thus, 

in the present analysis, the only mass eccentricity and initial tilt considered 

are those associated with the flywheel itself. Values believed to be typical 

for a flywheel system such as System A, when installed on the 4-inch Barbour 

Stockwell air-turbine spin-test facility, are re = 0.001 in. and $o = 0.0025 

radians, respectively. Thus, these values are used in the present study. 

It has been found in previous studies [19,21] that the phase angle 

between the eccentricity and tilt (see Fig. 4.11) has an important effect on 

* 
For an arbitrary rigid body, there exist three mutually perpendicular 

axes passing through the mass center (; = i =  z = 0) such that the mass pro- 

ducts o f  inertia ( xyp dV yzp dV, z i p  dV) are exactly zero. These I, -- 9 I, -- I, 
axes are called the principal-inertia axes and the mass moments o f  inertia 

(Imi = j v ( j 2 + i 2 ) p  dV, Imi = (z2+x2)p dV, Imi = ( i 2 + y 2 ) p  dV) associated 

with them are relative minima or maxima known as principal mass moments o f  

inertia. 
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LOWEST POINT ON THE FLYWHEEL 
THAT GOES INTO THE PAPER 7 + 

-4 
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INITIAL TILT 

-+ 

t O0 

HIGHEST POINT ON THE 
FLYWHEEL THAT COMES 
OUT OF THE PAPER 

R 

( a >  

F i g .  4.11 Representation of mass eccentricity and i n i t i a l  t i l t  as vectors 
for convenience of defining the phase relations between t h e m ,  
( a )  B = 0, ( b )  B = 180 degrees. 

the forced w h i r l i n g  response. 

i n  actual systems, however, there is  no body of empirical data available on 

this parameter, especially for  flywheel systems. 

this angle is  taken conservatively to  be 180 degrees, since i t  has been 

found tha t  this angle resul ts  i n  the largest  response [21]. 

Probably this phase angle i s  a random variable 

T h u s ,  i n  the present study, 

As mentioned previously i n  Section 2.4, the synchronous nature of forced 

w h i r l i n g  precludes internal material damping from being operative (see also 

Case ( b )  i n  F i g .  4.6) here. Since external damping i n  the oil-type damper tends 

to  decrease the forced w h i r l i n g  response, the most drast ic  case is  tha t  of 

no external damping. Figure 4.12 shows the response of a l l  seven degrees of 
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freedom of t he  lumped-parameter model w i t h  no ex terna l  damping. 

curves represent  the  amplitudes and t h e  do t ted  curves represent  the  cor -  

responding phase lags  w i t h  respect  t o  the  rad ius  (from the  cen te r  o f  r o t a -  

t i o n )  on which the  flywheel mass center  l i e s .  

The s o l i d  

Le t  t he  displacements (due t o  w h i r l i n g )  of t he  var ious  mass centers  

from t h e i r  undef lec ted  o r i g i n a l  p o s i t i o n s  be imagined as d i f f e r e n t  rad ius  

vec tors .  Also, assume t h a t  t h e  t i l t s  of t he  var ious  masses ( induced due t o  

w h i r l i n g )  a re  represented as l i n e  vectors  such as the  one dep ic ted  i n  F i g .  

4.11 f o r  t h e  f lywheel.  

t h e  forced w h i r l i n g  p l o t s  d e p i c t  t he  lagg ing  of these vec tors  w i t h  respec t  

t o  t h e  rad ius  vec to r  o f  mass e c c e n t r i c i t y  re i n  F ig .  4.11. Thus, a t  any 

s p e c i f i c  s h a f t  running speed, these vec tors  ma in ta in  t h e i r  r e l a t i v e  p o s i t i o n s  

(genera l l y  n o t  i n  a s i n g l e  plane when the re  i s  an ex te rna l  damping) w h i l e  

w h i r l i n g  a t  t h e  s h a f t  running speed. 

ex te rna l  damping, t he  response a t  resonance t h e o r e t i c a l l y  increases w i thou t  

bound. Also, t he  phase l a g  i s  always e i t h e r  0 o r  180 degrees, except a t  

resonance f o r  which i t  changes by - + 180 degrees. 

phase l a g  i s  t he  same as 0 degrees.) 

Now the  phase angles t h a t  a re  represented i n  a l l  

I t  i s  noted t h a t  i n  the  absence o f  

(Note t h a t  a 360-degree 

The system's responses f o r  a r a t h e r  l a r g e  ex te rna l  damping c o e f f i c i e n t  

(Cd = 10 l b -sec / i n . )  were found t o  be e s s e n t i a l l y  i d e n t i c a l  t o  t h e  co r re -  

sponding ones shown i n  F ig .  4.12. 

i ne f fec t i ve .  

Thus, t h e  damper i s  p red ic ted  t o  be 

Three responses, f o r  zero ex te rna l  damping, as determined by the  combined 

model, a r e  shown i n  F ig .  4.13. For b r e v i t y  o n l y  the  f l ywhee l  responses 

( r f  and $f)  and damper response (rd) a r e  shown. The c lose  agreement between 

the  corresponding responses presented i n  F igs.  4.12 and 4.13 i s  g r a t i f y i n g .  



44 

0 .* 

- 
4 

80 
.4 

u J _I 
LJ- 3.. 

60. 00  160.00 24O.ULl 320. 
OMEGR (RPMI  ( ~ 1 0 ~  

0 .- 

-9. .. 
01 
0.00 80. 00  160.00 2U0.00 3 

OMEGR (RPM) ( ~ 1 0 ~  I 

"1 
r u ?? z 

? 
D I  

I 
I 
I 

I 
I 
I 
1 $ I 

wd' I 
X I  u 
Z I  
- I  

! -0 

L d" I 
0.00 80. 00 160.00 240.00 320. 

CIMEGR (RPMI r w i o 1  1 

- 
w =q ! 

L D  I 
0.00 80. 00 160.00 240.00 320. 

CIMEGR (RPMI r w i o 1  1 
e 

Fig. 4.13 Forced whirling response amplitudes of flywheel 
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Again, when the external damping coefficient was increased t o  10 lb-sec/in. ,  

there was no noticeable change i n  response. 

The lumped model predicts a s l igh t ly  larger damper displacement t h a n  

the combined model. 

the technique used to  o b t a i n  the computer plots.  

rotational speed 0 was changed i n  6-rpm increments while in the combined 

model, 10-rpm increments were used. 

plotted f e l l  closer t o  the c r i t i c a l  speed i n  the lumped model than i n  the 

combined model and hence the resonant response was larger .  

This is  believed t o  be due t o  a s l i g h t  difference i n  

For the lumped model, the 

I t  so happened t h a t  one of the points 
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5. PARAMETRIC STUDIES 

The numerical resul ts  presented i n  Section 4 completely describe the 

f ree  and forced w h i r l i n g  responses and s t a b i l i t y  character is t ics  of a par t i -  

cular flywheel system (System A )  which was used as a baseline. However, t o  

obtain data applicable t o  a l l  of the existing or conceivable flywheel 

systems would require not only extensive computations b u t  a lso a prohibitively 

large number of plots.  T h u s ,  i n  this section, the present investigators have 

chosen t o  give i n  tabular form the resul ts  of parametric studies i n  which 

selected parameters a re  varied. 

In this section, two additional existing flywheel systems are  s t u d i e d .  

These a re  the General Electric Company's constant-thickness, alpha-ply, 

disk-ring-type flywheel [44] and the Lawrence Livermore National Laboratory's 

tapered-thickness, quasi-isotropic, composite-disk-type flywheel [45]. These 

are  designated hereafter simply as Systems B and C ,  respectively. 

5.1 Forward Crit ical  Speeds 

In Section 4.1,  the importance of the f i r s t  (lowest) forward c r i t i ca l  

speed of the f i r s t  order was discussed for  System A. The dynamic parameters 

of Systems A ,  B, and C are  l i s t ed  i n  Table 5.1 along with the i r  f i r s t  forward 

c r i t i ca l  speeds of f i r s t  order. In a l l  three of the systems the second 

f i rs t -order  forward c r i t i ca l  speeds occur a t  108,500 rprn. I t  can be seen 

from the mode-shape analysis i n  F i g .  4.5(a) of Section 4.1 t h a t  a t  108,500 

rprn the main action takes place a t  the turbine end w i t h  the flywheel remain- 

i n g  inactive. 

speeds are  so far apart tha t  there is  no coupling between them. 

var ia t ions i n  flywheel parameters do not a f fec t  the forward c r i t i ca l  speed 

related to  the turbine-end action s ignif icant ly .  

Further, the f i rs t  and second f i rs t -order  forward c r i t i ca l  

T h u s ,  
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5 1 
' p f j m f t f 2  ' d f j ' p f  (rpm) 

f I Pf ' d f  tf m 
System ( l b - s 2 / i n )  ( l b - i n - s 2 )  ( l b - i n - s 2 )  ( i n )  

Table 5.1 Parameters o f  Systems A ,  8, and C and The i r  
F i r s t  F i r s t -Orde r  Forward C r i t i c a l  .Speeds 

A 0.0951 8.517 4.830 7.05 1.802 0.5671 1,038 
B 0.0576 2.036 1.648 3.45 2.970 0.8094 1,907 
C 0.0336 1.645 0.823 3.15 4.934 0.5003 14,230 

t ? 

I 4 

* 

Pf 'd f  f i l l $  
I mf 

( l b - s 2 / i n )  ( l b - i n - s 2 )  ( l b - i n - s 2 )  (rpm) 

0.0951 8.517 4.830 1,038 320 

0.08 7.165 4.063 1,133 320 

0.06 5.373 3.047 1,307 320 
0.05 4.478 2.539 1,432 320 

0.03 2.687 1.524 1,848 320 
I 

The e f f e c t  o f  vary ing f lywheel mass on t h e  f i r s t  f i r s t - o r d e r  forward 

c r i t i c a l  speed i s  summarized i n  Table 5.2. 

a r e  he ld  constant  a t  t he  same values as those o f  System A .  

Here, tf, I p f / m f t f 2 ,  and Idf/Ipf 

Not ice t h a t  s l l l  

increases as t h e  mass i s  reduced, l i k e  a single-degree-of-freedom spr ing-  

mass system, w i t h  rill$ stay ing  constant.  

I n  order  t o  study the  i n f l u e n c e  o f  Idf on t he  lowest  f i r s t - o r d e r  forward 

c r i t i c a l  speed ( S a , , ) ,  mf, Ipf, and tf were h e l d  constant a t  values corresponding 

t o  those i n  System C, and I d f / I p f  r a t i o  was var ied.  

i n  Table 5.3. Thus, i nc reas ing  I d f  i s  seen t o  b r i n g  down t h e  c r i t i c a l  speed. 

Flywheels used i n  f ixed-based a p p l i c a t i o n s  u s u a l l y  have an Idf/Ipf r a t i o  L 1. 

For f lywheel  systems o f  such r a t i o s  ( w i t h  f i x e d  parameters o f  System C), t h e  

The r e s u l t s  are presented 

/ 

second f i r s t - o r d e r  c r i t i c a l  speeds ( Q ~ ~ ) ,  are  l i s t e d  i n  Table 5.3. The c r i t i c a l  
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I d f  % 1 O 2  1 
(1 b - in - s2 )  'dfl'pf (rpm) (rpm) 

f 

+ 
0.823 0.5003 14,230 
0.987 0.6 12,400 none below 
1.151 0.7 8,851 

1.316 0.8 4,018 
1.645 1 .o 2,003 86 , 000 
1.974 1 . 2  1,503 29,480 

100,000 rpm 

speed associated w i t h  the large motions of the intermediate mass and the 

turbine s t i l l  remains a t  108,500 rpm for  a l l  the cases discussed i n  t h i s  

section unless otherwise s ta ted.  Further, unless mentioned otherwise, there 

are  no second f i r s t -order  c r i t i c a l  speeds below 100,000 rpm for  a l l  of the 

parametric cases studied here. 

L 

I Table 5.3 Effect of Flywheel Diametral Mass Moment of Iner t ia  ( Id f )  
on the Two Lowest First-Order Cri t ical  Speeds? 

In Table 5.4 the e f f ec t  of I , w i t h  m f ,  Idf, and tf held constant a t  P f 
their respective values as in System C ,  on the f i r s t  f i r s t -order  forward 

c r i t i c a l  speed is  shown. From the resu l t s  we see tha t  as I i s  increased, 

the c r i t i c a l  speed also increases. That i s ,  w i t h  the other parameters 

remaining the same, increasing I 

the system, t h u s  s t i f fen ing  the system i n  forward w h i r l i n g .  

P f 

produces a larger  gyroscopic action on P f 

What happens t o  the lowest f i r s t -order  forward c r i t i c a l  speed when the 

non-bending l eng th  (tf i n  F ig .  3.1) of the qui l l  shaf t  i s  increased? The 

answer t o  this question may be seen by inspecting Table 5.5. 

parameters a re  kept the same as those of System C except tf , w h i c h  i s  increased. 

The decrease i n  Q l l  is  explained as follows. 

Here, a l l  the 

Increasing length tf increases 
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5 1  
' d f j ' p f  (rpm) , ( l b - i n - s 2 )  I Pf I f / m f t f 2  

,- 

1 .ooo 3.0 0.8228 2,619 
1.334 4.0 0.6171 9,358 
1.645 4.934 0.5003 14,230 

: 

Table 5.4 In f l uence  o f  Flywheel Polar  Mass Moment o f  I n e r t i a  
( I p f )  on t h e  Lowest F i r s t -Orde r  C r i t i c a l  Speed* 

Table 5.5 E f f e c t  of t he  Distance ( t f )  of t he  Flywheel Center o f  Mass 
from the  Lower End o f  t he  Q u i l l  Shaft on t h e  Lowest F i r s t -  
Order Forward C r i t i c a l  Speed (System C) 

I tf 11 
n 

the  moment arm a t  which the f lywheel  force i s  a p p l i e d  and thus, makes t h e  

system more f l e x i b l e  and reduces S a , , .  

p o r t i o n s  o f  t h e  s h a f t  sect ions have been h e l d  constant. 

Note t h a t  t h e  lengths o f  t he  f l e x i b l e  

For purposes o f  comparison o f  t h e  c r i t i c a l  -speed c h a r a c t e r i s t i c s  o f  

Systems B and C, a l l  o f  t h e  forward and re t rog rade  c r i t i c a l  speeds o f  f i r s t  

and second o rde r  up t o  100,000 rpm a re  l i s t e d  i n  Tables 5.6 and 5.7, 

r e s p e c t i  ve l  y . 
A1 though each system has th ree  re t rog rade  f i r s t - o r d e r  c r i t i c a l  speeds 

and th ree  ret rograde second-order c r i t i c a l  speeds i n  t h e  range up t o  60,000 



Order F i r s t  (w/n= 1) 

Mode & Branch 1 R  1F 2R 3R 

Lumped Model 611 1,895 14,970 54,480 

Combined Model 612 1,907 17,000 56,140 
i 

- 
Second ( d n  = 2) 

1R 1F 2R 2F 3R 3F 4R 4F 

347 535 7,740 10,230 30,530 42,500 61,530 62,160 

348 536 8,790 11,600 31,400 43,370 70,310 71,170 

m 
0 

F i r s t  ( @ / a =  1) 

1R 1F 2R 3R 

765 12,540 18,980 54,490 

766 14,230 21,530 56,160 

Order 

Mode & Branch 

i 

Second, LW/Q = 2) 

1 R  1F 2R 2F 3R 3F 4R 
452 1,000 9,814 38,640 30,540 42,580 62,010 

453 1,002 11,130 41,620 31,420 ‘44,390 70,910 

Lumped Model 
Combined Model 

J 
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rpm, these should n o t  cause any ser ious problems i n  s p i n  tes t i ng* .  

each system has th ree  forward second-order c r i t i c a l  speeds i n  t h e  range up 

t o  60,000 rpm. 

e x c i t e  such c r i t i c a l  speeds unless the  systems were operated w i t h  the  sha f t s  

h o r i z o n t a l  i ns tead  of v e r t i c a l .  

to le rances  a re  reasonably c lose  t o  ensure axisymmetric s t i f f n e s s  o f  the  

sha f t s .  ) 

Also, 

However, t h e r e  should n o t  be much e x c i t a t i o n  a v a i l a b l e  t o  

(We a re  assuming t h a t  the  s h a f t  out-of-round 

As p rev ious l y  mentioned on page 33, r o t a t i n g  machinery w i t h  a h o r i z o n t a l  

a x i s  o f  r o t a t i o n  has a double-frequency e x c i t a t i o n  source i n  t h e  form o f  

g r a v i t y  force. 

v e r t i c a l  c a n t i l e v e r  fashion from above, g r a v i t y  a l s o  has an e f f e c t ,  b u t  i t  

i s  a steady e f f e c t  i n  the  form of a r e s t o r i n g  ac t i on .  Thus, i t  i s  equiva- 

l e n t  t o  s t i f f e n i n g  o f  t he  f lywheel s h a f t  and tends t o  inc rease the  f i r s t -  

o rde r  forward c r i t i c a l  speeds. Since t h i s  g r a v i t y  e f fec t  has n o t  been 

t r e a t e d  i n  the  l i t e r a t u r e ,  except f o r  s imple single-mass systems, t h i s  

e f f e c t  i s  i n v e s t i g a t e d  i n  d e t a i l  i n  Appendix D . l .  

I n  pendulously supported flywheels, i .e. ,  those supported i n  

A b r i e f  ana lys i s  which shows t h a t  t he  e f f e c t  o f  steady app l i ed  torque 

i s  n e g l i g i b l e  f o r  f l ywhee ls  i n  s p i n  t e s t i n g  i s  contained i n  Appendix D.2. 

W i t h i n  the  c o n s t r a i n t s  o f  t h e  model and t h e  ac tua l  s p i n  t e s t  f a c i l i t y ,  

two o t h e r  parameters were v a r i e d  independently f o r  Systems A and B. 

parameter was t h e  f l e x i b l e  shaf t  l e n g t h  L ,  between the  f l ywhee l  and the  end 

o f  t he  damper nearest  t h e  f l ywhee l  (see Fig. 3.1). The o t h e r  parameter was 

t h e  lower turb ine-bear ing s p r i n g  constant  K S a .  

One 

The two lowest  f i r s t - o r d e r  

x 
See Sect ion  5.3 f o r  a d iscuss ion  o f  t he  forced-response c h a r a c t e r i s t i c s  

o f  re t rog rade  modes. 
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L 1  (changed % 1 %l n2 1 
Sys tem from 0.7455 i n . )  ( rpm) ( rpm 1 (rpm) 

A 3.746 in. 1,038 286 85,650 
B 3.746 i n .  1,907 502 85,650 

7 

c r i t i c a l  speeds associated w i t h  these changes a re  presented i n  Tables 5.8 

Original * W i t h  Decreased K,, 

% 1 al  1 n2 1 
2 x 106 lb / in . )  (rpm) (rpm) (rpm) 

KS, (changed from 

System A 2 x lo2 lb/ in .  1,038 44 1 4,822 
System B 2 x l o2  lb/ in .  1,907 653 4,720 

and 5.9, respectively. 

Table 5.8 Effect of a 3.00-Inch Increase i n  Flexible Length L, on the Two 
Lowest First-Order Cri t ical  Speeds (KS, = 2 x 106 lb / in . )  

I 
Ori g i nal * - With Increased L L  

* 
See footnote fo r  Table 5.9. 

In studying the e f f ec t  of decreasing the lower-bearing s p r i n g  constant, 

i t  was observed tha t  the f i r s t -order  c r i t i c a l  speeds related to  the turbine- 

end action fo r  Systems A and B were lowered t o  106,800 rpm and 104,000 rpm, 

respectively. 

are  t o  decrease the c r i t i c a l  speeds. 

be found  i n  Section 5.3. 

Notice t h a t  the e f fec ts  of increasing L1  and  decreasing K,, 

More discussions on these ef fec ts  can 

The following questions may a r i s e  i n  the reader 's  mind. Can the systems 
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A 
B 
C 

( A ,  B, and C) we have s tud ied  so f a r  be s i m p l i f i e d  f u r t h e r  fo r  eas ie r  ana lys is?  

Is t he re  a f a s t e r  way t o  compute the  c r i t i c a l  speeds than by the  analyses pre-  

sented i n  t h i s  r e p o r t ?  Consider t h e  lumped ana lys i s  presented i n  [ll] f o r  a 

pendulously supported f lywheel  system w i t h  two degrees of freedom ( f l ywhee l  d i s -  

placement and f lywheel  t i l t ) .  I n  o rder  t o  apply  t h i s  ana lys i s  t o  systems A ,  B, 

and C, one must modify these systems such t h a t  the  flywheel i s  supported pendu- 

l o u s l y  f rom the  damper end nearest  i t .  

used i s  L 1  (see F ig .  3.1).  

the r o t a t i o n a l  speed i s  s e t  equal t o  the w h i r l i n g  frequency and t o  ob ta in  the  

re t rograde f i r s t - o r d e r  c r i t i c a l  speeds, the  w h i r l i n g  frequency i s  s e t  equal t o  

the negat ive  o f  the  r o t a t i o n a l  speed. 

Table 5.10 Comparison o f  P red ic t i ons  on F i rs t -Order  C r i t i c a l  Speeds (rpm) by 
Analys is  o f  [ll] and the  More Ref ined Seven-Degree-of-Freedom 
Lumped Analys is  o f  t h i s  Report 

Thus, t he  f l e x i b l e  s h a f t  l eng th  t o  be 

To o b t a i n  the  f i r s t - o r d e r  forward c r i t i c a l  speeds, 

The r e s u l t s  a re  presented i n  Table 5.10. 

1,038 1,027 30 1 301 23,110 12,450 
1,919 1,895 61 1 61 1 27,890 14,970 

23,170 12,540 765 765 35,620 18,980 

1 System I 1F[11] 1 F* 1R[11] 1 R* 2R[11] 2R* 1 

L I 4 
Calcu la ted  us ing  the  seven degree-of-freedom lumped model * 

Notice tha t  the agreement is very good fo r  the f i r s t  retrograde ( 1 R )  

c r i t i c a l  speeds. The numbers a r e  reasonably c lose  f o r  1F o f  systems A and B. 

The r e f i n e d  model p r e d i c t s  coup l ing  of t he  f lywheel  motion, t o  a smal l  ex ten t  

(systems A and B )  o r  t o  a l a r g e  ex ten t  (system C), w i t h  the  movements o f  the  

r e s t  o f  t he  masses i n  the model. Thus, t he  r e f i n e d  model i s  always s o f t e r  

than the s i m p l i f i e d  model. As the  e x t e n t  o f  coup l ing  increases, t he  d i f f e r e n c e  

i n  the  c r i t i c a l - s p e e d  p r e d i c t i o n s  can be seen t o  increase. 

a re  more than two degrees of freedom i n  the  f lywheel  system, t h e  s i m p l i f i e d  

two-degree-of-freedom model o f  [ll] should be used w i t h  cau t ion  f o r  c r i t i c a l -  

speed p r e d i c t i o n s .  

Thus, when the re  
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External Damping cd , 1 b-sec/i n .  

0 1 5 10 
Limit f 

Lower l imi t  of i n s t ab i l i t y  1,895 1,895 1,895 1,895 
band, rpm 

Upper 1 imi t o f  i nstabi 1 i t y  W A t  l e a s t  5,830 4,575 
band, rprn 100,000 

r 

5.2 Ins tab i l i tv  Limits 

Limit 

Lower l imi t  of i n s t a b i l i t y  
band, rprn 

Upper 1 imi t of i nstabi 1 i t y  
band, rprn 

For purposes of comparison, Tables 5.11 and 5.12 present the upper and 

External Damping Cd, lb-sec/in. 

0 1 5 I 10 

12,530 12,530 
Stable a t  
a l l  speeds 

W 15,540 

J 

lower i n s t a b i l i t y  l imi t s  f o r  Systems B and C (see Table 4.3 f o r  System A ) .  

Table 5.11 Effect of External Damping Coefficient on the Upper and Lower 
Limits o f  the Unstable Region fo r  the First Forward Branch* 
of  System B 

I t  i s  noted tha t  System C is more responsive t o  an increase i n  external 

However, a l l  three systems a re  s t ab le  w i t h  a damping than is  System A or  B.  

damping coefficient of 5 lb-sec/in. f o r  speeds over 5,830 rprn (19.4% of a 

maximum operating speed of 30,000 rprn). 
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5.3 Forced W h i r l i n g  Response o f  Forward Branches 

The e f f e c t s  o f  i nc reas ing  the  lowest f i r s t - o r d e r  forward c r i t i c a l  speed 

t o  h ighe r  values on forced w h i r l i n g  response a r e  shown i n  F igs .  5.1 t o  5.3. 

I n  Figs.  5.1 and 5.2, the  forced response o f  System C ( t f  = 3.15 i n . )  f o r  

cd  values o f  0 and 10 lb -sec / in .  a re  presented. 

response near 14,230 rpm i s  d iminished by the  a d d i t i o n  o f  ex te rna l  viscous 

damping. 

resonance occurs a t  1,280 rpm. It was found t h a t  adding ex te rna l  viscous 

damping (cd  = 10 l b -sec / i n . )  does n o t  a l t e r  t he  response s i g n i f i c a n t l y  a t  

a l l .  Furthermore, t h e  mode shape a t  14,230 rpm f o r  the lowest  forward branch 

showed a l a r g e r  damper movement than t h a t  a t  1,280 rpm. Comparing F igs .  5.1, 

5.2, and 5.3, we see t h a t  a t  sma l le r  resonance speeds the  responses a re  sharper 

than those a t  h ighe r  resonance speeds. Thus, smal le r  iowest  f i r s t - o r d e r  

c r i t i c a l  speeds can be e a s i l y  passed through, even though the  damper i s  

i n e f f e c t i v e .  

enough t o  minimize t h e  response i s  u s u a l l y  compensated f o r  by the  increased 

Note t h a t  t he  resonance 

F igu re  5.3 i s  t he  response o f  System C w i t h  tf = 7.05 i n . ;  t h e  

A t  h ighe r  resonance speeds, t h e  i n a b i l i t y  t o  pass through f a s t  

e f fec t i veness  o f  t he  damper. 

The e f fec t i veness  o f  a damper ( i n  a t t e n u a t i n g  fo rced  w h i r l i n g  

responses and he lp ing  i n  s t a b i l i t y )  a t  a c r i t i c a l  speed can be b e t t e r  under- 

stood by s tudy ing  t h e  mode shapes a t  t h a t  c r i t i c a l  speed. 

Fig.  4.5(b) o f  Sec t ion  4 which shows t h e  mode shapes a t  var ious  c r i t i c a l  

speeds o f  t h e  second order.  

has r e l a t i v e l y  l a r g e  movements o n l y  a t  t h e  second and f o u r t h  c r i t i c a l  speeds. 

Hence, a l l  l a r g e  motions i n  t h e  system a r e  l i k e l y  t o  g e t  dampened a t  these 

c r i t i c a l  speeds. 

For example, see 

From these mode shapes we see t h a t  t h e  damper 

Thus, a damper need no t  be e f f e c t i v e  a t  a l l  c r i t i c a l  speeds. 
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Forced w h i r l i n g  responses were obta ined f o r  the  cases when L 1  and KS, 

Increas ing L 1  lowered s a l l  (see Table 5.8), a t  were changed independent ly.  

which o n l y  the  flywheel had l a r g e  displacements, and brought i n  a second 

c r i t i c a l  speed 6221 < 100,000 rpm i n  which the  damper was the  component 

having the  most displacement. 

bear ing  sp r ing  constant  KS, (see Table 5.9) a l so  brought down s a l l  and 

in t roduced R~~ w i t h i n  the  opera t ing  range o f  the  system. 

c u l a r  parametr ic  study, i t  was observed t h a t  there  was an a c t i v e  

p a r t i c i p a t i o n  L- o f  the  damper i n  the  f i r s t  c r i t i c a l  speed which at tenuated 

a l l  of t he  system's responses. However, i t  was no t i ced  t h a t  a t  O~~ t he re  

was a l a r g e  mot ion o f  t he  in te rmed ia te  mass and the  damper was r e l a t i v e l y  

i n a c t i  ve . 
5.4 Forced Wh i r l i ng  Analys is  o f  Retrograde Branches 

I n  a l l  o f  t he  fo rced v i b r a t i o n a l  analyses fo r  s teady-state response, 

D r a s t i c a l l y  decreasing the  lower tu rb ine -  

I n  t h i s  p a r t i -  

we assumed t h a t  t he  response has the  same frequency as the  f o r c i n g  f u n c t i o n  

(see sec t ions  2.4 and 3.3). Hence, a f o r c i n g  func t ion  o f  a frequency a a ,  o r  

o f  t he  form eiQt (due t o  mass e c c e n t r i c i t y  and i n i t i a l  t i l t ) , a l o n e  cannot 

induce a re t rograde response of t he  form e 

f o r c i n g  func t i ons  t h a t  might  induce a re t rograde response. 

asymmetry o f  t he  bear ings and shaf ts ,  and load  torque ( n o t  d r i v i n g  torque) .  

The ana lys i s  presented i n  t h i s  r e p o r t  can o n l y  p r e d i c t  f o rced  w h i r l i n g  responses 

f o r  a synchronous forward w h i r l i n g  ( n = + l ) .  

undergoes s t r e s s  c y c l i n g  which b r i n g s  i n  the  m a t e r i a l  damping a c t i o n  (see 

sec t i on  4.2). 

v iscous damping, we a l so  have i n t e r n a l  ma te r ia l  damping which i s  o f  a he lp fu l  

na ture  when n i s  negat ive.  Thus, t he  fo rced response o f  a re t rograde branch 

i s  very d i f f i c u l t  t o  observe exper imenta l l y  p,11,36]. 

[7,8). There a r e  var ious  o the r  -isat 

These inc lude  

Note t h a t  when n f  +1, t he  s h a f t  

Thus, f o r  fo rced re t rograde w h i r l i n g ,  i n  a d d i t i o n  t o  ex terna l  
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6.  CONCLUSIONS 

I n  t h i s  r e p o r t  t h e  system ana lys is  o f  t h e  s p i n  t e s t  f a c i l i t y  a t  Oak 

Ridge f o r  th ree  d i f f e r e n t  f lywheel  systems was described. Two l i n e a r  

models, a lumped-parameter model and a combined lumped- and d i s t r i b u t e d -  

parameter model , were used f o r  the  system analys is .  

wheel and t u r b i n e  s h a f t  dynamics were inc luded i n  t h e  formulat ion.  

w h i r l i n g  and fo rced w h i r l i n g  analyses were performed us ing both o f  the  models. 

S t a b i l i t y  was s tud ied  us ing  t h e  lumped-parameter model on ly .  

emphasized t h a t  a l l  o f  t h e  s o l u t i o n s  were exact  and no o ther  approximations 

than s u i t a b l e  engineer ing assumptions were used. 

The a i r - t u r b i n e - d r i v e  

Free 

It should be 

C r i t i c a l  Speeds and Mode Shapes: For a l l  t h e  f lywheel  systems, t h e  

c r i t i c a l  speeds pred ic ted  by t h e  combined model were h igher  than those from 

t h e  lumped model. 

i n  t h e  lumped model, i s  t o  increase the  apparent s t i f f n e s s  o f  t h e  system. 

ef fect  i s  pronounced a t  l a r g e r  r o t a t i o n a l  speeds and h igher  modes o f  v i b r a t i o n  

( o n l y  t h e  lowest  f o u r  modes were considered f o r  comparison). 

Thus, t h e  e f f e c t  of t h e  d i s t r i b u t e d  mass, which was neglected 

This  

The mode shapes 

from t h e  combined model showed t h e  r e l a t i v e  motions o f  a l l  p o i n t s  on t h e  f l e x i -  

b l e  s h a f t  por t ions ,  whereas, i n  c o n t r a s t  t h e  lumped model p red ic ted  o n l y  t h e  

r e l a t i v e  motions o f  t h e  lumped masses which approximate t h e  ac tua l  system. 

The simp1 i f  i e d  a n a l y s i s  o f  [ll] , fo r  a pendulously supported f lywheel  

system w i t h  two degrees o f  freedom for  t h e  f lywheel, was app l ied  t o  p r e d i c t  

t h e  c r i t i c a l  speeds o f  Systems A ,  B, and C.  It was shown t h a t  t h e  r e s u l t s  o f  

c r i t i c a l  speeds from t h e  seven-degree-of-freedom model o f  t h i s  r e p o r t  and those 

pred ic ted  w i t h  t h e  model o f  [ll] di f fe red  from one another by var ious amounts. 

The e x t e n t  o f  d i f f e r e n c e  depended on t h e  coup l ing  of f lywheel  mot ion w i t h  the  

. 



61 

r e s t  o f  the masses i n  the system. 

degree-of-freedom model p red ic ted  lower c r i t i c a l  speeds d i f f e r i n g  by as much 

as 46% ( f o r  System C) from those a r r i v e d  a t  by [ll] f o r  the  lowest  forward 

c r i t i c a l  speed. 

t o  p r e d i c t  c r i t i c a l  speeds i n  a s p i n - t e s t  f a c i l i t y .  

I n  cases having coupl ing,  the  seven- 

Thus, the ana lys i s  o f  [ll] cannot always be used success fu l l y  

The e f fec ts  of  f lywheel dead weight  and app l i ed  torque on n l l  ( t h e  lowest  

f i r s t - o r d e r  forward c r i t i c a l  speed) f o r  the  pendulously supported f l ywhee l  

were a l s o  s t u d i e d  (see Appendix D ) .  It was shown t h a t  neg lec t i ng  f lywheel  

dead weight  in t roduced an e r r o r  o f  l e s s  than 1% i n  t h e  c a l c u l a t i o n  o f  n l l .  

Neglec t ing  the  d r i v e  torque r e s u l t e d  i n  an e r r o r  of o n l y  about 40 p a r t s  i n  

l o 9  i n  the  de terminat ion  o f  S a l l .  

S t a b i l i t y :  I t  was shown t h a t  a l l  re t rograde branches a r e  s t a b l e  under 

h y s t e r e t i c  ma te r ia l  damping o f  t he  sha f t .  For a l l  t he  th ree  f lywheel  systems, 

on l y  the  f i r s t  ( lowest )  forward branch becomes unstable beyond the  lowest  

f i r s t - o r d e r  c r i t i c a l  speed i n  the  presence o f  i n t e r n a l  ma te r ia l  damping. 

Wi th no ex te rna l  v iscous damping t h e  i n s t a b i l i t y  extends w i t h o u t  1 i m i  t. When 

ex te rna l  v iscous damping i s  int roduced, the i n s t a b i l i t y  extends up t o  a 

f i n i t e  upper l i m i t  which decreases w i t h  inc reas ing  ex terna l  damping. Wi th 

s u i t a b l e  ex te rna l  v iscous damping, t h i s  i n s t a b i l i t y  could be removed a l toge the r .  

Forced Whi r l ing :  The forced responses, due t o  mass e c c e n t r i c i t y  and 

i n i t i a l  tilt, p red ic ted  by bo th  models a r e  i n  c lose  agreement. It was no t i ced  

t h a t  the  damper was i n e f f e c t i v e  i n  Systems A and B. 

systems have the  lowest  f i r s t - o r d e r  c r i t i c a l  speeds l e s s  than 2,000 rpm, a t  

which speed t h e  damper movement i s  n e g l i g i b l e .  

o rder  c r i t i c a l  speed i s  pred ic ted  t o  occur a t  a much h igher  speed, around 

14,200 rpm (combined model) , where the  damper displacement i s  s i g n i f i c a n t .  

Th is  i s  because these 

For System C, t he  lowest  f i r s t -  
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Thus, t h e  damper i s  more e f f e c t i v e  f o r  t h i s  system. 

t h a t  responses were l a r g e r  when t h e  lowest  f i r s t - o r d e r  c r i t i c a l  speed 

s h i f t e d  i n t o  h igher  running-speed regions. 

It was a l s o  observed 

It was found t h a t  t h e  best  way t o  p r e d i c t  t h e  ef fect iveness o f  the  damper 

i s  t o  look  a t  the  mode shapes o f  the  system a t  var ious c r i t i c a l  speeds. 

fo rced responses a t  t h e  c r i t i c a l  speeds which had associated mode shapes w i t h  

r e l a t i v e l y  1 arger  damper movements were at tenuated e f f e c t i v e l y  by t h e  damper. 

It a l s o  was noted t h a t  mass e c c e n t r i c i t y ,  i n i t i a l  tilt, o r  a combination o f  

them cannot e x c i t e  re t rograde w h i r l i n g .  

by o ther  means can be expected t o  be of a m i l d e r  nature than t h a t  o f  forward 

w h i r l i n g .  This  i s  expla ined as f o l l o w s :  I n  a d d i t i o n  t o  the  ex terna l  viscous 

damping, t h e  i n t e r n a l  m a t e r i a l  damping p a r t i c i p a t e s  i n  absorpt ion o f  energy 

i n p u t  by m a t e r i a l  s t r e s s  hys teres is .  

The 

A re t rograde w h i r l i n g  response e x c i t e d  

Parametric Studies:  The e f f e c t s  o f  var ious f lywheel  parameters 

hf, Ipf’ Idf, and t f )  on t h e  lowest f i r s t - o r d e r  forward c r i t i c a l  speeds ( f i l l )  

were inves t iga ted .  

When I 

Decreasing mf increased f i l l  w i t h  f i l l %  remaining constant.  

was increased, n l l  increased also,  due t o  t h e  l a r g e r  gyroscopic 
P f 

a c t i o n  o f  the  f lywheel .  

and t h a t  increases i n  tf made t h e  system s o f t e r  ( f i l l  decreased). A f o u r - f o l d  

increase i n  L 1  ( t h e  f l e x i b l e  l e n g t h  o f  t h e  shaf t  between t h e  f lywheel  and t h e  

damper end nearest  it) was observed t o  cause a drop i n  c r i t i c a l  speed o l l  (72% 

drop f o r  System A and 74% f o r  System B ) .  

caused a second c r i t i c a l  speed fi21 of f i r s t  o rder  ( i n  t h e  r e g i o n  o f  86,OOQ rpm 

f o r  both systems) t o  occur w i t h i n  100,000 rpm. 

i n  Ks, ( t h e  lower turb ine-bear ing spr ing  constant )  a l s o  brought down f i l l  

It was found t h a t  fill increased w i t h  decreasing Idf 

However, t h i s  increase i n  l e n g t h  L 1  

A ten-thousand-fold decrease 

. 



63 

( a  decrease of 58% and 66% for  Systems A and B ,  respectively) and introduced 

a second c r i t i c a l  speed ~~1 ( i n  the region o f  4,800 rpm for both systems). 

Unlike the previous cases i n  the parametric s t u d y ,  a drast ic  reduction i n  KsE 

made the damper effective a t  n l l  b u t  n o t  a t  n21. 

t h i s  particular case turned o u t  to  be a mode related to  the intermediate mass, 

which is  connected direct ly  to  the lower turbine-bearing spring. 

The c r i t i ca l  speed R~~ for  

c 
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APPENDIX A - DETAILED DERIVATIONS FOR 

LUMPED-PARAMETER MODEL 

A . l  D e r i v a t i o n  o f  Compliance C o e f f i c i e n t s  

The Oak Ridge Nat ional  Labora tory 's  f lywheel  system i s  modeled as 

shown i n  Fig.2.1. The lumped masses a re  shown i n  cross-hatched l i n e s .  The 

dimensions t h a t  have been used i n  the  d e r i v a t i o n  are  marked i n  F ig .  2.1. A 

p o s i t i v e  system o f  genera l ized fo rces  i s  presented i n  F ig .  2 .2(a) .  

bear ings a re  represented as spr ings.  

4f, rd, od, ri, @i, r 

d e r i v a t i o n .  From s t a t i c s ,  

The 

A l l  e i g h t  degrees o f  freedom ( r f ,  

a r e  assumed t o  be present  i n  the  f o l l o w i n g  T 
4,) t ' 

R 1  = F ( 1  + -t-) t t Fi( l  - -) t F d ( l  - -) a 2  + F f ( l  - -) a 3  
t a4 a4 a4 a4 

where 

a l  = a 3  + t3  

a2 = R + td b 

a 3  = 2 + tf 
9 

a4 = R 3  + ts 

A p o s i t i v e  system o f  shear fo rces  and bending moments i s  shown i n  F ig .  

2.2(b). The shear- force and bending-moment v a r i a t i o n s  i n  the  s h a f t  ( f l e x i b l e )  

por t ions ,  from s t a t i c s ,  a re  
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R < Z < R  a -  - b 

c -  - g R < Z < R  

The total  potential energy U of the system, including the energy in the 

springs, i s  given as follows: 

where Ksu and KS, are the upper and lower bearing spring constants. 

Castigliano's l ea s t  work theorem 

BY 

J where j = f , d , i , t  

(A-4) 

( A - 5 )  
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n 

etc .  

compl i ances : 

Therefore, us ing  equat ions (A-1 ) - (A-5), we d e r i v e  the  f o l l o w i n g  

"3 - 1 
- 

3 all = AA ( 1  - 
a4 

a 2  a 2  + -(1 1 - 2) -4- J-y) 
KS" a4 KS% 

1 a 3  
a 

3 ( 1  - - )  + -  1 - -  
KS"a4 a4 Ksg a42 

a a  1 a2 a 3  1 2 3  a }  + - (1 - -)(l - -) + - 
II; - E3 

3 KSu a4 a4  KS& 2- 4- 

a 3  - a 3  1 a 3  ( 1  - - )  t -  1 - 1 
a16 - - - ( 1  - -) AA - - 

su a 4  KSE c a4 a4 K 
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1 t t a 3  1 tt 3 (1  -3) 3 t - (1 t - ) ( 1 - - )  - - 
a 4  a 4  E1 3 a 4  Ksu a 4  a 4  Ks, 3- 

a a $ 2  a - tt (1-3) A A -  - "17 - - 

1 z +  'b - 'a 
E12 Ksua4 Kska42 

a24 = 

1 1 1 ( 1  --) AA - - - - a 2 5  - - - 
a 4  a 4  K s u a 4  

- 1 -  1 1 
a 2 6  - 7 AA t t 

a 4  KSua4 Ks'a42 

- p tt - AA + -- tt '32 - - 1 ( l t y )  tt - - 1 tt 
a4E13 2 Ksua4 4 Ks' v "27 = 

4 

1 -  1 '32 2 t  1 a 2 8  = a2 AA - -- 
4 3 Ksua4 KsRa4a 

1 a 2 2 1 a 2 2  

Ksu a 4  K2 a 4  
t - (1 --) t - (-) 



73 

1 a1a2  
2 

a l  

a 4  Ks‘ a 4  

a 1 a a - 
“35 - (1 -$l -4 AA t - (1 -$)(I --) t - 

4 a 4  KS u 4 

a 1 1 1 2  - - 
KSua4 

tt ( l - $ ) r n - -  1 ( 1  ---)(1 2 t-) tt - - 1 t t a 2  a a 23’ 
+ -  

KS, a42 
(1 -$) - 

4 4 3 4 KSu 4 a 4  

tt 
a 

“37 = a 

a 
1 2  

a 
( 1  -f) t - 1 a ~ 3 2  1 (1 -$) - - - 

a 1 

4 4 

1 -  ‘b- ‘a + 2 t  1 
E12 KSua4 KSka42 

“44 = p AA + 

4 

a46 = “26 

2 a l  a 2  1 1 a 2  1 1 
(1- - )  +-(--) “ 5 5  = ( 1  --) m+ - 

su a 4  KSk a 4  
K a 4  

1 AA - - 1 
4 KsUa4 

t tt a a: 1 1 (1-2) - + - (1 - - ) ( I + - )  - - - -  
- tt a l  tt (1 --) AA - - 

a 4  3 a 4  KSu a 4  a 4  Ksk a i  

(1  -a) t - 
- 1 a l  - .-1 a l  k32 1 

a 
a 5 7  - - 

a 4  

1 a l  (1 --) AA t - ( 1  --) - - - “58 - - - 
a 4  a 4  E1 3 a 4  KSua4 4 KSk v 
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"67 = "27 

"68 = "28 

1 )  - -  - tt - v 3  R 3  AA t - (a- "78 - - 
4 E13 4 4 

1 -  1 1 "88 = p w  
4 KsUa42 sa 4 

where 

Further, the compliance matrix is symmetric. 

A.2 Derivation of an Equivalent Sha f t  f o r  the Stepped Turbine S h a f t  

The forces and moment acting on the turbine and i t s  shaf t  are  as 

shown in Fig. A l .  The turbine shaf t  i s  assumed t o  be pinned a t  the 

locations marked by x.  From s t a t i c s ,  

F o ( t t  + R 3 )  - Mo 
R 1  = 

2 3  

(A-7)  

(A-8) 
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,>- 

e 

Fig. Al. Dimensioned stepped turbine shaf t  f o r  which an  
equivalent shaf t  with a uniform outside diameter 
i s  determined (see Fig. B l (b ) ) .  

The s t r a i  n energy U* i s g iven  by 

Let ro denote the deflection of turbine center of mass; then 

(A-9) 

S u b s t i t u t i n g  equations ( A - 8 )  into equation (A-10) and carrying the 

integrations over the three shaf t  portions I ,  11, and 111, one obtains 

(A-11) ro - - a; lFo + a;2Mo 

. . 



where 

ai2 = - tt e 

Let so be the rotation of the turbine wheel. Then, 

Using equations (A-8) , one obtains 
- 

= a' F '+ a 1  M 
$0 12 0 22 0 

(A-1 2) 

( A-1 3) 

(A-1 4) 

where ab2 = 8. 

The equivalent uniform shaft is defined so that the same generalized 

displacements are produced by the same force and moment system as in the 

actual shaft. 

of inertia of the cross section, and shear factor, respectively, of the 

equivalent uniform shaft. Then 

Let A,, I,, and K, be the cross-sectional area, area moment 

t 

where 

(A-1 6) 
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* 
e = e  (A-1 7) 

From scaled drawing, t h e  dimensions d ; ,  d;, d;, ki, e ; ,  and L; 

(F ig .  A l )  were determined. 

stepped-shaft  p o r t i o n  from t h e  fo l l ow ing  formula 

The shear f a c t o r s  were determined f o r  each 

6 ( 1 + u ) ( l  t m 2 ) 2  
( 7 + 6 v ) ( l  +m2)2+ ( 2 0 t  12u)mZ K =  (A-18) 

where u i s  t he  Poisson's r a t i o  f o r  t he  m a t e r i a l  and rn i s  t h e  r a t i o  o f  t h e  

i nne r  diameter t o  ou te r  diameter. 

From ca lcu la t i ons ,  

e = 1.9146 x r a d i a n s / i n - l b  

Assuming t h a t  t h e  i nne r  diameter di i s  the same f o r  t h e  equ iva len t  s h a f t  

and t h a t  

2 
6(1 t v ) ( l  t i 2 )  K, = 

( 7  t 6 v ) ( l  t i2) '  + (20+  12u)m2 

where do i s  t he  o u t e r  diameter o f  t h e  equ iva len t  s h a f t  and i = di/do, we 

a r r i v e  a t  t h e  f o l l o w i n g  equation, which i s  de r i ved  from equat ion (A-17) 

BY 

(1.1299(1 +in)* + 3.0396 i2>] = 1.9146 c52.7657 0.471 2 

( 6 4  - 1) (I? - l ) ( &  1 )  

t r i a l  and e r ro r ,  m = 2.3599. Since di = 0.3175 in . ,  do = 0.7493 i n .  
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A.3 Summary of Data Used i n  Lumped-Parameter Model 

Table A-1 . Data Used f o r  Lumped-Parameter Model of the 
Oak Ridge System (see F ig .  2 .1)  

Lengths ga 2.978 i n .  
3.658 i n .  
7.324 i n .  
8.070 i n .  

R 3  2.127 i n .  
Lac (see F i g .  B 1 )  3.597 i n .  

'b 
R C  

9 
R 

tt 
t 3  

0.894 i n .  
0.435 i n .  
0.243 in. I ts 

td 
tf: 

System A 7.05 i n .  
System B 3.45 i n .  
System C 3.15 i n .  

a1 
a2 

a 3  

a 4  
Diameter of shaf t  1 
Diameter of shaf t  2 
Equivalent uniform outer diameter 

Inner diameter of turbine shaf t  ( d i )  
Young's modulus of shaf t  material ( E )  
Shear modulus of shaf t  material ( G )  
Specific weight  of shaf t  material 
Loss tangent of shaf t  material (ys)  

Shear correction factor  for shaf t  1 ( K 1 )  
and shaf t  2 ( K 2 )  

Shear correction factor  for the 
equivalent turbine shaft  ( K t )  

I 
o f  turbine shaf t  (do)  

1.833 i n .  

2.562 i n .  
5.491 i n .  

15.120 i n .  
2.37 in. 

0.3125 i n .  
0.3125 i n .  

0.7493 i n .  
0.3175 i n .  

2 9 . 5 ~ 1 0 ~  psi 
1 1 . 5 ~  lo6 psi 

0.005 
0.283 l b / i n ?  

0.885 

0.657 
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Table A-1 (Cont’d) 

Shear correction factor for the equivalent 

Mass of turbine wheel (mt) 
Diametral mass moment of inertia of 

turbine wheel (Idt) 
Polar mass moment o f  inertia of turbine 

wheel (Ipt) 
Mass of intermediate mass (mi) 
Diametral mass moment of inertia of 

intermediate mass (Idi) 
Polar mass moment of inertia of 

intermediate mass (Ipi) 
Mass of damper (md) 
Mass of flywheel (mf): 

quill shaft within the turbine shaft ( K  ) eq 

System A 
System B 
System C 

0.885 
0.00479 lb-s2/in. 

0.00340 lb-in-s2 

0.00628 lb-in-s2 
0.000202 lb-s2/in. 

1.798~ lo-’ lb-in-s2 

1.15~ lb-in-s2 
0.00300 lb-s2/in. 

0.0951 lb-s2/in. 
0.0576 lb-s2/in. 
0.0336 lb-s2/in. 

Diametral mass moment of inertia o f  flywheel (Idf): 
System A 4.83 lb- 
System B 1.648 lb- 
System C 0.823 lb- 

Polar mass moment of inertia of flywheel (Ipf): 
System A 8.517 lb- 
Svstem B 2.036 lb- 

n-s2 
n-s2 
n-s2 

n-s2 
n-s2 

Sjrstem c 1.645 1 b-in-s2 
Upper and lower bearing spring constants* 

External viscous damping coefficient (Cd) , 
2 x 1 0 6  Ib/in. each 

0,1,5, and 10 lb-s/in. 

K S J  

values used 

* 
Since the experimental values of the ball-bearing stiffnesses were not 

available, they were assumed, based on [46]. 
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APPENDIX B - DERIVATIONS RELATED TO THE COMBINED MODEL 

B . l  T u r b i n e  and Flywheel Shaft Modeling 

The experimental set-up i s  simplified to  the system shown in F i g .  3.1. 

Note tha t  there are  three shaf t  portions between discontinuities.  The cross- 

hatched portions are  assumed to  be rigid masses. 

to  t i l t  because of constructional de ta i l s  and narrow clearances. Also, notice 

t h a t  the turbine shaft  end i s  clamped over a portion of the flywheel s h a f t .  

Furthermore, the actual turbine-flywheel shaf t  connection, F i g .  B1 ( a ) ,  has 

been modified, F i g .  B1 ( b ) ,  by sui table  transformation of flywheel shaf t  

dimensions w i t h i n  the turbine shaf t .  I t  i s  assumed tha t  the transformed 

flywheel shaf t  w i t h i n  the turbine shaf t  and the turbine shaf t  i t s e l f  ac t  as 

some equivalent single shaf t .  

shaf t  portions from four t o  three, thereby saving computational time and any 

appreciable error  from this modification is  assumed to  enter only a t  very 

h i g h  rotational speeds. 

The damper is  assumed not 

T h i s  transformation reduces the number of 

B.2 Governing Differential Equation for a Whirling Shaft and the Solution Form 

In the analysis,  forces, moments, displacements and  small rotations are 

positive i f  they p o i n t  along the positive coordinate axis when treated as 

vectors. 

Consider a shaf t  element of l e n g t h  ' d z '  as  shown i n  F ig .  B2. Here, 

i s  an iner t ia l  reference frame, and xyz i s  a reference frame attached xo~ozo  
to  the shaf t  center such tha t  i t  t i l t s  w i t h  the shaf t  as  i t  deflects (as  shown) 

b u t  does not change i t s  orientation as the shaf t  rotates.  

.- 

The projections of the shaf t  element on xozo and yozo planes w i t h  forces 

and moments acting on i t  a re  shown i n  Figs.  B3 and B4. 
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F ig.  Bi. Modeling o f  t u r b i n e  wheel, t u r b i n e  sha f t ,  and f lywheel  s h a f t  w i t h i n  
t h e  t u r b i n e  shaft :  (a )  ac tua l  system ( b )  assumed model. 
A.2 f o r  d e r i v a t i o n  o f  t h e  ou te r  diameter o f  an equ iva len t  s h a f t  f o r  
t h e  stepped t u r b i n e  s h a f t .  
s h a f t  (which i s  i n s i d e  t h e  t u r b i n e  s h a f t )  diameter t h e  r e l a t i o n  
EIa,/L$c = E 1  /L!j i s  used. 

See Appendix 

To determine t h e  equ iva len t  f lywheel  

eq 

t 
zO 

Fig.  52. A t y p i c a l  w h i r l i n g  s h a f t  e l  ement . 



z 
0 

X 
0 * xo 

P 

- - - - -  slope o f  s h a f t  cen ter  l i n e  w i t h  
shear deformation 

- - - -  s lope w i t h  bending o n l y  (shear 
d e f  orma t i on neg 1 ec t e d  ) 

Fig.  B3. P r o j e c t i o n  onto t h e  x zo.plane o f  a 
deformed shaf t  elemen! w i t h  i t s  
system of genera l ized forces. 

Z 
0 

s j o  e of shaf t  center  l i n e  
w i t  shear deformat ion 

8eFormation negjegteg] 

I: --  --- 
----- 1 pe w i t h  bend'n o y (shear 

Fig. B4. P r o j e c t i o n  onto t h e  yozo plane o f  
a deformed s h a f t  element w i t h  i t s  
system o f  general i z e d  forces.  

I I 
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.- 

A 

. 

I n  F ig.  B4, yx and JI are  marked negat ive,  s ince  when they  are  

measured f rom the  p o s i t i v e  zo ax is ,  they p o i n t  i n  the  negat ive  xo d i r e c t i o n .  

Fur ther ,  t h e  moments a r e  shown negat ive  s ince t h i s  system o f  moments 

causes negat ive  r o t a t i o n  o f  t he  s h a f t  elements. 

X 

The c o n s t i t u t i v e  r e l a t i o n s  between bending moments and bending slopes 

a r e  as fo l l ows :  

a *X , M y = E I A  a $  
a t  M, = E 1  - a z  

L e t  

* = JlY - , M = My - i M x  

Hence, 

M = E I *  az 

Fur ther ,  

If 

w = w  + i w  9 Y = Yy - i Y x  
X Y 

Then, 

Shear f o r c e  V and shear s t r a i n  y a r e  r e l a t e d  by 
A 

V = KAGy 

where 

V = V, + i v y  

W r i t i n g  t h e  force equat ion f o r  t h e  element, we ob ta in :  
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a V  a2w 

a2wx 

Jdz az = p i d z d  (B-9) 

(B-10) a vX - dz = pAdz-  az 

Note t h a t  a l l  forces i n  t h e  s e c t i o n  are  resolved i n t o  components p a r a l l e l  

and perpendicular t o  t h e  face o f  t h e  element. I n  view o f  equat ion (B-8), 

equations (B-9) and (B-10) can be combined t o  g i v e  
,. 

av A a2w 
- = P A -  az (B-11) 

I 

Considering t h e  r o t a t i o n a l  equat ion of mot ion o f  t h e  element about t h e  y 

and x axes respec t ive ly ,  we have t h e  f o l l o w i n g  equations o f  motion: 

Since 

we g e t  

Hence, 

Combining equations (8-7) and (E-11), we o b t a i n  

(B-12) 

(B-13) 

(B-14) - 

(B-15) 

(B-16) 
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Now s u b s t i t u t i n g  equat ion (8-6) i n t o  equat ion (8-16),  we g e t  

Taking t h e  d e r i v a t i v e  of both s ides of equat ion (B-15), we g e t  

p A ( R i  + R f  ) 
a2M a V  - (-% - 2 i n  a2JI) a Z z + a r -  4 aza t  aza t 

c 

S u b s t i t u t i n g  equat ions (B-1) and (B-11) i n t o  equat ion (8-18) y i e l d s  

From equat ions (8-17) and (B-19), we have 

- 2 i n  (- a 3w - - P 7 ) }  a 3 w  
az a t  KG a t  

o r  

a 4w *- rg+ 4 E  I 1 az2at2 4E I az a t  EI a t  
p i (  R i  + R i )  a4w $(R: + ~ f )  2 i n  .2 a 3 w  t - PA a2w 

p i (  R i  + R f  ) 
4E I 

P - 2 i n  

Using equat ions (B-3) ,  (8-6) , 
A n  .-, 

( 8 - l l ) ,  and (8-15), we s i m i l a r l y  o b t a i n  

p i (  R i  + R t  ) 
4E I 2 i n  t 

, A ( R ~  + R;) 
4E I 

Note t h a t  equat ion (8-22) i s  i d e n t i c a l  i n  form 

p 2 i (  RE t R f )  3 + 4 K G E I  
P - 2 i n  

a:$ + p i 9  
az a t  EI a t  

(B-17) 

(B-18) 

(B-19) 

(8-20) 

(B-21) 

(8-22) 

t o  equat ion (B-Zl) ,  except 

t h a t  $ rep laces w. Thus, t he  general  s o l u t i o n s  o f  t h e  two equat ions a re  o f  

t he  same f u n c t i o n a l  form, i .e. , 
- 

, (B-23) 
’ rz+ id aZ+ id w = Ae $J = Be 
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and substituting into equation (B-21) or (B-22), we obtain the following 

characteristic equation: 

p2A(  R 2  t R ? )  
0 1  

- 2 K G E I  
or 

n 

pAo2 
A( R i  t Ri) 

( w  - 2Q)]E2 + - 4E I E1 z 4  i. pa[$ + 

p 2 i (  R2 + R 2 )  
0 i w 4 = o  

+ 4 K G E I  

2 2  
P ( R O  + Ri 1 

o ( ~ - 2 i - i )  - 11 = 0 (8-24) ' 4KG 

Equation (B-24) yields four roots for and hence the closed-form 

solutions o f  equations (B-21) and (B-22) are (in any portion of the system 

between di sconti nui ties) - 4 E . z  + iwt 4 a . z  + iwt 
w = c A.e J , J, = c ~ . e  J 

j=l J j = l  J 

From equations (B-ll), (B-15), and (B-25), we get two relations between 

A.'s and B.'s. The simpler one, given below, alone will be used in later J J 
calculations 

have 

Bj = A.(Z + --) P u2 
J j KG ?ij 

(B-25) 

Thus, for each of the three shaft sections 1, 2, 3, (see Fig. 3.1), we 

(B-26) 

E z + id 
pj P 

pj P 

4 
w = c A . e  P j = 1  PJ 

'P j = 1  PJ 

p = 1,2,3 
E z + id 4 

= c B . e  

( 8-27) 

Here, G 
equation is applied t o  the three shaft sections 1, 2, and 3. 

p = 1,2,3 and j = 1,2,3,4 are obtained when the characteristic 

Also, it is 
pj ' 
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assumed t h a t  w = nn. 

Symbols zl, z2, and z3 denote the  l o c a l  coordinates o f  t h e  s h a f t  sec t ions  

1, 2 ,  and 3, respec t i ve l y .  

B.3 

Hence, n i s  t o  be spec i f i ed  t o  so lve  equat ion (8 -24 ) .  

D e r i v a t i o n  o f  Boundary and Con t inu i t y  Condi t ions 

I n  t h e  var ious  boundary cond i t i ons  discussed i n  t h e  f o l l o w i n g ,  a l l  of 

t h e  numerical 

t h a t  sha f t  p o r t i o n  having the  same number. 

subsc r ip t s  t o  va r iab les  denote t h a t  they  a r e  associated w i t h  

Boundary Condi t ions on the  Sha f t  Attached t o  t h e  Flywheel:  

Forces and moments a c t i n g  on the  f lywheel a r e  shown i n  F ig .  85. 

Var iab les  subscr ip ted  as 1 a re  t o  be evaluated a t  z 1  = L1. 

yo '\ I \. P 

F ig .  85. System o f  forces and moment a c t i n g  on t h e  f lywheel.  

Force equations o f  motion: 
aw a 2W 

- v  l y  - m f g  x = m f d  azl 

l a w l x  - a 2i ix 

- v l x  - mfg -q - mf at;r 
1 .e., 

a *W + m  7 = 0  a w l  
"1 + m f g  az, f a t  

(8-28) 

(8-29) 
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- , t h e  preceding equat ion becomes awl Since w = w1 + tf 

Rota t iona l  equations of mot ion about t h e  center  o f  mass o f  f lywheel :  

- a3w1x + I a 32wly 
- M  i y  + " i x t f  ' d f  azlatT p f  azlat 

a 2w 1x a 3w - v  t = -  --!Y + I  a- - 1y f 'd f  az,at? p f  axlat 

Combining t h e  l a s t  two equations, we o b t a i n  

a 3 w 1  a2w1 
-iI a- p f  az,at - Mi + "1% = 'df az,atZ 

o r  
a3w1 a 2w 

awl -iI a i ) = ,  - E 1  1 - + t  az, f K A G ( - -  1 1 az, $1) - ( 'df  azlat2 p f  az,at 

C o n t i n u i t y  Condi t ions Across t h e  Damper: 

Var iab les subscr ip ted as 1 a r e  evaluated a t  z1 = 0 and those sub- 

s c r i p t e d  as 2 a re  evaluated a t  z2 = L,. 

t o  tilt 

Since t h e  damper i s  assumed n o t  

- 
w1 - w2 

= o  awl 

321 
- 

The forces and moments a c t i n g  on t h e  damper a r e  shown i n  F ig .  Be. 

Note t h a t  t h e r e  i s  an a d d i t i o n a l  ex te rna l  moment on t h e  damper which 

(B-30) 

(B-31) 

(B-32) 

( B -  3 )  
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-t4 
:2x 

- 
Kn eo pw 1x 

Fig.  86. Damper fo rces  and moments. Note t h a t  damper weight  has been neglected. 

prevents the  t i l t i n g .  Consider ing the  f o r c e  equat ion o f  t he  damper: 

a \J a 2w 

d a t  

a 2w 

d a t z  KneopWix - 'd at - 

' Y = m  4. + v  - - '2y 1y KneopWly - 'd a t  

- "zx + " i x  
1x - m  - a w l x  

(B-37) 

Combining the  above two equations, 

(B-38) 

C o n t i n u i t y  Condi t ions Across t h e  In te rn-ed ia te  Mass: 

The free-body diagram o f  the  in te rmed ia te  mass i s  drawn i n  F ig .  B7. 

Note t h a t  t he  center  o f  mass and the  bear ing center  (where the  sp r ing  
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yo 1 

K w  ba ys- 

I + xo 

\lj' 
X 

t2 

Fig. B7. Intermediate mass and its system o f  generalized 
forces. Weight of the intermediate mass is neglected. 

approximating the bearing is assumed to act) do not coincide. 

subscripted as 3 are evaluated at z 3  = L 3  afid those subscripted as 2 at 

Variables 

z2 = 0. From kinematics, 

aw3 aw2 
az3  az2 

a w 2  
w2 = w3 i- (t2+t3) - 

a z 2  

(B- 40) 

(B-41) 

- - - -  

The translational equations o f  motion o f  the intermediate mass are: 

a2W I 

- V  - K  W = m i  
v2Y 3y SR ys 
i_ 

Combining the above two, we obtain 
a2w, 

V 2 - V ,  - K SR W s = m i , =  

(B-42) 

(B- 43) 
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W' = w2 - t 2  az, 
and 

equat ion (B- 

(8-44) 

) becomes 

aw2 a w 3  aw2 

a z2  
K2A2G(-- $2) - K 3 A 3 G (323 - - $ 3 )  - KS11[W2- ( t 2 + t 3  - t s )  %I 

aw 

az2 

a 2  

KeqAeq ' KtAt 

- mi (w2-  t2 2) = o 

(see F ig.  B l ) .  Consider ing Note t h a t  A 3  = At t A and K 3  = 
eq Aeq ' *t 

the  r o t a t i o n a l  equations c f m o t i o n  about the  center  o f  mass, 

A L + I  a 3w n-) a 2w2x 
M 2x - M  3x - v  w 2  t - v  3 Y 3  t - K s , ( t 3 - t  s ); Y S  = ( -  I d i  az2at p i  az2at  

M - M 3 y +  V 2 X t 2 +  V t + Ks11(t3 - t S ) W x s  = 
2Y 3x 3 

From t he  above two equations, we g e t  

a 3w2 a2w2 - ( 'd i -  az2at* - iIpi n -) az2at  = 0 

o r  

(6-45) 

(8-46) 

(B- 47) 

aw2 aw3 

3 az, az2  az 3 
E12 az, - E 1  - t K2A2Gt2(-- ( J ~ )  + K3A3Gt3(--  $3)  

a2w2 
- n-) = o  aw2 a %2 ' Ksg( t3  - tS)[W2 - ( t 2  ' t 3  - ts)  - ( ' d i  az2at' ' 'pi az2at  

(B- 48) 
Note: I, = It + I (see F ig .  B l ) .  

eq 
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Boundary Conditions on the Shaft Attached t o  the Turbine: 

Here, a l l  the variables a re  evaluated a t  2 3  = 0. The forces and 

moments acting on the turbine are  shown i n  F i g .  ~ 8 .  

F i g .  B8. Turbine wheel forces and moments. 

Translational equations o f  motion give 

aw3x a2Gj; 
- K  w 

v3x su 3x - m t g  5q- = mt at2 

which combine as  a 21;jll 

m --=O V 3 - K  w aw3 
su 3- ' tg G- t a t  

(8-49) 

(B-50) 

Since 
aw3 

i l l  = w3 - tt 

the above equation becomes 

(8-51) aw3 aw3 2 aw3 tt az,) = 0 K A G -- $3) - KsUw3 - m  g - - m  Q w 3  - 3 3 (az3 t az3 t a t  

The moment equations about the center o f  mass are:  
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3x 
a 3~ a2w 

M3x - Y 3 y  ' KsuW3y tt = ( -  I d t  ' I p t *  

M3y ' V 3 X  - KSUW3X tt = 

When combined, they g i v e  

o r  

(8-54) 

The equations (B-30), (6-33)-(8-36), (Br39)-(B-41), (B.-45), ( B o @ ) ,  

(8-51) and (8-54) a r e  c a s t  i n t o  t h e  f o l l o w i n g  form (see Appendix B . 4 ) :  

f 

I A14 

A2 1 

A22 
! 

A2 3 

A24 

A3 1 

A32  

A 3  3 

A34 ' 

b = [o] (8-55) 
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Here, {Apj}(p = 1,2,3 and j = 1,2,3,4) i s  t h e  unknown column vec tor  

which determines the  de f l ec t i ons  of t he  th ree  shaf t  po r t i ons  [equat ion (B-27)]. 

The m a t r i x  [t] has elements which a re  funct ions of ?i 

n. 

each end) and each shaft ,  p (p  = 1,2,3) has four unknown c o e f f i c i e n t s  A 

( j  = 1,2,3,4), w and 
p j  

Note tha t ,  s ince  each s h a f t  p o r t i o n  has f o u r  boundary cond i t i ons  (two on 

p j  
( j  = 1,2,3,4), [C]  i s  a 1 2 x 1 2  mat r i x .  

any n t h a t  makes d e t  [ c ]  = 0 i s  a c r i t i c a l  running speed f o r  t h a t  n. 

Now, fo r  a chosen n such t h a t  w = no, 

B.4 Transformat ion o f  Boundary lcont inu i ty  Condi t ions fo r  Computer Implementation 

Equation (6-27) i s  s u b s t i t u t e d  i n t o  equat ion (B-30) t o  o b t a i n  the  f o l l o w i n g  

resu l  t : 
- .  
a L  - 1j  l = o  4 

c [KIAIG(Aljalj - B .) + mfgAlj?ilj + rnf(-w2A 
j = l  1J i j  - t fAl jZl jd) ]e 

Using equat ion (6-26) and d i v i d i n g . b y  -u2, we reduce the preceding 

equat ion t o  the  f o l l o w i n g :  

(B-56) 

S i m i l a r l y ,  s u b s t i t u t i o n  i n t o  equat ion (B-33) g ives 

4 
C [-E1 la l jBl j  

j=l 

Using equat ion (B-26) and d i v i d i n g  by -w2, we get  

- a .L 
4 a: j PA, - - - I  n )]A .e lJ ' = O  
c [ E I 1 ( ~  + + tf -y - '1j ' 'df w pf iJ 

j=l K l g  i j  

I n  s i m i l a r  fashion, s u b s t i t u t i o n  i n t o  equations (B-34)-(B-36) g ives 
4 C L  
c [ A , ~  - A .e 2j 2~ = o 

j=l 25 

4 
c A . E  = O  

j = l  1~ i j  

E L  
4 c A .'i .e 2 j 2 = o  

j=l 25 25 

(B-57) 

(B-58) 

(B-59) 

(8-60) 
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I 

S u b s t i t u t i o n  i n t o  equat ion (B-39) y i e l d s  

- .  
a L  c 4 [K2A2G(A2jE2j - B2j)e 2 j  2 - KIAIG(; i l jA l j  - Bl j)  + KneopAlj 

j=l 

which can be reduced, us ing equat ion (B-26), t o :  

S i m i l a r l y  equations (8-40), (B-41), and (B-45) g i v e  

- I  

a L  
4 c [-Cr . A  + S; .A .e 3 j  3 1  = 

j=l 25 2 j  35 35 

4 
c [ A 2 j { l  - ( t 2 + t  )a . I  - A .e ] = o  

j=l 3 25 33 

(8-61 ) 

(8-62) 

(B-63) 

Z L  - 4 - K 3 ~ 3 ~ ( ~ 3 j ~ 3 j  - B  . ) e  3J - K { A  - ~ ~ ~ z ~ ~ ( t ~ + t ~ -  t S ) )  c [K2A2G(A2ja2j - B2j) 35 s11 2 j  j=l 

- mi (-A . w 2 + A  .w% .t ) ]  = 0 
25 25 25 2 

which can be reduced to 

- PA, EgjL3 
e ] = o  4 [A . { - = - - - ( l - ( t 2 + t 3 - t S ) Z  pA2 Ksll ) + m i  ( 1 - a 2 j t 2 ) }  + A  - 

3 j  
j=l 23 a 2 j  2j 3j ?i 

(B-64) 

Equat ion (B-48) becomes 

i ; : L  - 3 j  3 
E L  - 

I j = 1  1 [E12B2ji2j L E13B3ja3je 3j 3 +  K,A,Gt2(A2ja2j - B2j) + K 3 A 3 G t  3 ( A  3 j a 3 j  - - B  35 . ) e  
4 

t 

+ Ks11( t3 -  t S ) { A 2 j  - ( t 2 +  t 3 -  ts )U2 jA2 j l  - (-Idi a 2 j w 2 A  + I Sad .a . ) I  = 0 
2 j  p i  25 25 
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Equation (B-51) y i e l d s  

- 4 
c [K3A3G(A3ja3j - B .) - KSuA3j - mfgG3jA3j - mt( -02A + ttW2CL .A .)] = 0 

j=l 35 3 j  35 35 

which can be reduced t o  

Equation (B-54) can be r e w r i t t e n  as 

- 4 
C 

j=l 
[E13?i3jB3j + K,A3G tt (A3ja3j - B3j) - K s u t t A 3 j  

- ( - 1 ~ ~ ~ 3 ;  A .+ I  nwcl A . ) I  = o 3j 35 p t  3 j  35 

o r  

(B-65) 

(8-66) 

2 

3 j  52 K t  - 
tt - pA3 "2 + a3j( I d t  - Ipt ;)]A3j = 0 

4 a 

o c [ E I ~ ( ~ + J - - )  ---- 
K3G a 

3 j  j = l  
(8-67) 

The above twelve condi t ions,  (B-56)-(B-67), can be expressed i n  t h e  

m a t r i x  form o f  equations ( 3.1 ) f o r  f r e e  w h i r l i n g  analys is .  
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8.5 Der i va t i ons  R e l a t i n g  t o  Forced Wh i r l i ng  Analys is  

Mass e c c e n t r i c i t y  ( r e )  and i n i t i a l  t i l t  ( g o )  are i l l u s t r a t e d  i n  F ig .  B9. 

The m o d i f i c a t i o n s  i n  the  boundary cond i t i ons  on the  shaf t  a t t a c h i n g  t o  the  

f lywheel  i s  expla ined i n  the  f o l l o w i n g  equations. 

F 
( b )  

- - - - s h a f t  center  1 i n e  
---.- flywheel cen te r  l i n e  ( a )  

F ig .  B9. Exaggerated ( a )  mass e c c e n t r i c i t y  and (b )  i n i t i a l  t i l t  i n  the  f lywheel .  

- 
(B-68) i n t  w = w1 - + r e e  

i a t  + r e  - w 1  + tf az, - 
e 

where w i s  t h e  displacement of t he  f lywheel mass center .  

equat ion (B-29), we o b t a i n  

Hence, from 

a w l  a awl iQt) = 0 
2 

- + m 7 (wl + tf az, + r e e  
"1 + m f g  az, f a t  

which reduces t o  

(8-69) 

(B-70) 
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The bove equ t i o n  i i m i  1 r t o  equat ion (8-30) except t h a t  here there  i s  

a f o r c i n g  term on t h e  r i g h t .  S i m i l a r l y ,  equat ion (13-32) i s  mod i f ied  t o  

where 

(B-72) 

and 0, i s  t h e  i n i t i a l  t i lt and B t h e  phase l a g  o f  i n i t i a l  t i lt r e l a t i v e  t o  

t h e  mass e c c e n t r i c i t y .  Hence, 

a %  awl a 3w1 a2w1 
-iI a-) = E' lazl -+ t f K I A i G ( - -  azl Icl l )  - ( 'd f  azlat2 pf azlat 

The above equat ion i s  s i m i l a r  t o  equat ion (8-33) w i t h  

Hence, i n  t h a t  here t h e r e  i s  a f o r c i n g  term on t h e  r i g h t .  

implementation, we have t h e  f o l l o w i n g  form: 

El 

r 

A 1  1 

A12 

A 1  3 

A14 

A2 1 

A22 

A2 3 

A24 

A 3 1  

A32  

A 3  3 

A34  

. 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

(8-73 ) 

t h e  except ion 

t h e  computer 

(n-74) 
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Note tha t  in t h i s  synchronous forced whirling due t o  mass and t i l t  

unbalances, w = Sa with n = 1 .  

point z = z , p = 1,2,3 fo r  a running speed n* can be obtained from equation 

(B-27)  a f t e r  solving equation (B-74)  fo r  A 

Further, any steady-state response a t  a 
* 

P 
( p  = 1,2,3; j = 1,2,3,4).  p j  
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B.6 Summarv of Data Used i n  Combined Model 

Table B-1. Data Used for Combined Model of the 
Oak Ridge System (see F ig .  3.1) 

Lengths L 1  0.746 i n .  

L2 

L 3  

0.670 i n .  
2.127 i n .  

Lac (see F i g .  B I )  3.597 i n .  
tf: 

System A 7.05 i n .  
System B 3.45 i n .  
System C 3.15 i n .  

td 

ts 
t 2  

t 3  

tt 
Diameter of shaf t  1 
Diameter of shaf t  2 
Equivalent uniform outer diameter of 

Inner diameter of turbine shaf t  ( d i )  
Young's modulus of shaf t  material (E )  
Shear modulus of shaf t  material ( G )  
Specific weight of shaf t  material 
Shear correction factor  for shaf t  1 ( K , )  

and shaf t  2 ( K 2 )  
Shear correction fac tor  fo r  the equivalent 

turbine shaf t  ( K t )  
Shear correction factor  fo r  the equivalent 

qu i l l  shaf t  within the turbine shaf t  ( K  
Mass of turbine wheel (m,) 
Diametral mass moment of inertia of 

turbine wheel ( I d t )  

turbine shaf t  (do )  

) eq 

1.833 in. 
0.243 i n .  
0.416 i n .  
0.435 in .  
0.894 i n .  

0.3125 i n .  
0.3125 in. 

0.7493 i n .  
0.3175 i n .  

2 9 . 5 ~  106 psi 
1 1 . 5 ~  106 psi 

0.283 l b / i n ?  

0.885 

0.6569 

0.885 
0.00479 lb-s2/in. 

0.00340 l b - i n - s 2  
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Table B-1 (Cont ’d)  

Polar  mass moment o f  i n e r t i a  o f  

Mass of  in termediate mass (mi) 
Diametral mass moment of i n e r t i a  o f  

i n te rmed ia te  mass ( I d i )  

Po la r  mass moment o f  i n e r t i a  o f  
i n te rmed ia te  mass ( Ipi) 

Mass of  damper (md) 

Mass of f lywheel  (mf) 

t u r b i n e  wheel ( I p t )  

System A 
System B 
System C 

0.00628 1 b- i n-s2  
0.000202 1 b-s2/ i n. 

1.798 x l o - ’  l b - i n - s 2  

1 . 1 5 ~  lo - ’  l b - i n - s 2  

0.00300 1 b- s 2/  i n . 

0.0951 l b - s 2 / i n .  
0.0576 1 b-s2/ in .  
0.0336 l b - s 2 / i n .  

Diametral  mass moment of i n e r t i a  o f  f lywheel  ( I d f ) :  
System A 4.83 l b - i n - s 2  
System B 1.648 l b - i n - s 2  
System C 0.823 l b - i n - s 2  

System A 8.517 l b - i n - s 2  
System B 2.036 l b - i n - s 2  
System C 1.645 l b - i n - s 2  

Polar  mass moment o f  i n e r t i a  o f  f lywheel  ( I p f ) :  

* 
Upper and lower bear ing s p r i n g  constants 

Neoprene pad s p r i n g  constant  ( Kneop) 

2 x  l o 6  l b / i n .  each (KSU, Ksll) 
0 l b / i n .  

External  viscous damping c o e f f i c i e n t  
(cd)  values used 0 and 10 l b - s / i n .  

* 
See f o o t n o t e  i n  Table A-1. 
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APPENDIX C - COMPUTER CODES, FLOW CHARTS, A N D  NOTES 

FOR PROGRAM USERS 

The programs presented here were written in FORTRAN IV for  the IBM 

System 370, Model 1585 w i t h  graphical outputs on a COMPLOT DP-853 plot ter .  

C.l Free W h i r l i n g  and Stab i l i ty  Using the Lumped Model 

The same program i s  used for  both the f ree  whirling (including mode 

shapes) and s t a b i l i t y  analyses. 

flow charts a r e  presented for  f ree  w h i r l i n g  and for  s t ab i l i t y .  

However, for  the sake of c l a r i t y ,  separate 

The use of the subroutine CRITCL for  determining the approximate loca- 

t ions o f  f i r s t -  and second-order c r i t i ca l  speeds on a logarithmic Campbell 

diagram (log of natural frequency w versus log of rotational speed n) is 

explained i n  F i g .  C1. The flow chart  for  f ree  whirling analysis i s  shown i n  

F ig .  C 2 ,  and the computation takes approximately 7 minutes of CPU time. All 

o f  the i n p u t  data related to  the Oak Ridge spin-test  f a c i l i t y  and the three 

flywheel systems investigated a re  l i s t ed  in Table A-1 .  

For s t a b i l i t y  analysis,  subroutine CRITCL is  used to  compute the rota- 

tional speeds associated w i t h  the respective beginning and end l imits  of 

the unstable region. The flow chart  for s t a b i l i t y  analysis is shown i n  F ig .  

C3, and the computation takes approximately 25 minutes of CPU time. 
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I 

3 
CT, 
0 
? 

I 

- FIRST-ORDER C R I T I C A L  
SPEED COMPUTED AS AN 
INTERSECTION POINT OF 

/ i ' TWO STRAIGHT L INES 
I 

1 

i 
f 

i 

L,, ! 

! ! i 
I * 

l o g  n 

Fig.  C1. Approximate determinat ion o f  f i r s t -  and 
second-order c r i t i c a l  speeds on a forward 
branch ( A ) ,  using subrout ine CRITCL. 
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F ig .  C2. F l o w  c h a r t  for  f r e e  w h i r l i n g  ana lys i s  ( i n c l u d i n g  
m o d e  shapes) us ing the l u m p e d  m o d e l .  

INPUT DATA Lr' 
I DETERMINE I 

COMPUTE [a] AND [E] I DERIVE [K] FROM [R] 

SELECT RPM e 
I DEFINE [ G I .  COMPUTE 

CB11 AND D 2 1  

USE A STANDARD I M S L  SUBROUTINE TO DETERMINE THE 
EIGENVALUES (CRITICAL SPEEDS) AND THE EIGEN- 
VECTORS THAT ARE NEEDED FOR MODE-SHAPE PLOTTING. 
THE RPM VALUES FOR WHICH THE EIGENVECTOR OPTION 
I N  THE I M S L  ROUTINE I S  USED I S  DETERMINED BY THE 

SUBROUTINE TYPSOL. 

.- 

I. 

C o n t i n u e d  on nex t  page 
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Fig.  C 2  (continued) 

. 

NOTE: WITH NO EXTERNAL AND INTERNAL DAMPING, THE IMAGINARY 
PART OF THE ,EIGENVALUES ( C R I T I C A L  SPEEDS) SHOULD BE 

ZERO OR VERY SMALL COMPARED TO THE REAL PART. 

THE FOURTEEN C R I T I C A L  SPEEDS ARE ARRANGED BY T H E I R  REAL 

BERED 1 TO 7. THE OTHER SEVEN ARE NEGATIVE (RETROGRADE) 
AND NUMBERED 8 TO 14. THUS, FOR EXAMPLE, 1,7,8, AND 14 
WILL CORRESPOND TO 7F , IF , lR ,  AND 7R BRANCHES RESPECTIVELY. 

PARTS I N  A DESCENDING ORDER. THE F I R S T  SEVEN ARE NUM- 

I 1 
I 

t 
THE SEVEN NEGATIVE VALUES (CORRESPONDING TO THE SEVEN RETROGRADE BRANCHES) 
ARE MADE P O S I T I V E  AND A L L  FOURTEEN C R I T I C A L  SPEEDS ARE STORED FOR PLOTTING. 

CALL SUBROUTINE 

I S  RPH > C R I T I C A L  , M I N E  THE F I R S T /  
C R I T C L  TO DETER- 

SECOND-ORDER 
C R I T I C A L  SPEEDS. 

SEE F I G .  C1. 
J 

t 

COMPLETED, READY FOR 
PLOT OF WHIRL DIAGRAM 

23 GO TO 1 
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SELECT RPM 
L 

F i g .  C3. F l o w  c h a r t  for s t a b i l i t y  ana lys is  using the  l u m p e d  m o d e l .  

1 INPUT- DATA I 

1 DETERMINE I 
t 

DETERMINE [K*] WITH (+) S IGN I N  THE COMPLEX STIFFNESSES 
AND STORE I N  [KP]. COMPUTE [K*]  WITH ( - )  S IGN I N  COM- 

PLEX STIFFNESSES AND STORE I N  [KN]. 

CHOOSE cd AND COMPUTE [C] .  
I 

DEFINE [ G I .  COMSGN = + 1 
t g COMSGN? 

+1 
c 4 

DETERMINE [BT],  [B:] AND 

[K*] = [KP] 

DETERMINE [B;] 
I [H*] = [---+ C O l  I 

EB;I I 
[K*] = [KN] 

AND 

WITH 

Continued on next  page 
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F i g .  C3 (cont inued)  

, 
+1 STORE THE C R I T I C A L  

SPEEDS JUST FOUND 
WITH COMSGN = +1 

t 

t i 

LET 

= -1 
- COMSGN GO TO 2 

- i 

t 
CALL A STANDARD I M S L  SUBROUTINE TO SOLVE I FOR EIGENVALUES (COMPLEX C R I T I C A L  SPEEDS) 

THE FOURTEEN COMPLEX C R I T I C A L  SPEEDS ARE ARRANGED I N  DESCENDING ORDER I ACCORDING TO T H E I R  REAL PARTS AND ARE NUMBERED AS I N  FREE WHIRLING. 

- l t  
9 

THE APPROPRIATE COMSGN I S  -1 
OBTAINED WITH FOR THE C R I T I C A L  SPEED B E I N G  

CHECKED. RETAIN THE C R I T I C A L  
SPEED FOUND WITH COMSGN = -1. 

NO 

THE APPROPRIATE COMSGN I S  +1 FOR THE C R I T I C A L  
SPEED BEING CHECKED. SUBSTITUTE FORTHE C R I T I -  
CAL SPEED FOUND BY USING COMSGN = - 1  THE ONE 

OBTAINED BY USING COfSGN = +l. 

I STORE -oI OF EACH BRANCH I N  SUITABLE ARRAYS. I 
+ 

CALL SUBROUTINE CRITCL WHEN -WI > 0 
FOR THE F I R S T  T I M E  TO ESTIMATE 
APPROXIMATELY8Y L I N E A R  INTERPOLATION 
WHEN -WI BECOMES > 0 FOR THE BRANCH 

B E I N G  CHECKED. 
i J 

INCREASE RPM - 
I 1 

READY FOR PLOTTING GROWTH 
GO TO 1 FACTOR VS ROTATIONAL SPEED 

FOR THE FOURTEEN BRANCHES. 
c - 
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F H E E  V I ~ R A T I O ~ ~  3 S T A B I L I T L  
( L U M P E O  W C d E L )  

NOTEE THE CGMPChEhTS (3F T t i E  Q V E C T C R  ARE: 
( H f  ,?ti IF  * k D  f: I * F H I  1 * i ?  T * P H  I T J  

THE F L Y W H E E L  U A T A  I F ;  T H I S  PHCGKAM A K E  F C H  TttC L L b L  k L Y k P ‘ E C 1  

TF:  F L Y i m h E E L  CG O X S T A N C E  FhUM END LF (JUILL S H A F T .  TU:  I )AMPfH 
CG D I S T A N C E  FHUFE DAMPEG EDGE. T T 1 :  TUHHCNE CG O I S T A p * C E :  FRO:! 
ONE END O F  T U R R I N F .  StE F I G . P l .  T T 1  IS TbIE S A M E  4 5  T T  I N  F I G .  

C B * C G * L 3 :  LENGTHS C E F I N E O  I N  APPCNOIX A 1  

M F r M D r M T :  M A S S  OF F L Y W H E E L 9  DAMPEH AND T U R U I N E  

IDFIIPF: F L Y k H E k L  D I A M E T R A L  A N D  P U L A R  MASS MCMEh7S iJf I N E C T I P  

I D T r I P T :  T U R E I N E  C I P W E T H A L  A h D  P C L A H  FVASS H O K E N T S  O F  I N L H T I A  

M I N :  M A S S  UF T t i E  i h T E H V E C I A T E  MASS 

I D I N ,  [PIN:  D I A M E T R A L  A h 0  P G L A K  M A S S  V C M E N T S  fif I b E d T I A  CIF T H C  
I NTERMLDI  A T €  MASS 

THE V A R I A B L E S  I N  THE CCWMON CLOCK MCJULIJI2 ARE: h E L A T f D  T I :  M C g E  st4Af’c 
PLOTTING 
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c 

C 
C 
C 
C 
C 
C 

-, 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

- 

C 
r 

CCMMON/MAI  N l / T D *  T F e  T T  1 
C C M I C W  M A 1  N2/L8 s L G - r L 3  
C O M M O N / M C D L M ~ / A L ~ D A L ~ * S ~ ~  r S 1 1  s A L E N e P 1  * X F E  

* * * O A T A  I N P U T :  SCME CF T H E  D A T A  C A h  €E S E E N  1b SULjHClUTINE C U M f L I *  
S U B R O U T I N E  MCDLUM AND l h '  * @ L L ' C K  D A T A '  * * * 

THE F O L L O W I N G  T H R E E  D A T A  S T A T E W E h T S  A R E  k E L A T E O  TC M d O E  S H A P E  S L t i T S  
OAT A 
D A T A  
D A T A  
O A T A  
D A  TA 
D A T A  
D A T A  
O A T  A 

I P L O T  I N D I C A T E S  IV t - ICH P L C T  IS O E S I R E C :  
I P L O T = Q  F O G  FGEE $ H I R L I N G  W4PS ( C C M B I K E D  P G S -  A h D  hCGo 

ERANCHESI  J U S T  N E G e  RRAhCHES.  J L S T  P C S .  B k A h C H F S )  ; 
ANC VGDE S H A P E S  I F  4h'Y 

I P C O T = l  e F U R  P L O T S  OF MIIvUS T t i E  I r J A G I h A f i Y  P A R T  O F  T F E  
H H I R L I N G  S P E E C ( G R 0 W T H  F A C T O R  1 V S .  R D T A T I O h A L  S P E t O  

IDAMP=(, e e C A U S E S  THE STATEHEhT 'hC H A T E F I A L  D A M P I h G D  T U  
B E  DRAWN I N  G I W a T H  F A C T O R  P L C T S  

I O A M P = 2  . . C A U S E S  T F E  STATENEhT ' C C Y P L E X  S T L F F N E S S '  TC' BE 
DRAlb"  I N  GROWTH F A C T C H  P L O T S o C E E  S C l f l h G U T I h E  L E C N D S  

1 P A 0  T=O 
1OAMP=O 

THE F O L L O W I N G  R E A L * 4  V A R I A B L E S  AGE R E O U I G E C  EY S U E R O U T  I N C  MODLUM 

A C T U A L  S I Z E  
U H I C t i  P U T S  T H E  MODE S H A P E S o A X I A L  L E N G T H S  H A V E  BEEh S C A L E D  T O  L/3 

AL 2=2 00 *TD/3  0 0  
A L 3 = T F / 3 e O  
S 1 2= ( LB +T T 1 J 1 3 . 0  
S 1 1 = ( L 3 + T T l  JY3.0 
XFB=< L G +  T T 1 J /3r  0 
AL EN= (L G + T T  1 +TF 1 / 3 0  0 
P I  I = 2 r O D O * D A R S I N ~ l o O C O ~  
P I - P I  I 
INUM=(OoODO* 1 e O D Q )  
D O  100 I M = l s 7  
D O  LOO I N = 1 * 7  
M I  i I # +  I N I= ( fie000 9 0 -6 DO 
G (  I H * I N ) = (  O.ODOs00000) 
CE( I M s I N ~ = ( Q e O D O s O e O O O )  

100 K ( I H ~ I N ) = ( O e O D O ~ O e 0 0 0  1 

INVEf iSE O F  M A S S  M A T C i I X  D E F I N E D O S E E  C h A P T E H  2 
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MI( I * l ) = l r O D O / M F  
MI ( 2 , 2  I =  1 a 0 CO/ I DF 
H I ( 3 . 3 )  =1 DOOO/MO 
M r  ( 4.4 b =1 ODO/MIN 
M I ( ~ J S ) = ~ ~ O D O / I D I N  
M I  ( 6-61 = 1 l 000 /M T 
M 1 ( 7 r 7 ) = 1 a 8 0 0 / I D T  
DO 110 t = l * e  
DO 110 J = l r F  
A L P H <  I r J I =  ( 0  *OD0 J 03 DO 1 118 

C 
C COHSGN: S I G N  IN COMPLEX MOOULUSoCOWSGN=O FOR FREE M H I H L I N G .  
C COMSGN=+I  9-1 FOR S T A k I I L X T Y  A N A L Y S I S  
C 

IF< 1PLOT.EQ.Q) COMSGN=OrQDO 
I F ( I P C O T a E Q D 1  J C@PSGN=l.OCO 

112 C O N T I N U E  
C 
C S U B R O U T I N E  COWPCI CCMPUTES TEE (3x8 CCN?LIAhCE M P T U L X  
C 

C A L L  C O M P L I < A L P H * C U M S G h )  
00 114 I=li@ 
DO 1 1 4  J = l * @  
S T I F ( I ~ J ~ = ( Q O Q O O I O O O ~ ~  1 
IF (  I1EQ.J )  STIF(I s J b = (  1 a O O O s U a ~ D B )  

114 C O N T I N U E  
I N T=O 

C 
C LEQEC:  IMSL SUBROUTINE FOR V A T H I X  INVEHSIGY 
C 

C 
C DETERbf INAl ION OF T H E  7 x 7  S T I F F h E S S  M A T R I X  CF T H E  SYSTClvl 
C 

CALL L E Q 2 C  ( PCPHr €398, ST I F  , 8 9  8 9  I N T  k A  1 r k A 2  BIER) 

DC 115 I=1,7 
I f = ?  
I F ( 1 r G T - 3 )  Il=I+l 
DO 115 J Z l r 7  
JJ=J 
I F 4 J a G T . J )  JJ=J+1 
IF ( C O M S G N o E C a 0 m 0 0 0 )  K Z ( I * J ) = S T I F ( I I . J J )  
I f ( C O M S G N r E Q a  1 a O D O )  KP(I~J)=STIF(I IIJJ) 
I F ( C O V S G N . E Q o - l r O C O )  K h l I w J ) = S T I F ( I X r J J  J 

115 C O N T I N U E  
I F ( C C M S G N o N E . 1  o O C c ) )  GO TO 120 
COMSGN=-l DODO 
Go TO 112 

C A L L  S E T M S G ( 4 7 , ’ P L E A S E  SET T k E  STEPSIZE: TO a085 I N C k E S r  T H A N K S . * )  
x 

120 C O N T I N U E  

C A L L  
CALL P L G T ( 1 o D ~ l O a O s - 3 )  
IXSTP= 1 
IF( I P C O T r E Q . 0  1 I X S T P = 3  
DO 060 I X = l r 4 * I X S T P  

P L O T  ( 0 -01 -40 -0 , -  3 1 
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C 
C 
C 
C 
C 
C 

. 

C 
C 
C 

C 
C 
C 

c 

A 

DO 145 I=l r14  
U P L U N S (  I ) = 9 9 9 9 9 0 9  
RPWUNSt  11-9999909 
C R I  T S I  ( I 1  ~99999 09 

145 C R I T S 2 (  I b = F S F S S 0 9  

UPLUhS(1) :  U P P E R  L I M I T  @F UNSTABLE G E G I C N  LN G R C Y T h  f A C T u H  V S r  G i - ' #  

P L O T o W H U N S (  I ) :  B E G I N N I N G  O F  I K S T A B I L L T Y  I N  G R O l r T H  FACTCCi V S o  2 P M  

P L G T * C R I T S l ( I ) :  ARRAY C F  F I G S T  OLDER C R I T I C A L  SPEEDSoCRITS2(I): A H R A Y  
OF SECOND ORDER C R I T I C A L  SPEEDS 

IF ( I X o E Q - 1 )  CD=O.I)CO 
IF ( I X o E Q o 2 )  C D = l o 0 0 0  
IF < i X * E O o 3 )  C D = 5 e O D O  
IF ( I X m E Q o 4 )  CD=lOoODO 
CGS=CD 
cosv t  I X  )=CO 

THE O N L Y  NUN-ZERO E L E M E N T  O F  THE D A M P I N G  M A T R I X  IS DEFI&ED 

C E  ( 3.3 1 =DC M P L  x ( C D  0 e 000 1 
R P M = l o Q D O  
DO 800 I = l r 5 0 1  
I K T =  I -  1 
I P T S T = H O D (  I K T  9 100 1 

R A D = R P H * P I  I /300000 

COWPUTAT I O N  OF N G N - Z E R C  ELEMENTS OF T H E  GVROSCOP [C M A T R I X  

G( 2.2 J= I P F * R A D  
G(5 s 5  ) = I  P I  h * G A D  
G( 7 , 7 ) = X P T * R A O  
DO 240 1 * 1 * 7  
DO 240 INz1 .7  
A I (  I M * I N J = G (  I M s I N ) + I N t J M 8  CE( I M I I N J  

240 CONTINUE 
IF( IPLOToEQoQ) GC T C  180 

'CCJMSGW 1 * O D 0  
GO T O  180 

175 C O H S G N = - l o O D O  
180 C O N T I N U E  

D O  245 I M = l  r 7  
DO 245 I N = l s 7  
IF(1PLOToEOoO) A 2 ( 1 M r f K ) = K Z ( I M a  I N )  
I F  ( COMSCN oEQo 1 o O D O j  
I F ( C O M S G N o E O o - l o O C 0 )  

A 2 (  I M I NJ = K P (  I M r I  Fc) 
A 2 (  I # .  f N ) = K N (  IC(. I N )  

245 C O N T I N U E  
C 
C H U L T Y C :  S U B R O U T 1  hE T H A T  PERFCGMS MATR XX MULT IPL I C A T  I O N S  
C 

C A L L  
C A L L  M U C T Y C ( M 1  s A 2 s B 2 r 7 )  
D O  250 K D = l r 7  

M U L T Y  C ( M  I 9 A 1 r B  1 r 7 
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DO 250 K E = l r l 4  
H(. K D *  KE )=( 0 OLIO S O  o C 0  1 
DO 260 K O z 1 . 7  
KDD=KO+T 

250 

260 H ( K C * K D D ) = Q l o D D * D . O O )  
DO 270  t ( D z l r 7  
KDD=KD+ 7 
DO 270 K E = 1 * 7  

270 H < K D D * K E ) =  B 2 ( K D * K E )  
DO 280 K D = 1 , 7  
KDD=KD+ 7 

K E E  = KE+ 7 

f J G B = O  

00 288 K E = 1 + 7  

280 H ( K D D r K E E ) =  Bl(KD*KE) 

SEE S U B R O U T I N E  T Y P S O L  F O R  A N  E X P L A h A T I C N  Of THE V P R I A D L E  J E V S T .  
J E V S T = O  

THE FOLL13WlNG C A L L  T O  S U E R O U T I N E  T Y P S G L  WILL C A U S t  E -VECTCRS T C  f3C 
COMPUTED AT V A R I O U S  SPEEDSeTHE SPEEOS CHOSEN ARE C B T A I N E D  FHnV AN 
I N I T I A L  R U N  W I T H C U T  T H I S  C A L L  I h C L U D E C - T k E  S P E E D S  I N D I C A T E D  R Y  TVPSUL 
ARE C U N S E R V A T I V E s I o E m  L C ~ Y S E S T I M A T E S  O F  THE K T U A L  C R I T I C A L  S P E E O S  
CORRESPOhDING TO THE M A T H E M A T I C A L  YCDEL CF THE P F C E L E M  

C A L L  T Y P S O L  ( I  * I J O @ r J E V S T o  IPCOTrIDAMP) 

EICCC: I M S L  S U B R O U T I N E  FOR COMPLEX VALUED E I G E N ~ P t ~ E S / V E C T C R S o H  IS 
THE M A T R I X  F O R  W H I C H  E I G E N V A L U E S  ARE TO BE D E T E R M I N E D  

C A L L  € I G C C ( H s 1 4 r l 4 ~  I J O B r W s Z s  1 4 * k K l ~ L E R 3  
DO 290 IP=1,14 

290 C P M (  I P ) = W ( I P ) * 3 O . O D O / P I I  

THE F Q L L C W I N G  L O C P  CfiDERS T H E  C O M P U T E 0  E I C E h V A L U E S  SUCk T H A T  H ( l ) > R ( 2 )  . a >~(i4). WHERE R ( I J  I S  THE REAL PART a F  C P M ~ I ) .  IN A O D I T I C ~ N ~  THE 
€-VECTORS ARE ALSC C G R f i E S P C N C I N G L V  GRDERED 

SI= ( 0 r Q D O *  O+ODO 1 
DO 320 J J Z l r 1 3  
S = S I  
DO 310 J = l s 1 3  
I?( J ) = D R E A L ( C P M ( J J  J 
R (  J+l ) = D R E A L ( C P M (  J + 1 ) )  

S C P M (  J 
C P H ( J ) = C P M ( J + l  # 
CPW( J+l J=S 

I F  < R ( J ) m G E o R ( J + l J )  G C  TO 310 

I F ( I J O B . E Q . 0 )  GO TO 310 
DO 300 J K = l r 7  
S E ( J K ) = Z l J K s J )  
Z( J K I  J J=Z( J K ,  J + l )  
Z< J K S J + l  ) = S E I  J K )  

300 C O N T I N U E  
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J 

310 C O N T I N U E  
S R = D R E A L ( S )  
IF ( S R . E O . O . 0 )  GO TO 325 

3 2 0  C O h T l N U E  
325 I F (  IPLOT*EO.O) G O  TO 386 

I F ( C O M S G N . L T . ~ . ~ O O )  GO TO 350 
C 
C f F  CONSGN IS P O S I T I V E  THE E - V A L k E S  A h 0  E-VECTCRS ARE P L A C E D  I h  

C 
* C TEMPORAHY S T O R A G E  

DO 340 I N = l r l 4  
C P Y T  ( I N  )=CPM(  IN 1 
IF4IJOB-EQ.0) GO TU 340 
DO 330 IM=lr7 

330 Z T ( I M m I N ) = Z (  I W . I h )  
340 C O N T I N U E  

GO TO 175  
C 
C IN THE F O L L G W I I G  LOOPI C P M ( 1 N )  A N D  Z ( I M s I N J  CORREEFi lN3 T O  C O M S G N = - l e ' T e  
C IF R P M  IS NOT > O R E b L ( C P M ( 1 N ) ) r T H E  VALUES O B T A I N C O  FOH C O M S G N = + I . C  
C A R E  S U B S T I T U T E D  F C R  CPY(Ih) A h 0  Z ( I N , I h )  
C 
350 DO 370 INZ1.14 

I F ( R P M . G T . D R t : A L ( C P M ( I ~ ) ) )  GC T C  370 
CPH( I N ) = C P M T (  I N )  
IF(IJOB.EO.0) G C  T O  370 
DO 360 IM = l r 7  

360 Z ( I M I I N ) = Z T ( I H ~ I N )  
370 CONTINUE 
380 IF ( I J O B o E Q . 0 )  GO TO 7111 

4 

C THE F R L L O W I h G  LOOP N O R M A L I Z E S  E A C k  €-VECTOR. 
C 

DG 4 1 0  J--1.14 
ZHAX= ( 0  .OD0 0 O D 0  1 

DZ FrAX=CDAB S ( ZHAX 1 
00 390 J K Z 1 . 7  

I F ( C D A B S ( Z ( J K I J ) ) . L E I D Z # A X )  GO TO 390 
ZMAX=Z( J K . J )  

390 C O N T I N U E  
00 400 J K = l r 7  
Z <  J K , J ) = Z (  JK. J ) /ZMAX 400 

410 C O N T I N U E  
P R I N T  4 2 0 s R P M m C C  

420 FORMAT(  '1' .14X.'AT'r014.6.' &PY'I~OX.'***** CD =* rF6.2.' e * * * * '  
* . / / I  

P G l h T  448 
440 F O R M A T (  2x9 2( 1 3 X  s * E I G E N V E C T O R '  r 3 X r ' C O R R E S P O N D I  h G  T O *  r 3 X .  ' E1 C E N V  A L L I F  

*'.ax 1 .J  J 
DO 500  L V = l  - 14  r2  

C 
C O N L Y  THE F I R S T  S E V E N  ELEPENTS OF E A C H  E-VECTOR CCRRESPOND T O  THE 
C GENERAL1 ZED D ISPLACEMENT 0-VECTOR 
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DO 480 K V z l . 7  
IF ( K V o E Q . 1 )  P R I N T  4 S O r Z ( K V r L V ) r C P M ( L V J  r Z ( K V * l V + l )  r C P M ( L V + I )  

I IF < K V o N E o l )  P R I N T  4 6 0 r Z ( K V r L V ) r L ( K V , L V + l ~  
450 F O f i M A T ( 5 X r 2 ( 2 X r 2 D 1 3 0 4 r 2 X s 2 D l 7 0 8 ) )  
460 F O R M A T (  5 X  r 2 (  2 X  +2D 13 4 s 3 6 X  1 ) 
480 C O h T I N U E  

490 F O R M A T < / / )  
500 COhTINUE 

510 F O G M A T < / / / / )  
540 ~ F ( C D O G T O Q . ~ D Q )  GC T C  710 

P R I N T  490  

P R I N T  518 

IF( IPLOT.EQo1 ~ O f - ! o I O A ~ P o N E o Q )  G O  T 3  710 
CALL P L O T ( O o O s d r 7 5 r - 3 )  

C 
C ThE F O L L O W I N G  LOOP P L U T S  THE MODE S H A P E S  F O R  H O T A 7 I U N A L  SPEEDS 
C I N D I C A T E D  B Y  THE SUBROUTINE f Y P S C C  
C 

D O  '700 J X r l r 4  
IF< J X o E U o 2  o O H o  J X o E Q . 4 )  C A L L  P L C T ( O o O . - 4 r 7 5 r - - J  1 
IF( J X o E Q . 3 )  C A L L  P L O T ( 8 0 8 o r 4 r 7 5 ~ ~ 3 )  
J S T = J S T A R T (  J X )  
J N O =  J END ( J X 1 
DO 6 7 0  J = J S T r  JND 
DO 650 J K = l r 7  
E V (  JK ) = D H E A L  ( Z( J K  9 J J  3 650 
I A X I S = O  

MM=MHV( J 1 
IF( J o E Q  oJND 3 I A X 1  5=1  

CALL MODLUM ( I E V * M M  r I AX IS 1 
I F (  J.EQ.7) C A L L  L E G N D  1 
I F < J I E Q o ~  1 )  C A L L  L E G N D 2  
I f  < JoEQ.3) C A L L  LEGND:! 
I F ( J o E Q o 1 4 J  C A L L  L E G N D 4  
I F 4 J . E Q o J N D )  C A L L  L E G N D 7 ( R P M )  

670 C O N T I N U E  
700 CONTINUE 

710, CONTINUE 
C A L L  P L O T  ( LO 00 9-2 000 9-3 D 

R P M 2 = 2  0 0 DO *RPM 
C 
C R C P M r  I C P M I  AND OM A R E  REAL*(, V E C T O R S  REQUIRED FCF;  THE PLCTTIhC 
C kQUTINES 
C 

00 750 H = l r 1 4  
fDAT=I+ (M- l  ) * S O 1  
I D A T P = I D A T - l  
A = D G E A L ( C P M ( M )  1 
IF ( M o G T o 7 )  A=-A 
IF ( A o L T * l o O J  A = i o O  
RCPM( I D A T  J=A 
OM( IDATJ=RPU 

C 
C F I R S T  ORDER C R l T I C A L  SPEEDS C A L C U L A T E D  US I h G  SUBfiGUTINE C R I T C L  

i. 
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. 

I F  ( A o L E o R P M  o P N C o C R I T S l ( M  I o G T o S 9 9 9 C o 9 )  C A L L  C R I T C L ( G M (  I D A T P )  . O M (  
* I D A T )  r R C P H (  I O A T P )  .HCPM( I D A T )  9 l r 0 , C R I T S l  ( M I  1 

C 
C O E T E R M X N A T I O N  O F  S E C C N O  ORDER C R X T I C A L  S P E E D S  U S I N G  C & I T C L  
C 

IF ( A o L E o R P M ~ o A N O I C H  ITS2( M )  O G T O  S S 9 9 S o  0 )  C A L L  C F I  7 C L ( O Y (  I O A T P )  9 C V (  
* I D A T )  s R C P M (  I O A T P  1 RCPW ( I D A T  1 s 2 0 0  9 CR I T S 2  ( M  1 1 

B = D I M A G ( C P M ( M )  1 
BN=-E 
I F ( A B S (  BN) o L T .  1 oOE-A0 1 BN=O 0 0  

C 
C C A L C U L A T I O N  OF E E G I N h I h ' G  OF I N S T A B I L I T Y  BY C R I T C L  
C 

I F (  BN o G T  00 0 0  AND oRPMUNS(  M )  o G T .  S999Fo 0 1 C A L L  C R  I T C L (  CM( I D A T F  a r C N (  I D 
* A T ) r B N P ( W ) , B N , O o O . R P # U N S O )  

C 
C U P P E R  I N S T A B I L I T Y  L I M I T  IS F C U N O  BY U S I N G  S U R R O L T I N E  C R I T C L  
C 

IF ( BN OC T o  U 0 1 
IF ( 8 N r L T  00 - 0 0  A N O o U P L U N S (  M 1 oEQ 0 8 8 8 8 8  8 1 

U P L  LN S ( M) =8 e e 8 8 0  I 
C A L L  CF; I T C L  ( 0 ' 4  4 I CA T P )  9 Gb'(  

* I D A T )  r B N P ( M )  + B N I O ~ O ~ U P L U N S ( M )  I 
BNP ( W )=EN 
I F ( I X o E Q o 1  1 I C P M A l t  I C A T I - B N  
IF( I X o E Q . 2  I C P V A 2 ( 1 0 A T ) = @ H  
IF( I X o E Q . 3 )  I C P M P Z t  I C A T ) = B N  
IF( I X . E Q . ~ )  ICPMP~( I C A T ) = ~ N  
IF ( B N o G T o 2 0 0 0 0 )  AN=2QOoQ 
IF ( B N o L T  0-200 OQ 1 BN=-2200 00 
IF 4 I X o E Q . 1 )  I C P M 1 (  IDAT)=BN 
IF  ( I X I E Q O ~ ~  I C P M 2 (  I D A T ) = B N  
IF t IX.EO.3)  XCPM3(  I D A T  )=@N 
IF ( I X o E O .  4 )  I C P M 4 (  I D A T ) = f l K  
f F  ( BNoGT 0 0 0 0  ANG ORPMUNS ( M 1 oEQ 0999990 9) R P M U N S  ( M ) = R P M  

750 C O N T I N U E  

800 C O N T I N U E  
R P M = l O o O * * (  I * O . Q 1 )  

P R I N T  9 1 0 , C D  
910 F O F ; M A T ( ' l ' r 6 1 X . ' C O  = ' + F 6 0 2 + / / )  

P R I N T  912 
912 F O R M A T ( l l X , * R P M  A T  ONSET O F  U N S T A B L E  M O f l O N ' m 1 2 X ~ * F I R S T  C R ! 3 € H  C G I T  

* I C A L  S P E E D S ' s 1 4 X m ' S E C C N D  ORDER C R I T I C A L  SPEEDS',/) 
P R I N T  9 1 5  

915 F O R M A T ( l X , 3 ( 1 0 X i ' @ R A N C H  RETROGRADE FCRUAFD* ) )  

00 940 M=1,7 
P R I N T  9 3 0 r Y , R P M U N S ( H + 7 ) s R P ~ U ~ S ( ~ ~ )  s H * C A I T S L  ( W + 7 )  . C R I T S l ( B - K ) . M r  

tCRITSZ(M+7).CRITS2(8-M) 
930 FORMAT(  1Xm 3( 1 3 X  . I  1 s 7XmF7. l s 6 X 1 F 7 . 1 ) )  
940 C O N T I N U E  

941 F O R H A T ( / / . 1 1 X r ' U P P E R  L I M I T  O h  U h S T A B L E  W G T I C N ( F P N ) ' )  
P R I N T  941 

P R I N T  942 

DO 944 W = l r 7  
P R I N T  

942 F O R M A T (  / *  1 L X + '  E R A h C H  G E T f i O C G A O E  F O H W A F C '  1 

943 r c1 r U P L U h S  ( Fc+7 1 sUPLUhS ( 8 - M  ) 
943 F O R M A T (  14x911 e 7 X e F 7 o l  r 6 X a F 7 . 1 )  
944 C O N T I N U E  
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1 1 7  

C THE F C L A O Y I N G  
C F O R Y A R D  W H I R L  
C 

C A R E S  THRGUGH 960 
hG MAP T C  AE E N L P  

W I L L  C A U S E  A S M A L L  P O R T I G N  C f  T H E  
G E C  A h 0  P L a T T E O  S E P 4 R A T E L Y o  

IF( I X o E Q o 2 )  C A L L  P L O T ( 3 o O ~ - 2 2 0 0 0 ~ - 3 )  
960 C O h T I N U E  

IF ( 1 P L O T o E C o O )  G C  T C  990 
DO 975 M = 5 * 7  
I F < M r E Q o l )  PRINT 961 
I F ( M o E Q . 2 )  P R I N T  462 
IF(MoEQo3) P R I N T  963 
I F  ( M o E Q o Q )  P H I  N T  964 
I F ( M o E Q . 5 )  P R I N T  S65 
IF  ( MIEQ-6 P R i  NT 966 
I f (  M m E O r  7 )  P R I  NT 467 

961 F O G M A T ( * l * * I X * ' * * * *  7TH FORWARD BRANCH: 
* ' / / I  

* * / / I  

* * / / I  

* . / I )  

* * / I )  

* .// 1 

962 F O R M A T (  * l o  r l X * ' * * * *  6 T H  F G R Y A f i D  8RAF;CH: 

963 F O R M A T 4  ' 1 '  ~ 1 x 9  '**** 5 T H  F C R W A K C  ERPNCH: 

964 F O f i M A T ( ' 1 '  r l X * ' * * * *  4Tti F C R W P F C  ERPNCH: 

965 F O f i M A T ( ' 1 '  * l X , ' * * * *  3TH F C R Y A R O  BRANCH:  

966 FORMAT(*l' r l X ~ ' * * * *  2 T H  F C R B A F O  @RAKCH: 

GROlrTH F A C T O R S  ( I h  CPM b 0 

G R O I T h  F A C T C G S  ( I N  C P M ) '  

GROCTk F A C T O R S  ( Ih: CPH 1 '  

GRObTH F A C T O R S  ( I N  C P M ) '  

GROhTH F A C T O W S  ( I N  C P v ) *  

G R C k 7 h  F A C T O R S  ( I h  C P t r ) r  
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967 F O R M A T ( ' l ' * l X * ' * * * *  I T H  F O R W A R D  BRANCH:  G R O Y l H  F A C T O R S  ( X h  C P V ) '  
* * f f  1 

P R I N T  9 7 Q r ( C D S V (  1 x 1  r l X = l  * 4 )  
970 F O R M A T ( ~ ~ X I ' R P M ' ~ ~ X , ~ ~ ~ ~ X S ' C D  = ' r F 5 e 2 ) r / )  

DO 975 1=1 *501*10 
I D A T =  1 +( M- 1 
P R I N T  

$50 1 
9 7 4 * 0 M { I C A T ) 9 I C P M A l  ( I O A T ) + l C P W A 2 (  I D A T ) +  I C P M A J ( 1 D A T ) r  I C P Y A 4 i I  

+DA T 1 
974 F O R M A T (  1 X 9 5 E 2 0 r 5 )  
975 C O h T l N U E  

I. 
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. 

C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

S=W,CD(I s 2 )  
I F  ( J 0 E O . O )  GO TO 9e2 

GO TO 985 

I=O 
985 K K = K K - 5 0  1 

I = X + I  
I F ( K K o G T o 1 S T O P )  GC T O  980 

C A L L  PLOT(OoOs7-0s-3) 

982 C A L L  P L O T (  1 5 0 0 t - 2 3 0 0 * - 3 )  

990 C A L L  P L O T ( O o O s 0 * 0 * 9 9 9 )  
S T O P  
END 

SUEROUT I N €  
I M P L I C I  T H E b L * B ( A - H s C - Z J  
REAL*8 I A ( 3 ) r K ( 3 ) s K E Q  
REAL*8 
R E A L * R  
C O M P L E X * 1 6  ALPH(~S~,SEI(~).E.GSKAG( 3 ) r I h C ; M  
C O V P L E X * l 6  F A C L s F A C 2  
DIMENSION A R E A ( 3 )  s D I N ( 3 J t O O U T ( 3 )  

COMPL I ( A L P H s  CQHSGN)  

I EO L A C  e 1 3  * L A  s LBr L Ct LG 
K B  t K S L  s K S U  

ERSGR: R E A L  P A R T S  (fF T E E  C O M P L E X  Y C U N G ' S  AND SHEPR M C D U L I  

OOUT AND DIN A R E  S ~ . P F T  CUTEG'AND INNER DIAMETER C A T A  RESPECTIVELY 
DOUT(3) AND O I N ( 3 )  ARE THOSE OF THE TURB1h.E S h A F T  

K ( l ) . K ( Z ) . K ( 3 ) :  S H E A R  C C R R E C T I G N  F A C T C R S o K ( 3 )  IS T H A T  O F  T H E  
TURB I NE S H A F T  
KEO: S H E A R  C O R R E C T I O N  F A C T O R  O F  T H E  E O U I V A L E N T  CLIILL S H A F T  
I N S I D E  T H E  T U R B I N E  S H A F T  

L A C :  A C T U A L  LENGTH CF Q U I L L  SHAFT I N S I D E  T U R B I N E  S H A F T  

L 3 , L A  S C B s  L C  s LG.  A 1 s A 2 s  A 3  A 4 :  L E N G T H S  D E F I  NED I h: APPEND I X A 1 

T 3 s T S :  D I M E N S I O N S  O N  THE I N T E R W E O I A T E  M A S S e S E E  F I G o A 1  

CAMAS: LOSS T A N G E N T  F O R  S T E E L  

A 3  0 0 O I S T o  F R O M  THE C E N T E R  OF U P P E R  B E A R I N G  TO B E G I N N I N G  O F  
L O W E R  B E A R I N G  

M E D I A T E  M A S S  
L A  0 0 D I S T o  FROM T H E  UPPER B A R I N G  C E N T E R  ( U B C )  TO END OF IN T E R -  

L B  0 0 D I S T .  FROM UBC TO THE B E G I N N I N G  OF DAMPEC; 
L C  0 0 0 D f S T o  F R O M  Ut3C T O  DAMPER END 
LG 0 0 D I S T o  FROM UBC TO F L Y W H E E L  S H A F T  EhD 
AI . . . DIST. FROM uec TO INTERMEDIATE M A S S  CG 
A 2  o O I S T .  F R C H  L'BC T O  DAMPER CG 
A 3  0 0 D I S T o  FROM U B C  TO F L Y U H E E L  CG 
A 4  0 0 S E P A R A T I O N  C F  THE TWC. e E A R l b i G  C E N T E R S  
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C O H M O N / M A I N l / T D * T F , T T l  
C CMWLIW M A 1  N2/L C SL C L3 

C 
C 

D A T A  E R * G R / 2 9 m S D Q 6 r l  l r 5 D U 6 /  
D A T A  
D A T A  D I N / 2 * 0 0 0 0 0 . Q * 3 X 7 5 0 0 /  
D A T A  K, KEQ/2*0 r O 8 S D O  , O m 6 5 6 ~ 0 0 r U m 8 & 3 5 0 O /  
O A T A  
O A T A  T 3 . T S / Q r 4 3 5 2 C 0 ~ 6 0 2 4 3 L D D /  
D A T A  KSU,KSL/2*2* 0 0 8 6 /  
D A T A  
O A T A  GAMAS/O*OOSDO/  

D O U T / 0 0 3 1 2 5 0 0  * o m  31 2 5 D O e O m  7493D&/ 

L A C , L A  ,LC /3r  59690Q,2m W 8 4 0 0 r  7 .  t 2 4 0 W  

A 1  ~ A 2 1 A 3 .  A 4 / 2 r 5 6 2 1 0 0 r 5 0 4 5 0 e D g r  1 I e 2  1 9 5 0 0 . 2 r 3 7 D ) 3 /  

C 
C 
C 

P1 1 = 2 m O * D A R S I N (  LmOOt)) 
I N U M = 4 0 0 0 0 0 ~  1 rODQ 
E= ( 1 OD B+C OMSGhrD: I hUM*GAMAS)  *ER 
C= ( 1 o O O O  +COMSGN* I NtJM*GAMAS)*CR 

C 
C A R E A S  A N D  MOMENTS OF I N E R T I A  O F  S H A F T  S E C T I O N S  1 & 2 A N D  
C T H A T  OF T U R B I N E  S H A F T  A R E  C A L C U L A T E D  
C 

D O  38 J - l . 3  
A R E A ( J ) = P I  I * ( D O U T ( J  ) * * 2 - 0 f N ( J ) * * 2 W 4 r O  
1 A  ( J) = P I  I * (  OOUT J 1 * * 4 - D I N (  J )**4 )/64-0 

30 C O N T I N U E  
C 
C C A L C U L A T I O h  3F D I A M E T E R  AND A R E A  O F  E Q U I V A L E N T  ClrILL S H A F T  
C INSIDE TURBINE S H A F T  
C 

I E Q =  [ A (  2)*( L J / L A C  ) * * 4  

DEG= 464 -0 * I E Q / P  I 1  ) * e 0  m 2 5  
A €  Q=PI 1 4UE Q**2 /4 0 

C 
C K ( 3 )  S A R E A ( 3 ) s  I A ( 3 )  A R E  NEWLY D E F I N E D  F O R  T H E  E Q L I V A L E N T  SECTION 
C C O N T A I N I N G  BOTH THE TURBINE S H A F T  AND FLYWHEEL SFAFT 
C 

K ( 3 ) = ( U E Q * A E G + K ( 3  ) + A i i E A ( 3 )  ) / ( A E Q + A R E A (  3 1 )  
A R E A (  3 S = A R E A < 3 ) + A E Q  
I A ( 3 ) = 1  A ( 3  ) + I  EQ 
00 40 1 = 1 ~ 3  

00 45 1 = l r 3  

A 1 A 4= 1 0-A  1 / A  4 
A 2  A 4 =  1 r O - A 2 / A 4  
A 3 A 4 =  10 Q--A3/A4 
T T A 4 = 1  m O + T T l / A 4  

40 K A G (  I)=K4 [ ) * A R E A (  I J + G  

45 E K ( I ) = E * I A ( I )  

A 4  S=A4* 42 
F A C l = l m O / K A G (  3)+L3**2/( 3rO*EI( 2 ) )  
F A C 2 = 1  eo/ ( K A G (  3 ) * A 4  )-L3* (005-L3/<300*A4 1 ) / € I (  2 ) 
F A C 3 = A 3 / (  A 4 S * K S L ) - A 3 A Q / f  K S W A 4  1 
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FAC4=(loO/KSU+loO/KSL)/A4S 
F A C 5 = A 2 / ( A 4 S * K S L ) - A 2 A 4 / ( A 4 * K S U )  
F A C 6 = A l / (  A 4 S * K S L J  - A 1  A 4 / (  A 4 * K S U )  

C 
C C O M P U T A T I O N  C F  C O M P L I A N C E  M A T R I X  
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SUBROUT I NE 
C O M P L E X C l B  A<NrN)  rB(NsN)  r C 0 u . N )  
DO 5 fZ1.N 
DO 5 J = l r N  
C (  I v J )= 4 0 *DO, Q DO 1 
DO 5 K = l  * h  

Y UL TY C ( A  E C 9 N 1 

5 C ( I . J ) = C I  I s J ) + A ( I * K ) * B ( K r J )  
R E T U R N  
E NO 

A 

SUERUiJT I NE C R  I T C L  ( X 1 s X 2  r Y 1 Y 2 9 OROER r C R  V A L U  1 
c 
C T H l S  S U B R O U T I N E  C O M P L ' T E I  THE X - C C O R D I h A T E  C F  T H E  I h T E H S E C T I C N  CF T w C  
C S T R A I G H T  LINES. THE F I R S T  S T A I G H T  L I N E  IS T H A T  CCKNECTINC; THE P C I N T S  
C X 1 . Y l  TO X 2 s Y 2 0  THE 5 E C C h D  S T R A f G k T  C f h E  I S  Y = C F C E R  1) X. 
C 

I M P L I C I T  REPL84(  A - h s C - Z J  
SLQPL=( Y2-Y l ) / ( X 2 - X 1 )  
CR V A L U =  4 Y 1 -SLOPE * X  1 J / <  ORDER-SLOPE J 
R E T U R N  
E NO 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

SUBROUT IN€ T Y P S U L  ( I  9 I J O B s  J E V S T  I P L O T I  I D A M P  J 

THE V A R I A B L E  J E V S T  I N D I C A T E S  I n H I C H  C R I T I C A L  SP€:EC I S  C U R R E N T L Y  H E I h C  
C O N S I D E R E D .  F I R S T  ORDER FORWARD C R I T I C A C S  FOR 7F THRU 1F H A V E  J F V S T  
1 THRU 7 R E S P E C T I V E L Y 0  T H A T  IS* J E V S T  C C R A E S P O N C S  T O  THE O R O E R I N t i  OF 
Us I T I C A L S  FROM H I G H E S T  T U  LOYESTO THUS. F I R S T  ORDER R E T R O G R A D E  
C R I T I C A L S  FOR 1 R  Tt lRU 7 R  H A V E  J E V S T  I )  THRU 14 R E S P E C T I V E C Y m ( R E C A L L  
THAT R E T R O G R A D E  C W I T I C A L S  A R E  N E G A T I V E  J o F O R  SLCChC OROEG CKIT J C A L S r  
A D D  1 4  T O  THE ABOVE J E V S T  V A L U E S  

oevIousLr A RUN MUST BE ACCOMPLISHED WITH IJCB=O T C  OHTAIFI THE CRITICAL 
SPEEDS R E F E R R E D  TO BY THE V A R f A B L E  I .  

I M P L I C I T  R E A L * 4 (  A - H * O - L )  
JE V S T = O  
IF( I.EQ.302) J E V S 7 = 7  

C SINCE MOO€ S H A P E S  ARE P L O T T E D  O h L Y  F C R  I P L C T = O  A k C  IDAMP=O. € -VECTORS 
C F O R  SECOND ORDER C R I T I C A L  SPEEDS ARE NOT EVEN C O Y P I I T E D  U N L E S S  M O D F  
C S H A P E S  ARE T G  @E P C C T T E O  
C 

IF( I P L O T ~ E Q O ~ O O R I I D A H P ~ N E , ~ )  GO TO 20 
If ( IIEQ-244 1 J E V S T z 2 1  
IF4 I .EQ.421)  J E V S T = 2 Q  
IF( I.EQ.463) J E V S 7 =  19 
I F ( I m E Q o 4 8 1 )  J E V S T = l B  

I' 
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C 
C 
C 
C 
C 
C 
C 

% 

20 I F ( J E V S T o N E o 0  1 I J C S l  

NOTE: T H I S  S U B H O U T I N E  DOES NOT ALLOW F O R  T H E  P O E S I R X L I T Y  T H A T  TWO ( O F  
MORE) C R I T I C A L  S P E E D S  MAY OCCUR AT T H E  S A M E  W O T A T I O r J A L  S P E E D a I F  T H I S  
WERE TO 0CCUR.CHOOSE H I G H E R  OR L C k E R  V A L U E S  OF Tt-E V A 6 I A D L E ' I '  S O  
T H A T  N C  TWO V A L U E S  O F  ' I '  A B O V E  A R E  E Q U A L o T H I S  WILL ONLY A F F f . C T  TtiE 
MODE SHAPE A N D  T H E  O I C F E R E N C E  S H C U L O  B E  S L I G H T  

R E T U R N  
END 

S U B R O U T I N E  H O O L U M ( E V e M H s  I A X I S )  
I M P L I C I  T 
D I M E N S I O N  E V ( 7 ) r X V ( 5 ) r Y V ( 5 )  

R E A L * 4 (  A-H r C - L  1 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

C 
C 
C 

C 
C 
t 
C 

C 
C 

12: D I M E N S I O N  O h  I N T E G W E D I A T E  M A S S O S E E  F I G o A l  
SOM€ O F  THE V A R I A B L E S  USED I N  T H I S  S U B H O U T I N E  A k E  DEFINED A S :  

R I  0 R A D I U S  CF T U R U I N E  ( N C T  TO S C A L E )  
R 4  R A D I U S  CF FLYWHEEL G I W  ( N C T  T C  S C A L E )  
A L 2 o  A X I A L  L E N G T P  O F  OAMPER ( = 2 o O * T D / 3 0 0 )  
A L 3 0  A X I A L  L € N G T k  F R O M  E N C  O F  F L Y W k E E L  S k P F T  T U  FLYWHFEL C G  
< = T F / 3 0 0 )  
5 1 2 0  A X I A L  L E N G T H  F R O M  T U R E I N E  C - G .  TO UPPER END CC D A U P E P  
A L E N  e A X I A L  L E N G T H  F R O M  T U R E I N E  C O C O  T O  FLYWHEEL CG W H E G E  

ABOVE A X I A L  L E h G T k S  HAVE BEEN S C A L E D  T O  1 1 2  A C T U A L  S I Z E  
E V ( J ) o  0 THE E I G E N V E C T O R  R E P R E S E h T I N G  ThE MOO€ S H A P E  T O  BE 3 R A k N  
0 R I G I N . S T E P  ARE R E Q U I R E D  B Y  THE L I E R A R Y  I L U R O U T I N E  L I N E  
X V ( J ) s Y V (  J )  o C O O G D I N A T E S  O F  P O I N T S  TO BE P L G T T E O  

COWMON/MODLHl / R 1  .Re 
COMMON/MODtMZ/ORI G I N  .STEP. 
CGMNON/ N O O L l v 3 / A L 2  wAL3rS12 r S 1 1  r ALENI P I  r X F B  

DATA TT 1 r T 2 ~ T 3 / 0 0 € ! 9 4 2 r 0 0 4  1 6 3 9 0 0 4 3 S 2 /  

C A L L  F A C T O R ( 2  0 0 0 )  

TEE F G L L O W  I N G  M U L T I P C I E G  C A U S E S  WPXIWUH D I S P L A C E M E N T S  TO A P P E A R  
I N  THE P L O T  A S  3 / 4  INCHES 

DSCALE=O o f 5  

DO 1 0  J - = l r 7  
10 E V ( J ) = E V ( J ) * O S C A L E  

DUE T O  THE 1 1 3  S C A L I N G .  T C L T I N G  A h G L E S  M G S T  BE M U L T I P L I E O  BY 3 TU R E  
C C O N S I S T E N T .  
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E V (  2 ) = E V ( 2 ) * 3 . 0  
E V  (5 ) = E V ( 5  1 *3.6 
E V (  ? )=Ev(7)*300 

TkE F C L L O M I N G  CARCS (THRCUGH 2 0 )  INSURE T H A T  THE Y A X I M U h l  T I L T I N G  
ANGLE W I L L  BE P1/6 R A D I A N S  OR L E S S  

E V M 2 = A B S t E V t E l  1 
E V M S = A B S t E V (  5) 
E V C 7 = A D S ( E V ( 7 )  I 
P H I M A X = A M A X ~ ( E V M Z . E V M 5 ~ E V ~ 7 ~  
I F ( P H I M A X O L T I P I / ~ O ~ )  GO T C  36 
DO 20 3=1r7  

20 E V (  J ) = E V (  J ) * P I / < 6 r B * P H I M A X )  

I T  IS P O S S I B L E  T H A T  THE HUB-FCYCPEEL SkAFT A T T A C F Y E N T P O I N T  CILL H A V E  

T H I S  HUB D I S P L A C E M E h T  T O  A P P R O X I M A T E L Y  3 /4 I N C H E S  

30 A H F A = A B S ( E V (  l ) - A L 3 + S I N ( E V < Z )  ) )  

THE M A X 0 0 1  SPCACEYENT.  THE FOLLCk [NG S T A f E M E N T S  ( f t -ROUGH 40 1 1. T M  I T  

I F { A H F A * L T o O s 7 5 )  GO TO 50 
DO 4 0  J Z l . 7  
E V (  J ) = E V (  J ) * O o 7 5 / A H F A  40 

THE F O L L O W I N G  C A R D S  (THRCUGH 9 0 )  CAUSE T b E  MODE St-APES UF UOL)--NllYDLR€D 
8 R A N C H E S  T O  BE P L O T T E D  P R I M A R I L Y  I N  THE U P P E R  H A L F - f L A N F  A N D  T H C S E  OF 
E V E N - h U M B E R E D  E R A h C H E S  IN T H E  LOWER H A L F - P L A N E  

50 IMM=MOD(MMs2) 
I F ( M M o G l . 7 )  C C  T G  70 
I F ( 1 M M o N E . O )  GO TO 90 
DO 6 0  J = l r 7  

GO TO 90 
60 E V (  J) =-Ell(  J )  

N O T E  T H A T  R E T R C G R A D E  B R A N C H E S  1 THRU 7 A R E  A S S O C I P T E D  k f T H  M M  V A L U E S  O F  
8 THRU 14 R E S P E C T I V E L Y  

70 I F 4 L M M e E Q . O )  GO TO 90 
DO 80 J = l r 7  

80 E V ( J ) = - E V ( .  J)  
90 C O N T I N U E  

X V  44 1 =OF?IG I h 
Y V ( 4 l = O R I G I N  
X V  t 5 )=STEP 
YV ( 5 J= STEP 

COMPUTE P O I N T S  D E P I C T I N G  THE DISPLACED TURBINE 

XV 4 1 )=-I? 1 *SIN ( E V (  7 )  
Y V (  1 ) = R l  * C O S I ( E V < 7  1 ) + E V ( G  1 
XV42)=CI.I) 
Y V t 2 )=EV ( 6 ) 
X V f 3 ) = - X V (  I )  
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.. . 
z 

i. 
C 
C 
C 

C 
c 
C 

C 
c 
C 

L 

Y V  (3 ) = - R l *  CCS ( EV ( 7 1 1 + E V (  6 ) 
C A L L  L I N E ( X V 9 Y V s 3 r l  e 1  e M M )  
C A L L  
TT-=T 11  / 3 0 
T T Y = T T * S I N ( E V (  7 )  ) + E V (  e )  

P L O T  ( X V (  2 1 9  Y V (  2 )  e 3)  

C A L L  P L O T ( T T I T T Y S ~ )  
C A L L  S Y I Y g O L ( T T * T T Y r O e O 8 r u ~ , b o O  9 - 1 1  
C A L L  P L O T  ( 7 T  s T T  Y e 3 J 
X V ( 3 ) = O R I G I h  
Y V < 3 ) = O R I G I h  
X V ( 4 J = S T E P  
Y V  (4) = S  TED 

C O M P U T E  P O I N T S  TO P L C T  IKTEHMEDIATE MASS 

COMPUTE P O I N T S  D E P I C T I N G  THE D I S P L A C E D  D A M P E R  

X V ( l ) = S 1 2  
Y V ( l ) - E V ( 3 )  
X V ( 2 ) = X V (  1 ) + A L 2  
Y V ( 2 ) = Y V (  1 ) 
C A L L  D4SH(  XV4 1 )  e Y V (  1 )  e 1 2 1  
C A L L  L I N E ( X V ~ Y V I ~ ~ L *  1 9 M M )  
C A L L  P L O T ( X V ( 2 )  r Y V ( 2 )  ,3J 
X V (  4 )=Of? IG I N  
Y V < 4  ) = O R 1  G I h 
x v t  5>=!5rf?p. 
Y V  ( 5 ) = S T E P  

COMPUTE P O I N T S  D E P I C T I N G  THE D I S P L A C E D  F L Y h H E E L  

Y F B = E V (  l ) - A L 3 * S X N ( E V ( 2 J )  
CALL 
C A L L  
C A L L  P L O T <  X F R  .YFE e 3 1  

D A S H (  X F A  Y F 5  9 12 
S Y M B O L (  X F  B S Y  FB r O  r08, M W  * O - O v - l  J 

X V  ( 1 ) = A L E N - R Q * S I N ( E V (  2 1 b 
Y V (  1 ) = E V (  1 1 + R 4 * C C S ( E V  ( 2  1 
X V (  Z )=ALEN 
Y V ( Z ) = E V t l  ) 
XV ( 3)=4  L E N + G 4  * S I h ( E V  ( 2  1 J 
V V 1 3  )=EV( 1 )-W4+COS( E V (  2) J 
C A L L  P L O T ( X V ( 2 ) s Y V ( Z J r 2 )  
C A L L  
CALL 

Lf NE ( XVe  Y V s  3 
P L O T  ( 0 06 90 00 9 3 1 

1 s 1 eMM)  
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I F ( I A X 1 S o E Q o O J  GO TO 100 
C A L L  DASH( ALEN * 0 * 0 * 4  1 
C A L L  PLOT( 0.0 90.0 93) 

END 
100 RETURN 

S U B R O U T I N E  L E G N D l  
I M P L I C I T  R E & * B ( A - H , C - L )  

c 
C T H I S  S U B R O U T l N E  PROVIDES C A P T I U N S  F O H  BRANCHES 1F THHOUGH 4Fo 
C 

C A L L  FACTQR(2.00) 
C A L L  SVMBOL(Oo0.1~35~~10* 'MODE I D E N T I F ~ E H S : ' ~ ~ O U I ~ ~ ~  
CALL S Y M D U L < l r 9 5 s l  0 4 0 r . 1 0 ~ 1  e O . 0 9 - 1 )  
C A L L  
C A L L  SY MBOL(2 -67 9 1.409 rn 10 3.8-09-1) 
CA LL 
C A L L  
C A L L  
C A L L  SYMBOL ( 2- C 7  
CALL 
RETURN 
EN 0 

SYMBOL ( 2 1 7  9 1 0 3 5 0 16 ' 1F ' rCS 0 0 9 2) 

SY MBOL ( 20 '3 f 9 1 3 5 9 1 O s  ' 3F' e 6 00 92 1 
SY MBOL ( 1 95 9 1 02  0 9 10 e 2 t 8 U r - 1  J 
SYMBOL ( 2 0  17 9 1 015 -1 0 s * 2F' e 0  00 92)  

1 02 0 s IO 9 4 .OoO 9 - 1 )  

S Y M B U L ( 2 r 8 9 . 1  1 5 9  0 1 0 9  '4F ' 90.01 2)  

SUBROUT I NE LEGh02 
I M P L I C I T  H E A L * B ( A - H 9 O - Z )  

C 
C T H I S  S U B R O U T I N E  P R C V I O E S  C A P T I O N S  F C R  ERANCHES 1 6  THROUGH 4 W .  
C 

C A L L  F A C T O R  (2 -00 1 
C A L L  SY MR O L  ( 0 00 9 1 035 a 0  1 0 9 ' MODE 
C A L L  S Y M 8 O L ~ 1 0 9 5 ~ 1 ~ 4 @ ~ ~ 1 ~ ~ 8 s ~ o ~ ~ ~ l ~  
C A L L  
C A L L  
CALL 
C A L L  
C A L L  
C A L L  
C A L L  S Y M B O L 1 2 r 8 9 ,  l o  1 5 s o l 0 e s 4 R '  ~ O o O s 2 )  

IOENT I F  I ERS: ' s 0 *Q 9 17 ) 

SYMBOL ( 2 0  17 9 1035 9 0 10 0 ' 1 R '  90 e 0  9 2 )  
SYMBOC(2o 6 7  t I .  4 0  9 0  18 9 10 9800 '-1 1 
S Y  M80L (2089 9 1035.0 10 s ' 3R' , 0 0 0 9 2 )  
S Y M B O L (  1.95 9 1020  9 0  LO * 9 * 0  r O  9 - 1  ) 
S Y M B O L  ( 20 17* I o  1 5 s  0 10, '2R ' 90. 0 a 2 )  
SY M 8 0 C ( 2 0 6 7 r  1 0 2 0 r o  1 0 s  1 I s 0  -09-1 

RETURN 
END 

SUBROUT INE L E G N O 3  
I M P L I C I T  R E A L * R ( A - H a O - L )  

C 
C T H I S  S U B R O U T I N E  P R O V I D E S  C A P T I O N S  FOR BRANCHES 5F 7HROC;GH 7 F .  
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C A L L  F A C T O R t 2 o 0 0 )  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  

S Y  M80L ( 0 . 0  s 1035 10. 'MODE 
SY M B O L  ( 1 0 95 1 040 9 0 10 ~5 r O  00 
SYM6OL (20  1 7  r 1 0  35 r 0 10 9 *5F ' r 3  0 0 . 2 )  
SY MBOL 12 e67 e 1 o 4 C  0 13 e 7 .  0 0 0 ,  - 1  J 
SYMBOL ( 20 €9 9 10 3 5  .0 10 e '  7F' w 000 ~ 2 )  
S Y M B O L  ( 1 95 r 1 -20 r 0 IO 61 0 0 0 9 - 1  ) 
S Y M B O L  (2.17 1 015 r - 1  0 r'6F' r O  0 0 . 2 )  

I D E N T I F I E R S :  ' ~ 0 0 0 . 1 7  1 
1 1 

R E T U R N  
END 

SUBROUT I NE L E G  h04 
I M P L  I C 1 1  R E A L * 8 (  A-HeG-Z) 

C 
C T H I S  SUBRGUTINE PROVIDES C A P T I C N S  F G G  EFtANCHES 5 F  THROUGH 7 G o  

C 
C A L L  F A C T O R 4 2  e 0 0  1 
C A L L  
C A L L  
C A L L  
C A L L  S Y M B O L ( 2 0 6 7 r l * 4 0 + 0  1 0 s  1 4 0 0 0 0 1 - 1 )  
C A L L  
C A L L  
C A L L  
R E  7 URN 
EN 0 

SY MBOC ( 0  00 r 1 035 e 0  18 r 'MODE 
SY MBOL ( 1 0 9 5  9 1.40- 0 10 12.0 0 0 e - 1 )  
S Y M B O L ( 2 o l 7 . l o 3 ~  r .  10 . ' 5 R '  SO 0 0 ~ 2 )  

IOENT IF1 EPS :' 0 0 e 0  e 17 1 

S Y M B O L  ( 2  089 s 1 035 o 0 10 e ' 7R' 0 0  -0 2 )  
SY MBaL ( 1 95 e 1020 s 10 13 ' 0  00 r-1 ) 
S Y M B O L  ( 2 0  17 9 1 0 1 5 s  0 10, '6R ' .O r Q 9  2 )  

SUBROUT I NE 
IMPLLCIT R E A L * 8 ( A - H r O - Z )  
R E A L * 4  R S  

LEGhD7 (RPW 1 

RS=RPM 
C 
C SINCE A C A P I T A L  O M E G A  IS NOT A N  A V A I L A B L E  CkARACTERr  SPACE IS L E F T  FOR 
C M A N U A L  I N S E R T I C N o  
C 

CALL S Y M B O L (  1 4 7 7 r - l r 3 5 ~ 0  1 2 s  '= ' 10 .0~2)  
C A L L  
C A L L  SY H B O L ( 9 9 9 o  r - 1 0 3 5 s  0 12,. R P M ' s O O O S ~  1 

NUMB€ R (9990 .- 1 3 5 S O  12 v R S O  0 00 .2 ) 

* - C A L L  P L O T ( O ~ O ~ O ~ O V ~ )  
R E T U R N  
END 

SUBROUT I NE 
I WPL I C  I T 

LEGNOS (RPD I V S .  XCOOR r Y  C C G R .  IO A M P  ) 
R E &  *4( A-H r D Z  ) 
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YPLUS=YCOOR+Do 24 
XPLUS=X C O O R + 0 ~ 4 8  
I F I I D A M P - 1 )  1 0 * 2 0 t 3 0  

GO T O  4 0  

C A L L  SY MBOL(XPLUSIYCCJOH* 0 01 6 s  * Y ITH = ' r O . O * 9 )  

10 CALL S Y M B O L ( X C O O R ~ Y C O O R ~ O .  16t'F;o N A T E R I A ~  DAMPING*.O.O~~~) 

20 C A L L  SYMBOL(XCCOA,YPLUS,Oo 1 6 * *  L I S C O L S  IKTERNAL D A H P I N G ' r O . U s ~ 4 )  

C A L L  
C A L L  S Y M H O L ( 9 5 9 o  s Y C O O R r O 0  1 6 * *  R P M o s 0 e 0 * 4 )  

NUMB€ R ( 9990 YCOCR 16 t RPD IVS 3 0 -0  9 1 1 

GO TO 40 
30 C A L L  SY H E Q L <  XCCOG eYCCOAr 00 16 * C G H P L E X  SJ IFFNESS * t0 o b  r 17 ) 
40 R E T U R N  

EhD 
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CALL SY M B O L ( X 3  r Y S 2  s hGHT e 4 00 s - 1  
C A L L  S Y M e O L ( 9 0 s o  s Y 2 s H G H T s '  C 0 =*  r O o O e 6 )  
C A L L  
CALL PLOT(OoO*OoO 93) 
R E T U R N  
E N D  

N U M B E R ( 9 9 9 - r  Y 2 e  HGhf, C D S V (  4 1 . 0 0 9 ~  2 )  

BLOCK D A T A  
IMPL IC ! T R EAC * 8 (  A - t i s  0-2 1 
REAL*4 R 1  s G 4 s C G I G L N s S T E P  
R E A L * 8  L B s L C s L 3  
C C W M O W M A I N  l/TCs T F e  T T  1 
C O M W O N / M A I  N 2 / L @ o  L G rL3 
COHMON/MOOCMl / R 1  .R4 
C O M M G N / M O O L ~ 2 / C F  IGINIST EP 
D A T A  TO *TF . ~ ~ i ~ i . e ~ ~ ~ ~ ~ . ~ . i ~ o o ~ ~ ~ ~ ~ ~ ~ o o ~  
D A T A  
D A T A  R l  s R 4 / 0 . 7 0 . 1  020/ 
D A T A  O R I G I N s S T E P / O o O e  l o o /  

C B  s L G  . L 3 / 3 - 6 5 7 6 D O e  8 * 0 € 9 5 0 O e  2 . 1 2 6 9 1 ) 0 /  

END 

A 
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C.2 Forced Wh i r l i ng  Using the  Lumped Model 

The purpose o f  t h i s  computation i s  t o  o b t a i n  p l o t s  of t he  amplitudes 

o f  t he  var ious d e f l e c t i o n s  and slopes versus r o t a t i o n a l  speed, w i t h  f lywheel  

mass e c c e n t r i c i t y ,  i n i t i a l  tilt, and the  phase angle between them as para- 

meters. The f l o w  c h a r t  i s  shown i n  F ig .  C4, and the  CPU t ime requ i red  i s  

o n l y  40 seconds, approximately.  



... 

YES 

. 

b 

COMPUTATIONS COMPLETE. 
READY FOR FORCED 
RESPONSE PLOTTING. 

4 

F i g .  C4. Flow c h a r t  f o r  forced w h i r l  i n g  using lumped model. 

I INPUT DATAI 

I DEFINE [ M I ,  [C] I COMPUTE [K] 

A SELECT RPM 

I SOLVE EQUATION (2 .23)  FOR {SI  
USING A STANDARD IMSL SUBROUTINE. 

I INCREASE RPMl 
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F O R C E D  V I B R A T I O N  
( L U M P E D  M O D E L )  

N O T E :  T H E  C O M P C N E h T S  OF THE Q V E C T C R  ARE: 
( H f  r P H I F  , R D r R I N r P H I N r H T ~ P H I T )  

NDEG: NO. O F  OEGREES CF FREEOOM C F  THE SYSTEM 

B E T A :  PHASE L A G  C F  I N I T I A L  T I L T  FROM M A S S  E C C E N T F I C I T Y  

ECCEN: M A S S  E C C E N T R I C I T Y  

P H I Z R O :  I N I T I A L  T I L T  

R E F E R  TO @ F R E E  W H I H L I h C  A N D  S T A B I L I T Y  ( L U M P E D  M O D E L ) '  PROGRAM 
FOR OTHER DEFINITIONS O F  V A H I A B L E S  I N  THE D A T A  

FLYkHEEL D A T A  I N  T H I S  PROGRAM ARE THOSE OF G A R R E T  

D A T A  NDEC/7/ 
D A T A  MF.  I D f I  1PFII.2 0 ~ 9 5 1 D O ~ 4 0 8 3 D ~ s 8 0 S ~ 7 0 ~ /  
D A T A  MD / U o  002 S 9 8 D O /  
D A T A  
D A  TA 
D A T A  

M IN 9 ID IN t I P  I N / O  oOU02r)ZDO9 l o  7980- 05 s 1.150-05/ 
k T  r I D  T r I PT/U OOC 479W s o  006 340200.0 00062800/ 
B E T A  9 ECCENrPHLZR0/3o 1415 9 0 0  001 SO o U O 2 5 /  

PI I=2 m 0  * O A R S I N  ( 10000 1 
1NUW=(0000Os1 o 0 D O  
CO#SGN=U m a  

C O M P L I :  S U B R O U T I h E  TU C A L C U L A T E  THE 8x8 C O M P L I A N C E  M A T R I X  OF 
T H E  S Y S T E M  

C A L L  COMPLI ( A L P H r  COMSGN) 
DO 50 1=108 
D O  50 JZ1.8 
STIF( I r  J ) = ( O o 6 0 8 r Q m & l 0 )  
I F  ( I r E O  J 1 S T  I F  4 I J )= ( 10000 9 0 r O D 0  1 

50 CONTINUE 
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. 

I NT=O 
C 
C LLQEC: 1HSL S U R R O U T I N E  
C 

C 
C C O M P U T A T I O N  OF THE 7 x 7  S I F F N E S S  M A T R I X  O F  THE S Y S T E M  
C 

C A L L  LE Q 2 C  (ALPH.8 r 8  r S T I F  r 8  r 8  r I N 1  r W A I  eWA2 r I E R )  

Dc: 68 I = l r 7  
I I = I  
I F (  I.GTe3) 11=1+1 
D O  60 J = l r 7  
JJ=J 
I F  ( JeGT e 3) JJ=Jt 1 
S ( I r J )=ST I F  ( I I r J J 

P R I N T  300 
60 C O N T I N U E  

3 U O  F O R M A T  ( 5 X  r ' RF ( I N C H E S  1 

CD= 10 e o  

CDP=CD 
R P M =CJ. 0 0 0 

. 5 X  s ' PH IF (DEG 1 ' 5 x 1  ' H D (  I N C H E S  ' S X  r 'R I N( I NC 
* H E S )  ' 9 5  X r  ' P H I N ( D E G e  1 ' * 5 X r  ' R f (  I NCHES)'  r S X , '  P H I 1  (DEG. 1 '  r 5 X  r ' R P I I '  r / /  1 

D O  99U I=lrSOS 
RPM=HPM+6e OD0 
R A D = R ? M * P I  1/30. 
DO 350 I F = l  rNDEG 
F( IF I=( O . D O r O e D 0 )  

350 C O N T I N U E  
T H E T A = I  N U M * B E T A  

C 
C C O M P U T A T I O N  OF THE NON-ZERO T E R M S  O F  F O R C I N G  VECTOR 
C 

F (  1 ) = E C C F N * W  4 H A D * * 2  
F( 2 )= PH I Z R O  ( I DF- IP F 
DO 360 I X = l  r 7  
DO 360 I Y = 1 r 7  
K (  I X r  IY ) = S (  I X  r I Y  I 

*RAD**E*CDEXP ( -THE T A  

36ir 
C 
C INCLUSION UF MASS. G Y R O S C O P I C  AND DAMPING M A T R I C E S O C H A P T E R  2 
C 

K( l r l ) = K ( l r  l ) - M F * R A D * * 2  
K (  2 r 2 )= K ( 2 r 2 1- ( I OF- IPF 
K ( 3 '3 )=K(  3 3 ) -Mil  *RAD**P+  I NUH*CD*RAD 
K ( 4 9 4 )=K ( 4 9 4 ) -H I  N * R A D * * 2  
K (  5 r 5 )  =K(5 r S  ) - (  I D I N - I P I N ) * R A D * * 2  
K( 6 r 6  ) = K (  6 9 6  )-MT*PAD**E 
K ( 7 r 7  ) = K ( f r  7 ) - ( I D T - I P T ) * R A D * * 2  

*R A D * * 2  

C 
C 
C 

A 

C A L L  L E Q 2 C  TO S O L V E  L I k E A R  S I W U L T A N E C U S  EQSo 

C A L L  L E Q ~ C ( K I N D E C ~ N O E C ~ F ~ L  rNCEC.0 rCJA3rYA4r  I R )  
DU 460 I P = l r N D E G  
A M P ( I P ) = C D A B S ( F (  I P ) )  
YM( I P r I  ) = A M P (  I P I  
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c 

C 
C 

9 
C 
C 

S U O R O U T I N E  C O M P L I  (ALPH,COMSGN)  
I N P L I C I  T R E A L * 8 ( A - H r Q - Z )  
R E A L * 8  
H E A L * 8  
R E A L * 8  K t j r  K S L r K S U  
C L I M P L E X * l 6  
C O M P L E X *  16 F A C  1 r F A C 2  
D I  MENS I O N  

1 A (  3 ) r  I(( 3 ) * K E G  
I E O  r L A C  rL3 * L A  r LBr  L C  r L G  

A L P H ( 8  98 1 *E I (3 1 r Er G r K A G (  3)s I N U M  

A R E A (  3 1 9  D I N (  3 1. M U T (  2 1 

D A T A  ER r GP./2905DO6r 11 .5006/ 
D A T A  DOUT/O~3125OOeO~3125OOrO~7493DO/ 
D A T A  D I N / 2 * 0 0 B D O r O .  3 1 7 5 D O /  
D A T A  K r  K E Q / 2 * 0  . 8 8 5 0 0 ~ 0 . 6 5 6 9 D 0 ~ 0 0 8 8 5 D O /  
D A T A  
D A T A  L R r L G r L 3 / 3 * 6 5 7 6 D O r  80069500r20126900/  
D A T A  L A C  ,LA tLC/3.596900 *2 0 9 7 8 4 C O  9 7.32400/ 
D A T A  T 3 r T S / ~ o 4 3 5 2 D ~ r S . 2 4 3 1 0 ~ /  
D A T A  K S U , K S L / 2 * 2  .0006/ 
DATA 
D A T A  GAMAS/O.OOSDU/ 

T3 r TF r T T 1 / 1  833200 r 7.0500 rOr894200/ 

A 1 , A 2  r A 3  9 A 4 / 2 . 5 6 2 1 0 0  ~ 5 0 4 9 0 8 0 0  15 1 19SDO 9 2 03700/  
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K (  3 ) = (  K E Q * A E Q + K ( 3 ) * A R E A ( 3 )  ) / (  A E O + A H E A ( J )  1 
A R E A ( 3 ) = A R E A (  3 ) + A E Q  
I A ( 3 )  = X A ( 3  )+IEQ 
DO 4u x = 1 9 3  

K A G (  X ) = K (  I ) * A R E A (  I)*G 
03 4 5  [ = l o 3  
€ I (  I ) = E * I A (  I )  
A 1  A 4 = l  .{>-A1 / A 4  
A i ? A 4 = l e O - A 2 # A 4  
A 3 A 4 = 1  e O - A 3 / A 4  
T T A 4 =  1 O+ T T  1 / A 4  
A 4 S =  A 4 *  * 2 
F A C l = l  e u / K A G ( 3 ) + L 3 * * 2 / ( J a o * E I (  3)) 
F A C 2 = 1  e O/( K A G  ( 3 ) * A 4 ) - L 3 *  (U.!5-L3/(3.0*A4) )/E1 (3 
F A C 3 = A J / ( A 4 S * K S L ) - A 3 A 4 / ( K S U * A 4 )  

F A C  5 = A 2 / (  A 4 S * K  SL ) - A 2 A 4 / (  A 4 4 K S U )  
F A C 6 = A l / ( A 4 S * K S L ) - A 1  A 4 / ( A 4 * K S U )  

F A C 4 = ( 1  . O / K S U + l  e O / K S L ) / A 4 S  

A L P H (  1 1 1 ) =L3* A SA 4 * *2 SF AC 1 + ( L R--L  A ) / K AG I 2  ) + ( A 3  * ( LB-L A 1 * ( A3,-L & L A  1 + ( L 
*B*43-L A * * 3  )/3 00 ) /E I ( 2 1 +( L G - L C  1 /KAG( 1) +( A 3* ( L G - L C  )* ( A3-LG-LC )+ (  LG**  
* 3 - L C * * 3  1 / 3 o G ) / E X  (l)+A3A4**2/KSU+(A3/A4)**2/KSL 

A L P H (  1 9 2 )  =-L3$ A 3A 4 / A  4 * F A C  1+ ( L R - L A ) *  ( A 3 -  ( L B + L A  ) / 2 r P  ) /E 1 (2 )+ ( L C - L C  1 * 
* 4 A 3 -  4 L G + L C  1 /2 0 /E Z ( 1 1 + F A C 3  

A L P H  ( 1 0 3)  =L 3* A 3 A 4  *A 2 A  4*F A C  1 + ( L U - L A )  /KAG 2 )  + 4 ( L e - L A )  * A2*  A 3 -  ( LB + L A  ) 

roC / z  0 8  ( A 2  + A 3  1 ) + ( L €3 * * 3 - L A  8 * 3 ) / 3 0 0 1 / €  1 ( 2 1 + A 2 A  4 9 A  3 A 4 / K  5 U+A 2 *A 3/ ( KSL * 
* A 4 S )  

A L P H (  1 9 4 ) = - L 3 * A J A 4 / A 4 * F A C  l + ( L & - L A ) * ( A J - ( L B + L A  ) / 2 * 0 )  /E1 ( 2 ) + F A C 3  
A L P H (  195 ) = L 3 * A J A 4 * A l  A 4 * F A C 1  + A i  A 4 * A 3 A 4 / K S U + A  1 *AL / (  K S L S A 4 S )  
A L P H (  11 6 ) = - L 3 * A 3 A 4 / A 4 * F A C  l + F A C 3  
A C P H (  1 9 7 ) = L 3 * A J A 4 * T T l  * F A C 2 + T T A 4 * A 3 A 4 / K S U - T T l * A 3 / ( K S L * A 4 S )  
A L P h (  ~ o ~ ) = - L ~ + A ~ A ~ * F A C ~ + F A C J  
A L P H ( 2 ~ 2 ) = L 3 / A 4 * * 2 * f A C l + ( L B - L A ) / E I (  2 ) + ( L C L C  ) / € I (  1 ) + F A C 4  
A L P H  ( 2 9 3 ) =-L3* A 2  A 4 1  A 4  *F AC 1 + ( 1 8-1a 1 * ( A 2 -  (LB + L A  1 / 2 e 0  1 /E 1 ( 2 )- A 2 A 4 /  ( 

* A 4 8 K S U )  + A 2 / ( K S L * A  4 5 )  
A L P H ( 2 . 4  ) = L 3 / A 4 * * 2 s F A C l + ( L B - L A  )/E I (  2 )  +FAC4 
A L P H (  20 5) = - L 3 * A l A 4 / A 4 * F  A C 1 - A I  A 4 / (  KSU* A 4  ) + A l / (  K S L * A 4 S  1 
A L P H (  2 9 6 ) = L 3 / A 4 * * 2 * F A C l + f A C 4  
ALPH(2r7)=-L3*TTl/A48FAC2-TTA4/(KSU*A4)-TTl/( A Q S * K S L  1 
A L P H (  2 9 8 ) = C 3 / A 4 * F A C 2 + F A C 4  
A L P H (  3.3 ) = L 3 * A 2 A 4 * * 2 S F A C  l + ( L B - L A ) / K A G (  2 I + (  A 2 * (  LEI-LA)+(  A 2 - L B - L A ) + ( L  

*B* *3 -LA**3 )  1 3 0  0 )  /EX ( 2  ) + A Z A 4 * * 2 / K S U +  ( A 2 / A 4  * * 2 / K S L  

A L P H ( 3 , 4 ) = A L P H ( 2 o 3 )  
A L P H (  39 5 ) = L 3 * A 2 A 4 * A l  A Q * F A C l + A I A 4 * A 2 A 4 / K S U + A l * A 2 # (  A 4 S * K S L )  
A L P H (  3 , 6 ) = - L 3 * A 2 A 4 / A 4 * F A C l + F A C 5  
A L P  H ( 3 9 7 ) = L 3 8 A 2 A 4 +T T 1 *F AC 2+A 2 A  4* T TA 4/K SU- A 2 * T T 1 / ( A 4  S* K S L  
A L P H ( J , ~ ) = o C ~ * A ~ A ~ ~ F A C ~ + F A C S  
A L P H (  4 9 4 ) = L 3 / A 4 * *  2 *FAC l + (  L B - L A  ) /E1  ( 2 )  + F A C 4  
A L P H ( 4 9 5  ) = A L P H ( 2  15) 
A L P H (  4 9 6 ) = A L P H ( 2 0 6 )  
A L P H ( 4 ,  7 ) = A L P H (  2 0  7 )  
A L P H ( 4  9 8) = A L P H  ( 2  9 8 )  

A L P H (  5 9 5 ) = L 3 * A  l A 4 * * 2 * F A C  1+A l A 4 * * 2 / K S U + <  A l / A 4 )  **2/KSL 
A L  PH( 5 

,A 

6 I=-L3 * A 1 A 4 /  A 4  * F A C  1 + F A C 6  
A L P H (  5 , 7 ) = L 3 * T T l * A l  A 4 * F A C 2 + A l A 4 * T T A 4 / K S U = T T l  * A l / ( A 4 S * K S L )  

t- 
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t 

AL P H  4 5 s €3 1 =-L3 * A1 A 4  * F A C 2 + F  A C 6  
ALPH( 6 ,6 )=ALPH ( 2 . 6 )  
A L P H ( 6 r  7 ) = A L P H ( 2 r  7 )  
A L P H ( 6 , B ) = A L P H ( 2 r B I  
ALPH( 7 .  7 I =  T T  I * * 2 + L 3 * (  F A C 2 / A 4 + (  1 .O-L3/ ( 2 0  0 * A 4  1 J /E1 (3 1 )  + T T A 4 * * 2 / K S U +  

* ( T T 1  / A 4  **2/KSL 

* T T  1/ (A4SqKSL 1 
AL PH( 7 . 8 )  = - - T T l * L 3 *  ( F A C 2 / A 4 +  ( 1 W L 3 /  ( 2  oQ*A4 ) )/E I ( 3  1 ) - T T A Q / (  A 4 * K S U  1- 

ALPH(9r 8 J =L3* ( F A C 2 / A 4 +  ( A  O-L3/ ( 2  o O * A 4  
D O  80 J z 1 . 8  
DO 00 M z J . 8  
ALPH ( M J 1 = A  LPH ( J r k! )  

) / € I  (3 I 1 +FAC4 

83  C O N T I N U E  
R E T U R N  
END 
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C.3 Free Whirling Analysis Using the Combined Model 

Notes: 

1 )  The relation w = nn defines the order of the whirling c r i t i ca l  

speeds. Positive n denotes forward whirling speeds and negative n denotes 

retrograde whirling speeds. 

whirling speed, n = -2 denotes a second-order retrograde whirling speed. 

For example, n = 1 denotes a f i rs t -order  forward 

4 
2) In the program there are  i n  t o t a l  200 n-lines, beginning  a t  n = 10 

and ending w i t h  n = 

and retrograde branches. 

The same 200 l ines  a re  used for both forward 

3) In i t i a l ly ,  the n = lo4 l i ne  i s  chosen. Rotational speed n(RPM) i s  

var ied from some i n i t i a l  value i n  steps of AQ(ARPM). Each time, the complex 

determinant value of [ E ]  i s  found. By some i n i t i a l  runs the values of the 

complex determinant of [ c ]  should be determined to  see which of the real and 

imaginary parts i s  the most s ignif icant  number. Any s i g n  change i n  the signi-  

f ican t  part of the determinant while changing n(RPM) i n  s teps,  signals that  

the det  [c] will become zero between the values of n(RPM) which produced the 

s i g n  changes. 

accuracy, the c r i t i c a l  speeds corresponding to  the required number of forward 

branches a re  found for n = lo4.  

same i n i t i a l  value for Q( RPM) and A n ( A R P M )  , the corresponding retrograde- 

branch c r i t i c a l  speeds a re  determined. 

Using t h i s  technique and narrowing down A n ( A R P M )  to  required 

Now n is changed to  -lo4. Assuming the 

4) From numerous previous investigations [8,18,19], i t  is  known tha t  

the forward whirling speeds increase and the retrograde ones decrease as the 

shaf t  r u n n i n g  speed i s  increased. T h i s  knowledge is  uti l ized i n  determining 

c r i t i ca l  speeds of the forward and retrograde branches on an n-line when the 

c r i t i c a l  speeds of the corresponding branches on a previous n-line a re  known 

as explained i n  Figs. C5 and C6. 

. 
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0 
0 
F 

CURRENT 
PREVIOUS n-LINE -, n-LINE 

', / /  \, 

I 

3 
cn 
0 - 

BRANCH 
OF INTEREST START HERE 

UP UNTIL A S I G N  
! I  

AND MARCH ' I  

CHANGE I N  DET [ c ]  
I S  NOTICED - ' 

i R INCREASED 

l o g  R 

Fig .  C5. Determinat ion of  the c r i t i c a l  speed on 
a forward branch ( p o i n t  2 )  along an n - l i n e  when 
t h e  c r i t i c a l  speed on a previous n - l i n e  ( p o i n t  1) 
f o r  t h e  same branch i s  known. P o s i t j v e  and nega- 
t i v e  s igns  denote t h e  s igns  of d e t  [C ] .  
a r e  a r b i t r a r y  and a r e  shown on ly  t o  emphasize t h e  
idea of a s i g n  change across a branch. 

These 

START R HERE AND 
MARCH DOWN UNTIL A S I G N  

CHANGE I N  DET [C]  

STORED 7 IS DETECTED 
PREVIOUS 

\ o VALUE ---, 
,' 

/ '  
,/' 

d 

w 
W 

CURRENT -1 
n-LINE R I~ECREASED 

I , 

, I N ]  STEPS OF AR 
-.L.-g 

I 
I 

l o g  R 

Fig.  C6. Determinat ion of  t h e  c r i t i c a l  speed on 
a re t rog rade  branch ( p o i n t  2 )  a long an n - l i n e  when 
t h e  c r i t i c a l  speed on a prev ious n - l i n e  ( p o i n t  1 )  
f o r  the  same branch i s  known. P o s i t i v e  and nega- 
t i v e  s igns denote t h e  s igns o f  de t  [C] .  
a r e  a r b i t r a r y  and a r e  shown o n l y  t o  emphasize the  
idea o f  a s i g n  change across a branch. 

These 



140 

5) Thus, having obtained the c r i t i ca l  speeds a t  n = - + lo4,  one 

in steps and - 3 -  56 generates the whole whirling plot by decreasing n to - + 10 

repeatedly applying the ideas i n  item 4,  above. The p lo t te r  performs plotting 

essent ia l ly  by j o i n i n g  the adjacent points by s t ra ight  l ines .  

6)  The program calculates the c r i t i ca l  speeds corresponding t o  the 

lowest four forward and retrograde branches. 

lowest to  the highest a re  numbered from 1 to  4 and the retrograde branches 

from the lowest t o  the highest from 5 t o  8. 

Since the ideas expressed i n  Figs .  C5 and C6 are  used i n  locating 

The forward branches from the 

7) 

c r i t i ca l  speeds on a branch, a problem arises (close to  the p o i n t  of inter-  

section) when two consecutive branches approach each other fo r  intersection. 

T h i s  is shown i n  a n  exaggerated sense i n  F igs .  C7 and C8. An arbi t rary s e t  

of sign changes across the branches is  shown i n  the figures.  

while marching up,  from p o i n t  1 or 2 ,  a sign change i n  det[C] 

only once. Thus, the actual intersection point i s  shifted t o  

- 
Note tha t  

is detected 

p o i n t  3 .  For 

ease of computation and plotting,a switch i n  branch names is  carried out 

a f t e r  an intersection of two consecutive forward branches (see Fig .  C8). 

Imagine poin ts  5 and 6 to  be lying on the n = 1 l i n e  ( W  = Q  l i n e ) .  Let branch 

A (before intersection) represent the branch corresponding to  the second for- 

ward mode and branch B (before intersection) t ha t  of the t h i r d  forward mode. 

When a flywheel is  r u n  through a s p i n  tes t ,  the c r i t i ca l  speed corresponding 

t o  p o i n t  5 will be observed before tha t  of po in t  6 despite the f a c t  t ha t  p o i n t  

5 belongs to  a third-mode motion of the system. Notice t h a t ,  by experiment, 

point 5 will be called the second f i rs t -order  forward c r i t i c a l  speed. 

point 5 has been determined, the s ta r t ing  place for  p o i n t  6 l i e s  beyond that  

Once 
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. .. 

CURRENT 
n-LINE - NEXT 

n-LINE --- 
\. 

/ /' 

/' 

START HERE TO LOCATE NEXT 1 POINT ON BRANCH B 
START HERE TO LOCATE NEXT 
POINT ON BRANCH A 

\ 
! i  

I 

l o g  n 

F ig .  C7. A t r u e  magnif ied p i c t u r e  of what happens near t h e  p o i n t  o f  
i n t e r s e c t i o n  of two forward branches. 
s t a r t i n g  p o i n t s  f o r  branches A and B, r e s p e c t i v e l y .  The 
p o i n t s  t o  be l oca ted  a r e  3 and 4 on the  c u r r e n t  n - l i n e  and 
5 and 6 on t h e  nex t  n - l i n e .  

Poin.ts 1 and 2 are  the  

A 
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NEXT ACTUAL BRANCHES 

---- BRANCHES AS SEEN BY 
THE COMPUTER 

PREVIOUS n - L I N E  - 

ACTUAL POINT 
OF INTERSECTION 

START HERE TO 
LOCATE POINT 5 

COMPUTED POINT 
OF INTERSECTION 

A 

log n 

Fig. C8. Diagram showing the actual branch intersection and the 
computed branch intersection. 
section, point 5 is located by the usual way as 
explained in Fig. C.5. 
a higher value from that of point 5. 

Immediately after inter- 

But point 6 is located by using 
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o f  p o i n t  5 as shown i n  F ig .  C8. 

consecut ive branches have the  same c r i t i c a l - s p e e d  value, t he  above changes 

au tomat i ca l l y  come i n t o  p lay  i n  the ac tua l  program. 

Thus, when the  computer senses t h a t  two 

8) The l o g i c  o f  the  program i s  expla ined i n  a flow c h a r t  shown i n  F ig .  

C9. For c l a r i t y ,  i n  t h i s  f l o w  char t ,  i t  i s  assumed t h a t  no two consecut ive 

forward branches i n t e r s e c t .  

e t h a t  one o f  t he  forward branches may become p a r a l l e l  

What i s  a c t u a l l y  drawn i n  such a case i s  expla ined 

9)  It i s  possib 

t o  one o f  t he  n - l i nes  

i n  F ig .  C10. 

10) This  program requ i res  about 62 minutes of CPU t ime.  

11) The i n p u t  data used for the  Oak Ridge system i n  the  ana lys i s  by the  

combined model a r e  presented i n  Table B-1. 



Fig .  C9. Flow c h a r t  f o r  f ree  w h i r l i n g  ana lys is  
by t h e  combined model. 

- 
TRANSFORMATION OF TUR- 

BINE SHAFT (APPENDIX BI) 

1 DATA ,INPUT I 

ALL COMPUTATIONS 
COMPLETED. READY 

FOR PLOTTING 
L 

t 

Q 
CHOOSE n: 

( I N  JHE PROGRAM In I = lo4 TO 
10- TOTALLY 200 LINES) 

Continued on nex t  page 

d 

P 
P 

3 b b 



F i g .  C9 (continued) 
t 

RECALL THE STORED PREVIOUS 

N I N G  SPEED CORRESPONDING 
TO THE S P E C I F I C  CURRENT 
BRANCH OF INTEREST 

VALUE OF THE C R I T I C A L  RUN- 

REDUCE THE 'RECALLED 
VALUE BY A S U I T A B L E  
SMALL VALUE AND SET 

I T  EQUAL TO RPM 

INCREASE THE RE- 
CALLED VALUE BY 
A SMALL AMOUNT 
AND SET I T  EQUAL 

TO RPM 

I SELECT RPM I 

I 

ARPM = SET VALUE 

SOLVE EQUATION (3.24) FOR 

SHAFT SECTION 
FOUR a ' s  FOR EACH 

I 

COMPUTE ELEMENTS OF [ c ] .  
EQUATION (3.55) AND 

APPENDIX B 2  

I 
CALCULATE DETERMINANT OF [ E ] .  

SET I S I G N  = S I G N  OF S I G N I F I C A N T  

t 
C o n t i n u e d  on nex t  page 



I c q  I I 

REDUCE ARPM TO 
1/10 OF I T S  VALUE 

SET ISIGNP - ISIGN 
CRITICAL SPEED HAS BEEN FOUND WITHIN NEEDED 
ACCURACY AND STORED I N  A SPECIFIC ARRAY 

DEPENDING ON I T S  BRANCH NUMBER 

I C o n t l n u e d  on next page 

ON A FORWARD (RETROGRADE) 

THE REST OF THE FORWARD 
(RETROGRADE) BRANCHES. GO 

TO'5 (GO TO 1) 

BRANCH: THERE ARE NO CRIT I -  
CAL SPEEDS C 1.2 x 105 FOR 



Fig .  C9 (continued) 

t 
I 

A L L  FORWARD BRANCHES ON 
n = l o 4  L I N E  HAVE BEEN 
FOUND. NOW START FOR 
RETROGRADE BRANCHES. 
YES 4 

NO HAVE TO SEEK THE NEXT - BRANCH OF INTEREST ON 
THE CURRENT n - L I N E  

L -  

MULTIPLY I N  FORWARD OR 
n BY (-1) RETROGRADE 

= 1041 

Not 
A L L  FORWARD BRANCHES 
FOUND. READY TO START 
ON RETROGRADE BRANCHES 
FOR THE CURRENT n - L I N E  

t 
I GO TO 61 

Y 
t RETROGRADE 

THE PROGRAM HAS NOW CALCULATED 

CAL SPEEDS ON THE CURRENT n- 
L I N E  AND I S  READY TO START ON 

THE FORWARD & RETROGRADE C R I T I -  

THE NEXT n - L I N E  

INCREASE RPM SL IGHTLY TO CROSS 
THE C R I T I C A L  RUNNING SPEED JUST 
FOUND. SET I S I G N P  = 1SIGN.RESET 
ARPM TO O R I G I N A L  LARGE VALUE 

A GO TO 4 
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- ACTUAL BRANCH 
--- BRANCH DRAWN / I 

BY PLOTTER 

- 
log n 105 

(upper limit on n) 

Fig. C10. Diagram explaining the case o f  one forward 
branch becoming parallel to an n-line. 
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C F R E E  Z r H I R C I N G  A N A L Y S I S  B Y  
C C O M B I N E D  M O D E L :  W H I R L  
C D I A G R A M S  A N D  M O D E  S H A P E  P L O T S  
C 

I M P L I C I T  W E A L * B ( A - H s O - Z )  
R E  A L * 8  N e  I A ( 3  s K ( 3 
R E A L * 9  MF .HD,MT 
R E A L 4 8  
R E A L * 8  I S I G N I  I S I G k P e N T R P H  
R E A L * 8  I O H 0 0 s  IPMOD,MMOD 
R E A L * 8  
H E A L * 4  

.r rL ( 3  ) KSU a KSL, NOMS QI N A B S  

I D F I  IPF.IDC. I P D I  I D T I  1PT 

. - 
I E O  9 KEQ rKNEOF.  L A C  
OM( 1602) .RCPM( 1662) * Y l  . V 2  

R E A L * 4  ALEN 
C O M P L E X * 1 6  
C O M P L E K * I 6  D E T s A ( 1 2 ) ~ C R ( l l r l l ) ~ A R ( l l ~  

C O E S I  N . R A D I N * O S O U T l  s D S W T 2 e A L P (  12) s C (  12.12 1 s E( 12.12) 

UN I T I M 
k A (  143) *WK(  11 1 

C O  Y P L  EX *16 
C O N P L E X * 1 6  
C O M P L E X * l 6  Y l O s C l L * W 2 0  
OI MENS1 ON 
D I M E N S I 0 F . i  Z l (  101) r Z 2 (  101) sZ3(  101) 

D G U T ( 3  1 * D I N  (3) s A R E A ( 3 )  r A N U M ( 3  1 rn B B ( 3  1 e C l ( 3  J e  C 2  ( 3 1 SUB( 12) 

C 
C THE F L Y W H E t L  O A T A  I N  T H I S  PROGRAM ARE F O R  THE LLNL FLYWHEEL 
C 
C 
C TF: FLYWHEEL CG D I S T A N C E  F R O M  END OF WALL S H A F T .  TO: DAMPER 
C C G  D I S T A N C E  F R O M  DAMPER EDGE. TT1: T U R B I N E  CC D I S T A N C E  FROM 
C O N E  END O F  T U R B I N E .  SEE FIG.810 T T 1  IS THE S A M E  A S  T l  IN F I G .  
C 
C L(l)*L(2)rL(3) A R E  L E N G T H S  OF T H E  THREE FLEXIBLE P O R T I O N S  OF 
C T H E  S H A F T  

c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

. 

TWOD2.TMOO3:  SAME D I M E N S I O N S  AS 1 2 s T 3  I N  F I G o B l  
A L E N :  T O T A L  L E N G T H  FROM T U R B I N E W H E E L - T U R B I N E  S H A F T  A T T A H M E N T  
TO F L Y W H E E L - Q U I L L  S H A F T  A T T A C H M E N T  

E s G . $ I L :  S H A F T  M A T E G I A L  P R O P E R T I E S  

DOUT A N D  D I N  A W E  SHAFT O U T E R  AND I N N E R  D I A M E T E R  OATA R E S P E C T I V E L Y  
D O U T ( 3 )  AND D I N ( 3 )  ARE T H O S E  OF THE TURBINE SHAFT 

K ( l ) s K ( 2 I * K ( 3 ) :  S H E A R  C O R R E C T I O N  FACTORSoK(3) I S  T H A T  O F  THE 
1UWB I NE S H A F  T 

M F s M D r M T :  M A S S  O F  FLYWHEELIDAHPER AND T U R B I N E  

I D F s I P F :  F L Y W E E E L  D I A M E T R A L  AND P O L A R  M A S S  MOMENTS O F  I N E R T I A  

X D T I I P T :  T U R B I N E  D I A M E T R A L  AND P O L A R  MASS MOMENTS OF I N E R T I A  
C 
C 
C 

K S U s K S L :  B E A R I N G  SPRING C O N S T A N T S  



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
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KEU: SHEAR C O R R E C T I O N  F A C T O R  OF THE E Q U I V A L E N T  C U I C L  S H A F T  
I N S I D E  THE: T U R H I N E  S H A F T  
L A C :  A C T U A L  L E N G T H  OF QUILL S H A F T  INSIDE T U R B I N E  S H A F T  
MMOD: I N T E R M E D I A T E  M A S S  

IPMGD~10M00: P O L A R  AND D I A M E T R A L  M A S S  MOMENTS OF I N E R T I A  OF THE 
I N T E R M E D I A T E  M A S S  

TSP: D I S T A N C E  OF LOWER R E A R I N G  SPRXNG F R O M  ONE EGGE OF THE 
I N T E R M E D I A T E  M A S S o S E E  F I G 0 6  I 

KNEOP: S P R I N G  C G N S T A N T  OF NEOPRENE PAD I N  DAMPEF 

CD: E X T E R N A L  V I S C O U S  DAMPING COEFFICIENT 

C O M H O N / M A I N l / T F r T O r T T l  
CCMFrON/ M A 1  N2/L 
C O M M O N / M O D E S l / T M 0 0 2  r T P O D 3  r A L E h  
COMMON/#GDES2/Z  1 9  Z 2 r  2 3 

* * 4 D A T A  I N P U T :  SOME O F  THE D A T A  C A N  BE SEEN I h  'BLOCK DATA ' .  
T M C i D 2 r T M 0 0 3  A k E  DEPXNEi) I N  THE BODY O F  THE M A f N  
PROGRAM * * * 

i)A TA 
D A T A  
D A T A  
DA TA 
D A T A  
D A T A  
D A T A  
D A T A  

. 

D A T A  
D A T A  IPMODr I D M O D / l o I S D - Q 5 ~  1 0 7 9 8 D - O 5 /  
D A T A  T S P / O o 2 4 3 1 0 0 /  
D A T A  K N E O P / O i O 0 3 /  
D A T A  CD/O * O W /  

K E Q r A A C * H M O D / O o  88500 r3r 596900 r O o O D Q 2 0 2 0 0 /  

THE FQLLuWI luG C A R D S  THROUGH LOOP 20 A R E  REQUIRED BY T H E  S U O R O U T I N E  
MOD SHP 

KUMPT =l  0 I 
WMA XP=O 0 8 
TMO02:=0 e416300 
TMOD3zO 04352DO 

NUM=NUMPT- 1 
ALEN=( L( I 1 +L( 2 1 +L 4 3)+20 O *  TD+ f M O O 2 + T M O D 3  )/2 08 

THE L E N G T H S  L(1) r L ( 2 )  * A N D  L ( 3 )  A R E  EACH D I V I D E D  INTO 100 E Q U A L  
P A R T S  
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C 
C 
C 
C 

0 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

C 
C 
C 
C 
C 

T O  N E G L E C T  THE R E S T C R I N G  E F F E C T  OF G R A V I T Y  O N  THE M O T I O N  O F  THE 
D I S K S .  S E T  G R = O o O o O T H E R W l X  S E T  G R = 3 8 6 . O  

A R E A S  AND MOMENTS OF I N E R T I A  OF S H A F T  S E C T I O N S  1 & 2 AND 
T H A T  O F  T U R B I N E  S H A F T  ARE C A L C U L A T E D  

00 30 JZ1.3 
A R E A (  JJ=PI  I *  ( C W  T ( J  J **2-0 I N (  J J **2 J/400 
I A (  J ) = P I I * ( D O U T ( J ) * * 4 - 0 f "  J ) * * 4 ) / 6 4 0 0  
ANUM( J ) = E *  I A (  J 

30 C O N T I N U E  

C A L C U L A T I O N  OF D I A M E T E R  A N D  A R E A  OF E Q U I V A L E N T  Q L i l L L  S H A F T  
I N S I D E  T U R B I N E  S H A F T  

K ( 3 ) r A R E A ( 3 1 r l A ( 3 )  A R E  N E W L Y  DEFINED F O R  THE E O L ' I V A L E N T  S E C T I O N  
C O N T A 1 ) U I N G  B O T H  ThE T U R B I N E  S H A F T  AND F L Y W H E E L  SHAFT 

K (  J ) = ( K E Q * A E Q + K (  
A R E A ( 3 ) = A R E A ( 3  )+AEQ 
i A (  3 ) = I A < 3 ) + I E Q  
A N U M ( 3 ) = E * I A ( 3 )  

3) * A R E A (  3) ) / ( A E O + A R € A (  3)) 

C A U  S E T M S G ( 4 7 . ' P L E A S E  SET T H E  S T E P S I Z E  TO 0 0 0 5  I N C H E S .  THANKS. ' )  
C A L L  F A  C TOR 20 0 0  1 
C A L L  P L O T  ( ~ O O I - ~ ~ . O I - ~ )  
C A L L  P L O T ( O o O ~ l O o O ~ - 3 J  
C A L L  L E G E N D  
C A L L  P L O T ( O . 0 0 , - 4 0 5 0 * - 3 )  

DO-LOOP F O R  THE 200 ' N O  L INES 

00 800 I N - 1 ~ 2 0 0  
I P R 1  NT= 1 

MM REPRESENTS THE B R A N C H  YE 
S T A N D  F O R  THE F I R S T  THROUGH 
R E P R E S E N T  T H E  F I R S T  THROUGH 

A R E  CURRENTLY IN. 1 THROUGH 4 
FOURTH F O R Y A R O  MODES. 5 THROUGH 8 
F O U R T H  R E T R O G R A D E S  

WM= 1 
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t 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

RPHINX IS THE R P H  I N C R E M E N T  S T E P S  

RPWINX=IUoO/N 
A R P M N X = R P M I  NX 

GO TO 4 0  
IF( I N o E U o 1  R P M I N X = l O O o Q / N  

35 N-N 
IF( I N o G T o l  R P M I N X = - R P M I N X  

40 DO 50 J = l * 3  
86< J ) = R H O * I A (  J)*N*(N*E/CK( J>*G)+N--EoO) 
C l  < J ) = ( R H O  **2 ) * I A (  J )*(N**3)*(No2rO)/~K(3 )*GI 
C2 ( J )  =RHO*ARE A ( J  ) +N**2 

50 C O N T I N U E  
55 IRETEQ=U 

L ND TB= I N- l+  ( HM- 1 * 206 
IF(INaEQo1) GG TO 65 
I F ( O H (  I N D T B ) . L T o 1 o 2 0 E 5 )  GO T O  60 

5 6  DO 58 I M = H M * B  
RCPM(IN+(JM-l)*20O)=NABS*lo2ES 
OM( IN+( I M - l ) * 2 U O ) = l o 2 E S  

58 C O N T I N U E  
I F ( W M o G T . 4 )  GO TO 780 
MM= 5 
GO T O  35 

6 0  RPWST=RCPN( INDTB)/NABS 
61 RPMST=RPMST- 1 0800 *RPH I N X  

THE ABOVE TWO S T A T E M E N T S  D E T E R M I N E  THE RPM STARTING V A L U E  
FOR EACH B R A N C H  ON A 'No L I N E e E X C E P T  FOR THE STARTING 'N' LINE 

I F ( M M o E Q o l ~ O R o M M o E O ~ e )  GO T O  65 
I F ( M M o G E o 5 o A N D o M M r L T . 8 )  GO TO 62 
I NDPB=I NO T B - 2 0 0  

THE F O L L O W I N G  S T A T E P E N T  COMPARES THE CR ITICAL R U N N I N G  SPEEDS OF 
THE C U R R E N T  B R A N C H  AND THE P R E V I O U S  B R A N C H  *IF THEV A R E  V E R Y  CLOSE 
THEN THE RPM S T A R T  V A L U E  FOR THE C U R R E N T  B R A N C H  IS MODIFIED AS 
E X P L A I N E D  I N  THE N O T E S  P E R T A X N I N G  f O  THIS PROGRAM 
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2 

L 

6 2  i N D N E = I N D T f 3 + 2 0 0  
If ( A B S (  OM( INDTB) -OM(  I N D N B )  1 . L E o l o O E - l * A R P M N X )  I R E T E Q = l  
GO TO 65 

6 4  I R E T E Q = O  
65 IS I G N P = O o O  

I F ( I P t 4 l N T o N E o O )  GG T O  100 
I F ( M M o N E o 1  o A N D o M M o N E o 5 )  GO TO 100 
P R l N T  7 Q e N  

7 0  F O R M A T I  '1 '  , Z X , * * * * * * * * * * *  N = r F 1 4 r 6 r *  ******e**** , / / )  
C 
C THE F O L L O W l N G  LCCP INCGEASES RPH I N  S T E P S  FROM ORPH START'  TO 
C L O C A T E  A S I G N  C H A N G E  I N  THE D E T E R M I N A N T  I N  OROEF T O  F I N D  A 
C C R I T I C A L  SPEED 
C 

LOO D O  750 I = i , i o o o o a  
IDET=#OD(  1-1*10 1 
I F ( I N o G T o 1  1 I D E T = l  
HPHINC=RPM I N X  
RPrS=HPHST+( I - l  )*RFMINX 
I F ( I N o E Q . 1 )  GO TO 170 
IF(WHoLEo4) GO TO 170 
I F ( R P M . L T o O M ( I ~ T B ) - 2 o O * A R P M N X )  GO T O  61  

170 lF(RPM- 1 1905) 21 0 s  2 l o r  56 
200 RPM=RPM+RPMI  N C  
210 O M E G A = R P H * P I  I / 3 0 0 0  

NO WS C b  N* *2 *OH E G A *  *2 

C D E T E R M I N A T I O N  OF THE ALPHAS 
4 

DO 300  J = l r 3  
M = 4 * (  J- 1 )  
DESIN=BB( J ) * * 2 - 4 . O * A N U M ( J  J * ( C 1 < 3 J - C 2 ( J ) / ( O M E C A ~ * 2 ) J  
C D E S I N = D C M P L X ( O E S I N I ~ , ~ ~ ~ )  
R A D I W C D S Q R T ( C D E S 1 N )  
OSOUT 1 = ( - 8 8  ( J) +RA 0 I N  I /  (2 00 *ANUM( J) 1 
D S O U T 2 = ( - 8 B ( J ) - R A D I N ) / O )  
A L P (  H+1 )=O#ECA*CDSQRT (DSOUT 1)  
A L P (  W + 2  ) = - A L P (  M+ 1 )  
A L P ( M + 3  ) = O M E G A * C D S Q R T ( O S O U T 2 )  
A L P (  H+4 ) = - A L P ( H + 3  1 

300 C O N T I N U E  
DO 350 J = l e  12 
DO 350 H=1*12 
R (  J r M  )= ( 0  0 0 0 0 ~ 0 0 0 0 0  I 

350 C (  J e M ) = ( 0 0 0 0 0 ~ 0 0 O W  1 
C 
C D E F I N I N G  CBAR HATRIXoSEE C H A P T E R  3 
C 

DO 400 J'1.4 
C (  1, J I =  ( H H O * A R E A (  1 )/ALP( J )+nF+( 1 .O+ALP( J 1 *( TF--CR/NOWSQ) ) ) * C D E X P (  A L  

*P( J ) * L (  1 )  1 

* J ) - (  I D F - I P F / N ) * A L P (  J )  ) *CDEXP(ALP(J )  K (  1 ) )  
C( 2 J )= ( E *  I A  ( 1 1 * ( A L P  ( J 1 ** 2/NOWSQ+RHO/ 4 K ( 1 1 * G )  ) +RHO* A R E A (  1 1 * T F / A L P (  
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L E Q T l C  IS A N  lMSA S U B R O U T L N E  

C A L L  L E  QT 1C ( C  JN 9 JN + R  .3N. JN9 I JOB s Y B  sIER 1 

C A L C U L A T I O N  OF THE D E T E R M I N A N T  O F  CBAR I r A T R I X  F E U O W I N G  
THE PROCEDURE G I V E N  IN THE I M S L  ROUTINE L E Q T l C o  

DE T=( 1 OD 0 
DO 450 J Q = l , J N  

0 OD 0 ) 

I P V T r Y B 4  J Q )  
I F (  I P V T o N E o J Q )  DET=-DET 
DET=OET *C(  JQ. JQ 3 

450 C O N T I N U E  
ARPMNC=OA~S(RP# I N C )  
I F ( A R P M N C o G T ~ A R P M N X / l o U O D 3 )  GO TO 650 

THE ACCURACY O F  THE C R I T I C A L  SPEEDS C A L C U L A T E D  IS D E C I D E D  IN THE 
A B O V E  S T A T E M E N T  

t 

15 

1000D3 

NTRPM=NABS *RPM 
I F ( 1 W E T E Q o E G e O )  GC T C  455 
RPMST=HPM+O* 1 0 * R P M I N X  
GO T O  64 
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455 R C P M (  I N + ( M M - l ) * 2 0 0 ) = N f R P M  
OW( I N + ( M # - l  ) *200 )=UPPl 

C 
C THE ABOVE TWO S T A T E M E N T S  S T O R E  T H E  C R I T I C A L  SPEED AND THE 
C C O R R E S P O N D I N G  R U N N I h G  SPEED F O R  THE CURRENT B R A N C H  

C 
C THE FOLLOWING C A R D S  U P T G  6 4 0  A R E  R E L A T E D  T O  MODE S H A P E  P L O T T I N G  

I F ( I P R I N T e N E e 0 )  G O  TO 645 

I 

.? 
I JOSO 
JH=l1 
H= 1 

3 C 
C L L Q Z C  IS A N  I W S L  S U B R O U T I N E  
C 

CALL 
A (  1)=(  1.000~0e000) 
DO 460 J = l r A l  

LE02C ( C R  e JH e J M  e ARe Me JUS I J O B  e WA. WKe X E R  1 

A (  J + l ) - A R (  J )  
460 C O N T I N U E  

C A L L  MODSHP (A,  ALP e N U H P T e  U M A X P e  N e  H W )  
P R I N T  490 

490 F O R M A T  ( / 2 X 9 130( ' * ' 1 1 
P R I N T  500 e A ( A  1 + A L P (  1 

500 F U R H A T (  / r 2 X .  'MODE S H A P E  C O E F F X C I E N T S  CORRESPOHDINC T O  THE FOLLOW I N  
*G C R I T I C A L :  A 1 = ' r 2 D 1 2 0 3 e 4 X e o A L P  1 = ' e 2 D 1 2 . 2 )  
DO 550 J=l e 1 1  
J I = J + l  
PH I N T  5 4 0  e J I  9 A ( J I 1 9 J I . A L P  ( J  I 

540 F O R M A T ( 6 8 X e ' A ' e I 2 , '  I' e 2 0 1 2 0 3 r 4 X e ' A L P ' r  1 2 e '  z ' r2012 .3 )  
550 C O N T I N U E  

P R I N T  630 
630 F O R M A T ( 7 X * * R O T .  SPEED ( R P M l O e 4 X v ' N A T .  F R E Q .  ( C P M ) ' r l l X s ' C O W P L E X  DE 

* T E R M I N A N T '  ) 

P R I N T  6 4 Q ~ R P M . K T R P M . D E T  
640 FORMAT ( 2 X  9 

645 HN=#N+l 
***er 2 X  e F 1 3  06 8 X  W F  1 0 0 2 w t j X e  20 170 6 0  2 X e 4 9 (  '* @ ) e/) 

fF(MW.EQo5) GO TO 35 

C IF HM.EQoS,THE C R I T I C A L  SPEEDS OF A U  T H E  F O U R  FORWARD B R A N C H E S  
C H A V E  BEEN COMPUTED F O R  A ' N o  LINE. THE 'GO TO 3s' S T A T E M E N T  

4. C S T A R T S  T H E  PROCESS F O R  O E T E R W I N A T I O N  O F  RETROGRADE BRANCHES 
C 

C 

C B R A N C H E S  H A V E  BEEN COMPUTED 
C 

I f ( M H o E Q r 9  1 GO TO 780 

*- C IF MMmEQ. 9 e C R I T I C A L  SPEEDS OF THE FOUR FORWARD Ah'D RETROGRAOE 

I F ( I N . G T . 1 )  GO TO 55 
I S I G N P = - I S I C N P  

GO TO 7 5 0  
D E  T 1 - 0  IH AG ( DET 1 
X S l G N = D E  T I  P / D A B S  ( DE1 I P I  

R P M P = R P M + R P M I N X / l O O o O  

6 5 0  
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C THE FOALOWING S T A T E M E N T  C H E C K S  THE SIGN C H A N G E  I N  T H E  D E T E R M I N A N T  
C 

C R P M  I N C R E M E N T  IS R E D U C E D  BECAUSE O F  S I G N  C H A N G E  
C 

I F ( O A B S (  IS I G N + f S I G N P ~ o G T o 0 e 0 0 0 ~  GO TO 670 

RPM I NC= RPM I N C I  10 0 
RPIV=WPMP 
GO TO 200 

PRINT 6 9 0 * R P M 9 D E T  
FORM A T  ( 8 X 9 F 1 3 6 9 2 4 X  9 20 1 70 8 e /  1 

670 I F ( I D E T o N E 0 B )  GO TO 700 

690 
700 I S J G N P = I S I G h  

HP H P = H P M  

750 COkTINUE 

790 F O R M A T ( 2 X e  ' I N = ' *  1 3 * 8 E 1 5 0 5 )  
800 C O N T I N U E  

I F ( f 4 P M I N C o N E o R P M I N X )  GO T O  200 

780 PI4 I N T  790 9 IN, l RCPM(  I & + (  M K - - I ) * 2 0 0 1  rWK=1.8 3 

C 
C S E T  L I M I T S  ON T H E  V A L U E S  T O  BE PLOTTED 
C 

DO 850 J=l. 1600 
I f { O M ( J ) o L T o l  o O E 0 )  O M ( J ) = L r O E O  
I F ( O M i  J ) o G T o  1 mQE5) OM( J ) = l o O E S  
IF / R C P M (  J 1 *LT 100 ED R C P M  ( J  )=l r O E 8  
I F ( R C P M (  J)oGToloOE6) R C P M ( J ) = I o O E 6  

850 C O N T I N U E  
C 
C A L L  OF THE F O L L O W I N G  STATEMENTS CAUSE C H I R L I N G  D I A G R A M S  ( I o E o  N A T U R A L  
C F R E Q U E N C Y  V S o  R O T A T I O N A L  SPEED) TO BE CENERATED O N  THE COMPUTER 
C S Y S T E M ' S  D I G I T A L  P L C T T E R  
C 

OM(1601 ) = I  -0 
OM( 1602 ) = I  05 
R C P N ( l 6 0 1  ) = l o 0  
RCPM< I 6 0 2  ) = I  0 5  
C A L L  F A C T O R ( l e 3 )  
C A L L  P L O T  (000.-4000.-3)  
C A L L  PLOT( l600960Or-3) 

I START=lQO 1 
I STOP-O 

00 958 I = 1 9 3  

I F  (I o E Q . 2  1 ISTOP=BOO 
I F  ( I o E Q o 3 )  I S T A R T =  601 
C A L L  L A X  1st 0 0 9 8 0  0 ' W H I R L  I NG FREQUENC Y (CPM) ' e 24r 90 0 90 e 0  RCPM ( 160 

c t l  ) r i?CPM( L602 1 )  
C A L L  L A  X I  S (  0 0 0  e 0 0  0 9 'ROTAT I CNAL SPEEO (RPM 1' *-22.705.0 00 9 CH( 160 1 ) 9 0  

*M(l602) 1 
K K = I  S T A R T  

950 OOM l = O M  (KK +200 J 
D G M 2 = O M ( K K + 2 0 1  1 
DRCl=RCPU(KK+200) 
D H C P = R C P M ( K K + 2 0 1 )  
O M ( K K + 2 0 O ) = C M ( 1 6 0 1 )  

-* 
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r 

. 
I 

c 

O M ( K K + 2 0 1  )=OM( 1602) 
R C P H ( K K + 2 0 0  ) = R C P M ( 1 6 0 1 )  
R C P M ( K K + 2 0 1 ) = R C P M (  1602) 

OM( KK+2 00 1 = 0 0 M 1  
O M ( K K + 2 6 1  )=Dol42 
R C P M ( K K + 2 0 @  ) = D R C l  
H C P M ( K K + 2 O  1 ) = D R C 2  
KK=KK-2 00 

C A L L  A I N E ( O M ( K K ) , R C P M ( K K  ) r 2 0 0 e  l r O r O e 3 )  

IF ~KK.GT.ISTOP) GO T C  950 
C A L L  L A X I S ( O o 0 9 9 . 0 . '  ' e l  r - 7 o S r O 1 O r 0 # (  1601) r O M ( 1 6 0 2 )  
C A L L  L A X I S ( 7 . 5  90 001 ' 's- 1 * - 9 0 0 0 9 0 m 0 s R C P M (  1601 sRCPM( 1602 1 )  
C A L L  P L O T ( O . 0  e 0 0 0  93) 
C A L L  DASH( 705e7.5.4) 
Y l = D L O G l O ( 2 . O D O ) * l m 5  
Y 2 = Y 1 + 7 0 5  
C A L L  P L O T ( 0 o 0 1 Y l r 3 )  
C A L L  D A  SH( 7 05 9 Y 2  9 4  1 
I F  ( I oEQ.2 1 C A L L  S Y M 6 O L (  20 20r10130*020r  ' N E G A T I  VE B R A N C H E S '  90.. 17 ) 
I F  ( I . E Q o 3 )  C A L L  S Y M B O L ( 2 0 2 L Z s 1 0 0 3 0 r r 2 3 r  ' P O S I T I b E  B R A N C H E S ' S O O . ~ ~ )  
C A L L  P L O T (  13.0*0.Or-33) 

958 C O N T I N U E  
C A L L  
S T O P  
E N D  

P L O T  t . 0 0 0  9000 9999 1' 

SUBROUT I NE 
I M P L I C I T  R E A L * B ( A - - H e O - Z )  
R E A L * 8  L ( 3 )  r N  
H E A L *  4 
R E A L * 4  WEMOO. Y E M O D r  Y B D A W  rWEOAWP 
R E A L * 4  Z V ( 3 0 5 )  e W V ( 3 0 5 )  rACENsNS 
C O H P L E X * 1 6  A(  1 2 )  . A L P (  12) 
C O M P L E X * 1 6  W l  10 1 ) 9 U 2 (  161 ).U3( 161 
D I M E N S I O N  Z l (  101) . Z 2 ( 1 0 1 )  , Z 3 ( 1 8 1 )  
C O M M O W H A I  N I / T F *  T O *  T T l  

WODSHP ( A  A L P *  NUNPT W W A X P .  Ne MCI 1 

EGO AMP 'BGHOD r ENDHOO *ENDAMP 

C O M # O N / M A I  N2/L 
C O M M O N / M O D E S l / T H O D 2  e l M O D 3  rALEN 
C C Y M O N / M O O E S 2 / 2 1 e Z 2 ~ Z 3  
NS=N 
I F ( H M o N E . 1 )  GO T O  10 
C A L L  P L O T ( 7 0 5 0 , 4 . 5 0 ~ - 3 )  
C A L L  
C A L L  S Y M B O L ( l o O 6 e - 1  07590120 'FORWARD W H I R L I N G  Y O D E S ' e O o O e 2 2 ) ~  
C A L L  S Y M B O L ( 1 0 0 6 r - l r 9 5 e 0 1 2 e ' N  = ' r 0 0 0 . 4 )  
C A L L  N t J # B E R ( 9 9 9 o r - l ~ 9 ~ ~ ~ 1 2 e N S ~ O o 0 9 4 )  

D A S H (  A L E N  900 0 9 4 )  

10 I F ( H M o N E o 5 )  GO TO 20 
C A L L  P L O T ( O o 0 0 r - 4 . 5 0 , - 3 )  . 
C A L L  D A S H (  A L E N e O  00.4 1 
C A L L  S Y M B O L  ( 0  88 9.1 0 75 e 1 2 ' RETROGR AD€ WH I R L  I h'G MODES ' 90 00 9 25 
C A L L  SYHBOL(1.66.-1.95r.l2e'N = ' 0 0 0 0 , 4 )  
C A L L  N U H B E R ( 9 9 9 . r - 1  0 9 5 e 0 1 2 r N S s O o 0 t 4 )  
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20 YMAX=O.Q 
C 
C C A L C U L A T I O N  OF R E L A T I V E  D I S P L A C E M E N T S  OF V A R I O U S  POINTS O N  
C E A C H  S H A F T  S E C T I O N  

DG 60 I Z=1 mNUMPT 
V 1 ( 1Z I = (  0 e 0001 00600 1 
1112 ( I2 1 = ( u .om .O 00 Do 3 
W J ( I Z ) = ( O ~ O D O ~ O r O 0 0 )  
DO 50 J Z = l r 4  
w 1  ( IZ )=wr l  ( I Z l + A ( J Z ) * C D E X P ( A L P ( J ~ ) * Z l ~  12 ) )  
W 2 4  IZ ) = W 2 (  I Z) t A 4  J Z + 4  J * C D E X P ( A L P (  JZ+Q)  * 2 2  ( IZ) 1 
W 3 ( X Z ) = W 3 (  I Z ) + A ( J Z + 8  ) * C D E T X P ( A L P ( J L + 8 ) * Z 3 (  I d )  1 

W 1 ABS=CDABS( U 1 (  1Z 11 
Y 2 A B S = C D A B S ( Y 2 ( 1 2 ) )  
W3ABS=CDAB S( W 3 (  12) 

50 C O N T I N U E  

I F  ( W 1  A B S o G T  rWMAX 1 # H A X = W l  A B S  
I F ( W 2  A B  S G 1 W M AX J WMAXZW2 ABS 
I F ( W 3 A B S o G T s W M A X )  WMAXzW3ABS 

60 C O N T I N U E  
C 
C N O T E  T H A T  THE D I P L A C E M E N T  VECTOR IS N O R M A L I Z E D  B Y  YMAX 
C 

00 100 I Z = l r N U H P T  
ZV(IZ)=L3( IZ)  
L V  4 1 Z+NUMPf )=L (3 1 +TMODP +T MOD3+Z2 

WV( i Z ) = D R E A L ( Y 3 (  12) )*WMAXP/WHAX 
WV 4 I Z+NUMP T 1 = D E  A L  W 2 ( I Z 1 ) *WMAXP/WHAX 
WV ( IZ +2 rOlNUMP1 )=DREAL ( U 1 4  I2 1 1 *WMAXP/YMAX 

N P P T =  3 * N U M P T  
N f l = N P P T + l  
NPZ=NPP T+2 
Z V ( N P l ) = O o O  
Z V ( N P 2 ) = 2 . 0  
WV ( NP 1 1 =O 0 
YIV 4 NP2 I =  1 0 
C A L L  L I N E ( Z V * W V . N P P T * I  * l P O * # M )  
E N O M O D = Z V ( N U M P T + 1 ) / 2 o 0  

I2 B 
ZV ( IZ +2*NUMPT )=L( 3) + TMOD2+TM41R) 3+L( 2)+20 O+TD+Z14 12) 

100 C O N T I N U E  

YE#OD=WV(NUMPT + I  1 
C A L L  
f 3  DAMP= ZV ( 2 *NUWPf+ 1 1 12.0 

S Y  MBOL( ENDMOO WE MOD e 0  00 8 NM r O  08.-1 ) 

WEDAHP=WV (24NUlJPT+1 1 

RETURN 
END 

C A L L  S Y M B O L ( E N D A M P r W E D A H P  . 0 0 0 8 s M M . O e O  m - 1  1 
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3 

C A L L  
C A L L  S Y H B O L ( O o O O . - O o 2 5 r  0 1 0 . 2 e 0 0 0 . - 1 )  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  S Y ~ B O L I Q o 2 2 ~ ~ 1 0 2 0 ~ 0 1 0 r ' l R o  r 0 o O e 2 )  
C A L L  
C A L L  S Y M B O L ( O o 2 2 r - 1  0 4 0 e ~ 1 0 r 0 2 R 0 r O o O e 2 )  
C A L L  
C A L L  S Y M 8 0 L ( O  0 2 2 e - 1 0 6 0 ~ 0 1 0 ~ ' 3 R ' 0 O 0 0 ~ 2 ~  
C A L L  
C A L L  S Y M B O L  ( 0 0 2 2 r - l o @ O r  010r'4Wo r000.2)  
C A L L  
C A L L  

S Y H B O L ( O o 2 2 r - - O o  10.0 10.' 1F' e 0 0 0  9 2 )  

S Y M B O L  ( 0 022 9-0 030 1 0 
SYMBOL ( 0  00 r - 0  045 10.3 e O o O . - l l  
S Y  M B O L ( O  022 * + * S O  109 ' 3F '  S Q  0 0 * 2 )  
S Y M R O L ( 0  001-00 e 5 r o  10  e 4  r O r O  e - 1  1 
S Y M B O L  ( 0  0 2 2 . - 0  0709 101 
S Y M D O L ( O . 0 0  e - 0  085 9 0  10 O S  90 e 6  e - 1  
S Y M B O L (  0 22 9 - 0 0  9 0 s  10 r ' 5 F  r0.0 r 2  1 
S Y  WBOL ( 0  000 0-1 1 5 s  i 0.6 e 0  r O r  -1 1 

2F 0 00 .O 9 2 ) 

4F S O  00 r 2 )  

SY M B O L  ( 0  000 9- 1 0 3 5 r 1 0 r 7 r 0 00 e o  1 

S Y M B O L  ( 0  000  r-1 055  r 0 10 e 8 r o o  0 r-1) 

S Y M B O L ( O o O 0  .-1 7 5  r e  1 Ow 9 e 0 0 0  r -1  b 

S Y M B O L  ( 0  0 0 0  r - 1  095 .o 10 e 10 r O  00 9 - 1  ) 
S Y M B O L  ( 0  22  e - 2  00 r o  10 r '5H * , 0 0 0  r 2  1 

RE TURN 
E NO 

BLOCK D A T A  

REAL88 L ( 3 )  

COMWON/MAI N 2 / L  

I M P L l C I  T R E A L * B ( A - H r O - Z )  

C O ~ W O N / H A I N l / T F r T C ~ T T l  

D A T A  T F r T D r T T  1/30 1500~10833200~00894200 /  
D A T A  L / O 0 7 4 5 5 D O ~ O o 6 7 9 2 W ) r 2 0 1 2 6 9 0 0 /  
E NO 
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C.4 Simplified Program for  Cri t ical  Speeds Using the Combined Model 

1 .  This program, which gives the c r i t i ca l  speeds (forward and retrograde) 

on a single n-line, is  a simplified version of the program l i s ted  in Appendix 

c.3. 

2. The re la t ive  displacements and rotations of the four r igid masses, 

a t  the c r i t i ca l  speeds computed, can also be obtained by th i s  program by se t t ing  

lPRINT = 0. 

3. 

. 

Note t h a t  for  n = 1 ,  As2=100 rpm and  f o r  n = 2 ,  An=50 rpm. Checking 

back on the Campbell diagram i n  F i g .  4.1 , we see tha t  on the n =  2 l ine  there 

are  many Hence, i f  i t  i s  necessary, the step 

s i z e  ~ f i  should be decreased fur ther  so that  two branches (e i ther  forward or 

retrograde) which are very close together will not be missed al together ,  

crossings of the branches. 

4 .  With  AS^= 100 rpm, the program takes about  3 minutes and 30 seconds 

of CPU time on the IBM 370 Model 1585. 

increases when the rpm s tep s ize  i s  reduced. 

I t  should be noted t h a t  the CPU time 
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C 
C 
C 

SEE S E C T I O N  C . 7  FCP C E T P I L 5  G E L A l I h G  T C  I h F U T  G A l L  

D A T A  
D A T A  
L ) A T A  
O A T A  
C 4 T A  
D 4 7 A  
O A T 4  
C A T A  
D A 7 4  
C 4 T A  
O A T A  
O A T 4  
2A7 A 
D A T A  
C 4 T A  
CA T A  

ErG * W L / 2 9 0 5 3 E  r 1 1  0506 r C m 2 E L g O /  
D O U T / O . 3 1 2 5 3 0 r C . ~ 1 2 5 D O r ~ ~ ~ ~ ~ 3 ~ 0 /  
01 N / O  000 r O i  000 rO I1 75DO/ 
K / O .  e e 5 D O r C .  E E S D O  r O e 6 5 6 S C  C /  
M D r M T / O  e O C 2 S S R D C r  0 0 0 0 4 7 S C C /  
~FrI~FrIOF/0~095lOOr8.St7C014.e3CO/ 
I D T  r I P T / O  000240200 rO 0 0 0 6  i E D O /  
K S U r K S L / 2 . O D E r 2 * O C 6 /  
K E G  * L A C  r M W C D / O . E e S C O  7 . 5 S E S C C  ~ 0 . 0 0 0 2 0 2 0 0 /  
I P W f l O r  IGMCC/l~lEC-OSrl.75eD-02/ 
T S P / O . 2 4 3 1 3 0 /  
K N E C P / C * O D O /  
C D / O  . O C O /  
T M O 0 2  mTMCD3/C 0 4  16 300 r C 4 2 E 2 C O /  
T F  r TO r T T  1 / 7  0 5 0  0 r 1 83220 C C e 9 4 2 0 0  1 
L/Om7455001 0.679200 r 2 . 1 2 € C O O /  

C 
C 

F I I = 2 0 *DA G S IN ( 1 000 1 

C 
C 
C 

T C  R E G L E C T  T k E  R € S T C f ? X & C  E F F E C T  C F  G R A V I T Y  ON T k E  MOTIGN OF 7 k E  DISKS. 
SET C R  = 0.0. 

K ( 3 ) r P G E A ( 3 ) * I A ( 3 )  A R E  NEWLY D E F I h E O  F C R  THE E C L I V A L E N T  S E C ’ T I C N  
CONTAShSNG BOTH T H E  TUF@‘INE S H 4 F T  A N C  F L Y k P E E L  SFAFT 

. _- . 
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K (3 1 =(KEG+ AEC+K 4 
A R E A ( 3 )  = A R E A  (3 )+AEQ 
I G ( 3 ) = I A t 3 ) t I E Q  
AhUY(3)=E* X P ( 3  1 
IPG I N T = O  
MM= 1 

3) S P R E A  4 3 1 1/ t AEC t A F E A (  2 1 )  

S E L E C T I N G  N-LIhE 6F I N T E R E S T  

h = l  .OD0 
NA@S=N 

C b C C S l h C  R P M  E E G I h N I h C  P h C  R P N  S T E P S  

RPYST=130oO/N 
RPWIkX=lOOoC/N 

ARFWPu'X=GPM I h X  
GO T O  40 

35 h=-h 
40 DC 50 J=1,3 

HE?( J)=RHO* I P (  J ) * N * ( N * E / ( K ( J ) * ~ ) + h - 2 0 0 )  
C1 (J)=(RHO**2 ) * I A ( J  ) * ( N * * 3 ) * ( h - 2 0 0 ) / ( K (  J ) * G )  
C2( J ) = R t i O * d R E A ( J ) * N * * 2  

50 C O k T I N U E  
G C  T C  65 

55 CChTINUE 
P W I h T  60 

60 FCGNAT(/,2X.~O('8')r'hC MOFE F C R k A f i C  C R I T I C A L  EPEEDS<l20rOCC 
*F!PV'.lO('!S')./l 
I F I V M m G T * 4 )  GC TC 8 0 0  
M M = 5  
GC TO 35 

6s IS ICNP=O 00 
I F ( I F r M o N E o 1  m A N D o M W o h E o 5 )  GO TO 100 
F R I N T  7 0 r N  

70 F C F N A T ( ' 1 '  *2X,'*******S** N = ' s F 1 4 0 6 r '  * * * S t * * * * * @ , / / )  
100 DO 750 I=lr100000 

IDET=MOC( 1-1 100 1 
R PN I h C = R P Y  I h X  
R p W = R P M S T + ( I - l  )*RPNIPUX 
IF(GPtJ-l.19C5) 2101210.55 

200 RPM=RPM+RPMINC 
210 C Y E G A = R P M * P 1 1 / 3 0 o O  

NOWSC=N*42*CMEGA**2  

C A L C G L A T I O N  O F  ALFI-AS 

oa 3 0 0  J = I * ~  
M=4* (J-1 1 
DES I N=BB t J )**2-4 C*A hUM ( J  I * t C 1 4 J I - C 2  ( J 1 / ( OMEGb**2) ) 
C D E S I N = D C Y P L X ( C E S  INIO 0000  1 
R A C I h = C D S O R T ( C O E S I h )  
D S C U T l =  ( -884 J 1 +RAD I N I / ( 2 e O * A N L C (  J ) )  

A 

. 

i 
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* 

400 C G h T I N U E  
DC 420 J R Z 1 . 1 1  
A R ( J R ) = - C ( J F * l )  
D O  420  J C = l . l l  
CR ( J C  9 J R  ) = C (  J C  s J f i + l )  

420 CClkTINUE 
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I C C A L C , J L A T I O N  O F  O E T E R Y I h P N T  O F  C R P A  

I J C B = l  
J N = l 2  
C A L L  
D E T = ( l . O D 0 1 O . O D O )  
DC! 450 J Q z l t J b  

L E Q T l  C ( C r  JN r JNrE  r Jhr J h r  1,'CBrWEr I E G )  

I P V T = W R (  J Q )  
I F  ( I P V T  .NE oJQ 1 
D E T = O E T + C (  J G t J C )  

DET=-CET 

453 C O h T I N U E  
ARPVNC=OABS4F?PN I h C )  

NTRFV=NABS+GPM 
I F ( A R P M N C . G T . A F P ~ N X / 1 . 0 0 ~ 3 )  C C  T C  6 5 0  

E S T I M A T I N G  THE YGDE SHAFE C O E F F I C I E h T S r A ( J )  J= l  r 0 0 0 0 . r l 2  

I JCI?=O 
J M = 1 1  
M =  1 
C A L L  
A ( l ) = ( l . O D C . C . O D O )  
DC 460  J= l  r 1  1 

LEQ2C ( C R  1 J M  1 JIV. AAF r y e  J I .  I .ice r W A  rWKr I E R  ) 

A t  J+l ) = A R (  J )  
460 C O h T X N U E  

R E L . A T I V E  D I S P L A C E M E h T S  PNO R O T A T I O N S  ARE C A L C U L A T E D  F O R  
THE F l Y W H E E L r C ? A M P E R r  I N T E f i M E O I P T E  YASS ANC TURBINEofHESE A R E  
STORED I Y  UWDEF ( F L Y h H E E L  OISF. rFLY\Y).EEL A C T o + O A N F E R  0ISP.e 
1 N T  O M  P S S  D I SP I N T O  MASS ROT. r T U R E  001 S P  0 9  AND TURB .GOT.  1 
I N  VECTOR Y Y ( l ) , . * * * o t Y v ( 7 )  

Y Y  ( 3  ) = (  0.30010.000 1 
DO 495 J = l r 4  
Y Y (  3 )=YY ( 3  ) + A (  J) 

495 C O h T L N U E  
h F S E N D = ( O . C C O t ~ . O D O )  
Y Y  ( 2  )=(O.OOC t o  . O D O )  

F A C T R = A  ( J 1 SCOEXP (ALP ( J ) t L (  1) 1 
EO 500 JZ1.4 

WFSEhD=WFSEhD+FACTR 
YY ( 2  ) = Y Y  ( 2  1 + A L P (  J ) * F A C T R  

Y Y ( l ) = W F S E h C + T F * Y Y ( 2 )  
CTkT€=(O.ODCrO.ODC)  
Y Y  ( 5  ) = ~ O . O D 0 r O . O O O  1 
D O  510 J = 5 t e  
C I h l l E = D  I N T E + A  ( J 1 

51 0 Y Y  ( S ) = Y Y  (5 )+ALP(  J ) * A  ( J )  
Y Y ( 4 ) = 0 1 N T E - T M C 0 3 * Y Y ( Z )  

500 C O h T I N U E  

Y Y  ( 7 )=  ( 0.000 r O I O D O  1 
DTUF;OE= ( 01 COO r 0 0 0 0 0  

r! 

. 
1 . 0 0 0 2  
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3 

DC 5 2 0  J=9,12 
CTURE!E=OTURRE+A( J 

520 Y Y  ( 7 ) = Y Y  ( 7  1 t A L F (  J ) * A  ( J 1 
YY ( 6  ) = D T U P B E - T T l  * V Y  ( 7 )  

C 
C Tt-E Q E L A T I V E  BCVEWEKTS b G E  N G R H A L I Z E D  EY T P E  M 4 X o k A L U E  
C 

Y Y I U A X = O . O ' 3 0  
DC 5 3 0  J = l r 7  
Y Y D = D A D S ( D G E A L ( Y Y ( J )  1 )  

V Y  (r A X = Y Y D  
I F ( Y Y M A X o G E o Y Y D )  CO T C  530 

5 3 0  C O N T I N U E  

540 Y Y ( J ) = Y Y ( J ) / Y Y M A X  
0'1 540 J-117 

c 
P q I h T  545 
F 3 f i ) J A T (  / r 2 X .  13C(  ' - *  1 )  
P R I N T  550 

545 

550 F @ f i H A T ( / e 2 X e O R E L A T l V E  D I S P L b C E W E h T S  A N 0  F O T A T I C h S  O F  T F E  FCUfi 
* R I G I D  M A S S  C E N T E R S  Y o R * T *  T H E  F C L L C h I h G  C R l T I C d L  S P E E D ' * / )  

P R I h T  5601  ( Y Y ( J ) * J = l r 7 )  
F O F M 4 T  ( 9 0 X  e 2 0 1  2 - 5 1  560 
P R I N T  6 3 0  

* T E R M I N A N T ' )  
630 F O f i b ' A T ( 7 X , ' f i C T o  SPEEC ( R P H ) ' * 4 X 1 ' h A T o  FGEO. ( C F M l ' r l l X * ' C O H P L E X  DE 

F G I N T  6 4 0 e G F W e h T 6 F M 1 0 E f  
F C G M A T  ( 2 x 9  ' ****' e 2 X  ,F  13 06 e e X *  F 10 e 2  
P R I f x T  545 
PM=)JM+l  

E40 6x1 20 17 08 2 X  e 4 9  ( ' *' 1 e /  1 

I F ( W N o E Q * S )  GC T C  35 
IF(WIUoEQ.9 1 G O  T C  8 C O  
IS ICNP=- I S I C N P  

GO T O  750 

I S  I G h = D E T I F / D # + E S  ( C E T  I P  1 
I F ( D A B S (  ISIGN+ISIGNP)*GT~O.ODC) GO TO 670  
G F M  I NC=RPH I N C /  10 0 
GP H- R P M P  
GO T O  2 0 0  

HPPP=RPM+WPY INX/ 100 0 0  

650 C E T I P = D I M A G ( O E T ~  

670  I F ( I C E T o N E o 0 )  GO T O  700 
P R I h ' T  6SOsRPMeDET 

690 F O f i M A T ( 8 X 1 F 1 3 0 6 r  2 4 X 1 2 0 1 7 o E e / )  
7 0 0  I S I G K P = I S I G F  

R P Y P = R P M  

7 5 0  C O h T I N U E  
800 C O N T I N U E  

I F ( R P M I N C o N E o R F Y 1 N X )  GO TO 2 O C  

P R I N T  810 
810 ~ O ~ M A T ( / , 2 X i l O ( ' ~ ' ) , ' N C  WCFE FETKCGFADE C R I T I C P L  S P E E O S  

*<  1201000 R F M ' * l O ( ' S ' I s / )  
S T C F  

END 
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C .4 '  Forced Whi r l ing  Analysis Using t h e  Combined Model 

A f low c h a r t  f o r  t h i s  program i s  presented i n  F i g .  C11. This program 

takes approximately 1 minute, 15 seconds of CPU t ime.  



1 6 7  

YES * 

h 

COMPUTATIONS COMPLETE 
AND READY FOR FORCED 

RESPONSE PLOTTING 
b 

., 

F i g .  C11. F l o w  c h a r t  f o r  forced w h i r l i n g  by c o m b i n e d  m o d e l .  

I INPUT DATA I 

t 

COMPUTE Gij 
i= l ,2,3 j=1,2,3,4 

COMPUTE [ c ]  F 
DETERMINE THE FORCING COLUMN MATRIX OF EQUATION 

(3.62) AND SOLVE FOR Ai i=l,2,3; j=1,2,3,4 

t 
I THE DISPLACEMENT AT ANY F L E X I B L E  SHAFT SECTION I I S  OBTAINED FROM THE F I R S T  OF EQUATIONS (3.27) 

THE DISPLACEMENTS-ARE STORED 
FOR P L O l l I N G  PURPOSES 

INCREASE RPM 

t 
A I 1 
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C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

f 
C 
C 

c 
C 
C 

F O R C E D  W H I R L t h G  
( C O M B I N E D  M O D E L )  

I M P L I C I T  H E P L * 8 ( A - - H , C - Z )  
REAL*()  BETA.ECCENIPHIZRO 
REAL+@ 
R E A C * 4  P H F k C G  ( 5 0  3 PHFWSL (503 1 
RE ALS8 
REAL*8 MF,  MO, M T  
H E A C * 8  [OF . I P F I I D D ~ I P D ~ I D T ~ I P T . I E C . K E C  
R E A L * B  
COMPLEX* I 6  
COMPLEX *16 F A c T H ~ P H A S E ~ W F S B G N  sk ' f  WCG*UFSEND*SLPFSE 
C Q W P L E X  41  6 
COMPCEX*16 b A < 1 6 8 )  . I r K ( 1 2 )  
D IMENSION OOUT 4 3 

AWFWCGt 5 0 3 ) r A k D A M P (  5 0 3 )  , A S L F S E (  503) 
PHOAMP ( 50 3 1 * R P  MARY ( 503 J 

N, I A (  3)  rK( 2) rL( 3) mKSUrKSC,KNEOPm hfJMSQ 

IDMOD 9 IPMOD L A C  e MMOD 
CDES I K r  R A C  I hr DSOUT 1 t DSOUT2 v A L P (  12 ) 9 C (  12. L2 1, R ( 1 E 1 ,A ( 12 ) 

UN I T I M 

*DIN( 3) 9 A R E A (  3) *ANUM(. 3) s 8 8 ( 3  1 r C 1 < 3  1 .C2  ( 3 J 

SEE FREE W H I R L I N G  B Y  C O M B I N E D  MOOEL' P K O G R A H  FCli D E F I N I T I O N  
OF V A R I A B L E S  I N  THE O A T A  STATEMENTS 

F L Y W H E E L  OATA I N  T H l S  PROGRAM A R E  THUS€ O F  LLNC 

BETA: P H A S E  L A G  OF l N l T I A L  T I L T  FROM MASS E C C E N T F I C I T Y  
ECCEN: MASS E C C E N T k l C i T Y  
P H I Z R Q :  I N I T I A L  T I L T  

D A T A  
D A T A  O O U T / O o 3 1 2 5 D O *  O13125DO*Oo 7493DO/ 
D A T A  
D A T A  K / 0 ~ 6 8 5 D 0 t 0 0 8 d 5 O O ~ O o 6 5 6 9 D 0 /  
D A T A  KNEOP/OoODO/ 
D A T A  MF .MDrHT/BoB336DO.Q1UO299eD0,0 .8047900 /  
D A T A  T F . T D * T T  1 / 3 m 1 5 D O 1  1e833200~40894209/  
D A T A  IDF, I P F / O 0 8 2 3 0 0 ~ 1 0 6 4 ~ D 0 /  
OA TA I D T I  IP T/O 0 0 B 3 4 0 2 0 O  9 0 00062800/ 
D A T A  L / O o 7 4 5 5 0 0 . Q * 6 7 9 2 0 0 ~  20126900/ 
D A T A  KSUrKSL/2oOD6.2o 0061 
O A T A  BETA,  ECCEN, PHIZR0/3* i 4 1 5 ~ 0 ~ 0 0 1 ~ 0 ~ 0 0 2 5 /  
D A T A  KEQ.LAC.MMOO/Oo68SDO t3o596900~0e00020200/ 
D A T A  TM002~TH0D3~fSP/004163DO r O 0 4 2 5 2 D O .  902431 DO/ 
D A T A  i P H O O ~ I D ~ O D / 1 0 1 5 D - 0 5 , 1 ~ 7 9 8 D ~ ~ 5 ~  

EeG. WC/29. 506 t 1 1 , 5 0 6 ~  0028300/ 

01 N/O OD0 rO, O D O . O o 3  1 7500/  

P I  I =20 O f O A H S  I N  4 1 I OD0 J 

10 NEGLEC? THE R E S T C R I N G  EFFECT OF G R A V I T Y  ON THE M O T I O N  OF THE D I S K S ,  
SET GR = 0.0-  
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z 
C 
C 
C 
C 

C 
C 
C 
C 

5 

C 
C 
C 

4 

G R - 3  86 0 
R H O = C L /  3860 0 
T HE1 A= B ET A 
P H A S E = D C M P L X (  0 o O D O . T H E T A )  
CD=O 00 
S T P l = l o O  
STP2= 1 0 
STP3=O 0 5 
DO 30 JZl.3 
A R E A (  J) =PX I ( D C U T  4 J ) **2-0 I N <  J) **2 1 / 4 0  0 
I A (  J )=P I I * ( DOUT ( J ) **4-0 I N  ( J 1 ** 4 
A N U M ( J ) = E * I A ( J )  

/ 64 00 

30 C O N T I N U E  

C A L C U C A T I G N S  R E L A T I h G  T O  THE E Q U I V A L E M  UU ILL Sk:PFT INSIDE 
T H E  T U R B I N E  S P A F T  

K ( J ) r A R E A ( 3 ) .  I A ( 3 )  ARE N E W L Y  DEFINED F O R  THE E C L I V A L E N T  S E C T I O N  
. C O N T A I N I N G  B O T H  THE T U R B I N E  S H A F T  A N D  FLYWHEEL SbAPT 

C O M f U T A T  I O N  OF A L P H A S  



A L P (  M t 3  )=QMEGA*CDSQRT (OSOUTZ # 
A L P ( M + 4  ) = - A L P ( M + 3 )  

300 COhTIhUE 
DO 350 J=l r12 
DO 350 # = l e  12 

350 C (  J m # ) ~ ~ O o O D O r O o 0 ~ Q )  
C 1 C DEFINING THE C B P R  M A T R I X  

170 
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- 

W F  SBGN= ( 0 .  OD0 .Oo O D 0  1 
DO 450 J O = l r 4  
YFSBGN=WFSBGN+A( J C )  

450 C O N T I N U E  
UFSEND= ( 00 000 00 0 0 0  j 
SLPFSE=(O.  ooo,o.ooo 1 
DO 484 J O = 1 * 4  
F A C T R = A ( J O ) * C D E X P ( A L P (  JQl*L( 1 ) )  
WFSENO=YFSENO+FACTH 
S L P F S E = S L P F S E + A L P ( J Q )  * F A C T R  

484 C O h T I N U E  
C 
C NOTE:  A L L  V A R I A B L E S  E N D I N G  W I T H  ' F Y C G '  A R E  R E L A T E 0  T O  THE GEOYETRIC 
C C E N T E R  OF T H E  FLYIQHEEL.  
C Y F S E N D :  O I S P L A C E H E N T  A T  FLYIb 'hEEL S h A F T  EhD 
C SLPFSE: S L O P E  A T  F L Y W H E E L  S H A F T  EN0 
C 
C A Y F W C G { I ) :  A R R A Y  OF A E S C L U T E  V A L U E  O F  F L Y W H E E L  C C  O I P L A C E M E h T  
C A U D A M P ( 1  1: ARRAY OF A B S O L U T E  V A L U E  OF DAMPER D I S P L A C E M E N T  
C A S L F S E ( 1 ) :  A R R A Y  CF A B S C L U T E  V A L U E  O F  S L C P E  AT 1k.E END OF F t Y b t - E E L  
C S H A F T  
C A R R A Y S  B E G I N N I N G  & I l k  'Ph' ARE RELATED TO P H A S E  L A G S  
C 

3 

W F S C C = W F S E N D + T F * S L P F  E E  
AWFWCG( I ) = C C A B S < k t = W C G )  
AWDAHP< I ) = C O A B S (  WFSEGN) 
ASLFSEi I ) = C D A B S  ( S L P F S E  1 
PHFWCG( I ) = O A T A N 2  ( C I IJAC(WFWCG J *CREAL(WFWCG)  ) *  L 8 O 0 O / P  I I * ( -  1.0 1 
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I F ( P H D A M F (  I ~ ~ G T o ~ l o O E ~ O 3 ~ A N O ~ P ~ D A ~ P ~ I ~ ~ L T o l ~ O E ~ O 4 ~  P H D A H P (  I ) = 0 . 0  
I F ( P H F W C G (  I ) * L T . O . O )  P H F W C G ( I ) = J 6 0 . 0 + P H F ~ C G ( I  1 
IF(PPFWSL( I ) r L T o O  00 1 P H F Y S L <  1 ) = 3 6 0 r O + P H F W S L (  1 )  
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P H F t r C G t  I 
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0 *tOPE'*9X*' ( C E G ) * .  l l X . * R P W ' * / / )  

00 C 4 0  I = l  I N  
P R I N T  960 

* P H F W S L (  I J 
A l rFWCGt  I )  .PHFWCGt I J SAWDAMP( I ) r P H O A M P 4  I )  e A S L F S € (  I ) 

RPHARY t I )  
I@F(AWFWCG( I ) . G T o S T P l )  A Y F O C C < I ) = S T P l  
I F ( A W D A M P (  I ) e G T . S T P Z )  AODAHP(  I )=SfP2 
I F ( A S L F S E (  I ) . G T e S T P 3 )  A S L f S E (  I )=STP3 

940 C O N T I N U E  
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C A L L  S E T M S G ( 4 5 e ' P L E A S E  SET ThE S T E P S I Z E  T O  0005 I N C H E S o T H A h K S '  ) 

C A L L  P L O T (  QoOs-40.O*-3) 
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CALL 
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  
C A L L  

C A L L  
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C A L L  
C A L L  

* I  

*3) j 
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P L O T  40 00 *209I2) 
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SY MBCL((9  0125.1 0 6 0 1 0 0 0 8 ~  'ECCEN 
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1 459 0 0 08 s ' B E T A  = ' s 00 0 6 1 

( RAD J ' s 10 + 2  00 I 90 00 r A S L F S E (  502 J + A S L F  SE( 5 O J  1 

A X I S ( O  *O r 0001 'OMEGA (HPM 1'1-111100 0 rO.0. KFIVAHY (502) r H P Y A R Y (  5C 
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C A L L  P L O T  ( 10 e 0 1 0  .OI 3 1 
C A L L  P L O T (  10.092. 0 m 2 )  
C A L L  P L O T ( O e O v 2 0 0 * 2 )  
CALL P L O T ( O . 0  m O e O . 9 9 9  1 
S T O P  
EN 0 
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X D - EFFECTS OF FLYWHEEL DE D - WE SHT AND TORQUE ON THE LOWEST FIRST- 

ORDER FORWARD CRITICAL SPEED OF A PENDULOUSLY SUPPORTED FLYWHEEL 

D . l  E f f e c t  o f  Flywheel Dead Weight 

For a pendulously supported flywheel, i .e. ,  one supported from above by 

a v e r t i c a l  c a n t i l e v e r  shaft ,  t he  dead weight of t h e  f lywheel  can have an 

e f f e c t  on t h e  c r i t i c a l  speeds. 

weight  ac ts  through a moment arm equal t o  the  ho r i zon ta l  d is tance o f  t he  f l y -  

wheel cen ter  o f  g r a v i t y  f rom any a r b i t r a r y  p o i n t  on the  f lywheel  sha f t .  Thus, 

a moment, va ry ing  a long the  l eng th  o f  t he  shaft, i s  produced. I n  the  case o f  

a pendulously supported f l ywhee l ,  t h i s  moment ac ts  i n  such a sense t h a t  i t  i s  

a r e s t o r i n g  moment and thus s t i f f e n s  the  f lywheel s h a f t  ( so -ca l l ed  t i e - b a r  

ac t i on ) .  

oppos i te  o f  a r e s t o r i n g  moment and thus would u n s t i f f e n  the  f lywheel  s h a f t  

( oolumn a c t i o n ) .  

The reason fo r  t h i s  e f f e c t  i s  t h a t  the  dead 

I f  the  f lywheel  were supported from below, t h i s  moment would be the  

I n  modes o f  w h i r l i n g  h igher  than the  lowest  one, t he  f lywheel  does n o t  

d e f l e c t  s i g n i f i c a n t l y  f rom i t s  o r i g i n a l  p o s i t i o n ,  as can be seen i n  F ig .  4.5. 

Hence, the  dead-weight e f f e c t  i s  s i g n i f i c a n t  o n l y  i n  the  lowest  mode. 

a very few papers i n  t h e  l i t e r a t u r e  even mention t h e  dead-weight e f f e c t .  

example, Ref. 11 mentioned i t  and s ta ted  t h a t  Ref. 47 showed t h a t  i t  a f f e c t s  

Only 

For 

the  displacements l e s s  than 3 percent  f o r  the  smal l -scale,  research-type f l y -  4 

wheel system inves t i ga ted  i n  [11,47]. Ac tua l l y ,  Ref. 47 gave a l i n e a r  ana lys i s  

L, and t h e  e f f e c t  was 2.6% on the  dispalcements (and thus on t he  f l e x i b i l i t y ) ;  I. 

therefore,  i t  a f f e c t e d  the  c r i t i c a l  speeds o n l y  1.3% approximately, due t o  the  

square-root r e l a t i o n s h i p  o f  f l e x i b i l i t y  and na tu ra l  frequency (m : 1.013). 

Table D.l presents the  lowest  f i r s t - o r d e r  forward c r i t i c a l  speeds f o r  

t he  th ree  Systems A ,  B, and C, w i t h  and w i t h o u t  t he  e f f e c t  o f  f lywheel  dead 

c 

ti: 
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n ( w i t h  dead weight ) ,  rpm 
no ( w i t h o u t  dead weight ) ,  rpm 

Ra t io  0 /no 

9 

9 

Table D.l. Lowest F i r s t -Orde r  Forward C r i t i c a l  Speeds 
With and Without the  Flywheel Dead-Weight 
E f f e c t ,  f o r  the  Three Systems A,B, and C, as 
Computed Using the  Combined-Model Analys is  

Flywheel Sys tern 

A B C 

1,038 1,907 14,230 
1,030 1,903 14,228 

1.0078 1.0021 1.0001 

t. I 1 

weight.  The c r i t i c a l  speeds were obta ined us ing the  combined model. Here, 

Q denotes a c r i t i c a l  speed ca l cu la ted  w i t h  the  flywheel dead weight  inc luded 

and o0 stands f o r  a c r i t i c a l  speed when the pendulum e f f e c t  o f  t he  f lywheel  

weight  i s  n o t  used. 

9 

This  pendulum e f f e c t ,  f o r  a s imple can t i l eve red  f lywheel  system, 

was s tud ied  q u a n t i t a t i v e l y  by Greenh i l l  many years ago and more r e c e n t l y  by 

Kung [48]. 

i n  the  absence o f  app l i ed  torque: 

Kung showed t h a t  t h e  r a t i o  Sa / S a  s a t i s f i e s  the  fo l l ow ing  r e l a t i o n ,  
9 0  

2 
(fig/"O) = 1 + (P/Pcr) 

where 

load f o r  t he  system. 

present  case is shown i n  F ig .  D l (a ) .  

= weight  o f  f lywheel  and Pcr = abso lu te  va lue o f  t he  c r i t i c a l  buck l i ng  

The system f o r  which Pcr has t o  be ca l cu la ted  i n  the  

This  system i s  equ iva len t  t o  t h a t  shown 

i n  F ig .  D l (b ) .  By t h e  p r i n c i p l e  of v i r t u a l  work, t he  f o l l o w i n g  equation, 

which equates the  bending s t r a i n  energy i n  the  beam t o  the  sum o f  t he  ex terna l  

work done by t h e  f o r c e  P and t h e  moment M, i s  obtained: 
4 A 

L L 

0 0 
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n 

P 

RIGID 
PORTION A h  

M = P t f  $ ( a )  

Fig. D 1 .  ( a )  Actual system for which P C r  i s  desired; (b) equivalent 
system for w h i c h  Pcr is determined. For convenience, the 
systems are  shown upside down from the orientation i n  the 
actual spin-test  setup. 

where w = l a te ra l  deflection of the beam and E1 = flexural r ig id i ty  of the 

beam. 

Assuming tha t ,  a t  the instant  of i n s t ab i l i t y ,  the deflection curve 

can be approximated by 

(D-3) 
T X  

W = A ( I  - COS -) 2a 

where A i s  the deflection as shown i n  F i g .  D l ( b ) ,  we obta in  the following 

approximate expression for  Pcr 

= b = (n2/4)(EI/a)(t+ 2 t f ) - l  0 4 )  

was shown tha t  i n  the f i r s t  mode for  Systems A and 

a l l y  stationary. Hence, these two systems can he 

'cr 

In Sections 4 and 5, i t  

B, the damper was essent 

e 

r! 
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Flywheel Sys tem 

A B C : 1 

4 

modeled as a f lywheel  can t i l eve red  a t  the  damper. 

i s  used i n  equat ion (0 -4) .  

t he  damper was p red ic ted  i n  the  f i r s t  mode. 

a s u i t a b l e  equ iva len t  length,  the same % used f o r  Systems A and B i s  a l s o  

used f o r  System C.  The r e s u l t s  a re  tabu la ted  i n  Table D.2. Comparison o f  

Tables D1 and D2 show reasonably c lose  values f o r  Systems A and B. 

Thus, II = 0.7455 i n .  

For System C a more a c t i v e  p a r t i c i p a t i o n  o f  

However, i n  the  absence o f  

However, 

Table D.2. S i m p l i f i e d  Ca lcu la t i on  of t he  Pendulum E f f e c t  
Using Equation (D-1) (E1 = 13,806 l b - i n 2 )  

Weight P ,  l b  

tf, i n .  

Ra t io  sa /sao 
9 

36.7 22.2 13.0 

7.05 3.45 3.15 

1.0059 1.0019 1.0010 

~ ~~~ ~~ 

f o r  System C, t he  agreement i s  r a t h e r  poor. 

expla ined by n o t i n g  the  s i g n i f i c a n t  damper displacement assoc iated w i t h  the  

lowest  f i r s t - o r d e r  forward mode shape f o r  t h i s  system. In o the r  words, 

This  discrepancy can be 

Kung's ana lys is ,  which assumes a s h a f t  w i t h  a l l  o f  the  mass a c t i o n  lumped 

a t  t h e  lower  end, i s  n o t  app l i cab le  when the re  i s  s i g n i f i c a n t  mot ion o f  

another mass a t  some o the r  l o c a t i o n  ( l i k e  a t  the  damper, i n  t h i s  case). 

I n  summary, i t  was shown t h a t  t he  e f f e c t  o f  i n c l u d i n g  the  f l ywhee l  dead 

weight  (as was.done i n  o b t a i n i n g  a l l  o f  t h e  n m e r i c a l  r e s u l t s  presented i n  

the  o the r  p a r t s  o f  t h i s  r e p o r t )  i s  very  smal l .  I n  f a c t ,  i t  was ca l cu la ted  

t o  be l e s s  than 1% even i n  t h e  most s i g n i f i c a n t  case (System A ) .  

shown f u r t h e r  t h a t  t he  r e l a t i v e  values obta ined from the  accurate combined 

I t  was 
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model analysis could be predicted reasonably accurately, at least for 

Systems A and B, by a simplified analysis due to Kung. 

D.2 Effect o f  Load Torque 
4 In spin testing of flywheels, the torque during normal, steady running 

is small (only 7.5 to 8.0 lb-in. for the Oak Ridge spin-test facility), since 

it has to overcome only the ball-bearing, damper, and windage losses 

(exceedingly small due to high vacuum). However, to accelerate rotationally, 

i.e., to increase the rotational speed, some additional torque capacity is 

required. 

in the lower speed range) is on the order of 17 lb-in. 

The question arises as to the effect of the aforementioned torques on 

s: 

For the Oak Ridge facility, the maximum torque capacity (available 

the crit cal speeds. 

shaft by Kung's version [48] of Greenhill's formula: 

This can be estimated for a simple uniform-diameter 

Here, T I applied torque, T 

the critical speeds respectively with and without torque. The general 

expression for Tcr is 

critical buckling torque, and fiT and fiOT are cr 

where k 5 dimensionless buckling coefficient which depends upon the way in 

which the torque is applied, as well as the boundary conditions, as was 

discussed by Ziegler [49]. 

is applied semitangentially in Ziegler's terminology and that the support 

conditions are those of a cantilever. 

Here, we conservatively assume that the torque 

Then k = 1, according to [49]. 
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For the Oak Ridge system, E = 29.5 x 106 psi, I = (5/16)4/64 
4 

= 0.000468 in., = 0.745 in. Thus, the critical speed is lowered only 

43 parts in lo9,  even when the maximum available torque o f  17 lb-in. is 

used. 

standpoint. 

Obviously, this is certainly a negligible effect from an engineering 
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APPENDIX E - LIST OF SYMBOLS 

Ai 
A; 

At 

cross-sectional area of the shaf t  sections ( i= l ,2 ,3)  

cross-sectional areas a t  various stepped sections of the turbine 

shaf t  ( j=1,2,3)  (see Appendix A.2) 

cross-sectional area of the uniform shaft  equivalent t o  the 

stepped turbine shaf t  

A 

A 

amplitude of w in the f i r s t  of equations (B-23) 

cross-sectional area of shaft  (Appendix B.2) 

cross-sectional area of the modified qui l l - shaf t  sections inside 

the turbine s h a f t  (Fig. B1) 

coeff ic ient  appearing i n  the f i r s t  of equations (8-25),  ( j = 1  ,. . . ,4) 

coeff ic ients  appearing i n  the f i r s t  of  equations (8-27) 

and Appendix B ( i= l ,2 ,3)  , ( j=l , .  . . ,4) 

A 

Aeq 

j 
x 

Ai j 

AA (fi3/K3A3G) + (fi:/3EI3) 

a i  

- 

length parameters appearing i n  equations ( A - 1 )  , ( i = l  , . . . ,4) 

amplitude of JI i n  the second of equations (B-23) 

coeff ic ient  appearing i n  the second of equations (5-25) , ( j = l , .  . . ,4) 
coeff ic ient  appearing i n  the second of equations (B-27), (p=l ,2 ,3) ,  

( j=1 , .  . . ,4) 

matrices defined in equations (2.11) 

matrices appearing in equation (2.19) 

I B 

Bj  

p j  
B 

[B1],[B,] 

[B:],[B;] 

damping coeff ic ient  of external damper 

damping matrix defined in equation (2.15) 

coeff ic ient  matrix appearing in equation (B-55) 

diameters defined in Fig. A1 

outer diameter of the equivalent uniform turbine shaf t  

Young's modulus of shaf t  material 

'd 

[CI 
[El 
d;,d;,di,di 

E 

c 
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E* 

e 

Fj 

FO 

Fr 

A 

F 

G 

G* 

I 

Id'Ip 

I d j ' I p j  

1; 

I i  

I t  

[I1 

complex Young's modulus of shaft  material 

base of the natural logarithms 

la teral  forces acting i n  lumped model ( j = d , f  , i  , t )  

arbi t rary la teral  force acting t h r o u g h  the turbine center of  

mass (see Appendix A . 2 )  

e l a s t i c  restoring force i n  a w h i r l i n g  s h a f t  (section 4 )  

side force due to  hysteretic damping 

total  force acting on a w h i r l i n g  s h a f t  element (section 4 )  

generalized-force excitation vector defined in equation (2 .21  ) 

shear modulus of shaf t  material 

complex shear modulus of shaf t  material 

gravi ta tional accel era t i on 

gyroscopic mat r ix  defined i n  equation (2.4) 

area moment o f  iner t ia  of shaft  cross section about a diametral 

axis 

diametral and polar mass moments of iner t ia  of a shaf t  element 

o f  length d z  

respective diametral and polar mass moments o f  iner t ia  o f  

components (j=f,i , t) 

area moments of iner t ia  about a diameter of the various stepped 

portions of the turbine shaf t  ( i=1,2,3) (see Appendix A . 2 )  

area moment of iner t ia  about a diameter o f  the i t h  shaf t  

section ( i= l ,2 ,3 )  

area moment of iner t ia  about a diameter of the equivalent 

turbine s h a f t  

identity matrix (main diagonal elements are  a l l  unity, remaining 

elements a re  a l l  zero) 
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eq 
I 

I a c  

i 

Kneop 

KS R KS u 
K; 

C K I  

c 21 
CK*l  

k 

Lac 

Li 

, 

R 

area moment of i n e r t i a  o f  t h e  mod i f ied  f lywheel  sha f t ,  i n s i d e  

t h e  t u r b i n e  shaf t ,  about a diameter 

area moment of i n e r t i a  o f  the  ac tua l  f lywheel  sha f t ,  i n s i d e  

t h e  t u r b i n e  shaf t ,  about a diameter 

43- 

t ransverse shear c o r r e c t i o n  c o e f f i c i e n t  of the  modi f ied q u i l l  

s h a f t  w i t h i n  t h e  t u r b i n e  s h a f t  

t ransverse shear c o r r e c t i o n  coef f i c ien ts ,  ( i=l,2,3) 

t ransverse shear c o r r e c t i o n  c o e f f i c i e n t  o f  t h e  equ iva len t  

t u r b i n e  s h a f t  

s p r i n g  r a t e  o f  neoprene-rubber washer i n  ex te rna l  damper 

spr ing  r a t e s  of the  lower and upper bearings, r e s p e c t i v e l y  

t ransverse shear c o r r e c t i o n  c o e f f i c i e n t s  of t h e  var ious stepped 

cross sect ions of the  t u r b i n e  shaf t  (i=1,2,3) (see Appendix A.2) 

s t i f f n e s s  m a t r i x  appearing i n  equat ion (2.1) 

c a r 1  

complex s t i f f n e s s  m a t r i x  appearing i n  equat ion (2.14) 

dimensionless b u c k l i n g  c o e f f i c i e n t  (see Appendix D.2) 

l e n g t h  de f ined i n  F ig .  B I  

lengths appearing i n  Appendix B (see Fig.  3.1) (i=1,2,3) 

l e n g t h  o f  f l e x i b l e  shaf t  (shown i n  F ig .  D1) 

lengths (see Fig. 2.1) 

leng ths  de f ined i n  F ig .  A 1  

t o t a l  bending moment and i t s  components about t h e  x and y axes 

moment used i n  Appendix D . l  

c 
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an arbi t rary moment acting on the turbine wheel (see Appendix A.2)  

bending moments a t  components ( j = d , f , i  , t )  of lumped model 

total  bending moment and  i t s  components a b o u t  the x and y axes 

acting on the ends of  shaft  i ( i=1 ,2 ,3)  (Appendix 8 . 3 )  

mass matrix defined i n  equation ( 2 . 3 )  

ra t ios  of inside diameter t o  outside diameter 

MO 

Mj 

Mi , M i x , M i y  

[MI 
m , i  

j 
m 

n 

r01 
(01  

P 
- 
P 
h 

P 

c r  P 

( P I  

masses of components ( j = d , f , i , t )  i n  the lumped model 

w/n 

zero matr ix  ( a l l  elements are  zero) 

zero col umn mat r ix  

axial force in shaf t  

weight of flywheel 

axial force used i n  Appendix D.l 

absolute value of the c r i t i ca l  buckling load for  a flywheel system 

wi$ 

generalized displacement vector defined i n  equation ( 2 . 2 )  

general i zed displacement amp1 i tude vector 

turbine-bearing reactions (see F i g .  2 . 2 ) '  

inner and  outer radi i  of a shaf t  element 

mass eccentricity 

translational displacements of components ( j=d , f , i  , t )  in the 

lumped model 

deflection of turbine center of mass when subjected to  a force 

Fo and moment Mo (see Appendix A . 2 )  

re 
r 
j 

r 
0 

t time 

T applied torque on the turbine wheel 



184 

Tcr 

U 

U* 

P W 

i,i ,W 
X Y  

W' ,W' ,W' 
X Y  

c r i t i ca l  buckling torque (see Appendix D.2) 

thickness parameters defined i n  F i g .  2.1 

total  s t r a in  energy i n  the system 

s t ra in  energy i n  the turbine shaf t ;  equation (A-9) 

total  shear force and i t s  components i n  the x and y directions 

total  shear force and i t s  components i n  the x and y directions 

acting on the ends of shaft  i ( i=1,2,3) (Appendix B.3) 

la te ra l  displacement of a shaf t  element and i t s  components i n  

the x and y directions 

la teral  displacement and i t s  components i n  the x and y directions 

of specif ic  locations on the i th  shaf t  (i=1,2,3) as defined i n  

Appendix B.3 

deflection dis t r ibut ion of shaf t  section p (p=l,2,3);  see equation 

(B-27) 

la teral  displacement of flywheel center of mass and i ts  components 

y directions 

acement of intermediate mass center and i t s  components 

y directions 

of the lower s p r i n g  attachment point and i ts  components 

i n  the x and y directions Q 

displacement of turbine center of mass and i t s  components i n  the 

x and y directions 

displacement of the flywheel center of mass when re = 0 

Cartesian coordinates i n  a reference frame attached t o  the 

deflected shaft ,  t i l t i n g ,  b u t  no t  rotating, w i t h  i t  

i n  the x and 

la te ra l  disp 

in the x and 

displacement 
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Car tes ian coord inates i n  an i n e r t i a l  re fe rence frame 

an a r b i t r a r y  p o i n t  i n  any of the  th ree  s h a f t  sect ions 

p o s i t i o n  coord inate z i n  s h a f t  p (p=1,2,3) 

compliance c o e f f i c i e n t s  def ined i n  equations (A-7), ( i  ,j=l,. . . ,8) 

c o e f f i c i e n t  appearing i n  equati-ons (5-23)  

c o e f f i c i e n t s  appearing i n  equations (8-25) ,  ( j = l , .  . . ,4 )  

c o e f f i c i e n t s  appearing i n  equat ions (B-27) and Appendix 6 ,  

(p=1,2,3), ( j = l ,  ..., 4 )  

compliances f o r  t he  equ iva len t  uniform t u r b i n e  s h a f t  (see 

Appendi x A. 2 )  

compliance m a t r i x  appear ing i n  equat ion (2.5) and 

compliances def ined i n  Appendix A.2 f o r  the  actua 

s h a f t  

Appendix A 

stepped t u r b  ne 

phase l a g  of f lywheel i n i t i a l  t i l t  r e l a t i v e  t o  the  mass e c c e n t r i c i t y  

t o t a l  shear s t r a i n  and i t s  components i n  the  yz  and xz planes 

l o s s  tangent (=  Fd/~,) 
d e f l e c t i o n  o f  f lywheel s h a f t  end (see Appendix D . l )  

increments i n  t o  p l o t  wh i r l  diagrams 

angle between the  de f lec ted  f l ywhee l  cen ter  l i n e  and the  a x i s  o f  

r o t a t i o n  (see F ig .  B9) 

Poisson's r a t i o  o f  shaf t  m a t e r i a l  

dens i t y  o f  sha f t  ma te r ia l  

t i l t i n g  angles of components ( j=d, f , i , t )  i n  the  lumped model 

r o t a t i o n  of t u r b i n e  wheel when subjected t o  a f o r c e  o f  Fo and a 

moment o f  Mo (see Appendix A.2) 
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i n i t i a l  t i l t  of flywheel w i t h  respect t o  ax is  of rotation 

i n i t i a l  t i l t  of flywheel defined as a vector 

bending slope and i t s  components i n  the x and y directions 

bending slope and i t s  components in the x and y directions a t  

specified locations as defined in Appendix R.2 

bending-slope distribution of shaft  section p (p=l ,2 ,3) ;  see 

equation (B-27) 

a factor  defined in equation (A-12) fo r  the actual stepped turbine 

shaf t  

a factor  equal t o  e for  the equivalent uniform turbine shaf t  

ro ta  t i  onal speed 

an arbi t rary rotational speed within the range of operation 

lowest f i r s t -order  c r i t i c a l  speed 

second lowest f i rs t -order  c r i t i ca l  speed 

lowest f i r s t -order  c r i t i ca l  speed w i t h  the e f fec t  of flywheel 

deadweight included 

lowest f i r s t -order  c r i t i ca l  speed without the e f fec t  of 

flywheel deadweight 

lowest f i r s t -order  c r i t i c a l  speed w i t h o u t  the e f fec t  of 

4 

/, r- 

appl i ed torque being considered 

lowest f i rs t -order  c r i t i ca l  speed with the e f fec t  of applied torque 
.-*" - 

P., t natural frequency of vi bration 

imaginary and real parts of 6.1 

derivative with respect t o  time 



187 

‘r, 

t 

“I 

APPENDIX F - SUGGESTIONS FOR FURTHER RESEARCH ON 
ANALYSIS OF FLYWHEEL ROTOR DYNAMICS 

The f o l l o w i n g  a r e  some areas i n  which f u r t h e r  research cou ld  be conducted 

t o  extend usefulness of the  present  s t a t e  of the a r t  of knowledge on f lywheel  

r o t o r  dynamics: 

1. The e f f e c t  of power take-of f  o r  power feed-in, as a steady torque, 

on the  system dynamics. 

t u r b i n e  wheel was neglected, based on the  ana lys is  of Appendix D.2. 

i n  some veh icu la r  app l i ca t i ons ,  t h i s  could become a more s i g n i f i c a n t  f a c t o r .  

I n  the  present work, t he  app l i ed  torque a t  the  

However, 

2. The e f f e c t  o f  acce le ra t i ng  through t h e  c r i t i c a l  speeds, f o r  which 

the  torque a v a i l a b l e  a t  the  t u r b i n e  i s  the l i m i t i n g  fac to r .  

work, t r a n s i e n t s  [50] have no t  been considered. 

I n  the  present  

3 .  The use o f  magnetic bear ings and the  corresponding use o f  a c t i v e  

c o n t r o l  t o  prevent  w h i r l  i n s t a b i l i t y  [51]. 

i n s t a b i l i t y  i s  c o n t r o l l e d  o n l y  by t h e  ex te rna l  v iscous damper, which i s  a 

passive one. 

I n  the  present  work, w h i r l  

4. The use o f  a non l inear  model o f  t he  squeeze-f i lm damper ac t i on ,  i n  

which the  damping c o e f f i c i e n t  Cd increases when t h e  damper d i s k  approaches 

the  housing w a l l  [19], r a t h e r  than t h e  present  equ iva len t  v iscous damper. 

However, recen t  research [52] has shown t h a t  even the  c u r r e n t l y  accepted non- 

l i n e a r  hydrodynamic theory  f o r  f i n i t e - l e n g t h  squeeze-fi lm bear ings i s  inade- 

quate t o  p r e d i c t .  q u a n t i t a t i v e  response. 

5. 

6. 

Study of e x c i t a t i o n  and response o f  nonsynchronous w h i r l i n g .  

E f f e c t  of Coulomb damping due t o  r e l a t i v e  mot ion between f lywheel  

components as a f u n c t i o n  o f  r o t a t i o n a l  speed. 

c e r t a i n  f lywheel  systems. 

This may be impor tant  i n  o n l y  
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7. E f f e c t  o f  the  increase i n  f lywheel moment o f  i n e r t i a  due t o  the  

r a d i a l  growth due t o  c e n t r i f u g a l  ac t ion .  This i s  bel ieved t o  be a n e g l i g i b l e  

e f f e c t  on a l l  cur rent  f lywheels known t o  the present authors. 

’A- 




