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MASTER 

I review the motivation for formulating gauge theories on a 

lattice to study non-perturbative phenomena. I discuss recent progress 

supporting the compatibility of asymptotic freedom and quark confinement 

in the standard SU(3) Yang-Mills theory of the strong interaction • 
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Lattice gauge theories currently provide one of the most promising 

a~proaches towa~ds a demonstration of quark confinement through their 

interactions with non-Abelian gauge fields. I tvill first discuss the 

motivations for the lattice method of defining a gauge theory. Then I 

will turn .t;o the recent developments \vhich strongly support the coexistence 

of confinement and asymptotic freedom in the continuum limit of the 

standard SU(3) gauge model of·the strong interaction. 

In four-dimensional space time, confinement must be a non-perturbative 

phenomenon. Suppose quarks are confined by a linear potential 

E(r) -+ Kr 

whereE(r) is the interaction energy of a quark-antiquark pair separated by 

distance r ,and K is: a constant. referred· to as the "string tension" by 

analogy with the string modeL As K is a physical quantity, it must obey 

Lh~ renormalization group equation, This implies the dimensional trans,... 

mutatio~1form at weak coupling 

K "'2 exp - 2 1 ( 1 ) 
a a

0
g

0 
(a) 

when g
0 

is the bare coupling constant defined when an ultraviolet cutoff 

of length a is introduced. Here a
0 
i~the first term in a perttirbative 

expansion of the Gell-Mann Low function( 2) 

2 
The _important consequence of Eq. (2) is the essential singularity at g0 =0 

which precludes any perturbative calculation of K. 

(1) 

(2) 

(3) 
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Any true non-perturbative analysis of a Yang-~·!ills theory requires 

a means of controlling ultraviolet divergences in a manner independent of 

Feynman diagrams. This precludes most conventional regularization schemes. 

Herein lies the main virtue of a lattice formulatio~. As wavelengths less 

than ttvice the lattice spacing, a, have no mean:irtg, the discretized theory 

has a cutoff of each momentum component at rr/a. 

As with any cuto.ff prescription, considerable freedom remains in a 

lattice formulation. Upon removal of the cutoff, the physics of a 

renormalizable field theory should be independent of the details of the 

regulator. Hmvever, tvith the cutoff' in place, one is free to add to the 

Lagrangian t~rms which will not contribute in the continuum limit. Using 

this freedom, Hilson has presented a particularly elegant lattice formulation 

for gauge theories. (3) His prescription keeps local gauge invariance as 

an exact symmetry in a mathematically well~defined system. 

1-lilson uses the concept that a gauge field represents a theory of non­

integrable phase factors. (4) Hhen a material particle transverses a world 

line c in space time its interaction with a gauge field appears as a phase 

factor in its wave fnnr.tinn 

1/1 ~ exp (i~ .f AIJdxiJ) 
c 

(4) 

The dynamics of the material particle follow from a path integral over all 

possible world lines. For a n·on-Abelian theory these phase factors became 

matrices in the.gauge group. These group elements defi.ne the basic degrees 

of freedom in the lattice theory. Approximating a \vorld line for the 

particle by a sequence of steps between neighboring sites in a hypercubical 
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lattice, Wilson replaces the above phase f~ctor with the p~oduct of 

phases associated with each step in this path. This leads to using as 

variables an element U .. of the gauge group associated with· every nearest l.J 

neighbor pair of sites {i,j} in the lattice. For the strong interaction 

model, these elements are of the group SU(3). 

Using these variables, we need an expression for the action which 

reduces in the continuum limit.to.the ordinary gauge theory action 

Wilson proposed the simple form 

1 = r (1 - N Re(Tr( rr U .))) 
O . h,j} EO UJ 

S(U) 

(4) 

(5) 

Here the sum is over all elementary squares or "plaquettes'' of the lattice, 

and the product is an ordered group product of the group elements surrounding 

the given 1=:qn.<~re. The normalization factur N is chosen for convenience to be 

the dimension of the group matrices, i.e. 3 for SU(3). A path integral defines 

the quantum theory 

z J rr dUij 
{i,j} 

-SS(U) e· 

where S is proportional to the inverse bare coupling constant 

for SU(N) 

From Eq. (6) is is apparent that the path integral is equivalent to 

a partition function for the statistical mechanics of a four-dimensional 

system of spins belonging to the gauge group. Their interaction is through 

, 

(6) 

(7) 
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the four spin coupling in Eq. (5). For S < < 1, Hilson has derived a strong 

coupling series by expanding the exponent in Eq. (6) .. In this "high 

temperature" lim.:i.t confinement is automatic in the sense tha:t the model 

reduces to a theory of quarks connected by strings ~-lith a finite energy per 

·unit length. On the other hand, at weak coupling S '> >1 a spin wave expansion 

reproduces conventional Feyruman perturbation theory. This series is known 

to be at best asymptotic, but ·its existence suggests a possible low temperature 

phase of free quarks and massless gluons. As this is qualitatively different 

f.l'um the strong coupling regime. ~me exper.t.c; ""r- leaat ono pho.:lc tl:.!.rtolLluu 

separating these domains if the free quark phase exists at all. Balian 7 

Drouffe, and Itzykson have presented arguments that in enough space-time 

d . . h . . .11 ( 5) 
J.Illens~ons sue a trans~t~on t-l~ · occur. 

Ultimately t-le are interested in .the continuum limit _of the theory. 

This requires taking the bare coupling constant to a critical value so that 

correlation scales, i.e. inverse physical masses, become large relative to the 

cutoff represented by the lattice spacing. The perturbative renormalization 

group indicates one such critical point at vanishing bare coupling. ( 6) A 

continuum limit at this point yields the phenomenon of asymptotic freedom; 

the effective renormalized coupling will go to zero tvhen defined on dec~\easing 

length. scales. The virtue of this phenomenon is the perturbative prediction 

of scaling phenomena in high momentum transfer processes. 

To have asymptotic freedom in the same phase that Wilsonts expansion 

exhibits confinement, four dimensional space-time should be inadequate to 

support a transition to a free massless spin-t-lave phase at any finite coupling. 

Based on the approximate recursion relation analysis of Nigdal and Kadanoff(
7
), 

,. 
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current lore is that four space_tirne dimensions represent a critical case 

for gauge theories. In more than four d~uensions all gauge groups should 

exhibit a spin-~.;rave phase ~vhereas in less than four dimensions all continuous 

gauge groups _exhibit only strong coupling behavior. In exactly four dimen-

sions onJ.y abelian continuous groups should i!xhibit a non-trivial phase 

structure; indeed, this is necessary if Hilson's formalism .is to describe 

quantum electrodynamics, the prototype of all gauge theories. 

Recently from two rather different techniques, strong evidence has 

appeared that this "standard'' picture of the phase structure .of lattice 

gauge theories is indeed correct. The first technique involves use of 

Pade techniques to extrapolate from the strong coupling expansion into a 

- h k 1" d" . b . l"d(S),(g) A · th regJ..me ~., ere wea · coup 1.ng pre 1.ct1.ons. ecome va 1. ssum1.ng e 

linear interquark potential survives the continuum limit, we can. use the 

string tension K to define a· renormalization prescription. .The bare coupling 

con~t.ant dependence on cutoff follows by holding this tension fixed by 

adjusting g 0 as the lattice spacing is reduced. One· then tests this · 

assumption in the weak coupling limit by comparing with the asymptotic 

freedom prediction 

exp 

This is Eq. (2) written to take account of the second coefficient of the 

. (10) 
Gell-Mann Low funct1.on. The parameter A

0 
is a scale relating the ~veak 

(8) 

coupling behavior at short distances to the strong linear potential at long 

distances. Kogut, Pearson, and Shigemitsu(S) have used a Pad; extrapolation of 

, 

,. -
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the strong coupling expansion for the left hand side of Eq. (8) and found 

it matches smoothly onto the asymptotic freedom prediction. Using a 

Hamiltonian variation of Hilson's path integral formulation, Kogut and 

Shigemitsu. find for SU(3) (g) 

The other technique giving recent results on. the lattice theory is 

(9) 

}funte Carlo simulation. . (11) My own recent research has centered here, Con-

sidering the path integral of Eq. (6) as a partition function for a statistical 

system at inverse temperature ,·the Mdhte Carie procedure generates a few 

configurations which are typical of that system in thermal equilibrium. This 

is done by making "random" changes of the various group elements in such a 

manner that asymptotically the probability of any configuration C is proportional 

to the Boltzmann facto~ 

(10) 

A simple intuitive algorithm which I have used for SU(2) is to pass through the 

lattice and successively replace each group element U with a new one U' chosen 

randomly from the group with weighting 

dP(U') = dUe-SS(U') (11) 

where the action is calculated with the neighboring variables at their current 

values. This technique is equivalent to touching a heat bath at inverse tempera-

ture S to the links ·in question. For SU(3), due to the complexity of the group, 

I am using a less. intuitive but computationally simpler algorithm similar to 

. (12) 
that used by H1.lson. In the follo~ving, one iteration means one Honte Carlo 

operation on every link of the lattice. 
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As the entire lattice is stored in the computer memory, once it is 

in equilibrium one can measure any desired correlation function. In a 

gauge theory the natural correlation functions are Hilson l'Oops. (3) Given 

a closed contour. C of links in the lattice, the associated Hilson loop is 

the expectation of the·product of the link variables 

. 1 
l-1 (C) = < 2 Tr ( n u ij ) ) (12) 

ijt:C 

when the U's are ordered sequentially around the contour. If confinement. 

occurs with a linear potential, then W(C) should fall exponentially with the 

area enclosed by the contour C when the loop becomes large. The coefficient 

of this falloff is given by the string tension 

. 2 
W (C) "' exp (-a K N (C) ) 

0 
(13) 

where N
0

(.?) is the minimum number of elementary squares .covering a surface 

enclosed by C. In my Monte Carlo treatment,· I at'tempt to measure the l.Jilson 

loops and extract this area law behavior at various couplings for comparison 

with the asymptotic freedom prediction in Eq. (8). 

In Figure (1) I illustrate the typical convergence of the Honte Carlo 

procedure for SU(2) gauge theory. Working at 8 = 2.3, I plot the average 

plaquette or internal energy 

1 
P = ( 1 - 2 Tr ( II uij) ) 

ijt:O 
0.4). 

as a function of the number of iterations for a total of thirty iterations; 

Both ordered (U .. =l) and disordered (U .. random) initial conditions are shown 
~J ~J 

. 4 4 
with lattices of from· 4 to 10 sites, Note that; the convergence rate is 
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essentially independent of lattice size; only the fluctuations gro~v on the 

smaller lattices. This supports the absence of a phase transition in this 

region. This value of 8 represents the regio"n of slowest con~ergence for the 

Honte Carlo procedure for SU(2). 

4 
In Fig. (2) I show the evolution from an ordered state on an 8 lattice 

for several values of s. Note that the convergence rate is not strongly 8 

dependent; a slight decrease occurs in the range S = 2,0-2,4, At all S 

extre~ely t"apid both at hieh and ]nw tPmpPr::~tnr,::.s; ~onlliiqu~ntly, tha mathod 

is not tied to either strong or weak coupling, 

In: contrast to the non-Abelian case, Fig. (3) sho~vs the evolution from 

random and ordered initial states·of a U(l) gauge theory on a 6
4 

lattice, 

The value of 8 is chosen to lie at our Monte Carlo estimate of a critical 

point. Note that convergence .is both slo~ver and accompanied by substantial 

fluctuations. This represents .the transition rendering the strong coupling 

·expansion inapplicable to quantum electrodynamics. 

Fig. (4) shows the results of thermal cycling several of the models, By 

slowly increasing the temperature from very cold to very hot and then 

reducing it again, a region of slmv convergence appears as a hysteresis effect. 

In the figures ~ve show results on SU(2) gauge theory in four and five dimen-

sions as well as the four dimensional U(l) theory, I show SU(2) in five 

dimensions in order to illustrate that confinement is indeed lost as expected 

if four dimensions is critical. The transitions in both the four dimensional 

U(l) and five dimensional SU(2) theories are clear Hhereas the four dimensional 

SU(2) model appears much smoother. In order to provide more support for the 



-9-

lack of a transition in the latter model, I now turn to a study of 

Hilson loops. 

In Fig. (5) I shohr the expectation values of square Hilson loops at 

S.= 3 as a function of lattice size. These loops lie in a fundamental lattice 

plane. Each measurement is an average over all similar loops in the lattice 

and the error bars represent the root mean square fluctuation over five 

iterations after attaining equilibrium. As intuitively expected, larger 

loo-ps show the finite lattice effects most strongly. 

To extract an area law, I have constructed the quantities 

X(I,J) = -tn 
( 

W(I,J) W(I-l,J-1)) 
W(I,J-1) W(I-l,J) " 

(15) 

The motivation for this construction is that overall constants and perimeter ·: .:~;; 

behavior in the loops will cancel out. Hhenever the loops are dominated by the ·": 

area law, i.e. I, J > >1 or at strong coupling, 

X (I, J) 
2 

""~'a K 

However, at short distances and weak coupling, X should have a perturbative 

(16) 

expansion radically different from the essential singularity expected for 

a 2K. l.J'e are thus led to the conclusion that the value of a 2K as a function 

of coupling is given by the envelope of curves of X(I,J) for all I and J, 

In Fig. (6) I show the values of X(I,I) for I= 1 to 4 plotted versus 

. 2 4 
l/g

0 
for the gauge group SU(2) on a 10 lattice. The error bars are the 

standard deviation of the mean taken from an ensemble of five configurations. 

A~ stronger couplings the larger loops have large relative errors but.are 

all consistent with X approaching the values from smaller loops. On the 

graph I plot the strong coupling limit 

, 
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+ o( ~) 
go 

X (I .J) (17) 

as well as the weak coupling behavior for a 2K from Eq. (8) with the parameter 

n
0 

= (1.3±.2) x 1o-21K (18) 

·The error is a subjective estimate. 

Fig. (7) is the same as Fig. ·(6) except here the gauge group is SU(3). 

:Host of the points are from a· 44 lattice and hence only X(l,l) and X(2,2) are 

-2 - 4 
plotted. At g0 = 1.11 and 1.80 runs on a 6 lattice gave X(3J3) as well. The 

strong coupling behavior is nmr 

(19) 

2 The plotted ~.;reak coupling behavior for a K corresponds to 

-3 h. A0 ~ (5.0±1.5) x 10 ,~. (20) 

Note the remarkable agreemen·t with the series result in :Eq. (9). This may 

be somewhat fortuitous as the Hamiltonian and Lagrangian formulations need not 

give the same A0 . 

At first sight the small numbers in Eqs. (18) and (20) are rather 

surprising, coming as they do from a theory with no small dimensionless para-

meter. However, the value of a renormalization scale is in general dependent 

on renormalization scheme. Since Ao is defined in a ~.;reak coupling limit, 

perturbative calculations to one loop order can relate different definitions. (l3) 

(14) Hasenfratz and Hasenfratz have recently done a lengthy analysis relating 

h 1 · A . 1 MOM d f - d b h h in t e att~ce. 0 to a more convent~ona A e ~ne y t e t ree po t vertex 

in Feynman gauge at a given scale in momentum space. Their results are 
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AHOM = 57.5 J\0 SU(2) (21) 

.HOH 
n = 83.5 A

0 SU(3) (22) 

Combining the Honte Carlo results ~vith these nuP.J.bers gives 

AHOM ·(. 75±;12) IK . SU(2)· (23) 

AMOM = (.42±.13)/iK SU(3) (24) 

. (15) . . 
If we accept the str~ng model connection bet~v-een K and the Regge slope et' 

K·= _1_ 

21Tc:t' 

and use c:t' = 1.0 (GeV)-2 , then we conclude for SU(3) 

AHOM = 170±50 HeV. 

(25) 

(26) 

Some Cqution is necessary in the phenomenological interpretation of Eq. (26) 

because virtual quark loops have not been included in the calculation, 

In conclusion, recent advances in lattice gauge theory have given 

evidence for the onset of asymptotic freedom using a renormalization prescription 

based on confinement with a -linearly rising long distance potential. In this 

~vay, ties are strengthened bet~veen the lattice forP.J.ulation and more conventional· 

perturbative approaches to gauge theory. The calculation of the parameter A
0 

in terms of the string tension relates the behavior of the theory in long and 

short distance regimes. 

This research.was supported under contract DE-AC02-76CH00016 with the 

U. S. Department of Energy. 
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Figure Captions 

1. The aver age plaque t te as a funct i on of nu~ber of itera t i ons a t 

S = 2 . 3 a nd with t he gauge gr oup SU(2). 

2. The evolution of the avera ge plaquette at several temperatures. 

3. The evolution of the average plaquette for the U(l) gauge group at 

s = 1. 0. 

4. Thermal cycles on (a) the fj,ve dimensional STT(?.) rhPory, (b) the 

four dimensional SU(2) theory, and (c) the four dimensional U(l) 

(isomorphic to 80(2)) theory. 

5. Wilson loo ps at S 3 as a function of lattice size. 

6. The quantities X(I,I) for SU(2) gauge theory as a function of 

inverse coupling squrtrerl, 

7. The quantities X(I,I) for SU(3) gauge theory. 
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