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FOREWARD

This publication contains manuscripts of invited talks and con-

tributed abstracts which formed the substance of a Topical Conference on

Heavy Ion Collisions held at Fall Creek Falls Inn, Fall Creek Falls State

Park, Pikeville, Tennessee from June 13 through June 17, 1977. Many of

the contributed abstracts were discussed in short ora. presentations

during the plenary sessions or in more specialized afternoon workshops.

The manuscripts of the invited talks and contributed papers are re-

produced here as submitted by the authors, without additional editing.

The abstracts are arranged in alphabetic order of the first author's name,

except for the last three abstracts, which form a sequence of three

closely related reports.

The publication of these Proceedings was accomplished with the

assistance of the Graphic Arts and Technical Publications sections of

Oak Ridge National Laboratory. In particular, the cover was drawn by

Alice D. Richardson. The budgetary and logistics work for the meeting

was done with the assistance of the Conference Office of Oak Ridge

National Laboratory, in particular, Sandra Vaughan. Finally, we are

especially grateful to Althea Tate, of the ORNL Physics Division, for her

expert handling of many clerical ;.nd administrative details of the

conference.

The Organizing Committee
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NUCLEAR FERMI DYNAMICS:
PHYSICAL CONTENT VERSUS THEORETICAL APPROACH

t*
James J. Griffin

Department of Physics and Astronomy
University of Maryland, College Park, Maryland 20742 U.S.A.

ABSTRACT

Those qualitative properties of nuclei, and of their energetic
collisions, which seen' of most importance for the flow of nuclear matter
in these collisions are listed and briefly discussed. It is suggested
that nuclear matter flow is novel among fluid dynamical problems. The
name, Nuclear Fermi Dynamics, is proposed as an appropriate unambiguous
label. The Principle of Commensurability, which suggests the measure-
ment of the theoretical content of an approach against its expected pre-
dictive range is set forth and discussed. Several of the current ap-
proaches to the nuclear matter flow problem are listed and subjected to
such a test. It is found th« the Time-Dependent Hartree-Fock (TDHF)
description, alone of all the major theoretical approaches currently in
vogue, incorporates each of the major qualitative features within its
very concise single mathematical assumption.

Some limitations of the conventional TDHF method are noted, and
ons particular defect is discussed in detail: the Spurious Cross Chan-
nel Correlations which arise whenever several asymptotic reaction
channels must be simultaneously described by a single determinant. A
reformulated Time-Dependent-^-Matrix Hartree-Fock Theory is proposed,
which obviates this difficulty. It is noted that the structure of
TD-jJ-HF can be applied to a more general class of non-linear wave mechan-
ical problems than simply TDHF.

Physical requirements minimal to assure that TD-JJ-HF represents a
sensible reaction theory are utilized to prescribe the definition of
acceptable asymptotic channels. That definition, in turn, defines the
physical range of the TD-JJ-HF theory as the description of collisions
of certain mathematically well-defined objects of mixed quantal and
classical character, the "TDHF droplets,"

tWork supported by U. S. Energy Research and Development Administration.
*The TD-JJP-HF reformulation is a collaborative effort with Drs. P.
Lichtner and M. Dworzecka. Dr. T. Tamura and Dr. Kit-Keung Kan have also
recently studied the physical content of TDHF. We appreciate conversa-
tions with them and a prepublication copy of their work.



INTRODUCTION

This report comprises four subsections, with subtitles as follows:

IA. IB. Nuclear Fermi Dynamics and the Commensurability Critique.
For example,

II. One Limitation of Conventional Numerical TDHF: Spurious
Cross Channel Correlations, which suggests the

III. Reformulation of the Theory into TD-Jj,-HF, whence one
defines

IV. "Channels" in the TD-^-HF Theory and its Physical Range:
the collisions of the (mixed quantum-classical) "TDHF
Droplets."

I.A. NUCLEAR FERMI DYNAMICS

RELEVANT PROPERTIES OF NUCLEI

In part I, we discuss briefly three nuclear properties and two
circumstances of nuclear heavy ion collisions which promise to be of
qualitative significance in the description of the matter flow during
such collisions. Table I lists these items and identifies them briefly.
Of the three, the SMALL and FINITE properties are two which are unique
to nuclei and promise to set nuclear matter dynamics apart from the flow
of matter in other physical systems.

The nucleus is said to be "small" by virtue of the fact that the
dimensionless size parameter, R/A (where A is the mean free path of a
nucleon inside the nucleus) is less than one^*', for a substantial
range of low nuclear temperatures^ '.

The long mean free path is, of course, the result of the Fermi
statistics of nucleons and the resulting Pauli exclusion principle.
This same property provides the theoretical validation of the shell
model description of nuclear structure [5-6], We believe, therefore,
that it warrants prime consideration in the construction of any theory
of nuclear matter flow.|7jt

* This mean free path, \} c a n be estimated to be ̂ 13 Fm for neutrons in-
coming with 10 MeV kinetic energy on the basis of the imaginary part of the
optical model inside the nucleus as fit to measurements by Greenlees and
Bechetti. [1]. Such a value is qualitatively substantiated by the theoreti-
cal calculations of Vinh-Mau and Bouyssy [2].
t Kind, et al., [3] have calculated as a function of temperature the
mean path of a nucleon in a nuclear degenerate Fermi gas of temperature,T,
and report that the mean free path exceeds the nuclear radius for tempera-
ture up to about 7MeV, for incoming nucleon energies up to 35 MeV. Collins,
[4] is currently re-analyzing this problem.



The SMALLNESS of nuclei, on the other hand, offers a substantial
obstacle to any assumption of local equilibrium in any small volume
inside the nucleus, and would seem to exclude the possibility of a

( Text continues on following page ) .

********************

TABLE I: SALIENT FEATURES OF NUCLEAR FERMI DYNAMICS

A. Three Nuclear Properties

1. FERMI -» SMALL, R/A < 1; implies

No Local Equilibrium
Collisions of Particles with Walls are Crucial

2. FINITE-A, GRANULAR; implies

STRUTINSKY GENERALIZED SHELL EFFECTS on
POTENTIAL, INERTIAL, and DISSIPATIVE parameters

System responds self-consistently to its own motion.

B. Two Circumstances

1. NON-EQUILIBRIUM «->• DISSIPATIVE

Suppressed degrees of freedom serve as dissipative sink

2. MASS-DYNAMICAL +-+ GLOBAL

Matter flow substantially alters average field during
process.



hydrodynamical description via equations of the Navier-Stokes type.
For such theories deal with intensive variables which are assumed to
vary smoothly across the nucleus.

In addition, NUCLEAR SMALLNESS focuses one's attention on the
collisions of nucleons with the walls of the nucleus, since these are
the only collisions left when the mean free path becomes very large.
This qualitative feature [7] is elevated to an exclusive role in the
"wall formula" recently recommended by W. J. Swiatecki [10] ,and plays
an important part in the various other one body approaches to dissipa-
tion [11-13].

The second property listed is the FINITE-A, or GRANULARITY property
of nuclei which arises from the discreteness of their quantum descrip-
tion. This property leaas to spherical [14]and generalized [15] shell
deviations of the nuclear collective potential energy from its smooth
liquid drop value. It arises from the fact that A ('v-lO2) particles allow
substantial relative fluctuations from a smooth average as compared with
a true many-body system (A-*-«> ). For macroscopic systems with A ̂ 1 0 ^ ,
e.g., the generalized shell corrections would be much smaller, relatively,
and the smooth liquid drop limit much more nearly realized.

We already know that in nuclear physics these generalized shell
corrections are sufficient to effect qualitative alterations on the pro-
cess of nuclear deformation in reaction processes. Especially in the
case of fission they supply the currently accepted basis for understand-
ing the mass asymmetry of the fission of heavy nuclei at low and moderate
excitation energy [16-19].

(*) We reserve the word Hydrodynamieal for water-like matter flows,
well described by the Navier-Stokes equation. The label, Fluid
Dynamical, on the other hand, denotes the broadest class of matter flow
problem, unrestricted to any particular dynamical equation. It should
also be noted that the conservation laws (of matter, energy and momentum)
must prevail for any physical system [8] , and impose upon any dynamical
theory a certain general structure sometimes referred to (we think,
imprecisely) as "hydrodynamics." The usage here would replace "hydro"
by "fluid," except when the tensors involved in the expressions of the
conservation laws exhibit the properties (especially locality) which
are assumed in the Chapman-Enskog [9] derivation of the Navier-Stokes
equations.



In adition, it has been shown that the inertial tensor for nuclear
mass flow will also exhibit Stvutinsky-type structure in N, Z, and
deforaation[20]which can be understood as effecting a locally com-
pressible flow for the nuclear matter[21]. Finally, one must anticipate
that in a theory which calculates dissipative parameters from micro-
scopic properties, such parameters also will reflect the effects of
Strutinsky's generalized shells(*). Thus, the fact that the nucleus is
a GRANULAR system will influence the potential, inertial and the dis-
sipative parameters - which is to say, every aspect - of the ultimate
description of nuclear Fermi dynamics.

The third property listed, that the nucleus is a self-bound liquid,
emphasizes the fact that as nuclear matter flows the average binding
field alters in accordance with the matter distribution. The nuclear
flew shares this particular property with other physical liquids, but
not with gases,nor with the flow of electrons in an atom, where a strong
external field (the Coulomb field of the nuclear charge) is unresponsive
to the flow of the electron matter.

RELEVANT CIECUMSTANCES OF NUCLEAR HEAVY ION COLLSIONS

In addition to the above three nuclear properties, two circumstances
of the nuclear heavy ion reactions seam essential. The first is that
the colliding system is initially extremely DIS-EQUILIBRIZED - contain-
ing, in fact, all of its free energy in the single degree of freedom
describing the distance between the two nuclei about to collide. One
can therefore be certain that, immediately upon collision, this energy
will begin flowing into other degrees of freedom, with a strong ten-
dency towards equilibration. The theoretical description of the sub-
sequent motion, since practical considerations require it to involve
some number of dynamical variables less than the complete set, will
involve from time to time the transfer of energy, momentum, or other
physical quantities into degrees of freedom which are being suppressed
in the theory. Such transfers which leave the limited space of the
retained variables must be considered "dissipation." We therefore
expect to deal ultimately in this problem not simply with one "dissipa-
tion" but, rather, wi^h several alternative possible dissipative schemes,

(*) Recent work byKoonin and Randrup [13] to be discussed in this con-
ference relates the dissipation kernel to the trajectories of classical
particles. These in turn are connected with the degeneracies of a
wave mechanical system byBloch, Balian et al [22]. Thus already one
specific path for describing the influence of generalized shells upon
dissipation parameters is available.



corresponding to the various numbers of explicit degrees of freedom
which we may wish to retain in a particular description, the remainder
of which, having been suppressed, provide the sinks for the dissipated
quantities.

The second important circumstance of hard*- ' nuclear heavy ion
collisions arises from the. fact that the substantial mass flov can
occur in such reaction processes on a short time scale, and can, there-
fore, imply substantial readjustment of the average shell-model field
during the time of the collision. This requirement of a knowledge of
the nuclear shell model properties over a finite region of nuclear
shapes (including shapes describing ruptured configurations) we refer
to as the GLOBAL property of such collisions. We contrast it with che
fact that traditional nuclear structure studies generally require no
more than a knowledge of nuclear properties (and one or two derivatives)
at an equilibrium point.. This GLOBAL-MASS-DYNAMICAL property may, as
the description of nuclear heavy ion collisions moves forward, come to
place demands upon our mathematical capacity, which can not be met with
the techniques currently available. But it is also possible that the
dissipative processes in nuclear Fermi dynamics will be so dominant
over the mass flow properties as to substantially alleviate, and even
qualitatively alter, the Fermi dynamical problem into a dissipation-
dominated process, rather than a kinetic-dominated mass flow problem.
This expectation has been vigorously advanced by W. J. Swiatecki, in
particular [23].

COMPARISON AMONG SOME CURRENT THEORIES

In Table II, we tabulate four current theoretical approaches to
nuclear heavy ion collisions, Time-Dependent Hartree-Fock[24} Navier-
Stokes Hydrodynamics [25] .Transport Theory [26] (including [10] the
"window formula") and the "wall formula" [10],and the five features
just discussed. A "Yes" is entered for each feature which a given
theory meets; a "No" for each feature which a given theoretical
approach omits. In a few cases neither a Yes nor a No seems adequate:

(*) The emphasis throughout this talk is upon the matter flow, and
therefore the "soft" long-distance collisions of heavy ions are not
the focus of attention.



TABLE II: QUALITATIVE PROPERTIES INCORPORATED INTO VARIOUS THEORIES

Theory: &a ct, e-f s &-1 s' S

ft: to o to «*

Property: E-* ̂ ^ ^ ^ -̂ ^

S M^ L
>-^

R M I Yes No -(a) Yes?(b)

^rNIT?-A , „ n . ^ s No No No(Genalized Shells)

yW™ „. Yes Yes No No
(Self-bound)

GLOBAL „ v „ , ,
MASS-DYNAMICAL Y e S Y e S N° ~ ( c )

NON-EQUILIBRIUM Y Y

DISSIPATIVE Y 6 S Y 6 S Y 6 S

a)b)c) refer to notes so labelled in the discussion in the text.



(a) The transport theory description of energy charge and mass
equilibrization between two fragments in deep inelastic contact
might describe systems with long mean free paths or short mean
free paths by incorporating their respective effects into its
pbenomenological transport coefficients;

(b) The wall formula flO](which is an extension of the piston model
to the complete 4ir nuclear solid angle) incorporates the long
mean free paths by omitting all collisions except those with the
wall. On the other hand, it is a classical description and in-
corporates no further effects of the Pauli exclusion effects
upon the Fermi particles. Therefore the response: "Yes?."

(c) The wall formula is narrowly aimed at dissipation. Therefore
it does not imply, nor exclude, any particular matter flow
description.

We emphasize that the successful incorporation of all the impor-
tant qualitative physical aspects into a single concise assumption,
which the Time-Dependent Hartree-Fock method achieves, is no assurance
that '.he resulting description will adequately describe observed nuclear
data. Indeed, Commensurability, as discussed below, might
dim one's hope to get so much from so little. Even so, the TDHF is of
great interest, precisely because of the very economy of its assump-
tions, as a theorists' theory, to teach one how to look at problems
in Fermi dynamics and what reasonably to expect from them. It is for
this reason, rather than from an expectation of any successful con-
frontation between TDHF and observed data, that we devote some con-
siderable discussion to this model below.

I.B. COMMENSURABILITY IN THE ASSESSMENT OF
DESCRIPTIONS OF COMPLICATED PHENOMENA

We note that one can formulate the present outlook consciously
into a method of assessment of theories for complicated processes such
as the present physical problem poses. This method employs The
Principle of CommensurabilityJ27J,stated as follows:

A sound theoretical model should only yield
information commensurate with its input and its structure.

We consider this statement to be self-evident. However, it
implies immediately the practical corollary that models which give too
much may be erroneous, or may involve hidden assumptions. In addition
it leads one to evaluate theoretical models, and especially complicated



models, by emphasizing the "coramensurability" between the input, the
structure and the predictive capacity of the model. Such an evaluation
can be helpful in focussing the search for limitations and/or short-
comings in any proposed theoretical description.

Finally, for a model characterized completely by mathematical
assumptions, the principle of commensurability suggests the question:
What is the physical range of the model? This question becomes the
more difficult (and its answer the more useful), the more concise and
compact is the assumptive mathematical basis of a given model. In
particular, as Table I illustrates forcefully, the single-determinant
assumption of the Time-Dependent Hartree-Fock description provides an
appropriate specific example of a very concise assumptive axiomatic
basis for a model, which is able (cf. Table II) to incorporate an
impressive range of appropriate physical property, but whose physical
implications ara not immediately transparent.

II. LIMITS OF THE TDHF DESCRIPTION OF COMPLEX REACTIONS:
SPURIOUS CROSS CHANNEL CORRELATIONS

CONVENTIONAL TDHF DESCRIPTION

We turn now to a discussion of the numerical Time-Dependent
Hartree-Fock method [24J which so economically and completely incorpor-
ates the qualitative features of Nuclear Fermi dynamics into the
single assumption that the exact solution will be approximated as

Y i> $ , a single determinant . (1)

This assumption, imposed as a restriction on the variational principle
whose unrestricted variation yields the Time-Dependent Schro'dinger
Equation,

±|i'? = HY (2)

leads to the Time-Dependent Har>tr>ee-Foek Equation, [28]

i+lHt) =^HF(*(t)) • *(t) . (3)

to describe the time evolution of the determinantal wave function.
Then the specification that

$(t) = $o (4)
t = ti

gives the initial condition, whence equation (3) specifies the solution
$(t) for all subsequent times.
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Thus the TDHF problem, once posed and once subjected to initial
conditions, appears to be an axiomatically complete structure whose
predictions are inexhorable and unalterable. Indeed it is this \Tery
compact and closed character of the TDHF problem which enhances its
interest for theoretical analysis. For, once the initial values are
given and the method of propagation forward in time is prescribed, one
seems committed to a specific outcome and is allowed, apparently, no
freedom for reinterpretation or creative restructuring of the physical
content of the description. One could easily be persuaded that sub-
stantial phenomenological success in such a tightly constrained theo-
retical realm should be considered as very significant. (By Commen-
surability, on the other hand, one expects that such a drastic simpli-
fication of the Schrodinger theory could not fail to lose some essential
features of the nuclear physics.)

In spite of its apparent rigidity, we shall here propose a re-
formulation of the TDHF description for problems involving reaction
from and into asymptotic reaction channels. For, as a reaction theory,
the TDHF is not so inflexible, as it might at first seem. In fact, its
basic assumption that the wave function shall be a single detenainant
can be imposed on reactions in more than one way. We propose litsre a
reformulated method which is physically more reasonable than the more
direct method used so far in numerical analyses by the TDHF method.

We should mention also the practical basis for great current
interest in Numerical TDHF: the fact that the numerical solution of
the TDHF problem with nuclear model forces of the Skyrme type [29,30]
was shown in recent years to be possible and became therefore the object
of substantial effort, and that it continues to command considerable
attention [24]. Thus, TDHF is now a practical object for numerical
experiment.

We emphasize that in spite of the remarkable incorporation of the
main qualitative nuclear properties into the TDHF method (as exhibited
in Table II), the method is still an approximate method. Its re-
striction to a single determinant limits the accuracy of TDHF in each
of the three phases of its time dependent description [27]:

(i) The specification of the initial wave function f. (t.) by a
single determinant approximation is inexact, ana inflexible;

(ii) its propagation forward in time to and through the collision
byjj/"* instead of Hgj^Qf is approximate (omitting, e.g., some
two-nucleon correlations);

*Items (i) and (ii) are discussed further in references[31-32],
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(iii) the post-breakup determinant, <f>(t) (t> > 0 ) , is too simple
to describe the many channels of the exact outgoing state,
and, to date, lacks any specific proposed interpretation.

SPURIOUS CROSS CHANNEL CORRELATIONS

Here we focus upon the third item, and a remedy for the incommen-
surability between the single TDHF determinant and the outgoing multi-
channel state of the true Schr'ddinger system. In particular, we argue
that, after the collision and breakup into two spatially separate
densities, the TDHF wave functicT involves spurious cross-channel
correlationss because it attempts to describe [33]a "coherent super-
position of outgoing channels." The available reaction channels
correspond to different pairs of nuclei, and/or for each pair a range
of possible excited states, which, if they were allowed to propagate
independently, would surely be found at large distances to be separating
with a variety of relative velocities. But in TDHF only one relative
velocity (that prescribed by the relative velocity of the separating
potential wells) enters, even though the wave function must purport to
describe all channels.

We show now that the single determinantal limitation of the
Hartree-Fock description, and the consequent calculation of the single
self-consistent potential by means of that single determinant, results
for a multi-channel situation in contributions to the potential energy
which do not occur in the asymptotic channels of the exact linear
Schrodinger theory and which, therefore, we label "spurious." These
spurious interactions exert a distorting influence on the physical con-
tent of the final phase of the reaction - a phase which ought to be
very simple since it involves merely the translation in space of well-
separated fragments which have been formed from the reaction process.

Consider $(t) of the Time-Dependent Hartree-Fock description to
be expanded in a complete set of exact channel wave function, ff, for
the Schro'dinger problem:

*(t) = I v f V,(t) for t >> 0 . (5)
f

[Never mind here the complication that the coefficients W£ must surely
depend on time.] In particular, if the reaction were initiated as

1) + 1 6 0 , then one label, f, should denote, e.g., the 28Si + '•He
channel. Then consider tl.~ (direct term of the) Hartree-Fock potential
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p(r\,) d 3? 2 (6)

= |w I V ° + |w | [ V
3 i H e + V H e S 1 i n ,

1 0-01 HF I Si-He1 l HF HF J ( ' )

Here Vjjp denotes the self-consistent potential for a 32 x 32 determinant
bin.lt by anti-synnnetrizing two 16 x 16 subdeterminants each describing

0 in its Harcree-Fock ground state well separated in space. This is
exactly the potential which arose in the incoming channel of this same
reaction. On the other hand, V{|!~He is the self-consistent potential
for a 32 x 32 determinant built from a 4 x 4 determinant describing the
4Ke ground state and a 28x28 determinant for 28Si. Equation (7) demon-
strates the fact that the Hartree-Fock potential even in the asymptotic
region, is a mixture of potentials for the several channels it attempts
to describe.

A very similar argument shows that only channels which happen to
have the same relative velocity as the separation velocity of the two
parts of the Hartree-Fock Potential can have even a possibility of
adequate description by the conventional TDHF.

We conclude from the existence of these spurious cross channel
correlations in the late stages of a multi-channel process as described
by TDHF, that the TDHF description, as conventionally applied, is not
able to provide a self-consistent propagation in time for any one of
several outgoing open channels in the final stages of a reaction process.
Only in the trivial case of a single channel (mass and energy elastic)
collision will the outgoing TDHF state provide the best single deter-
minant description of any particular pair of separating fragments.

From these considerations we are led to propose the following re-
formulation of the conventional TDHF description,- the TD-^-HF descrip-
tion,- which obviates these spurious cross channel correlative effects
in the final stages of the reaction.

III. THE TIME-DEPENDENTS-MATRIX HARTREE-FOCK
DESCRIPTION OF MANY-PARTICLE REACTIONS

We first make a simple renotation of the Time-Dapendent Hartree-
Fock wave function evolved from the initial state, i, by the Hartree-
Fock propagation forward in time. Let

*(t) = $<+)(t) = U<+)(t,t±) *[
0)(t±) (8)
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be the familiar TDHF solution where the propagator DJ represents the
(nonlinear) Hartree-Fock process of propagating the wave function *| '
forward in time from the initial time t^ to the time t. Analogously,
we define the wave function

*f"}(t) = U^ )(t,t f)$^
0 )(t f) (9)

to be the wave function evolved backwards in time via a similar, but
time-reversed TDHF process from *|°)(tf).

THE (TIME-DEPENDENT) CVRLY-%MATRIX

We then construct the following analog of the scattering matrix:

«ffl<t> = «^~
}(t)|^+)(t)> . (10)

Were the wave functions^' and <?£ ' to be replaced by the exact solu-
tions, ':'£' and vi*\ to the Schrodinger equation, this integral would
yield the (time-independent) S-matrix element which gives the amplitude
for the wave packet evolved from the initial state, i , to be found in
the state which will evolve to the final state, f. We therefore con-
s i d e r ^ , (t) to be the amplitude that the TDHF "state," $(+)(t), is
found at time t to be the TDHF "state," $i~'(t), which will evolve under
TDHF to the final state $£P' at t = tp wvthout spurious cross channel
correlations with channels other than f. Then we propose that+

(11)

(*) The time derivative of^j in equation
those of 4>.j, $ f to be of order C^)"* time

(6) can be estimated from
£ £ times of the difference between

the corresponding matrix elements of the two distinct Hartree-Fock
Hamiltonians, H^ and Hf, at time, t. Since their diagonal elements are
i> -8 A= 103MeV, this derivative might easily have a magnitude as large
as (100 MeV)/4i - 1023/sec. We therefore consider any attempt to
utilize^(t), unaveraged in time, as futile.
(t) The physical implications of equation (11) should not depend upon
the value of the parameter, T, which must therefore be chosen large enough
to include all times during which transitions from i can occur to any
channel, f. One hopes that for a range of values of T larger than this
minimum value, the relative physical transition amplitudes will be in-
sensitive to the specific value of T. (This question is discussed in more
detail in reference [34]).
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describes the (relative) amplitude that the TDHF state i which evolves
from $|0' at t = ti<<0 will be found in the state, $£ ', at t = tf >>0.

Normalized (since there is no structural compulsion for unitarity in
this theory) for the incoming channel i, this becomes

1/2
J , (12)

the operational analog of the unitary. S matrix in the TD-J§-HF theory.
Equation (12) completes the required reformulation of the time-dependent
reaction theory within the Hartree-Fock framework.

Note that the result (11) applies independent of the particular
prescription for the time evolution operations, U^-*, in equations (8)
and (9). It represents therefore an alternative to the use of equation
(8) alone, not just for the Hartree-Fock problem, but for any approxi-
mate description of the time evolution of a reaction process by means
of a wave function to which the statistical interpretation of quantum
mechanics, equation (10), is expected to apply.

We note the following features of TD-Jp-HF:

1. The once only multi-outgoxng-ehannel TDHF calculation of $i (t)
is replaced by one time-reversed incoming calculation of
$r~'(t) for each final channel.

2. A time integral of the overlap

<4><->|*<+>> =/f.(t) A (13)

yields the (unnormalized) ,4fi, and normalization yields >4fi» the
S-matrix analog.

3. No spurious cross channel correlations enter intone.: separated
configurations are propagated only by single-channel self-consistent
Hartree-Fock Hamiltonians.

It is remarkable that this reformulation of the TDHF description
for multi-channel processes is able still to conform to the requirement
that each wave function at each moment be described as a single deter-
minant. Still, it obviates the spurious correlation difficulty of a
single determinantal description of a multi-channel physical situation
- a difficulty which seems inescapable in the straightforward time-
integration of the TDHF equation from the initial incoming state to a
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postbreakup time. Since here a time-reversed calculation is used to
propagate each of the outgoing configurations backwards into the inter-
action region, spurious cross channel correlations never enter in the
description of well-separated fragments.

In addition, the new theory exhibits a structure symmetric in
time, which fits naturally with the time reversal invariance of the scatter-
ing theory and provides a framework which requires for both initial and
final states precise labels which are appropriate for the elementary
objects which the scattering process describes. In contrast, the direct
TDHF method, in which only the nearly unique initial state needs to be
constructed, allows one to evade the question of what labels are re-
quired to characterize its asymptotic states.

We turn next to a consideration of what these labels should com-
prise, and obtain therefrom a statement of what a "channel" in the
TD-vfr-HF description is to specify. The sought after result is a clear
and concise definition of the physical range of the TD-^-HF.

IV. "CHANNELS" IN THE TD-^-HF REFORMULATION

MINIMAL REQUIREMENTS OF A REACTION THEORY

To have a reasonable reaction theory, we need at least to be sure
that our predictions are (a) specific and unambiguous, and (b) that
they do not depend upon the distance of the measurement apparatus from
the collision region. In Schrbdinger theory, these conditions follow
at once from the superposition principle, which in turn is guaranteed
by the linearity of the theory. For non-linear theories like TD-^-HF
or TDHF, however, even such basic properties are not automatic, and
cannot be guaranteed unless they have been specifically built into the
theory.

Within the TD-J^-HF framework, we can attempt to guarantee these
requirements by the choice of "reaction channels." Alternatively, one
could say that these conditions require a certain specific choice for
these channels. Then its rational structure determines the theory's
physical range, as discussed above. We follow such an approach here.

Specifically, we demand that an asymptotic channel, (f), specify

(i) completely, two well-separated sub-determinants at some
(arbitrary) large standard initiation distance RQ and at
the time t, for the initiation of the channel reaction; and
that
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(ii) the subdeterminants so specified must translate in time
and space under TDHF propagation without change of their
internal structure.

APPLICATION TO JJABTREE-FOCK

We note that condition (ii) can be satisfied only by the Ilartree-
Fock ground state, or by another state which is stationary with re-
spect to variation of the Hartree-Fock determinantal wave function.
Unfortunately, the set of states composed of all such stationary states
for a given exact Hamiltonian are not orthogonal. (Their inclusion
would imply, according to equation (10), spontaneous transitions to
other channels, even in the far asymptotic region.) They would there-
fore seem to be unsuitable labels for the identification of a set of
excitations for the initial (or final) nuclear projectile and target.

Thus the literal imposition of condition (ii), together with the
proposed interpretation of Mf* (t) in equation (10), would require that
we restrict, the range of Hartree-Fock theory to mass and energy elastic
scattering of the Hartree-Fock ground state, to the set of (orthogonal)
Hartree-Fock ground states corresponding to all the different mass
division of a given A-nucleon system, or to some other arbitrarily
selected subset of orthogonal stationary states. Such a restriction
would trivialize the theory unacceptally'*).

However, the requirement of stability for the asymptotic channel
amplitudes against spontaneous change during free translation can be
met, perhaps adequately, by requiring that it prevail not instant by
instant, but instead only on a time averaged basis. Thus the demand
that

u(t) = 0 (14)

fo r

t - x > > + T or t + x < < - T (14a)

insures that asymptotic stability of the channel amplitudes on a time-
averaged basis.

(*) Note that a Gram-Schmidt orthonormalization of the Hartree-Fock
stationary states is self-defeating here, because linear combination
of stationary states are not stationary in general, as a result, again,
of the non-linearity of the Hartree-Fock problem.
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Therefore, we here adopt this alternative: That the condition
(ii), requiring no change of the internal wave function as it trans-
lates freely in space, be applied not as an exact condition, at every
time, but instead only on a time-averaged basis. Then

(iii) Cyclic, self-consistent oscillations of the subdeterminants
for target and projectile become acceptable in the asymptotic
reaction channels, since such oscillations imply no change
in the time-averaged intrinsic structure as the system
translates.

We then arrive at the following set of labels for describing the
channel wave function^*) $^ )(tf) as follows:

(f) = (VS^VSj.VVt^eyVVe^) '

This set of labels describes:

1. A single (A..+A2) x (A-,+A2) determinant constructed by anti-
symmetrizing:

2. An (A^xA,) determinant describing the S,tn stationary solution
of the isolated A., -particle Hartree-Fock system , and

3. An analogous (A2XA2) determinant centered at time t = tf at some
fixed (large!) standard distance, R , in the center of mass frame
from the center of mass of A-.

4. Each subdeterminant at the time tf describes

(a) a Hartree-Fock stationary state, labelled S^, which is

(b) translating at velocity, ^., (relative to its partner in the
center-of-mass frame), and

(c) vibrating (in small TDHF self-consistent oscillations) at
its various R.P.A. normal frequencies, ok , with amplitudes e

- A A
and

(d) at time t =t f has phase angles, $,, for these oscillations.

(*) We restrict ourselves to small amplitudes in the TDHF vibrations,
where their properties have been extensively studies. See especially
reference [35].
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We thus arrive at the conclusion that THE PHYSICAL RANGE of
TD-^-HF is the collisions of "TDHF Droplets", where a "TDHF Droplet" is
completely defined dynamically by its Hartree-Fock stationary states
and the olassiaal self-consistent TDHF oscillations'*' thereof. That
is, the TDHF droplet is completely defined'*) by its spectrum of
Hartree-Fock stationary states and of its R.P.A. normal modes.

We note that this statement of the physical content of the
TD-Jk-HF scattering theory indicates that that theory is a description
of droplets which exhibit a discrete spectrum of stationary states (•*""*•) t

in addition to a set of classical oscillations. We say "classical,"
since the small amplitude TDHF self-consistent oscillations around a
stationary state are allowed to have arbitrary amplitude and phase,
since the Time-Dependent Hartree-Fock Theory compels no discretiza-
tion for these vibrational amplitudes. Of course, one might wish in
some cases to quantize these classical vibrations to obtain (in the
multi-boson, harmonic oscillator approximation) eigenenergies spaced
at intervals, hu, where OK is the frequency of a given R.P.A. mode.
Such a decision would represent an addition (indeed, perhaps, a most
reasonable one) to the theory, not required by its intrinsic structure.

Thus, we conclude the TDHF mathematics describes the approach,
the interaction (including possible mass exchange), and the separation
of TDHF droplets, whose stable points are prescribed by the stationary
solutions of the Hartree-Fock equations, and whose normal mode fre-
quencies for small amplitude oscillation are prescribed by the R.P.A.
frequency spectra of oscillations around the stationary states.

In other words, the TDHF description of nuclear scattering pro-
cesses replaces the nuclei by a very special kind of fluid droplet,
which exhibits both stationary states of discrete energy and self-
consistent vibrations around them of continuous energy.

(*) See footnote on preceding page.
(+) The question whether the droplet is thereby overspecified is open.
(++) The realization that all Hartree-Fock stationary states must
be considered on an equal basis, and could be incorporated under
condition (c), occurred after this talk was presented, partly, indeed,
stimulated by a question from Dr. S. Krieger on this point. This
question is discussed further in reference [ 34] .
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Each pair of droplets is specified by the list of numbers, (15),
which suffice to characterize uniquely the single determinantal
"channel" wave functions at large separation distances (i.e., the
dynamical behavior of the determinants as isolated systems) and
appropriate translational properties. We thus arrive at the remark-
able result that the TD-^-HF reaction theory describes the collision
such mixed classical-quantum mechanical TDHF droplets in terms of a
wave mechanical amplitude, Ji , calculated from the overlap of two
detenninantal wave functions. This remarkable result seems suffic-
iently intriguing to warrant further attention.

V« SUMMARY

To recapitulate the content of this paper we recall that in
order to remove the spurious cross channel correlations, we were led
to reformulate the TDHF reaction theory into the TD-J?-Matrix-HF Theory.

The resulting structure overflows the limits of its origins and
emerges as a general scheme, equation (11), for extracting reaction
amplitudes from (non-linear) time dependent theories for which the
superposition principle does not apply, but where the wave function
at each instant can still be assumed to define the amplitudes for
the results of measurements defined by a complete linearly independent
set of wave functions, according to equation (1Q),

Then certain minimal requirements for the reaction theory to
make physical sense prescribes certain properties for the asymptotic
channels, which in the small amplitude limit for TDHF vibrations^ ',
can be satisfied by channels which can be defined by the set of labels
(15),

The resulting definition of reaction channels in the new TD-J.-HF
theory defines its physical range to be the collision of "TDHF droplets",
those objects whose structure when isolated is described by the TDHF
theory. One thus arrives at the very commensurable conclusion that pre-
cisely the physical content of the self-consistent TDHF description of
an isolated nucleus can be incorporated into the TD-J-HF theory of re-
actions - no more, and no less. This clear qualitative characterization
of the physical implications of the single determinantal assumption for
reaction theories should be useful in measuring the achievements of
and in prescribing the expectations for the TD-^-HF reaction theory.

(*) New knowledge of the large amplitude cyclic TDHF vibrations of an
isolated TDHF droplets could require alteration of this channel defini-
tion without undermining the essential proposal for TD-^-HF; namely,
that equation (11) defines the (relative) transition amplitudes for
reaction.
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HEAVY ION REACTIONS - AN EXPERIMENTAL VISTA*

R. G. Stokstad

Oak Ridge National Laboratory
Oak Ridge, Tennessee 37830

ABSTRACT

Examples of recent experiments in the areas of fusion and deep-
inelastic scattering are presented and discussed. Emphasis is
placed on the importance of individual nucleons in the fusion process,
the effects of high angular momentum, and our understanding of compound
nuclear decay. Experiments on deep inelastic scattering are entering
a new stage in which important parameters of the reaction mechanism
are now open to investigation. Primarily through coincidence measure-
ments, direct information on the angular momentum transferred in a
collision and on the time scale of decay is being obtained.

I. INTRODUCTION

The rate at which our understanding of heavy-ion reaction mechanisms
increases is astounding and exciting. It would be impossible to keep
up with, let alone contribute effectively to, this rapidly developing
field without the personal communication and interaction provided
by topical conferences.

This meeting at Fall Creek Falls will emphasize, in the words
of our organizing committee, "theoretical descriptions." I note however
that about half of the scheduled talks are to be delivered by experi-
mentalists. This recognizes, I believe, that we are ultimately con-
cerned with theoretical descriptions of experimental data. If the
necessary data do not exist, then we must acquire them. (The comple-
tion of GSI, the scheduled upgrading of the Bevelac, and the accelera-
tor projects at Daresbury, Caen and Oak Ridge represent a strong commit-
ment to this.) If new measurements exist, but the theoretical descrip-
tions have not been brought to the level of a quantitative comparison,
then this is also a challenge to be met. The interfacing of these two
complementary approaches to "understanding" is one of the reasons
why we are here. The talks you will hear from my experimentalist
colleagues in the coming sessions will provide a broad view of what
is new and exciting in current experimental work. In a real sense, it
is the sum of all these presentations which will constitute the "vista"
provided by experimental studies of heavy-ion collisions.

*
Work supported by U.S. Energy Research and Development Administration
under contract with the Union Carbide Corporation.
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I have selected a number of experiments which illustrate the kinds
of information now being obtained in the areas of fusion and deep
inelastic scattering. As you will see, these experiments involve
reactions throughout the periodic table and bombarding energies ranging
over more than two orders of magnitude.

Much of the data you will
see is not yet published, and I
refer you to the acknowledge- FUSION
ments for recognition of those
who have very kindly communi-
cated their results prior to MICROSCOPIC ASPECTS

publication. ANGULAR MOMENTUM LIMITATIONS

Figure 1 outlines the COMPOUND NUCLEUS DECAV

physics I wish to cover. I
have opted to mention a large

number of experiments, n F F P I I F H S T I C S r. A T T F R I N r,
describing only their essen-
tial features and results,
rather than concentrating on ALIGNMENT AND ANGULAR MOMENTUM TRANSFER

only a few. [Regrettably, it r ̂
is not possible to describe TlME ScALE AND HECHANISMS FOR *CAY

some of the elegant and so-
phisticated experimental techni- FIG. 1. Topics to be discussed,
ques which have made some of
these results possible.)

Section IV gives a summary which attempts to tie t -is altogether.

II. FUSION

A. Microscopic Aspects

Even though the fundamental constituents of the nucleus are protons
and neutrons, surprisingly little is known about the importance of
individual nucleons in processes such as fusion. Perhaps this should
be taken as an indication that the effects of individual nucleonic
motion are not of importance in determining the fusion cross section,
and that macroscopic and collective variables are all that matter.
Macroscopic properties (radii, deformation, potentials, etc.) may
be derived from microscopic models, however, and such calculations
provide a motivation for the experiments I will discuss. The two-
center shell model calculations of Glas and Mosel (GL 74), for example,
suggest that the fusion cross section might depend on which shell
model orbitals are occupied, and hence on the valence nucleons of
the target and projectile. Figure 2 shows the energies of shell model
configurations for the two-center 15O-16O system as a function of the
separation between the centers of the oscillator wells. Nuclear
interactions leading to fusion occur at level crossings and are esti-
mated with the Landau-Zener approximation. If we argue that the
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A MICROSCOPIC BASIS FOR FUSION

2 3 4 5 6 7 8
Distance between centers (fm)

Two-Center Shell Model

FIG. 2. Configuration energies calcu-
lated with the two-center shell model as
a function of the separation of the cen-
ters. At distances less than 3.4 fm,
the lowest energy configuration is the
32S ground state, at larger distances
it is the 16O-]6O ground state. Fusion
is initiated at such level crossings
(Gl 74,76).

first level crossing (circled
in Fig. 2) in some way deter-
mines a critical radius for
fusion, then changes in the
fusion cross section might
be observed as individual
nucleons are added or sub-
tracted from the target or
projectile. To be considered
as evidence for microscopic
processes in fusion, we require
that these changes be in addi-
tion to those expected on
the basis of changes in Cou-
lomb barrier or macroscopic
"A1/3_type" changes in radius.

Recent experimental re-
sults on fusion cross sections
have much to say on this ques-
tion. Figure 3 illustrates
the characteristic energy
regions for fusion. This
one-dimensional classification
is valid for relatively light
heavy-ion systems for which
the dynamical path for fusion
lies inside the saddle point
for fission CMS 76). In
region 1, for small values of
CTfusj penetration of the
Coulomb barrier is the mecha-
nism governing the order of
magnitude of the cross sec-
tion. In region 2, direct re-
actions begin to compete, and
CTfus c a n experience a maxi-
mum value and then decrease
slowly. We shall consider
each of these regions in turn
but will postpone the discus-
sion of the third region to
Section IIB.

The high currents and availability of low energy Van de Graaff
accelerators has enabled the measurement of fusion cross sections
covering the extreme range of tens of nanobarns to ̂  1 barn. Recently,
systematic studies of a large number of systems have become available
(St 76, Cu 76, Hi 76, /7b). Typical experimental results are shown in
Fig. 4 for the 12C + 13C system (Da 76b). The fusion cross section is
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ONSET OF DIRECT REACTIONS

(ENERGY)

Characteristic Energy Regions for Fusion.

FIG. 3. Schematic representation of the fusion cross sections and
total reaction cross section as a function of the reciprocal of the
bombarding energy.
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FIG. 4. Energy dependence of evaporation-residue cross sections for
12C + 13C at sub-Coulomb bombarding energies. The full drawn curve is
an optical model calculation for the fusion cross section, coupled with
a statistical model calculation for branching to the observed residues
(Da 76b).
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deduced from the observation of discrete y-ray lines in the residue of
the compound nucleus. The full curve which is compared with the sum of
the cross sections to all bound states in 23Na, 20Ne and 170 represents
the effect of barrier penetration as given by an optical model calcu-
lation of the entrance channel transmission coefficients and a statis-
tical model calculation of the decay of the compound nucleus. It is
the deviation of the cross section from this prediction which is of
interest. In the following presentation of the experimental results,
the total fusion cross section was first deduced from experiment and
was then divided by the cross section calculated with the optical model
using a single set of parameters. The energy scale in the center of

7 7 P2
1 2

mass has been shifted by an amount E_ , = — - where
1/3 1/3 C O U 1 R

R = 1.7(Ajx + A*' ) fin.

Figures 5 and 6 present the quantity R = Ofusion/^opt.mod. vs•
E C m - EQ O U2 for 14 heavy-ion systems with projectiles and targets
in the lp shell. In Fig. 5 we see that the cross sections involving
the isotopes of ^B and 11B are all reproduced very well by the
"standard" optical model. There is perhaps a small decrease in R(E)
at the lower energies for ^N + ^B, but it is not marked. Given our
operational definition above, one would not cite any evidence for
microscopic effects based on a comparison of the lower six excitation
functions shown in Fig. 5. The energy dependence for 160 + 9Be (Sw 77b),
however is quite different, with R rising by a factor of 2 from the
lowest to the highest energy. It is interesting to note that this
system, as does 12C + 9Be (Cu 77), has a direct reaction channel in-
volving neutron transfer to the heavy partner which far exceeds the
fusion cross section at low energies. In Fig. 6 the values of R for
systems involving projectiles and targets both with masses >_ 12 are
shown. The difference between Fig. 5 and Fig. 6 is striking. A
general feature for the systems in Fig. 6 is that R decreases at lower
energies even though the detailed behavior in all systems is by no means
identical. (The narrow resonances in 12C + 12C and to a lesser extent
in 160 + 12C are noteworthy, but that is another story; we are concerned
here with the energy-averaged behavior of the data.) The average energy
dependence of R for 160 + ^ N is quite different from that of lg0 + 1 60.
The systems llfN + 12C, 13C + 12C and 12C + 12C are all different. The
differences referred to can be quite large also, up to factors of two.

The message of Figs. 5 and 6 is simply stated. The addition or
subtraction of one or two nucleons from the projectile or target can

*V = 50 MeV, W = 10 MeV, ro = 1.27 fm, a = 0.4 fm; matching radius =
15a + the larger of R or D, where R is the nuclear radius and D is the
distance of closest approach.
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FIG. 5. The ratio of measured fusion cross sections to a standard
optical model prediction for sub-Coulomb energies. The energy scale
in each case has been shifted such that 0 MeV corresponds to E c # m % =
Z1Z2e

2/R MeV where R = 1.7(AJ'3 + A^'3) fm. The experimental data are
taken from: 10B + 10B, n B + 10B, n B + n B (Hi 76); 10B + 12C>
n B + 12C (Da 76, Hi 77b); 14N + 10B (Hi 77b); 160 + 9Be (Sw 77b).
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SUB-COULOMB FUSION

0.2

O.I
-5

FIG. 6. The ratio of measured fusion cross sections to a standard
optical model prediction for sub-Coulomb energies. The energy scale
in each case has been shifted such that 0 MeV corresponds to E

c m .Z 1Z 2e 2 /R MeV where R = 1 .7(AJ/ 3 + A,*/3) fm. The exper imenta l d a t a a r e

taken from: 12C + 12C (Ma 73) ; 12C + 13C (Da 76b) ; 14N + 1 2 C , 14N +
1 6 0 (Sw 77a) ; 12C + 1 6 0 (Cu 76 ) ; 11+N + 1I+N (Sw 76c) ; X60 + 1 6 0 (Sp 74)
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have a profound effect upon the energy dependence for fusion.
This is a strong indication that the valence nucleons play an
important role in the mechanisms leading to fusion. At present
there is no qualitative or quantitative explanation for the disparate
results shown in Figs. 5 and 6. Quantitative microscopic calculations
for comparison with these data are needed. In one case (Wi 77), a
folding model calculation of the real potential for the different
systems has been made. The imaginary potential was taken to be a Woods
Saxon with W = 10 MeV, r0 = 1.27 fm, and a = 0.4 fm. This procedure
yields values of R = o_ , . , ^ „_. ,/CT , ^ 1 for all reactions.

folded potential opt.mod. —
Thus, the microscopic effects may well be contained in the imaginary
potential.

The real interaction potentials for 12C + 12C and 160 + 150 have
been calculated in the two-center shell model (Pr 70) and in the TDHF
approximation (Ma 76, Ko 77). Generally, the calculations now available
are for closed shell systems or even-even nuclei and comparisons with
the low energy data has not been extensive. Recently, a macroscopic
treatment of the potentials has been presented (Ar 76). Phenomenological
comparisons with the data for the a-conjugate systems are found in refs.
Ch 77, Mi 72 and Fo 75.

In summary, the experimental results shown in Figs. 5 and 6 together
with those to be discussed next provide an excellent opportunity for
testing microscopic calculations of the fusion process.

The value of afus in region 2 of Fig. 3, the energy region over
the Coulomb barrier, provides another opportunity for observing the
effects of individual nucleons on the fusion process. The experimental
technique u^ed in this region differs in that the residues of compound
nucleus decay are observed directly with a AE-E counter telescope. This
technique can be sufficiently precise that the rather small changes
in the fusion cross section associated with the A1'3 dependence of the
nuclear radius can be observed, even with the addition of only one
nucleon. Figure 7 shows measurements of crfus for

 16»17»18O + 27A1
just above the Coulomb barrier (Ei 77). The straight lines represent

2 B
fits to the data using the classical expression ar. = TR R(1 - c——• )•

cm.
The small changes (̂  5-10%) in the fusion cross section in this
energy region are consistent with the increase in size of the oxygen
nucleus as neutrons are added.

A more dramatic change in behavior of the fusion cross section
at energies well above the Coulomb barrier is illustrated in Fig. 8
(Vi 76, Sp 76a,b). When the small resonances in the 12C + 160 data
are averaged by fitting the data with, e.g., the expression of Glas
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FIG. 8. Fusion cross sec-
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and Mosel (Gl 75), a difference of about 200 mb or 20% in the value
of the maximum fusion cross section is noted. (We would expect an
increase of £ 5% based on the A1'3 change in radius of 18O-*6O.)
Systematic studies of the value of cffus(max) in this mass region
led to the suggestion that the 200 mb increase was associated with
the addition of one or more nucleons in the s-d shell (Sp 76b).
The addition of nucleons into a major oscillator shell presumably
could cause an abrupt change in the mean-square radius. Figure 9
summarizes the experimental data currently available for the maximum
fusion cross section in the region above the Coulomb barrier. The
correlation of the abrupt change in the fusion cross section of ^
200 mb with the introduction of a nucleus in the s-d shell is upset
by the recent measurement of the 15N + 12C fusion cross section (Co
76). This value is ̂  15% larger than that of 1JtN + 12C and much
closer to the value prevalent when one of the reaction partners is
in the s-d shell.

It appears that the manner in which valence nucleons affect the
magnitude and the energy dependence of the fusion cross section
for these light heavy ions is yet to be understood. Perhaps the
role played by these nucleons is complex - indeed, the complexity
of Fig. 2 suggests this - and coupling to direct reactions or collec-
tive modes of motion may be important (Pe 76).

1400

IZOO

1000

- 800

600

4OO

,6Q

+

<60

......4 ,.:

IS0

>

FIG. 9. Measured values of the maximum fusion cross section for
different systems. Cases in which both the projectile and target are
in the p shell are in the left hand portion of the figure, as indi-
cated. The apparent systematics afus ^ 1000 mb for p shell nuclei and
afus ^ 120° m b f°r s~d shell targets, is upset by the large value of
afus for 15N + 12C. The experimental data are taken from: 12C + 12C
12 16 18 12 12 19 16 2 4 2 6fus
12C

p
1 60, 180 + 12C, 12C + 19F, 160

12 lk

(Vi 76, Sp 76a, Sp 76b,
12 15

, , , g ( , p , p ,
Sc 77, Ta 77), 12C + lkN (Co 76, St 77, Sc 77), 12C + 15N (Co 76, Sc 77);
12C + 27A1 (Be 76), 160 + 160 (We 76), 160 + 27A1 (Ba 77). Unpublished
values and their errors are preliminary and subject to revision.
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B. Angular Momentum Limitations

A macroscopic view of the fusion process enables an "understanding"
of the gross behavior of Ofus in regions (1) and (2) (Fig. 3) in
terms of a barrier. At low energies, it is the Coulomb barrier.
At high energies, region 2, it is predominantly the centrifugal
barrier. The degree of penetration required for fusion is determined
by a hypothetical critical radius (Ga 74, Gl 75) which is nearly
equivalent to an energy dependent critical angular momentum (Ba
73). This approach and* somewhat more sophisticated one dimensional
calculations (Gr 74) have been extremely successful in reproducing
experimental data over a wide range of energy and mass for which
the dynamical path to fusion lies insirle the saddle point for fission.
There remains the possibility of an additional limitation on the
fusion mechanism, however, which has been harder to detect experimen-
tally. This limit would occur in region 3 of Fig. 2, and is a Yrast
limit. That is, the compound nucleus cannot be formed if, at that
excitation energy, a state with angular momentum J does not exist.
This "absolute" upper limit on the angular momentum is usually calcu-
lated with the rotating liquid drop model (Co 74). Previous measurements
where the angular momentum introduced at the critical radius approaches
that of the liquid drop limit are described in refs. Na 75, Br 76b,
and Vi 76.

Results of a recent experiment (St 77) in which both the effect
of penetration to a critical radius and, apparently, that of a Yrast
limit are present are shown in Fig. 10. At the right hand portion
of the figure (low bombarding energies) the beginning of the drop
in Ofus is just on scale. In the region 0.012 <_ E"1 <_ 0.05 (180 _>
E > 43 MeV), crfus varies linearly with E

- 1, consistent with
penetration to a critical radius. At the highest bombarding energy,
EII+M = 248 MeV, a significant decrease in the value of cr£us of about
200 mb is observed.

Two dimensional TDHF calculations (Ma 77) have been performed
and compared to these data. The theoretical cross sections for
afus decrease from about 1150 mb at E"1 = 0.02 to 900 mb at E-1^ =

The results of Fig. 10 may be plotted in a different manner
by converting 0fus to a critical angular momentum J using the sharp
cutoff relation afus = IT X

2 (J + I) 2 and plotting the results versus
excitation energy in 26A1 (E = E c m > + 15 MeV separation energy).
The maximum angular momentum for which fusion occurs is seen to
change only very little with excitation energy for the two highest
energy data points. The solid vertical line at Jmax = 26.6 fi represents
the prediction of the rotating liquid drop model, which is consistent
with the experimental data. The trend of the experimental results
in Fig. 11 suggests that the maximum angular momentum which a 26A1
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FIG. 10. The fusion cross section for ltfN + 12C at ltfN bombarding
energies from 34 MeV to 248 MeV. The solid line for 0.012 <_ E c m < <_
.05 is a straight line fit to the data in that region. The solid'line
for Ec.m. < 0.012 corresponds to the fusion cross section expected for
a Yrast limit of ̂  27 n (St 77).
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FIG. 11. The criti-
cal angular momenta for
12C + ^ N deduced from
the measured values of
afus using afus =
irX2(J+l)2, (St 77).
The angular momentum
corresponding to the
liquid drop limit (Co
74) Jmax = 26.6 K, is
shown.
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compound nucleus may have (at any excitation energy) has been observed
and is i> 1 R/nucleon.

C. Compound Nucleus Decay

Several important properties of the compound nucleus become
accessible through the measurement and analysis of the decay products.
Such quantities are the temperature, distribution of angular momenta
and moments of inertia and the degree of equilibration. Analysis
of the reaction products usually involves comparison of the data
with the predictions of an evaporation calculation, i.e. a statisti-
cal model. Significant progress has been made both in the range
and quality of experimental data and the sophistication of the computer
codes used for the analysis (Pii 77, Go 77, Hi 77). As an example,
the mass distributions obtained from the fusion of 19F and 2^A1

are shown for four different bombarding energies in Fig. 12 (PU 77).
The experimental data were obtained with a time-of-flight spectrometer
as described in ref. Pii 75. The main decay mode leading to several
of the residual masses is indicated. The production of lighter
residues and the increased importance of multiple.1 a-particle emission
as the bombarding energy is increased is immediately apparent. That
the increased a-particle emission is associated with higher angular
momentum rather than higher excitation energy is illustrated in
Fig. 13 in which calculated mass distributions as a function of
compound nucleus angular momentum are presented. Thus, the residues
corresponding to a-particle emission probe the region of the energy-
angular momentum plane nearer the Yrast line of the compound nucleus.
Analysis of the relative intensity of these products indicates that
the compound nuclei in this mass region and their immediate daughters
are quite deformed at high excitation energy and angular momenta
(Pu 77, see also St 77).

The mass distribution obtained from the decay of a much heavier
system, 151Tb, formed in the reaction 65Cu + 86Kr (716 MeV) is shown
in Fig. 14 (Br 76b, Br 76c, PI 77). An evaporation calculation
(PI 75, PI 77) reproduces the distribution of residues rather well.

Since a large amount of experimental data on the mass and/or
charge distributions of evaporation residues is available it is
of interest to examine the systematics of a simple quantity such
as the average amount of mass evaporated versus excitation energy.
(This has been done for the case of 151Tb, PI 77 ). In Fig. 15,
results from some 14 different compound systems are shown. The
ordinate is AA = A C N_ - A r e s j d u e where A is the average mass of
the evaporation residues. In cases where Z-distributions were
measured, the conversion to mass was made using the N/Z ratio
appropriate for nuclei near the most probable Z-value. Several
features of this plot are of interest. Typical values of the
excitation energy removed per mass unit range from ^ 7-12 MeV/amu.
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nucleus excitation energy for a variety of compound nuclei produced
in heavy ion reactions. Very light systems evaporate more mass per
uni>: excitation energy than do heavier systems. This can be attri-
buted to the larger angular momenta with which the heavier nuclei are
produced. The data are taken from 21+Mg (Na 75), 26A1 (St 77), 27-29Al
(Co 76b), 28Si (We 76), 31P (PU 75, Ko 77b), 32S (We 76), ̂ Ti (Pii 77),
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These values are reasonable considering separation energies, tempera-
tures and the fact that a-particles as well as nucleons are emitted.
Systematic trends are also evident. The heavier nuclei, e.g. A %
40 tend to lie on one curve whereas lighter compound nuclei emit,
on the average, more mass per unit excitation energy. There are
two reasons why a heavier system should emit fewer particles to
remove a given amount of excitation energy. Both reasons are connected
with the fact that they are formed (in these heavy ion reactions)
with much larger angular momenta. High angular momentum and heavy
nuclei favor y-ray enission which means less mass is evaporated. The
main reason, however, is that the removal of angular momentum requires
particles to be emitted with energies greater than the sum of the
Coulomb repulsion and thermal energies. Since each particle then
carries off on the average more energy, fewer particles are emitted
in removing a given amount of excitation energy. Statistical model
calculations reproduce thess trends fairly well.

It appears that, over a wide range of compound nuclear masses,
excitation energies, and angular momenta, the decay of the compound
nucleus can be adequately explained on the basis of an equilibrated
nucleus and statistical decay. This statement has a practical signifi-
cance which is in addition to the obvious importance of understanding
the decay of the compound nucleus. It facilitates the comparison
of theoretical calculations of heavy-ion reactions, in which large
amounts of energy are converted into excitation of the fragments,
to results obtained in the laboratory. The excited reaction products
will emit some number of particles before being detected and this
must be taken into account as best as possible before comparing
theoretical calculations with experiment.

Of course, a general statement such as the one beginning the
foregoing paragraph cries out for an exception. It is well known
(Bl 75) that, for nucleon and a-particle induced reactions, light
particles are emitted from the compound system before equilibrium
is attained. This pre-equilibrium emission is identified as a
departure from the predictions for equilibrium decay. In particular,
an excess number of particles appears with higher-than-average kinetic
energies. Evidence for such pre-equilibrium emission (from the
compound system) in heavy-ion induced reactions is scant and probably
reflects the fact that the excitation energy is more easily spread
over a larger number of nucleons in a heavy ion reaction. A possible
exception is illustrated in Fig. 16 (Sa 77). The top row of the
figure shows the probability of emitting x neutrons depending on
whether the same compound nucleus is formed in the reactions 20Ne +
150Nd or 12C + 158Gd. Below is shown the average number y-rays <M>
emitted as a function of x. The 20Ne results are consistent with
statistical expectations. Assuming that the neutrons have a statistical
distribution of energies, then the average number of y-rays should
increase as fewer neutrons are emitted. This behavior is also observed
for 12C + 158Gd at lower bombarding energies. At an excitation
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energy of 121.7 MeV, however, one observes that <M>X decreases with
decreasing x. Part of this effect may arise from the opening of axn
channels which compete with the /n and 6n channels, lowering the
average compound nucleus angular momentum associated with these decays.
However, it seems likely that the neutrons associated with the 6n
and 7n decays now have a higher average kinetic energy (and most
likely carry off more angular momentum). A plausible explanation for
this is that the first neutron emitted had an anomalously large
energy and therefore was emitted before equilibrium was attained.
This could be verified by measuring the neutron spectra in coincidence
with the residues. The cross section associated with this effect is
of the order of 100 mb/sr.

The observation and further study of pre-equilibrium phenomena
in heavy ion reactions is important in that it probes the early
stages of compound nucleus formation. It is not clear how successful
in these cases will be the theories developed for nucleon induced
reactions, nor is it clear what are the best approximations to be
made in treating the heavy-ion case. (The experimental results
for ^He projectiles and ^C projectiles at the same MeV/nucleon
are different.) The study, both experimental and theoretical, of
pre-equilibrium emission in heavy ion reactions is thus at an early
stage and should prove an exciting area in the future as the region
of bombarding energy between 20 and 200 MeV/nucleon becomes accessible.

III. DEEP INELASTIC SCATTERING

Since the phenomenon of deep inelastic scattering began to attract
attention in the early 1970's, an extremely large amount of experimental
and theoretical work has been done. The basic features of the process
have been established and the dependence of these features on the
bombarding energy and charges of projectile and target has been mapped.
The subject has been reviewed at the Caen Conference (Ga 76, Mo 76)
and recently by Schrb'der and Huizenga (Sc 77b).

Most of the information gained so far in deep inelastic scattering
is based on measurements of the energy, angle, and charge (or mass)
of one of the fragments. These "first generation" experiments have
been extremely productive. In the last year or two experiments have
become more complex as more detailed questions are asked about the
reaction mechanism. I want to select two aspects of the reaction
mechanism and present, briefly, a number or recent experiments which
focus on them. First we will consider the (spin) alignment of the
fragments after collision and the amount of angular momentum transfer.
The second aspect deals with the time scale of the collision and
the mechanisms by which the damped energy is ultimately dissipated.
The first topic is of relevance to theory insofar as the transfer
of angular momentum is induced by nonconservative forces, i.e. by
friction or viscosity, and this is of very current interest. The
second aspect relates to the degree of equilibration of the rotating
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di-nuclear complex (RDC) as we like to call the projectile-target
system up to the point of scission. Simple and graphic questions
are: Does the RDC emit particles before it scissions? Are there
local hot spots (e.g. at the walls or in the neck) or does the system
achieve a uniform temperature?

We ask what experiment can tell us.

A. Alignment and Angular Momentum Transfer

1) Particle experiments

In a simple classical picture of the deep inelastic reaction
in which a portion of the angular momentum of relative motion is
transferred to intrinsic degrees of freedom, the two fragments produced
in the collision should have their angular momenta aligned perpendicular
to the reaction plane defined by the beam and one of the fragments.
The particles emitted by an excited fragment should exhibit an angular
correlation which is indicative of this alignment. In particular,
particles should be preferentially emitted in the reaction plane
if the nucleus is aligned perpendicular to this plane. The situation
is illustrated schematically in Figs. 17a and 17b. In Fig. 17a we

FIG. 17. (a) Particles
released from the surface of
a rotating sphere, all move
in the equatorial plane pro-
vided their rotational ve-
locity greatly exceeds the
average radial velocity
associated with their tem-
perature. The angle of
emission with respect to the
equatorial plane is denoted
by <j>. (b) When the tem-
perature and rotational energy
are comparable, the out-of-
plane correlation is broad-
ened. The dashed arrows
denote the components of the
velocity due to temperature
and the centrifugal force.
The correlation function is
given by Ericson and
Strutinsky (Er 58).
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consider a cold, rotating nucleus. The centrifugal force on any
particle is parallel to the equatorial plan of the rotating nucleus
which also lies in the reaction plane. If the nucleus has a tempera-
ture T, the emitted particles will have a radial velocity component
which will smear out the sharp correlation of Fig. 17a and produce
a correlation like that shown in Fig. 17b. Ericson and Strutinsky
have derived the indicated expression for the angular correlation
(Er 58). The quantity determining the anisotropy is the ratio of
the emitted particles' rotational energy to the temperature of the
compound nucleus.

An experiment to measure the angular correlation and intensity
of alpha particles in coincidence with the projectile-like fragment
has been made by Ho et al. (Ho 77), for the reaction 58Ni + 160 (96
MeV). The experimental configuration is illustrated schematically in
Fig. 18, The heavy-ion detector was at an angle of 35° with respect
to the beam. The out-of-plane correlation was measured by moving
the a-particle detector in a plane which cuts the reaction plane
at angles of Qa = 35° for <J>a = 0°, and 6a = -145° for <J>a = 180°.
The results are shown in Fig. 19 for a-particles in coincidence with
carbon ions (solid points) and oxygen ions (open circles) . (The
data have been converted to the rest frame of the heavy fragment.)
There is a clear out-of-plane correlation. The correlation is not
symmetric about <j>a = 90°, however, as would be expected for equilibrium
decay; we shall return to this point in Section IIIB. An analysis
of the portion of the correlation from <fia - 90° to <j>a = 180° yields
a ratio of rotational energy to temperature which implies a spin
J of 13 K for a temperature T = 2 MeV. (Complete alignment of J
perpendicular to the reaction plane is assumed in deriving a value
of J.) This value for the temperature is consistent with statistical
model predictions and the shapes of the a-spectra (for cf>a > 90°) .
The value of 13 K agrees with results obtained from the measured
Y-ray multiplicity (Al 75). Regardless of the precision with which
the transferred angular momentum can be deduced by this procedure,
the results shown in Fig. 19 demonstrate that the spin of the heavy
fragment produced in this deep inelastic collision is aligned.

Light-particle emission is not the only possible mode of decay.
In systems much heavier than mass 60, fission is an important de-
excitation mechanism, and has the advantage of a well-developed theory
of angular correlation and of previous experimental study (Va 73) . This
has been exploited in a recent experiment by Dyer et al. (Dy 77)
in which a ^09Bi target was bombarded by 610 MeV 8bKr ions. The
experimental arrangement is shown schematically in Fig. 20. The
angular correlation of one of the fission fragments in coincidence
with the projectile-like fragment was measured both in plane and
out of plane. Classical arguments similar to those applied in the
previous example tell us that the fission fragments should be most
intense in the reaction plane provided that the target-like fragment
has a large angular momentum perpendicular to the reaction plane
before scission.
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FIG. 18. Schematic
representation of the
experimental arrange-
ment used to measure the
correlation between a-
particles and projectile-
like fragment in the re-
action 5 % i + 160 (96
MeV) (Ho 77). Note that
<f>a is the polar angle
between the emitted a-
particle and the reaction
plane.

I i

are

96 MeV 1 60
out of plane

I I
30 60 90 120 150 180

FIG. 19. The measured out-of-plane correlation. The angle (j>a
corresponds to the angle <f> in Fig. 18, but evaluated in the rest frame
of the heavy fragment. The ordinate is the differential a-particle
multiplicity (coincident a-particles per projectile-like fragment
detected at 35°). The dashed lines are to guide the eye.
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Fissiow
perecrott.

FIG. 20. Schematic diagram of the experimental arrangement used to
measure the angular correlation of fission fragments in coincidence
with the krypton-like fragment in the reaction 209Bi + 86Kr (610 MeV)
(Dy 77).

The out-of-plane angular correlation for the fission fragments
depends now on an additional quantum number K, the projection of
the total angular momentum on the symmetry axis of the fissioning
nucleus at scission. Thus we have

(2J + 1)

and

yield - I P(J) PCM) P(K) W
JMK

jJ.

The distributions P(K), P(M) and P(J) represent the probability for
finding the system with these quantum numbers and are obtained as
follows.
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i) P(K): This is a property of the fissioning nucleus and

K2

P(K) - exp (-
2K
o

K can be inferred from previous fission fragment angular
correlation experiments.

ii) P(M): The alignment of the system is determined by the
reaction mechanism. As a first estimate, complete alignment
perpendicular to the reaction plane is assumed, M = J.

iii) P(J): The probability that the target-like fragment has
total angular momentum J. The determination of this is
the goal of the experiment. Assuming that the amount of
angular momentum transferred, J, is proportional to the
initial orbital angular momentum, I, one has for deep
inelastic collisions of Kr + Bi, P(J) <* 2J + 1. This is
because the partial cross section cr̂ **- <= 2&+1. This
distribution has an upper limit Jmax which is the
quantity to be determined by comparison with the data.

In Fig. 21 both the out-of-plane and in-plane angular correlations
are shown. The in-plane counting rate is ̂  25 times more intense
than the rate perpendicular to the reaction plane. There is a slight
in-plane correlation which should not be present if the system is
completely aligned with M = J. An analysis has been made of both
correlations allowing for less than complete alignment and other
factors such as nonequatorial collisions and the existence of a lower
limit (Jmin = 18 R) on the angular momentum transferred in deep
inelastic collision. The result is shown by the dotted lines and
yields a value of Jmax = 58 R. Dyer et al. are able to conclude
that the maximum angular momentum transferred is between 50 and 70 h".
Jmax is estimated to be about 68 R in the limit that the Kr and
Bi stick together and 39 K is the rolling limit. Thus the angular
momentum transfer is larger than the rolling limit, less than (but
consistent with) the sticking limit, and indicates that tangential
friction is very important. A calculation of Jmax has been made
for this system by Gross et al. (Gr 75) and their prediction, Jmax =
38 H, underestimates the transferred angular momentum. Agreement
with experiment would presumably require increasing the tangential
component of the friction. In any case, this experimental value for
the transferred angular momentum represents an important datum for
testing models for friction or viscosity in deep inelastic reactions.
(The foregoing discussion is based on ref. Dy 77.)
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FIG. 21. The measured in-plane and out-of-plane correlation (Dy 77)
Predictions of the out-of-plane correlation for various values of the
maximum transferred angular momentum are shown. The dashed line is a
simultaneous fit to both correlations which allows for some degree of
non-alignment CM f J).



2) y-ray experiments

After the excited fragments produced in the deep inelastic collision
no longer have sufficient energy available for particle decay, y-ray
emission begins and completes the deexcitation process. The relative
importance of y-ray emission (in terms of the amount of excitation energy
and angular momentum removed) varies with the mass and angular momentum
of the excited fragment. In heavy nuclei where neutron emission is
favored, y-rays can carry away most of the angular momentum. Thus, the
properties of the deep inelastic reaction products after scission can be
reflected in the y-ray emission. The problem, however, is how quantita-
tively to relate the experimental observations to the properties of the
deep inelastic fragments before particle emission began.

Let us sidestep this problem for the moment, however, and first
discuss two experiments which demonstrate that the residual nuclei
can still be aligned when y-ray emission commences. If the a-particle
detector in the schematic diagram of Fig. 18 is replaced by a Ge-Li
detector, the angular correlation for specific y-ray transitions
in the heavy fragment can be measured as a function of the species
and energy of the light fragment. This has been done for the reaction
27A1 + ^O (100 MeV) by Van Bibber et al. (Va 77). Gamma-ray yields
obtained in plane (<J>y = 0, solid data points) and out of plane
(ej>Y = ?- , open circles) are shown in Fig. 22. The y-ray angular
correlations expected for a nucleus aligned perpendicular to the
reaction plane depend on the multipolarity of the radiation and
are quite different for X = 1 and A = 2. Note in Fig. 22 that the
yields of A = 2 transitions 12C(2+ - 0+) and 2tfMg(2+ - 0+) are largest

3+ 1+

for (L. = 0 while the Ml transition 31P(y - y ) is most intense per-
pendicular to the reaction plane. Although not all the E2 and Ml
transitions in other nuclei observed in this work show the same pro-
nounced anisotropy, these data are sufficient to demonstrate that
some alignment exists. This experiment also shows that y-ray angular
correlations measured with a detector which records all y-rays will
in general be attenuated because E2 and Ml transitions will be summed.

The second experiment to be mentioned shows not only that the
fragments retain alignment but are also polarized in the direction
perpendicular to the reaction plane. The goal of the experiment,
by Trautman, de Boer et al.(Tr 77), was to measure the direction of
rotation of the fragments for quasielastic and deep inelastic scat-
tering and thereby test the negative-angle-scattering proposal of
Wilczynski (Wi 73). y-rays emitted in stretched transitions, regardless
of multipolarity, will be circularly polarized in the direction of
the angular momentum of the emitting nucleus. The amount of polari-
zation varies as the cosine of the angle between the direction of
the nuclear spin and the direction of the y-ray. The direction of
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FIG. 22. The yield of
specific Y-ray transi-
tions in coincidence with
Z = 6 and Z = 7 ions pro-
duced in the scattering
of 160 (100 MeV) by 27A1
(Va 77). The solid points
represent the yield in
the reaction plane, the
open points perpendi-
cular to the reaction
plane. -Q is the energy
lost in the collision.

the circular polarization can be measured by scattering the emitted
Y-rays from the polarized electrons in magnetized iron. (The cross
section for compton scattering av forward angles ic larger if the
electrons and y rays are polarized in opposite directions.) Two
polarimeters were employed in a sy^etric configuration normal
to the plane defined by two heavy ion counters at ± 35° with respect
to the beam. (One reason for this is that the experimental effect
to be measured is small, of the order of one percent, because only
2 out of the 26 electrons in an ion atom are polarized, and a very
efficient system is needed.) The apparatus they used is sketched
in Fig. 23. The reaction was Ag + ^°Ar (̂  300 MeV) and was measured
at GSI. They observed an asymmetry in the count rate which was of
opposite sign for the quasielastic and deep inelastic components
indicating that che fragments produced in the quasielastic and
deep inelastic collisions spin in opposite directions. This confirms
that deep inelastic scattering in this reaction is associated with
a negative classical deflection angle. The degree of polarization
was much larger for the quasielastic component than for the deep
inelastic. This suggests that particle emission and other possible
mechanisms we shall mention later contribute to a loss of polari-
zation and alignment.
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FIG. 23. Schematic diagram of the
apparatus used by Trautmann, de Boer
et al. (Tr 77) to measure the circular
polarization of y-rays emitted in quasi-
elastic and deep inelastic reactions.

We return now to
the question of relating
y-ray emission to the pro-
perties of the fragments
before particle emission
began.

The paths followed by
the nuclei on the way to
their ground states, and by
the experimenter on the way
back to the initial condi-
tions, are illustrated in Fig.
24. The compound system is
the rotating dinuclear com-
plex which then separates
into a heavy and a light frag-
ment each having an average
excitation energy and angu-
lar momentum. After particle
emission ceases, an average
number of y-rays % and %
are emitted by the heavy and
light fragment, respecti-
vely. The sum of these two
multiplicities is observed
in coincidence with
the light fragment as
recorded by a counter tele-
scope. The problem of work-
ing backwards from the
observed average y-ray multi-
plicity and average y-ray
energy to the quantities of
interest involves estimating
or measuring the effects of
particle emission. Statisti-
cal model estimates can be
made for very heavy nuclei
which decay only by neutron
emission. In lighter systems
this procedure would seem
less reliable and the
empirical approach is pre-
ferred. One measures the
multiplicities for evapora-
tion residues in which the
E and J (of Fig. 24) are
known. A functional depend-
ence of My on E* and J can
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K

FIG. 24. Illustra-
tion of the various
stages of decay in a
deep inelastic reaction.
In order to deduce the
transferred angular
momentum J^ + Jpj from
the measured multi-
plicity M = Mr + MH,
a correction for the
amount of angular
momentum removed by
particle emission must
be made.

thus be deduced. The* crucial assumption is that the decay of the deep
inelastic fragment follows the same rules as that of a compound nucleus.

Measurements of the average y-ray multiplicity, My, have been
made on a number of systems (Al 75, Ish 76, Bo 76, Gl 77, Pe 77, Da
77) (see Pe 77 for a recent review). The manner in which the various
authors have estimated the effects of particle emission has varied,
but the end results have generally yielded values of the angular momentum
transfer in between those corresponding to rolling and sticking. Several
examples are as follows.

The value of My in the reaction llfN + 93Nb at Ej^ = 120 MeV
has been measured by Ishihara et al. (Ish 76). The results are shown
in Fig. 25 for both the deep inelastic component and the quasielastic
component as a function of the mass of the light product. The dashed
line is a prediction of My assuming the reaction partners reach a
stage in which their surfaces stick together and the system undergoes
rigid rotation before scissioning. The solid line pertains to quasi-
elastic reactions in which the exchange of mass is assumed responsible
for a transfer of angular momer-.cum. In relating the transferred



52

20

15

10

5

0

14N •

Elol

He -f-
L!

I I i

93Nb

s = l20MeV

Bi

Be \

i i

eiob
•

0

1

\

• 40°

OE
DI

-

-

V

i i

FIG. 25. Measured y-ray
multiplicity for the reaction
lk 93Nb (Ish 76).

0 2 4 6 8 10 12 14 16 18

mass of light product

angular momentum J to the y-ray multiplicity, the equation J = 2.4 MY,
was used. A portion of this amount, J = 1.7 My represents the angular
momentum associated with y ray emission alone whereas the remainder
J = 0.7 MY corresponds to the angular momentum carried off by particle
emission. The latter was estimated with a statistical model.

Qualitatively similar results were obtained for a somewhat heavier
system, Ag + 20Ne (175 MeV) by Gla'ssel et al. (Gl 77). Figure 26
shows the multiplicity measured as a function of the light-fragment
atomic number for several scattering angles. The more damped the
energy of a reaction product, the higher the multiplicity. My increases
in general for larger scattering angles suggesting that the compound
system has lived longer and therefore had more time to approach a
sticking limit. The agreement for smaller values of Z is better with
a sticking limit obtained from a lower initial orbital angular momentum
(50 h"). This is interpreted as a consequence of the lower Z reaction
products being preferentially produced by lower &-waves. The relation-
ship between My and transferred angular momentum in this case is assumed
to be J = 2 My, the argument being that y-ray multipolarities less
than 2 are offset by the neglect of the angular momenta carried off
by neutrons. The results, again, lie in between the rolling and sticking
limits.
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FIG. 26. Measured values of
My for the deep inelastic pro-
ducts produced at angles of
90°, 35° and 25° in the reaction
Ag + 20Ne (175 MeV) (Gl 77).

25

The results for a much heavier system, Au + Cu (443 MeV) are
shown in Figs. 27 and 28 (Be 76b, Pe 77). The value of My as a function
of the energy of particles detected at 49° is given in Fig. 27. The
multiplicity increases as a function of energy loss through the range
of events corresponding to partial and complete damping. In Fig.
28 the value of My measured at two angles is plotted versus mass asymmetry
and compared with various sticking model predictions assuming J =
2 My. The prediction includes the effect of deformation at the scission
point. The initial orbital angular momentum £^ = 124 is near the weighted
average of angular momenta over the range £j_ = 0 (assuming no fusion)
to SL^ = 175 (the maximum £-value contributing to the deep inelastic
collision). The value SLj. = 175/2 is shown for additional reference.

In the reaction 58Ni + lt0Ar (280 MeV), the measured multiplicities
are below the rolling limit if J = 2 My and no correction for particle
emission is made (Bo 76). These authors have also measured the a-
particle multiplicity and suggest that the amount of angular momentum
removed by particle emission together with a more realistic calculation
of the transferred angular momentum (i.e. one including deformation)
would bring theory and experiment much closer together.

While most of our information on angular momentum transfer has
come from coincidence experiments observing the decay products of



54

NIE

W6

»

M ( Y )

20

15

10

5

t I l i f t
U 192 UO 110 90

la Cu*Au 443 MeV 9 lob = 49*

el-Au
* complete

quasi-Au damping

partial
damping

63
average mass of products

1b 100 200 300

100 200 300

el-Cu

400
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443 MeV Co + Au
FLG. 28. The multi-

plicity of the deep
inelastic products as
a function of the
masses of the reaction
products (Be 76b, Pe
77). Predictions of
the sticking model for
various initial orbital
angular momenta are
shown.
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the primary fragments, it should be noted that there is one experiment
in which angular momentum transfer has been deduced from the measurement
of the total kinetic energies of the primary fragments as a function
of bombarding energy. This has been done by Braun-Munzinger et al.
(Br 76, Co 77b). The analysis assumes that the Coulomb separation
energy is independent of bombarding energy and that the amount of
transferred angular momentum (which reduces the rotational portion
of the total kinetic energy) is proportional to the initial orbital
angular momentum. The deduced constant of proportionality agrees
well with the sticking model.

The measurements of the average y-ray multiplicity described
above are valuable in that they provide (albeit with accompanying
assumptions and uncertainties) a measure of the amount of angular
momentum transfer. Measurements of the angular correlation of the
Y-rays, averaged over all y-ray energies, in principle give informa-
tion on the degree of alignment, but it is here that things begin to be
more complicated than the foregoing descriptions of the experiments
and their interpretations would suggest. Measurements of the out-
of-plane y-ray angular correlation averaged over all y-ray energies)
for the reactions 1I+N + 93Nb (Ish 76), Ar + Ni (Bo 76), and Cu + Au
(Pe 77) indicate a rather small anisotropy, i.e. the out-of-plane
count rate is generally ^ 80-90% of the in-plane count rate. Perrin
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and Peter (Pe 77) suggest (particularly for the heavy system Cu +
Au) that this lack of alignment may arise from sources other than
M1-E2 mixed multipolarity or misalignment caused by particle emission.
Making the analogy with fission, the fragments at scission can, through
bending, wriggling, or twisting modes of motion (Ni 65), induce angular
momenta in the primary fragments which are not in the plane of the
reaction defined by the beam and one of the fragments. For the first
two modes of motion, the induced angular momentum would be perpendicular
to the direction of the separating fragments; in the third case, it
would parallel this direction. Measurements of angular correlations
of discrete y-rays in the spontaneous fission of 2^2Cf by Wolf and
Cheifitz (Wo 76) suggest that twisting is not an important mode of
motion and that bending and/or wriggling dominate. The results of
Dyer et al. (Dy 77), (Fig. 21) should enable an upper limit to be
placed on these bending and wriggling contributions and it would be
very interesting to see what a quantitative analysis would yield.
However the induction of additional angular momenta in the fragments
through dynamical processes at scission does not imply that current
analyse^ of y-ray multiplicity experiments overestimate the amount
of angular momentum transferred through friction in the portion of
the reaction leading up to scission. This is because the average
angular momentum (i.e. the first moment of the distribution) obtained
after averaging the vector sum of the aligned component and the induced
component over all directions of the induced angular momentum would
not be much different than that due to the aligned component alone.
The second moment, or width, of the angular momentum distribution
would be very different, however. This brings us to the consideration
of higher moments of the multiplicity distribution.

Just as the average number of y-rays reflects an average angular
momentum, the distribution of the number of y-rays about the average
reflects a distribution in angular momenta. Knowledge of the distri-
bution of angular momenta in the reaction products is very desirable.
Higher moments of the multiplicity have been reported for compound
nucleus decay (Ha 75, Sa 76) and used to deduce spin distributions.

In the case of deep inelastic collisions, the second and third
moments of the y-ray multiplicity have been measured by Dayras et al.
(Da 77) for the reaction &\u + 20Ne (164 MeV). Data were also obtained
for the evaporation residues produced in the reaction 63Cu + 12C (130
MeV). The results are shown in Fig. 2?. The moments of the y-ray
multiplicity are in each case evaluated at a single scattering angle
and over a narrow energy window at the peak intensity of the deep
inelastic yield for each atomic number. (In this portion of the spectrum,
the contribution from reactions induced on carbon and oxygen contaminants
in the target is small). One would expect that the width of the multi-
plicity distribution would be less in the case of the deep inelastic
collision; the argument is as follows. The evaporation residues
contain angular momenta from 0 to £ . and, for a (2£+l) triangular
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FIG. 29. The multiplicity M, width o, and skewness S measured for the
deep inelastic scattering of 63Cu + 20Ne (164 MeV) , (Da 77). The
straight lines are to guide the eye. The projectile-like fragments
with atomic number Z were detected at 20° lab. M, a, and S are evalu-
ated for those particles having energies at the peak of the deep
inelastic yield. The trend of M to decrease with Z is in agreement with
the sticking model. Also shown are the results for evaporation residues
produced in the fusion of 63Cu + 12C (130 MeV). Note that the limit of
M, a, and S as Z decreases approaches that of compound nucleus decay.
The quantities M, S and a are defined in ref. Sa 76.
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distribution, we would expect <v /8 y_ 2.8. We observe a value
of 2.3 and attribute the discrepancy to additional broadening arising
from particle emission and statistical cascades. In the case of deep
inelastic scattering we would expect a narrower distribution of angular
momenta varying from f x £crit to f x ZgT where f represents the fraction
of angular momentum transferred. Indeea, this should represent an upper
limit on the width since we have selected a narrow angular and energy
region of deep inelastic products and, if anything, this would narrow the
range of impact parameter. Neglecting broadening from particle emission
and from other effects such as statistical cascades, a variance
a2 ^ 0.6 would be expected for the multiplicity distribution. Assuming
the broadening of the distribution by the effects mentioned above can
be derived from the value deduced from the evaporation residues, a
variance of a2 ^ 7.6 is predicted. Yet this value is only about one
half of the measured variance. For example, a2 . . = 15 for
deep inelastic products with Z = 5. This implies an additional
broadening of the transferred angular momentum distribution. Possible
explanations for this are as follows.

i) The distribution of initial angular momenta contributing
to deep inelastic scattering is much broader than
*xrit "*" ̂gr« Even if this were the case, however, the
selection of reaction products at a given energy and
scattering angle should correspond to a narrow popu-
lation of initial angular momenta. This follows pro-
vided that the angular momentum transfer J is propor-
tional to the initial orbital angular momentum,
J = f x I.

ii) The constant f in the relation J = f x ^ is not a constant
but has itself a distribution. This would imply statistical
processes in the transfer of angular momentum, a proposi-
tion which does not seem unreasonable.

iii) There are additional angular momenta induced at scission
(the bending and wriggling just discussed) which would
certainly broaden the angular momentum distribution while
not greatly affecting the average value. This possibility
has been suggested by Perrin and Peter (Pr 77).

iv) We have assumed that the excited fragments produced in the
deep inelastic collision reach equilibrium and decay in
the same manner as compound nuclei produced in fusion
reactions. This assumption may not be valid.

The last item introduces another (and our last) topic. What in
fact are the modes of decay by which the deep inelastic complex and
its fragments rid themselves of excess energy and angular momentum?
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B. Time Scale and Mechanisms for Decay

The length of time for which the system produced in a heavy-
ion collision holds together is a basic parameter. Although it cannot
be measured directly, (at least not for the short time scales of deep
inelastic collisions) it can be inferred from analyses of the reaction
products and orbit calculations (see, e.g. Bo 75) and from correlations
of energy loss and mass transfer (Hu 76). However, rough estimates
of the time scale can be made using very simple arguments.

Considering the rotational motion, we have an angular velocity
OJ, and an angle of rotation 6 through which the fragments remain in
contact.

T D I = e/«

V»'e can estimate a rotational energy, an orbital angular momentum I,
and a moment of inertia, ̂  and use

or

to obtain w. For example, we could take I ̂  -=• lgT corresponding to
rolling fragments and ERQT = Ec.m. " ̂ coul + x« A typical angle
8 would be ̂  1 radian for a forward peaked reaction.

Considering the radial motion, the time for the fragments to
move together and apart is governed by the Coulomb force f and the
radial velocity, v , (Mo 76)

TDI ' f . E .
coul coul

Most of the reactions studied experimentally thus far have collision
times in the range of 4-20 (10"^ sec).

We can also make estimates of the time it takes an equilibrated
excited nucleus to emit a particle (proton, neutron or a-particle).
An empirical fit to measured widths of compound nuclei in the mass
range A = 20 - 100 yields (St 74)

r (MeV) = 14 exp (-4.69 A/E* )

where E* is the excitation energy of a nucleus with mass A. Relating
the temperature T to the excitation energy as E = aT2 where a = A/7.5,
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we have

Tpart -

where T is in MeV and Tpart is in units of 10~
22 sec. An excitation

energy of 1.2 MeV/A yields a temperature of 3 MeV and a lifetime
^ 40 x 10~22 MeV sec.

Figure 30 relates w, T, E /A and T for an angular rotation of
1 radian. We see from this figure that ij[ local temperatures of ^
3-5 MeV, i.e. excitation energies of ̂  1 - 4 MeV per nucleon should
be produced in a deep inelastic collision, then the lifetime for
particle emission will be sufficiently short that the complex will
eject light particles before it scissions. We say local temperatures
because total center-of-mass bombarding energies in most experiments
are less than ^ 7 MeV/Aproject-Qe

 a n d therefore the achievement of,
say, 3 MeV/A nucleon in some region requires a pronounced concentration
of energy, i.e. what might be called a "hot spot".

FIG. 30. Relationship of the excitation energy/nucleon and equivalent
temperature to the lifetime T against particle decay of a system in
statistical equilibrium, tu is the angular velocity of the rotating di-
nuclear system. Given either abscissa (x or to), either of the ordinates
then yields the temperature or excitation energy/amu for which the
lifetime against statistical particle emission is equal to the lifetime T
of the dinuclear complex or to the time it takes the system to rotate
one radian. Most deep inelastic collisions studied to date have life-
times in the region indicated.
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Experimental evidence for such phenomena would consist of a
departure of observed yields (energy distributions, angular distri-
butions) from what would be expected if equilibrium had been attained.

In the experiment by Ho et al. (see Figs. 18, 19) a departure
from equilibrium manifests itself by an excess yield of a-particles at
forward angles. This appears in the out-of-plane correlation shown
in Fig. 19 and also in Fig. 31, which presents the yield of a-particles
in the reaction plane. There is a strong peaking of the yield at
forward angles, in contrast to the isotropic angular distribution
which would have been expected in the classical picture of emission
from a completely equilibrated and aligned rotating nucleus. Using
the simple expression we have just given (to = K£/^r) and 6 = 2OQ where
OQ is the experimental standard deviation of the angular distribution
in Fig. 31, the result is xa <_ 20 x 10"

22 sec independent of whether
it is the deep inelastic complex with 33 units of angular momentum
(before scission) which emits the a-particle or an excited 58Ni fragment
with 12 units of (transferred) angular momentum. In Fig. 30 we see
that such a lifetime corresponds to a local temperature of K 3.3 MeV.
A statistical analysis of the a-particle energy spectra (intensity <*
exp(- Ea/T) yields temperatures of 3-4 MeV for the a-particles emitted
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FIG. 31. The in-
plane angular correla-
tion of a-particles
in coincidence with
carbon ions (solid
points) or oxygen ions
(open circles) detected
at -35° lab (Ho 77).
The angle with respect
to the beam is measured
in the frame of the
heavy residual nucleus.
The strong forward
peaking is not con-
sistent with an iso-
tropic decay of an
equilibrated residual
nucleus.

180
R



62

in the forward hemisphere and a temperature, as we have already noted,
of 2 MeV for particles emitted in the back hemisphere. Thus, these
features of the reaction (angular distributions and shapes of energy
spectra) suggest emission of a-particles either before scission of the
deep inelastic system or immediately thereafter and before the heavy
fragment had time to equilibrate. Note that the fraction of the alpha
particle yield corresponding to preequilibrium emission is ̂  50%.
However, this does not represent a major fraction of the total decay
since the a particle multiplicity itself is only ^ 10% (for detected 0)
and ^ 20% (for detected C).

A kinematic analysis of the most probable a-particle energy indi-
cates that this energy is independent of angle if it is calculated in
the rest frame of the heavy fragment. Provided that this would not also
be the case if the rest frame of the dinuclear complex (i.e. 160 + 58Ni)
were used instead, this suggests that the a-particles are emitted
after scission. (This analysis also rules out projectile breakup
as an important mechanism.) To explain these features, Ho et al.
propose the formation of a local hot spot with a temperature of T %
3.5 MeV, and an area covering ^ 20% of the sphere to explain the observed
angular correlation, energy spectra and a-particle multiplicities.

Mechanisms for the production of preequilibrium a-particles have
been discussed recently by Gross and Wilcyznski (Gr 77). In their
model, a strong radial friction induces a-particle emission on the
opposite side of the nucleus from where projectile and target first
come into contact. Such a picture could be consistent with the data
of Ho et al.

Other experiments of this type have been reported by Harris et al.
(Ha 77), 27A1 * 160 (65 MeV), and Ishihara et al. (Ish 76b) 93Nb +
ll4N (95 MeV) . They all have in common the fact that anisotropic in-
plane correlations between the emitted light particle (p or a) and
the light fragment are observed.

The emission of light charged particles in a deep inelastic colli-
sion involving much heavier nuclei is being studied by a group at
the SuperHilac (Al 77). Krypton-like products are detected at a forward
angle of 36° or 42° and light charged particles are observed with
a counter telescope at angles varying from 81° to 315° in the reaction
plane. The approach is to use the knowledge (including empirical
systematics) of compound nucleus decay to identify that portion of
the a-particle yield consistent with decay of equilibrated Kr and
Au fragments. The purpose of the experiment, then, is to determine
the amount, if any, and properties of charged particle emission which
might correspond to preequilibrium emission.

The velocity-vector diagram of Fig. 32 shows how the kinematics
of the reaction is used to identify the evaporation products. The
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* \

86Kr (724 MeV)
a gas telescope

FIG. 32. Velocity vector diagram illustrating the kinematics for
statistical a-particle emission in the reaction Au + 86

(Al 77). The scattered Kr ion is detected at 36° by
(GT) and has an average velocity of 2.3 cm/ns. An alpha particle
evaporated from the Kr would have a velocity of 2.6 cm/ns. Only the
solid state telescope positioned at 81° could therefore detect a-
particles evaporated from Kr. A similar kinematic circle for the ct-
particle evaporated from the Au fragment is also shown.
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threshold for detection of an a-particle in this experiment is ̂  9 MeV
or ^ 2.1 cm/ns. The average velocity of an evaporated a particle
is the sum of its velocity relative to the Kr or Au which emitted
it and the velocity of the Kr or Au. Because of the higher Coulomb
barrier, a-particles evaporated from the Au-like fragment can be well
above the threshold in the detectors located at 200°-315°. a-particles
evaporated from the Kr will only be observed in the detector at 81°.

The following results are preliminary. The a-spectra observed at
225° and 270°, when transformed to the frame of the Au fragment, are
just what one expects for evaporation of a's from an excited but
equilibrated Au-like nucleus. This evaporation portion is subtracted
bin by bin from the spectra at other angles. The a-spectra at 81°,
when transformed to the Kr frame, is entirely consistent with a-
evaporation from a Kr-like fragment. This evaporation spectrum is then
subtracted from the spectra at other angles. (The subtraction is done
in individual energy bins because of the 9 MeV threshold.) At angles
other than 81°, 225°, and 270° there is a significant number of events
left over after subtraction of the evaporation component. These a-
particles have 3 higher average energy than that expected for evapora-
tion from either of the fragments - in fact, this energy is ̂  40 MeV,
slightly above the Coulomb barrier for Z = 36 + 79 = 115. Figure 33
shows the measured energy-integrated yields above threshold in the
various detectors before and after subtraction of the evaporation com-
ponent vs. the average center-of-mass angle between the a-particle and
the detected Kr fragment. The magnitude of the total yield at some angles
is affected by the 9 MeV threshold. The preequilibrium yield is not
strongly affected since the energies are higher. The preequilibrium
a-particles are preferentially observed at angles near 90° and 270°, i.e.
normal to the direction of motion of the Au and Kr fragments. This is
illustrated schematically in Fig. 34 and is a situation similar to that
encountered in fission where fast a particles appear to be ejected at
scission at right angles to the neck focussed by the Coulomb force of
the two fragments. In the present case, however, the a-particle energies
are higher (Va 73). Although there is some evidence for the preequilib-
rium emission of protons in this experiment, (when the heavy-ion detector
was at 42°) it does not seem to be as large a portion of the yield as
is the case with the a-particles.

The experiments on 16O + Ni and Kr + Au which we have just discussed
indicate that the emission of light particles can occur on the same
time scale as the deep inelastic collision. In both experiments there
is evidence that this "preequilibrium" emission takes place at or
immediately after the point at which the two fragments separate.
(Preequilibrium decay does not happen exclusively, however. Many
of the events correspond to the excited fragments reaching equilibrium
before decay.) The preequilibrium particles are the means we have
for studying the properties of nuclear systems under extreme conditions
of temperature.
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FIG. 33. Preliminary
results of coincidence
measurements (Al 77)
with the gas telescope
at 35.7° and at 41.7°.
The circles and crosses
represent the total
number of a's above the
detector threshold"! The
lines are only to guide
the eye. The abscissa
is the average center-
of-mass angle between
the emitted a and the
Kr-like fragment. The
vertical bars represent
the a-particle yield
remaining after the con-
tribution due to evapo-
ration from either
fragment has been sub-
tracted (solid bars,
41.7°; hatched bars,
35.7°). There is a pref-
erence for a-particles
to be emitted at nearly
right angles to the
direction of the Kr ion.

vrc9

FIG. 34. Illustration
of the emission of a-
particle at right angles
to the axis of symmetry
at scission. The Coulomb
forces of the two main
fragments can "focus"
the alpha particles to
angles near 90°.
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IV. SUMMARY AND CONCLUSIONS

We have just seen the results of v. very large number of experi-
ments. What are their distinguishing features, what do they tell
us about heavy-ion collisions and how do they relate to nuclear theory?

A. Fusion

The process of fusion represents the most complex of heavy-ion
collision processes in that the final state has all degrees of freedom
excited in a statistical way. Phenomenologically, however, fusion
has been the process most easily described with a small number of
degrees of freedom and very few parameters. We wish to extend our
knowledge of fusion'beyond the stage of phenomenology and proceed
further toward the final state. The initial stages of fusion as the
two ions approach must involve low nuclear densities and therefore
only a few nucleons. We ask whether the nature of the fusion process
is such that the valence nucleons affect the outcome. Microscopic
calculations suggest this might happen. Experiments on the fusion of
light heavy ions at sub-Coulomb energies show in some cases pronounced
changes in the energy dependence of tffus. These changes occur with
variations of one or two units in the mass number of the colliding
system (Figs. 5, 6). Microscopic calculations of the complex potential
as well as of the real potential will probably be necessary to understand
the changes in behavior from system to system.

Fusion cross sections measured at energies above the Cculomb
barrier at the point where direct reactions become an important part
of the reaction cross section also show large variations with mass
number of the colliding system (Fig- 9)- These variations, of the
order of 200 mb, are much larger than variations in A1' 3. Until the
measurement of Ofus for

 15N + 12C there was an apparent systematic
dependence of afus on the shell closure at

 1 60. These experimental
data on fusion cross sections both above and below the Coulomb barrier
provide an opportunity for testing microscopic theories of heavy-ion
fusion.

In heavy-ion systems studied with projectiles of A < 40 the most
important factor limiting fusion has been the dynamics of the entrance
channel. These dynamical requirements for fusion have been condensed
into a one dimensional prescription - penetration to a critical radius.
By measuring Ofus at a sufficiently high bombarding (Ei^ ̂  18 MeV/A)
it has been possible to observe a decrease in afus indicating a limita-
tion more restrictive than penetration to a critical radius (Fig. 10).
The maximum angular momentum with which it has been possible to form
26A1 (Fig. 11) is consistent with value predicted by the rotating
liquid drop model. Because the number of nucleons in a system as
light as "Al, is relatively small, microscopic calculations are more
manageable and economical. Differences between macroscopic and micro-
scopic treatments can be explored in a system for which such differences
are more likely, and for which there is an experimental result.
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The distribution of residues of the compound system can be calcu-
lated rather well (Fig. 12). These calculations suggest that highly
excited compound nuclei undergo rigid rotation for large angular momenta
and are deformed. This is consistent with measurements of the critical
angular momentum as a function of excitation energy. Statistical
calculations are of value in identifying non-compound processes such
as preequilibrium decay (Fig. 16) and enable the understanding of
systematic features of the compound nucleus decay over a wide mass
region (Fig. 15). Preequilibrium emission of particles in fusion
reactions seems to be much more prevalent for reactions induced by
a-particles or lighter ions. Nevertheless, some evidence for such
effects seems to be emerging (Fig. 16). The cross sections associated
with preequilibrium decay are not a major fraction of the overall
reaction cross section.

B. Deep Inelastic Scattering

Deep inelastic scattering and fusion differ mainly in the degree
to which the initial kinetic energy of relative motion is converted
into internal degrees of freedom. The initial stages of each of
these processes are probably similar. The two types of reactions are
sometimes distinguished in that the deep inelastic collision results
in a binary fragmentation whereas fusion need not. The sharpness
of this distinction diminishes as the size of the projectile-like
fragment decreases (or if the compound nucleus fissions). The deep
inelastic reaction offers the possibility to probe the early and middle
stages of a reaction in which frictional or viscous forces convert
kinetic energy to heat; the light fragment may be thought of as the
probe. Energy loss is not the only result of the nonconservative
forces - angular momentum is transferred as well and enables one to
distinguish different components of the frictional force (i.e. radial
friction and tangential friction). The study of angular momentum
transfer is of great importance for further understanding of heavy
ion collisions, and a number of experimental methods have been brought
to bear on this problem.

The preferential emission of charged particles in the reaction
plane shows the fragments to be aligned as a result of the collision
(Fig. 19). An estimate of the transferred angular momentum can be
obtained through knowledge of the temperature and moment of inertia
of the emitting nucleus. The angular correlation of fission fragments
produced in the reaction Kr + Bi has enabled a determination of the
angular momentum transfer for a heavy system (Fig. 21). The results
indicate a coefficient of tangential friction larger than that used
in a global set of calculations (Gr 75). The deduction of a coefficient
of friction from a deep inelastic scattering measurement requires
a theoretical treatment of the entire scattering orbit.

The angular momentum transfer has been deduced from measurements
of the average number of y-rays emitted. Because the y-rays appear
after particle emission (Fig. 24) corrections for the excitation energy
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and angular momentum removed by particles have to be applied. In
spite of these difficulties a number of features of the reaction have
emerged. In one (particularly light) system 150 + 27A1 evidence for
fragment alignment has been obtained from the angular correlation of
discrete y-ray lines (Fig. 22). Measurements on a number of systems
(Figs. 25-28) suggest that the compound system lives sufficiently
long for the frictional forces to bring the system to nearly rigid
rotation (sticking limit) before scission occurs. Measurements of
the higher moments of the distribution of y-rays for a deep inelastic
collision reveal a broader distribution of y-rays than is suggested
by an analysis assuming similar decay mechanisms for the compound
nucleus 75Br and the fragments produced in the deep inelastic collision
of 20Ne + 63Cu (Fig. 29).

The time scale for deep inelastic collisions can be roughly estimated
on general grounds. We expect that the ejection of particles before
the fragments have equilibrated or even before scission may occur if
high local temperatures (T ̂  3-6 MeV) are produced (Fig. 30). Although
the bulk of the decay process can be accounted for by equilibrium
mechanisms, there is some experimental evidence for such preequilibrium
processes. These measurements are still few in number and much further
work is necessary. However, measurement of the angular correlation
between a-particles and the projectile-like fragment (Figs. 31,33)
indicates the emission of a-particles on a time scale comparable to or
shorter than that of the lifetime of the compound system. In one
case 160 + 58Ni the particles are ejected preferentially in the forward
direction, in the other case, Kr + Au, they appear perpendicular to the
direction of the separating fragments. These "preequilibrium" particles
are probes for studying nuclear matter under extreme conditions of
temperature.
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OVERVIEW OF THE TIME DEPENDENT MEAN-FIELD THEORY*
J. W. Negelet

Center for Theoretical Physics, Massachusetts Institute
of Technology, Cambridge, Massachusetts 02139

I. Introduction

The mi/|croscopic theory of the dynamics of self-bound
composite systems is of fundamental importance to a variety
of areas of theoretical physics. For example, one of the
outstanding problems of particle physics is to replace the
"shell model" theory of quarks confined within a phenomeno-
logical bag or well with a microscopic theory arising from
interactions between the quarks, and the primary impediment
is our present ineptitude with relativistic many-body theory.
Turning to more tractable non-relativistic applications, the
potentially fascinating investigation of finite drops of
liquid He3 and He1* is presently limited by a lack of suf-
ficient experimental data. Thus, nuclear physics, possessing
a rich phenomenology of collective and single-particle pro-
perties, and being confined to the context of non-relativis-
tic many-body theory, provides an ideal and unique opportunity
to explore a systematic, microscopic dynamical theory.

The time-dependent mean field approximation is one
possible starting point for such a theory and, if successful,
offers the possibility of providing a unified description of
such diverse phenomena as nuclear ground states, rotational
and vibrational excited states, large amplitude collective
motion, fusion, compound nucleus formation, fission, fragmen-
tation, and dissipation.

a. The Mean Field Approximation for Stationary States

To elucidate the essential features of the time-dependent
problem, it is useful to recall some salient aspects of con-
ventional many-body perturbation theory. Assume that in the
fully interacting ground state each particle has probability e
for excitation out of its unperturbed shell-model orbital.
Then, the shell model wave function has exponentially small
overlap with the exact wave function (1 - e ) N ̂  e~ N e, although

This work is supported in part through funds provided by
ERDA under Contract EY-76-C-02-3069 .*000 .

Alfred P. Sloan Foundation Research Fellow.
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it yields expectation values of few body operators valid to
order e. We hence give up all pretense of calculating the
wave function, and instead, develop perturbation expansions
for observables of interest like the energy and density.

Due to the strong repulsion between nucleons at short
range, standard perturbation theory is reorganized in terms
of an effective interaction, which sums all virtual re-
scatterings between two interacting nucleons in the presence
of the surrounding particles. The mean field approximation
with this effective interaction, often loosely referred to
as the Hartree Fock (HF) approximation, yields an excellent
description of ground state and single particle energies,
radial density distributions in spherical nuclei, and shapes
of deformed nuclei throughout the periodic table'^'. For
simplicity in subsequent discussions, however, we will
henceforth drop the crucial distinction between the true
two-body interaction and the effective interaction.

There are seven features of the stationary state mean
field theory which are particularly relevant to our discus-
sion of the time-dependent theory:

1) The intuitive argument of Hartree suggests that the
motion of each particle should be governed by the mean field
of the others.

2) The theory avoids arbitrary parameterization of the
shell model potential by oscillator or Woods-Saxon wells.

3) Instead, the system and H uniquely specify the energy,
shape, and radial distribution.

4) Single particle equations may be derived variation-
ally from $<|H|t//>/<</>|i|/>. Restricting ^ to be a Slater
determinant replaces the Schrodinger equation by the coupled
set of single particle equations (T + W) <j> = ea<J>a, where T
is the kinetic energy and W is the instantaneous mean field.

5) The structure of linear quantum mechanics has been
replaced by a system of coupled non-linear equations.

6) The single particle wave functions in (4) provide an
optimal basis for systematic perturbation corrections.

7) The theory has unavoidable semiclassicai aspects. The
localized center of mass wave function represents a. wave
packet of momentum eigenstates and a deformed HF wave function
must be understood as a wave packet of angular momentum
eigenstates.

b. The Time-Dependent Mean Field Approximation

Each* of these seven features has a precise analog in the
time-depend nt theory:

1) Intuitively, the mean field is the most obvious
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mechanism to communicate collective information.

2) The theory avoids arbitrary selection of collective
and intrinsic variables and the need for parameterizing
shapes.

3) Instead, the initial conditions and H uniquely
specify the dynamics.

4) Single particle equations may be derived variational
ly from the stationarity of the action

Restricting \j> to be a Slater determinant replaces the time-
dependent Schrodinger equation by the coupled set of single
particle equations ~ _>.

ijg- <J>a(r,t) = (T + W H a ( r , t ) .

5) Linear quantum mechanics has again been replaced by a
system of coupled non-linear equations.

6) The basis of time dependent single particle wave
functions provides an optimal basis and definition of
reaction channels. In contrast to the usual optical model
description in terms of ground states of the scattering
nuclei, no one-particle one-hole amplitudes remove probabil-
ity from the entrance channel.

7) As before, the initial conditions represent a wave
packet for the impact parameter and orientation of two
interacting nuclei„ The final state evolved by the equa-
tions of motion approximates the final wave packet evolving
from the original packet.

Thus, the time-dependent mean field approximation, or
time dependent Hartree Fock approximation^) (TDHP) , is the
obvious generalization of the mean field theory to dynamics.
The equations automatically conserve energy and maintain
orthonormality of the single particle wave functions, thus
incorporating the Pauli principle exactly. In the limit of
infinitesimal deviations away from the ground state, TDHF is
equivalent to the random phase approximation (RPA), so it is
already known to be reliable in one important limit(3).

As stressed previously for stationary states, this ap-
proximate time-dependent perturbation theory can, at most,
yield valid expectation values for few body operators. In
this regard, we encounter one crucial new feature in the
time-dependent case. Whereas experimentalists are generally
content to restrict their attention to few body operators
such as energies and density distributions when dealing with
stationary states, in treating nuclear reactions they insist
on far too much specificity a^d confront theorists with S-
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matrix elements representing the overlap of two complete
many body wave functions. Thus, in the context of TDHF, we
must give up all pretense of describing such data, and
rather restrict ourselves to addressing mean values such as
multiplicities, mean excitation energies, dispersion in
proton and neutron number and similar quantities.

c Single Particle Propagation in the Mean Field

The essential features of TDHF dynamics are most easily
understood by considering the propagation of single particle
wave functions in the collective mean field. Colliding
slabs of matter provide an adequately realistic system which
is particularly simple to visualize: wave functions for
transverse plane waves decouple completely and one simply
considers a one-dimensional wave function evolving in a
rather smooth, time-dependent well of maximum depth of about
50 MeV (4) . At low energies, orbitals from the left and
right wells bounce back and
forth in the compound slab
potential at different vel-
ocities — ranging from
almost zero for the most-
bound orbitals to the fermi
velocity for the least-bound.
Under these conditions, ran-
domization occurs quickly and
the excited compound slab
remains intact. At higher
energies, sufficient transla-
tional motion is superimposed
upon the single particle
motion that the orbitals of
one slab traverse the poten-
tial of the other as a group
and actually emerge from the
far side, giving rise to

-15 -I.? -9 -6 -3 0 3 6 9 12 15
Z(fni)

Figure 1. Density pro-
files p(z,t) for E/A =
3.5 MeV. (Ref. 4).

break-up of the compound slab
into two excited final state
fragments. The density and
two single particle wave func-
tions for such a case at a c m .
energy of 2.5 MeV per particle
are shown in Figs. 1 and 2. As is evident, considerable
reflection and orbital distortion still occur at this energy,
yielding significant dissipation which is highly suggestive
of the strong dissipation observed in heavy ion reactions at
comparable energies. Precisely when the transition from
compound-slab to break up occurs is a delicate question
subject to significant influence by single particle motion.
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O.ll
00

Figure 2. Contributions of
individual single-particle or-
bitals to the density at varicus
times for theAi = >#2 ~ 1- 4 f m" 2

system at E/A =3.5 MeV. In the
seven upper graphs, the solid
and short-dashed lines denote
the contributions of the lowest
and third lowest orbitals origi-
nating in the left-hand slab.
The contributions of the second
and fourth orbitals originating
in this left slab are shown at
t=0.56 in the lowest graph. In
all cases, the long-dashed
curves denote the one-body
potential W(z,t). (Ref. 4).

If there happens to be an excess of particles in the neck
region at the instant when scission should occur, it is
inhibited; if single particle effects generate a depletion,
it should be enhanced.

Such single particle
resonance effects in
slab collisions are
quite obvious in the
plot of the ratio of
final translational
kinetic energy to the
incident translation-
al kinetic energy in
Figure 3, where fusion
is indicated by a ratio
of zero. The recent
discovery(5,6) of
resonances in the
fusion cross sections
in light ion reactions
on
as
of thfi mean field
theory. As shown in

- 1 - , ,,J L.a—

12C thus cries out
a significant test

Figure 3. The ratio of final tran-
slational kinitic energy to initial
translational energy as a function of
E/A for the 1.4 fm"^ plus 1.4 fm~2

system. Calculated points are de-
noted by a cross. A value of zero de-
notes fusion. (Ref. 4).
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Figs. 4 and 5, dramatic
fusion cross section
fluctuations are observed
with 160 and 12C projectiles
in the energy regime studied
in Fig. 3, and structureless
cross sections occur for * 80
and 19F. If the theory is
in fact successful in repro-
ducing this phenomenology,
it should give significant in-
sight into the mechanism where-
by the valence nucleons in
^ 0 and 19F increase and.
smooth the fusion cross
sections.

Another important
feature evident in slab
collisions is single
particle emission, arising
from excitation of high
momentum components in the
single particle orbitals of
one nucleus due to the
rapid passage of the
potential generated by the
other nucleus. Fig. 6
shows the density during
a 2.4 MeV per particle cm.
collision on a logarithmic
scale, and the correspond-
ing velocity distribution.
At t=0.32xl0~zl sec, the
dashed line shows a high
energy particle distribution
at about one percent of the
central density beginning
to emerge from the compound
slab. By the time scission
occurs, the solid line
shows the high energy tail
clearly separating with
particle velocities ranging
well above the incident
velocity of 21.5 fm/10~21sec.
Roughly 2/3 of the probability
comes from the least bound
single particle orbital,

(MeV)

Figure 4. Total fusion
cross section for 160 +
12C as a function of the
cm. energy. (Ref. 5) .

10 14 18 22 26 50 31
Ec.m.(MeV>

Figure 5. Total fusion
cross section for 12C+12C,
18O+12C, and 19F+12C, as a
function of the cm. energy.
(Ref. 6) .
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1/4 from the next and the remaining 1/12 from the deepest .
two levels. In a more realistic calculation, George Bertsclr^
has calculated the probability thai, the Yj, 0 component of a
p1^ orbital in 1I+N is excited above 10 or 20 MeV by the pas-
sage of a 16O potential, with the results shown in Figure 7.
It should be quite interesting to compare the angular and
energy distributions from such calculations with experimental
results.

1.00

O.I

] i .1 „>.-.) L _ l _ L—L_ J.-.1 -J .L_J_

5 10

Figure 6. Density and velocity
profiles showing the emergence
of high energy particles after
a slab collision at 2.4 MeV
per particle in the c m .

Figure 7. The probabil-
ity P for escape of a
pl/2 particle in XI|N
with energy E after
colliding with 1 60 at
incident lab energy E.
(Ref. 7) . n

d. Relation to Hydrodynamics

Although the time dependent mean field approximation and
hydrodynamics obey the same mass, energy, and momentum con-
servation equations, they differ fundamentally with respect
to equilibration. In the mean-field theory, equilibration
arises slowly from repeated collisions with the edges of the
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potential, whereas in hydrodynamics, one imposes from the
outset the assumption of complete instantaneous local equili-
bration.

During collisions, the shapes of intermediate configura-
tions in the two theories may differ significantly. In head-
on hydrodynamic collisions, longitudinal momentum is immed-
iately equilibrated in the transverse direction, leading to
transverse motion which produces either an oblate configura-
tion or transverse mass ejection. In contrast, the mean
field theory produces very little transverse momentum, yield-
ing a prolate compound system. This system is elongated by
the pressure of high longitudinal momentum components, and
only gradually broadens from an increasing transverse pres-
sure.

The central density in a high energy collision may rise
far above twice nuclear density in a hydrodynamic theory,
depending on the details of the equation of state and possible
inclusion of relativistic kinematics. In the mean field
theory, single particles in one nucleus experience significant
scattering from the mean field of the other nucleus, since the
potential at twice nuclear density is roughly 100 MeV more
repulsive than at nuclear density with our interaction. How-
ever, at sufficiently high energy, the nuclear density at
most doubles, corresponding to intuitively plausible interpre-
tation. As already discussed, the interpenetrating fragments
still experience a strong pulse from each other, leading to
excitation and subsequent particle emission and fragmentation.

One means of visualizing the degree of equilibration
during an interaction is to plot the one body density matrix

-imvs

P(2's) TTiT- * *a (z + !> *a(« " !>

where we have normalized to the density at c m . coordinate z
and removed the overall phase associated with the local mean
velocity v. The density matrix as a function of relative
coordinate s is displayed in Fig. £ during and after a slab
collision. At the earliest time, p" agrees quite well with
the Slater density Pgi,' since that region of the nucleus has
not yet been disturbed by the reaction. At later times, p"
differs significantly from a thermal density matrix for a
hot fermi gas, either by virture of a large imaginary part
or because the overshoot beyond the first zero is much too
large. Thus, during the relevant interaction time, collisions
at this and other energies we have investigated are not
fully equilibrated.
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Figure 8. Normalized
one-body density
matrices for E/A=2.5MeV.
The left-hand plots pre-
sent the one-dimensional
Fermi gas results (short-
dashed curves) and real
and imaginary parts of
the calculated density
matrices (solid and
long-dashed curves) at
the position Z3 denoted
on the density distri-
butions graphed on the
right. (Ref. 4).

II. An Exactly Soluble Model

A number of the conceptual questions one might raise
concerning the time dependent mean field theory may be
investigated quantitatively for the exactly soluble problem
of bosons in one dimension interacting with attractive 6-
function forces.(8) This model problem directly confronts
the question of final state interpretation and whether the
approximation degrades in time. In at least this one con-
trolled case, one can see whether there is trouble because
the time dependent variational principle is a stationary,
rather than minimum principle. Finally, the model provides
a testing ground for any qualitative arguments or conjectured
criteria regarding regions of validity of the theory.

With the Hamiltonian . .

N

H - -| I

the exact, ground state is
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2 J.
J<3-l)! vN"1 e

with energy

v = N(N2-1)v2

TJ " 24

and one-body density '

_ -vnN x
PN(x) ̂ ( N l

The scattering of N particles by N particles yields no
breakup.(10) From the exact elastic scattering phase shift,
one obtains the time delay

N-l
_4v r m _ 2v
NK _£, ̂K^+itFv7"

Turning now to the mean field theory, assuming the
product wave function

H N

v " = ,/SJ n <j.(x.)
N 1

yields the Hartree equation

f - J ~ T - v ( N - l ) | < | ) ! 2 -£}<?> = 0

The s o l u t i o n

/ H T - D v
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yie lds the Hartree energy^ '

H = -N(N-l)2v2

N 24

and one body density

H /„» _ « N(N-l)v

1 n i

Thus, as one can also prove from a diagrammatic analysis ,
the energy and one-body density are asymptotically exact in
the large N limit. The time-dependent Hartree equation for
2N particles occupying the single particle wave function <j> is

Tt + I dxT + (2N-l)vU|2}4, = 0

which is exactly soluble . The resulting time delay is

H
 = -4 & „ + (2N-l)2v2

(2N-l)vK J t n U + 16K2 J

which agrees with the exact result j.n the large N limit.

It is important to note that we have only characterized
the final state in terms of few-body operators. The time-
delay, for example, may be extracted from the one-body
density, and the mean number of particles and final transla-
tional kinetic energy are expectation values of one-body
operators. it is certainly true that in the large N limit,
the Hartree wave function has negligible overlap with the
exact wave function and the "lifetime" (14) of tJie determinant
(<H2>-<H>2) ~1/2 is zero. Thus for this model problem we have
only substantiated quantitatively in the large N limit the
modest claim stated at the outset that the mean field theory
applies to the expectation values of few-body operators.

III. Applications to Nuclear Systems

a. The Role of Symmetries

Before discussing specific applications, it is useful to
review an important fact associated with symmetries in the
mean f_eld theory: Any symmetry of the wave function which
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occurs in the mean field is preserved in time. For example,
if one selects an initial condition with reflection, inversion,
spin, isospin, or axial symmetry, this symmetry will be pre-
served in time. Such solutions are very special. Not only
are they especially cheap to calculate because they evolve in
a limited space but for the same reason they also have much
less freedom for randomization and thus dissipation and
equilibration. The essential fact to bear in mind is that in
considering a realistic ensemble of initial conditions, these
special symmetric cases receive negligible weight. Thus, al-
though those of us cursed with impoverished computer budgets
must often restrict ourselves to such symmetric cases, we must
at least be alert to the possible unrealistic consequences of
such symmetries.

A case in point is the restriction to axial symmetry.
Macroscopically, one recognizes that the realistic shapes
sketched in Fig. 9 must be replaced by rather different shapes

MACROSCOPIC MICROSCOPIC

oo ASYtt.

SYM.

Figure 9. Sketch of macroscopic and microscopic conse-
quences of axial symmetry.

if one postulates axial symmetry with respect to the axis
joining the centers of two interacting nuclei. Since such
deformation modes are reasonably soft, one may expect such
macroscopic restrictions to be benign. Microscopically,
however, as also sketched in Fig. 9, single particle orbitals
bouncing around on non-closed random trajectories may be
expected to exhibit considerably greater dissipation than
the periodic longitudinal trajectories imposed by axial sym-
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metry. We shall subsequently see suggestive recent evidence
that this is the case.

Even with this caveat, it is a non-trivial question how
to implement the axial symmetric hypothesis in a dynamical
theory. A particularly appealing variational formulation b
H. Feldmeier arose from discussion at Oak Ridge last year.

One assumes the variational wave function

¥ = e~iLyn e L i'i'i ^utK (r. ,z.)e A i

A l l

which is axially symmetric in an intrinsic frame that may be
freely rotated by an angle ri and which has a collective
velocity potential x- Using the periodicity of x» t n e action is

d3r dt{H(***xH£if>x*~ipx + ̂ -P | VX f
2 -npey-rxVX}

Variation with respect to n yields

— ld3r pe -rxVx = 0 -><Ly> = const = L

and variaton with respect to <Ly> yields

Thus, L is the dynamical variable conjugate to n and all other
degrees of freedom in x a r e static degrees of freedom (16,17).
Defining

0 = aX

then

L = JPey.rx ~
and

J d
3r dt {H(<jJ*iK) -ilij;,^. + — £dV9| 2 " n*L}

* * *3t A [/pay.rxV6]
2 2 m

Thus, the equation of motion is in canonical form with

,2 m

[/pey.rxV9]2
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The Hamiltonian equations r\ = j^- and L = -g— simply repro-
duce the previous equation of motion, and we define the co-
efficient of L2 as the inverse of the moment of inertia.
This momentof~2 inertia corresponds to irrotational flow and
attains the proper form in the limit of two nuclei passing
by and for a spherical nucleus. Modification of the usual
TDHF equations is straightforward. Variaton with respect to
6IJJ* yields an additional potential for the evolution the
single particle wave functions:

[/pey.rxV0]
2

Variation with respect to 6 8 yields an equation which deter-
mines the velocity field at each time:

2V"pV9 = /plj-rxve 2 V r x V P E 2amney-rxVp

As an alternative to this formulation, one may postulate a
Hamiltonian functional with a physically plausible moment of
inertia. For example, Koonin(18) has suggested the use of

^igid / S r p ( r ) t 2 2 + I r ?3

and A.. +A^
I . fc = m rz^~- R2

point i A2

at appropriate stages of a reaction. Note that these two
prescriptions make physically different assumptions about the
post-scission rotation of two fragments, as sketched in Fig. 10,

RltlO

Figure 10. Comparison of rigid and point post-scission
moment of inertia assumptions.
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b. Collisions

The time evolution of a collision of "Ca on """Ca is
displayed with contour plots of the density at evenly spaced
time intervals in Pig. 11.

I:.:\ • i.;'!?.'-v x -

•/( " ) ; !

i • •) > :o

Figure 11. Contour plots
of the nuclear density at
evenly spaced time inter-
vals during induced fis-
sion and a heavy-ion
collision. The outermost
three solid lines denote
densities of 0.02, 0.08,
and 0.14 fm~3 and thus
display the shape and
extent of the surface.
Interior density fluctua-
tions are shown by dashed
and solid lines which
denote densities of 0.16
and 0.14 fm-3 respectively.

v < :o

Corresponding calculations at a variety of impact para-
meters for 160 and I*°Ca are summarized on the polar plots in
Fig. 12. The familiar behavior of nearly elastic peripheral
Coulomb trajectories, dissipative orbiting trajectories and
highly dissipative central collisions is qualitatively repro-
duced. The resulting deflection functions and energy loss
curves are shown in Fig. 13. In 1 6 0 , the final energy is
comparable to the Coulomb energy for most interior impact
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ISO-

<0Co+«°Co

Figure 12. Polar plot of trajectories for representative
160 + 1 60 and *°Ca + "°Ca reactions.

100

•=—' •• 0

20 40 60 B0 i00 (20
Lin)

Figure 13. The deflection and energy-loss functions for
the reactions of Fig. 12. The dotted line represents
elastic scattering. (Ref. 18).

parameters, so not much more dissipation is required for
fusion. In the case of "°Ca, however, near the orbiting
impact parameter the axially symmetric calculation yields sig-
nificantly less dissipation than observed experimentally.(19)
Roughly averaging over all interior impact parameters yields
about 70% of the required dissipation.
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In this connection, it is interesting to report pre-
liminary three dimensional results for similar collisions by
Flocard and Weiss.(2°) For 160 + 160 at a lower energy of
110 MeV in the lab, fusion occurs between I = 13 and 29ft.
This is qualitatively consistent with the earlier remark that
the non-closed three dimensional trajectories in an arbitrary
shaped well for non-central collisions should randomize and
dissipate significantly more than for the closed longitudinal
trajectories for central collisions. In the case of ''"Ca,
which is directly comparable to the axially symmetric cal-
culation of Fig. 13, a three dimensional calculation appears
to fuse at £=30 and 70fi. Hence, preliminary evidence is
strongly suggestive that the remaining 30% of the dissipation
may be accounted for in three dimensions. Clearly exactly
comparable systems and forces should be compared in detail to
quantitatively assess the limitations of axial symmetry.

The distribution in particle number in the ^Ca + "°Ca
calculation is compared with experiment in Fig. 14. Even when
corrected for evaporation, it is evident that the number
dispersion is significantly less than observed experimentally.
It will be particularly interesting to see to what extent this
is also the result of imposing axial symmetry.

A more complete comparison between theory and experiment
is afforded by 1 ''N + 1 2C. Results for the angular distribution
for direct inelastic reaction products and fusion cross
sections in an axially symmetric calculation(21) a r e shown in
Figures 15 and 16. The discrepancy at large angles arises from
the fact that the fusion channel is not being adequately de-
scribed.

1.0

0.3

a

0.1 r

18

Z

EXPT 130° am.)
EVAP. (42 MeV)
EVAP. (31 MeV)

22

Figure 14. Fragment charge
distribution relative to
Z=18 for final states
measured in Ref. 19 and cal-
culated due to evaporation.
(Ref. 18).

Figure 15. Theoretical and
experimental cross sections
for direct inelastic pro-
ducts. The 1 ''N bombarding
energy is 145.5 MeV and the
data are the yield for Z=7.
(Ref. 21;.
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Figure 16. Experimental
and theoretical fusion
cross section for lHN 4
1 2C as a function of
incident x

(Ref. 21)
energy

?20 260

c. Fission

Induced fission near threshold is an ideal application of
the mean field theory, because the initial condition is con-
ceptually veil specified and because fission systematics offer
a quantitative test of dissipation. After excitation, a
fissioning nucleus is understood to rattle around statistical-
ly until it finally happens to gather essentially all of its
excitation energy in the fission degree of freedom. After
progressing up the fission barrier, its most likely path is
to pass slowly past the saddle point configuration before
beginning its decent to scission. Thus, the appropriate
initial condition is to release a constrained static HF
solution slightly beyond the saddle point. Since the saddle
point is rigorously independent of the form of the constraint,
the initial condition is essentially unique.

(22)The results of such a fission calculation are shown in
Fig. 11, and represent the first such microscopic calculation
of fission. Unfortunately, the calculation falls somewhat
short of the intended definitive test of the mean-field theory,
again because of the limitations of axial symmetry.

By symmetry, the Hamiltonian does not connect different
angular momentum projection and parity subspaces, so in con-
trast to the case with finite axial asymmetry, level crossing
occurs, as sketched in Fig. 17. Hence, an axially symmetric
initial condition slightly beyond the saddle point would be-
come trapped forever in a concave upward well. Clearly, then,
some tractable technical device must be chosen to introduce
matrix elements to prevent level crossing. The most simple
device to accomplish this effect is to assume constant gap
pairing,(23) However, it must be understood from the outset
that one deals with an effective gap A or pairing strength G
which actually is intended to mock up the average effect of
symmetry breaking mean field matrix elements as well as the
residual interaction.
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to.)

Figure 17. Sketch of the energy as a function of
deformation for an axially symmetric determinant
(a) and with ixial asymmetry and/or pairing (b) .

The equations of motion derived from applying the time
dependent variational principle to a BCS wave function with
the assumption of a constant gap are very simple.(23) The
single particle wave functions evolve according to

and the u£' s and v,, ' s are determined by

i(v£
2) = A[(u£v£) -

= 2

where

-

and the lagrange multiplier A is defined to conserve particle
number

[AN u£ v£* } "
Xs ̂  \J

The sequence of densities obtained with A = 2.0 MeV have
already been presented in Fig. 11. Particularly salient
features are the fact that the time scale is rapid, essential-
ly an order of magnitude fastor than with the classical one-
body dissipation formula(24) and that the neck is much more
elongated than with one-body dissipation. Shapes close to the
scission point for A = 6.0 and A = 0.7 MeV are shown in Fig. 18,
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Figure 18. Pre-scission and post-scission configura-
tions for 2 3 6U with A = 6.0 MeV (left frames) and
with A = 0.7 MeV (right frames).

Here one observes that the formation of an alpha-like
cluster at the neck arises when the matrix element is suf-
ficiently weak that the relevant central orbitals are not
completely depopulated.

NONVISCOUS
1NF1MTL TWO-POriY VISCOSITY
ONF.-bODY DISSIPATION,
FERIW-GAS VAIUC

Figure 19. Final frag-
ment translational
kinetic energy as a
function of fissility,
with TDHF fission
results for 2 3 6U de-
noted by X for A =
6.0 MeV and + for A =
2.0 MeV. (Ref. 24) .
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The dissipation for various values of A is displayed
in Fig. 19. Unfortunately,- dissipation is completely
dominated by the strength of A, with weak matrix elements
yielding far too much dissipation (i.e., probability is
trapped in highly excited orbitals) and very strong pairing
(A=6.0) required to agree with the experimental result. In
the space employed in this calculation, A=2 MeV corresponds
to a two-body matrix element G ~ 0.28 MeV. For comparisonp
23/A yields G ~ 0.1 and realistic reaction matrix elements
yield values ranging from 0 to 0.4 MeV in this region of the
periodic table.

Because of the phenomenological nature of A, the present
calculation does not provide a definitive test of the mean
field theory. However, the results do appear both plausible
and encouraging. Because of the neglect of axial asymmetry,
the effective matrix element should be larger than specified
by the residual interaction, and a factor of two is not un-
reasonable. Averaging over a wave packet of asymmetric
initial conditions roughly corresponds to averaging over A
with an appropriate weighting function. Occasionally, for
almost symmetric initial conditions, the effective A should
be very small, leading to an a particle from the neck which
is observed experimentally roughly one time in 600. The
particle number dispersion in the fragments has not yet been
calculated, but provides another possible test of the theory.
Thus, fission provides a rich opportunity for future investi-
gations.

d< Pion Condensation in Heavy Ion Collisions

The time-dependent mean field theory is also capable of
describing other interesting dynamics which have yet to be
observed experimentally. There is abundant theoretical
evidence that slightly beyond nuclear density, nuclear matter
becomes unstable with respect to spin-isospin fluctuations
with a wave length on the order of several fermis.(26) such
fluctuations, often obscured by unnecessarily fancy pion
condensation language, are quite adequately described by
TDHF (in fact they are usually calculated in the RPA ap-
proximation) . Thus, TDHF affords the ideal framework for
describing both the heavy-ion collision giving rise to dense
matter and the ensuing dynamics of spin-isospin modes of the
short-lived dense intermediate state, and such calculations
are presently under way.

The pion propagator in the nuclear medium is sketched in
Fig. 20. Near threshold, the pions between particle hole
have w=o and thus may be replaced by static potential inter-
actions. Thus, the growth of the spin-isospir instability
corresponding to pion condensation may be described by adding
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•A .V

Figure 20. Pion propagator in the RPA approxi-
mation.

the following terms to the effective Hamiltonian:

~ I d3r d3r Vk

V JJ 1 2 (1)
a a 66

d3 (2)

To determine whether the spin isospin density source term
leads to a unique signature in the observed distribution of
emitted pions, one simply constructs an effective operator of
the form indicated in the box in Fig. 20. An off-mass shell
pion characterized by k , to is allowed to scatter from all
occupied states h and one sums over all final states p such
that an on-mass shell pion is emitted with k1 and w'.
Integrating the instantaneous emission throughout the inter-
action should give a first approximation to tha observable
effects of a pion condensate.

The essential question, of course, is whether the high
density region lasts long enough during collisions for sig-
nificant growth of such instabilities. The present theory
appears to be the only formulation which simultaneously treats
the dynamics of the nuclear matter distribution and the in-
stability/ and thus offers a unique opportunity for investi-
gating the possibility of observing pion condensation in
laboratory experiments.
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IV. Open Questions

It should be evident from this brief overview that
investigations of the time-dependent mean field theory to
date have raised a number of challenging problems and
questions.

Experimentally, the most crucial question is to think of
observables corresponding to expectation values of few body
operators which can definitively distinguish the mean field
theory from other approximations. It is one thing for
theorists in their fairy tale world to draw pictures showing
how different intermediate density shapes look in TDHF and
hydrodynamics,but quite another to design an experiment which
can discriminate between the two cases. The key features to
consider in comparing the mean field theory with other approx-
imations are the relatively small transverse momentum trans-
fer, the dominance of single particle effects in appropriate
regimes, and the lack of complete equilibration during the
interaction time.

Another open question concerns the limitations of sym-
metry restrictions, such as axial symmetry, relative to the
limitations of the mean field theory. Although fragmentary

(20,27)three dimensional results exist, (20,27) wha^- is definitely
required is a thorough systematic investigation of two and
three dimensional calculations of identical collisions with
identical forces. (For zero impact parameter, the results
should be identical, allowing a direct check on the separate
technologies.) Only in this way can one determine, in Jim
Griffin's language, when the additional expense of three
dimensional calculations is in fact commensurable with the
additional physics.

The criteria for validity of the mean field theory have
yet to be clarified. Simple estimates of the decay time for
the end caps of two fermi spheres of interacting matte-
suggest that at 2.5 MeV per particle in the cm., slabs
would interpenetrate 10 fm before significant decay occurs.
This is certainly not the whole story, however, as indicated
by the surprising result that for the boson model discussed
above, the approximation was asymptotically exact at all
energies without any Pauli effects. Thus, more cc-nplete and
precise criteria are needed.

Another possibility for future work is to find viable
approximations to TDHF which, clearly separate collective,
statistical, and single particle effects. To the extent to
which a collection of single particle orbitals bouncing
aroung in a well is purely statistical, TDHF codes are the
worlds most expensive random number generators. Thus, a
clean separation of statistical aspects of the problem would
be most welcome.29 Several notes of caution, however, appear
warranted. What is required is a theoretically sound, system
atic reduction of the TDHF theory. Thus, unmotivated ansatze
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like time dependent Thomas-Fermi are not likely to be very
instructive. Furthermore, we have demonstrated that in many
cases, TDHF is not statistical during the relevant time scale,
so at the least, some viable criteria and restrictions for
application of statistical approximations are required.

The most essential problem, in many respects, is the
formulation of a practical general theory such chat the mean
field theory is a first approximation which can be system-
atically improved. In this context, the generator coordinate
method appears unsuitable since although certain specific
generalizations of the trial wave function appear natural,
there is no practical scheme for systematic generalization.
A coupled-channel formulation in the mean-field basis has the
advantage of utilizing an optimal definition of the entrance
channel, but the complete coupled-channel problem is as
intractable as ever, and we have no guidance as to how to
systematically expand the space of included channels. The
most promising alternative appears to be the systematic
truncation of some appropriate hierarchy of equations, such
as the tin-^-dependent generalization of the e^ hierarchy'30'
or the Martm-Schwinger Greens function equations, (31) both
of which yield the mean field theory in lowest order. One
complication is to choose truncations which are number,
energy, and momentum conserving order by order. Although, in
the Greens function language, well known conserving approxi-
mations exist, -*2 the computational difficulty relative to
alternative methods is significant. In any event, an appro-
priate systematic formulation of corrections appears crucial
to our ultimate understanding of the theory.

In conclusion, I believe many exciting possibilities lie
ahead. The ultimate goal is far more than simply fitting
this angular distribution or reproducing that fusion cross
section. Rather, we are embarking on a fundamental investi-
gation of the dynamics of self-bound composite systems, and
I am optimistic that the mean-field theory is an appropriate
first step.
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QUANTAL THEORY OF HEAVY ION SCATTERING IN A
THREE-DIMENSIONAL TDHF MODEL

R.Y. Cussonf Duke University, DurTTam, North Carolina 27706

Introduction

Heavy Ion inelastic collisions have been described
as collisions of two bodies moving along classical trajec-
tories with elastic and frictional forces. This picture
is more accurate for a heavy system such as Ar+Th (Fig- D
than for a lighter system such as 14N+12C or 16O+1°O, which
are currently being studied2). Fig. 1 illustrates what can
be obtained from such a classical picture. The ordinate

^350

50
o»

Figure 1

is the cm kinetic energy of the projectile-like K ion and
the abcissa shows the cm angle of this ion. The contour
lines show constant values of the double differential
cross-section d2a/d^dE, while the open dots represent the
classical values of outgoing energy and angle for a given
incoming cm angular momentum I, ranging from about 250 #
at high energy to H - 180 K at the highest (near-orbital)
angle. The cm orbital angular momentum is related classi-
cally to the impact parameter b and the incoming energy by
the usual kinematic relations

2 V
I = yvb , v = j ^ i

(1)

99



100

where y is the reduced mass, v the relative velocity, E^
the laboratory energy and m A p the total mass of the pro-
jectile. Although the classical trajectory does seem to
follow the ridges in the yield contours, it does not ex-
plain the height of the yield contour nor the energy
width of those ridges. It also leaves open the possibil-
ity of interference between trajectories of different
energies (different I-values) and same scattering angle.
The main purpose of the present work^' is to take this
classical model one step further and to study semiquantal
expressions of the form

where f (9,E) is a scattering amplitude expressed as a sum
over partial waves; it also involves the classical de-
flection function 8 (&), the energy loss function En and
some additional information regarding the energy width of
the scission doorway states. It will be convenient to
take 9(£) and E& from a 3-dimensional TDHF calculation
but one could also obtain them from other physical models
such as hydrodynamic^) or potential scattering with
friction-'-' .

Since the approach to heavy ion scattering involves
the use of classical Q (I) and E£ functions, it removes
the usual objections concerning the use of the TDHF
scheme on the grounds that it yields only a classical
prescription for the motion of the cm of the two ions.
This therefore enhances the value of TDHF calculations of
the trajectories and should eventually allow a detailed
test of our ability to predict correct trajectories.
After describing briefly the fast fourier transform and
predictor corrector method used to solve the TDHF equa-
tions for the reactions 1 4N+ 1 2C and 1 6O+ 1 6O at 8 MeV/A
we show the resulting plot of d^a/dQdE. We find some
interesting explanations for the fact that, for these
lighter systems, the yield surfaces appear rather differ-
ent from those of heavier systems such as in Fig. 1. We
also compare the present results with data from ORNL'*' for
the reaction •*• N+^c at 145 MeV bombarding energy.
Reasonable agreement is found in view of the approxima-
tions made.

We end with a mention of further calculations which
are suggested by the present developments, such as hydro-
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dynamic approaches to the solution of the equation of mo-
tion ip = [H,p], prefusion neck formation at energies near
the Coulomb barrier^), multi-Slater determinant theories
from variational principles^) and other topics of inter-
est.

2
II. Quantal Expression for d a/dfidE.

Let us first consider the usual partial wave expan-
sion for the elastic scattering of spin zero fragments.
The cross section is do/dtt = jf(6)| with

f(0) = I ( 2 ^ } (e £ - l)P?(cos6) , (2)

K2 2where E = — k is the cm total kinetic energy and 5, is

the elastic phase shift so that e is the scattering S
2i6£

matrix. If there is some absorption e is replaced by
2i6£

e C o, where Cg is the amplitude for remaining in the

elastic channel. The cut-off angular momentum % is large

enough that 6g = 0. If the Coulomb phase shift,is in-
c

eluded in 6 0 , the introduction of a cut-off % means that

f(0) will be correct only for angles 0 > 1/i .
c

Our aim is to modify Eq. (2) so that it will describe
f(0,E) the amplitude for scattering at an angle 0 and out-
going kinetic energy E smaller than the incoming energy
E^. We begin this by noting that the various partial
waves are allowed to int rfere in Eq. (2) because they are
coming out at the same energy and 0 but not £ is observed.
If we were dealing with inelastic scattering such that
each partial wave has a different energy eigenvalue, each
Z would be an independent channel and the sum over I would
be outside the square. The actual situation in heavy ion
scattering is intermediate between these two limiting
cases, namely each partial wave can be thought of as
having a certain mean energy E£ and mean width T. Thus if
we detect particles at energy E there is an amplitude
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g (E) c _ _ i , (3,
* E-E£-ir/2

for observing a state with an angular momentum I and mean
energy E^. For each angular momentum Z we are saying that
there is a scattering doorway state which can be repre-
sented as the two ion configurations at the instant of
scission. The lifetime x of this scission configuration
should obey the uncertainty relation FT = ft. By inspec-
tion of the time development of semi-classical TDHF heavy
ion scattering we see that x is of the order of 10 fm/c
(1 fm/c = 3.3 x 10~24 s.). In the work we will discuss
here we have therefore used T = 20 MeV. We should keep in
mind that T could be adjusted to fit experiment and could
even depend on the angular momentum I. The amplitude
g.(E) should be normalized so that

dE|g ( E ) | = 1 . (4)

The extension of Eq. (2) to take into account the
amplitude g£(E) can now be carried out. As discussed
above, the procedure for doing this can not be to use a
multichannel theory where states of different final energy
are represented by independent channels, since states of
different £ values are not energy eigenstates. We use a
different formulation. We simply allow the various part-
ial waves to interfere according to the amplitude g.,(E),
by setting

lc 21+1 2 i 6£f(e,E) = Ec | g i e J6C£g£(E)P£(cos6) . (5)
x u

c 2£+lWe have neglected the sum E o., x 1 x P0(cos9) which

contributes to elastic diffraction scattering and whose
effect is appreciable only at angles 9 *< 1/&C. We need to
stay backward of these angles to avoid the diffraction
effects. The expression (5) includes the amplitude C& for
remaining in the direct inelastic channel. The probabili-
ty that the scattering be exactly elastic or that the sys-
tem will undergo complete fusion is thus l-c|. For the 2

lighter systems with compound atomic number < 100, 1 - C^
is dominated by the complete fusion cross section, so we
set
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TT C O

af = ~ I (2£+l) (1-C,) . (6)
k^ £=0 *

The expression (5) is expected to be meaningful for
reactions which are described mainly by the semiclassical
liquid drop scattering with friction. For such systems
the most probable result of a scattering at a given im-
pact parameter (or £ value) is an inelastic deflection by
some angle 0 (I) . Our scattering cross section should
therefore converge to the classical cross section ex-
pressions^^ vs. 6 (£) . We can insure this by using the
quantal approximation

1
SQ = -i / 9 U) dl . (7)

* 1+1/2
The Eqs. (3,5,7) now allow us to obtain the double differ-
ential scattering amplitude f(6,E) in terms of three
functions of £, 6(£), E£ and C^. For very heavy systems
such as the one of Fig. 1, the complete fusion cross
section is negligible because of liquid drop instabili-
ties**) and, neglecting all other channels, we can then
set C^ = 1.

The functions 0(£) and E^ will be obtained from a
TDHF calculation for 1 6O+ 1 6O and 1 4N+ 1 2C. The only way we
could obtain C^ from TDHF would be to add a fusion channel
which would be represented by at least one more Slater
determinant. A multi-Slater determinant theory could be
worked out from the variational principle^). Here we fol-
low a simpler procedure. We consider a model in which
complete fusion would take place whenever enough collect-
ive energy is lost by nucleon emission to prevent the
fragments from coming out. The internal excitation ener-
gies of the fragments we will be dealing with is less than
20 MeV so the most probable event is single nucleon eva-
poration. We have used the statistical model formula of
Eberhard, et al.9^ to calculate an instantaneous width ro

for single nucleon emission. This Fo depends on the
instantaneous internal excitation energy Ex(t) and on the
level density parameter, among other things. The energy
Ex(t) is extracted from the TDHF runs and the level dens-
ity parameter was adjusted to yield reasonable results for
Of and d^a/dQdE. These will be described in the next
sections. Having obtained V (t) we then compute Co as
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ci - e x p { - h { ro ( Ex { t ) ) d t } (8)

i

where t^ and tf are the contact and scission times during
which complete fusion can take place. We will return
later to the possibility of observing complete fusion
(capture) in the single Slater determinant theory itself.
For now we discuss some of the features of our 3-dimen-
sional TDHF calculation.

III. Three-Dimensional TDHF Calculations.

The TDHF method for computing the_semi-classical or-
bit and energy loss function 9(£) and E^ consists in
solving the time dependent Hartree-Fock equations

IE
3lMr,t)
Ki~ O)

where vc is the Coulomb potential and v N is the nuclear
single-particle average potential and is taken from the
simplified Skyrme interaction as

vN(r) = -ap(r) + bp
2(r) (10)

with a = 817.5 MeV fm3 and b = 3241.5 MeV fm6. p(r) is
the to ta l density given by

A/4 ?

p(r , t ) = Z 4 | f ( r , t ) | • dD

The factors of 4 are incorporated because we assume spin
and isospin saturation. This expression for p comes from
the assumption that the total wave function of the j
compound system is a single Slater determinant. This
forces the cm of the clusters to move along classical or-
bits. Thus the TDHF method is quantized and microscopic
in its description of the internal motion but it is class-
ical in the external motion of the clusters. The method
also neglects two body residual collisions which may con-
tribute to the overall viscosity. Only the single particle
viscosity is included in the model. The consequences of
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that will be discussed later. An effective charge of 1/2
is assumed for all particles and only the direct part of
the Coulomb potential is considered.

The initial wavefunctions should be the self-consis-
tent solutions of the HF aquations for the initial clus-
ters. We have approximated these by oscillator wave-
functions with Jrf<o=37.55 MeV/A.1/ . The occupied orbits
for the 1 6 0 clusters are (n x,n y,n z) = (0,0,0), (1,0,0),
(0,1,0), (0,0,1). For 1 4 N and l 2 C , the three p-shell
orbits are given constant occupation of 10/3 and 8/3
respectively instead of 4 as in 1^0. The complete initial
single particle wavefunctions have the form

ik.
= e cf>A(r) (12)

where k;\ is the appropriate initial momentum of the clus-
ter nucleons and <J>, (r) is the real oscillator wavefunc-
tion. A ~

The Hamiltonian in Eq. (11) is time dependent so
that the solutions are not just of the form

exp[-i/ 5 dt]i// x(r,t=0) , because [H(t1) ,H(t2) ] f 0. These

are the familiar time ordering difficulties of scattering
theory. An accurate solution of the equation can be ob-
tained by using the predictor-corrector methodic) consist-
ing of the following two steps

1) predictor of order n(n=6 in this work):

n•J> , (t+nAt) = <K ( t+(n- l )At ) f At Z p KA A k = 0 k A

2) c o r r e c t o r s of o rder n :

(t+kAt) , (13)

=- |> x ( t+(q- l )At) + A t
n

(t+kAt) . (14)

n

The time step used here was At = 1.25 fm/c and the deri-
vative $ is just -i/JtfHi/', as given by Eq. (9) . The kinetic
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energy is diagonal in momentum space whereas the potential
is diagonaloin coordinate space. An accurate method of
generating $ consists in using the Fast Fourier Transform
(FFT) algorith11) to transfer back and forth from coor-
dinate to momentum space using the finite Fourier trans-
form relation

^ * (x ,t) e -
2 - i m ^ N , (15)

m=0 A m

in one dimension with -N/2 < £ ^ N/2+1. The values of the
coordinate ^ and momentum k^ on their respective grids
are given by

*m = m Ax' k£ " fj I • (16)

4
We have used Ax = 1 fm, and N x = 16 = 2 , N v = Nz = 24 =
3x23. The y,z plane is taken to be the scattering plane.
With these parameters the norm and total energy were con-
served to about 1 part in 103 during a complete collision.

All the calculations were started at an initial sep-
aration of 10 fm for the cm of the clusters and were
stopped when the separation of the clusters was again
about 10 fm. Classical Coulomb trajectories were matched
before and after these points. The final kinetic energy
is obtained by computing the total momentum of the_ indi-
vidual clusters after separation. This gives us E^. The
final angle after matching to Coulomb orbits gives 8 (.?•) .
The initial £ is used to determine the initial impact
parameter according to Eq. (1) and the final internal spin
was neglected, so that £ was assumed to be the total orbi-
tal angular momentum both before and after the collision.
More complex expressions^) for f(o,E) will be needed if
the internal spin is included. The loss of kinetic energy
is assumed to go to internal energy. By computing the
collective kinetic energy vs time an internal energy E x

vs time is also obtained so that Co can be computed from
Eq. (8). *

IV. Results.

Before we present our results for the double differ-
ential cross section d^cr/d^dE it is of interest to look at
the density and velocity fields as a function of time.
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The Figs. (2-a,b/c) show some density contours for 9 dif-
ferent times into the collision. The reaction is l^N+l^c
at E£/Ap = 8 MeV and an impact parameter b=l fm, which
corresponds to & = 4J1. The l^N fragment is initially on
top. The contours show equal values of the integrated
density

PI(y,z) = /dxp(x,y,z) . (17)

The increment from one contour line to the other is about
0.15 nucleons/fm^. The field of arrows corresponding to
each density represents the velocity field v(r)=J(r)/p(r)
(and not the current as labelled in the figures) in the~
scattering plane x=0. The velocity vx(x=0,y,z) vanishes
and Vy and vz are shown by the arrows, on a grid, at every
fermi. The third frame at T=70 fm/c is already past the
maximum compression point since the velocity arrows have
already changed sign. From the fifth frame on (T=110fm/c)
we see that the system does not fuse and that the heavy
fragment is now in the bottom. This type of scattering is
called vibrational instability scattering and has been ob-
served in the scattering of classical liquid drops^) . A
neck of about 0.4 nucleons/fm^ forms around T=110 fm/c
and survives until T = 160 fm/c. The neck breaks off
(scission) from T = 160 to T = 80 fm/c and at T = 190 fm/c
one can observe a fairly complex internal velocity field.

We next show in Fig. (3-a,b,c) a different type of
event corresponding to rotational instability scattering
in the classical case and to deep inelastic scattering
for the reaction of Fig. 1. We study the case 16Q+16O at
E^/Ap = 8 MeV and b = 5 fm which corresponds to I = 25K
and is slightly above the orbiting value. From T = 60
fm/c to T = 150 fm/c there is u. quite well defined y=wxr
quasi-stationary rigid rotational velocity pattern. The
density shape is correspondingly stable. However from
T = 180 fm/c on the necking instability sets in and at
T = 320 fm/c the fragments have come apart and the usual
internal octupole vibrations can be seen.

The Fig 4 shows the cm iflection function 0 (£) in
degrees for I^+I^Q a^ E^/Ap = 8 MeV. The grazing angle
occurs at £ = 28# and is about 9.4°. The deflection angle
then becomes negative so that there is a possibility of
Franhofer interference between the positive and negative
angle orbits. A single quasi-orbiting angular momentum
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of I = 18K is present and the deflection comes back to zero
as 2,->-0. Such a curve is quite similar to what we would get
from ordinary ^-independent potential scattering.

10 15 3) 25

angular momentum I {Cil)

Figure 1

The Fig. 5 shows the percentage cluster kinetic ener-
gy loss after the scattering, in the cm, as a function of
the cm angular momentum (solid line). Most of the energy
is lost before the orbital I is reached. The dotted
curve shows the amplitude C& for remaining in the TDHF
channel. It has a zero at the orbiting angular momentum
but it rises again at lower I values because of the vibra-
tional instability. We can get an estimate of the amount
of complete fusion cross-section lost to vibrational in-
stability by computing first the complete fusion cross-
section with the curve as shown inserted in Eq. (6) for
Of; this gives Of = 860 mb. We can also compute Of as-
suming that C£ is zero for £ < 18. This gives Of = 1030
mb. The experimental complete fusion cross-sectionl4) for
1 4 N + 1 2 C a t t h i s energy is 900 ± 100 mb.

The Fig. 6 shows the laboratory double differential
cross-section d2a/dfidE, with the vertical axis in mb/MeV-
sr and the two horizontal axes being the laboratory scat-
tering angle in degrees and the final laboratory kinetic
energy of the heavy (Nitrogen-like) fragment.
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Figure 6

The low energy peak receives most of its contribution from
the vibrational instability scattering. This was verified
by plotting a similar cross-section in Fig. (7) but with
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C£ = 0 for I < 18. The yield is then attenuated by about 1
order of magnitude at low energies (E, . < 50 MeV). In

this instance the vibrational instability falls in the same
energy range as the residues of the fused system after
evaporation and is therefore difficult to detect. The high
energy peak (E, , > 50 MeV) comprises both the positive and

negative parts of the orbit. This system is not heavy
enough and does not'loose enough energy to separate these
two parts of the orbits. In fact they interfere with each
other. This is illustrated in Fig. (8), where we show as
a solid line the energy integrated cross-section from 50
MeV on up (to eliminate the vibrational part) as a function
of the laboratory scattering angle 61 , of the heavy frag-
ment, in degrees. The vertical axis of that figure is in
mb/sr. The strong oscillations at forward angles have the
form sin2(kR6), with kR = £ „ . , „ . . The exponential damp-

yidZ my_/ — — _J

ing at larger angles is again a quantal effect and comes
from the absorbtion of the flux into the complete fusion
channel (C£->-0) near & o r b i t a l-

 T n e dotted line shows the

integrated cross-section for the vibrational part at
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E.. , < 50 MeV. The triangles represent unpublished ex-
perimental data from ORNL on the direct inelastic scatter-
ing of 14N on 1 2C at E£/Ap(l

4N) = 10 MeV/A. The data are
summed over Z values near Z=7. The absence of oscilla-
tions at forward angles probably means that the sum over
the final spins of the fragments, which was neglected
here, is incoherent. The slope of the exponential is in
reasonable agreement with the calculation, but the cal-
culated cross-section is too large by about a factor of 2.
The normalization of da/AQ, is very sensitive to the de-
tails of the amplitude C^. A more detailed comparison
must await a better calculation of CJJ,. The present re-
sult nonetheless represents a considerable improvement
over the l/sin9 result that one would obtain by using the
classical formula b db/d cosG for the direct inelastic
scattering cross-section.

V. Prospects for Future Calculations.

There are two main directions which our efforts
should take. The first one is to compute the deflection
and energy loss functions for heavy systems such as in
Fig. (1). The complete fusion cross-section is negligi-
ble there so that one should have a better comparison with
experiment. The energy loss is also larger with respect
to the doorway state width of about 20 MeV so that the
positive and negative angle parts of the trajectories can
be resolved. Recent developments in Berkeley, Livermore,
and ORNL show promise of being able to handle up to about
100 orbits, in 3-dimensions, with a reasonable amount of
computing time. The second direction is to include more
than one Slater determinant in order to account for the
dominant complete fusion cross-section in the systems
with compound atomic numbers < 100. The TDHF equations
of motion for these more complex configurations can in
principle be derived from time-dependent variational
principles**).

Some calculations of interest are:

i) Hydrodynamic approach where the TDHF equations
for the wavefunctions are replaced by coupled equations
for p,J,T^.i, etc.

ii) The low energy behaviour of the complete fusion
cross-section depends on the dynamics of the neck forma-
tion prior to fusion. This dynamic can be studied in the
TDHF model.



iii) The dynamics of fission from states of the com-
pound system which lie above the fission barrier can be
studied in the single Slater determinant theory.

iv) The effects of the spin of the final fragments
on the scattering can be studied.

v) In the more distant future we can expect to
study the relation between heavy ion scattering and the
conventional shell model spectroscopy of the fragments
and on the compound system; for instance one could study
the shell corrections to the complete fusion cross-section
in the p and s-d shells.
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A survey is presented of the experimental information presently
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available for nuclear reactions induced by 15 to 20 MeV/amu c, N

and O projectiles. Fusion, fission-like and fragmentation reactions

are discussed.
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Introduction

This paper is a survey of the current information on the nuclear

reactions induced by C, N and 0 projectiles with kinetic energies

of 15 to 20 MeV/nucleon. Such projectiles are the highest energy "low

energy" heavy ion projectiles presently available for experimental

studies. In contrast, the lowest energy "high energy" heavy ion pro-

jectiles now available have energies*»200 MeV/nucleon.

The particular interest in reaction studies with such projectiles

can perhaps best be indicated by use of a schematic classification of

nuclear reaction space suggested by W. Swiatecki and presented in

Figure 1. The dominant phenomena expected to occur in different regions

of the space are indicated by the labeling of those regions. The shaded

bands represent transition regions in which the underlying physics

describing the nuclear interactions is expected co change qualitatively.

The dark circle on the figure represents the portion of reaction

space which is the subject of this paper. In terms of this classification

scheme, such reactions mark the point of transition into the region

dominated by macroscopic effects ' as the nuclear size increases and

4 5
into the region where supersonic effects ' should become important as

the nuclear velocity increases beyond the average fermi velocity of the

nucleons in the nuclei. A major goal of the present survey is to

indicate the extent to which the expected transitions are observable in

the reactions induced by 15 to 20 MeV/nucleon C, N and 0 projectiles.

Counter telescopes provide an excellent experimental tool for the

simultaneous study of the large variety of reaction mechanisms which are

possible when two heavy nuclei collide. An example of the types of data
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which may be obtained with such telescopes is presented in Figure 2. The

intensities of reaction products emitted at a lab angle of 10° following

14
the reactions of 262 MeV N with Ni are represented as a function of AE

and E,the energies deposited in the transmission and stopping detectors.

This angle is near the grazing angle. The relative yields and the

energy distributions observed in this figure suggest that at least three

qualitatively different types of reaction mechanisms are involved in the

14
collisions of N with Ni. The products of highest atomic number,

approaching that of the composite system have high yields and low kinetic

energies. The energies are comparable to the kinetic energy expected

for recoiling compound nuclei produced in total momentum transfer collisions.

These products of highest atomic number appear to be primarily evaporation

residues of Br nuclei produced in complete fusion reactions.

Products with lower atomic number, intermediate between that of the

compound nucleus and of the projectile appear with lower intensities and

have narrow distributions in kine' c energy with average energies which

are comparable to the Coulomb repulsion energies which would be observed

in products of two body breakup of the composite system. Such products

then appear to result from fission-like reactions.

The products having atomic number near that of the projectile have

large yields and kinetic energy distributions extending to high energies

approaching that of the elastically scattered projectile. These observations

suggest that such products result from reaction processes which are more

direct than those already mentioned.

In Figure 3, a comparison is made of the laboratory angular distributions

dc/dft for products selected from each of the qualitatively different
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regions of Figure 2. Even in the laboratory frame, with the large

center of mass velocity imposed on the distributions there are clear

differences in the product angular distributions. The projectile-like

products represented by C have very forward peaked angular distributions

which gradually decrease in slope at large angles. The evaporation

residues represented by Cr have angular distributions which are less

strongly forward peaked but decrease more rapidly with increasing angle

of observation. Finally, the Si angular distribution, characteristic of

the fission like reactions decreases relatively slowly with increasing

angle.

The tentative conclusions which were reached about the qualitative

differences in the predominant reaction mechanisms leading to products

in the different groups are supported by observations of the angular

distributions associated with these products. For convenience we shall

discuss each of these three types of reactions separately, always recognizing

that the dominance of one reaction mechanism does not preclude contributions

from others, i.e. that the boundaries between certain types of collision

phenomena are not perfectly distinct.

Complete Fusion Reactions

Complete fusion reactions still account for a large fraction of the

total reaction cross section for 15 to 20 MeV/amu projectiles. This is

evidenced in Figures 4, 5, and 6 where evaporation residue cross section

6 7 8 9 12 12 1?
data ' ' ' are presented for the reactions of C with C, C with

Al and 0 with Ca. These data are plotted as a function of 1/E ,
cm

the reciprocal of the center of mass energy. As has been emphasized by
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Glas and Nosel, ' for energies such that (E - V ) >> fiw, where V is
cm I I

the potential energy at the interaction distance, R , where nuclear

reactions first begin to occur and fiw characterizes the width of the

potential barrier, the total reaction cross section, a , may be represented
R

as

R i I

cm

Thus a plot of a versus 1/E should define a straight line whose slope

and intercept determine R and V . Since fusion is a very probable

reaction at least at energies just above the interaction barrier, the

fusion cross section is expected to show the same energy dependence

initially. Ngo and co-workers have recently presented a convenient

parameterization of R and V in terms of the product of Z and Z
12

the projectile and target atomic number. Solid lines in Figures 4-6

represent the expected total reaction cross sections based upon that

parameterization.

At higher energies, if the probability of fusion is controlled by the

necessity to reach the critical fusion distance ' R^ the cross section

for fusion a would be

ap = UR^ (1 - /-) (2)

cm

where V is the potential energy barrier at R . At high energy then, a

plot of the fusion cross section versus 1/E should produce a different
cm

straight line whose slope and intercept define V and R1?.

Under the assumption of no dissipation until the critical distance is

reached, information on the interaction distance, the critical fusion

distance and the nuclear potential at those distances may be extracted.
12 27

For example, a least squares fit to the C + Al fusion reaction data
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of Figure 5 leads to the result that R = 5.44 fm and V = -11.0 MeV.
r r

This critical distance for fusion is consistent with the large body

of data which has accumulated indicating that the critical distance is

essentially that distance corresponding to the sum of the half density
„. • c ... -, • 13,14,15,16radii of the two nuclei.

For I = 0, V = V + V where V is the potential arising from the

nuclear force and V is the Coulomb potential energy, assuming that V =

1.438 ZpZ/R, we find V = -31.6 MeV at Rp.

In Figure 7, this extracted value of the nuclear potential is

compared with several proposed ion-ion potentials derived from liquid drop

, , ^ 17,18,19
model arguments.

The result is in excellent agreement with the semiempirical potential

19
recently proposed by Bass. It should be noted that this potential

differs from that originally proposed in that the nuclear potential

has been parameterized as

CTCP

where C and C are the half density radii of the target and projectile

nuclei. The function g(s) assumed to be a universal function of s, the

distance of separation between the surfaces defined by the half density

radii, has been determined from recent experimental data, generally

at lower energies than 10 MeV/nucleon. In Figure 8, the derived function

19
g(s) is presented together with a comparison with the function which

represents the potential proposed earlier.

In Figures 4-6, fusion cross sections calculated with the Bass

potential and with the proximity potential are presented for comparison.

The critical distance model provides a useful tool for predicting fusion

cross sections.
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Figure 9 is presented in order to focus on fusion data obtained for

the highest energy C, N and 0 projectiles for which such measurements

have been made. For this purpose we have assumed that fusion reactions

occur preferentially for the lowest impact parameter collisions. In

that case, the fusion cross section is related to the maximum angular

momentum of the fusion product by the sharp cut off approximation expression

l)t2] = 2]i EcmaF (4)

It is the limiting angular momenta derived from the evaporation residue

cross section measurements which have been plotted in Figure 9. Once

again calculations using the Bass potential are presented for comparison.

As indicated previously, the calculations are in good agreement with the

data. Of course, if any significant fusion-fission probability exists

it should be added to the evaporation residue cro^s section for such

comparisons. In fact, as we shall note in the next section such cross

sections are very low in the mass range for which evaporation residue

measurements are presented in Figure 9.

For comparison to the experimental data, Figure 9 also contains the

predicted £-limit to nuclear stability which arises when the angular

momentum dependent fission barrier drops to zero. One would expect

that this constitutes a limit to the production of compound nuclei which

decay by statistical evaporation processes and signal a rapid increase

in fission-like reactions as the angular momentum increases above this

22 23
value. It is possible that such effects have been observed ' but

considerably more data are required to establish this point.

The data presented in Figure 9 indicate the production of compound

nuclei with large angular momenta. Such nuclei offer the opportunity to
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test other theoretical predictions of the properties of nuclei having

high angular momenta. Notable among these is the calculated rapidly

21
increasing deformation as the angular momentum of the nucleus increases.

Such deformation should have significant effects on the excitation

energy dependence of the yrast line and on level densities and therefore

on the de-excitation modes which are followed. Studies of Y-ray emission

from some of these nuclei demonstrate that the angular momentum dissipation

25
occurs predominantly in the particle emission cascade and therefore it

is probably necessary to focus on studies of the emitted particles,

particularly o particles, or on the product yield distribution to study

such effects in the light to medium mass region.

Fission-like Reactions

26
The classical deflection function for the interaction of 262 MeV

14 109

N ions with Ag is shown in Figure 10. For this purpose, the

Bass ion-ion potential, which was found in the preceding section to be

in agreement with the fusion cross-section data, was employed in the

calculation . In Figure 11 the trajectories corresponding to partial

waves of & = 5 to 200 are depicted. The circle on this figure has a

radius equal to the sum of two half-density radii of the target and

projectile nuclei.

These figures emphasize the fact that partial waves with i just

above &- interact strongly with the target nucleus. It is natural to

associate such trajectories with the reactions in which large kinetic

energy losses and large mass transfers are observed,such as those leading

to the intermediate-atomic-number products of Figure 2.
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Such reactions have been observed in the reactions of 10 to 20

MeV/amu C, N and 0 projectiles with a variety of targets. ' '

Except at very forward angles, the most probable kinetic energies of the

products of these reactions are close to the energies which are expected

from Coulomb repulsion.

In Figure 12 are the most probable kinetic energies of products of

12
fission like reactions of 197 MeV C with Ni, Y, Ag, Tb and Au targets.

For the reactions with Ni, Ag and Au, the trend of kinetic energies

calculated assuming two spherical nuclei in contact are also presented.

Those energies agree very well with the experimentally determined energies

for low Z products but overestimate the kinetic energies of high Z

products. The observed energies have not been corrected for mass changes

which occur during de-excitation of the primary fragments. Even so the

data indicate rather large distortions of the more symmetric dinuclear

systems at the time of scission.

14
For the fission-like reactions of 262 MeV N with Ag, product

angular distributions corresponding to complete damping are presented in

Figure 13. Constant values of (da/d6) with angle indicate that the
cm

product results from the decay of a system having a lifetime which is

comparable to or longer than the rotational period. Such angular

distributions are observed for the heavier reaction products and may

indicate a fusion-fission reaction mechanism. However for the lighter

products, even though the kinetic energy damping is complete, the angular

distributions are distinctly forward peaked. The gradual change of the

angular distributions with increasing mass transfer has been interpreted

as resulting from the evolution of the composite systems along the
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mass asymmetry degree of freedom. The great sensitivity of the mass asymmetry

potential to the angular momentum of the system is obvious in Figure 14.

120
There, for the composite system I, the mass asymmetry potentials

for two rotating spherical nuclei in contact are shown as a function of

mass asymmetry and angular momentum. For comparison, the initial

12 108
asymmetry corresponding to C + Ag is indicated. Such potentials

clearly favor fusion into a single spherical nucleus at low angular

momentum but increasing possibility of evolution towards a symmetric

dinuclear system at high angular momentum. Extensive calculations have

been performed using diffusion models to study the evolution of such

systems.

Integration over the angular distribution presented in Figure 13

(assuming constant values of (da/d6) at angles greater than those for
cm

which experimental data are available) leads to a cross section for

fission-like reactions producing elements with 10 £ Z £ 27 of 40 mb.

This cross section is equivalent to the cross section associated

with ~1 partial wave with H-l. . The reactions are of course not

necessarily confined to such a limited & space.

In Figure 15 center of mass angular distributions (dcr/d 91 for
cm

the reactions of 262 MeV N with Ni, Ag and Au targets are compared.

The cross sections correspond to the emission at center of mass angles

near 35°. The relative importance of deep inelastic collisions decreases

with increasing asymmetry of the initial collision. However the fraction

of the deep inelastic yield which is accounted for by each element is

relatively constant as evidenced by the very similar shapes of the cross

section curves in the region of the lighter product elements.
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In summary the observation of such reactions appears to signal

entrance into the region of macroscopic reaction processes in which di-

nuclear composite systems evolve towards more symmetric configurations.

Direct Reactions

Reactions leading to products with atomic number near that of the

projectile apparently reflect the more peripheral nucleus-nucleus col-

lisions. What is the basic nature of such collisions?

Certainly simple few-nucleon transfer reactions will make a contri-

bution to the cross section for peripheral collisions. However, the evi-

32 33
dence is that the cross sections for such transfers are low. '

Near the grazing angle the center-of-mass kinetic energies of the

light products have relatively high kinetic energies and broad energy

distributions. These reactions have been termed quasi-elastic or partially

damped. Since the most probable energies and the widths of the energy

spectra decrease rapidly with increasing angle, these partially-damped

collisions may reflect break-up of the composite system in early stages of

its evolution before relaxation is complete. Various dynamical models

34
have been proposed to describe the energy damping in such reactions.

Recently, Gelbke and his co-workers at LBL have made an extensive

study of the reactions of 315 MeV 0 with several target nuclei.

Their investigation of the systematics of light ion production in these

reactions discloses several interesting, features. In Figure 16 the cross

section data which they obtained for the reactions of 0 with Pb

are compared with similar data taken at projectile energies of 140 MeV

and 33.6 GeV by plotting the cross section ratios. Part (a) of the

figure shows that as the projectile energy is increased from 140 MeV to
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315 MeV the relative probability of producing light fragments increases with

increasing removal of nucleons. In contrast, this relative probability remains

essentially constant as the projectile energy increases from 315 MeV to

33.6 GeV. These data suggest that a qualitative change in the reaction

mechanism takes place between 140 MeV and 315 MeV.

In Figure 17 similar cross section data measured for the interactions

of 315 MeV 0 projectiles with other targets are compared with the data

208
for the Pb target nucleus. There it will be noted that the production

cross sections for light fragments are essentially independent of the

target nucleus, that is, factorization is observed to be a valid concept.

Additional information on the reaction mechanism results if the

fragment energy spectra, observed at energies near the grazing angle,

are investigated. Such energy spectra are presented in Figure 18 for

the 0 + Pb reactions.

There are several energies which might be employed to characterize

the products resulting from different reaction mechanisms. Two-body

transfer reactions leading to the production of the final nuclei in

their ground states will lead to fragments of relatively high final

kinetic energies. This energy is designated g.s. in Figure; 18. In

contrast, two-body reactions leading to the maximum excitation energies

of the two product nuclei would lead to fragment kinetic energies repre-

sentative of the exit channel Coulomb barrier. This energy is designated

V in the figure. Products of projectile break-up into fragments with

velocities equal to that of the initial beam would have energies such as

those designated E in the ploc. For fragments of atomic number close

to that of the projectile, energies close to E are observed. For lower

Z fragments energies significantly lower are observed.
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In the projectile frame of reference, a fragment with the beam

velocity has a momentum P which is identically zero. At high energies,

a fragment produced by the decay of an excited projectile is predicted

to have a mean momentum P in the fragment frame which is just
o

Po = - ^ ( E P * + V > (5)

where M is the mass of the observed fragment, M the projectile mass;

V, the beam velocity and E * and E * are the excitation energies of the

projectile and target nuclei. The projectile excitation energy E * is

E + E where E is the separation energy of the projectile into the
S K 5

fragments and E is the kinetic energy of the fragments. The latter is
K

expected to be 3/2 T where T is the nuclear temperature.

Further, the distribution of fragment momenta in the projectile

37
frame is of the form

(P-P ) 2

N(P) a exp [ —] (6)
2a

M (M -M>
The width a = a — • - . (7)

o Mp-1

Using values T = 7.2 MeV and a = 80 MeV/C which are very close to the
o

38
corresponding values derived from the reaction data at 33.6 GeV, the

Berkeley group have determined the average expected laboratory energies,

E_, and the distributions expected for pure projectile excitation. These

results are presented in Figure 18 where they are found to be in very

good agreement with the observed distributions, supporting the idea that

such reactions might be interpreted as projectile fragmentation. This

would be consistent with entry into a qualitatively different region of

reactions, at least for peripheral collisions, when 20 MeV/amu heavy ions
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are employed as projectiles.

The limiting angular momentum for "central collisions" in the

reactions of 315 MeV 0 with Pb also appears in Figure 8. This

value was derived by subtracting the measured cross section for

"peripheral collisions" from the total reaction cross section. This

limit is in agreement with the calculated fusion cross section limit but

no detailed studies on the mechanisms of the reaction in these central

collisions exist.

Since the projectile velocities of 15 to 20 MeV/amu correspond to

the theoretical threshold region for the onset of density compression

39
effects some efforts have been made to search for such effects in

40 41
central collisions at these energies. ' So far these experiments do

not provide any evidence for compression.

Summary

Studies of reactions induced by 15 to 20 MeV/amu heavy ion projectiles

provide new information on the ion-ion potential, on the effect of

angular momentum on the evolution of a nuclear reaction and the subsequent

decay of the reaction products, and on the changing character of

reaction mechanisms which occur at high energy.
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Appendix

Visual presentation of data has long been recognized as a very

effective technique for maximizing the transfer of information.

The preceding paper, and indeed most of the papers presented in this

conference rely heavily upon this method.

Bearing this in mind, it is perhaps useful to emphasize certain

limitations inherent in the technique. This is attempted in Figure 19

where a common object has been plotted using various combinations of

scales for the ordinate and abcissa. The scales used are linear, log,

exponential, square and square root. In this case, the linear-linear

plot which appears at the center is perhaps the most useful representation

of the data although other combinations of scale might well be chosen to

emphasize certain features such as the striking resemblance of a pig to

a buffalo (lower right), a monkey (upper right) or a coyote (upper

left).

Figure Caption

Figure 19. Pig (Ref. 42).
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Figure Captions

Fig. 1 A classification of nuclear reactions according to the qualitatively

different phenomena which are expected to be dominant for particular

projectile masses (plotted as A ) and projectile velocities

(plotted as energy/amu). The region corresponding to the reactions

discussed in the text is indicated by the solid circle.

Fig. 2 Product intensities observed at 0 = 10° for identified products

14
of the reactions of 262 MeV N with Ni. The data are presented

as a function of AE and E, the energies deposited in the two

detectors of the counter telescope.

Fig. 3 Laboratory angular distributions (do/in) for C, Si and Cr nuclei

14
produced in the reactions of 262 MeV N projectiles with Ni.

12 12
Fig. 4 Fusion cross sections for the reactions of C with C. The

data from reference 6 are represented by the chin solid line.

A typical data point from that work is represented by the

open circle. The solid circles represent data from reference

7 with relative errors indicated. For comparison, total reaction

cross sections (heavy solid line) and fusion cross sections

(dashed lines) have been calculated as indicated in the text.

12 27
Fig. 5 Fusion cross section data for the reactions of c with Al.

The solid circles represent data from reference 8. Relative

errors are indicated. The solid squares represent the total

reaction cross section measurements of reference 20. For

comparison, total reaction cross sections (solid lines) and

fusion cross sections (dashed lines) have been calculated as

indicated in the text.
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Fig. 6 Fusion cross section data for the reactions of 0 with

40

Ca. The solid circles represent data from reference 9.

For comparison, total reaction cross sections (solid line)

and fusion cross sections (dashed line) have been calculated

as indicated in the text.
12 27

Fig. 7 Nuclear potentials for the interaction of C with Al.

Three different potentials based on liquid drop model

considerations are presented. The solid point represents the

determination of II, and V from the data in Figure 5 and the

assumption that V = 1.438 2pZrp/RF'

Fig. 8 The empirical potential function g(s) suggested by Bass.

References to the data employed in determining this function

appear in reference 19. The lines labeled 1 and 2 indicate the

equivalent function corresponding to the potential proposed

in reference 15 assuming l:r s- 1.00 fm and 2: r =1.07 fm.

o o

Fig. 9 Sharp cut-off limiting angular momenta derived from evaporation

residue cross-section measurements. The points indicate the

experimental data. Calculated fusion cross sections as a function

of A the mass of the compound nucleus are presented for

reactions with 197 MeV 1 2C, 262 MeV 14N and 310 MeV 160 projectiles.

The dashed line indicates the theoretical angular momentum

at which the fission barrier disappears. The data point

for 315 MeV 0 projectiles is derived from the cross section

for peripheral collisions.

Fig. 10 Classical deflection function for the interaction of 262 MeV
14 109
N with Ag. The solid line indicates the deflection function
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calculated assuming the nuclear potential proposed in reference

19. The dashed line indicates the Coulomb deflection function.

Pig. 11 Projectile trajectories corresponding to the deflection function

presented in Figure 10. The circle indicated on the figure

has a radius equal to the sum of the half density radii of the

interacting nuclei.

Fig. 12 Most probable kinetic energies for products of fission-like

reactions of 197 MeV C projectiles with Ni, Y, Ag, Tb and

Au targets. The predicted trend of kinetic energies for the

Coulomb repulsion of two spherical nuclei in contact is also

shown for the Ni, Ag and Au targets.

Fig. 13 Center of mass angular distributions (do/d6) for products of

14 109
the completely damped collisions of 262 MeV N with Ag.

Statistical error bars are indicated where they are larger

than the data points.

Fig. 14 Mass asymmetry potentials calculated for the composite system

120

I. The potentials calculated for two spherical nuclei in

contact and undergoing rigid rotation are presented as a

function of A /(A + A ) where A is the mass of the light

partner and A that of the heavy partner. All values are

relative to that of the spherical nucleus. The initial

asymmetry for C + Ag is indicated by the heavy vertical

line on the asymmetry scale.

Fig. 15 Cross sections (d<j/d9) for products of the reactions of completely
cm

14
damped reactions of 262 MeV N with Ni, Ag and Au. The center
of mass angles vary with product but are near, 35°.
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Fig. 16 Cross section ratios for light products produced in the inter-

16 208
action of 0 with Pb at projectile energies of 140 MeV,

315 MeV and 33.6 GeV. In part (a) the ratios of the isotopic

and elemental yields observed at 140 MeV projectile energy

to those observed at 315 MeV are plotted. In part (b) the

analogous ratios for data taken at 315 MeV and 33.6 GeV

are presented. Data are from reference 35.

Fig. 17 A comparison of isotopic and elemental yields of light products

16 94 197
produced in the reactions of 315 MeV 0 with Zr, Au,

Pb and Th.

Fig. 18 Energy spectra of light elements in the reactions of 315 MeV

0 with Pb. Expected energies corresponding to various

assumptions (see text) are indicated by arrows. The dotted

line is the distribution calculated from a projectile fragmentation

model.
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THE FLUID-DYNAMICAL MODEL FOR HEAVY-ION
REACTIONS IN THREE DIMENSIONS

J. A. Maruhn
Oak Ridge National Laboratory*
Oak Ridge, Tennessee 37830

I. Introduction

The purpose of this talk is to give a short overview of some of the
work that has been done in the area of general fluid dynamical models of
heavy-ion collisions, focusing mainly on the very general calculations
of three-dimensional collisions performed by the Los Alamos group*""1*)
and by our group at Oak Ridge.

A simple characterization of the differences between the two cal-
culations, aside from the technical one of different numerical methods,
might be given by stating that the Los Alamos group solves the relati-
vistic Euler equations without full treatment of binding effects, where-
as we solve the non-relativistic Navier-Stokes equations with correct
treatment of binding. We intend to extend our code to relativistic
situations, however.

II. Fluid Dynamics as a Branch of Continuum Mechanics

Before trying to describe nuclei in a fluid-dynamical model, let us
take a glance at related branches of classical physics that might be
useful for model descriptions of nuclei.

The most general theory encompassing the field is continuum
mechanics, which considers all material systems that may be described by
macroscopically smooth fields like density p, velocity v', and energy
density. The dynamics of these fields is governed by conservation laws,
e.g. conservation of mass

ff + V-(pv) = 0

and momentum

3
(pv) + V-(pw) = v«S,

Cf L

Research sponsored by the U.S. Energy Research and Development
Administration under contract with Union Carbide Corporation.
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where S is the stress tensor, and a set of constitutive equations de-
pending en the properties of the materials, which serve to complete the
macroscopic description. The most familiar example of these is the
equation of state; for the two_^equations given above, we would have to
give S as a function of p and v to complete the description.

Let us just mention in passing that there may be several inter-
acting components in a continuum system, such as different chemical com-
pounds or phases. This may be described easily by the use of several
fields p, v", etc. An example of a two-component system will be en-
countered later in the two-fluid model for nuclear collisions.

Continuum mechanics may be subdivided into< ̂ hree branches, de-
pending on the properties of the stress tensor S:

Solid Mechanics; S depends on the deformation only. Example:
elastic solids obeying Hooke's law.

Fluid Mechanics: S depends only on the rate of deformation.
Example: Newtonian fluid.

Rheology: This name covers everything not included in the two
special branches mentioned. S may depend on the deformation
and its time change in any way and may also be modified by the
history of the system.

In the following, we shall only be concerned with the special case
of a fluid dynamical description. One should, however, always bear in
mind that more general models are available in this field and might be
considered for describing nuclei.

III. Properties of the Nuclear Fluid

Let us assume for the moment that nuclear matter can be described
as a classical fluid (the conditions for this will be discussed later).
It is then of utmost interest to examine the properties of this fluid in
a collision situation in order to decide how general a dynamical treat-
ment is needed. Some of these decisions may be stated as simple alter-
natives:

1. Compressible or Incompressible fluid? — The criterion for this
is whether flow velocities are comparable to the speed of sound.
For nuclear matter with an incompressibility K (in MeV), the
speed of sound is

C_ = (K/9m )
S o

and the projectile energy per nucleon above the Coulomb barrier
in the lab system needed to reach such a relative velocity in a
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heavy-ion collision is

E/A = K/18,

so that for the typical range of estimates for K between 150 and
300 MeV we obtain Cg between 0.13c and 0.19c (c is the speed of
light) and E/A between 8 MeV and 17 MeV. Apparently compressi-
bility will be important at least in the "intermediate" and
"high" energy ranges. It should be mentioned, however, that an
incompressible fluid drop must have a sharp surface since the
interior density is by definition constant; thus a realistic
treatment of the nuclear surface requires a compressible fluid
model at any speed.

Viscous or Inviscid? — The experimental data on fission and
strongly-damped collisions seem to indicate that viscous effects
play an important role in nuclear collisions. The introduction
of damping into a fluid-dynamical model, however, is not with-
out problems; a microscopic damping caused by one-body dissipa-
tion cannot be incorporated easily into the model; on the other
hand, even an inviscid fluid shows strong energy dissipation in
shock frontsr We shall disregard one-body dissipation and
assume the presence of an explicit viscous force in the model
equations. We then have to decide whether the fluid is

Newtonian or Non-Newtonian?, i.e., whether the viscous
stress tensor is of the special form

where p is the scalar pressure and n and £ are the coefficients
of viscosity. Since there is no experimental or theoretical
information on this point, and since this form is the simplest
possible one for a fluid, we shall adopt it for the time being.
Whereas z; is completely unknown, there are estimates on n based
on fission calculations. The latest estimate5 is n B 0.03 n fm~3.
This yields a Reynolds number of

m pvd
R e = _J> = 2 7 0 i

n c

where p a 0.17 fm , d a 10 fm was used to characterize a nuclear
collision. The classical limit for the transition to turbulent
flow is for Reynolds numbers of the order of a thousand, so
that we are well below this limit. Since a strong dependence
of ri on temperature cannot be excluded, however, the possi-
bility of turbulence cannot now be dismissed definitely.

3. Thermoconducting or not? — On the problem of the
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thermoconductivity of nuclear matter, there is even less defini-
tive knowledge than on the viscous properties. The calculation
of the coefficient of thermoconductivity K based on a Fermi gas
model6 yields, in the low temperature limit (kT << e ),

= 2.17 fm2

7̂ - , Qo * 1.06 fm
2.

' 7-3 2 2 0 ' H2
15 /2 TT k^T ^2

It should be noted that both quantities become infinite near
T = 0, which is improbable for nuclei because of their super-
conducting behaviour near the ground state. (For a more de-
tailed discussion of these problems, see ref. 7.) To get an
idea of the importance of thermal conduction, one may compute
the Prandtl number

7T2 2 2
where the heat capacity at constant pressure Cp = -r- k T /m £„
for a Fermi gas was used. The product of the Reynolds and
Prandtl numbers measures the ratio of convective heat transfer
to thermal conduction. In our case we have

Re-Pr = 500 -,
c

so that at moderate velocities convective heat transfer should
dominate, at least as far as the pure Fermi gas model is accu-
rate. Since the situation is by no means conclusive, and to
allow for heat conduction in model calculations is not ex-
pensive, it seems best to provide for that possibility.

IV. Validity of the Fluid Model

There has been some discussion in recent years as to the validity
of a fluid dynamical description for the collision of two pieces of
nuclear matter3*8~9). All of the arguments found, whether presented in
favor of or against the fluid model, seem to indicate that the physical
quantities concerned are just at the borderline of validity of fluid
dynamics. Because of this and of the possibility of additional physical
effects like pion condensation, which may change the arguments en-
tirely10), it may be best to try to use a comparison of experimental data
with the model results to obtain information on the validity of the
assumptions made. Let us therefore just glance at the basic criteria
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and elementary estimates of their validity:

1) Validity of continuum description

"There should be a large number of microscopic degrees of
freedom in each volume of macroscopic dimensions" — In a haavy-ion
reaction we may have several hundred nucleons, but only on the average
one in a cube of size (2 fm) 3. It thus seems doubtful whether a fluid
dynamical description could give details of that scale.

2) Local equilibrium

"The mean free path of the microscopic particles should be
small compared to the macroscopic scale" — Estimates using the free
nucleon-nucleon cross section3) indicate a mean free path of the order
of 3 fm, which is only five to ten times smaller than the size of the
compound system. This value is for - 250 MeV per nucleon; because of
Pauli exclusion effects, it increases for lower energies and because of
the diminishing nucleon-nucleon cross section also at higher energies.

Barring unknown effects like pion condensation, etc., the fluid
dynamical model thus should describe at most the larger-scale effects in
a collision. However, one should not forget that the basic quantum
mechanical description bears a close resemblance to fluid mechanics11),
and suitable constitutive equations could conceivably make fluid
dynamics a viable description in spite of its possible non-validity in
the classical sense presented above.

One final aspect of this is whether, if the collision situation
does not lead to almost instantaneous equilibration of the two colliding
fluids to form one thermally excited mixed fluid, where all the directed
motion of the initial system has been transformed into random thermal
motion, one might not be better off describing the two ions as made up
of two distinguishable kinds of fluid that are allowed to interpenetrate
interacting via a drag force that will eventually force formation of one
single fluid at equilibrium. Some work done by the Los Alamos group in
this "two-fluid" model1*' will be discussed later. One should note, how-
ever, that the one-fluid model does not require instantaneous equilibra-
tion with infinitely narrow shock fronts; it is known empirically that
the macroscopic Navier-Stokes equations work surprisingly well in the
description of the internal structure of shock fronts spread over
several mean free path lengths.

V. Definition of the Model

In the non-relativistic case the equations of motion used for the
fluid-dynamical model are the Navier-Stokes equations, which describe
the conservation of particle number,
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momentum,

— (mpv) + V« (mpw) = -7«S - pVV
ot

and energy,

^- (pE) + V-(pEv) = V-(KVT) - V'&v) - pv'VV.
dt

To complete this set of equations, a number of constitutive equations are
needed, viz, the stress tensor !5, the_^temperature T^and the potential V
have to be given in terms of p(r,t), v(r,t), and E(r,t).

To this purpose, we investigate the internal energy per particle of
nuclear matter, GJ(P,<J), where a(r,t) is the entropy density, u is re-
lated to the total energy per particle E via

.. 2
E = ̂ r mv + u(p,a).

Thus E determines the magnitude of u, and standard thermodynamic rela-
tions then give the pressure

and the temperature

T - is
1 " 9a

The stress tensor is then complpted with the Newtonian viscosity as
given in Chapter III.

It still remains to fix the functional form of co(p,o). Since
little is known about its behaviour for p distinct from the equilibrium
density of infinite unclear matter, and for any non-zero a, one has to
proceed with a simple assumption about w. The choice made by both the
Los Alamos and Oak Ridge groups is to split up u into a ground state
(zero-entropy) part w_ and a thermal part,

u)(p,a) = wo(p) + (^(p.a).

Up. is expressed as a polynomial in p :
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n ./,

I ai P
i=2 x

In our case, n was taken to be 5, and this allows the determination of
the a^'s in terms of the equilibrium density, the equilibrium binding
energy per particle, and the incompressibility at equilibrium '.

For w^(p,a), the expression for a Fermi gas at low temperatures is
used:

2/3 isL a2 p2/3<
m c

The functional form of w^ already determines the maximum non-
relativistic shock compression ratio as 4. Relativistically, however,
there is no limit on compression ratios obtainable in a shock
front13.14).

Figure 1 shows the binding energy per nucleon, the pressure, and
the speed of sound as functions of the nucleon density for an equation
of state of the type considered, and at zero entropy. Note that, since
below equilibrium density nuclear matter tends to contract rather than
to expand, the pressure is negative in this range. Also, sound propaga-
tion is possible only at densities where 3p/3p|a > 0, i.e. where matter
is stable with respect to density perturbations. Thus, there is no
speed of sound at low densities.

Finally, the potential V in the equations of motion is a sum of a
Coulomb potential V determined via

r >2
W (r) = -4TT \-r-\ p(r)

from the nucleon density (equal spatial distributions of protons and
neutrons assumed), and a Yukawa part V , given by

VV (r) - a2 V (r) = -4irBp(r).

The Yukawa potential has the important advantage of allowing ground
states with a non-sharp surface. In the absence of such a potential,
equilibrium is guaranteed by the zero pressure at equilibrium matter
density, which agrees with the surrounding vacuum pressure on a sharp
surface. The Yukawa potential smoothens the surface density. A realis-
tic surface thickness was obtained with the parameters a = 2.1 fm~l and
3 = -280 MeV fm.

In relativistic calculations, such as done by the Los Alamos group,



163

the inclusion of potentials causes severe problems, most notably the re-
tardation effect, which would complicate the calculation immensely.
Therefore, potentials are not used in those calculations. Since their
main advantage is to create a smooth surface, their omission is not ex-
pected to be critical at bombarding energies in the 100 MeV to 1 GeV per
nucleon range.

VI. Remarks on Numerical Solutions

The use of a purely numerical finite-difference solution to the
fluid flow equations may at first seem somewhat of an overkill with its
large requirements of computer and programmer time. However, there are
important advantages to be gained:

1) Numerical accuracy is the only restriction on the type of so-
lution allowed. There are no additional assumptions about the dynamical
behaviour of the system aside from the basic equations of motion and
constitutive equation. In particular, there is no restriction on the
surface shape, local compression zones, geometry of shock waves, etc.

2) The model can be changed easily; e.g., it is extremely easy to
vary the equation of state.

The main drawbacks are that the procedure is very expensive and
that the advantages of more analytic solutions are lost; e.g., the de-
pendence of the collision result on parameters such as viscosity or even
the impact parameter is not transparent. However, one of the most ef-
fective uses of the fully numerical solution might be to find more re-
stricted descriptions like a selection of the most important surface
modes. Only a full study of the numerical solution in a wide range of
collision situations will provide enough data to extract such
information.

VII. Comparison with TDHF

Since a comparison of fluid dynamics and TDHF has been given in an
earlier paper in these proceedings15), I shall only add some late re-
sults here, which may help to clarify the situation.

As fluid dynamics is based on the assumption of instantaneous local
equilibrium, it is interesting to see whether TDHF approaches local
equilibrium during a collision. For this purpose, we have studied the
Wigner function for a one-dimensional TDHF collision. In terms of the
one-particle density matrix

p(?,?') = I *.(r)«*(?«)
1 x
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one may define the associated Wigner function as

o,(?,k) = C j d3 r' e"1^' p(r + f P ,r - \ P )

with a constant C (arbitrary for our purpose). Its properties may be
summed up as follows:

1) w(r,k) is a real function of r and k. It is the closest
quantum-mechanical counterpart to the classical phase-space distribution
function. Because of the uncertainty principle, it is not quite a
probability density itself (<u may become negative!) but its integral over
a volume in phase space big enough not to violate the uncertainty re-
striction may be interpreted as a probability. / fco d3r d3k is the ex-
pectation value of any function f of r or_ k alone, whereas e.g.
/ r*kWd3rd3k yields the average of the quantum-mechanical expectation
values of r*k and k»r.

Figure 2 shows the results for a collision of two slabs of thick-
ness 2 fm~2. The lower part of each small graph shows the density at a
given time, and the upper part contains the Wigner function as a func-
tion of k at the center of the collision. Only at the beginning of the
collision we show instead the Wigner function at the center of each slab,
giving an idea of the equilibrium shape and the relative displacement
due to the motion of the slabs. To guide the eye, this curve is then
repeated as a dashed line in each graph, but centered at k = 0, since the
center of a symmetric collision should have an equilibrium distribution
around k = 0. Clearly, the distribution comes closer to something re-
sembling equilibrium in the course of the collision (because of higher
density and excitation, it should be wider than the dashed line, though),
albeit there is always a division into two humps. However, in the final
stage the sides of the distribution have been depleted, because the fast
wave functions literally have moved out to the sides to form the frag-
ments. Although these data do not cover all aspects of the equilibra-
tion process yet, it seems clear that TDHF does not exhibit strong
enough equilibration to resemble the fluid behaviour. The most striking
case is the head-on collision of two heavy ions, whare TDHF lets the two
nuclei pass through each other at higher energy, whereas fluid dynamics
will always generate a hot shock zone at the center of the collision
that is a very effective dissipation mechanism.

VIII. Relativistic Fluid Dynamics

Let us now take a look at the important results of the Los Alamos
group for the relativistic case3). The relativistic equations of motion
are practically identical with those given in Chapter V without viscos-
ity and thermoconduction; it is mainly in the constitutive equations
that relativity plays a role. The equation of state is defined in the
local rest frame and takes the form
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with W-ĵ  a Fermi-gas thermal energy similar to the one given in Chapter
V. The pressure can be Jefined straightforwardly, and the transforma-
tion to the lab frame (primed) is as follows:

P1 = YP

M? = Y2 (pE+p)Vf

p'Ef = Y2 (PE+P) - p.

2 2 —1/2
Here y = (1 - v' /c ) , as usual. The need to go forth and back be-
tween lab and rest frame introduces some numerical difficulties but no
essential problems2).

The numerical method employed to solve the equations is the
Particle in Cell (PIC) method16). In this method the fluid density is
represented by point particles of given mass (no relation to che nucleon
mass) moving in a finite-difference mesh, represented by cells in space,
under the influence of the fluid pressure. The fluid aspect enters the
method through the averaging over one cell, e.g. the density in a cell
is simply obtained by counting the number of particles in the cell, and
this density then determines the pressure. The point particles are thus
purely fictitious numerical devices, and one should bear this in mind
when interpreting *he results that may give the impression of a classi-
cal interacting particle model as reported elsewhere in this
conference17).

Figure 3 shows the time dependence of the density as represented by
the distributions of the numerical particles, as a function of time for
different impact parameters in the 20Ne + 23eU system at 250 MeV per
nucleon. The plots are done in the lab system, so that the incident
20Ne-nucleus appears relativistically contracted. Also, because of the
absence of potentials, both nuclei have sharp surfaces and a constant
density inside.

For the near-central collision (labeled 0.1) the 20Ke nucleus pene-
trates into the target nucleus and sets off a strong shock wave (clearly
visible at 5.1 x 10" ̂  sec). Subsequently, most of the erergy of the
projectile is thermalized and the nucleus expands in response to the
high thermal pressure. The calculations do not allow for the formation
of a residual nucleus since there is no attractive potential and also
negative pressures are set equal to zero. Tests allowing for negative
pressure yielded small clusters in the final state, but these did not
appear to be physically meaningful2).
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For the intermediate impact parameter (0.5) the behaviour is simi-
lar. The main difference is that the projectile is not completely ab-
sorbed in the target, but part of it flies off, giving a far from iso-
tropic behaviour in the final state. Both projectile and target have
been excited so strongly that they expand rapidly.

The peripheral collision (0.9) shows a different behaviour. A
small part of the pro;<=ctile is sheared off by the contact with the tar-
get nucleus and sets waves running through it, which, after thermaliza-
tion, will again cause the target to expand. The projectile itself is
also excited. (Its darker shading at t = 13.5 * lO"2* sec does not in-
dicate a higher density; initially the numerical particles were aligned
and several of them appeared as one dot only when viewed from above.)

To make a comparison with experiment, one may look at the final
state, which always contains an expanding cloud of nucleons, and compute
the expected angular distribution, interpreting the fluid density as a
probability density for nucleons. Averaging over impact parameters, one
then obtains a differential cross section for outgoing nucleons. Under
the assumption of equal behaviour of protons and neutrons, a comparison
can finally be made to proton-inclusive cross sections (fig. 4). Ap-
parently the general trend of the data is well reproduced, but there is
a definite quantitative discrepancy both at very forward angles, where
the theoretical cross section is too small, and at backward ones, where
it is too large.

This shift of the theoretical yield to backward angles compared to
experiment seems to indicate that there is "too much interaction", i.e.
too much forward momentum is converted into transverse momentum. Since
the assumption of local equilibrium implies a fast conversion of
directed into random momentum, this assumption may have to be modified,
at least for this energy range.

Thus, the Los Alamos group recently did some two-fluid calcula-
tions *0 . The basic concept of the two-fluid model is to describe the
two nuclei as distinct fluids which are allowed to interpenetrate with-
out losing their separate identities, but do interact via a drag force,
which is proportional to the relative velocity with a strength factor
depending on its magnitude and on the density. The strength is adjusted
such as to reproduce the stopping length expected from free nucleon-
nucleon cross sections.

One problem with this approach is that one would like to have a
transition to the regular one-fluid description, whenever the relative
velocity of the two fluids becomes small. In this case, for example,
there should be only one pressure depending on the total density instead
of the two partial pressures. In the calculations this was achieved by
interpolation in the relative velocity, but if comparison to experiment
makes more refined two-fluid calculations desirable, this aspect de-
serves some study for a more cogent solution.
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The first results of the model are encouraging though they do not
appear to completely solve the problems. The cross section in the back-
ward direction is lowered to much better agreement with experiment, but
in the forward direction there is no definite improvement. It should be
kept in mind, however, that the parameters of the model have not been
fitted to these data, but have been taken over from different areas of
nuclear physics, so this result may be regarded essentially as a
parameter-free calculation.

IX. Low-Energy Results

The calculations by our own group in Oak Ridge have just gotten off
the ground, so that we can show only sample results at present.

We utilize the full set of equations given in Chapter V, including
viscosity and potentials, but for the non-relativistic case. The nu-
merical method employed is the "flux-corrected transport" method de-
veloped by Boris and Book at NRL*8). Although this method eliminates
the most severe problem facing the numerical fluid dynamicist, insta-
bility, even in the presence of very steep shnck waves, there were still
many technical problems, notably the transition to zero density in the
surrounding vacuum and the short range of the Yukawa force of < 0.5 fm,
which forced us to go to a spatial mesh finer than that limit. In fact,
many test calculations were done with a coarser mesh of 0.8 fm separa-
tion, and these turned out to be quite adequate in qualitative results,
but showed unphysical effects such as squarish deformations in detail.
Since these calculations are still quite cheap, they may well be useful
for exploring the general behaviour of the system as a function of the
various parameters.

For now, however, let us take a glance at the first high-accuracy
results obtained with a newly developed code19). It works on a
cartesian mesh of 64 x 64 * 33 points with a spacing of 0.4 fm, and the
physical situation corresponds to a collision of 160 + 160 at a relative
velocity of 0.2c (corresponding to 18.8 MeV per nucleon in the lab),
with an impact parameter of 2 fm. The type of nucleus does not really
enter drastically, only the relative surface thickness and the Coulomb
effects will change smoothly with mass and/or charge number. The
equation of state employed corresponded to an incompressibility of 134
MeV, so that the initial Mach number for this collision is 1.54 for the
regions of equilibrium density. It is thus expected that the flow will
show the typical phenomena of supersonic flow — strong compressive ef-
fects, shock waves, and the lack of upstream propagation of information.

Figure 5 shows the system close to the initial state. The lower
two subgraphs show the density and velocity field viewed facing the
collision plane (the density graph actually shows the integral of the
density in that direction to give an impression of total thickness,
whereas the velocity vectors are plotted in the scattering plane. The
two additional graphs show the integrated density from above (upper



168

left) and from the right (upper right) relative to the scattering plane
plot already discussed.

Figure 6 shows the situation at t = 21.6 fm/c. At the center a
shock front has formed with very small velocities, and matter has al-
ready started to flow out to the sides from there. The rest of the
initial nuclei, however, is quite undisturbed, as is characteristic of
supersonic flow (there are small internal motions caused by the imper-
fection of the initial equilibrium).

Figure 7 at 37.1 fm/c has a small part of the initial nuclei still
streaming into the collision zone, but there is also now a strong
current to the sides. Note that matter from both initial nuclei mixes
in each outgoing direction. At the same time, however, as is visible in
the top two graphs, the systems expand perpendicular to the scattering
plane and thus seem to flatten into a pancake shape.

This development is quite striking in the fin^l fig. 8 at 76.7 fm/c.
The system is now very elongated in the scattering plane with the main
direction of motion outward. If one had only this viewpoint, one might
expert it to fission soon, but the fu.'ly 3-dimensional representation
shows that it is rather a very flat di^k.

At this point, we had to stop the calculation. Whether it will re-
bound into a prolate shape (as observed in ref. 7), or has lost so much
energy that it may rather break up in the oblate form, cannot be decided
yet. The upper left graph in fig. 8 seems to show a slight necking-in,
but it cannot yet be said whether this will lead to fission.

This, however, leads to an important point on the interpretation of
the final state. It is well known from fission calculations7*2") that
the fluid-dynamical model likes to form very long necks. Although it is
expected that in the present compressible calculation low-density areas
will break up spontaneously because of the negative pressures, the final
state may still be quite diffuse and require a long time before final
breakup. If this should happen in the calculations, we shall have to
try to add some extraneous arguments to be able to extract the final
masses, scattering angles, etc. Also, one would have to distrust calcu-
lational results that show, e.g., a flat disk with thickness a fraction
of a nucleon diameter. Thus, all results should be scrutinized using
physical intuition before being accepted as predictions of the model.

The results of a few additional collisions at different impact
parameters and relative velocities are shown in table 1. E* is the
thermal energy reached in the final state (in those cases where the sys-
tem had not separated again, this number is probably still meaningful,
because most of the dissipation of energy takes place in the shock
waves, and only a few MeV are dissipated later). The ratio of densities
gives the maximum compression reached; these numbers are, of course,
below the theoretical maximal ratios given in ref. 14.
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X. Conclusion

The results presented in this paper have demonstrated that three-
dimensional fluid-dynamical calculations are feasible and can be done
with sufficient accuracy. The Los Alamos group has already done a com-
parison to experimental data for proton-inclusive spectra, whereas our
calculations are not yet at that stage. Additional experimental data
that may provide useful testing grounds are the fusion cross sections
and, as far as they are reducible to classical deflection functions,
differential cross sections for deep-inelastic collisions at lower ener-
gies. One problem one may encounter is that all of these data may not
give sufficient information to distinguish between models; e.g., the
fusion cross section really tells only the critical impact parameter and
can certainly be fitted with the freedom available in fluid dynamics.

In our own calculations, one of the first things we would like to
try in the future is to use a more complicated equation of state with a
density isomer, and to see how that affects the collision. Among other
possible extensions one might think about treating protons and neutrons,
or the different spin states, separately, thus again going over to a
two- or multi-fluid theory. Also, it is relatively easy to describe the
production of additional particles, such as pions, or the excitation of
nucleons, again by a many-fluid approach.

The author wishes to thank Drs. T. A. Welton, C. Y. Wong, and J. R.
Nix for stimulating discussions and communication of results.
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ABSTRACT

Correlations of experimental observables with kiretic energy loss
and fragment mass for damped heavy ion reactions are emphasized in this
paper. Angular-momentum-dependent interaction times are deduced giving
a time scale for the evaluation of nucleon diffusion coefficients. The
energy dissipated per nucleon exchange in Kr- and Xe-induced reactions
is shown to decrease with increasing kinetic energy loss. These
results are compared with predictions of a one-body dissipation mechanism
and microscopic transport theory for heavy ion collisions. The relative
decrease of energy dissipation due to nucleon exchange with decreasing
bombarding energy is a new experimental feature that is unaccounted for
by the above theories.

I. INTRODUCTION

There has been a large number of experimental studies of damped
reactions involving a range of targets and projectiles.1 The charac-
teristic experimental features of heavy ion collisions which define this
new reaction mechanism are:

a. Binary Process — The damped reaction mechanism produces two
massive primary fragments in the exit channel. However, light particles
may be emitted from the intermediate system or, after its breakup, from
the target-like or projectile-like primary fragments.

b. Energy Loss — Damping of the initial relative kinetic energy
of the target and projectile nuclei resulting in a range of kinetic
energies down to the Coulomb energies for charge centers of highly de-
formed fragments. The broad energy distribution observed in experiments
is the most distinctive property of damped reactions.

c. Nucleon Exchange — Nucleon diffusion occurs during the short
time the two nuclei are in contact. For the heavier ion reactions, the
fragment mass distributions are peaked in the vicinity of the projectile
and target masses.

d. Angular Distributions — The angular distributions for products
with projectile-like masses have properties of a fast peripheral or
direct reaction process. The heavy systems usually rotate less than 180
degrees. Substantial sideways-peaking is observed for a number of systems
while a forward rising angular distribution is a characteristic feature
of other systems.
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e. Angular Momentum Transfer —- The primary fragments resulting
from a damped collision may have rather large intrinsic angular
momenta.

f. Light Particles and y-rays — As stated in (a) light particles
(e.g., p, n and a particles) may be emitted from the intermediate
system or, after its breakup, from the target-like or projectile-like
primary fragments. The emission of yrays is mainly confined to the
final stages of the fragment de-excitation.

In spite of the large number of experimental studies of heavy ion
reactions which report one or more of the characteristic features of
damped reactions summarized above, only a relatively small number of
studies have been performed where correlations of experimental observa-
bles, such as kinetic energy loss and fragment mass, are deduced. Hence,
these correlations will be emphasized here. Angular-momentum dependent
interaction times are deduced from experimental angular distributions.
The angular momentum I is related to the experimental kinetic-energy
loss assuming the energy loss to increase monotonically with decreasing
£, i.e., increasing overlap of the matter distributions of projectile
and target. The progressive increase in the variance of the charge
distribution as a function of increasing kinetic energy loss is a feature
common to all very heavy ion reactions studied so far. A quantitative
correlation between the measured variance of the charge distributions
and the amount of kinetic energy loss is employed to calculate the kinet-
ic energy loss associated with the exchange of a single nucleon. The
energy dependence of this quantity is compared with different theoreti-
cal models. Assuming the above time scale, nucleon diffusion coeffi-
cients are deduced from experimental fragment charge distributions.

II. ANGULAR, ENERGY AND MASS DISTRIBUTIONS
FROM DAMPED REACTIONS

For illustration of the properties of damped collisions, we choose
the 2 0 9 B i + 1 3 6 X e reaction which has been studied extensively. Some of
the relevant parameters are listed below.

E, , = 1130 MeV
lab

E = 684 MeV * 1 .6xE r ,
c m . Coul

X = 0.019 fm; 2a = 9.4 fm

n = ZiZ2e2/-nv = a/X = 245

= 54° ( cm. )
R S A = 15.2 fm

aD = 2.8 b

K
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The angular distribution of all lighter projectile-like fragments2

in the total kinetic energy window, 300 <_TKE <_650 MeV, is shown in
Fig. 1. The angular distribution peaks at 50° (cm.) and is relatively
narrow in width. There is no orbiting for this reaction, a phenomenon
well known for selected lighter ion reactions. The charge distribution
of the lighter fragments2 for the above energy window and the angular
range 25_< 8c.m. i.̂ 5 is shown in Fig. 2. The drop of the charge distri-
bution beyond symmetry (Z = 70) is due to experimental detection limits
Some contributions to the cross section for the lightest Z fragments is
due to sequential fission of the heavy damped fragment. The continual
range of total kinetic energy damping for the very heavy ion reactions3

is illustrated in Fig. 3 where the differential cross section in milli-
barns per MeV of total kinetic energy loss is plotted versus the total
kinetic energy loss. Hence, in speaking of damped heavy ion collisions
we refer to a wide range of events with energy losses from a few MeV to
hundreds of MeV. The kinetic energy loss indicated by each arrow in
Fig. 3 corresponds to a final kinetic energy equivalent to the Coulomb
energy at the strong absorption radius

I
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III. CORRELATION OF EXPERIMENTAL OBSERVABLES
IN DAMPED REACTIONS

A. Angular Distributions: Dependence on Mass Exchange and Energ
Damping

The angular distributions for damped heavy ion collisions depend
on mass (or charge) exchange and energy damping. In Fig. 4 is shown

a contour plot of the
double-differential cross
section d2a/dfid(TKE) as a
function of angle 8c.m.

 f o r

the 209Bi+136Xe reaction.2

Diagrams of this type were
first drawn by Wilczynski. "*
For this reaction there is
a cross section ridge that
moves down in energy at
an almost constant angle
leading to what is known
as strong angular focusing.
Depending on the bombarding
energy and parameters of
the system, the cross sec-
tion ridge in an energy-
angle contour plot may
move forward, stay constant
or move backward in angle.

For some of the lighter systems, an additional ridge at low energies
moving backward in angle is observed. This is commonly interpreted as
the reflection of the low-energy ridge at negative angles (orbiting).

The angular distributions for fixed TKE bins (50 MeV wide) are
shown2 in Fig. 5. Again one sees that the angular distributions are
sideways-peaked for small energy losses and rather flat for large energy
losses, although the maximum stays essentially constant at 50° cm..
The angular distributions for fixed Z bins (3 Z units wide) are dis-
played in Fig. 6. For fragments near the projectile, the angular
distributions are sideways-peaked and become less peaked for fragments
far from the projectile. However, it is important to note that the
angular distributions for fragments near the projectile change marked-
ly with energy damping in much the &ame way as illustrated in Fig. 5
for all fragments. This is illustrated in Fig. 7 for Z=53-55 and
energy bins of 50 MeV width.2 The observed dependence of the angular
distribution on the fragment Z is only an apparent correlation which
is due to the fact that the energy spectra corresponding to various
fragments are somewhat different, as will be discussed below. Hence,
the energy loss is a fundamental observable specifying the properties
of the reaction. This is also shown in Fig. 8 where the full width
at half maximum (FWHM) in the charge distribution is plotted as a
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function of 8c>m, for different final total kinetic energies.
2 Al-

though th& FWHM varies considerably for different TKE values, the
value of the; FWHM for a particular TKE is independent of angle.
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B. Mass Exchange: Dependence on Energy Damping

There is by now considerable experimental evidence for an inti-
mate correlation between the kinetic energy loss and the angular-
momentum dependent interaction time. Hence, it is important to study
mass correlations as a function of kinetic energy loss. An alter: ate
parameter to the kinetic-energy loss is the dissipated kinetic encigy.
The two quantities are related by Ediss=TKEioss+ [Vc(f) -Vc(i)l snd
are approximately the same when the differences between the Coulomb
energies of the final and initial fragments are small.

136Xe

E,ok=1130MeV

20°<®c.m. i«0°'

The differential cross section d2a/dZd(TKE) is plotted as a
function of total kinetic energy (TKE) for different element bins
Fig. 9 for 2D9Bi + 136Xe reaction.
Corrections for the emission cf
neutrons emitted during the de-
excitation of the fragments hava
also been applied to the data.
For Z values near the projectile
the spectra contain sizable high-
energy components and as Z de-
creases or increases, the spectra
become softer. Hence, the degree
of energy damping is a function
of the mass of the product. For
Z values near the projectile,
the spectra contain events of a
very wide range of kinetic
energies, whereas large net Z
transfers are correlated with
high degrees of damping. Exit
channel Coulomb energies for
spherical fragments are indicated
by the arrows. It is interesting
to notice that (net) stripping and
pickup both lead to roughly the
same energy spectrum and cross
section.

in

i

TOTAL KINETIC ENERGY(MeV)One of the most informative
ways to examine the relationship Fig.9
between the charge (or mass) dis-
tribution and the final kinetic
energy is a plot of the differential cross section d2a/dZd(TKE) as a
function of Z for different final kinetic energy bins. Such a plot
is shown in Fig. 10 where the energy bins are 50 MeV wide. The curves
represent gaussian fits to the experimental data. It is readily seen
that the width in the charge distribution increases markedly as the
kinetic energy decreases. However, the centroid of the charge distri-
bution stays constant at Z* 55 for a wide range of energy damping.
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Such symmetric fragment Z distributions are very suggestive of a dif-
fusive process evolving in time while kinetic energy is lost progres-
sively.

A quantitative correlation between the measured variances of the
charge distribution and the amount of kinetic energy loss is shown
in Fig. 11 for four different heavy ion reactions. Although the mass
distributions are in general angle-dependent, in the case of Xe-
induced reactions, the variance is independent of reaction angle for
events of the same kinetic energy loss (see Fig. 8 ) . The variance of
the charge distribution increases smoothly with increasing total kinetic
energy loss. However, the slope of the energy dissipation as a function
of variance is largest for small variances and decreases as the variance
increases.

2O'Bi*'36Xe &..-I130 MeV

10

Fig.
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The observed correlation between energy loss and the variance of
the fragment Z distribution is of basic importance for understanding
the damped reaction mechanism. Since many reaction channels are open,
such reactions are clearly subject to statistical considerations.
Regarding nucleon exchange in damped reactions as a random-walk pro-
cess, the variance of the mass tr Z distribution increases as a func-
tion of interaction time. Classical dynamical calculations5'6 suggest
that the interaction time increases with decreasing i. The mean rate
of nucleon exchange has also to increase with decreasing £ because
the degree of matter overlap increases. Therefore, different I
waves corresponding to different interaction times will certainly lead
to different values o% of the variance of the Z distribution. Hence,
the 0z axis on Fig. 11 represents a macroscopic time or H scale for
the damped heavy-ion collisions under consideration. It is conceivable
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that in a nucleon exchange process kinetic energy does not always
have to be lost but may also be gained, e.g., by decreasing the
Coulomb energy. However, the important conclusion to be drawn from
the experimental correlation displayed in Fig. 11 is that on the
average kinetic energy is lost monotonically with decreasing ft and
increasing interaction time, at least for a range of low and inter-
mediate energy losses. This relation will be used in the following
section to actually deduce the macroscopic time scale of damped heavy-
ion reactions.

IV. INTERACTION TIMES OF DAMPED COLLISIONS

Little information is available on the interaction time scale on
which heavy-ion collisions occur with various degrees of kinetic energy
damping. A knowledge of these interaction times is essential for an
understanding of the mass, kinetic energy loss and angular distributions
of the reaction products from heavy-ion collisions. Strong focusing of
the angular distribution for very heavy-ion reactions (see Fig. 1)
suggests an angular-momentum dependence of the interaction time since
many impact parameters lead to the same reaction angle.

Experimental evidence on fragment Z distributions, such as present-
ed in the preceding section, suggests that during the time the two
constituents of the intermediate double-nucleus system interact with
each other, a mass equilibration process proceeds which is accompanied
by a damping of the relative kinetic energy into other degrees-of-
freedom. Since the equilibration processes are not completed during
the short interaction times encountered in collisions between the very
heavy ions under consideration, the amount of kinetic energy lost
signifies the stage of evolution of the system and, hence, the total
interaction time experienced. This view is supported by classical
dynamical calculations5'6 vhich show that the energy loss is a mono-
tonic function of the initial angular momentum and the total inter-
action time. Associated with each interaction time is a Z distribu-
tion which is characterized by a variance o^.

In the present analysis7 we assume, following the discussion of
Fig. 11 in the previous section, a monotonic increase in the total
kinetic energy (TKE) loss with decreasing values of the impact parameter
(see the first paragraph of IIIB). For simplicity we employ a sharp
cutoff model where the cross section for angular momenta up to &j is
given by aj = TT#2(£,J + 1 ) 2 . Using the experimental results on the heavy-
ion reaction cross section as a function of TKE loss, da/d(TKE loss),
the angular momentum is related to the TKE loss by

Aa.

where Aa^. = a. - a^ i s the cross section in a TKE window Ej[<_TKE£Ej.
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The procedure for converting energy loss to I is illustrated in
Fig. 12. Starting with £max

 an<* zero TKE loss, a deflection function
is constructed from the experimental data, for a range of the higher %
values. Examples of such deflec-
tion functions are shown as solid
lines in Figs. 13 and 14 for the
1 6 5 H Q + B 4 K ]

M e V)

reactions, respectively. The
plotted angles represent the
angles where the cross section
is at a maximum for a particular
kinetic energy loss. For the
first reaction the emission angle
of the lighter fragment decreases
as H decreases, whereas for the
second reaction the emission
angle is almost independent of
H. For each reaction the energy
damping and the variance in the Z
distribution both increase as £
decreases.
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The angular-momentum-dependent interaction time is calculated with
the expression

T(£) (2)

where A6(&) is the difference between the Coulomb deflection angle
&c(^) and *;he actual reaction angle 9exp(Jl) and S-(V) is the moment-of-
inertia of the double-nucleus system. The Coulomb deflection angle
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is estimated by

= 1 8 0 ° - e (3)

where the subscripts refer to the entrance and exi t channels, respec-
t i ve ly , and

K.+R.
Q . = +a r c cos

In Equation 4 the parameters e and K are determined by

1 + 2 \ 2U(ZpZTez)
1/2 (5)

(6)

The above procedure for estimation of A0(£) is illustrated in
Fig. 15. The evaluation of x(&) requires the adoption of a colli-
sion model. Here we
present the results of
calculations with two
rather different models
which are labelled as
"nonsticking" (NS) and
"sticking" (S) colli-
sions. A sticking
collision is defined by
rigid rotation of the
double-nucleus system
as a whole. By a NS
collision we specify
that the entrance and
exit channel orbital
angular momenta are
the same (£f =2,$) and
the moment-of-inertia !?,•„ i c
"NS = uR where

\i =M1M2/(Mi +M2) and R is the contact radius of the double-nucleus
system (in the calculation the strong absorption radius Rg^ is used)
In contrast to a nonsticking collision, the final orbital angular
momentum is inserted into Eq. 2 for a sticking collision, where
If = (̂ Ns/̂ s)̂ i anc* ̂ S = ̂ N3 + (2/5) (MiRj2 +M2R2 ) • The moment-of-
inertia to be substituted into Eq. 2 is again J^g- In the calcula-
tions presented, any variation in 5Ng with angular momentum or time
is neglected. In Figs. 13 and 14, Coulomb deflection functions are
shown for the "nonsticking" (NS) model.

RSA
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The above definition of the deflection during the reaction im-
plies that no kinetic-energy loss due to dissipation or dynamical
deformation effects occurs at separation distances larger than the
strong-absorption radius R g A. The agreement of realistic deflection
function calculations with" experimental angular distributions for the
heavy systems considered here suggests that the deviation of the tra-
jectory with I = £ m a x from a pure Coulomb trajectory is small. This
indicates that all trajectories are similar to Coulomb orbits up to
the strong-absorption radius. Hence, for £ < £ m a x , the difference be-
tween Coulomb and observed deflection is used to evaluate the angle
through which the intermediate system rotates during the nuclear inter-
action.

It should, however, be realized that it is, in principle, impos-
sible to characterize the reaction between very heavy ions by a single
deflection function. For such systems there are many intrinsic degrees-
of-freedom coupled to the collective motion, and many different reaction
paths may lead to similar values of a given experimental observable.
Therefore, selecting a certain value of one experimental variable leads
to a distribution of values of another variable fluctuating around its
mean value. In this sense, the deflection functions derived above
vepresent only average experimental deflection functions.

The angular-momentum-dependent interaction times calculated by the
above procedure (see Eq. 2) are displayed i.i Fig. 16 for the nonstick-
ing model. Multiplication of
the angular momentum £ by the
factor [106(AT + A p )

1 / V ( Z T + Z p )
2 ] -

(l/£max) produces straight lines on
a semilog plot of approximately
the same slope for the three
reactions. The angular momentum
range for the 2 0 9 B i + 1 3 6 X e
reaction shown in Fig. 16 is
1 2 0 £ £ £ 4 3 0 . For both the
sticking and nonsticking models
the interaction time is given
empirically by the relation
T ( £ ) = T O exp (-a£). Values of
To and a for the three reactions
shown in Fig. 16 are listed in
Table 1.
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TABLE 1

Functional parameters of the interaction times as deduced from a fit
of the relation x(&) = T 0 exp(-a£) to the data.

Reaction E(lab) Model T0(sec) a

209 B i +136 X e I 1 3 0 s 1.86 x.10"20 0.00974

NS 2.18 xlO""20 0.0118

7 1 2 s 5.16 xlO"20 0.0171
NS 6.62 xlO"20 0.0205

7 1 4 s 1.65 xlO"19 0.0224
NS 1.62 xlO"19 0.0244

V. NUCLEON DIFFUSION

The experimental charge distributions shown in Fig. 10 are sug-
gestive of a diffusion process and have been analyzed with a Fokker-
Planck equation in terms of the variance 0%. In its simplest form with
one observable x and constant drift and diffusion coefficients, v and
D, respectively, the Fokker-Planck equation has Gaussian solutions8

P(x,t) = (47rDt)-1/2 exp{-(x-vt)2/4 Dt} (7)

The centroid x0 =vt and the variance a
2 =2Dt are linear functions of

the interaction time. The drift coefficient VA. is related to the dif-
fusion coefficient through the Einstein relation,

vA(Ai) =-Kaf^(Al) (8)

where U^ denotes the ground-state energy of the combined system with
relative angular momentum I and fragmentation Aj. The local tempera-
ture T is determined by the excitation energy.

A relationship between experimental values of the total kinetic
energy loss and the variance a| of the fragment charge distributions
for very heavy damped collisions is shown in Fig. 11. This relation-
ship in conjunction with the experimental cross sections as a function
of the total kinetic energy loss is used to calculate angular-momentum-
dependent values of the variance 0%(&)• In the above theory of nucleon
diffusion, the value of 0%(&) is related to the interaction time T(£.)
by

O 2W = 2Dza)T(£) (9)

The interpretation of the experimental fragment Z distributions
in terms of Eq. 9 is subject to similar observations as made above for
the construction of an experimental deflection function. The experi-
mental variance a2, of the Z distribution is an average value determined
by the range of Z waves contributing to a given TKE window. A factori-
zation of O£ according to Eq. 9 inuo mean values of Dz and T applies
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only if Dz(£) is a slowly varying function of both Z and £ because the
above analysis suggests that the total interaction time T(1) is a
rapidly varying function decreasing exponentially with increasing I.
This requirement cu T>z(SL) seems, indeed, to be fulfilled as indicated
by model calculations and an experimentally observed small drift
coefficient v^.

The value t(£) entering Eq. 9 is the mean value of the time dur-
ing which the nucleon diffusion mechanism operates. In this analysis
it is assumed that T(S-) is the total interaction time evaluated by the
procedure outlined above. However, it is conceivable that nucleon
diffusion occurs only during a part of this time, although there is
presently no experimental evidence for such a division of the total
interaction time.

of T ( £ ) and a|(Jl) determined for the 165Ho +
I the 209Bi+1^f6Xe (E T a 1=1130 MeV) reactions

Values
714 MeV) and the 2 0 9 B i + 1 7 6 X e (E L a b

in Figs. 17 and 18, respectively.7 The

*Kr (E L a b =
are plotted

two different sets of values
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of x(l) for each reaction in this figure are based on the above NS and
S models. The values of the diffusion coefficients for three^eavy ion
reactions determined by the slope of the line fitted to the az(£) vs
T( £ ) data are given in Table 2 for each cf the above two models. The
proton number diffusion coefficient does not refer to proton diffusion
alone, but to mass diffusion measured by the number of transferred
protons. Assuming a conservation of the equilibrium Z/A ratio, the
proton number (Dz) and mass number (DA) diffusion coefficients are
related by Dz= (Z/A) 2DA-
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Table 2

Proton number (Dg) and mass number (D^) diffusion coefficients in units
of 1022 sec"1 for Kr- and Xe-induced reactions.7 The proton number
diffusion coefficient does not refer to proton diffusion alone, but to
mass diffusion measured by the number of transferred protons; hence,
D £ = ( Z / A ) 2 D A for a constant Z/A ratio. The diffusion coefficients
listed in this table are calculated from the slopes of lines drawn
through plots of af?(£) vs T(£) over a range of I values. In the case
of the sticking model, for example, the points for the highest I waves
do not lie on a line which passes through the origin (see Figs. 17 and
18). Individual values of Dz(&) for the sticking model are Z dependent
and increase initially as I decreases. The Kr- and Xe-projectile
energies (lab) are 714 and 1130 MeV, respectively. The errors in the
diffusion coefficients are of the order of 30%. However, the values
scale with the contact radius (see Eqs. 2 and 9) which for the reported
values is assumed to be the strong absorption radius, Rg^-

Reaction Sticking Model Nonsticking Model
DZ DA DZ DA

209Bi + 136Xe

209Bi + 84Kr

165Ho + 8hKr

V. MECHANISMS OF KINETIC ENERGY DISSIPATION

In previous sections evidence has been presented to show that
kinetic energy loss and mass exchange are strongly correlated. This
result is consistent with the view that nucleon diffusion evolves in
a continuous fashion as energy is dissipated and supports a close
correspondence of the time scales governing energy dissipation and
nucleon exchange. In this section we employ the microscopic time scale
provided by the nucleon exchange process to study the energy dissipa-
tion mechanism.

At the heavy-ion bombarding energies discussed here and moderate
excitation energies, one expects that nucleon exchange and particle-
hole excitation without nucleon exchange are mediated by the one-body
interaction given by the single particle field. Such a mechanism gives
rise to classical friction forces proportional to the relative velocity
v of the two ions,10"12

* F = -kv (10)

In general, k is an anisotropic tensor dependent on the separation
distance of the two ions, which is equivalent to an implicit time
dependence of k. The importance of one-body friction in nuclear
fission and heavy-ion reactions has been discussed also by other
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authors.13"17 Two-body friction induced by inelastic scattering of
individual nucleons of target and projectile, which may also play a
role in energy dissipation, hae in general a velocity dependence more
complicated18 than that implied by Eq. 10.

The energy loss rate associated with Eq. 10 is

-dE/dt = 2(k/p)E (11)

where y is the reduced mass. Integration of Eq. 11 with a constant
coefficient k gives

£n(E0/E) = 2(k/p)t (12)

where E 0 = E c . m . - E B , E = E o - E l o s s and E c > m # and E B are the
incident c m . kinetic and Coulomb energies, respectively. Employing
the microscopic time scale provided by the nucleon exchange process,
namely

da^/dt = 2Dz(t) (13)

and substituting this relation into Eq. 11 and integrating leads to
a relation

An(E0/E) = (k/yDz)a| (14)

provided that the ratio (k/Dz) is independent of time. Hence, a
linear relation is predicted between £n(Eg/E) and c?z. Such a plot is
shown ±A Fig. 19 where Eg is calculated at the strong absorption radius.
Good agreement between experiment and this simple theory is obtained
for energy losses up to 200 MeV. If k/Dz is the same for Kr- and Xe-
induced reactions at a bombai'ding energy of 8.5 MeV/aimi, the slopes of
Fig. 19 lead to

(15)k/Dz = (0.9 ±0.3) xlQ""
3 MeV sec' fm'"2
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The result of a constant friction
coefficient rather than a strongly
varying form factor as suggested
by classical dynamical calcula-
tions11 ' 12' 19 can be understood as
being due to the fact that in the
analysis reference was made to a
nucleon diffusion mechanism in
order to derive a microscopic time
scale.3 Although it is presently
not quite clear to what extent the
one-body dissipation mechanism
applies, the experimental results
are consistent with the view that
energy dissipation mediated by
nucleon exchange and the other
possible dissipation mechanisms
proceed on a similar microscopic
time scale and have a similar

Fig. 19
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dependence on the separation distance of the two ions and the angular
momentum. In principle, a fast dissipation mechanism20 operating
only during a small initial part of tha total interaction time cannot
be excluded. However, it has to lead to a friction-like relation
between the energy loss and the total interaction time which is
similar to Eq. 11 in order to fit the data.

An interesting new experimental observation21'22 is that k/Dg
increases as the bombarding energy decreases. For example, as the
bombarding energy is reduced from 1130 to 970 MeV for the 2 0 9Bi+ 1 3 6Xe
reaction, the value of k/Dz increases21 by a factor of more than 2.

Kinetic energy is known to be lost in nucleon exchange between
target and projectile.23 In a simple version of a one-body nucleon
exchange process13, where a nucleon of mass m is assumed to be loose-
ly bound and at rest with respect to the donor nucleus, its relative
momentum Ap=mv is dissipated in the transfer. The resulting loss of
total kinetic energy per nucleon exchange 6Eex is then proportional
to the kinetic energy available prior to exchange2\

SEex = (m/y)(Ec.m. - E B - ElOss) = (m/u)E (16)

where S E ^ = (-dEex/dt)/(dN/dt) and dN is the number of exchanged
nucleons per unit time dt. Consequently, the energy loss rate for
nucleon exchange alone is

-dEex/dt = (m/u)E(dN/dt) = kexv
2 (17)

This energy loss rate is equivalent to that due a friction force
Fex = -kex

v (see Eq. 10) with a frictional coefficient,

kex = (m/2)(dN/dt) (18)

where (dN/dt) = 2(A/Z)DZ. The total number N of nucleon exchanges is
obtained from the number Nz = <*Z or" protons exchanged by scaling Nz
according to the mass-to-charge ratio, N= (A/Z)CTZ- This is justi-
fied by the experimental observation of a fast equilibration1 of
the mass-to-charge asymmetry degree-of-freedom in damped heavy-ion
reactions which indicates that neutron and proton exchange rates are
similar. Substitution of dN/dt into Eq. 18 gives

(kex/DZ) = m (A/Z) (19)

where m is the nucleon mass. Converting the units of erg sec2 cm"2

to MeV sec2 fm"2

(kex/Dz) = 0.1044 xio"
43 (A/Z) MeV sec2 fm"2 (20)

For the 2 0 9Bi+ 1 3 6Xe reaction at a bombarding energy cf 1130 MeV, it
follows that kex/Dz is approximately 30% of k/Dz (see 5q. 15). Hence,
energy dissipation caused directly by the nucleon exchange process
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represents only a fraction of the total energy dissipation. Further-
more, this fraction decreases as the bombarding energy is reduced.

If one denotes the friction force coefficient due to one-body
dissipation processes such as particle-hole excitation without nucleon
exchange by knex, the resulting total energy dissipation rate (in
analogy to Eq. 11) is

-dE/dt = (21)

It may be expected that the rates of one-body processes without and
with nucleon exchange represented by the friction coefficients knex

and kex, respectively, are somewhat different in magnitude. However,
since both processes are induced by the same time-dependent single-
particle potential, the two friction coefficients are expected to have
the same time dependence. This is equivalent to both friction forces
having the same spatial form factor. Under this condition, the energy
loss rates due to particle-hole excitation and nucleon exchange are
proportional to each other. The microscopic time scale corresponding
to the nucleon exchange mechanism may then be used to calculate the
total energy loss during the time necessary for one-nucleon exchange.
Consequently, this total energy loss associated with a single exchanged
nucleon» 6E, is given by

<5E = -d(Enex+Eex)/dN = (ro/u) [1 + (knex/kex)]E (22)

Similar arguments apply to the case of two-body friction and exchange
which, in general, give rise to a more complicated energy dependence, 1 8

Experimental results for the energy loss per nucleon exchanged for
the reactions3 1 6 5Ho+ 8 t fKr, 1 6 5 H o + 1 3 6 X e and * 0 9Bi+ 1 3 6X,; -t a bombard-
ing energy of 8.5 MeV/amu and for the reaction25 1 9 7Au+ e tKr at 7.2
MeV/amu are presented in Fig. 20. The
values of SE were obtained by differ-
entiating curves of EiO!3S vs N fitted
to the experimental data points. The
estimated errors are, therefore, corre-
lated. The 1 9 7Au+ 8"Kr data were
transformed into the center-of-mass
system assuming 81>Kr-kinematics for
all fragments.

10 -

The most important observation to
be made from the data is that the
energy 6E dissipated during the time
necessary for the exchange of a single
nucleon decreases with decreasing
available kinetic energy E (i.e. in-
creasing energy loss and total exci-
tation energy of the system). The
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data points follow a straight line intercepting the abscissa at
(m/u) E= 0 as predicted by Eq. 22 over an unexpectedly wide range of
available energies. For small available energies the data points
deviate from these lines. This indicates that large energy losses
may lead to a highly deformed intermediate system. Hence, the Coulomb
energy may be much lower than the one in the entrance channel, which
is used to calculate the available energy. On the other hand, the
one-body mechanism may also lose importance at high excitation ener-
gies, where the Pauli principle is less inhibitive for two-body
nucleon collisions.

As is indicated by the dashed line in Fig. 20 corresponding to
Eq. 16 (or to Eq. 22 with k n e x = 0 ) , energy dissipation by nucleon
exchange alone can account for ~30% of the total energy loss for the
8.5 MeV/amu data and for ~15% for those at 7.2 MeV/amu. The good
description of the data by the linear relation predicted by the one-
body mechanism suggests that the ratio ^nex^ex is> indeed, constant
over a wide range of excitation energies and t values. Although the
9 7Au+ 8 6Kr data26 exhibit a linear dependence on the available energy,

they do not lie on the line determined by the 8.5 MeV/amu reaction
data. Studies21'2 of similar reactions at various bombarding ener-
gies indicate that nucleon exchange accounts for a smaller fraction
of the total energy loss as the bombarding energy is reduced.

The diffusion model proposed by Norenberg and collaborators26"28

treats nucleon exchange and energy loss on the same basis accounting
for the dependence of the transport coefficients on excitation energy
or energy loss. Noticing that the rates of energy loss and nucleon
exchange are determined by the energy drift coefficient vg and the
mass diffusion coefficient D A according to dE/dt = -vg and dN/dt =
(2Z/A)DA, one obtains

28

6 E = A V E = A A 2 J 8 l g 2 > l / 2 . l / 3 + 1 / 3 x 2 g - l / 2
Z 2DA Z 8 TsTglT1'3 l 2 loss

for the total energy dissipated during the exchange of one nucleon.
Here, A~ 2.5 MeV is a mean value of the energy dissipated in one
nucleon exchange or particle-hole excitation process, and g^=A^/12
are the single-particle level density parameters of the two ions.

Theoretical curves represented by Eq. 23 are compared in Fig. 21
with the experimental energy loss per nucleon as a function of energy
loss. The level density parameters were calculated for the projectile-
target combination of fragments. As can be seen in Fig. 21, the
diffusion model can account for the high energy loss observed per
nucleon exchange for low values of kinetic energy loss corresponding
to small interaction times. However, the predicted functional
dependence (Eq. 23) is not supported by the data. It is interesting
to notice that on this plot also the 1 9 7Au+ 8 6Kr data follow the
experimental systematics for small values of Ei o s s. If the diffusion
model is modified to account for the reaction dynamics employing
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velocity-proportional friction
forces, the result is quite
similar to one-body dissipation.

In conclusion, the observed
correlation between nucleon
exchange and energy loss sug-
gests that the microscopic
time scale provided by the
exchange mechanism can be
used to study the energy
dissipation mechanism in
heavy-ion reactions. The
experimental energy loss
associated with a single
nucleon exchange exhibits
a linear dependence on the
available kinetic energy,
as predicted by a one-body
dissipation mechanism. The

diffusion model can account for high amounts of energy dissipated
per nucleon, <5E, for low energy losses; however, it does not predict
correctly the decrease of 6E with increasing energy loss. Neither
model accounts directly for the increase of k n e x/k e x (or k/D^) with
decreasing bombarding energy.
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DESCRIPTION OF DEEPLY INELASTIC COLLISIONS

IN TERMS OF A TRANSPORT EQUATION

Hans A, Weidenmuller

Max-Planck-Institut fur Kernphysik, Heidelberg, W. Germany

Abstract. A transport equation for deeply inelastic collisions is
derived from a random-matrix model for the form factors for inelastic
scattering and transfer reactions. The parametrization of tnese form
factors is discussed. Results in one dimension indicate the importance
of quantum fluctuations, and limitations of other approaches to the
same problem. Results in three dimensions are compared vith the data.

1. Introduction

Reasonably successful fits of friction models to cross-section
data1) and of diffusion models to the observed mass distribution2)
suggest that deeply inelastic collisions (DIC) can perhaps be described
in a rather simple way. It may be sufficient to follow the development
in time of a few select degrees of freedom (relative motion, shape
degrees of freedom and the like) and to describe the coupling of these
modes with the multitude of excited states of heavy nuclear systems
available at excitation energies exceeding a few MeV by friction and
diffusion coefficients, viscosity coefficients etc. This view, if
correct, defines the task of the theory. It consists in finding the
Hamiltonian for large-scale collective motion of nuclear systems The
necessary steps are the following. The relevant collective degrees of
freedom have to be identified. The collective Hamiltonian has to be
set up by calculating the inertia parameters and potential energies
for these modes. In addition, the coupling of these modes to the large
number of non-collective intrinsic excitations has to be analysed.
Under suitable conditions, this coupling can be expressed in terms of
transport coefficients (friction coefficients, diffusion constants etc)
the knowledge of which completes the description of large-scale
collective motion.

The present paper aims at contributing towards this goal. While
methods to calculate energies and inertia parameters for collective
nuclear motion have been studied for a long time-^), the calculation
of transport coefficients has only recently become a challenge for
nuclear theorists-5' . It is the purpose of this contribution to show
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how such a calculation can be done for realistic values of the relevant
input parameters. We pay no attention to some open problems in the
theory of inertia parameters'^ and focus attention entirely on the
transport properties. The calculation is carried through for a specific
choice of the collective variable. Nevertheless, we believe that the
techniques developed for this case have general applicability in
nuclear physics. The work summarized below was carried through in
collaboration with Dan Agassi and Che-Ming Ko^'^jiOj^ Some of the
numerical results were obtained by David Saloner. The calculation of
the second moment of the form factors is presently done jointly with
B.R. Barrett and S. Shlomo.

2. Qualitative Description of the Model.

As the collective variable, we choose the distance r between the
centers of mass of projectile and target. Thereby, we neglect other
collective degrees of freedom, particularly shape deformations, which
are known^'' to play an important role especially towards the end of
the DIC. We assume the two nuclei to remain spherical throughout the
collision. This is done not because we consider this a realistic
approximation, but because we wish to calculate transport coefficients
first in the simplest possible model. The inertia parameter is taken
to be the reduced mass u of projectile and target. Changes of y
due to mass transfer are neglected, and the problem of calculating
the inertia parameter ab initio is avoided. The potential U(r) between
the two fragments consists of the Coulomb interaction and a real nuclear
potential. The latter is taken to be independent of the excitation
energy of either fragment. Details of its choice are given in section
5 below.

As the two heavy ions approach each other, they excite one another
by Coulomb excitation and, as the nuclear density distributions begin
to overlap, by inelastic nuclear scattering g.nd nuclear transfer
reactions. The latter two processes soon dominate and can each be
described by a matric element of DWBA type. We thus view the DIC es-
sentially and aside from the initial stage (to which we pay no attention
in the sequel) as a sequence of a large number of DWiiA-type collisions.
Each collision term contains the form factor Vg-^Cr) connecting the
eigenstates 's> and |t> of intrinsic motion (these two states are
products of eigenstates of the intrinsic Hamiltonians of either
fragment). At excitation energies exceeding several MeV for either
fragment, the states ls> can no longer be described individually
and microscopically. Rather, they attain properties which must be
described with statistical methods. This is demonstrated by the success
of random-matrix models in nuclear spectroscopy in general, and in
neutron time-of-flight spectroscopy and preequilibrium decay in parti-
cular"^). Therefore, we replace the detailed description of the
behaviour of the form factors Vs-(:(r) by a statistical one, assuming
the form factors to have a Gaussian distribution centered at zero.
This assumption is consistent with random-matrix models, as is the
vanishing of the mean value for s f t . (The elastic form factors
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Vss(r) are not considered here as they form part of the real nuclear
potential contained in U(r).) To specify the distribution of the
"̂st̂ 3") completely, we only have to give the value of the second
moment, Vs-t;(r) Vs' tfir

1) . This is done below. We thus view the DIC as
a sequence of random collisions of DWBA type, and calculate the mean
value of the cross section. This statistical view is in keeping with
the general physical principle by which perturbation theory is adequate
for weakly interacting systems, statistical mechanics for strongly
interacting ones like the nucleus. Note, however, that we avoid intro-
ducing a temperature (and thereby assume partial equilibration). We
replace the concept of a heat bath and its associated temperature by
the statistical assumption on the form factors.

3. Derivation of the Transport Equation.

The distribution of the form factors is specified completely by
assuming them to form a Gaussian random-matrix ensemble with mean value
zero and second moment

f- •(3.1

The bar denotes the ensemble average. Space does not permit me t.o
justify the r.h.s. of eq. (3.1) in detail"). Calculations based on a
shell-model expansion of the states |s> and !t> with B.R. Barrett
and S. Shlomo are under way to determine precise values of the para-
meters w^, a and A . Suffice it to say that f is related to the
overlap of the two mass distributions, A = 5 to 7 MeV to the mean
energy transfer per collision (roughly given by the harmonic oscil-
lator energy hoi), a = 2 to It fm to the correlation length (roughly
given by pi over the inverse Fermi momentum), and w^ = 10 MeV to
the strength of a collision in which the angular momentum -fiL is
transferred to intrinsic motion, with '?iLmax the maximum value.
Shell-model estimates yield Lmax'» 10 . The quantity Ds is the
mean level spacing at the excitation energy es of state |s> . The
factor (DgDt)1/2 makes sure that V*t(r) (DsDt)~

1/2 which can be
viewed roughly as a spreading width, is independent of excitation
energy, (in writing eq. (3.1), we have skipped complications '
arising from angular-momentum algebra and the kigner-Eckart theorem).
Similarly, eq. (3.1) can be generalized to include mass transfer.
Note that all the physics of our model is contained in the assumption
(3.1) on the statistics of the form factors, and in the values of the
parameters a, A, ŵ ,.

Upon the introduction of the random-matrix model for the form
factors, the Hamiltonian for DIC is replaced by an ensemble of random
Hamiltonians. In the representation in which the intrinsic Hamiltonians
of either fragment are diagonal, this ensemble has the form
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(3.2)

Here, Tr is the kinetic energy of relative motion, all other symbols
were introduced above. It is straightforward to express the scattering
matrix (and thus the cross section) forma.lly in terms of Hs^ . In
calculating the mean value of the cross section over energy, we use
the equality'3) of energy average and ensemble average and determine
the latter with the methods described in ref.8). After summation over
intrinsic spins, the result can "be written as follows. Let T ^ , "b = a,
"be the transition matrix leading from the incident channel a to the
final channel b . Then,

IT
1 U (3.3b)

Eq.. (3.3a) shows that 'I'bal2 is a s u m o f terms, each of which
describes n collisions of DWBA type leading from state a to statr b.
Eq. (3.3b) shows the structure of the n-collision term. Here, <J> op* t*J
are the optical-model wave functions with the usual boundary conditions
for outgoing (+) or incoming (-) scattered spherical waves, and
is the optical-model Green function. It is defined by

(3.4a)

Gs° -

Expanding eq. (3.ha) into a series,



203

s : vsk G; vt l c;
1

\/ C \l C \f C '

Z I i . c ; vtv> G- vM i G; vt,s c

f . . .

we see that G s°^ describes all processes where scattering into inter-
mediate states takes flux out of channel s .The last term shown ex-
plicitly in eq. (3.^-c) describes a process in which the scattering
process t-j -> t£ -*• t-| takes place before the scattering process
s -*• t-j -»• s is completed. The term preceding is describes a sequence
of two collisions beginning and terminating in channel s . The optical-
model wave functions are determined by a Hamiltonian containing
T R, U(R), and the "optical-model potential" Y.^Vst Gt°pt V t s .
Returning to eq. (3.3b), we see that each of the two matrix elements
appearing on its r.h.s. does have the form expected for an n-fold DWBA
collision. The one modification which arises is caused by the fact that
the form factors appear pairwise in the matrix element and its complex
conjugate, each pair being replaced by its mean value as indicated by
the bars. This is a consequence of the random nature of the interaction.
It implies that the transfer of energy and angular momentum from rela-
tive motion to intrinsic excitation is the same in each collision for
the matrix element and its complex conjugate. In other words, this
transfer is incoherent. This is demonstrated uy the fact that the inter-
mediate state energies s-|, S2, ..., sn-i are the same in both matrix
elemer.tF, and by the appearance of the Legendre polynomial P^( rrf) in
eq. (j.1). Aside from these incoherent terms, the probability (3.3)
of going from channel a to channel b also contains coherent
features. Indeed, <$>a,°^ i-s a coherent sum of all relevant angular-
momentum amplitudes, and so are Gg^Pt, Gsk°P** , and (j^optl-) .
Moreover, in each collioion, the angular momentum SL before the
collision is vector-coupled with the transferred angular momentum L
to yield the angular momentum of relative motion £'= I + L after the
collision, just as in any DWBA matrix element. No further restriction
exists on the value of £'. In particular, there exists no condition
that would force the angular momentum in G s^

o p and in GS-°P^* to be
the same, for any i ••= 1, ... , n . Therefore, the final angular momenta
in <J>-j)

0P'k( ' and ^•j;)
oP*'~'* are added coherently. This is necessary to

produce the narrow angular distribution peaked in the forward hemisphere
often observed in DIC. (An incoherent summation over angular momenta
would lead to angular distributions symmetric about 90° c m . ) .
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We now cast eq. (3.3) into the form of a transport equation which
can be solved numerically. We define the mean value of the density
matrix,

(3.5)

It is not difficult to see that for large values of rl and Ir
p-b(r,r

l) becomes proportional to |Tbal • Instead of the density matrix,
we introduce the Wigner transform

(3.6)

In the classical limit, Fs can be interpreted as the joint probability
density of finding the two heavy ions at a relative distance R with
relative momentum -ftk and intrinsic excitation energy eg • It follows
from eqs. (3.3) to (3.6) that Fs obeys the following transport
equation").

F * (3.7)

The left-hand side of this equation has a simple interpretation. Let
us consider for a moment classical trajectories defined by pR = *k ,
-fiK = -VpU . It,is easy to £heck that the l.h.s. of eq. (3.7) is then
nothing but 'frrj- Fs^

R^i^» k(t)* More generally, this l.h.s. is the
rate of change of F S(R,K) along a classical trajectory. The right-
hand side has the form familiar from a Master equation. It consists of
a gain term proportional to <Jf st describing collisions that populate
the state (s,R,k), and of a loss term proportional to «£ s^ de-
scribing collisions that depopulate the same state. Both OL s^ andjCst
can simply be expressed in terms of G^°^ and of Vst vts . It is
intuitively clear why we have termed eq. (3.7) the "probability balance
equation". It has to be solved with the boundary condition that the in-
coming current is known; we look for the asymptotic behaviour of
F (R,k) which directly yields the cross section for DIC.s

h. Results in One Dimension

Typical features of the solutions of eq. (3.7) can be exhibited?)
by suppressing the complications due to angular momentum, and by
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replacing R and k by one-diemsmonal quantities 7. and k ,
respectively, and by putting U = 0 • Eq. (3.^a) for GS°P^ can be
solved in nuclear matter and essentially yields the mean free path A
as a function of w , A, and a , One finds^) that X is roughly
inversely proportional to wo, and depends weakly on A and a , a
typical value of A being 0,25 to 0.5 fm (see Fig.i). The behaviour
of the solutions of eq. (3.7) depends on the ratio a/A. For a < A
(weak coupling), we find that mean intrinsic excitation energy
e(z) = £ (dk e_ FQ(z,k) and mean kinetic energy ̂ k_2> 5" (dk

s h2<fc2> , x ~2^~"= * J 2/* J '
satisfy energy conservation — + e(z) = E to a^gopd degree of
accuracy. More generally, in this case Fs(z,k)«;6(es+ - — ~ E ) Fs(k)
which greatly simplifies the problem and leads to the classical
equations of motion studied earlier'^'. Unfortunately, a > A (strong
coupling) is the more realistic case, since we expect a/Ass 8 . In this
regime Fs(z,k) is driven off-shell in the interaction region, the
energy conservation relation just given being violated by as much as
60 or 80 MeV for an incident energy of 200 MeV (see Figure 2). This
shows that not only statistical fluctuations, but also quantum fluctu-
ations are important for the problem. As a consequence, approximations
used in previous treatments of the problem are of questionable validity:
The description of the system of internal coordinates in terms of a
heat bath cannot rely on local energy conservation to determine the
temperature. The use of lowest-order perturbation theory (weak coupling
limit) is not justified. The use of classical trajectories and of
friction coefficients is meaningful only in this limit. The Einstein
relation between drift and diffusion coefficients does not give more
than an order-of-magnitude estimate of the latter. Correlation length
a and energy spread A must be viewed as independent physical para-
meters which describe very different aspects of the process.

Aside from these findings, the study of the one-dimensional
system also leads to two results which are important for constructing
approximate solutions in three dimensions, (i) To within a very good
approximation, it is possible to replace the variable R' in Fs and
Ft on the r.h.s. of eq. (3.7) by R . (ii) The solution Fs(fl,k)
has nearly Gaussian shape (see Figs.3 and k),

5. Results in Three Dimensions.

Using the results just described, we have transcribed eq. (3.7)
into a system of coupled linear first-_order differential equations for
the first and second moments of Fs(R,k) - all we need to describe a
Gaussian. In so doing, we have assumed Fs(R,k) to be on shell, in
spite of the remarks made above. Our justification is this. The one-
dimensional model yields results which show that the fully off-shell
results typical for strong coupling lead to cross-sections which can
be simulated in terms of a weak-coupling calculation if the parameters
are suitably renormalised. In spite of the limitations mentioned at
the beginning of section 2, it may be instructive to compare the
results obtained in this way with the experimental data. We have ex-
tended the theory so as to describe also charge transfer.
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We first comment on the input parameters used, and on the
dependence of our results on these parameters. For the real nuclear
potential, we have used a Woods-Saxon shape with depth Vo = 127 MeV,
radius Ro = 12 fm and diffuseness a = 1 -̂ .15 fm- These last two
numbers roughly correspond to the reaction ^Ar + ^2Th, the first DIC
observed''', to which we confine ourselves throughout. The other para-
meters were chosen A = 5 MeV, wo = w-j = W2»— = 7.2 MeV, a = h fm,
•'-'max = 7 • (The approximate equality signs are caused by the intro-
duction of an approximation explained in refs. 8 and 10 the details
of which exceed the present frame). For these parameters, the one-
dimensional model yields a value X ̂  -2if fm for the mean free path
which was used in the optical-model Green's function (3.^a) in three
dimensions. For reasons explained in ref. 10 , the radial friction
constant was multiplied by the factor 1.25 • The overlap function
f(R) appearing in eq. (3-1) was taken to have Woods-Saxon form, with
a radius parameter of 1̂+. fm and the same diffuseness a = 1.1+1/ fm
as used above. Another constant was adapted to the mass exchange. For
the level density, we used its being proportional to exp (2/aE) with
E the excitation energy in MeV and c = 34" MeV . These parameters
completely determine the calculations. The calculations reported below
give the cross section of DIC due to impact parameters < 11 fm. Larger
impact parameters give rise to a sharp peak of quasielastic events
which we" did not calculate.

•̂  «>
The distribution function F (R,k) being Gaussian, it is meaning-

ful to discuss first the mean deflection angle 0(b) and the associated
mean kinetic energy E{b) after the collision as function of the impact
parameter b . Both E(b) and 0(b) depend very sensitively upon the
details of the overlap function and of the real nuclear potential. This
strong dependence implies a similarly strong dependence of the doubly
differential cross section for DIC. Therefore, a truly meaningful
comparison with the data can only be made if many different energies
and masses of projectile and target are considered simultaneously, and
a smooth A-dependence of the relevant parameters is used. This we have
not done yet. We are confident that shell-model calculations as referred
to above will help in reducing very substantially the present ambiguities
in the choice of w , A, a, and f(R). We hope that the choice of the real
nuclear potential can be similarly confined.

Fig.5 shows some of our results. The solid upper curve gives 0(b)
versus b for the parameters given above. The long-short dashed curve
gives G(b) versus b for a slightly different set of parameter values,
wQ = ... = W L = 7 MeV, no_ multiplicative factor 1.25 in front of
radial friction, but a diffuseness a = 1.25 and a radius RQ = Ik fm
for the real nuclear potential. We note that the deflection function
turns over more steeply. This has the consequence of making the cross
section for large energy loss smaller, since it is proportional to
Jbdb. The reduction can be very substantial. The cross section origi-
nating from the full ©(&) curve between - 10° and +10° deflection
angle is roughly proportional to b^ - b|^121 mb (we used b-j = 9.65 fm,
b2 = 9 fin) while for the long-short dashed curve the cross section
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between - 10° and + 10° is only proportional to 3̂ .8 rab (b1 = 9.75 fm,
bp = 9«58 fm). The lower full curve gives the final kinetic mean energy
E(b) for our choice of parameters. Although the curve is roughly the
same for both deflection functions shown, the mean kinetic energy at
- 10° deflection angle is quite different (180 MeV and 200 MeV) for
the two curves. Additional complications arise if other parameters are
also varied. Generally speaking, one has to strike a proper balance
between keeping the G(t>j function from getting too steep on the one
hand, and getting too little energy loss on the other. In the inte-
gration over impact parameter values, we have used as a lower cutoff
R< the point where 0(b) either turns over, or tends to minus in-
finity. The reason is that we feel smaller b values would mainly
contribute to fusion and could not be dealt with anyway with the model
developed above.

Some of the results of our calculation are shown in Figs.6 and 7.
Fig. 6 gives the doubly differential cross section d cr/dEdft in mb/
(MeV sr) for K ions produced in 388 MeV ^Ar + 232<rh, with parameters
as given above and R< = 9 fm . The cross section values are
plotted for various cm. scattering angles versus cm. kinetic energy
in MeV of the reaction products on a linear scale. This was done
because our calculations cannot claim an overall accuracy better than
a few percent of the peak values. When comparing with the results of
ref. 15 , we have to keep in mind that the latter are given in the lab
system. Our 9° cm. data show a peak at *»» 165 MeV cm. ( « 220 MeV lab
system) with a F.W.H.M. of ~ 110 MeV. Both values are in excellent
agreement with ref. 15, and so is - within a factor of two - the peak
value of the cross section. The 27° cm. data show the deep inelastic
peak at —'100 MeV cm. ( « 160 MeV lab) with a value of abt. .15 mb /
(MeV sr), and the quasi-elastic peak. The latter is cut off because of
our restriction to impact parameter values < 11 fin. At the cut-off
value of 220 MeV cm. (~ 280 MeV lab), the value is 1.8 mb/(MeV sr).
Aside from the last value which is perhaps somewhat large by a factor
of 3 or so, the agreement again is very good. The I8°cm. results are
in between these two sets of results and show an overall agreement of
similar quality. Note the shoulder indicating deeply inelastic con-
tributions. The 36° cm. results show the quasi-elastic peak at 280 MeV
cm. (s 3*t0 MeV lab) with a cross section peak value which is roughly
a factor 5 too large. This we attribute to the choice of the surface
behaviour of potential and overlap function f(.H) both of which to-
gether determine the behaviour near the grazing angle.(Note that at a
fixed lab energy of 360 MeV, the experimental cross section changes
by two orders of magnitude between 35° and 2+0° lab!). The
deep inelastic component at 36° c.m. is in nice agreement with the
data. Note that this component has a tendency to peak at smaller
energies with increasing angle, in keeping with the data. In view of
the uncertainties in potential and overlap function and of the
dependences shown in Fig. 5> we consider the overall agreement ex-
cellent.
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Fig. 7 gives the same kind of plot for 1°0 ions produced in the
reaction. We see that the deep inelastic peak moves towards smaller
mean kinetic energies with increasing cm. scattering angle. This
behaviour as well as the size, position and width of the peak are in
rough agrepment with the data. The curves plotted show that there is
also a mass diffusion contribution to cross section values correspond-
ing to large outgoing energies. This second peak is conspicuously
absent in data. We believe that this feature of our calculations as
well as the large cross section values shown in Fig. 6 near the quasi-
elastic peak must be attributed to the same cause, i.e., too strong
friction and too much mass transfer in the outer domain (b > 10 fin)
of the interaction region. Since these calculations were done,
evidence was obtained from the shell-model studies referred to above
that the second moment of the form factors decreases monotonically
and exponentially for distances > 8 fm, in contrast to the behaviour
used in our calculations. This feature would probably change the
results of our calculations in the right direction, but it has not
yet been incorporated in the programme.

6. Conclusions.

We have shown that a random-matrix model for the nuclear form
factors leads to a transport equation for DIC. The parameters in this
equation are confined within a fairly narrow margin by shell-model
studies. An analysis of the transport equation in one dimension in-
dicates the importance of off-shell effects and limitations of previous
theoretical treatments of the problem. Calculations of doubly-differ-
ential cross sections in three dimensions show a strong dependence on
the input parameters and especially on the real nuclear potential
which at present is only poorly known. Save for reactions with a large
mass transfer, they yield a very satisfactory agreement with the data.
To assess the significance of this agreement„ and to obtain solid
evidence for or against xne participation of other collective modes
in DIC, work along the following lines is required, (i) The freedom
in choosing the input parameters of the model must be reduced by
suitable theoretical studies, (ii) The errors incurred in solving
the transport equation approximately must be determined, and better
approximations avoiding classical concepts must be found, (iii) The
analysis of the experimental results must include a large body of data
to cover a wide range of bombarding energies and mass numbers.

(iv) The mechanism of large mass transfer must be understood better.

Work on these problems is under way.
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Figure Captions
-i

Fig.1 2n = X versus coupling strength w in a one-dimensional
model for various values of the parameters A and a.

Fig.2 The full thick line gives e(z), the long-dashed thick line
gives E - >fi <k >/2y . The difference between the two curves
shows the importance of off-shell effects for strong coupling.
For more details, cf. ref.91)-

Fig.3 ( Fs(z,k)dk versus es = E for various values of z .

Fig.U fFs(z,k}dk versus z for various values of es .

Fig.5 Mean deflection function and mean kinetic energy versus
impact parameter.

Fig.6 Doubly differential cross section (in mb/(MeVsr)) versus
cm. energy (in MeV) for various cm. angles and outgoing
K ions.

Fig.7 The same as Fig. 6 for outgoing 0 ions.
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1. Introduction

In concert with the rapidly accumulating wealth of

experimental data on nuclear collisions, the theoreti-

cal efforts to understand the nuclear dynamical proper-

ties have greatly intensified in recent years. Up to

now, only fragments of a full dynamical theory of large-

scale nuclear collective motion have been established.

Best understood is the nuclear potential energy of

deformation which can now be calculated to within a few

MeV on a purely microscopic basis or by way of a ma-

croscopic-microscopic method. The efforts devoted to

the understanding of the nuclear collective masses have

so far yielded only relatively modest results and a

quantitatively reliable theory for nuclear inertias is

not yet available. Until recently, the third ingre-

dient in a full dynamical theory, namely the dissipa-

tion, was largely ignored; the few discussions made of

nuclear dissipation were based on the concept of a two-

body viscosity, in analogy with ordinary gases and

liquids. From its dormant state, the field was recent-

ly aroused into whirling development by the realization

(1) that the independent-particle model provides a

relevant framework for the discussion not only of the

nuclear statics but also of the nuclear dynamics. The
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dominant dissipation mechanism is then the collision of

the individual nucleons with the changing one-body mean

field, rather than the collision of two nucleons di-

rectly. This talk will present a brief account of the

most recent progress in our understanding of the dyna-

mical properties of nuclei, with particular emphasis

on the nuclear dissipation mechanism. Substantial parts

of the work reported here were carried out in intimate

collaboration with S. E. Koonin.

2. Idealized dissipation formulas

Before turning to the general theoretical treat-

ment we shall discuss briefly the nuclear one-body

dissipation in two idealized cases, in order to give a

feeling for the magnitude and character of this type of

damping.

2.1 Wall formula

As was first pointed out by Swiatecki (1), a

natural starting point for the discussion of nuclear

dynamics is to consider the nucleus as a collection of

independent particles confined by a common container

whose shape is changing slowly in the course of time.
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The collision of the particles with the moving bound-

ary wall gives rise to a velocity-dependent pressure

on the wall and hence to an energy dissipation. From

elementary kinetic considerations it follows that the

dissipation rate is given by the "wall formula" (2)

= p V
r 2

In order for this expression to be valid over times

longer than a typical single-particle transversal time

it is necessary to assume the presence of some ran-

domizing agent such that the particles carry no memory

with them about past collisions on their journey to-

wards future encounters with the wall- This assump-

tion may conflict with that of a long mean free path

and we shall discuss this point in some detail later

on.

The constant entering in the dissipation formula

is the nuclear mass density p times the average nu-

cleonic speed v ; these quantities are well known

from nuclear statics. Thus there is no room for in-

troducing an adjustable friction coefficient as is

necessary in attempts to calculate the nuclear dissipa-

tion on the basis of ordinary hydrodynamical two-body
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viscosity. Because of the single-particle nature of

the dissipation mechanism the characteristic damping

time is of the order R/v . This time is short com-

pared with the typical duration of the collective mo-

tion encountered in fission or deep-inelastic colli-

sions and hence one expects the motion to proceed in a

strongly damped manner. Moreover, ths wall formula is

insensitive to the wave length of the surface velocity

field; this is in contrast to ordinary two-body vis-

cosity which preferentially damps distortions of short

wave length.

2.1.1 Macroscopic fission

Macroscopic calculations of fission have been car-

ried out with the wall dissipation (2,3). In accordance

with expectations the shape evolution is overdamped and

leads to relatively compact scission configurations.

The results for the fragment kinetic energies (Fig. 1)

are in amazing agreement with experiment considering

that no parameters have been adjusted; this was a great

encouragement at the early stages of the development.

However, as will be evident from the discussion later

on, the validity of the simple wall formula is yet not

clarified and a conclusive comparison with experiment
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must await more refined calculations.

2.2 Window formula

Simple estimates can be made in a similar manner

for the dissipation occurring in the collision of two

heavy nuclei. Here the nuclei are pictured as two

separate gases of independent nucleons moving with a

small relative velocity and communicating through a

small window between them (4). The particles exchanged

through the window carry with them and eventually de-

posit the momentum resulting from the velocity mis-

match, thus producing a friction force. The associated

dissipation rate may be written (2,5)

Window = N (2 u/ + u/)

where u and u. are the normal and tangential com-n t 3

ponents of the relative velocity u between the two

nuclei. The friction1 coefficient N = \ (N+ + N_)

is the average static flux of mass between the two

systems. For a fully open window of cross section o

between two identical systems this mass flux is

N = nna where n = — pv is the bulk flux in ordinary
0 o **

nuclear matter. If the two systems have different com-

position there will be a net flux N - N_ providing
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a driving force in the mass-asymmetry direction and the

independent-particle description thus has a bearing on

the dynamical mass flow between the two nuclei; even

when the net mass flux is zero the random-walk type mi-

croscopic exchange of nucieons will cause the mass

distribution to spread in time.

2.2.1 Proximity friction

The window formula can be refined to take account

of the finite diffuseness of the ni. .ear surface (5) .

As the two nuclei approach, the window gradually opens

up allowing at first only the most energetic nucieons

to be exchanged; consequently, the friction will be a

very sensitive function of the separation. Following

the same line of argument that led to the nuclear

proximity potential (6) one obtains the following ex-

pression for the nuclear proximity flux (5)

N = 2TT n R b f (£

Here b is the surface diffuseness and 1/R = 1/C +1/C

is the mean curvature of the gap between the two nuclei.

Furthermore, the dimensionless function ¥(£) is the

incomplete integral of the mass flux per unit area
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between two parallel semi-infinite systems of nuclear

matter; ¥ is measured in units of nQ and is a func-

tion of the dimensionless surface separation £, = s/b .

This function is displayed in fig. 2 as calculated on

the basis of the nuclear Thomas-Fermi model (5-8).

The replacement of the simple window formula by the

proximity friction is a quantitative improvement ana-

logous to that obtained by replacing the simple sur-

face energy by the proximity potential (6).

2.2.2 Idealized collisions

The effect of the one-body friction can be illu-

strated by considering the collision of idealized nu-

clei which are simply spheres interacting with the

conservative Coulomb and proximity potential and sub-

ject to the proximity friction. This is certainly not

an adequate description of a real nuclear collision;

in particular the neglect of the intrinsic shape de-

grees of freedom prevents the neck from developing and

the exit channel barrier cannot be reduced relative to

that of the entrance channel in conflict with the

evidence from the final fragment kinetic energies.

However, the simple model of two spheres subject to the

proximity friction may provide the injection conditions
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for a more refined calculation in a multi-dimensional

deformation space. In the present context we shall

merely use these idealized collisions to illustrate

qualitatively the size of the one-body damping.

For this purpose consider 86Kr on 1 9 7Au. Fig. 3

displays the final orbital angular momentum £f versus

the initial angular momentum £. , for three different

bombarding energies. It is seen that the major part of

the cross section is associated with fully damped col-

lisions which in this model means that the velocity

mismatch at the window vanishes. Only a relatively

narrow ft-band around grazing leads to partial damping.

The amount of damping in the collision can also be

illustrated by plotting the final CM kinetic energy

TCM v e r s u s t n e C M scattering angle 9 as is done

in fig. 4. It is apparent that the system dissipates

a major fraction of the available energy. The rate of

energy dissipation during the approach phase can be

estimated by the formula

T «-47T n — b V (£ ) T

where y is the reduced mass of the two nuclei; the

rate typically amounts to « 50 MeV/10 sec.

From such preliminary comparisons one gains the
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impression that the one-body dissipation may in fact

dominate nuclear dynamics. However, before a quanti-

tative confrontation with experiment would be meaning-

ful a better theoretical foundation of the one-body

dynamics is required. We turn therefore now to the

recent progress on this front; the work reported in the

following was done in collaboration with S. E. Koonin.

3. Classical theory for one-body dissipation

A classical theory of one-body nuclear dynamics

was recently put forth (9). In this approach, one

starts out by specifying an appropriate one-body

Hamiltonian H(t) , varying slowly in time, and

then proceeds to solve the classical equations of mo-

tion by first-order time-dependent perturbation theory.

Assuming that the phase-space distribution f(r,p;t)

remains close to equilibrium, i.e. f = f(H) only,

one can apply the techniques of linear response theory

and arrives at the following formula for the dissipa-

tion rate

Q(t) = - <H(t) (I dt" Uo (t
1)) H(t) 4I>
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The brackets denote the integration over phase space

and the evolution operator UQ (t1) advances a par-

ticle along its classical trajectory for a time t1 ;

the subscript indicates that these classical trajec-

tories are to be calculated in the constant field cor-

responding to the Hamiltonian remaining frozen at its

value H(t) at time t .

The above expression lends itself to the following

physical interpretation: Particles originating from

any point (r,p) in the phase space contribute a dis-

sipation rate equal to the product of the initial im-

pulse received H(r,p;t) and the sum of all impulses

received subsequently along the entire (unperturbed)

trajectory. The weighting factor 9f/9H ensures that

for a Fermi-Dirac distribution only particles near the

Fermi surface contribute. These features explicitly

indicate the assumptions of a long (infinite) mean-

free path and slow collective motion. It is also ap-

parent that the dissipation mechanism has in general a

very non-local character.

3.1 Leptodermous systems

For leptodermous systems it is possible to cast

the expression for the dissipation rate in a tractable
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form. The perturbation then corresponds to a velocity

field imposed on the container walls and hence has the

form

H =-u(a) |^

where u(a) is the normal velocity of the surface at
r\ rr

the point a and - -r— is the normal force generated

by the unperturbed container at that point on the sur-

face. Moreover, the time integral can be written as

the sum of the separate impulses received by the par-

ticle during its successive encounters with the nuclear

surface along its trajectory. The first of these im-

pulses gives rise to a local contribution to the dissi-

pation which will turn out to be identical to the wall

formula while the subsequent impulses yield the non-

local contributions.

In general, the dissipation rate for a leptoder-

mous system can be written in the form of a double

surface integral

f p f ?
Q = I d a I d^b u(a) y(a,b) u(b)

Here the dissipation kernel y contains all the in-

formation about the dissipative properties of the
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system; it plays a role analogous to that of the iner-

tial tensor for the collective kinetic energy. By ele-

mentary, but somewhat lengthy, calculation it can be

shown that the full classical dissipation kernel is

given by

Y(a,b) = pv(6*(a-b) + - [ cos 0 cos 8 -5—- )
paths d b

As stated above the first term is recognized as that

leading to the wall formula. The non-local contribu-

tion to y is expressed in terms of the classical

paths leading from a to b with weights depending on

the angles of emission 6 and absorption 6, as well
a o

as on the focusing properties along the trajectory (ex-
2

a
pressed by the jacobian — ) .

d b

3.1.1 General properties

The dissipation kernel is independent of the pre

cise profile of the surface region as long as the

system remains leptodermous. Furthermore, the de-

pendence on the distribution only enters via the over-

all strength pv ; in particular, the temperature de-

pendence is only very slight (which is in drastic con-

trast to ordinary viscosity).
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The non-local part of Y has a complicated de-

pendence on the nuclear shape and can produce a sizable

reduction of the dissipation rate. This is most

strikingly brought out when the nucleus is subjected

a uniform translation or rotation in which case the

non-local contributions counteract completely the local

term, resulting in vanishing dissipation.

The derivation of the dissipation formula relies

on the assumption that the response function has a ra-

pidly converging long-time behaviour. This behaviour

is related to the rate at which the trajectories of the

unperturbed Hamiltonian explore the available phase

space. For a given trajectory this phase space is

limited by the conservation of energy and whichever

other single-particle constants of motion are present.

It is necessary to modify the above expression for the

dissipation kernel to take account of the pathological

long-time behaviour arising when special symmetries are

present.

3.1.2 Multipole oscillations

The theory is well illustrated by the multipole

oscillations of a spherical nucleus. In this simple

case the unperturbed trajectories are easily classified
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and, for tu° case of zero temperature, the resulting

formula for y can be written

R sin ¥ t-*» 3TT

c o s 4, Q ( t 2 n R
IT n vF

Here R is the nuclear radius and T is the angular

separation between the two surface points a and b .

Furthermore, <j> is half the angle between the succes-

sive reflections of a given trajectory and n is the

number of segments. The formula is somewhat modified

relative to the general formula above because the

spherical symmetry imposes angular momentum conserva-

tion on the single-particle orbits which in turn strong-

ly limits the available phase space and consequently

violates the assumption of quick randomization.

The associated dissipation is most easily discussed

in terms of the Legendre transforms y given by

pv J o
sin ¥ PT (cos

In terms of these coefficients the dissipation rate may

be written
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o - < * » * £ , > V , I 2 ^

where the coefficients a „ occur in the expansion of

the velocity field on spherical harmonics,

= R L dLM YLMLM

The normalization is such that the wall formula alone

would yield yT = 1 for all L .

The coefficients yT
 a r e displayed in fig. 5. As

Lx

expected, the effect of the non-locality in the dissipa-

tion kernel decreases with increasing L . Thus, as L

becomes large and the surface velocity field grows in-

creasingly complicated, the wall formula becomes an

ever better approximation. The effect of non-locality

is largest for the even multipoles where for L = 0

and L - 2 it completely cancels the local contribu-

tion. It is probable that yT vanishes for these

modes because they preserve the separability of the

spherical potential. The vanishing of y is a

manifestation of the translational invariance men-

tioned above. We note that incompressible, irrota-

tional viscous hydrodynamics gives Y L —
 L~l •

In order to illustrate the convergence properties
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of the expression for y we consider in fig. 6 the

value of Y T
 a s a function of the upper limit t , yT ,

For the dipole mode, the most striking structure is the

persistent "sloshing" with a period equal to the "echo"

time 4R/vF . If present in nature, this phenomenon

would have observable implications for heavy-ion colli-

sions. The gross structure of the octupole function

shows a close resemblance with that of the dipole, al-

though the smaller amplitudes and finer micro-struc-

ture are both consequences of the more complex surface

velocity field. The even multipoles exhibit a faster

decay of the gross structure and are quickly reduced to

small amplitude oscillations around the asymptotic

value.

The response function itself can be obtained di-

rectly from Y L by differentiating this function and

dividing by t . The relaxation behaviour of yT is

therefore indicative of this property of the response

function. For real nuclei,"R/vF » 6 fm/(8 fm/10

— 2 2
sec) = 0.75 x 10 sec, while typical collective time

-2 1 t

scales are R* 10 sec. Since the Y L can hardly be

said to be asymptotic by the time t = 10 R/vp (at

least for the low multipoles), the short relaxation-

time assumption will be marginal at best. However, the
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relaxation time is expected to be shorter for shapes

less symmetric than the sphere, due to a more efficient

randomization of the multiple reflection series.

4. Quanta! treatment

The theory described in the preceeding is based

on a classical approach. It is therefore devoid of any

shell effects. In analogy with the shell-correction

method for potential energy surfaces, the classical

theory is expected to provide the smooth macroscopic

background to which fluctuating quantal corrections

must be applied.

The general tools for the quantal treatment of

one-body dissipation were established recently (10).

On the basis of quantal linear response theory the

dissipation rate can be written

Q = 2TT fi I f(£n) | <n [ H |
nm

Here n,m denote the quantum states and e ,e their

energy. As in the classical formula the occupation

probability f(e ) is assumed to depend only on ener-

gy.



236

For a leptodermous system the dissipation kernel

following from the above expression can be written, in

the case of zero temperature,

y(a,b) = —^-y (ImG(a,b))2

4 TI" \i

where G is the double normal derivative of the Green

function associated with the potential considered,

G(a,b) = (a«V) (fi.$) G(a,b;E_)
r

G(a,b;e ) = lim <a
F +

In the case of finite temperature a Sommerfeld expan-

sion can be employed involving also the second deri-

vative of G with respect to e . This allows one to

exploit the powerful techniques developed for calculat-

ing the Green function.

4.1 Semi-infinite system

In the simple case of a semi-infinite system it is

readily found that

9 j,(ks) 7
Y =
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in the case of zero temperature. (s = a - b.)

This expression tends to the classical expression when

ks •+• °° but gives in general rise to a spatial smearing

due to the finite wave length of the nucleons (fig. 7).

This in turn causes a substantial reduction of the dis-

sipation rate when the wave length of the induced sur-

face ripples is comparable to or smaller than the nu-

cleon size (fig. 8). It can also be shown that while

the dissipation rate is independent of the surface pro-

file when the wave length of the velocity field is in-

finite, the dissipation exhibits a decrease as a func-

tion of surface diffuseness when the distorting wave

length is finite (fig. 9).

Moreover, the semi-infinite geometry can be used

to calculate the curvature corrections to the planar

dissipation kernel above; this curvature correction de-

pends on the orientation of s relative to the local

principal system of curvature. In general the curva-

ture reduces the dissipation, and quite appreciably so

in realistic cases (fig. 10) .
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4.2 General shapes

On the basis of the Lippmann-Schwinger equation it

is possible to derive an integral equation for the func-

tion G :

G(a,b) = 2 Go (a,b) + * d2p K(a,p) G(p,b)

Here GQ is the double normal derivative of the free

Green function Go and the integral kernel K is

given in terms of GQ as

K(a,b) = - jj (a-V) GQ(a,b) - 6 (a-b)

The above integral equation provides a natural starting

point for studying the one-body dissipation of general

shapes.

Iteration of the integral equation for G yields

an expression for G in terms of multiple surface inte-

grals involving the kernel K and the function GQ .

The evaluation of these integrals by the stationary-

phase method in the limit kR >> 1 results is an ex-

pansion for G(a,b) in terms of the classical trajec-

tories between a and b . In the extreme limit

kR ->• °° the different paths contribute incoherently and
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the classical expression for the dissipation kernel y

is recovered; this is an alternate way of deriving

the classical dissipation formula (9).

In fig. 11 is shown the exact quantum-mechanical

result for the dissipation coefficient y corre-

sponding to an octupole oscillation. One notes that

while large oscillations occur the average agrees well

with the classical value in the limit kR >> 1 . The

quantum oscillations are sensitive to the nuclear tem-

perature and quickly wash out for temperatures ex-

ceeding a few MeV. But for smaller temperatures the

quantum oscillations can be of the same order as the

smooth background. This is contrary to the shell cor-

rection to the nuclear potential energy and is a conse-

quence of the fact that only nucleons near the Fermi

surface contribute to the dissipation while all of the

nucleus contribute to the binding energy. Shell ef-

fects may thus substantially affect the dissipative

properties of a specific nucleus.

4.2.1 Semi-classical approach to shell effects

The shell effects in the one-body dissipation may

be studied in a semi-classical approach (11). A semi-

classical treatment of the dissipation can be made by
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retaining the phase coherence in the classical path

sum for G . This permits the different classical

paths to interfere and thus produce the quantum oscil-

lations. This approach makes it possible to interpret

the shell effects in terms of distinct classical or-

bits in the potential considered. Preliminary results

have been obtained with this simple semi-classical

treatment and the approach holds promise for providing

a quantitative method for extracting the shell struc-

ture in the nuclear dissipation.

5. Discussion

In the preceeding we have discussed the nuclear

dissipation in the extreme one-body limit. The approach

was based on the application of linear response tech-

niques to the independent-particle description of the

nucleus, ignoring all residual inter-nucleon interac-

tions. The entire approach can be carried through in

an analogous manner to yield the proper one-body re-

sult for the inertial-mass parameters, thus completing

the one-body description of the collective nuclear dy-

namics (9) .

For leptodermous systems, the collective kinetic
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energy and the rate of energy dissipation for slow but

arbitrary collective motion are given in terms of mass

and dissipation kernels coupling the velocity of dif-

ferent points on the nuclee* surface. In the large-nu-

cleus limit, these kernels are independent of the sur-

face diffuseness of the single-particle potential and

are simply and only weakly dependent on the nuclear

temperature. For a given nuclear shape, the kernels

can be expressed in terras of the classical trajectories

for nucleons within the nucleus. These results can

also be derived by taking the stationary-phase (large-

nucleus) limit of an entirely quantal formulation.

Modifications are necessary in case there are special

symmetries in the single-particle Hamiltonian. The

one-body mass and dissipation coefficients differ sig-

nificantly from those of incompressible, irrotational

hydrodynamics.

The approach rests on the validity of two related

assumptions. These are the use of a perturbative treat-

ment and the possibility of a temporally local reduc-

tion of the dynamical equations. These questions are

intimately related to the self-consistency between the

nucleons and the time-dependent nuclear single-particle

potential. For collective motion slow in comparison to
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the single-particle relaxation time (see Fig. 6 for an

estimate of this quantity), reflections of the nucleons

within a sufficiently asymmetric nuclear shape will

serve to quickly randomize the phase-space distribution

function. Consequently, both a perturbative approach

about a distribution function characterized by a time-

dependent temperature and the local reduction of the

generally non-local linear response equations are

valid. For relatively rapid collective motion the

distribution function does not have sufficient time to

relax, so that perturbation theory breaks down and non-

linear self-consistency becomes important; a temporally

local description then becomes impossible. However, it

should be noted that the genereilly large damping pro-

duced by the one-body mechanism is expected to result

in slow collective motion, justifying a posteriori this

assumption.

If indeed the collective motion is dissipation

dominated the nuclear shape will develop in a creeping

fashion and the inertial forces will be negligible.

Then the dynamical motion is governed by the balancing

of the conservative and dissipative forces alone, leading

to a first-order equation of motion (2). The validity

of such a superdamped nuclear macro-dynamics is
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presently an exciting prospect; whether and under which

conditions nuclei actually do behave in this simple

manner is not yet clear. In order to answer that fun-

damental question it is necessary to perform more

elaborate dynamical calculations, including several

collective degrees of freedom simultaneously and, in

particular, taking due account of the non-local effects

discussed in the preceeding.
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Figure Captions

Fig. 1 Comparison of experimental most probable fis-

sion-fragment kinetic energies with results

calculated with the wall dissipation formula.

This dissipation corresponds to a very over-

damped system. The results for infinite two-

body viscosity are shown as a dashed line to

illustrate the different effects of large dis-

sipation in the two models (2,3).

Fig. 2 The universal proximity flux function T(£)

as calculated in the nuclear Thomas-Fermi

model (5).

Fig. 3 The final orbital angular momentum £f as a

function of the initial angular momentum I.

for the idealized collision of Kr and Au,

at three different bombarding energies (2)

Fig. 4 The final fragment kinetic energy T versus

the scattering angle 0 C M (both in the center-

of-mass system) for the idealized colision of

Kr and 97Au, at three different bombarding

energies. The values of the total angular mo-

mentum are indicated (2).
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Fig. 5 The dissipation coefficients yT for multi-

pole distortions of a sphere, as calculated in

the classical one-body theory (9). The open

dots indicate the value obtained when only the

local term in the dissipation kernel y{V) is

retained (the wall formula). The full dots

indicate the value resulting when the non-local

terms are included.

Fig. 6 Dissipation coefficients yT for multipole
— * jj

distortions of a sphere, as a function of the

upper limit t in the time integral. The

marks on the vertical scale are positioned at

intervals of 0.5 and the value of all curves

is unity at t = 0 (9).

Fig. 7 The dissipation kernel y(s) for semi-infinite

nuclear matter. The curves are normalized by

the zero-temperature value for s = 0 . The

distance scale along the top assumes

k^ = 1.4 fm"1 (10).
r

Fig. 8 The dissipation kernel v(q) for semi-infinite

nuclear matter. The curves are normalized by

the zero-temperature value at q = 0 (10).
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Fig. 9 The influence of surface diffuseness on the

dissipation kernel. The parameter a is a

dimensionless measure of the surface diffuse-

ness (10) .

Fig. 10 Curvature effects in the planar dissipation

kernel, Y(S) , adopting K /k =0.2 ,

K_/k =0.1 . The solid line is the zero-tem-

perature planar result. The hatched region

indicates the variation of y(s) with the

orientation of s relative to the principal

axes of curvature. The lower (upper) limit of

this region corresponds to s oriented along

the axis with the larger (smaller) radius of

curvature. The curves are normalized to the

planar result at s = 0 (10).

Fig. 11 The dissipation coefficient Y3 for octupole

distortion of a sphere of radius R , as cal-

culated in the exact quantal treatment. The

complex Fermi energy was taken as

e = 40 + 2i MeV; results for the temperatures

T = 1,4 MeV are shown. As indicated, the

peaks can be associated with specific single-

particle transitions \nH> -> | n ' £ ' > (11).
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Introduction

In this review we would like to concentrate on deep inelastic
reactions. They are found in experiments where the Kinetic energy of re-
lative motion is between one and a few time the interaction barrier1].
These deep inelastic collisions show features which one did not encounter
in nuclear physics before. During the reaction a large amount of Kinetic
energy in the relative motion is lost during the process. This can amount
to more than 100 MeV. It is hard to believe such processes to be possible
without sharing the energy among many excitations of the intrinsic system
and exciting some collective modes. Whereas this feature might indicate a
compound liKe reaction, the angular distribution of the final products
tells us that the exit channp.1 remembers somehow the initial configura-
tion. This may also be concluded from the fact that for the most probable
events, the masses of the products are close to the masses of the projec-
tile and of the target.

The simplest way to describe these characteristics is in terms of
equations of motion far macroscopic degrees. We may define them as those
degrees which determine directly the quantities measured in experiments
liKe angle, Kinetic energy of the fragments as well as their mass asymme-
try, spins etc... As mentioned before, these degrees will not reach
thermal equilibrium but they Keep the memory of the entrance channel. We
shall refer to them as the slow degrees of the system. Since they always
describe a motion of many nucleons they are' similar in nature to the
collective degrees in the nuclear collective model2]. We will consider
the words macroscopic and collective as synonymous henceforth.

To guess the form of the equations of motion one has borrowed from
pictures which have been very successful in many fields of pnysics where
statistical phenomena take place. The energy loss is described as a
dissipative or frictional process3]. The friction force taken to be nro-
portional to the velocity is inserted into classical Newton equations'*"l0).
The classical limit being justified because the De Broglie waveiengtn is
much smaller than the typical dimensions of the system. The exchange of
nucleans, on the other hand, is sometimes described as a Jiffusion pro-
cess 1 1). The equations of motion are then Df FokKer-Planck (or master]
type 1 1" 1").

In trajectory calculations (which are based on the Newton equa-
tions] one gets informations for the mean values of the macroscoDic de-
grees. Such calculations reproduce qualitatively the r-bscrvea energy
loss if the two ions remain spherical during the whole process1* • 5» 7) .The
agreement becomes better when deformations in the exit channel are in-
cluded either explicitely6•8] or implicitely9•10). With such calculations
one also obtains an idea of the angular distribution da/d6, except in the
vicinity of the rainbow angles where the classical cross section becomes
infinite.

With a Fokker Planck equation, it is possible to describe the time
evolution of fluctuations. By working with some simple approximation, one
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has been able to understand qualitatively the increase in time of the
widths of mass [or atomic number] and energy distributions as well as the
variation of the position of their maximum11"*1'*). In some favoured cases
a correlation between these quantities and the detection angle is also
obtained11'12}.

One would guess, however, that the coupling of relative motion to
such "diffusion" processes should be treated more carefully. This amounts
to say that a connection should be established between dissipation which
is accounted for in trajectory calculations, and "diffusion" phenomena.
Indeed, if these statistical processes are of the same nature as those
found in real macroscopic bodies (like gases, liquids or solids], one
would expect a strong relationship between dissipation and fluctuations.
This fact is even established in a theorem, the so called fluctuation
dissipation theorem. The question then arises whether and how these pic-
tures can be applied to nuclear physics.

This problem was attacked in ref.15,16) in trying to extend the
nuclear collective model to include dissipative phenomena. The tool for
it was linear response theory. In this way the question of "how" was
solved, for the other part, one has only hints so f;-ir without a definite
answer.

In the following we shall concentrate on this approach. We want
however to draw attention on ths work of Agasi, Ko and Weidenmuller*''
who attacked the problem in a different way using a random matrix model
and refer to the review given by Pr. Weidenmuller at this conference )-

I] Application of linear response theory to deep inelastic collisions
Cref.-15,16,19) .

For an understanding of such complex situations we are faced with
in deep inelastic reactions, it is desirable to have a description in
terms of single physical ideas. We certainly have to base heavily on sim-
plifying assumptions. To find the right ones, we have to look at the
goal we are aiming at and, more important, at the given physical situa-
tion.

We want to get equations of motion for the macroscopic degrses.
Therefore, it is not only convenient, but almost necessary to start with
a model hamiltonian which contains these degrees explicitely from the
very beginning. The hamiltonian is assumed to have the following form :

&
#>= H(xi,pi) + VCJL.Q) + h(Q.P) (1)

Here and in the following, we restrict the discussion to the case of one
collective degree Q Cits conjugate momentum is called P ) . The intrinsic
degrees^and their momenta are respectiveiy denoted by x-̂  and \j±. The ope-
rators h and H represent the hamiltonians for the bare collective and
intrinsic motion. The coupling between both is given by V.
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Everybody will agree on this procedure if we introduce the vector
of relative motion as the only macroscopic coordinates. But the assump-
tion is less obvious for other degrees, like mass asymmetry for instance.

As for the physical situation we should have in mind two things.
Firstly the excitation becomes so big that most likely statistical
assumptions can be made. Secondly the kinetic energy of the macroscopic
degrees counted per rucleon, E^in/A, is small compared to the Fermi ener-
gy. Here, an upper limit is certainly given by the example of relative
motion. As already mentioned, for this case E^in/A is at most a few MeV
in the neighborhood of the barrier. This is certainly small compared to
the magnitude of the Fermi energy (~ 37 MeV).

From the latter observation, two inferences can be drawn :

1) It is likely that the coupling of the intrinsic motion to the
macroscopic degrees is mainly governed by single particle fields. That
is to say V(x^,Q) can be assumed to be a deformed single particle poten-
tial. It could for instance represent a two center shell model potential.
Another possibility would be to say that H represents the two unperturbed
ions and V is constructed from the fact that the density of one nucleus
feels the potential of the other. It should however be noted, in passing,
that the formal theory also applies if H and VCx^.Q) contain residual two
body interactions.

2) The second inference is that indeed the time scale for the in-
trinsic degrees seems to be shorter than that for the macroscopic degrees.

These considerations have been used to formulate the assumptions
of the theory. The most drastic one is to require that at any time the
intrinsic system relaxes very fast to statistical equilibrium. This equi-
librium is parametrized by a temperature T. During the reaction, this
temperature increases in time, according to the increasing energy loss.
The long time behaviour of the system is then described completely in
terms of the time evolution of the temperature and that of the mean values
of the collective degrees. A microscopic study of the intrinsic motion is
only necessary for a period of the order of the relaxation time x since
the system cannot remember for a longer time. Such a microscopic study
will be used to determine the induced forces, that is to say the complete
equations for the collective degrees.

According to our assumption, x will be much shorter than a
typical time xCO2i for the collective or macroscopic motion.

T <K Tcoll ( 2 )

In other words we assume that the system can be divided in slow modes
(macroscopic degrees) and fast ones (intrinsic degrees)« This fact can
be used to justify a perturbation approach for the microscopic motion.
Suppose we want to study the system in the interval

t 0 < t < t o+ 6t (3}
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with x < St « T . , (4)
~ c o l l

For t h i s l e t us rear range some terms i n t he h a m i l t o n i a n (13 :
A

<&= H+ V(x . ,Q ) + 6V+ h (5)
l o

w i t h <W = V ( x . , Q ) - V [ x . , q 3 ( 6 )

1 1 0

Here we have introduced the mean value of the collective degree

0(t) = <Q> C7)
u

taken at time t 0 : QQ = Q(tQ}
The hamiltonian for the intr insic motion is now considered to be given
by :

It depends on the mean value of Q(t). According to our assumption of a
small relaxation time, the density operator for the intrinsic system will
be supposed to have the canonical form :

o

with Z = Tr exp | — = —
' o

It depends on Qo but also on the temperature T of the intrinsic system
at this time t0. We assume here and in the following that T does not
change during the interval 6t as defined in (4). If we now again makE use
of the inequalities C2)-(4), we see that 6V can be considered as a small
perturbation on the intrinsic motion.

It ia important to note that the use of perturbation theory is
made possible only by redefining the hamiltonian as well as the density
operator of the intrinsic system as described above. It is only in this
sense that we can benefit from the so called weak coupling limit. To our
opinion, this has to be considered before one wants to compare with
other approaches as for instance with the one of ref.17,183 in which the
definition of the intrinsic system and its hamiltonian remains unchanged
during the whole reaction.

In treating 6V to lowest order time dependent perturbation theory
we have achieved the linearization of the problem. Before we however can
benefit from the tools of linear response theory, 6V has to be brought
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6V = I A CO) F [x ) (10)
•y V VI

In the following we w i l l assume that this form is obtained from a Taylor
expansion of <5V around Qo to f i r s t order :

6V = (0-QQ) FC^.Qo) (11)

(A more general case is discussed and used in ref.19).

For our problem the most interesting quantity to be computed using
linear response theory is the expectation value of the operator F at time
t 0 . I t is the property of the int r ins ic system which f i r s t of a l l is
excited by the collective motion. In addition -<F>^ is equal to the indu-
ced force exerted back on the collective degree.

In terms of the response function xCt) , <F>t can be written as :

/

+OO

X(s) (L t ( t - s ) -Q Ids (12)
A o

- < x >

The response function can be computed from the time dependent ope-

rator F (t) in the interaction representation.

FJ(t) - e i f i t F e i f i t (133

for positive times x(t) is given by :

XttJ = i T r P i n t
( 0 o ' T o : i

I t is seen that x(t) only depends on properties of the in t r ins ic system
as defined at QQ but not on Q(t).

The second term on the right of eq.(12) determines to f i r s t order
in <5V the deviation of <F>, from the equilibrium value :

I t can be used to measure the relaxation of the in t r ins ic excita-
tion to equilibrium. Indeed, assuming for a moment the excitation to be
produ-ed by a sharp knocK : Q(t) - QQ = 6(t) , then <5<F> = <F>t - <F>e

is given by <$<F>=-x(t). (To satisfy causality the response function
X(t) is different from zero only for positive times (see below]]. So the
response function contains a l l the information needed to check whether
the approach is consistent or not. By computing i t , the relaxation time
can be for instance obtained.
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Such a computation re l i es on the model f o r Hj_n-t;. In terms of i t s
e?penstates and energies, one obtains from (14) :

EE T
- ~ - j<mfr |n> (2 sin(E -E )t C17)

n,m L " m

Clearly the question whether and how fast xif) decays to negligibly small
values depends on the spectrum E m and on the coupling matrix elements.

Suppose for the latter we take the estimates of ref.17,18), then
we find the response function to be proportional (strictly speaking this
is only true for high excitations which is the case here) to e-A2t2/2
and that thus the relaxation time T is given by A"1. Taking their value
of A = 7 fleV, we find x= 10~2Zs . The fact that we indeed find a decaying
behavior for x(t) is easily understood if we remember that the level spec-
trum was assumed to be quasi continuous. This is certainly justified for
high intrinsic excitation. For' lower excitations (as given at the begin-
ning of the heavy ion collision or in the fission process] the knowledge
of the detailed intrinsic structure will be more important. Then we have
to be more specific about the model choice of Hj_nt • Such a procedure is
desirable also for another reason : estimates like the one of ref.17,18)
necessarily will be very rough especially as far as the dependence on the
collective degree is concerned. This dependence on the other hand deter-
mines the form factors for the friction forces. Their knowledge is very
important for an application of the theory. The authors of ref.19) thi re-
fore went a step further and approximated h by a single particle hamilto-
nian. Then H-^nt is indeed of exactly the same nature as the one used in
the collective model to generate the equations of motion. However it is
less clear that in this way a finite value for a friction coefficient can
be found. Indeed, the computed response function showed irregular oscilla-
tions also for very long times. They were removed by a cut off procedure.
For a heavy ion reaction the latter is justified since the total reaction
time T R is finite (indeed, the cut off time necessary to make the proce-
dure consistent was of the seme order as T R : % 10~ 2 ls). For short times,
the computed \{f) indeed showed a decaying behaviour. The relaxation time
infersd in this way was equal to 2.10~22s (for a head on collision of 1 60
on Z 3 8 U ) . We may thus conclude that as a preliminary value for x we find
% 10~22s. More careful computations might change this result. For ins-
tance, inclusion of configurations more complicated than of p- h type
are expected to decrease it.

If we estimate x c o n by XR, we would then say that as a lower
limit, the ratio T/x c on is of the order of 1/10.

Let us now go back to eq.(12) in order to study the nature of the
forces induced by the coupling 6V. For the force to be made local in time,
we have to use again that the memory of the intrinsic system is small
compared to the time scale of collective motion (see eq.(2)). The inte-
gral can then be approximately computed by expanding Q(t-s) around s = 0 :
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o2.,

Q ( t - s ) = Q(t) - sQ(t) + | Q(t ) + . . . (18)

By i n s e r t i n g i n t o eq . (12 ] and de f in ing t h e c o e f f i c i e n t s :

/

+0O + O0

X(s)ds = I x ' ( s )ds (19)
- 0 0 -OO

/

+OO p +0O

X(s)sds - ij x"fs^sds [20)-00 -OO

• +00

/

+OO y» +00

X(s)s2ds=-4/ X'(s)s2ds (21)

<F>t= <F>e - C(Q-Qo) +yQ(t) + mO(t) (22)

we obtain

By reca l l ing that the induced force i s given by "<F>^ we see that y can
be in te rpre ted as a f r ic t ion coeff ic ient , C and m as a renormalisation
of the s t i f fness and i n e r t i a already present in h(Q,P). In eqs.(16) to
(21) we used an important property of l inear response theory. Namely
tha t the function xft) can be s p l i t in :

X(t) = X'ft) + ix" ( t ) (23)

where x'(t) determines a reactive process (as given by virtual excita-
tions) and x"(t) a dissipative process (as given by real excitations of
the intrinsic system)15). Since x'(t) is an even function and x"(t) and
odd one, we see that indeed the conservative forces (proportional to C
and m) are determined by X'(t) whereas y is determined by x"(t).

So far we have found all the forces which enter the Newton equa-
tions. As mentioned before, there must be forces which create statistical
fluctuations of the collective degrees. Physically, the reason for this
is obvious : we have assumed that the intrinsic excitation is of statis-
tical nature. That means, for instance, thax the quantity F will exhibit
statistical fluctuations. But F is directly coupled to 0 (see the defini-
tion of the coupling operator SV). Therefore, also Q must exhibit statis-
tical fluctuations.

Formally this comes about in the following way. One may start with
the von Neumann equation for the density operator Ptot °f ̂ ne total sys-
tem. Then one can reduce this equation to one for the density operator d
of the subsystem of the collective degrees by averaging with respect to
the intrinsic degrees. In this way there appear terms which represent the
forces discussed above. They are induced by the interaction
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6V are determined by the response function. In addition there appear i n -
duced forces which are determined by moments of the following function :

* ( t ) ' J Tr P in t(Q0,T0] [F ICt],Fj+ (24)

I t is a correlation function for the quantity F. As we shall see below
the terms in the equation for d which are determined by this function
represent indeed the fluctuating forces for the collective degrees.

The strong connection between dissipation on one hand and fluctua-
tions on the other is established in the GO called fluctuation dissipation
theorem. I t relates the Fourrier transforms of x"(t) (the dissipative par
of x( t ) ) and ijj(t) :

X"(u) = t£n(jf) S(u) (25)

This relation can now be use to connect the moments of jit) (which deter-
mine the forces introduced above) and those of ifi(t) . This connection be-
comes especially simple if the temperature is not too small. (Precisely,
one has to compare the temperature with the locally defined frequency of
the collective degrees. Roughly the following inequality must be fulfilled:
0Jcoi2 << 3.5T) . Such an assumption was made to obtain the final eq. O B ) of
ref.16) which was also used for practical applications in ref.20,21).
Under this condition of high temperature, the neglection of moments of
X(t) higher than n implies that moments of iii(t) higher than Cn-1) can be
neglected too 1 6). (Note that there is no counterpart for C=J"x(t)dt).

In the applications of the theory, we have neglected a renormali-
sation of the reduced mass u (i.e we omitted the last term of eq.(22)
proportional to m). So the only fluctuating force taken into account has
the coefficient :

/

+c

dt i//(t) (26)

According to the f luctuation dissipation theorem (25), i t can be
related to the f r i c t i on coefficient as

D = yT (27)

which is the famous Einstein relation.

It should be strengthened at this point that this assumption of
high temperature has been made only for simplifying reasons. This assump-
tion, of course, is certainly not fulfilled at the beginning of the reac-
tion. We have checked,however, that the final result does not change very
much if we assume a finite temperature from the very beginning.

The equation for the reduced density operator d contains quantal
effects. Since they are not expected to be essential (see introduction).
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the classical limit is performed. Then the equation becomes the following

Fokker Planck equation :

9d(t) __ E. iPJt) V ., ,„ , ̂  _._ , ,___ ^Idft)
9t

n /o ^ \
ld(t) (28)^ )

It describes the time evolution of the density distribution d(t) = d(Q,P,t)
in the classical phase space of the collective degrees. The quantity Q c

is defined as the solution of the classical Newton equations. It is iden-
tical to the first moment of 0 :

Q (t) = /dQdP d(Q,P,t)Q (29]
c

It replaces the mean value of 0 introduced in eq.(7)

The fact that Q^ as well as

• / -

P (t) = /dOdP d(Q,P.t)P (30)
C

together follow classical trajectory reflects the assumption that the
fluctuations around the mean value, namely :

cottJ = ̂ -JdQdP (P-Pc(tn
2dtQ,P,t) (31)

tf/(t) = \ IdQdP (P-P ft)HQ-Q (t))d(Q.P,t) C32)/ J c c

= ~ j (Q-Qc(t))
2d(9,P,t) (33)

(ijj(t) and x^t) should not be confused with the correlation and the res-
ponse function used above) must be relatively small. Otherwise the defi-
nition of a trajectory is meaningless. Furthermore, the parametrisation
of the intrinsic system by Qo = Qc(t0) as done above without using also
X(t) would be impossible. Lastly the FoKKer Planck equation would contain
terms of higher order than the first in 0 and P. The assumption of small
fluctuations was tested numerically and found to be satisfied20).

Equation (28) is easily solvable. It is a gaussian entirely deter-
mined by its first and second moments as defined in eqs.(29) to (33). The
second moments fulfill a coupled set of linear first order differential
equations. They car, be solved numerically together with the I.ewton equa-
tions for Q c and Pc. In addition one has to compute simultaneously the
temperature T(QC) = T(t) by using for instance the simple expression as
given by the Fermi gas model.

As this stage we wan' to draw attention to an important point. The
theory gives the solution for the fluctuations of a few collective degrees
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which built a subsystem of the total system. For instance, we can compute
directly the fluctuations of the Kinetic energy of the relative motion,
which of course is also observed directly experimentally. We do not intend
to calculate fluctuations of the intrinsic system as is done in ref.17,18].
This should not be confused with the use of the concept of a temperature.
By doing so the intrinsic energy artificially is ascertained with a big
fluctuation. The latter is unphysical and has nothing to do with the one
we are computing. The use of a temperature is justified only in this sense
that we only want to look explicitely at a subsystem. Then the use of a
canonical or microcanonical ensemble give the same results22].

II] Experimental results

Before we apply the theory of section I to the computation of cross
sections, we would like to briefly summarize the gross features of the ex-
perimental results concerning deep inelastic reactions. We feel that sec-
tion necessary because of two reasons. The first one is that a model should
reproduce simultaneously all the basic features experimentally encountered
in deep inelastic collisions. Therefore it seems to us necessary to see
clearly to which extend this situation is reached. The second reason is
that further simplications will be made before the theory of section I is
applied and the exp ;rimental situation will give us some clue for some of
them.

As the deep inelastic process is binary (neglecting some possible
light particles [nucleons.a) preemissian), it is sufficient to focus
attention on the experimental properties of the light fragment, the pro-
perties of which, for technical reasons, being more easily measured.

1] Correlation between Kinetic energy and detection angle

The most striKing feature of deep inelastic reactions is the large
energy loss observed in the relative motion. As proposed in ref.23], it
is very convenient to plot the differential cross section d3a/d0dEdZ for
a given atomic number, versus the kinetic energy E and the detection an-
gle 6 in the center of mass system. Such two dimensional plots are dis-
played in fig.1 for the 280 MeV 40Ar+58Ni system which has been studied
by Galin et al.2"*]. For the plot corresponding to Z=19 which only corres-
ponds to one charge transfer (and consequently to a small mass transfer],
a large amount of cross section is observed in the region corresponding
to the grazing angle (̂  30°) and for an energy close to the initial
energy. This region corresponds to quasi elastic reactions. Another area
can be seen at low energy, extending over a wide angular range. It cor-
responds to completely energy relaxed products because for these, the
memory of the initial energy has been completely lost. Between these
two regions, there is no clear a separation but rather a continuous evo-
lution between them due to incompletely energy relaxed products. Now the
important point is that when the mass transfer increases, the quasi elas-
tic area gradually disappears as well as the incompletely energy relaxed
region (when more than four charges have been transferred, in this parti-
cular case] and there only remains the completely energy relaxed component.
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Flg.1. Contour plot of the center of mass
cross section d3a/dEd6dZ (yb/MeV/rd/
a.u) in the E,6 plane for different
atomic numbers for the 280 MeV "°Ar*
5BNi system, Results from Galin et al.

60 80 0 ?O
9cm (aegl

0 20 4 0 6 0 8 0 0 20 1 0 6 0 8 O

From these pictures, we can very likely draw the inference that
the energy transfer is a faster process than the transfer of nucleons [at
least if we look at 80% of the total energy which can be dissipated25))
because as soon as a small number of nucleons have been transferred,only
the completely energy relaxed component can be observed. CFor an extended
discussion of this po.int, we refer the reader to the talk given by
Moretto in Caen1)).

2) Total Kinetic energy of deep__inelastic_groducts

The total kinetic energy of completely energy relaxed deep inelas-
t i c products is smaller than the value of the interaction barrier in the
entrance channel. For instance, it has been measured, in ref,26), for the
63Cu+197Au system at two different bombarding energies 365 MeV and 443
MeV a total kinetic energy of % 205 MeV for the quasi fission products
corresponding to almost no mass transfer. This value is much smaller than
the interaction barrier in the entrance channel which is % 250 MeV. This
means that the end of the process corresponds to two deformed fragments
in a scission configuration. Therefore deformations in the exit channel
are important to be considered and they have to be treated either expli-
ci tely6 '8) or simulated9'10) in a model which wants to quantitatively
explain the energy loss.
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3) Correlation_between_mass asy!Iimetry_and detection angle

Fig.2 corresponds to quasi fission products (completely energy
relaxed deep inelastic events) detected in the 365 fleV Cu+Au reaction13 '26).

There, the differential
cross section d2o/d6dli has
been plotted versus the mass
M of the product and the de-
tection angle 8. T.Kis system
is interesting because the
complete fusion cross section
is vanishingly small compa-
red to the quasi fission
one, therefore the spectra
presented here contains only,
if any, a negligeable contri-
bution from fission follow-
ing complete fusion products.
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Fig.2. Contour plot of the center of mass
cross section d2o/d6dH (mb/a.m. u/rd)
for quasi fission products of the 365

MeV Cu* Au system. Results from

r e f . 1 3 ) .

We observe that when
the detection angle decreases
from the grazing value [which
is around 110°) toward small
angles, the position of the
maximum of the mass dis t r i -
bution is shifted toward
larger masses and simulta-
neously the FWHM of the dis-

tribution increases. As these two quantities always evolve as a function
of the detection angle without reaching any equilibrium value, this is
very likely tu indicate that the relaxation time Tx associated to the
mass asymmetry degree of freedom is much larger than the typical colli-
sion time Tp. The shift of the position of the maximum which always
occurs in the same direction is likely to be a hint that one has to deal
with an overdamped motion along the mass asymmetry coordinate.

Backwards the grazing angle, s t i l l a large amount of cross section
can be observed which is probably related to fluctuations.

If we now look at a given mass, we observe that as the mass trans-
fer increases, the angular distribution becomes flatter and flatter which
is an indication that the system lives longer and longer and therefore
forget more and more about the entrance channel direction.

4) Neutron_excess collective degree

Init ial ly, for a given system, the ratio of the number of neutrons
over the number of protons for the target and for the projectile are ge-
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nerally different. The neutron excess
seems to be a very fast collective
mode 2 7). Indeed in fig.3 are shown
contour plots where, for a given ato-
mic number, the number Gf detected
events is plotted versus their mass
and their energy for angles close to
the grazing. This is done for two
systems corresponding to different
neutron excess for the projectile,
but leading to almost the same compo-
site system. The results are taken
from ref.27).

Two main area can be noticed in
each case. The location of the first
one with respect to the mass number
depends on the entrance channel (quasi
elastic events). The second one, cor-
responding to deep inelastic events,
does not depend on the entrance
channel indicating that the memory cf
the initial neutron excess is comple-
tely lost. This seems to indicate that
the relaxation time x^/2 of the neutron
excess is much smaller than the typical
collision time TR. In addition, the
equilibrium value of the neutron excess
is reached before the energy loss has
become important. This is likely to
indicate that T|\|/z is smaller than the
relaxation time connected to the
energy transfer T £. Galin

1) gave
2 Z

g
1Q"2Zs for x

N / z
which is of the same

order as the response time for the in-
trinsic degrees given in section I.

Therefore it is expected for xE to be several time greater than this value
and consequently it seems hopeful to treat energy transfer as a slow degree.

Ill) Macroscopic model for deep inelastic reactions

1) Basic_features

In this section, we want to show how it is possible to easily
apply the theory described in section I to the computation of experimen-
tal quantities corresponding to collective degrees which can be considered
as slow compared to the intrinsic ones. The assumption of slow collective
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degree is certainly valid for mass asymmetry but certainly not for the
neutron excess which has to be treated by another method. As far as tne
energy loss is concerned we have seen in the previous section indications
that i t could be l ikely considered as a slow degree. Although the theory
cannot be applied at the very beginning of the process, we hope neverthe-
less that this f i r s t stage of the reaction, where a s tat is t ica l treatment
cannot be applied, has only a small influence on the f inal results.

We are interested in the computation of experimental quantities.
In order to do that, the distribution function dCQ .̂P , t ) of the col-
lective degrees has to be known.We know from section I that i t satisfies
a Fokker Planck equation the solution of which is a gaussian entirely
determined by the f i r s t and second moments of the collective variables.
The f i r s t moments satisfy Newton equations in which enters the f r i c t ion
tensor YUV

V > the inert ia tensor m^v and the stiffness tensor CyV. Al-
though these quantities can be microscopically calculated as proposed in
ref.16), we did not perform such a calculation but rather proceeded as
follows :

- As far as the relative motion is concerned, we can take for
these tensors a phenomenological model as those of ref.4-10). Such models
provide us with the mean values of the collective variables describing
the relative motion which are the f i r s t moments needed. The second mo-
ments which describe stat is t ical fluctuations of the collective variables
satisfy a coupled set of linear di f ferent ial equations in which no new
parameters enter except for the temperature which has to be calculated
from the intr insic excitation energy.

- We have seen in section I I that the mass asymmetry degree of
freedom plays an important role in deep inelastic coll isions. As i t s
motion seems to be overdamped, i t can be treated in a very simple way.
Indeed, Kramers28) showed that in this case, the Fokker Planck equation
(26) reduces to a Smoluchowski equation. This equation has already be
used alone in ref.11-14] to describe the diffusion process along the mass
asymmetry coordinate. This is equivalent to the neglect of the accelera-
tion terms entering the dif ferential equation for the f i r s t moment. In
our approach, this motion along the mass asymmetry coordinate is coupled
to the relative motion and this lead to interesting features.

2) Cornp_utation_of cross sections

From the distribution function dfQ^P ,t) for t ->° ° , i t is pos-
sible to compute cross sections for any physically observable quantity
which can be expressed as function of the collective degrees Q̂  taken
into account and of their conjugate momenta Pu< In order to do this we
have to integrate over the remaining degrees and the impact parameter.
Simple forms can then be obtained and we shall give a typical example
which w i l l De used in the next paragraph.

The dif ferential cross section d2a/d9dx , where 0 is the scatter-
ing angle and x the mass asymmetry is given by21):
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dbd £im-J—exp|-^[(8-9c)
2
 X

80-2

(34)

with A(t,b) = xX X( t ,b]xe e( t ,b) - (x 6 x ( t ,b ) ) 2 E35D

variables with subscript c correspond to their classical values [first
moments). x^V a r e t n e second moments as defined by :

(36)

The f i r s t and second moments depend on the time t as well as on the impact
parameter b.

I f we are only interested in the angular distribution da/d9 we have
to integrate expression (34) over x which gives20) :

_da _ f.
d9 V '27Tdbd Mm --- • _ exp

t-x» & &

(9-9J2

„ 69
(37)

When the f l uc tua t i ons vanish, we can eas i l y check that the preceeding
expression goes to the c lass ica l l i m i t :

da
d6

= Z 2Trb
d9

d b n

(38)

However formula (37) gives a finite contribution to the differential
cross section da/d9 at rainbow angles at variance to the classical for-
mula (38) which becomes infinite.

3) Practical application of the model

As a first numerical application we choosed for the phenomenologi-
cal classical model describing the relative motion the one of ref.4).
There only two degrees of freedom are considered : the relative distance
between the twD ions r and the polar angle 9. The two colliding ions are
assumed to remain spherical during the whole collision, therefore, with
such a model it is not possible to quantitatively reproduce the experi-
mental energy loss. We shall therefore not compute cross sections where
the energy is involved as for instance d3a/d9dEdx . Calculations were
deformations are simulated in the exit channel in the way proposed in
ref. 9) are in progress29).
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In the model of ref.4], the friction tensor is diagonal in the
system of polar coordinates (Yrr= Crf(rJ and Y Q Q = Cg r2 f(r)). The ra-
dial and tangential friction constants C r and Cj-, as well as the form
factor f[r] have been taken to be those of ref:4) (Cr= .0025, Ct = 10~

5

and f(r) = (3U N/3 r)\ where Uw is the nuclear part of the interaction po-
tential) . For the nuclear part of tne interaction potential we used the
simple approximate analytical form of the energy density potential of
ref.30).

For the mass asymmetry degree of freedom x which is added to the
preceeding variables, we also only consider the diagonal term Yxx °f the
friction tensor. The further assumption we made is to consider relative
motion and mass exchange as statistically uncorrelated (x = 0)• This
means, we assume the total Fokher Planck equation to be separable, i.e.
the total solution to be given by :

d[r,e,x,Pr,P6,t) = dr(r,8,Pr,P9,t)dx(x,t] (39)

However we do not neglect the coupling between mass exchange and relative
motion for the first moments. Consequently we treat explicitely the ef-
fect of mass exchange on relative motion and vice versa as far as the
mean values are concerned. Since we have seen in section 2 uhat generally
T X > > T J T , we expect this decoupling to be a fair approximation.

In order to compute the fluctuations, the temperature of the in-
trinsic system is needed. We simply took the usual relation

aT2(t) = E. (t) with a = A l + A g (40)
lnt I u

which relates the temperature T(t) to the intrinsic excitation energy
t). One has to note that these quantities depend on the time.

We f inal ly need a connection between the mass and atomic number
of the fragments. We use the fact that in deep inelastic reactions the
neutron excess collective degree? is very fast27)(see section I I ) . Conse-
quently we assumed this degree to be equilibrated just before the mass
transfer starts and treat i t after l ike an intr insic degree.

4) Results

We performed a numerical calculation along the lines described
above for the 365 [ieV Cu+Au system. In fig. 4 is displayed the differen-
tial cross section d2o7d0dx versus the detection angle and the mass
asymmetry. Different from ref.21), this calculation has been performed
using for mass asymmetry the same form factor as the one in the radial
motion f(r) instead of using a step function (now yxx = 15000 MeV.1O~

23s).
In addition the radius parameter r of the nuclear potential has been de-
creased by 2.5% in order to get a better agreement for the complete fu-
sion cross section.



276

Before we compare fig.4 to fig.3, we must have the following things
in mind which tell us to what extend th& comparison can be made :

- The calculation presented in fig.4 corresponds to all deep ine-

120 -

Fig.4.Calculated con-
tour plot of the
center of mass cross
section d2o/d9dn tmb/
a.m.u/rd) for deep
inelastic products of
the 365 MeV 63Cu+l97Au
system.

20 40 60 80 100 120
Qr

140 160 180
_ (degrees)

lastic products including those which are associated to a small energy
loss. In fig.4, the latter are concentrated at the top of the hill which
is located in the vicinity of the grazing angle O 110°) and around the
mass of the projectile. Havs we selected deep inelastic events corres-
ponding to some given energy loss, then the top of the hill will be dis-
placed toward smaller angle [it can be displaced by about 10° if we only
consider deep inelastic products corresponding to a large energy loss) .

- Fig.3 corresponds to quasi fission products (completely energy
relaxed products) extracted according to ref.26)]. It is not possible in
the calculation to select the same Kind of events because the energy
loss is not quantitatively reproduced. But, as indicated above, there
should only be a difference for small mass transfer in the grazing re-
gion. This difference can clearly be seen by comparing the figures be-
cause the top of the hill is not located at the same place.

- Fig.3 corresponds to quasi fission products detected after de-
excitation. A large part of the de-excitation is done by neutron evapo-
ration for the primary quasi fission products. Therefore at a given angle,
an additional broadening of the mass distributions is obtained which is
not taKen into account in the calculation.

Having these things in mind, if we now compare the two figures
(the typical experimental error is about 30% in fig.3) we see that the
pattern is very similar and that the experimental features described in
section II are qualitatively and to some extend quantitatively reproduced
although no fit has been searched. In particular the calculation clearly
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shows that deep inelastic events are to be observed backward the grazing
angle which is indeed observed experimentally. Such a feature could not
be explained using a classical model and it is due to statistical fluc-
tuations.

One of us (HH) wants to thank the Institut d_ Physique Nucleaire
for kind hospitality and financial support.
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Introduction

One and a half years ago the UNILAC accelerator started to deliver
heavy ion beams of 5.9 MeV/amu, which is a sufficient energy to over-
come the Coulomb barrier and so to study nuclear interactions. Today,
bombarding energies up to 8.5 MeV/amu are commonly available for a
variety of beams including the very heavy projectiles like uranium and
lead. This unique facility has opened up at GSI during the past year
a broad spectrum of activities including the search for superheavy
nuclei, for the spontaneous emission of positrons in the overcritical
electric field, for yrast traps, etc.

What we shall report here will be on the shadow side of these real
highlights, but if one tninks of the moon, the back side is as
interesting as the enlighted one. The present talk will concentrate
on a survey study of deep inelastic collisions and will not at all
reflect the general spectrum of activities at GSI (GSI 76).The reactions
investigated are summarized with a number of characteristic quantities
in table. 1. It is a survey study performed for a wide span of targets
and projectiles so as to recogrize the general features of the
collision and their trends, while moving from the already known lighter
systems to the heaviest possible target projectile combination U on U.

Several symmetric ingoing channels (Xe-Snj Pb-Pb and U-U) were chosen
as well as a number of asymmetric systems (Kr-Sn, Kr-Er, Xe-Au, Xe-U,
U-Pb). The original 5.9 MeV/amu were not sufficient to reach the
Coulomb barrier for the heaviest combinations and it was only at the
end of 1976 that we were able to move on into the new region. Taking
advantage of what we learned from this general survey we have recently
started to investigate some more specific questions by observing the
Y-multiplicity and the bombarding energy dependence of the deep in-
elastic process (Kr-Sn, Kr-Er).

Table 1 shows that the Coulomb barrier is typically exceeded by a
factor of 1.3; in the energy dependent study we scan a region between
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Table

Proj

86Kr

86Kr

132Xe

208pb

238U

1: List

Target

120Sn

166£r

1Q7Sn
197.
208pb
9"3Q'238U

208pb
2 3 8U
2 3 8U

of the reactions

ELab
(MeV/amu)

4.9
5.99
7.2
8.2
7.9
5.99
7.?
8.2

5.9
7.55
7.55
7.55

7.5
7.5

7.5

ECM
(MeV)

250
300
360
411
283
339
407
464
370
596
610
641

780
832

892

investigated

E*
(MeV)

50
99
160
210

25
81
150
206

90
184
190
118

188
183

180

ECM/
/ECoul

1.24
1.50
1.80
2.04

1.10
1.32
1.58
1.80

1.32
1.47
1.46
1.40

1.32
1.29

1.26

max
(h)

140
199
252
289

112
203
276
323

227
402
412
423
499
521

546

"'I
375
265
208
182

711
397
293
249

516
571
583
831

702
798

956

1.1 and 2. The corresponding kinetic energy above the Coulomb
barrier, after the nuclei have already been slowed down in the
Coulomb field is typically between 100 and 200 MeV: this is roughly
the total kinetic energy available for the internal excitation of
the interacting nuclei. The maximum angular momentum in the relative
motion for grazing partial waves, is of the order of 200 to 500, and
even if only a certain fraction ("v2/7) can be absorbed, a large
amount of angular momentum is also available to the internal degrees
of freedom of the nuclei.

The variety of kinetic energies and target projectile combinations
available make of these reactions a powerful tool to study many
average properties of nuclear matter, while the interacting nuclei
are strongly overlapping. From this point of view we are pursuing
to the heavier systems the interesting investigations of the deep
inelastic reaction and of the diffusion mechanism previously studied
at Orsay (Le76, Ga76, Ng77), Berkeley (Hu77, Mo76) and Dubna (Ar 73).
Typical to these reactions is, among other aspects, the increasing
classical behaviour reflected by the Sommerfeld parameter n' and the
vanishing fusion cross section, so that the whole total cross
section undergoes the deep inelastic process. Also characteristic
of the heavier systems is the presence of fission as a possible

/"ps evaluated using the relative velocity at the Coulomb barrier.
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decay mode of the excited primary products after the collision:
this is usually called the sequential fission.

Summarizing, the general interest of this study lies in the reaction
mechanism and the mass diffusion process, without forgetting possible
nuclear structure effects. Expecially interesting is to investigate
the mass transfer process for the heaviest systems (U on U), into
the transuranic region, to determine the primary population probabi-
lity as well as the decay properties of these nuclei.

The content of the report will be subdivided as following:
1. Experimental device.
2. A systematic study of the deflection function: a direct test of

nuclear forces.
3. The nuclear diffusion process between heavy nuclei.
4. Results of the y-multiplicity measurements.

1. The experimental device

The kinematic coincidence apparatus is schematically illustrated on
fig. 1. A position sensitive ionisation chamber (Sa 75) is centered
at the grazing angle of the reaction and is used as a trigger counter.
For each particle the chamber measures scattering angle (x, y-read-
out), total energy, energy loss and time of arrival. The distance
from the target is 1 m, the substended solid angle -~ msr.

RC
\\
\\
\\\\

\
\ \

A
f b

/

* '' /

* \w Sh
Fig. 1: Experimental apparatus. IC ionisation chamber

RC recoil counter, St start detector, Nal 3"x3"
sodium idide crystal.
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The start signal is delivered by the secondary electrons ejected from
a thin carbon fo i l placed 7 cm from the target: the electrons are
amplified in a channel plate after deflection in a maynetic f ie ld
(Re 77).

On the opposite side of the ionisation chamber a 250 msr detector
(St 77) observes the particles emitted in the direction of the recoi-
l ing nuclei: i t consists of a multiwire proportional counter which
measures scattering angles (x-y-coordinates) and energy loss. I t is
followed by parallel plate detectors which deliver a stop, signal.

Up to 3 Nal crystals were used to determine the y-multipl icity in
coincidence with the trigger counter information.

The data obtained up to now were collected during a total running time
of 7 days. Most of the information, extracted from the data was gained
from the ionisation chamber. The determination of scattering angle and

AE

t ;
In

0) .
c
c
o ..c
o

(Channels)

(Channels)

o

(Channels)

2:

Two dimensional plots of energy loss versus
total energy. In part a) are displayed light
elements below Z ^4o, while in part b) from
the top to the bottom the elements Pb, Ho, Sn
Cu, Fe and Al can be recognized.

Fig. 3:

Proton number identification.
Only the.events inside the triangle
are identified. On the outside, to the right,
are seen the particles which are not ful ly
stopped in the ionisation chamber.
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total energy is quite straightforward, while the Z identification is
more elaborated; i t follows in the usual way from the relation between
energy loss and total energy deposited in the counter. Fig. 2 shows
two energy loss vs energy plots. The single charges can be resolved
up to about Z=35 ( f ig . 2a), which is a good resolution considering
the large r.perture of 40 x 6 cm2 of the counter. For the heavier
systems, v/here the single charges are no more distinguishable, we
found very useful to take, as calibration l ines, the recoiling
products emerging from thick wires of different elements hit by the
beam ( f ig . 2b). In figure 3a is shown how we f i r s t matched a grid to the
measured calibration l ine. The grid is calculated on the basis of a
semiempirical dE/dx formula and then used to interpolate the data and
extract the Z values for each event ( f ig . 3b). At present the shape of
the dE/dx curve for a given Z is well reproduced by the formula, how-
ever, the spacing between adjacent Z for Z > 75 is found to deviate
from the extrapolation based on the l ight elements: additional
calibration work is in progress. The data of figure 3b are obtained
from the U-U coll ision. Such a Z identification is essential in order
to determine small deviations from the proton number of the projecti le :
while investigating the nucleons diffusion process.

86Kr->120Sn

LQb

MeV]
LOO

200-

20

TKE
iMeV]

E .= 5UMeV
Lab

cJE/dx

400 EL o b

TKE
I MeV]

300

200-

100-

40 50 60 9CM 20 30 40 50 Z

Fig. 4: On-line results from the storage display.
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The plots of fig. 4 will demonstrate the advantages of the experi-
mental device when applied to the deep inelastic reactions. The results
of the Kr on Sn reactions are shown as they appear, on the storage
display, during the data acquisition after 5 minutes of accumulation.
The same event is plotted twice: in an energy loss vs total energy
(fig. 4a) and in a total energy vs laboratory angle plot (fig. 4b).
Through the density of the accumulated points it is easy to recognize
the correlations between the 3 measured quantities. At small scattering
angles, emerges a strong elastic scattering: the energy decreases
toward- larger angles because of the kinematic dependence in the la-
boratory system for the elastic process. The empty spaces originate
from the window support of the gas counter. At the grazing angle, where
the nuclear interaction starts, the elastic scattering drops drastically
in intensity. Just before the grazing angle, the increasing attractive
nuclear forces constrain the scattered particles on a trajectory toward
smaller angles (fig. 5). At the same time, due to the nuclear inter-
action, the nuclei are excited.
This takes energy from the re-
lative motion, the observed ki-
netic energy drops continuously
as the excitation energy in-
creases. This is how the deep
inelastic process develops,
coming from the elastic, partly
damped going to the deep in-
elastic component. The events,
which have a laboratory energy
smaller than 300 MeV can be
attributed to the fully re-
laxed component. It is not
possible to tell directly
from these data what is the
deflection angle of the fully
relaxed or so called orbiting
component: if it has been
scattered from the same side
of the nucleus as the partly
damped component, if it
comes from a negative angle
trajectory, or if the com-
posite system has already made
many turns as in the fusion fission process. As we shall see later,
such a question cannot be answered in general for all systems and,
even for a given system different contributions may be present at
once.

A complementary information on the mass diffusion is obtained from
the AE VS E diagram of figure 4b. For decreasing energy we observe a
spreading and a shift on the AE scale, which correspond to an in-
creased mass diffusion as the nuclei are excited, with a tendency
to populate a symmetric fragmentation of two roughly equal nuclei.

Fig. 5: The different trajectories of a Wilczynski
diagram (Hi 73).
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This is not only a quiteefficient way to accumulate data, but it also
makes possible to follow continuously the evolution of the distributions
and, in a few minutes, in recognize the main features of the collision
process for a given target projectile combination at a given bombarding
energy. This type of representation underlines the continuity of the
whole process from the grazing collisions to the compound nucleus
formation: this is certainly a challenge for a general scattering
theory.

The three measured quantities ©, E, Z are sufficient to transform the
two body kinematic quantities from the laboratory into the CM system.
The mass is deduced from Z over a 1 to 1 correspondence, which follows
the 3-stability valley. The light particles evaporation is neglected
in the transformation.

The results of the event by event transformation are shown on part d)
and c) of figure 4. The new calculated quantities are the total kinetic
energy TKE and the center of mass scattering angle 0Q/|. The so called
Wilczynski diagram (Wi 73) is obtained by plotting TKE vs QQ^. From
such a representation it is easy to read out the energy of the re-
laxed component, which corresponds roughly to the repulsion energy
of the Coulomb barrier. The TKE vs'Z diagram illustrate again the
charge diffusion with a tendency toward symmetry. While considering
the data in the CM system, it should be remembered that the limited
range of observation in the laboratory introduces diffuse cuts on the
distributions. The recoiling nuclei are usually not detected because
their grazinq angle in the laboratory system is out of the observation
range of the detector and even if they hit the detector their kinetic
energy is so low, that it is very hard to identify them.

In the following we shall study the evolution of the deflection function
from the elastic to the fully relaxed component for six different
systems. This will clarify the relative motion of the colliding neavy
particles. Afterwards we shall consider, for the same systems, the
evolution of the proton number as a function of the total kinetic
energy loss (TKEL) and this will illustrate the mass diffusion process
overimposed on the motion of the colliding objects.

2. A systematic study of the deflection function

Figure 6 shows three asymmetric Kr-Er, Xe-Au, U-Pb and three symmetric
systems Xe-Sn, Pb-Pb and U-U. They are ordered for increasing
strength of the Coulomb repulsion. The Coulomb barrier is exceeded
by a factor of 1.25 to 1.4 which is a lower value as the 1.5 of the
Kr on Sn system of figure 4. This explains the absence of an orbiting
component (MO 76).

With Kr on Er and Xe on Sn we compare an asymmetric (fig. 6b) with a
symmetric ingoing channel (fig. 6a) at the same total energy of the
composite nucleus. They both display a quite similar tr^nd: the nuclear
attraction takes the upper hand against Coulomb repulsion; the
particles are constrained to smaller scattering angles, while the
overlap increases.
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F1g. 6: Wilczynski diagrams of 6 di f ferent reactions.

Moving on toward stronger Coulomb fields the Xe on Au scattering
(fig. 6c) shows a particular balance between repulsive and attractive
forces: the particles are scattered around a fix mean angle value.
This is usually called the focusing effect (Hu 76). In the next heavier
system Pb on Pb (fig. 6b) we observe a monotonic i-icrease of the
scattering angle for increasing TKEL. Because of the identity of t^e
ingoing particles, we observe two distributions symmetric about 90
(CM), which cross at 90°. The same behaviour is also present in the
U-Pb system (fig. 6d). From the left to the right we observe how the
Pb component develops; in the right upper corner we see the uranium
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component which should, in principle, be mirror symmetric about 90°
to the lead component. Because of the sequential fission, the highly
excited uranium-like nuclei, which have low kinetic energies, are
missing in the diagram. Therefore, in the asymmetrich U-Pb system,
it is possible to distinguish the projectile-like from the recoil -
like-nuclei and the trends are more readily recognized.
In the U-U-scattering we observed, as it will be shown in same details
later, a dominance of the sequential fission: this can already be anti-
cipated form the Pb-U interaction. The Wilczynski plot is shown in
fig. 5e for selected ternary processes, by requiring a coincident
fission fragment in the recoil counter. In this way it is possible
to drastically reduce the elastic events, which otherwise would over-
whelm the plot. It seems that the general trend of the deflection
function towards larger scattering angles is stil1 present in the
U-U-scattering, although very few events survive the sequential
fission at high excitation energies.

From the observation of figure 6 we deduce that a gradual trend
exist, where between the lighter systems (Kr-Sn) and the heavy systems
(Pb-Pb) the deflection function, after the first rainbow but before
the grazing angle, possibly describes a second rainbow angle (De 75):
this second rainbow angle moves toward larger angles for the heavier
masses. In addition the relation between impact parameter and
scattering angle seems to be washed out in the fully relaxed com-
ponent.

The general interest of these deflection function studies can be
summarized in two main points:

1. Test of nuclear forces: Through the delicate balance between Coulomb,
centrifugal and nuclear forces of the rotating dinuclear molecular
system (fig. 7) it should be possible to deduce form the known
Coulomb and centrifugal forces the nuclear attraction as a function
of the strength of the overlap integral. The important degrees of
freedom to be considered are besides the dependence from the impact
parameter, the time dependent changes of the overlap integral be-
cause of deformations, and the change of the centrifugal forces
because of tangential frictional forces during the slowing down
process. This dynamical situation of the dinuclear molecular system
is also essential to understand the limits onto the compound
nucleus formation.

One interesting aspect of this inverse scattering problem for the
reconstruction of the interacting potential, is the fact that there
is no missing cross section over a large range of observation; so
there is no absorption, we are observing all elements of the
scattering matrix. In this sense we have a situation very different
from an elastic scattering study of the interaction potential where
only one single channel is investigated and where the absorption
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prevents the analysis of the interior. The price to be paid comes
from the superposition of the mass diffusion process on top of the
relative motion process, so that both are intimately correlated
and cannot be easily unfolded. The mass diffusion will be treated
in same details in the next chapter.

Zentr.

Fig. 7: lhe rotating dinclear molecular system.

Determination of the time scale of the interaction: The interaction
time can be obtained from the scattering angle thorugh an inte-
gration along the trajectory of the relation

i _ T .A0/

'rel ~ * At
which describes the angular velocity of the dinuclear molecule
(Hu 77, N'b 76). The moment of inertia I(t) depends on the shapes the
system assumes. The relative angular momentum Vel(t) depends on the
internal spin absorbed by the fragments. The trajectories of the
U-U collision are illustrated in figure 8. Part a) considers a
grazing situation, while part b) shows a fully damped collision at
small impact parameters. The scattering angle is roughly the same
in both cases but the nuclei are mostly deflected in the Coulomb
field for a peripheral collision and in the overlapping nuclear
field for the central collision. We expect from this consideration
the U-U interaction time to be similar to the one of the Xe-Bi
reaction analyzed in some details by Huizenga (Hu 77), which is of
the order of 1 0 " " to 10"21 sec. The knowledge of such a time
scale is important for the prediction, through the diffusion model,
of the strength of the mass transfer in the transuranic region.

The derivation of a time scale can be of considerable help not only
in understanding the diffusion process but also the relaxation
phenomena of the various degrees of freedom.
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Fig. 8: The trajectories in the U-U collisions.

3. The diffusion of nucieons between heavy nuclei.

Figure 9 illustrates the evolution of the nucleons diffusion as a
function of the loss on total kinetic energy, the same symmetric and
asymmetric systems of figure 6 are reconsidered. The Xe on Sn reaction
shows a nice symmetric, distribution, which monotonically widens as
the kinetic energy decreases. The corresponding asymmetric, ingoing
channel shows a preferential population of the heavier masses: this is
usually called a driving force toward symmetry. The Xe on Au combination
behaves very similarly to Kr on Er. A weak •component of the sequential
fission of Au is seen at low kinetic energies. If the Pb-Pb distri-
butions are compared to the Xe on Sn case, one observes a shift to the
lower proton numbers. The same trend is present on the U-U case, al-
though few events are observed at the high excitation energies. The
same is also true in the U-Pb scattering .which directly illustrates
the drastic change taking place for the heavy masses above lead. From
potential energy surface we would expect that the primary masses
produced in the Pb-Pb, and U-U interaction would be similar to the
Xe-Sn interaction. The question to be discussed later will be if the
sequential fission can explain the missing part of the Z distribution
for the heavier elements. Before investigating these questions let us
understand better the lighter systems where the decay of the primary
excited masses is limited to the neutron evaporation, so it doesn't
alter the Z distribution.

''ntil now we have been rather qualitative in the description of the
data, the following figures shall give a quantitative representation
of the results after normalization to the Rutherford cross section.
Instead of the usual do/dn we have chosen a da/do representation, be-
cause the later is proportional to the total reaction cross section
when the whole angular range is observed. Figure 10 displays the
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Fig. 9: The nucleons diffusion as a function of the
TKEL. The distributions are measured for a
given setting of the position sensitive
ionisation chamber, which is centered arouna
the grazing angle of the reaction and ob-
serves the projectile-like fragments. The
recoil-like fragments are observed partially
1n the U-Pb reaction.

absolute cross sections for the Kr on Er reaction. The proton number-
and angular-distributions are shown on a logarithmic scale for
several cuts as a function of the total kinetic energy loss (TKEL).
For lower excitation energies the Z-distribution is narrow as well as
the angular distribution. As we move up in energy,we observe a
broadening and an increasing slope on the heavy element side above the
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- Kr -Er 5.99MeV/AMU
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HI

100

Fig.lo: Absolute differential cross sections of the Kr-Er collision. The
number to the right of each Z-distribution indicates the average
total kinetic energy loss of the considered events. The nunber dis-
played to the left is the scaling factor. If all reaction products
would be observed and identified, syinmetric Z-distributions (aboot
Z=52) would also be observed, centered at the 1 of the recoil
products (Z=68).

Z-value of the projectile; we observe a shift and a broadening for the
angular distribution. These are the same general features considered
before on the two dime ional plots of the Wilczynski- and of the
diffusion-diagrams (fig. 6 resp. 9).

What we want to learn now on a quantitative scale is how the width of
the distributions, the a/ value, changes as a function of the TKEL,
as suggested by Huizenga in his systematic work (Hu 76) for a

number of similar systems. We want to investigate if there is a
general relation followed by the mass diffusion process.

It is rather instructive to compare the symmetric Xe-Sn system to the
asymmetric Kr-Er system (figure 11). The Xe on Sn distributions remain
Gaussian in shape, fully symmetric independently from the TKEL: the
system is symmetric from the beginning and there is no driving force
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Iff
40 50

Fig.11: Comparison of the protons dif fusion in a
symmetric and asymmetric system. For the

'Xe-Sn reaction the scaling factor is always
a multiple of Jlo .

expected from a potential energy surface; the centrifugal
barrier tends to conserve the symmetry. There are good reasons to study
symmetric, as well as asymmetric ingoing systems. The symmetric case
dispalys a number of simplifying features. Let us compare these
experimental results to the most simple form of a diffusion theory
We assume a frozen geometry between two overlapping nuclei and we
apply the transport theory with the Fokker Planck equation as
suggested by Nbrenberg (No 76). It gives the proton number occupation
probability as a function of time

P(Z,t) = ( ^ . t ) - 1 ^ exp/-(Z-Z0-Vt)
2 / 4-Dz-t7

where Mz is the charge drift coefficient and Dz the diffusion co-
efficient. The measured variance Cz

2 of the proton number distribution
is related to the drift coefficient by

az
2 = 2-Dz-t

In this picture, for the Xe on Sn reaction, Vz is approximately zero
and we test the diffusion coefficient Dz alone. In the framework of
this model it seems difficult to explain why, in the Kr on Er
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reaction we observe only
a change in the skev/ness
of the Z distribution
without a drift of the
centroid value: we ob-
serve that the cuts on
TKEL do not sample only
a given time intervall,
overlap strength and im-
pact parameter, but that
these Z distributions may
possibly come from a super-
position of the different
components of figure 12,
v.ith changing weighting
factors. The unfolding
of a time scale and the
association of given im-
pact parameters to well
defined TKEL appear to
be quite difficult in
these cases.

The Xe on Au results of
figure 13 represent also,
for different r^sons, an
interesting piece of in-
formation. Like in the
Kr-Er system, we observe
a broadening and a de-
creasing slope as the TKEL
increases, but in addition
notice the puzzling shift
of the maximum in a di-
rection opposite to the
one expected from a
driving force toward
symmetry which is pre-
dicted from simple
liquid drop model con-
sideration. We believe
that this is due to a
shell structure effect
where both Xe and Au
feel a coherent driving
force toward close
shells: Xe toward Z=50
and Au toward Z=82.
These observations are

P(Z.t)

(zo-vzt)

t = 0

F.g.12: Predictions of a simple di f fusion model.
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Fig.13: Center of nass data (dff/dS) of the Xe-Au
interaction. The TKEL valu? is i rJ ics t tc
on t.iie r ight of each districucici".: the
number in parenthesis is the scaiir.5
factor. For large energy dunpir.n :he c=i-
cul.'.'.od TKEL could be affected by tne
^-evaporation of the excitea fragments.
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consistent with recent radiochemical measurements of Kratz et al.
(Kr 77) where both light and heavy fragment were observed. It can
nevertheless not be completely ruled out, at this point, that a
light charged particles evaporation also contributes to the observed
shift. However, these results are certainly of considerable interest
and should stimulate additional experimental and theoretical work
because the Xe on Au systems display optimum conditions for the ob-
servation of shell structure effects.

The next question to be considered is how the Xe-Sn, Kr-Er and Xe-Au
results do fit into the present general understanding of the mass
diffusion as investigated by Huizenga (Hu 77). The next figure (14)
gives the relation between the variance G£ of the proton number dis-
stribution and the TKEL.

The results of the original
Berkeley measurements are
summarized by the full line. It
should be pointed out that for '
the Berkeley data the Coulomb
barrier is exceeded by 200 to
270 MeV, while for Kr on Er
the total available kinetic
energy was 85 MeV, for Xe
on Sn 95 MeV and for Xe
on Au 190 MeV. The com-
parison shows that all
measurements roughly match
on the TKEL scale as long
as the energy dumping has
not reached the fully re-
laxed component. It is
also interesting to com-
pare these same results
in terms of a simple
friction model (one body
dissipation model) along
the same line followed by
Huizenga, where the rate
of energy dissipation per
unit of time is proportional
at each instant to the re-
maining available energy. a
This leads to the diagram of figure 15 where <5z is plotted versus
ln(E0/E]l The quantity Eo is the total available energy and E the
available energy at each moment; 6Z is assumed to be a measure of the
time scale. These results show that the slope depends on the total
available energy, this means that the friction force (the slope gives
the frictional coefficient) is not velocity dependent. At low bom-
barding energies the friction coefficient is larger as compared to
higher energies.

300
(MeV)

200f-

100-

0

" </*• M"

It

86.. 166,-
• Kr- Er
132W 120_

A Xe- Sn
132.. 197.
o Xe- Au

0 20
o;

60 80

Fig.14 General relation between total kinetic
energy loss and mass diffusion. The full
line curve summarizes the results of
Huizenga et al. (Hu 77) for the reactions
Xe-B"i, Xe-Ho, Kr-Bi and Kr-Ho.
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An energy dependent study done for
different bombarding energies, as
it has b?en performed for Kr on Sn
and Kr on Er, should be of con-
siderable help in order to clarify
the nature of the energy dissipation
mechanism. The accumulated data re
not yet fully analyzed, but we have
learned from the presented data that
the simple frictional model is not
valid, that the amount of energy
dissipated per exchange is too large
to be accounted for by a simple
frictional force. The microscopic
nature of the energy dissipation
remains quite an open question:
is it due to particle hole exci-
tation with the promotion of
nucleons to higher shells (Wei 77),
due to collective excitation in-
cluding the giant mode (Wi 77),
or is it just based on Q-window
matching and phase space con-
siderations?
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197.
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Fig.15:

<z2
15

Rate of energy loss as a function of the
number of proton exchanges. The- quantity
Eo is the total available energy above the
barrier, while E is the available energy
for each energy loss. The strainnt l ine
corresponds to the observed behaviour of
the reaction Xe-Bi and Xe-Ho (Hu 76).

Additional information on the energy dissipation will be presented with
the results of the y -multiplicity measurements in the last chapter.
We shall now first move on to the question of the mass diffusion for
the heavier systems with the Pb-Pb, Pb-U and U-U interaction.

Until now we were considering primary products in the mass region be-
tween 80 and 200 amu, which are known from compound nucleus studies
to decay predominantly by neutron emission: the measured Z-dis-
tributions were therefore fully representative of the primary Z-dis-
stributions. For nuclei with masses A >200 it is known both from
compound nucleus decay studies and from the liquid drop calculations
of Cohen, Plasil and Swiatecki (fig. 16) that the excited fragments can
easily decay by sequential fission: The aim of the present investi-
gations is therefore on one side to delucidate if the heaviest
systems follow the general trend displayed in fig. 14, to determine
the primary population as a function of excitation energy in the
transuranic region, and on the other side to investigate which new
phenomena will occur. It is for example unknown, whether during the
collision of very heavy nuclei fission will occur on a much faster time
scale comparable to the interaction time, or whether the strongly de-
formed nuclei might favor the emission of charged particles during the
collision.

The results of the three reactions U-U, U-Pb and Pb-Pb are shown in
fig. 17 on a logarithmic scale for comparable observation angles and
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bombarding energies. In each spectrum
we see after elimination of the
elastically scattered events two peaks:
one, close to the Z of the projectile,
is narrower and asymmetric and corres-
ponds to the normal deep inelastic
scattering, whereas the second,
broader, is roughly centered at half
the proton number of the heavy frag-
ments and can be associated with the
sequential fission of the excited
primary products (Kr 74).

10l

Fig.17-

Comparing the three systems i t is clear derail results of the pt>-n>, Pb-u and .J-U
that the part of the reaction cross y t W w i . W . B ^ l i l * ^
Section Which Undergoes Sequential 1S n o t fully representative because the

fission increases with increasing mass. s
f?o5pedSinO^rdItlctorare "ot co r '° l e te l j '

The deep inelastic component has in al l three cases a steep slope to-
wards heavier elements, and a much f lat ter one towards lighter ele-
ments, the latter fal l ing off much slower for U-U than for the two
other reactions. The dashed lines in f i g . 17 indicate the experimental
resolution determined from the elastic scattering.

For comparison the Z-distribution of deep inelastic coll ision of Xe on
Sn, where no sequential fission is observed, is shown in f i g . 18.
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This distribution is fully symmetric.

In f i g . 19 the Z-distributions for
Xe-Sn and Pb-Pb are plotted for
different values of TKEL. With in-
creasing energy dissipation for
Pb-Pb the distributions become
more and more asymmetric, which
can be explained by the fission
barrier shifting to lighter nuclei.
,The fission probability as a
function of Z can be determined
from the large area recoil de-
tector i f the corresponding l ight
reaction fragments are seen in
the ionisation chamber. The re-
sults are shown in f ig . 20. For
the reaction Pb-Pb the fission
probability rises steeply from
5 % for Z=83 to 75 % for Z=87.

?:: 132 120 :-

Xe- Sn

10'

Fig.18: Sa^e data as in figure ila, but integratec
over all non elastic events.
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Fig.19: Proton number distributions for bins of
total kinetic energy losses. The scaling
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Fig.2o: The same distributions of figure 18a) and c) are compared on
an enlarged Z-scale. The measured fission probability of the
heavy recoil nuclei in the Pb-Pb reaction is shown by the
triangles: the corresponding scale is indicated on the right
side of the figure.

c

•o

87 9°92
Fig.21: Primary and final distributions of the Pb-Pb and U-U reactions.

The primary Z-distributions are guessed by assuming the same
shape as in the Xe-Sn data of figure 19: The integral of the
distribution is normalized to the total reaction cross section
as determined by the grazing angle (quarter-point procedure).
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In figure 21 a) the Z-distributions of the deep inelastic fragments are
compared more closely for U-u and Pb-Pb. From studies performed with
lighter systems, from potential energy surface arguments and especially
from the fact that the two systems are symmetric, there is no reason
to believe that the primary Z-distributions should no-t be symmetric
(fig. 21). We therefore would expect similar if not. identical primary
yields for element Z = 87, which is in the middle between Pb and U.
This intensity ratio should also not be changed by sequential fission
as long as the general relation between nuclear excitation and width of
the Z-distribution (fig.14)is the same in both reactions. From fig. 21
it can however be seen that the yield of element Z = 87 is about 40
times larger in U-U than in Pb-Pb. One possible explanation would be
the emission of light charged particles during or after the primary
fragmentation. An alternative explanation would be that in the reaction
U-U the mass transfer already occurs at lower excitation energies than
in Pb-Pb. This would be of considerable importance for the production
of transuranic elements and might be due to nuclear structure: Pb being
doubly magic and U being deformed. Additional experiments will be per-
formed to clarify these questions.

100

10

1/1

0,1

U-U 7.5 MeV/AMU

40 60 80

7U 22 20 18 17
16 ,.mlr

Fig.22: Coulomb fission measurement. The distance
i of closest approach r^x is evaluated for

pure classical Coulomb trajectories.
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The strongest possible Coulomb forces exist between two Uranium nuclei,
so that this reaction is best suited for the investigation of Coulomb
fission. The present measurement has been performed at a bombarding

i ( 2 ) h bp p g
energy well above the Coulomb barrier (EQM =1.26 Er o u]), however by
selecting "elastic" scattered events at sufficiently small scattering
angles (fig. 6f) it is possible to select collisions with large impact
parameters for which the overlap of nuclear matter is vanishing.
The energy and angle of these "quasielastic" events have been deter-
mined with the ionisation chamber and the recoil detector (RC in
fig. 1) was used to determine the fission probability of the recoiling
nuclei. The measured fission probability is displayed in fig. 22.

We observe an important fission cross section even at large impact
parameters. It is not possible, at present, to exclude experimentally
a contribution, to the measured cross section of the subcoulomb
neutron transfer induced fission. However, in our case, the contri-
bution of such a transfer is less important on a relative scale, than
the one observed in recent subcoulomb fission measurements with lighter
projectiles (Co 76, Sp 77, Kr 77). Theoretical calculations (Gr 73,
Wi 75, Ob 77) should be extended to this heavy system.

4. Results of the Y-multiplicity measurements

The Y-multiplicity can be considered as a measure of the total spin
of the fragments after the collision, although the reconstruction of
the absolute spin values from a Y-multiplicity is rather complex
(Ha 75, Al 75, Ba 76, Gl 77, Pe 77, Is 76). The total spin depends
on the initial angular momentum, on the slow down process and on the
time scale of the interaction, which are important hidden quantities,
not directly measurable: So it could turn out that the y-multipiicty
studies bring new insight into these processes and allow to distinguish
between models.

We present here the results for the Kr-Sn and Kr-Er systems: they are
summarized on figure 22, 23. The dependence of <My>on angle is shown
(22c) for the three branches of figure 22a: the elastic, the partly
dumped and the fully relaxed. Due to tangential friction, there is a
steep increase along the partly dumped component. Sticking, if any,
is only achieved in the completely relaxed component. This can also
be seen on figure 22d, where < M Y > is plotted as a function of the
TKEL. The differences in <My>at low TKEL between Kr on Er and Kr on
Sn, which have nearly equal l m a x values indicate the presence of
nuclear structure effects: the deformed Er nucleus can be easily ex-
cited in the Coulomb field, while the spherical Sn nucleus remains
vsnexcited at large impact parameters (fig. 21c). The relation between
az

2 and the TKEL of figure 14 is again displayed on figure 22b. This
shows how the energy and the angular momentum are simultaneously in-
troduced into the internal degrees of freedom of the system. The fact
that for small energy loss the dissipated energy per exchange is in-
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dependent from the bombarding energy indicates that not only velocity
dependent friction forces have to be considered. This shows already
a limitation of the simple classical model.

The same Y-multiplicity data of the Kr on Er reaction can also be
analyzed as a function of the proton transfer. This is displayed in
figure 24 for different bins of the TKEL. A dependence on the number
of transferred protons is only present in the partly damped component
v/here the system is not equilibrated. In the fully relaxed component
the value of < M Y > is independent from Z over the observed range: this
is not expected in a simple sticking model picture, which predicts
an increase toward asymmetric fragmentation (Bo 76).

It is of particular importance for a Y-multiplicity measurement to
investigate the dependence from the impact parameter (ingoing angular
iiT'inentum). Although it is difficult to associate the observed-events
to the ingoing angular momentum (1 •(,-,)> a possible approach consists
to integrate the observed total cross section, as a function of the
TKEL, after normalization to the Rutherford scattering (Hu 77). The
results of such a derivation are drawn as a full line on figure 26a.
This shows that the partly damped events cover a main fraction of
the total reaction cross section. If a sharp correspondence exists
between 1- and TKEL, then the fully relaxed component has to be
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associated to angular momenta
smaller than 95, with
an average value of 60•
The corresponding internal
spin would be, in the sticking
model, of about 22. This is
a value much too small to
explain the observed multip-
licity value of 2o. It pleads
to two possible consequences,:
the nuclei are able to ac-
comodate in'the internal degree
of freedom more angular mo-
mentum than the sticking model
predicts or the correspondence
between !•,•„ and TKEL is quite
broad and large impact para-
meters can lead to fully re-
laxed events. This last ex-
planation seems to be more
likely, however, the limi-
tations of the simple classical
model are disclosed here again.
A number of explanations for
the observed behaviour can
be found in the framework of
the fluctuation theory (Ngo 77)
or in a microscopic quantum
mechanical treatment (Wei 77,
No 77).
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Another interesting information, which can be derived from the data
consists in associating the observed low kinetic energies to the
deformation at thescission point. In figure 25a are indicated the
barrier heights for two touching spheres (R = 1.50 {AjV3 + A2V 3/)
in a non sticking (NS) and in a sticking configuration (S). The ob-
served TKE is small, which suggests that deformation effects can be
of importance, not only in the fully relaxed component but even at
an earlier stage in the partially damped component. This can be
interpreted in terms of cojlective excitation modes (Wi 77) or in
terms of a neck formation between elongated fragments (Bo 77).
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Conclusions

A systematic survey of deep inelastic reactions was performed for
colliding nuclei of masses between 80 and 24o amu.

The application of large surface detectors and, particularly, of a
position sensitive ionisation chamber, has proved to be very effective
and appropriate for this type of investigations.

The Wilczynski diagrams describing the relative motion between the
colliding objects shows a gradual trend as a function of growing masses
of target and projectile where the trajectories lead the particles not
toward negative scattering angles but increasingly into the direction
around and above the grazing angle. I7e attribute this behaviour to a
delicate balance between Coulomb and nuclear forces.

The energy dumping as a function of the mass transfer strength matches
a general law between total kinetic energy loss and the variance of
the proton number distribution. For the partly damped component this
relation seems to hold independently from the choice of ingoing channel
and bombarding energy. The dissipation of the kinetic energy does not
depend only on the relative velocity of the impinging nuclei, and the
simple friction model is not appropriate to describe these processes.

The Y-niultiplicity measurement displays a rapid increase as a function
of scattering angle and total kinetic energy loss, which give new
insights to the process and indicate the necessity of microscopic
quantum mechanical calculations of the interaction.

In the U-U collision large mass transfers are present which possibly
populate with relatively large cross sections the transuranic elements.
In the Pb-Pb reaction the mass transfer is more restricted. The decay
probability by fission of the primary masses increases strongly for
growing masses and excitation energies. The presented investigations
are by no means completed and hold promise of additional surprises
and excitements.
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Introduction

In part I we give a brief account of the essentials of the

equation-of-motion (EOM) approach and of some of its significant and interesting

results. In part II we attempt to provide a framework for the theoretical

description of high-energy heavy-ion (HE-HI) collisions; in particular we give

a critical assessment of various approaches: EOM calculations, Boltzmann

equations/ cascade calculations, and hydrodynamics - their relationships and

their respective domains of applicability—if any—to HE-HI collisions.

I. EQUATIONS-OF-MOTION (EOM) CALCULATIONS

The EOM approach (refs. 1—5) is essentially an application to

HE-HI collisions of the method of molecular dynamics, used to study classical

liquids. The justification for this application depends on 1. the probable

need for a microscopic description (mean free path A % 2fm and shock thickness

% A of the order of nuclear dimensions, i.e. large transparency), 2. the

denseness of nuclear matter especially as produced in central collisions, and

3. the possibility of an approximately valid classical description at high

energies (laboratory energies E £ 200 MeV). Critical discussion of these

points is given in part II.

Pion production has been neglected and relativistic effects when

2 2
included (ref. 5) are considered only to order v~/c . We have then restricted

ourselves to laboratory energies E £ 500 MeV/nucleon (for equal mass target and

projectile, A = A,^),—i.e. to "fast" collisions in Hufner's terminology. Such

energies are sufficiently high that hot dense nuclear matter is expected to be

produced in central collisions. On the other hand the energies are still sufficiently

low that potential energy and correlation effects are expected to be quite large

and that one can thus expect to obtain significant information related to

interaction effects for the equation of state. Furthermore, the energies
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are sufficiently low that a theoretical understand inj; in terms of Ti.ore or less

conventional nuclear forces may still be possible.

The essence of the EOM approach is the calculation of the A = A + A,,

trajectories by integration of the classica] equitions of motion with 2-body

forces between all pairs of nucleons. This is computationally feasible for

quite large A (̂  500 for Newton's equations). W2 will almost entirely consider

the equal mass case, A = A,̂ . The c m . energy/r acleon is then E /4

I 2 2
(nonrelativistic) or 1/4 E (1 '•—) (relativistic to order v /c ,

L 8mc
m = nucleon mass). The following discussion is nainly based on the EOM

calculations as described in ref. 4 and on recent developments of these calculations.

An ensemble of N initial nucleon distributions is prepared appropriate

to the initial projectile and target nuclei. The spatia] distributions for the

initial nuclei have a radius R = r A (r % 1. L fm), a uniform (Fermi)
o o

momentum distribution with an average kinntic energy/nucleon % 25 MeV and

2-body potentials (see below) such that the binding energy/nucleon % 8 MeV.

These classical nuclei are not at zero temperature because of the kinetic

energy and also because the potentials give saturation at a density
3 -3

p > p = (3/4iir ) ̂  0.18 fm . However,the 2-body correlations have been

relaxed as much as possible and the nuclei are as cold as possible consistent

with the above requirements. These nuclei therefore condense and evaporate.

These effects are small during the nucleus-nucleus collision time for A =A,_=

20, 50 and have been carefully monitored. In particular, calculations are

made for the "no-mutual-interaction" case, i.e. when the two nuclei are allowed to

interpenetrate each other without any interactions between target and projectile

nucleons. (This is the case of extreme transparency when the only changes—

for classical nuclei—are those due to evaporation and condensation in each

nucleus). For a given impact parameter b the projectile and target nuclei are
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initially aliiicjt touching in order to minimize thi>. effects of evaporation and

condensation. As discussed in II , the correct :;; duration propertie.s for the

initial nuclei are not particularly relevant for Htt-HI collisions.

The nucleon-nnclcon potentials are chosen:

1. To have physically reasonable attractive and repulsive

parts (based on potentials of Beth ; and Johnson).

2. To give a binding energy/nucleon % 8 MeV.

2 (2)

3. To fit the empirical sin 9 weighted cross section a

(isospin averaged over pp and np cross sections) for

50 a, E £ 500 MeV by use of 2-body classical trajectory

calculations, o = _ / (l-cos'6)bdb where 0 (b)

is the cm. deflection function, b the impact parameter.
(2)

a is chosen because it determines the viscosity and

thermal conductivity (for dilute systems) which in particular

determine shock structure in hydrodynamics (see Part II).
(2)

Results for o are shown in fig. 1 for a static potential V
and for a potential V which includes (momentum-dependent) retarded terms.

2 2
For the latter the calculations are relativistic to order v /c . Both potentials

depend on four parameters. The static potentials are of the form

V
st

(r) = V r ) = V r ) + V r ) = V
R ̂ ~PRr - V

A ̂ ~llAr •

There is no unique way to obtain the relativistic (retarded) corrections

2 2
to order v /c for a given static potential. However, if an underlying

field-theory is assumed such that the repulsive and attractive parts in

V ( i .e . V and V ) are attributed to vector and scalar fields, respectively,

then the retarded correction is uniquely determined (ref. 6). Then
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V = * + Voret o 2

(j-(prp

[The relativistic character of V appears throagh the fact tliat V is not1 ret K r e ret

invariant to Galilean boosts (thus it depends on the momenta not only through

P-i ~P->) but is invariant, to 0(v /c ) , to Lorentz boosts.]

V9 does not introduce additional parameters, but the parameters V , u ,
^ A R

C2)
V , u must be readjusted so that V fits the empirical values of a .
A A re C

(2)
It is interesting, although probably not significant, that a better fit to c

is obtained with V ; in particular this can give a more nearly constant

(2)
av , in agreement with the empirical value, than can V . The retarded

S X.

terms V_, generally give a net repulrive contribution. However, we already

note here that the longitudinal momentum-loss cross section o (ref. 7)

may be more appropriate for conditions of large transparency (e.g. the i n i t i a l

stage in central collisions—see below). The value of o for V and V

is then less tliar the empirical value, i . e . the^e potentials will give somewhat

too much transparency. Also>o is somewhat less for V than for V ,

indicating that the l a t t e r gives re la t ively more transverse scdtt.erir.fc>

We remark that Wilets eL a l . (ref. 3) have made a very

ingenious proposal for obtaining a momentun-dependent 2-body "Pauli" potential

which allows them to obtain cold nuclei with approximately the empirical

saturation properties. (Thus for the s ta te of minimum energy the momenta

are not zero even though the veloci t ies nre.) These nuclei in their s ta le

of lowest energy are then frozen and do not conJt'iisc or evaporate when Kit

on their own.
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Further critical discussion of the choice of potentials in the EOM

approach is given in part II.

Trajectory calculations are made by solving either Newton's equations

(nonrelativistic, static potentials) or Hamilton's equations (relativistic or

momentum-dependent potentials). The relativistic calculations are to order

2 2
v /c . Thus the relativistic kinetic energy and Lorentz transforciatiJUS to

this order are used (the latter is needed e.g. when transforming between

the lab. and c m . systems), and the potential for consistency should be

V - Thus
ret

P: P,- \ i A _̂  _̂

x. = V^ H , ~p. = - V H (i = 1,...A) . (b)

Pi * *i

However ''relativistic" calculations can also be nuide for V . These are then

very close to the corresponding nonrelativistic calculations since only

2 2
kinematic and kinetic-energy effects to 0(v /c ) are included.

The 10 conserved quantities H, ? = Zp\, L = Z(x.xp.), K = MR-tP

are monitored. K corresponds to conservation of the c m . velocity (H is the

total mass including relativistic and interaction contributions to lowest order

and R is the c m . position. Thus MR = Zm.x. with m. = m(H — )
± 1 1 X 2m2c2

1 '-+ ' „ • * > •

+ — T , Z V (r. ) , and K = 0 together with M 'tf H = 0 and P = 0 then gives

2c^ j(*i) ° xj

R = P/M = constant.
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Note, if Hamilton's aquations (b) are soJvi-d exactly for tin; approximately

relativistic H of eq. (a), then II, P, L will be conserved exactly, but K

only approximately to order v /c") . P and L are in fact conserved very

accurately? conservation of H to within about 1 Z is achieved by suitable

choice of step length in the integration algorithm (5th order predictor-

corrector Nordsieck method).

Another check of the accuracy of the integration procedures used is

to reverse the motion at some time T and check how accurately the initial

conditions at t = 0 are recovered by the time-reversed motion. This is in

fact recovered very accurately (for A = A, = 20) even for central collisions

(for both static and retarded potentials) and for times (T = 25 and 50 fm/c)

long after the collision is over. It is amusing to change the conditions

at T slightly from those attained in the forward motion and see to what extent

the time reversed motion now "misses" the original conditions at t = 0.

Thus if (for A = A,̂  = 20, E = 500 MeV/nucleon, b - 0) the positions at
P J. J_i

T = 25 fm/c are randomized by an amount within ±0.1 fm for each i.iclson,

then the original initial conditions at t = 0 are missed by a sizable amount,

although for some time the reversed motion (especially the density) resembles

the original one. Because of the strong interactions between the nucieons,

one must "aim" very accurately if one is to recover the conditions at t - 0.

This is an example of the instability of the dynamics of many-particle

systems with respect to the precise initial conditions and is related (for CL

closed system) to the property of "mixing" in phase space. This also indicates

that, for reasonably large A, there is effectively considerable averaging

even for a particular initial distribution.

Analysis and Averaging. The A trajectories obtained for any given initial

distribution are analyzed to give energies, populations, hydrodynamic-type
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averages such as densities, average velocities, etc., all as a function of

t. These results are then averaged over the N nienborc of the initial er.sra'o) i1

For our (nonrelativistic) calculations for A = A,,, = 50 we used K = 10 and
P 1

the impact parameter was varied from b = 0 to b = 2R in steps of 0.25 R.

Nonrelativistic calculations in progress for A = 20, A = 238, E =

250 MeV/nucleon use N = 12. Relativistic calculations to date have been

made only for individual distributions for A = A = 20, b = 0, R and nostly

for E = 500 MeV/nucleon. Angular distributions and other quantities for
XJ

given A . A ^ E are obtained by integration of the results over b (with
p T L

weighting b).

There are —unanswered— questions about the size, choice and

sampling of the initial ensemble. Hopefully, any related inadequacies are

alleviated by the mixing property discussed above.

Results of EOM Calculations.

We give some examples to illustrate the results obtained with the

EOM approach* The most comprehensive results are nonrelativistic calculations

for A = A,̂  = 50 and E = 117 and 3l'O MeV/nucleon (relative velocity v/c = 0.5

and 0.8, respectively), reported in ref. 4 . We also present some rolnzivi stic

(unpublished) results (ref. 5) for A = A,̂, = 20 (i.e., N'e + " N'c) for both

V and V . For both sets of results, evaporation and conservation ara
st ret '

minor problems.
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Central (b ̂  0.5R) or near central rol li s.ionr, (b "̂  U) . Therr is an J_nJ_tJ_;jJ_ sj_ât

when the relative displacement of tin* nuclei is Az 'I 2A '••'. .', im. The nucli-i

effectively pass through each other without much change (especially figs;. 2,4).

This stage is characterized by large transparency.

Subsequently there is a stf.ge of larpe ovcr.l rip, characterized by

strong dissipation (the translationaJ energy T is rapidly dissipated, the

distributions rapidly become near isotropic as indicated by the change in the

velocity asymmetry u). The densities become quite large, p £ p (figs. 2,3)
0

with associated large internal kinetic energies; the projectile and target

nucleons become intermingled (e.g. fig. 2) and there appears to be approximate

thermalization.

Finally there is an "explosive" adiabatic expansion (fig. 2). This

stage seems to retain little memory of the initial stage, indicating again that

an appreciable degree of thermal equilibrium occurred during the previous

stage.

Noteworthy is the large repulsive contribution due to retardation

(fig. 3) during the stage of large overlap. This presumably makes the

equation of state relatively "hard" as compared for a static potential. An

interesting related feature (not yet conclusively established) with possible

important observational consequences is the pronounced sideways peaking

of the c m . angular distribution for V (fig. 4). This is also indicated by

the final velocity "asymmetry" uf = <v / v^ > " r« 0.8. This sideways peaking

is reminescent of some hydrodynamic predictions (ref.8) and of the sideways

splashing of two colliding incompressible drops. For comparison the static

potential gives an essentially isotropic angular distribution, (fig. 4) and

correspondingly o;f "i 1. We consider this difference in angular distribution,
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which we conjecture is related to a difference in equai_ion of state-, Lu be

significant. However, for a more precise test of such potential depen<K-iit effc.Ls

i t is necessary to compare results for potentials which give the same scattering,

i . e . the same deflection function.

It seems also of interest that even for quite light nuclei (A = A •--- '0)
P T

the central collisions are explosive and not dominated by transparency effects

(for E % 500 MeV).

Another possibly significant feature are the large final fused

residues with A % 60 found for A = iL = 50 at E = 117 MeV/nucleon and for

near central collisions, b £ 0.25R (fifyj. 5 and 8). These arc described in ref. •';

and indicate that at the stage of maximum compression there is the possibility

of rapid transfer (by thermal conduction) of the large thermal energy of the

nucleons in the interior region to those on the outside which are explosively

blown off.

Noncentral (b %, R and peripheral (h K 1.5R) collisions. As b is increased

transparency effects rapidly increase and become dominant for b £ R. In fact

transparency effects are already evident for quite small b. Thus (fig. 9),

the cm. angular distributions vs. b become rapidly forward-backward peaked

with increasing b. For larger b the nuclei retain much of their identity after

the collision (figs. 6-8) especially for b K 1.5R. Correspondingly, much less

of the in i t ia l translational energy is dissipated (fig. 8) . Nevertheless

for b % R there are s t i l l an appreciable number of fast (explosive-type) nucleons.

The general resumbJance (for largo b £ 1.5R) to the experimentally observed

fragmentation collisions (ref. 9) is evident. The overall cm. angular

distributions are dominated by the distributions for large b and hence are

strongly forward-backward peaked.
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General Conclusions • Clearly, for 1COM calculations IUM'J 0:1 the Ir.... .',.".

interaction, transparency and nonequi! ibr in effect;; are important or even

dominant for most impact parameters (at le,i;:t for the collision of u.nal mass

medium nuclei). At least for A = A a. 50, there seejn on average to be only

relatively few collisions/nucieon even for b = 0. A microscopic description,

such as the EOM approach, is therefore required for a unified description.

Furthermore, hydrodynamic conditions, corresponding to local, or approximately

local, thermodynamic equilibrium (see Part II) are probably never fully attained

although the kinetic energy may be approximately thermalized. Thus even for

quite small b there is probably a complicated interplay of equilibrium and

transparency effects corresponding to important nonequiLibrium features.

It will be important to elucidate these and extract information about them

from the experimental data. This may, in particular, allow determination

of transport effects and a determination of the effective mean free path A.

It will clearly be of great interest ro establish potential dependent effects.

These are expected to show up most strongly in central collisions and are

further discussed in part II.
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I I . MICROSCOPIC AND HYUIIOUYNAMLC W.SCKIL'TIONS OF

HIGH-ENERGY UJ:AVY-ION COLLISIONS

In this part we attempt to provide a framework fur the theoretical

description of 1IE-1II collisions. In particular this will involve a critique of

the various approaches mentioned in the introduction, their relation to each

other and their respective domains of applicability, and also a search for

justified simplifications at high energies (̂  500 MeV/nucloon). Our understanding

of HE-HI collisions will be greatly helped by one or more such simplifications.

At low energies (a few MeV/nucleon) the mean free path A is large

(% 10 fm), the effective nuclear forces being weak. The approximate validity

of single-particle motion may then provide a ;:reat simpli' tion of nuclear

dynamics. A meaningful separation between single particle and collective

motions is possible. Useful and valid descriptions, discussed extensively

at this conference, may be a time-dependent llartree-Fock deccripi ion (with

dissipative effects perhaps dominated by one-body viscosity) or stochastic

descriptions involving only a few collective degrees of freedom, with partial

equilibration and dissipation as a result of the particle degrees of freedom

not explicitly included.

At higher energies, comparable to or greater than the Fermi energy

E , most or a l l particle degrees of freedom must be treated on an equal

footing, A ̂  2 fm (for not too high energies) and one essentially has tie

strong interaction picture of Niels bohr.

One may then ask whether at higher energies (\, few hundred MeV/nucleon)

there are one or more justified simplifications of the assumed underlying

A-body quantum mechanical description (A-body Schrodinger or density-matrix

equations, non relativistic or approximately re.lativistic, with more-or-less

conventional forces.) If this is not the case then an adequate understanding

of H'J-HI collisions may prove very difficult.
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Possible simplifications ar t associated v/Jth Liu- i.a'illncss of various

non-dimensional quantit ies. Thus one lias, bro.xJJy, t lie f oil owing three physical

sLuplif ications and associated non-dim en si.o na 1 quantit ies.

1. Classical microscopic description.':, especially EOM method ("h "̂  0"):

3
nAT , EL/KF, X/rQ, & d i f f / ° c l a s s

 <<: 1 <n i H l h c particle dens iu , >.T

is the thermal de Broglie wavelength; 0, , , 0 . _ are '.ypical

diffraction and classical scattering angles. More detailed definitions

are given below).

2. Dilute systems (ijap:ilse approximation effectively val id) , especially

2
Boltzmann and Uehling-Uhlenbeck (U ) equations and corresponding

3
cascade calculations: nd << 1 (d = range of nuclear forces).

3. "Small" density velocity or thermal gradients, i . e . , local, or

approximately local, thermodynamic equilibrium; hydrodynamics:

A/L << 1 (L = length of nuclear dimension).

Note that the various nondiinensional quantities may involve not only

lengths or times but, e .g. , also energies. Thus, e.g.,0 = C(|vj/E ) ,

where V is a typical KN interaction strength; also the effective force

range d will depend on energy through V/E .

We f i r s t consider 2. and 3. and defer consideration of quantum-

mechanical effects t i l l l a te r .

Length and time scales and associated nondimensional quantities (for h = 0).

Length scales for HE-HI collisions are: d = force range. Tlr.s depends on

energy but typically is about 1 fm for E % 200—500 Mev/nucleon. d nay

become quite small for large E .

A = mean free path (% 1/mid ") . A characterizes the relaxation or dissipative

effects. Again for E £ 200—500 MeV/nucloon, A "•' 2 fm.
Li
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L = "macroscopic" length characteristic of nucleus-nucleus collisions.

L % 2-4 fin for noncwitral or peripheral collisions.

^ 4-6 fm for central or near-central collisions.

Time scales are obtained by use of a typical velocity, v <{; 0.5 c. Thus

T % d/v is the NX' collision ticie,

T % A/v is the mean free or relaxation time,

T % L/v is the macroscopic, nucleus-nucleus collision tine.

The pertinent nondiracnsional quantities (for h = 0) are the following:

2
The Knudscn number, Kn = T/T = A/L % 1/nd L. This is a measure of the relative

variation (over a distance % A) of thermal, density or velocity gradients. If

Kn <<1 one has local, or approximately local, thermodynamic equilibrium as a

consequence of the smallness of the relaxation time. Correspondingly, one

has a hydrodynamic description, i . e . , a contracted description involving only

n, the average flow velocity u = <V)> and the internal energy e al l as functions

of x, t, and determined by hydrodynamic equations.

The diluteness or (covolume), w = — d /2v ^ T/T £ d/A. OJ << 1 corresponds

to dilute systems for which the collision time T is short compared to the time

T between collisions. Potential energy and correlation effects are then

negligible, corresponding effectively to the validity of the impulse approximation.

Classically, a Boltzmann-equation or cascade-calculation description is then

valid.

The table shows length and time scales and Kn, to for classical fluids

and for HE-HI collisions. For macroscopic volumes of classical fluids there is

always a hydrodynamic regime, L >> A. In contrast, for HE-HI collisions

it is striking that there is no clear differentiation of time and length scales.

Or.e has a coalescence of time and length sxales such that for not too high energies
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b o t h Kn, >o =. 0 ( 1 ) . Thus n e i t h e r liydrocJyti.r; i> -. (Kn • !) ISM- a di ; .ci i p t i i>n* -

( suc l i a s t h e Bo l t zmann e q u a t i o n ) a p p r o p r i a t e l o r a d i l u t e sy.stuM (..: <•' 1)

i s e x p e c t e d t o bo a d e q u a t e f o r lil '-III c o l l i s i o n s . No te t h a t si:ii"O t he v e l o c i t y

c o r r e s p o n d i n g t o t h e Fermi momentum i s v •-' 0 . 3 c , t h e c o r r e s p o n d i n g t i m e

LA' i s a l s o c o m p a t i b l e t o T. >

Time and l e n g t h s c a l e s and r e l a t e d noiul itnenr. i n n a l q u a n t i t i e s

units

air

liquid

nuclei

air

liquid

nuclei

do"8

do"8

(fn)

(s)

(s)

(fm/c)

cm)

cm)

d

1

1

1

300

300

0.5

Len

V

m/s

m/s

c

r.ths

A

io5

2-10

2

L

io8

io8

2-5

ID"12

io-12

2

Kn

JO"3

io-7

1-0.4

Tijnes

io"7

ID""

T

io"A

]0"4

4-10

%

1

0

0

d/A

.5

.5

K i n e t i c E q u a t i o n s and Hydrodynamics

For a more p r e c i s e and q u a n t i t a t i v e u n d e r s t a n d i n g we c o n s i d e r k i n e t i n -

e q u a t i o n s a i d t h e a s s o c i a t e d d e r i v e d h y d r o d y n a m i - e q u a t i o n s . The p r o b l e m of t h e

d e r i v a t i o n of k i n e t i c e q u a t i o n s ( e . ^ . , from t h e A-body d e n s i t y - m a t r i x or

L i o u v i l l e e q u a t i o n s ) i s a d i f f i c u l t o n e , even f o r c l a s s i c a l f l u i d s i n t h e

t h e r m o d y n a n i c l i m i t , wh ich we w i l l n o t c o n s i d e r ( s e e , e . g . r e f s . ] 0 4 1 1 ) .

However , k i n e t i c e q u a t i o n s ::ny be c o n s i d e r e d a s v e r y u s e f u l q u a n t i t a t i v e r . . c ik l s

of p h y s i c a l e f f e c t s n o r e q u a l i t a t i v e l y c i ia ra • t • r i/.ed l>y t h e n?u:i i j ' ^ ^ i o i v 1
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quantities discussed above. This is especially so because of" the close

correspondence between kinetic equations and the related caw.ade calculations.

A kinetic equation may thus be considered as the representative of the related

cascade calculation.

Kinetic equations are equations for the one-particle distribution function

f(x,v,t) (or quantum mechanically for the Wigner function). Thus

f(x,v,t) d x d v is the number of particles with position in range d x about

x and velocity in range d v about v (- p/m) at time t. (The U'igner function

only has a probability interpretation if integrated over x or p.) Kinetic

equations impl}> the validity of a contracted description involving just f,

implying that the system is in the so-called kinetic stage (t $> T) where

it is independent of the initial correlations. Formally, one requires the

Bogoliubov functional assumption that the time dependence of the two- and

more-particle distribution functions occurs only through their functional

dependence on the one-body distribution function f. It is not at all obvious

that a kinetic-equation description can be rigorously justified for HE-HI

collisions in view of the shortness of the kinetic stage and the fact that

one is dealing with finite systems of a few particles for which one is far

from the thermodynaroic limit (i.e., A -> <*, volume -> ••*, but n = A/volume = constant)

Quite generally une has

coll

D/Dt is the free streaming operator (external forces assumed absent) and

Df/Dt = 0 represents free streaming (straight-line trajectories) appropriate

for conditions of extreme transparency. (.'•i"/3t) ,, gives the change in f

due to collisions.
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For dilute systems (ntl << ]) only binary collisions

are important and one has the Boltzmann equation for which

(~) = J(ff) = J+ - J" = //(f'f.'-fl' )jv|bdbd;'d3v (2a)
d t . . J- -*• -1-

coll

=//(f'f l-ff1)|v|o(0)d
2:.'d3f1. (2b)

J is the gain term due to (restitution) collisions between particles with

velocities v' and v' impact parameter b and axiinuth <ji, which populate the

number of particles about x and v; J is the loss term due to the (direct)

collisions between particles with v and v* etc., which decrease the

number..... . |v| is the relative velocity (eqial before and after elastic

collisions which are the only ones we consider). The form (2b) uses the (c.m.)

differential cross section directly and is equivalent to (2a) if the trajectories

are described classically.

The Boltzmann equation is valid for dilute systems when only binary

collisions are important, i.e., when nd << 1. The interactions enter only indirectly ,

namely through o(0) in giving rise to (af''?t)coli'
 T h u s potential energy

and correlation effects are neglected, and the equation of state is that of an

ideal gas. One has straight-line trajectories between collisions, with the

collision time i << T the time between collisions. These are just the ingredients

which enter into cascade calculations (neglecting exclusion-principle effects)

and there is clearly a close correspondence, if not precise equivalence, between

cascade calculations and the Boltzmann equation. We shall regard them as

effectively equivalent for the purposes of our discussion. The validity of the

Boltzmann equation/cascade calculations is also cio.-:ely related (and effectively
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physical ly equival cut to that of the iwjMil.nc' appro.: jn.it ion (i <•' T) , bind in;;

effects neglected, use of on-shel l amplitudes - c.f . ur;e of o(G) in J ( f f ) ) ;

however some of f - she l l and binding effects can bo included as in rc.f. 14,

For very high energies (rel;i L iv.i s t i c co l l i s i ons ) the ran^e d

may ef fec t ive ly become qui te s;::all and nd << 1 (impulse approximation va l id ,

po ten t i a l energy ef fec ts small) and a ijoltznann equation/cascade descr ip t ion

may become adequate.
3

For dense .systems, w '̂  nd - 0 (1 ) , the ef fec ts of mul t ip le c o l l i s i o n s

must be included and po ten t i a l energy and cor re la t ion ef fec ts become

important. Thus

# = J ( f f ) + K ( f f f ) + •••

where K(fff) is due to triple collisions, etc. (The derivation of such an

expansion in collision orders is related to a cluster-type expansion in
3

powers of OJ ̂  nd , see e.g. refs. 10, 11). The best known and studied example

of a kinetic equation for dense systems is the Enskog equation for rigid

spheres (of diameter d). Very l i t t l e is known about kinetic aquations for

potentials with an attractive component and in practice one must use

Monte-Carlo methods (for equilibrium conditions) or molecular dynamics methods

(for equilibrium and nonequilibrium conditions).

Hydrodynamics

Quite generally one obtains, from a kinetic equation, the following

conservation equations
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- — = - V «u (mass)
o dt

du "~*
p TT = - V • P (momentum)

-r— = - (V • q + I' : 7 u) (energy) .

(p = rim = mass density, u = <(v̂> = flow velocity, e = internal energy; these .'ire

all velocity averages over f(x, v, t) and thus functions of x,t).

P = P + P is the pressure tensor, q = q + q the heat flow vector, both given

by velocity averages over the one and tvo-particle distribution functions

(the latter in turn a function of f) . ';,,»q,. are the. kinetic, i.e. translational,
K K.

contributions and P , q are the potential contributions. For the Boltzmsnn

equation (and also for cascade calculations) only the kinetic contributions enter

and transfer of momentum and energy can only occur via translation.

The conservation equations (A) are quite general, but purely formal

since P, q depend on the one and two-particle distribution functions. One

obtains hydrodynamic equations, i.e. a contracted description involving only

p, u, e (or the temperature T), on]y if P, q can be expressed in terms of

P, u, e.

For A/L << 1, the Chapman-IHnskog method, which is an expansion

in powers of the relative gradients of p, u, T, i.e. essentially an expansion

in powers of A/L, allows one to derive hydrodynamic equations from kinetic

equations. Corresponding to increasing powers of A/L one obtains hydrodynamic

equations which involve increasingly higher spatial derivatives. We do not.

give details (see e.g., refs. 10—13 for these) but only give rone pertinent
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r e s u l t s for the Boltn:riann equation (u << 1) and, in order to i l l u s t r a t e the

dependence on io,also for tLc EnsHo^ equation ( • - 0 ( 1 ) ) . Quantum nc-chanica]

ef fec ts wi l l be discussed l a t e r but i t must he c-rphasizixl that the Chnpnan-

Enskog method can be applied to k i n i ic equal ion: v.'hicii include quaiiLuir,

mechanical e f fec ts and tliat hydrodynamics, as i s ' / e l l knr>vn,can tlius include

such e f f e c t s . Quite genera l ly , phcnomenolo^ical hydrodynamic equations nay be

obtained by the use of phenomeno]ogical equat ion; r e l a t i ng P,q to n, u and

e or T (equation of s t a t e and c o n s t i t u t i v e r e l a t i o n s ) . However, in our

discussion we emphasize the der iva t ion of hydrodynamic from the correspond in;',

k ine t i c equations in order to make c lear the- r e l a t i o n between microscopic

and hydrodynainic approaches. For fur ther discussion of hydrodynamics,

espec ia l ly in its: phonomenological aspec ts , see the ta lk by Maruhn ( ref . L5J

and also r e f s . 8 and 16.

(A/L) - Euler equations of inviscid t.ompressible hydrodynamics

Boltzmann equation (o; << 1) Enskog equaLio11_(_± = 0(1))

Local thcrmodynamic equilibrium

f = f = n(m/2irkT) exp(-m(v-u) /2kT) = loca l equilibriuiu d i s t r i b u t i o n

n, u, T functions of x, t

•<—>( 0 ) •*—* -* t-+

P = p l , q = 0 (I = un i t tensor)

no v i s c o s i t y or heat conductivi ty

1 2 . dV , . ,3 . , .

p = nkT - Y n / ~Z~ r 8 ( r ) d r (c'rl- °f s t a t e )
3 1 3

e = - r - k l + — n / V(r) g (r) d r ( i n t e rna l energy)
- > • - > • 7

(g(r) = 2-body correlation function, i.e. n(x ,>"-9) = n" g(r),

where n(x ,x ) is 2-particlc-> position distribution function)
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Euler equations of jnviscid compressible hydrodynmnics:

conservation equations (4) with P = p 1, q = 0.

p (x,t), u (x,t), e(x,t) determined ->y Euler equations and

equation of state.

Euler eqs. for ideal gas

p = nkT

- ideal gas equations

e = ~ kT

EuLer eqs. for dense fluid

p - nkT (1 + O(OJ))

^ 1.7 nkT for u £ 0.5

e == 4 kT (1 + 0(u)))

The characteristic nondimensional quantity of inviscid compressible hydrodynamics

is the Mach number, M = v/c , c = sound velocity = (dp/dp) (adiabatic
S S o

compressibility). For M > 1 one can have discontinuous shocks whose properties

are determined by the Rankine-Hugoniot relations (conservation relations across

shock) together with the equation of state. There is thus a rather direct

connection of the flow (and resultant angular distributions for HE-HI collisions)

with the equation of state (refs. 8, 15, 16). Dissipation occurs only through

shocks (otherwise, entropy S is constant along stream lines).

(A/L) - Navier-Stokes equations of viscous hydrodynamics

Approximate local thermodynnnic equilibrium

f = -^-- A • V logkT - ^ B : V u - - V -u

Thus f now has corrections depending or the gradients of r and u.

( A,B, r are determined from a linearized Boltzmann

equation and determine the transport coefficients n, K, X)
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P = p l - 2 n S + K ( V . U ) I , q = - XV T

(•*•-£ j_ 3 u 9 a
a0 2" . + -„— - v ^ 7 ' " ^ 6 o = r i t e o f s h e a r tensor)

9x ax 3 a<3

n = coefficient of shear viscosity

A = coefficient of thermal conductivity

K = coefficient of bulk viscosity

Navier-Stokes equations of viscous compressible hydrodynamics: These are

obtained from the conservation equations with P and q as above and with the

equation of state as for the Euler equations. Quite generally there is

now dissipation; shocks have a finite thickness (0(A)) and are (qualitatively)

described by the Navier-Stokes equations. Thus the rate of entropy

production/unit volume is (for K = 0)

|f = A|VlogT|2+

The transport coefficients are as follows:

Boltzmann equation

(0) b (TrmkT)l/2 1

n = j^ -y-
- y - ( 2 f 2 )*

TTd Si_ (0) 15k (0)
A = A = - T — p

K = 0

Enskog

n/o(0) =

A/A (0 ) =

</n(0) =

equation

1 + 0 ((,

1 + 0 (u

0 (u2) a

.) *

: 0.

* 0.5)

'• 1 . 6

35
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f 9 9 "i A / 9 \ 9
H e r e ft i s n o n d i i a e n s i o n a l and i s d e t e r m i n e d by o = 2-n /s in 0 o ( u ) d ( c O s t ' ) ;

(9 "?} ^
fi ' = 1 for rigid spheres of diameter d. Thus we have some justification for

procedure used to f i t potentials in the EOM approach - at least for dilute

conditions not too far from equilibrium. Note ths well known (Maxwell)

independence of n ( 0 ) , X(0) of P (e .g . , n ( 0 ) ^ (mT)̂  n A, A M/nd2).

With the above expressions for the transport coefficients one may

estimate typical dissipations during a HE-HI collision. For A = A,̂  % 50,

E % 300 MeV/nucleon, b = 0, d % 1 fm one has IJ % 50fm~2 MeV c"1

(or equivalently ^0.25 h fm"3), A 'k ^ 0.24 c2fm,"2, K % 12 fra^MeVc"1

(%0.06hfm~3); then

shear viscous work/nucleon % 15 MeV

heat transfer/nucleon % 10 MeV

dilatation viscous work/nucleon % 3 MeV

Total dissipation/nucleon fb 28 MeV (c.f., E /4 ^ 75 MeV),

Thus dissipation cannot be neglected in central or near central HE-HI collisions.

Hot nuclear matter is a viscous and thermally conductive fluid, and for

hydrodynamics (with transport coefficients based on the free NM interaction) one

should use the Navier-Stokes equations. The large dissipativo cifccts are a

consequence of A/L = 0(1), i . e . of large thermal,velocity and density gradients.

An important nondimensional quantity associated with viscous

hydrodynamics is the Reynolds number:

Re = vL p/n ^ inert ial forces/viscous forces

% M/ (A/L)

% 5 - 10 (M K 2,A/L £ 0.5).
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These small Reynolds numbers reflect .lurge viseuu.-; c-ffect.s un<.\ are aju.ui a

consequence of A/L = 0(1). For comparison, the- cri t ical Reynolds numbers above-

which a flow becomes turbulent are in the range 100-1000. This one c:;pect:s

laminar flows for HE-HI collisions bc-cviiise of the f.tcbilJ.zi:1;, effect;; of the

large viscous forces.

The Navier-Stokes equations give a good description of shocks for

M not too large; for larger M they give a qualitatively reasonable description.

2 3

To order (A/L) , (A/L) one obtains the Burnett and super-Burnett

equations, respectively, which involve higher spatial derivatives. The boundary

and in i t ia l value problems, especially for the super-Burnett equations are

not well understood and i t is not cleor that these highcr-orJk r equations give

any significant improvement over the Kuvier-Stokes equations.

Of course,transparency effects, which are large for the in i t i a l

stage and for noncentral collisions, cannot be represented by any (one fluid)

hydrodyaar.iic equations even if these include dissipative effects as the

Navier-Stokes equations do.

Thus beeausc- Kn = A/L ~ 0(3) one needs a n-.icroscopj_c descripti.on

to provide a unified description of all collision stages. The appropriate

microscopic description then depends on the dilutoness, i . e . on whether
3

u) ^ nd << 1 or 0(1).

For OJ << 1 one has the BoltEinann equation/cascade calculations. (If quantum-

mechanical effects are important the corresponding equation is the Uehling-

Uhlenbeck equation as discussed below). In the hydrodynamic lii.iit the

Boltzmann equation/cascade calculations can only give results corresponding

to the Euler equations for an ideal gas (ideal gas equation oi! state and density

independent transport coefficients). The Boltznvmn equation and thu:; i-lso
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cascade calculations can give shocks, but the: shock relations, in p;jri irul.ir i. he

compressions across a shock, can only he those appropriate to an ideal f.ic.

(Nonrelativistically, the maximum compression for an ideal inonat.omic ;;as is A).

Also note that the full nonlinear collision term is required for the description

of shocks.

"or to = 0(1) potential energy and correlation effects are important

and one must use either kinetic equations for dense systems (in practice only

the Enskog equation for rigid spheres) or the EOM approach, the only one

available for realistic potentials.

Hydrodynamics is to be understood as a "macroscopic" contracted

description valid for conditions of local, or approximately local, thermal

equilibrium. Because A/L = 0(1) (unless there are large modifications of the

free NK interaction as considered in ref. 18), dissipativc effects will be

large and the Navicr-Stokes equations should be used for hydrodyni-.nic calculation

of HE-HI collisions. Hydrodynamics can include quantum mechanical effects

through the equation of state and transport coefficients (see also below) and

has the great merit that one can investigate the effect of model equations

of state.
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Densencss of Nuclear Matter in HE-HT Collisions

The nondimensioiilcss measure of this (as, e.g. used for the Enskog

4rrr 3 , 3

equation) is w = — d / T ^ = d /'2r
o ' F ° r r c u l I s t i c potentials the range

d will depend on energy. Thus for sufficiently high E , d may effectively

become quite small.

For E £ 500 MeV some estimate of the magnitude of d and UJ i.iay
Jj

be obtained from the following two considerations.

1. Equation of state and internal energy e as obtained from EOM

calculations. In particular, we have results pertinent for e, nauely

average potential (P.E.) and kinetic (K.E.) enorgics/nuclcon for the

stage of large overlap in central collisions (for which p < 0.3 fm ) .

(Recall that for equilibrium e = — T + — n / V(r)g(r)d r = kinetic

+ potent i-'.l contributions).

ET/A K.E./A I P.E.| /A | P.E.| /K.E.
Li

(MeV (MeV) (MeV)

40
100 50

55

35
300 90

60

30
500 140

60

0 .

1.

0 .

0 .

0 .

0 .

8

1

4

7

2

4

Ret.

S t .

Ret.

S t .

Ret.

S t .
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Thus even af E - 500 MeV/nucleon there are large potential energy contri-

butions an^ correspondingly one has to deal with a dense fluid.

2. Empirical values of a^ = 2 " / (l-cosn0) a( 0) d(cos3) for n = 1,2. It

is convenient to use reduced nondimensional cross sections:

(1)* _ (1), 2 (2)* _ (2). 3TT 2

(n)*
For rigid spheres of diameter d, ov = 1 . The empirical values are shown

in fig. 10 for d = 1 fm. I c i s seen that d % 1 fm; in particular d ^ 1.1

fm for 300 't E ^ 500 MeV and thus to % 0.5 for rn = 1 fin,and correspondingly

larger for smaller r • for p % 3p. (r % 0.76) one has u % 0.85 !

Thus (for E, ^ 500 MeV) one has ai = 0(1); and conditions correspond to a
Li

dense nuclear fluid and one must use an appropriate microscopic description.

2
In particular,approaches which use the Boltzmann (U equation if quantum

mechanical effects are included) or equivalent cascade calculations arc

inadequate especially for central collisions for which large densities art

expected to occur. There are then two general possibilities:

1. Kinetic equations for a dense fluid (or the equivalent cascade

calculations). In practice this means a kinetic equation for rigid spheres

which includes the effects of triple collisions. The Enskog equation is

then a good approximation (for not too large w) and is well studied with a

known equation of state and transport coefficient (refs. 10-13). The

corresponding cascade calculations are those of Halbert et al. (ref. 1) for the case

of rigid spheres. There is of course no binding, the forces are impulsive,

and the trajectories are straight lines between collisions; also

o , o are constant instead of decreasing with energy as do the

empirical values.

As already mentioned, there is the general question about thc-

validity of any kinetic equation for HE-HI collisions. (Kinetic stage too
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short for memory of initial correlation:-: to have been lost, i.e. no justification

for liogoliubov functional assumption, a finite system of few particles and

no thermodynamic limit).

2. The classical \W. approach. TMr; : s essentially the n.olerular

dynamics approach used to study classical liquics. It is the only one

available for realistic potentials with attract on. Note that for a given

potential the equation of state and the transpo 't coefficients are not known

a priori and should be obtained.

For dense conditions qualitatively new effects arise because of

the possibility of transport via the potential (viz. the terms P , q which

are zero for dilute conditions and which give the p dependence of n, A

2
for the Enskog equation). For dilute cond.itiors (Boltznann and U equation)

transport properties are entirely determined by the. free cross section o(C) . For

dense conditions_f ran.yport^will dep_end on (finite renpe) properties: of the

potential which are not uniquely determined by c;(0). Thus for KE-HI collisions

one may expect differences in angular distributions for different potentials

which give the same free 2-body a(0) . (See the remarks in I about the differences in

results for V and V .) To more precisely investigate this dependence on

potential one needs potentials which give the same scattering.

Classically this means potentials which give the same deflection function

0(b;E ) at all energies. Such families of classically "elast: ically-cquivalent"
Li

(momentum-dependent) potentials can be obtained by means of canonical point

transformations which distort the radial scale within a finite range (ref. 17).

A (probably difficult) goal for the EOM calculations is to investigate

potentials which give an adequate representation of the free NN scattering

and at the same time give some desired equation of state (e.g. one with a

second minimum for p > p , corresponding to a density isomer).
0
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A b i ] i t y o f Clar.sir.ii 2 - b o d v T r . i j i T t u r v C.-j 1 r->i 1 ,-i t ioi; •• lu r cpri. :,v¡) t NÍC S< .. 1.1 e r j n,-.

If classica] 2-body calculations could reproduce Llic empirical NN scat.Leri.ny,,

in particular o(0), then for dilute: conditions (nd << 1) the EOM calculations

would be equivalent (;".nd at least as good) as Boltzmann equation/cascade.-.

calculations which use the empirical o(0) directly. For such dilute condition:;

quantum-mechanical "diffraction" effects for o(0) (discussed below) would

then not be relevant since the classical calculations would reproduce the

empirical

The approach, so far, in the EOM calculations has been to consider

(2)
adequate fits to a as the criterion for the ability of a potential, when

used in trajectory calculations, to reproduct: the empirical scattering. One u.iy,

more stringently, require that a potential reproduce the- empiric.-jl calucs of

M ) (?) (2)
both o and o . Thus, assuming that a is adequately fitted, the

(2)* (1)*
relevant measure is then the. ratio r = o /a . The empirical value

(isospin average as well as the individual np and pp values) is r ^ 0.95 and varies

little for 50 £ E ' 500 MeV. For 50 % E £ 200 MeV, r varies from k 1.8 to 1.5

for both the static a:;d retarded potentials discussed in I, whereas for

200 6 E o< 500, one has 1.55 £ r £ 1.9 for V and r % 1.45 (almost constant)

for V . (Thus as nontioned in I, V gives somewhat more transverse

scattering than V at the higher energies.)

The rather slight variations of r with E indicate that the

difference between the. empirical and calculated ratios is unlikely to be

due to diffraction effects which vary quite rapidly with E (see below). In
L-i

fact the pp and np angular distributions imply exchange and momentum dependent

forces. Hopefully, it may prove possible to simulate such effects classically

by the use of momentum dependent potentials. In particular one may hope to

(]) (2)
obtain potentials which fit the empirical values of both o and c; . Such
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potentials would then be more adequate also for transparent collision

conditions. ' For such conditions, o , i.e. the longitudinal-momentum loy:;

cross section (ref. 7), may be more appropriate than o which is appropriate for

conditions of approximate thermalization.

Since our potentials were fitted to o , comparison of the

calculated and empirical values of r shows that the calculated values of

a are too small. Thus transparency effects may be somewhat overestimated

in our present EOM calculations. (However, this may partially simulate

the increased transparency due to the exclusion principle.)

Very high energies. It is of interest to briefly discuss very high energies

9 3 2 33

(£ 1 GeV) . Recau that Kn ^ A/lA 1/nd 'L '<- r /d L and u ^ d /r . Thus if

d << 1 fm at high energies (impulse approximation valid) then Kn >> 1, i.e.

large transparency (linearized kinetic equation applicable-see below) and
2

also a) << 1, i.e., also a dilute system (Boltzmann or U equation/cascade

calculations applicable). Thus if d should effectively become small at very

high energies (as suggested by the behavior of the cross section o and

discussed in ref. 7) one has great simplifications but correspondingly little

significant physics! Note that pion and other particle production and/or

collective effects such as pion condensation (ref. 18) could change this conclusion.

Quantum-mechanical Effects, Equation of State, etc.

Different aspects of h / 0 are associated with the following

3 3 3
nondimensional quantities: x = n* T !^

 % \ / r
n > K^'Q (degeneracy, validity

of Boltzmann statistics), E /E (exclusion principle effects for transparent
X1 1J

conditions), ^/r,., 6, .,,/Q (diffraction effects for NN scattering).

Here x is t n e Sommerfeld degeneracy parameter, i.e. the average occupation

3 2 i-

in a volume h in phase space: A = (2irn /nkTP is the thermal de Broglie

wavelength; 0, .rr, G . ^ are typical diffraction and classical scattering

-!.i;;les. The factor A for x is the degeneracy (n,p, spin up, spin down).
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F o r d i ! . u f c syr.l ems ( n d •'•• 1) t h e a p p r o p r i a t e k i n e t i c e q u a t i o n i s

t h e U e h l i n g - U h l e . n b e c k (U ) e q u a t i o n f o r f e . r m i . o u s ( r e f s . 1 3 , J •;>) :

c o l l

2
(T'si; quartic terms cancel.) The U*" equation is thus obtained by making t lie foli

replacements in the Boltzmann collision term J(ff).

1. Statistics: f ->• f(l-f'). This allows for the occupation of

final states (blocking) on the collision rate. These effects

(Miff) imply statistical correlations important at densities such

that n*T
3 = 0(1).

2. "Diffraction" effects for (free) 2-body scattering:

b db -> o(8)d(cosO), i.e., use of the quantum mechanically

calculated c(0).

If only the second replacement is made then one has just the

Boltzmann equation but with o(G) calculated quantum mechanically instead of

classically; in particular one still lias the ideal gap equation of state

and density independent transport coefficients. However, the latter are

(2)
now calculated using the quantum mechanical values for c "" (refs. 11-13).

This is then equivalent to cascade calculations at high energies which use

o(6) directly and which ignore the exclusion principle.
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Statistics for conditions of approximate thermal equilibrium.

Such conditions may be attained in the large overlap regime in central or

near-central collisions. One may then apply t le Chapman-Enskog expansion

2 3

to the U equation (valid for nd << 1). Local thermal equilibrium

[(A/L) , (3f/8t) , . = 0] now corresponds to a local Fermi-Dirac distribution:

f ^ ' = f__ -v [1 + exp(E - EWkT]" . The equat .on of state is that of a

(noninteracting) Fermi gas: p = nkTF(nA ) = nkT(l + nX /2 + . . . ) .

The (isospin averaged) correlation function (for x <K 1) is
1 2 2

g(r) = [1 - ~r exp(-2Trr /X ) ] . These expressions i l lustrate the effects

of statist ical correlations on the equilibrium properties of a (slightly

degenerate) Fermi gas.

To order (A/L) one again obtains the Navier-Stokes equations with the

above Fermi-gas equation of state but with transport coefficients which now

depend on n: n/n , X/X = 1 + 0 (nX ) . The leading corrections, to order
3 (2X

nX , are again determined by a ' ( re fs . 13, 19).

Boltzmann s ta t is t ics and the ideal gas values are a reasonable

approximation if x £ ! • n-he table shows values appropriate for the stage of
3 -1/2

large overlap for A % A (— kT = ET/4, X (fin) = 16.15 T with T in MeV).

It is seen that Boltzmann s ta t is t ics is expected to be a fair approximation

for E £ 250 MeV for r it 1 fe (p % p ) but possibly only for E 't 500 MeV
for p % 3p . I t should be noted that for dense systems the energies at which

0

Boltzmann s ta t is t ics become reasonable may be significantly different from

those for an ideal gas.
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EL(MeV) T(MeV) AT<fm) >;(ro=lfm)

100 17 3.92 3.51 0.66

300 50 2.28 0.71 0.30

500 85 1.75 0.32 0.13

Effects of exclusion principle for large transparency. For dilute conditions

3 2
(nd << 1) such effects are described by the U equation or equivalent cascade

calculations. One can distinguish two effects:

1. If P = (m E./2) ' > P., £ 270 MeV/c, i . e . for ET £ 150 MeV, then
cm L r L

there is no overlap between the Fermi spheres of the initial projectile and

target nuclei and there is no consistency problem for the iriiLial overall momentum

distribution of all A nucleons.

2. Blocking of nucleon states as a result of the initial collisions between

projectile and target nucleons. The relative importance (from estimates

of the reduction in the effective cross section due to the excluded plase

space) is expected to be -v (3-4)E /E for central collisions, i.e. possibly

as much as 30% even for E. = 500 MeV (although an average over all impact

parameters may reduce this). Such blocking effects can give rise to:

a. An initial increase in A, i.e. in transparency

which could be of significance for details of central

collisions.

b. Depletion of forward-backward scattered nucleons

(in the cm.) for angles G £ B^ % p /p <sin9>.

For E = 500 MeV one lias 6 . % 30° (based on

< % 0.8 as obtained from E0M calculations). Again,
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averaging over b may reduce this. This estimate seems

consistent with a recent calculation by Koonin (ref. 20)

which is effectively equivalent to the use of the

U equation for the initial knock-out nucleus.

c. Two-nucleon correlations characteristic of quasifrce

knockout nucleons, as pointed out by Koonin (ref. 20).

To obtain estimates for the above, effects it will be of interest to compare

2
results for the Boltzmann and U equations (or equivalent.ly, cascade

calculations with and without the exclusion principle).

Linearized kinetic equations. For conditions of large transparency a

linearized kinetic equation may be a good approximation. Thus, if the colliding

nuclei are not much changed by the collision (slight depletion, £ 1

collision/nucleon between projectile and target nucleons) then

f = f (1 + •?), where <)> is small and f is a solution of the collisionless

kinetic equation: Df VDt = 0. (Thus,f '(x,v,t) corresponds to the

no-mutual-interaction case for the EOM calculations). To lowest order one

then obtains a linearized integro-differe.ntial equation for <f>:

D(f>/Dt = I(f ,<(>). Such a description is expected to be useful for collision

regimes corresponding roughly to less than about one collision, on average,

between the projectile and target nucleons, i.e. for the initial stage of

central collisions or for noncentral collisions. A (relativistic) linearized

Boltzmann equation seems to be closely equivalent to a Glauber-model

approximation as used by Hiffner et al. (ref, 21 ).
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Role of equation of state. The equation of state if; clearly not very relevant

for transparent conditions dominated on average by not more than about one

collision between projectile and target nucleons. Conditions are then far from

equilibrium and a linearized kinetic equation, as discussed abovt, may provide

a suitable description. Thus there is not too much physical significance Jn

having the correct T = 0 equation of state for the initial nuclei (i.e. the

correct saturation properties) for microscopic calculations. In particular

for the EOM calculation the correct saturation properties for the initial

nuclei are not particularly relevant, although it is important to have realistic

initial position and momentum distributions.

For the stage of strong overlap in central collisions one lias

large densities and perhaps approximate thermalization of the kinetic

energy, but probably not complete thermal equilibrium. Features of the

interaction important for the equation of state (complete thermal equilibrium)

are then expected to be more relevant. However, even then the connection with

the equation of state cannot be assumed to be as direct as for hydrodynamics

since nonequilibrium features are not expected to be negligible. This may

be so especially if potential and correlation contributions are important

as is in fact expected. Thus although the momentum distribution nay then be

approximately thermally relaxed, this may be much less true for the correlations.

Exclusion principle ,?nd effective (Pauli) 2-body forces. It is clear from

the above discussion (e.g., from the above equilibrium expression for g(r) for

X << 1, or from the well-known expression for g(r) for T = 0)

that the exclusion principle is a many-body effect. In particular, the

blocking of final states depends on the occupation of these states by particles

other than the two which are scattered (e.g., the collision term iti the

2
U equation). It is not clear to what extent effective momentum-dependent

2-body "Pauli" forces (ref. 3) can represent such blocking effects;

at best this can only be true in some average sense.
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"Diffraction" effects for NN scattering. For dilute conditions,

2
"diffraction" effects for the collision term of the Boltzmann or U equation

are allowed for by use of the quantum mechanical a(0) (instead of the

classically calculated value b/^Kiu'-S where 8(b) is the deflection function).

Diffraction scattering is predominantly forward at high energies

(0,... <\> X/d) . A typical angle for classical scattering is the rainbow

angle 0_. Our classical 2-body trajectory calculations for our fitted

potentials give 0R £ -50/EL(MeV) (%|v|/EL). Thus 9diff/|°Rl £ °-
2 \ •

For E. K 100 HeV this is always greater than one and increases with E. .

Thus diffraction effects are never small, essentially because the NN potential

is rather weak (the phase shifts & are mostly small and the—nonclassical—
Li

Born approximation is fairly good for most 6 ) . Thû  although I is qu^te

small, it is not clear that there is any energy range for which classical

trajectory calculations are justified. However, the situation is in fact more

favorable for these calculations because transverse momentum transfers are emphasized

and the forward diffraction scattering is deemphasized. Thus for a dilute

gas, for conditions of approximate local thermal equilibrium, the transport

(2)
coefficients n, ̂  are determined by a ' , whereas for transparent conditions

the longitudinal momentum-loss cross section o may be more appropriate.

The adequacy of a classical calculation is then indicated by the ratios

q(n) = 0
( n)( c l a s s #)/ a

( n)( q # m e c l u ) < Figure 31 shows q(1), q(2) for the

static potential V described in 1. For E £ 300 MeV one has q £ 0.8,
s t j_i

and a classical description of the free NN scattering is then not unreasonable.

As already discussed, if one could find potentials which classically reproduce

the empirical a(0) then for dilute conditions diffraction effects would

not be relevant and the EOM calculations would be as good as Boltzmann

equation/cascade calculations.
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Quantum-mechanical effects for dense systems. Above we have only considered

the adequacy of trajectory calculations for representing the ircc NN cross

section appropriate for dilute systems. For dense conditions multiple

collisions will be important and several nucleons may interact simultaneously;

in particular a nucleon scattering successively with several other nucleons

may not be out of the range of interaction of the first nuclcon before it

starts scattering (interacting) with another nucleon. Thus, off-energy shell

effects may be significant for dense systems. Even though quantum-mechanical

effects are relatively unimportant for o , a " for E £ 300 MeV,there is

no guarantee that a similar result will be. true for the multiple scattering

effects important for dense systems.

jlelativistic Effects

Apart from quantum field theory ("Nirvana"), there are the following

possibilities. Relativistic hydrodynamic calculations can and have been made

(refs. 8, 16).

For dilute systems one has microscopic approaches which use the

2
Boltzmann or U equations (ref. 10) or relativistic cascade calculations. The

former involve the use of relativistic kinematics and invariant cross sections

in the collision term. Relativistic cascade calculations (ref. 14) car readily

include particle production.

For dense systems (classical) kinetic equations which include potential

effects (e.g., a relativistic generalization of the Enskog equation) soem not

to be known. The problem is one of obtaining a relauivistic description

involving (finite range) interactions between particles.
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Such (retarded) interactions between particles can be obtained to order

2 2
v /c as described in part I . Since a classical (EOM) description with

explicit inclusion of fields (in addition to particles) seems

exceedingly difficult computationally, the only feasible relativintic microscopic

descri ption for dense systems therefore, seeins to be an EOM approach which uses

2 2
retarded potentials and which is valid to 0(v /c ) .

Conclusions

Theoretical descriptions of HE-HI collisions based on the free KN

interaction imply a coalescence of length and time scales such that neither A/L

3 3 3
nor nd ^ d / ^ n are small compared to unity. Thus neither the

simplifications of hydrodynamics (A/L << 1; local, or approximately local,

thermal equilibrium) nor that of microscopic descriptions appropriate for

dilute systems (nd << 1) - i .e . use of Boltzmann or Uehling-Uhlenbeck

equations or of cascade calculations- are adequate. Hydrodynamics if used should

include dissipation, and at least the Navier-Stokes equations should be used.

For dense systems, corresponding to the case of HE-HI collisions at not

too high energies, the only available microscopic approach for realistic potentials

with attraction is the EOM approach which assumes the simplification

"h = 0". Quantum mechanical effects although perhaps not of dominant

importance at higher energies (^300 MeV/nucleon) are probably not negligible.

It is thus not clear that there are any fully justified simplifications of a

general quantum mechanical A-body description of HE-HI collisions at not too

high energies.

To distinguish between features appropriate to different

descriptions one may have to look at more detail than just the single
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proton inclusive? data (ref. 22) since this may not in fact provide ;i very

sensitive test (ref. 23). Thus cross sort ions or th"̂  produd U'-r. of light,

nuclei with A - 2 (ref. 22) or tvo-nucleon correlations (rcf. 20) pay be

much more informative. The la t te r , may for example, be quite sensitive to

finite-range potential effects. The determination of transport coefficients

and hence of the effective mean free path, or t ie determination of the

dependence of transparency effects on ii-ipact parameter, is expected to shed

light on the basic question of whether descriptions based on the free »>'"»

interaction are just if ied, or whether there are important collective effects,

such as pion condensation (ref. 18), which could significantly reduce A

and hence give conditions more favorable for hydrodynamics.
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Figure Captions

(2)
Figure 1. Empirical and calculated cross sections o . The parameters

for V „ are )i = 2.A69, V, - 2569.6, u = 3.358, V,v = 6569.5;St A A K K

for V : p = 2.401 with the other values the same as for V
ret A st

(u in fin , V in MeV) .

Figure 2. CM. quantities vs. time for relat ivis t ic calculations for

A = A = 20, E = 500 MeV/nucleon, b = 0 and for V
p i L
2) .

is the ave:
A

(2)
p is the average density inside a radius 2 fm v/ith cm. as

origin; R = f-^ £ r . /A/ " is tlie radius of the equivalent

uniform distribution of a l l nucleons; R th--:t of the target

, 2 \ l / 2 y 2'1/2

or projectile nucleons; 10 = <̂v ,* l\v )• is the velocity

asymmetry. Note the constancy of R and the correspondingdecrease of
I * f

R during the initial transparent state (t ̂  5 fr./c) , and the. rapid

increase of R, corresponding to the final explosive stage, which

(2)
follows the stage of maximum compression for which p % ̂ fJn*

Figure 3. Energies in the c m . vs. t for the same conditions as for Fig. 2.

1 r p ->• 2T = — m[ 2 V./Ap] is the collisional translational energy/

i=l

nuclcon of the projectile (and also the target) nucleons; W is

the magnitude of the average potential energy/nuclcon; W that

due to only the static part V, of V
J v 0 ret

Fig. A. CM. angular distributions for relat ivist ic calculations for

A = A,̂, = 20, V. = 500 MeV/nuc]eon and b = 0. The values are
pi . Li

averages over the corresponding forward and backward intervals.

Fig. 4a is for V , Fig. 4b for V . Note the transverse peaking

for the la t ter .
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Figure 5. • Time-dependent C,T>I. results lor E = 117 MeV/nuclcon

(v/c = 0.5) and b = 0. The results af Figs. 5-9 are all for the

nonrelativistic calculations for A., = A_ = 50, described in

Re.f. 4. p is the average density inside a radius 3 fm

(3)
with cm. as origin; pNT is the value in the absence of

mutual interaction between projectile and target nucleons.

T is the collisional translational energy/nucleon (sec caption

for Fig. 3) and W is the magnitude of the average potential

(3)
energy/nucleon. The large persistent values of W and p

for t ^ 40 fm/c are a reflection of large fused residues.

Figure 6. The density p in the cm. systeii vs. t for v/c = 0 . 5 and

for b = R ai.j 1.5 K. Here and in subsequent figures R

denotes the in i t ia l radius of the projectile or target nuclei.

Figure. 7. The final velocity asyrraetry to (see caption for Fig. 2) in

the cm. system vs. b/R. The velocities are in units of c

(v/c = 0.8 corresponds, nonrelativistically, to E = 300 KeV/nucloon)
Li

Note that o is close to unity for small b, indicating near

isotropy for central collisions. The values labelled

"no mutual interaction" are also the initial values. Note

that to approaches this value more rapidly, as a function of

b/R, for v/c = 0.8 than for 0.5, indicating greater transparency

for v/c = 0.8.
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Figure 8. The inelasticity I. and the ratio Wr/W. vs b/R. The subscripts

i, f denote initial and final v-iiue.s, respectively. Note that

for smal] b almost all ihe initial collisional translational

energy is dissipated; also that 1 decreases more rapidly with

b for v/c = 0.8 than for v/c = 0.5, again indicating greater

transparency for the former. The large values of W /W. for

v/c =0.5 and for small b are again a reflection of large fused

residues; for v/c = 0.8 there are only some small final

fragments. The large values of W /W. for large b reflect the

correspondingly large transparency and that the nuclei are

relatively unaffected by the collision if this is peripheral.

Figure 9. C M . angular distributions for v/c =0.5 for nucleons of all

final energies vs. b/R. The labels 1, ...5 denote the

following intervals of cosG: 1-0.8(1), 0.8-0.6 (.2), 0.6-0.4 (3),

0.4-0.2 (4), 0.2-0 (5). N denotes the number of n-.'deons, the

normalization being such that the total number of nucleons for

0 - cos8 - 1 is 50 for each value of b/R. The values are averages

over the corresponding forward and backvird intervals, the

angular distributions being symmetrical about 90 to within

the expected small fluctuations. Note the rapidly increasing

forward peaking with b, indicative of large transparency effects.

Fig. 10. The empirical reduced (nondimensional) cross sections

a , a vs. E . a are the values of a relative

to those for rigid spheres of diameter d = 1 fm (see tort).
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AN INTRANUCLEAR CASCADE DESCRIPTION OF
RELATIVISTIC HEAVY-ION COLLISIONS

R. K. Smith, Duke University, Durham, North Carolina 27706
and M. Danos, National Bureau of Standards, Washington,
D.C. 20234

The possibility of compressing nuclear matter during
heavy ion collisions has stimulated considerable theoreti-
cal^ and experimental^"^) interest in relativistic heavy
ion collisions. We have constructed a microscopic theory
of such collisions, ' based upon the intranuclear cascade
model '. The underlying structure of our model approaches
an effective Lagrangian field theory '.

For relativistic heavy ion collisions, it is essen-
tial that both composite ions be treated on the same foot-
ing. For this purpose, a particle in a cell technique is
used. Integrating the local density over the cell gives
the probability of finding a nucleon within each cell. As
the collision proceeds in time, the projectile and target
cells overlap. From the nucleon probabilities and the
total cross-section, the probability that a collision
occurs within a cell is constructed. The final outcome is
determined by a Monte Carlo technique. While energy and
momentum are conserved for each collision, assumed to be
pointlike in space and time, the angular distribution of
the final particles are determined from the free differ-
ential cross-sections. The final momentum distribution
is required to be consistent with the Pauli exclusion
principle. To insure baryon conservation, the continuous
nuclear density distributions, which are difuse, are
depleted using a Gaussian weighting factor centered about
every collision site. The range of this distribution is
determined self-consistently from the local nucleon densi-
ty. Pion production occurs through the production and
subsequent decay of nuclear isobars, primarily the A33
resonance. Pion absorption proceeds through the inverse
process.

The initial momentum of both projectile and target
nucleons is selected from a zero temperature Fermi distri-
bution. To encorporate single particle binding energy and
evaporation effects, all nucleons are placed off their
mass shell. In the first collision between a projectile
nucleon and a target nucleon, an initial "off mass" is
selected from a Gaussian distribution, centered below the
physical nucleon mass, to reproduce the average binding
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energy. Since the final collision partners are permitted
to interact with all other particles in the system, the
final off mass distribution is centered about the physical
nucleon mass to avoid double counting. Such a treatment
of binding effects is consistent with a propogator ap-
proach to scattering theory^). Since the ground state of
the nuclear system is assumed to contain no mesons, the
meson off mass distribution is centered about the physical
pion mass.

20 23 8
We have studied Ne + U collisions both as a

function of impact parameter and bombarding energies for
projectile energies between 100-900 MeV/nucleon. The
proton inclusive double differential cross-section for 250
and 400 MeV/nucleon is compared with the experimental
spectrum ' in Fig. 1. The theoretical histograms are ab-
solute cross-sections with no applied normalization.
Except for the low energy spectrum at forward angles for
250 MeV/nucleon, the theory quantatively reproduces the
experimental spectrum. Within this low energy region, the
theory lies above the experimental data by at most a fac-
tor of 2.

In order to understand the collision process the re-
sults of a single collision are shown in Fig. 2. The
total number of nucleons, N, that have interacted at least
once is plotted as a function of time. This number is
decomposed into the nucleons originating from the project-
ile, Np, and those originating from the target, NT. In
addition, we also consider the number of pions, N_, the
number of bound particles, NB, and the number of free
particles, Np. The collision process can be divided into
roughly three regions. The first few collisions are due
to the diffuse surface. Here we find only one or two
collisions. Once the nuclear densities overlap, project-
ile-target interactions dominate. Since the projectile
energy is large, these collisions are characterized by
direct excitation into the continuum, i.e., all particles
arc placed on their mass shell. The Pauli principle has
little effect due to the large available phase space.
This process continues until all particles from the pro-
jectile have interacted at least once. Due to a finite
menn free path, the nuclear density gradually increases te
a maximum of p/o.-, *' 3-5. Since the average number of col-
lisions per particle is ; 2, a hiqhly compressed, non-
equ i 1 ibratod nuclear matter distribution enters the j;oco:\i
req i on.
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Due to the large internal velocities, the compressed
nuclear matter begins to expand. As the nucleons trans-
verse the target, this distribution tends to thermalize
due to collisions with target nucleons. Unlike the first
region, the spatial location of these collisions is not
concentrated about the projectile but instead distributed
throughout the entire target. Thus the number of target
nucleons that have interacted continues to increase.
Again, there is sufficient energy to excite these nucleons
into the continuum. However, since the available phase
space is reduced, the Pauli principle prevents some colli-
sions from occurring. During this thermalization process,
nucleons are ejected from the target. During the last
stage of the collision, free particle production essent-
ially ends. The continually increasing number of inter-
acting particles is primarily due to bound state colli-
sions. The slight increase in Np is due to target eva-
poration.

The results of collisions at different impact para-
meters is shown in Fig. 3. At an intermediate impact para-
meter, b = 5 fm, the results are similar to central colli-
sions. After about 10 fm/C, the projectile is depleted
and a state of highly compressed nuclear matter exists.
This occurs after the projectile has traversed approxi-
mately the same distance as for central collisions. How-
ever, the finite geometry of both the projectile and the
target reduces the nuclear environment and, therefore,
the thermalization of this distribution. First of all,
the distance traversed by the projectile is reduced re-
sulting in fewer collisions with the target. Secondly,
particles moving away from the target are immediately
ejected whereas particles moving toward the target will
experience many more collisions before escaping. Thus
the degree of thermalization of the system is substantial-
ly reduced.

For a peripheral collision, b = 9 fm, most nucleons
are ejected after only one collision. In addition, nu-
cleons may be transferred from the projectile to the tar-
get resulting in both target and projectile fragmentation.

The beam energy dependence for central collisions is
shown in Fig. 4. As the beam energy increases, the total
multiplicity increases which is a reflection of the chang-
ing nucleon-nucleon mean free path. As the beam energy
increases, so does the available phase space resulting in
a surpression of the Pauli exclusion principle. Thus
while the free nucleon-nucleon cross-section has a minimum
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at ~ 250 MeV the effective mean free path decreases mono-
tonically with beam energy. The degree of thermalization
then increases with beam energy.

For the larger ion energies, inelastic channels (pion
production) become important. Even for beam energies be-
low the pion threshold, pion production is possible due
to the internal momentum distributions of the collision
partners. The effect of pi production is illustrated by
considering the 870 MeV/nucleon collision. Pion produc-
tion is most prevalent during the first collision between
a projectile nucleon and a target nucleon. Thus in every
collision there is a 50% chance of producing a pion with
an average total energy of 200-300 MeV. This results in
a removal of 10-15% of the projectile energy per nucleon.
However, since the mean free path for a pion is smaller
than for a nucleon, more target nucleons participate in
collisions with pions. Thus there is not a substantial
increase in the average number of collisions per particle
but instead an increase in the nucleon multiplicity. Pion
and nucleon multiplicities are given in Table I.

The effects of these phenomenon upon the experimental
spectrum may be illustrated by considering the transverse
momentum and rapidity spectrum. A convenient representa-
tion for this spectrum is to consider a Lorentz invariant
cross-section

1 d2g

iTm dv, dy

as a function of rapidity y = tan h (32) and v^ = Pĵ /m
where 3Z is the longitudinal velocity and Pi is the trans-
verse momentum. The advantage of such a representation
may be illustrated by considering the nonrelativistic re-
duction of these variables.

y •* v
z

vi + vl

Thus a Galilean transformation results in just a change of
origin. Furthermore, contours of constant energy are semi-
circles centered about the emitting source. The advantage
of rapidity is•that a Lorentz transformation along the
beam axis simply changes the origin of the distribution.
For example, suppose the projectile moving at relativistic
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energies is simply excited. For nonrelativistic energies
in the projectile frame, a Boltzman distribution becomes

atot
2 2 3 / 2

dv^dy m (2TTT/m)

where T is the temperature. Any isotropic distribution
centered along the beam axis will have the same distribu-
tion except centered about a different rapidity.

Since the above Boltzman distribution factors, we
consider the v, and y spectrums separately. The impact
parameter dependence of these distributions is shown in
Fig. 5. By matching the area, i.e., the total cross-
section, and the first two moments, Boltzman distributions
are constructed for each distribution. While such a dis-
tribution (solid lines) reproduces the gross structure of
the spectrum, noticeable deviations exist for low trans-
verse momentum and low rapidity. This may reflect the non-
equilibration of the system. Since the transverse and
longitudinal directions are treated separately, a single
temperature distribution is characterized by a temperature
T = T_|_ = T I T - While a single temperature seems adequate
for central collisions, the longitudinal temperatures
are almost a factor of two larger for peripheral colli-
sions. In addition, the transverse temperature is ini-
tially increased by 20% for an intermediate impact para-
meter and then remains relatively independent of impact
parameter. Such a dependence is contrary to the predic-
tions of the fireball model. While the distributions for
the total spectrum (integrated over impact parameter) re-
semble the intermediate impact parameter, the longitudinal
temperature is significantly larger. These features are a
resulL of a larger degree of thermalization of the nucleon
spectrum for central collisions.

The spectrum as a function of V_L and y is shown in
Fig. 6 and Fig. 7 for central and.peripheral collisions.
No preferential enhancement in the Vj_-y. plane is observed
for central collisions. However, the low velocity en-
hancement is clearly indicated. For b = 9 fm, a three
peaked distribution is observed for low transverse veloci-
ties. For larger transverse velocities onlythe central
peak survives. This distribution reflects a low tempera-
ture projectile and target evaporation as well as a direct
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excitation distribution. Statistics prevent a quantitative
examination of these three distributions.

The differential cross-section for these impact para-
meters is shown in Fig. 8. The distribution for nucleon
energies less than 40 MeV is characterized by a very broad
peak near 55° with a width of * 100°. On the other hand,
the total spectrum is peaked at a forward angle at 4 5° with
approximately the same width. As a function of impact
parameters, the peaks move more toward forward angles, and
become much narrower.

The differential cross-sections for central collisions
as a function of ion energy is shown in Fig. 9. The solid
lines are calculated from a single temperature Boltzman
distribution moving along the beam axis. As the ion energy
increases the degree of thermalization increases due to
the decreasing mean free path. The best single tempera-
ture representation of the data occurs for 400 MeV/nucleon.
However, this agreement deteriorates as pion production
becomes more important. While all the spectra appear
very similar, there is a slight shift of the peak toward
the backward angles as the ion energy increases.

These results indicate that for central collisions,
nuclear matter is initially highly compressed but in a
non-equilibrium state. As this distribution expands, due
to collisions with the surrounding nuclear environment,
the system tends to thermalize. Due to the decreasing
mean free path, as the ion energy increases, better ther-
malization is achieved until pion production becomes im-
portant. However, there are indications that such an
equilibration is not complete, even for central collisions.
At intermediate impact parameters, this thermalization is
surpressed due to the finite geometry of both the project-
ile and the target. Such an interpretation suggests that
the spectrum when integrated over impact parameters may be
a more sensitive probe of highly dense nuclear matter than
central collisions.
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Figure Captions

1. Double differential proton inclusive energy spectra.
Experimental points are taken from Ref. 3. The error
bars are statistical.

2. Number of particles, N, that have interacted at least
once as a function of time. This is decomposed into
those particles originating from the target, N T, and
the projectile, Np, as well as those particles that
are free, Np, and bound, Ng. The diagram gives the
location of the projectile if there were no inter-
actions.

3. Same as 2 for different impact parameters.

4. Same as 2 for different projectile energies.

5. Transverseand longitudinal distributions for differ-
ent impact parameters and the total spectrum. The
solid curves are Boltzman distributions constructed
from the data.
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6. Distributions in the Vi-y plane for central collisions.

7. Distributions in the Vi-y plane for peripheral colli-
sions .

8. Angular distributions for three different impact para-
meters .

9. Angular distributions for central collisions as a
function of projectile energy.
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.34
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Tj, (MeV)

Tj_ (MeV)

Collisions prevent
by Pauli Principle 34% 19% 15% 7%

Table I. Characteristics for central collisions as a
function of projectile energy.
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H. H. Gutbrod, J. Gosset, W. G. Meyer, A. M. Poskanzer
A. Sandoval, R. Stock and G. D. Westfall

Lawrence Berkeley Laboratory, Berkeley, CA 94720
Gesellschaft fiir Schwerionenforschung, Darmstadt, Germany
Fachbereich Physik, Universitat Marburg, Marburg, Germany

The IT data were taken by S. Nagamiya, et al.2) and we are
grateful to the authors to allow us to present them here.

I. Introduction

After nearly three years of Bevalac research, the interest has shifted
from the peripheral reactions -- studied intensively by the Heckman/Greiner
group and described successfully by the abrasion-ablation model7) --to near-
central collisions^ Whereas peripheral reactions proceed with relatively
small transfer of momentum and energy, the near-central collision is charac-
terized at high incident energies with an almost complete dissociation of
both target and projectile, as made visible in some streamer chamber
pictures ).

It has been generally accepted that a high multiplicity of fragments
and pions at large angles and intermediate energies may be used as a dis-
tinctive feature that allows one to select near-central collisions of rela-
tivistic nuclei. Since many motivations for the relativistic heavy ion
physics have and will be given by the theorists present at this conference,
we can cut this introduction short and focus immediately onto experimental
facts and observations available now after about two years of central col-
lision studies at the Bevalac. We will Irave to leave the beautiful "star-
observations" to the next two speakers and will concentrate onto single
particle inclusive cross sections of precisely identified fragments (as to
their charge, mass, energy, and emission angle) together with associated
multiplicities of fast charged particles.

We will see that all the observed fragment spectra are structureless
and more or less exponentially decaying throughout the range of studied
fragment masses. We will give a catalogue of experimentally found qualita-
tive features and will look then into the applicability of simple statistical
thermodynamic models by tracing down in the spectra kinematical effects in
the framework of a source of a temperature x
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and a velocity 3- This leads directly to the "nuclear fireball-
model"") we presented nearly a year ago.

The production of complex particles will be discussed next.
A simple mass dependence in the cross section of the fragments
is observed5) and leads us to the question if a stuck pro-
jectile and the explosion of a "compound nucleus" would make
any sense.

II. Experimental Techniques

The basic layout of the experimental setup consisted of
a particle telescope mouated on a movable arm inside a scat-
tering chamber, a monitor telescope fixed at 90°, used to
obtain the relative normalization, and an array of fifteen
plastic scintillator paddles (tag counters) placed outside
the scattering chamber, subtending the angles between 15° and
60° with respect to the beam direction, and about one-third
of the azimuth. This array was used to determine the multi-
plicity of charged particles, with energies above ^50 MeV/
nucleon, associated with each event measured in the telescope.

Several different telescopes have been used to measure
the large spectrum of masses and energies in this experiment.
Evaporation-like fragments were detected in thin AE-E sili-
con detector telescopes with thicknesses of 22 urn, 205 urn,
and 177 urn and 1500 urn. The high energy components of helium
and hydrogen isotopes were measured with a AE-E telescope con-
sisting of a 2 mm AE-silicon detector and a 10 cm, conically
shaped scintillator coupled to a 2.5 cm phototube as an E
detector.

The yields of the elements between lithium and oxygen
above an energy of about 100 MeV were measured with a three
element telescope, Fig. 1, consisting of a large area of thin
Si AE detectors (180 Ltm) fol-
lowed by the same area of 3 mm
thick intrinsic germanium which
was followed by the 3rd element
an 8 mm intrinsic germanium
detector. This AEj-AE2-E tele- 25̂ mHavar
scope was in the Si elements
subgrouped into six angular
bins so that six angular
steps could be measured
simultaneously. Particle iden-
tifier spectra of these tele- Oo£
scopes are shown in Fig. 2. ^
As a result of the quality of
these detectors, we can give
the precise mass, charge, and Fig. 1

I (V. Boron nitride
I -iS5"C '•"

-20°C
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Fig. 2

energy as well as the reaction |l0|w

angle of the detected particles
up to ''He. From Li on we have
isotope resolution only where
indicated in the figures.

We have recently improved
our setup by placing 80 photo- Fig. 3
multipliers with scintillators
around a thin spherical scattering chamber, Fig. 3, which
allows us to recognize much better the pattern of the star-
event. The lower part of the figure shows the multiplicity-
ring pattern looking in beam direction. Also in this new
setup, we do exclude from the measured multiplicity all
particles below an energy of 2 5 MeV/n. Thus we are sure not
to measure low evaporation like fragments in the associated
multiplicity. Furthermore we built a new telescope capable
of detecting TT+ from 17 to 100 MeV and protons from 5 to 200
MeV etc. Some of the data I show are already from this vin-
tage. The 7r~ distributions are taken from ref. 2) and were
measured in a magnetic spectrometer.
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IIx. Experimental Results

Let us have first a look at the low-energy or evapora-
tion like fragments. Figure 4 shows the 90° energy spectra
of He to Be isotopes in the low energy region for Ne bom-
bardment of U at 2.1 GeV/nucleon. These energy spectra show
a Maxwellian shape with the peak position shifting towards
higher energies as the atomic number of the fragment in-
creases. For a given element, the most neutron deficient
isotope displays a more prominent high energy component.
This trend is most obvious in Fig. 4 for 6Li and Be. It is
also observed for the He isotopes as will be indicated below.

The cross section for the evaporation like a-particle is
so high that—from an estimate of the integrated low energy
a-particle yield—on the average about 7 a-particles are
emitted per interaction. These low energy particles are not
included in the later discussed associated multiplicities.

At high ^ragment energies the double differential cross
sections f<~r 20Ne on U at 400 MeV/nucleon as an example pre-
sented in i ig. 5 are smooth and exponentially decaying with
increasing energy, being flattest for the protons and becoming

steeper as the mass of the fragment in-
creases. For a given fragment the slope

••'•'••] of the energy spectra rapidly increases
-.•'v.L. ; with increasing angle, and the yield of
'' • each fragment decreases as the mass or

i charge of the fragment increases. A
• deviation from this general trend is

20Ne.U
400 MeV/nucl.

I-X

140

Elob(MeV/nucl.|

Fig. 4 Fig. 5
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observed in the vicinity of the evaporation region where the
yield is higher for **He than for 3He. In turn, 3He exhibits
a relatively more prominent high ensrgy cross section. In
this respect, the He isotope cross sections follow the trend
of neutron deficient isotope cross sections, as described
earlier.

The proton energy spectra from 20Ne on U at forward
angles are extremely flat in the measured energy range. It
is surprising to find that the usual kinematical argument
that would predict more forward peaked angular distributions
the higher the combarding energy does not apply. In fact the
trend is opposite for all the fragments as shown in Fig. 6 c

in the angular distributions labeled a, b, c, which are 3He
fragments integrated in the indicated energy windows from Ne
on U at 2100, 400, 250 MeV/nucleon respectively. At the
highest bombarding energy the cross section changes by less
than an order of magnitude from 20 to 13C degrees, while for
the 250 MeV/nucleon bombarding energy it changes by more than
two orders of magnitude. Similar 3He angular distributions
are observed in the energy window from 50 to 100 MeV/nucleon.
The overall features are the same but all slopes are steeper.
A comparison at 2100 MeV/nucleon between (a) uranium and
(b)Al as target shows that for light targets the backward
hemisphere is depleted. At 400 MeV/nucleon incident (e) "*He
and (b) 2°Ne on uranium there is no significant difference
in the shape of the angular distributions. Note that curves
(d) and (e) are raised in absolute value by a factor of 10
for better graphical representation.

, In general for fixed
: target, projectile, and

.50-,ooMev/nuc incident energy, the angu-
: lar distributions of all

fragments become more for-
; ward peaked the higher the

energy window considered.
Therefore, the value of

; angular distributions of
5 X X° ^ •.' \ \ \x integrated spectra in these
^ ; \ .,**;• '"-x. \ \ „ experiments is small and

the presentation of double
differential cross sections
should be preferred.

Looking now at the
i heavier fragments at inter-
• mediate energies in Fig. 7,

the slopes of the spectra
•"•••- also get steeper with

Fig. 6 increase in reaction angle
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2 0 Ne + U, 400MeV/nucl.

10-5

200 400 0 200 400 0 £00 400
E|0b (MeV)

Fig. 8

for a fixed fragment. The
changes of the slopes with
fragment mass at a given
angle are less pronounced
than before, but note that
here the spectra are
plotted in MeV instead of
MeV/nucleon as in the case
of hydrogen and helium iso-
topes previously shown.

The associated multi-
plicities should give us a
hint whether we are indeed
observing near central col-
lisions. Figure 8 shows
from the 15 tag counter
array m-fold coincidence
cross sections associated
with three different frag-
ments detected in the
telescope at 90°. For all
fragments the average mul-
tiplicity is large reflec-
ting quite a large trans-
verse momentum transfer
since the tag array is
sensitive to particles like
protons above 50 MeV. In
the new experimental set-up
the selection of various
multiplicity patterns is
possible.

In Fig. 9(a) the pad-
dle histogram is shown on
the top associated with
Si-Ge telescope events on
the bottom associated with
the monitor telescope.
Monitor telescope and
Si-Ge telescope are placed
opposite of each other at
90°. We observe clearly
in ring A and B a large
angle—two particle—corre-
lation between fragments
in the telescope and frag-
ments in the paddles
enhancing the yield in the
forward angles opposite to
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the detected fragment. Note
that we are looking here at
star events with average total
multiplicities of at least 12
high energy particles in the
9°-80° forward hemisphere. We
are presently studying this
correlation as a function of
angle 0 of the telescope and
fragment energy. Figure 9(b)
shows the difference in the
paddle histogram for "* °Ar on Ca
and U. For t oAr on Ca the
prongs are much more forward
peaked than for U.

In order to ease the dis-
cussion the main characteristic
features of the data may be
summarized in the following
way:

Summary of Qualitative Features
of the Data

1) All light fragment energy
spectra are smooth except for
an "evaporation peak" at very
low energies.
2) The most neutron deficient
isotopes exhibit spectra with

rtW ovt /~L

Fig . 9 (b)

16 1 30 i

r
30



388

a relatively higher cross section in the high energy tail.
3) The slope of the fragment spectra in the intermediate
energy range gets steeper with increasing detection angle.
Angular distributions are forward peaked.
4) The double differential cross sections for Ne on U at
30° are approximately independent of the incident energy
for a given fragment. At larger angles the yield increases
and the slope decreases with increasing bombarding energy.
5) The slope of the fragment spectra in energy/nucleon at
a given angle gets steeper with increase in fragment mass.
6) The total yields of light fragments fall off with in-
crease in mass. At energies of 30-50 MeV/nucleon cluster
emission comprises a significant fraction (about 50%) of the
total baryonic cross section. Towards higher energies pro-
tons become predominant.
7} Increasing the projectile mass at a fixed incident
energy per nucleon leads to a small increase in the cross
section for low energy fragments but to a larger increase
at high fragment energies, especially for the heavier
clusters.
8) In Ne and Ar bombardment of U, Ca, and Al targets besides
the difference in overall absolute cross section, one finds
for Ca and Al a depletion of cross section at back angles.
9) For all particles detected at angles between 20° and 160°
the mean associated multiplicity is high and not changing
remarkably with fragment mass or energy.
10) The mean associated multiplicity increases with the pro-
jectile mass and with the target mass.
11) Large angle emission of energetic fragments is enhanced
in high multiplicity events.

IV. Discussion of the Data

In the peripheral reactions it is rather easy to deter-
mine where the particles originated by just looking at around
0° and at a fragment velocity equivalent to that of the pro-
jectile. Here, however, we cover a large spectrum of longi-
tudinal velocities and need therefore an appropriate repre-
sentation of the longitudinal and transverse momenta of the
fragments.

In Figs. 10 and 11 contours of constant invariant cross

sections — ,„?,-, are given in a (y,p, ) plane for different
P UEjCUi J-

fragments from 2°Ne on U at 400 MeV/nucleon and for 3He frag-
ments from 2°Ne on U at different bombarding energies, y is
the rapidity of the fragment defined as

y = i Zn{ (E+P||)/(E-p(|) ].

This variable is simply shifted by a constant value if
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expressed in a moving frame, y is approximately equal to 8
for small velocities, pi is the transverse momentum per
nucleon of a fragment. In the contours the spacing between
the lines corresponds to a constant factor in cross section.
The thick lines are labelled ^y the common logarithm of the
invariant cross sections. Su .1 contour plots are invariant
with respect to Lorentz transformations, except for a shift
of the rapidity axis.

In these contour plots the maximum px on a given contour
line lies at a value of y which can be attributed to the
velocity of an apparent source. In Fig. 10 it is clear that
at low pi values the apparent source velocities are close to
zero but that as we go up in pi the associated y goes up
too. (Note that we plot here px/nucleon.) Thus it is clear
that these fragments are not emitted isotropically from one
unique moving source, which would give contour lines all cen-
tered around the rapidity of that source. In a peripheral
collision the fragments from target, and projectile would be
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represented by two steep "mountains" symmetric about the tar-
get and projectile rapidities. It is obvious that the present
data do not cover the region of projectile fragmentation,
rarget fragmentation products may be part of the cross sec-
tion only for the lowest values of pL and y. Most of our
data thus represent fragments from non-peripheral collisions.

The maximum of the invariant cross section at a given
level of pj_ occurs at increasing values of the rapidity for
increasing pji . Due to the shift of the contour lines towards
intermediate rapidities with wider spacing, there is clear
indication for at least two qualitatively different sources

800 rteV/fo C + Pb - • *T» X

Fig. 12

looo

too
8 0 0 M e V / N C - C - • it* X

% • 10"' Preliminary
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participating in the fragment emission. One source is moving
slowly in the lab with a rapidity smaller than about 0.1. It
accounts for the emission both of protons and clusters at
small transverse momenta, p^/nucleon £250 MeV/c (explosion of
the total target and projectile system and/or target specta-
tor decay). The other source moves with a rapidity inter-
mediate between those of the target and projectile, and its
decay products extend towards higher transverse momenta,
corresponding to the highest energy and momentum transfer
between the target and the projectile.

Before we go to the fireball model which tries to repro-
duce these findings, I show you again a (y,pi) contour plot,
Fig. 12, this time for ir~ emitted from 800 MeV/nucleon C on
C and U, measured by S. Nagamiya, et a^. The picture here
is totally different from that just seen. There is no dif-
ference between C and C—which is in a kinematical point of
view a nucleon-nucleon system—and C on Pb. Therefore one is
led to conclude that the source of pions at these transverse
momenta is purely of nucleon-nucleon nature and does not
reflect any collective effects, in contrast to that of the
charged particle distributions which cannot be described with
one single longitudinal source velocity.

V. Fireball and Coalescence

The change in slope of the spectra as a function of
angle gave a clear hint to try a thermodynamic model based
on a moving source with velocity 8 and temperature T.
Since the observed rapidities were much higher than that of
the center of mass of projectile and target, subsystems had
to be found with higher apparent velocity. This led directly
to the nuclear fireball model presented nearly a year ago1*),
which will be outlined shortly in the following:

When a relativistic heavy ion projectile collides with
a target nucleus there should be during a primary fast stage
a localization of the interaction to the overlapping domain
of target and projectile densities while the rest of the two
nuclei remain relatively undisturbed. On a secondary time
scale, dissipation of compressional and surface energy, as
well as reabsorption of pions and nucleons emitted from the
primary interaction region will excite these remnants, re-
sulting in their subsequent decay that should be charac-
terized by moderately low energies. This idea leads to the
separation of the nucleons in the system into participants
and spectators with respect to the time scale of the fast
interaction stage. The nuclear fireball model deals only
with the participant nucleons, i.e., it refers to a sub-set
of the emitted particles. The model assumes that the two
nuclei sweep out cylindrical cuts through each other. Fig. 13.
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The projectile participants are
assumed to transfer all of their
momentum to the effective center of
mass system of all the participant
nucleons forming a fireball which
moves forward in the lab at a veloc-
ity intermediate between those of
target and projectile. Its average
internal kinetic energy per nucleon is much higher than the
binding energy per nucleon. The participant nucleon fireball
is then treated as an equilibrated non-rotating ideal gas
characterized by a temperature, which expands isotropically
in the center of mass of the fireball with a Maxwellian dis-
tribution in energy. The number of participants is calcu-
lated for each impact parameter. For nonsymmetric systems
the effective center of mass of the participants is impact
parameter dependent as is the fireball temperature. Only for
symmetric systems like 't0Ar on "*°Ca exists a unique Bfireball
and Tfireball* Figure 14 shows the geometrical quantities as
a function or impact parameter. Np/Nt is the ratio of pro-
jectile to target participant nucleons, Nproton is

 t n e number
of participant protons, and 2TTbNr>rotor> i

s t n e weight given to
each impact parameter. The solia lines represent the case of
Ne on U and the dashed line an equal mass projectile-target
combination. The arrow on the abscissa indicates the radius
of uranium and the arrow labeled b m w indicates the impact
parameter with the maximum weight.

Figure 15 shows kinematical quantities as a function of
impact parameter calculated in the fireball model. The
velocity of the fireball in the lab is 3 and e is the avail-
able kinetic energy per nucleon in the fireball. The com-
parison of the data with that model, integrated over all
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impact parameters, is shown in Fig. 16 for
20Ne+U at 400 MeV/nucleon, 250 MeV/nucleon
and for '*He+U at 400 MeV/nucleon.

-He
01 i 400MeV/hucl.

6 ' 4 0 ' 8 0 ' 120" ISO
E l o b (MeV)

Going back to Figs. 10 and 11 for
400 MeV/nucleon 20Ne+u, the fireball
rapidity is 0.28 for the most probable
weight and fits well with simply extracted
values of y for high pi values. For the TT~ data in Fig. 12
we see that the fireball rapidity for C+Pb is totally off from
the extracted value of 0.6, equivalent to that in C+C.

Contemplating over such a simple model one often ques-
tions first the assumption of clear cylindrical cuts. Shoot-
ing holes into nuclei does not sound reasonable in the face
of nucleon mean-free-path arguments. Yet, a single molecule
hitting a thick wooden plate with a velocity of 1 km/sec has
no chance to go through, but if this molecule travels as part
of a bullet it easily can make it to the other side. From
this viewpoint the nuclear fireball model should be more suc-
cessful the heavier the projectile mass is. Surprisingly,
however, the model can even describe double differential
spectra of protons from p on Bi at 450 MeV.

The presented fireball model has been extended to include
complex particle production6'1). This will raise the tempera-
ture in the fireball, since in the chemical equilibrium fewer
degrees of freedom are available if clusters do exist. Our
data do indicate (see Figs. 10 and 11) that the low pi frag-
ments do come from slow moving sources with velocities from
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that of the target-projectile
center-of-mass down to zero.
If one looks at boron (Fig, 17)
then a two parameter fit of a
moving source with a velocity
3 = 0.6 and a temperature
T = 27 MeV yields fair agree-
ment with the data. This
velocity and temperature com-
bination, however, is close to
that of a formed compound sys-
tem, i.e., the projectile gets
stuck in the target nucleus
and randomizes totally its
energy. If such a picture
would be true the tremendous
angular momenta in that system
(nearly 500h for Ne+U at
400 MeV/nucleon) would change
the decay pattern of the frag-
ments and lower the temperature
due to the rotational energy.

If one assumes that protons
at a given momentum are produced
by the same mechanism as the
heavier fragments at the same
momentum/nucleon then one can,
as we did 5), try to express the
complex particles in terms of nucl
cross sections.

200 300 400
E(MeV)

500

XSL 7 74-891

Fig. 17

eon double differential

Our first attempt to explain the emission of high energy
light nuclei in relativistic heavy ion collisions was by
final state interactions, or coalescence of emitted nucleons.
In this model, if any number of protons and neutrons corre-
sponding to a bound nucleus are emitted in a reaction with
momenta differing by less than a coalescence radius p o, these
nucleons are assumed to coalesce and form a nucleus. The
cross sections for the emission of light nuclei are then
simply related to the cross sections for the emission of
nucleons at the same momentum per nucleon, namely,

Both cross sections a^, for emission of a light nucleus formed
with A nucleons, and aj, for emission of a single nucleon, are
evaluated at the same momentum per nucleon p with Lorentz
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factor Y# and oQ is the
total reaction cross section.
Our proton data have been
used to calculate the light
fragment cross sections from
this euqation; the results
have been compared with our
experimental data, the only
adjustable parameter being
po. In Fig. 18 such a com-
parison is shown for d, t,
3He, and ''He from th<3 reac- ~'
tions of Ne on U at 250 and
400 MeV/nucleon. The agree-
ment between this simple cal-
culation and our data is
rather impressive, the
largest discrepancy being for
3He fragments at the lowest
energies and at forward
angles, The values of the
parameter p o are remarkably
uniforn and of reasonable
magnitude, between 126 and
147 MeV/o, since they are
smaller than the Fermi momen-
ta of the clusters. It
should be noticed that this
simple phase space calcula-
tion does not explicitly
include many factors, like
spin and isospin couplings,
integration over configura-
tion space (not only momentum ^
space) and time. All these
factors are hidden in the p o

value. In Fig. 19 it is ^
shown that a similar calcula- fz
tion leads to a similar cj
agreement with our data for Jj
heavier fragments, namely the ^
lithium isotopes (our data w

b

include all isotopes, but the ~&
calculation has been done
assuming mass 6) and 7Be,
with a p o of the same order
of magnitude as that found
from the light fragments.
For the heaviest fragments,
9'10Be to O, the overlap be-
tween the energy per nucleon

li.10
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range of these data and the range of our proton data is too
small to make useful comparisons.

The success of the coalescence model, however, has to
be looked at as a first glance into the mass dependence of
the fragment distribution. The correct treatment of a final
state interaction model has to start with a primary nucleon
distribution which is different from our procedure. In
fact if one guesses such a primary proton distribution one
gets smaller values of p o and destroys the simple dependence
of light nuclei cross sections on nucleon cross sections.

It is very interesting to note that the observed power-
law between proton- and cluster cross sections is valid in a
thermodynamicai picture like that of the fireball. There,
the double differential cross section in momentum space for
emitting any cluster consisting of A nucleons decreases
exponentially with the total kinetic energy E of the cluster
like exp(-E/x) where T is the temperature. Hence with
respect to the kinetic energy per nucleon E/A it behaves

E /A A t h
like (exp - — — ) which is proportional to the A power
of the cross section for emitting a single nucleon at this
energy per nucleon E/A, in contrast to the coalescence mode].
In the thermodynamical model we do not have to guess a
primary nucleon distribution in momentum space. There is
interesting physical information in the thermodynamic model,
since the yeilds of different nuclear species measured in
relativistic heavy ion collisions can be used to obtain the
freeze-out density6) of their emitting systems, namely the
density below which the hot matter expands freely.

In summary, fragments from near central collisions of
relativistic heavy ions may originate from several quali-
tatively different sybsystems of the overall decaying nuclear
system, such as the fireball, the target spectators, or
alternatively, an explosion of the fused target-projectile
system. There is strong support of the validity of thermo-
dynamical models in the production of all fragments observed
and the large amount of theorists in this field is promising
exciting insights in the near future. The charged particles
seem to have clear fingerprints of a collective reaction
mechanism whereas the ir~ data observed at high pion energies
seems not to be different from nucleon-nucleon collisions.
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EXPERIMENTAL SEARCH FOR COMPRESSION PHENOMENA IN
FAST NUCLEUS-NUCLEUS COLLISIONS

E. Schopper ', H.G. Baumgardt, E. Obst
Institut fur Kernphysik

der J.W. Goethe-Universitat, Frankfurt/Main

Soon after the discovery of heavy nuclei in cosmic
radiation in 1948, investigations of high energetic nucleus-
nucleus interactions have been undertaken, mainly with
nuclear emulsion as detector and target- A remarkable
amount of data exists. They are, however, suffering from
being averaged in general over a more or less broad range
of energies and charges of the projectile, and of the
nuclides of the emulsion.

The situation changed when heavy projectiles of de-
finite energies in the GeV/N region became available from
accelerators,which made accessible such investigations
also to multiparametric electronic devices. One of the very
actual questions arising was the occurence of compression
phenomena and shock waves, connected with the increase of
the density of the nuclear matter during the interpenetra-
tion of two fast nuclei.

This paper was provided to review current experiments
dealing with this problem. Since two big experimental groups
from Berkeley are presenting results by their own (H.H. Gut-
brod, H. Heckman), these need not to be covered in detail
by this paper; it will be restricted to experiments with
particle track-detectors (nuclear emulsions,and the silver-
chloride detectors of the Frankfurt group).

Before considering the mechanism of the interpenetra-
tion of two fast nuclei, which is obviously rather complex,
it may be useful to throw a glance on more simple situations,
i.e. proton-proton interactions, then to envelop them with
nuclear matter, considering proton-nucleus interactions.
We only shall describe very general features, which may
give us suggestions for the understanding of the nucleus-
nucleus impact.

1. Proton-proton and proton-nucleus collisions

The shower particles in the jet generated in a p-p
impact (fig. 1), consisting mainly of 7T-mesons, are
characterized by velocities 6 > 0.7; they have been in-

x) invited speaker
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vestigated over a wide range of energies of the projectile-
nucleon.They exhibit the following features:

P-P

?%£:.
a. The multiplicity, i.e. the

number ns of shower particles
depends on the projectile
energy E o (in the L-system)
as

E (1)

P-N
IOG«V<E<1OWtV

Fig. 1 : pp and pN inter-
actions schema-
tically

always contains a
so-called leading nucleon
(proton; LP in fig. 1).

The constancy of the trans-
verse momenta p ~ 300 MeV/
of the shower particles,
and the constant ratio of
TT/K mesons valid in the range
of 10 GeV < E o < 10

6 GeV of
the projectile energy,
suggested the model of the
fireball:

In the pp impact a hadronic
state is generated which
decays into the shower

particles of the jet and the leading particle.

A peripheral p-N interaction which leads to a star
without heavy secondaries N^(6 < 0.7) - a so-called clean
event - represents an analogue to the pp-interaction.

What is the situation with nonperipheral p-N interactions
at small impact parameters, in particular with central
collisions? Accelerator experiments with nuclear emulsions
up to energies of 400 GeV by several collaboration
groups^'2,3) have yielded valuable data. For instance, the
multiplicity n S /^ of shower particles emitted from pN
collisions with a nucleus of A nucleons, compared to nf
from pp-interactions at the same energy: s,p

ns A
R = ' is surprisingly low, ~ 1.7 at 200 and 300 GeV,

ns,P «
and depends only weakly on A: ns A ~ A ' ; this contra-
dicts the development of a large'intranuclear cascade.

The shower multiplicity can be partitioned, as pro
posed by Andersson and Otterlund^), into the components
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n s,A = n (1 +
s,p

with y ~ 0.3

v = 0.7 '

(v - 1))

,0.28 mean number of collisions
of the projectile

the first term being attributed to a fixed leading particle
contribution like in pp-collisions, the second one to
"repeated collisions" of the projectile. In other words,
the hadronic fireball-state seems to consist of a per-
sisting component and a dropping out - part generating
the ns,A ~ excess, according to the Gottfried-model^).
This behaviour shows up too, in the relation between
ns,A a n^ t n e mean number of heavy secondaries N n (fig. 2):

Pig. 2 :

mean number N n

of secondaries versus
shower multiplicity

20

15

< N h >

10

5

-

i

i

22.5 GeV

i

-

200 GeV o
300 GeV • .

l

in pN-collisions
(Andersson et al. '

1.0 2.0 3.0 4.0

The mechanism generating the n s ^-excess, seems not to
start before the number of shower particles, correspon-
ding to pp-collisions ac the same energy, has developed
(R = 1 in fig. 2) .

Central collisions with very small impact parameters
lead to a complete disintegration of the target nucleus
with high transverse momenta of the disintegration frag-
ments (fig. 3).

The probability of such central collisions with
complete decay has been determined by Badaway et al. 6).
For p-N interactions concerning Ag and Br nuclei it is,
independent of the projectile energy, 2.5 % between
6.2 GeV and 2OO GeV; for a-N collisions at 3.85 GeV/N
7.2 % of all events.
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Fig. 3 :

Complete disintegration of a
Pb-nucleus in a central
collision with a proton of
momentum P = 70 GeV/c-
Emulsion soaked with Pb-salt.
(courtesy of Prof. K.D. Tolstov,
Dubna)

Puc. 6. 3ne36a c N h - 66, Ns= 22.

2. Nucleus-nucleus collisions

The energy range considered in the case of p-N
interactions is admittedly higher than that of the
NN-collisions which we are now discussing. It is the high
energy end of a region which, between 0.1 GeV/N and
5 GeV/N, could be regarded as a transition region, with
respect to pionic contributions for example. On the other
hand the relativistically contracted A nucleons of the
projectile will behave in a way different from free
particles, at least after the first collision, and generate
high energy density and baryonic states in the reaction
zone, comparable to the fireball state of the proton-
projectile.

In our search for compression phenomena amongst the
achievable mechanisms involved in a nucleus-nucleus
collision, we used as a guide-line the model depicted
i n f ig. 4 .

We are excluding peripheral collisions, which are
leading either to pure fragmentation of the projectile
with only one or two heavy recoils, or to a mixed event
from the overlap-area. We are investigating non-peri-
pheral collisions, defined as collisions with full over-
lap of target and projectile area. They are selected by
a required minimum number of prongs of recoil secondaries
Nv as described below.

The final stage of all these collisions is
characterized by the deexcitation or decay of the target
or the residual nucleus, respectively. Except perhaps
the very central collisions which result in a complete
decay of the target, this final stage is characterized
by the emission of low energetic particles, evaporating
with a "temperature spectrum" corresponding to T ~ 4 - 8 MeV,
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peripheral collision

fragmentation

nonperipheral collision

compression phenomena

(13 eiptolion oi reocTio

(evopofononl

Fig. 4 :

N-N collisions schematic

and very low forward momenta of the particles; this
corresponds to a forward velocity B r e s of the residual
nucleus 6 ~ 0.02 (fig. 5a,b) in the energy range from
1OO MeV/N to 15 GeV/N

NUCLEUS -NUCLEUS INTERACTIONS

-160 -90 0 90 180
MOMENTUM (M*V/c)

*U S»SS I
S1ARS WITH nh>S 1

-180 -90 0 90

MOMENTUM (MpVfc)

Fig. 5 : p|t-momentum distribution of evaporation
particles in N-N collisions: C,N,0 projectiles
on Ag, Br - nuclei in the energy range 14)
a) 100 - 500 MeV/N, b) 2 - 15~GeV/N
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As a foregoing stage in the N-N collision, we have
to consider the reaction-zone of the projectile which
- whatever its state may be - is expected to consist of
hot baryonic matter and composite particles. It may be a
particular state, as postulated by the Frankfurt group of
W. Greiner10), combined with a quickly equilibrizing pion
condensate11' or a fireball-like system proposed by the
Berkeley group12)#

The question is, what are and how can we find
signatures for compression phenomena? We can expect to
draw information either from the investigation of the
particles from the fast projectile-system (the "actor"
particles) or from the nuclear matter of the surrounding
target system. If we assume that the high compression
caused by the interpenetration of the nuclei propagate as
a Mach-shock wave, it will lead to a preferential angular
distribution of secondaries 1 ^ ) . Following theoretical
considerations, the propagation velocity of the com-
pression wave will be vM < 0.6 c in the considered r£_nge
of projectile energies between 0.2 GeV/N and 4.2 GeV/N.
We have therefore to look for the Nn-particle group of
medium energy amongst the secondaries.

i 4)
The energy distribution of the N^-group ,

schematically depicted in fig. 6, shows in the low energy
part the typical evaporation spectrum (a and c) for H and
He particles, with a tail (bandc) towards higher energies,
not belonging to the evaporation spectrum.

too

10

Fig. 6 :
100

Energy spectra
of N^-particles
left: He

io right: H
(schematic)

AgCl
Em. »

AgCli
Em. i

10

2 1

100 MeV

It is much broader for the proton group than for the
He-group; may be on account of the higher "temperature"
of the protons or on account of an admixture of protons
from the projectile system.

The tail of the He-group is predominantly connected
with large stars with a large number of N^-particles"! 4) ,
which are due to collisions with the heavy nuclei Ag
(or Br in emulsion) at small impact parameters. In such
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stars the proton group exhibits a broad distribution of
high transverse momenta, and a rather flat angular
distribution, compared to the much steeper one of the
He-group (see fig. 11c).

Hence we regarded this He-group as candidate for
signatures of compression phenomena.

3. Experimental results

Sheets of silverchloride detectors on quartz glass
and stacks of nuclear emulsion (for comparison) were ex-
posed to the heavy-ion beam parallel to the surface of
the sheets with a total flux of about 105 particle/cm2.

Stars occurring at the nuclides of the detector
are observed in 4ir-geometry event by event. The dis-
advantage of the time-consuming scanning of the events
in these detectors has been strongly reduced by our video-
electronic analyzing system, developed for the special
purpose of track measurements1^'.

In nuclear emulsion technique tracks are classified
following the energy loss of the particles by ionization
and the corresponding density of the track in white (s),
grey (g) and black (b) tracks which belong to certain
energy ranges of the particle; s-tracks correspond to
shower particles, g and b tracks to the secondaries
Nh = ng + n^. In fig. 6 we have inserted the corresponding
energy ranges of g and b-tracks for a-particles and pro-
tons in K5 emulsion, in comparison to the less sensitive
AgCl-detectors with the track-classification 1,2,3. On
account of their sensitivity threshold, the AgCl-detectors
are recording protons only from the evaporation group. We
are recording neither the proton tail d, nor fast protons
from the projectile above E = 30 MeV, in other words, we
are recording the evaporation groups a and c and the
a-tail b, suppressing the proton tail d.

In order to find the angular distribution of the
a-group, we have to subtract the evaporation components.
Measuring only particles of class 1 and 2, we are in-
creasing the relative contribution of the a-tail (energy
window).

In order to select central collisions on Ag-nuclei,
and to eliminate Cl-collisions and peripherical collisions,
we require the prong number of a star Nh >. 12 (prong
window) ; this corresponds to a star with N^ >̂ 28 prongs in
nuclear emulsion: The mean number of prongs of this star,
falling into the groups a,b,c,d would be na = 3.5,
rib = 1.5, nc = 7, n^ = 17; this means in stars in AgCl
with m = 12 prongs we find an average number of 1.5 par-
ticles of the a-tail.
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The simplicity of the experiment allowed us, with
the kind help of our colleagues in Berkeley*) and in
Dubnaxx) to exposet in favor of systematics,detectors over
a wide range of energies, from 0.2 GeV/N up to 4.2 GeV/N,
between 1.1 GeV/N and 2.6 GeV/N in 300 MeV/N steps, mainly
with He, C and 0 projectiles.

Figure 7 contains as idiograms angular distributions
do/dO, measured in AgCl-detectors, with C, 0 projectiles
and He-projectiles at different energies. The curves in-
serted are belonging to fitted evaporation components,
adjusted by x2-fits with parameters following the Le Couteur-
theory, by Baumgardt^6). The remaining component belongs
to the a-tail of the energy spectrum (fig. 5) and shows
a shift toward 75° at 2.1 GeV/N and a return to 60° at
4.0 GeV/N. These results have been confirmed by new expo-
sures evaluated by our analyzir device, shown in figs. 9
and 10.

Figure 8 shows measurements in nuclear emulsion, by
Otterlund1^) et al.: the angular distribution dN/d© of the
black prongs reflects the shift to larger angles with in-
creasing energy of the projectile.

In order to elucidate the peak of the angular
distribution originating from the a-tail, we have de-
picted it in fig. 11a as difference between the histogram
and the evaporation component (x). It can be reproduced (o)
from a theoretical distribution, calculated on the basis
of a microscopic theory by Smith 18) , which represents
the angular distribution of nucleons (disregarding composite
particles) from a Ne-N-collision at 0.87 GeV/N. Assuming
that this distribution contains our a-particles, we can
deduce their intensity and angular distribution, using the
absolute cross sections measured by Gutbrod, Poskanzer
et al. 19) of fig. 11c. The peak is due to the much
steeper angular distribution of the He-component towards
backward angles compared to protons. We would not have
"seen" it, if we had not excluded the proton-component.

The steep angular distribution of the He-group,
which contains a surprisingly high amount of ^He-particles
(fig. 11c) is interesting. We may conclude that it reflects
lower temperature of composite particles of larger masses
in hot nuclear matter. In the picture of a compression
wave, it means that a-particles have a better alignment
to the direction of its propagation. In addition, in
nuclear matter of high temperature, a-particles can hardly
be scattered morefold without dissociating. Hence if
a-particles are emitted, they either stem from the sur-
face region of the nucleus or, if coming from inner zones,
they have escaped unscattered. In both cases they have the
better "remember" of their direction. We therefore conclude
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Fig. 7 : Angular distributions da/d0 and fitted
evaporat ion component ̂  ̂ )
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dN/d0 12C - 4.2 GeV/N
Fig. 10 :

Angular distribu-
tion dN/d0,fitted
evaporation com-
ponent , and
residual peak.
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that their angular distribution and its shift reveal in-
formation about compression effects. They will be discussed
in the paper given by W. Greiner.
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NON-PERIPHERAL COLLISIONS OF HEAVY IONS IN NUCLEAR EMULSION

H.H. Heckman, H.J. Crawford, D.E. Greiner, P.J. Lindstrom, and L.W. Wilson
Lawrence Berkeley Laboratory and Space Sciences Laboratory

University of California, Berkeley, California 94720 U.S.A.

lntXodactA.on: Because of the large range of ionization and multiplicities

of fragments that are produced in collisions between heavy ions, electron-

sensitive nuclear track emulsions are particularly suited for studies of heavy

ion interactions owing to their high spatial resolution and unrestricted sensi-

tivity to rates of energy loss. We are presently carrying out an experimental

study using the emulsion technique to examine the angular and momentum

distributions of fragments emitted from non-peripheral collisions between

emulsion nuclei (AgBr) and heavy-ion projectiles 4He, 1 60, and ^Ar in the range

of energies 0.2 to 2.1 GeV/A. The beams and their specific energies used for

the experiment are:

Beam

"He

1 6 0

^ A r

Energy(GeV/A)

2 . 1 , 1.05

2 . 1 , 0.20

1.8

S><lLzctlon Q.ftitzfujx.1 The selection criterion we have adopted for a non-

peripheral collision is that the interaction exhibits an absence of projectile-

fragmentation, i.e., an interaction where no beam-velocity fragments (Zp ̂  1

from "He interactions, Z 5s 2 from 160 and lt0Ar interactions) are produced

within 5° (when Eb = 1.05 and 2.1 GeV/A) or 10° (when E b e a m =0.20 GeV/A) of

the incident beam direction. Interactions selected under this criterion are
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deemed to be "central" collisions between the projectile and target nuclei,

qualitatively characterized by impact parameters that are in the range 0 < b

< | R T - Rpl-

Scanning and Mexutwung: Both along-the-track and volume scanning techniques

were used to locate events. All track-coordinate measurements were made under

oil-immersion objectives, lOOOx total magnification, using three-coordinate

digitally-encoded microscopes.

Me.cu>uSim£nt6; For those heavy-ion interactions that satisfied the selection

criterion, the following measurements of angle and track range were carried out

for each beam nucleus:

1) The production angles were measured for all secondary fragments

having a restricted grain density g > 2 g . , after correcting

for the dip angle. (A Z=l particle with g > 2 g . has an energy

E < 250 MeV/A.)

2) Track ranges and angles were measured for a subset of fragments

with ranges < 4 mm, with no minimum range cutoff except that due

to obscuration of short tracks at the point of interaction. (A

4 mm range in emulsion corresponds to proton and Hie energies

equal to 31 MeV/A.)

3) Each fragment measured under (1) was classified as to whether its

potential range was less or greater than 4 mm. This visual

estimate of potential range was made by the scanner-measurer

by observing the grain density (g > 10 g . for protons) and

multiple scattering of the track in the pellicle containing

the event.
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In order to identify data measured under the above procedures, we shall

use the notation "E < " to signify data whose energy limits are made either by

measurements of grain density (1), or by estimated range (3). Data identified

by R < 4 mm (2), for which €• = E/A = 31 MeV/A for protons and 4He, will signify

that the data are based on actual range measurements.

xc Vnoc<iduh.(li Owing to the high excitation energies and the large

average number of particles that partake in non-peripheral (central) collisions

of the type selected for this investigation, we make the practical assumption

that the system we are considering is large enough and the mutual interactions

are strong enough so that it can be described statistically, based on the

hypothesis of equal a pHA-QfvL probabilites in phase space. Such a statistical

distribution is the Maxwell-Boltzmann distribution. This distribution, expressed

in a covariant, non-relativistic form, in terms of the velocity B of the emitted

fragments appropriate for the range of velocities we consider in this experiment

is as follows:

2 — — O

TOO I l l / f t

d2N/d3dy « S2 e " ° , (1)

where 3.. is the longitudinal velocity of the particle-emitting system, u = cos9,

where 6 is the laboratory angle between the momenta of the fragment of mass M

and the incident projectile, and 3" = /TTJW is the characteristic spectral

velocity of Maxwell-Boltzmann distribution. The effective "temperature" of

the system is T(MeV/A), for a fragment of mass M = AM .

We now express Eq. 1 in terms of range R and y, the two quantities

measured in this experiment. In general, the velocity £(* P/M) of a particle
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with mass M and charge z, having a residual range R is given by the relation

6 = f(Rz2/M). (2)

To good approximation, the R-$ relation for nuclear emulsion is given by the

power-law expression

6 = k(Rz2/m)n (3)

where k = 0.174, n = 0.29, R is in mm, and z and m are the atomic mass number

and mass of the fragment, respectively, the latter being in units of the proton

mass, i.e., m = M/M . In terms of range R and n = cose, the Maxwell-Boltzmann

distribution (Eq. 1) becomes

,,.,.,.. , ? / .3n D3n-1 -(k
2R2n-2kRnB|iU)/B 2 ,„.

d2N/dRdy oc (z2/m) R e v || o (4)

where

g = ? | (O/z2)n and 30 = G0Wzz)n. (5a)

It follows that the parameter we shall denote as

*o = 6||/f5o = H^n* C5b)

which is the ratio of the longitudinal velocity of the center of mass ft. to the

characteristic spectral velocity 0 of the fragmenting system, is common to

both the velocity and range spectra, and is independent of (m,z).
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Thus, the longitudinal velocity 6,, and spectral velocity g that

characterize the range spectrum of unidentified fragments (Eq. 4) are related

to the corresponding quantities for the velocity spectrum (Eq. 1) for any

fragment (m,z) by the quantity (m/z2) , where n is the range-velocity index.

In this experiment, the parameters B,i and g are determined from the range and

angle data using Eq. 4, assuming m/z2 = 1, for which B = B^ and ft. = Bn • By

fitting the measured range and angle data to evaluate g.. and g we are

effectively testing how well such data can be described given the following

assumptions:

i) the observed range and angle distributions are interpretable in terms

of a single Maxwellian-range (velocity) distribution,

ii) the isotopic distribution of fragments is dominated by one species,

i.e., protons, thereby minimizing any significant difficulties in defining g

in the Maxwell distribution (Eq. 1), and

iii) to the extent that (ii) is satisfied, the g.. and B parameters

that characterize the range and angular distributions are the same as those

that describe the velocity distribution for nucleons.

A. Pricing numboA dLu>t>u.buutLon!>. Figure 1 presents the distributions

of prong number per event, N , for the interactions of each heavy ion beam

C+He and 160 at 2.1 GeV/A, 40Ar at 1.8 GeV/A) selected under the criteria

previously described. The prong distributions for the lower energy '•He and 160

beams are similar to those shown. The distributions pertain to charged prongs

having restricted grain densities g >2 gmin, i.e., equivalent to proton

energies < 250 MeV, emitted from events selected only when the projectile

was fully occulted by the target nucleus. If we first consider the multiplicity
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distributions of prongs arising from **°Ar and 160 collisions, we note that

each distribution shows a single max^ A and is approximately symmetric about

its mean-prong number. In contrast, the N -distribution for 4He projectiles

shows two maxima, one in the region of N = 6 to 8, and the other at N % 19.

We attribute the low-prong-number peak to collisions between the ^He projectile

and CNO (light) nuclei, and the high-prong-number peak to collisions with

AgBr (heavy) nuclei because 4He can be occulted in CNO as well as in AgBr

collisions. The absence of a CNO peak in the 160 and '•"Ar prong distributions

indicates that the non-occultation of these projectiles by the light CNO

target nuclei invariably shows visual evidence for projectile fragmentation.

Thus, by eliminating prong numbers N < 9 from the ^He data, we limit the

interactions of high energy '•He, 1 60, and 40Ar nuclei to near-central collisions

with Ag and Br with little, if any, contribution to the data from collisions with

lighter emulsion nuclei.

B. Range, and angalaA dutfUbuutLonA: R < 4 mm. Measurements of the

ranges and angular distribution of the fragments with R ̂  4 mm permit us to

determine the velocity-parameters 3.. and g , and therefore x , by least-squares

fits of these data to Eq, 4. These parameters are tabulated in Table I. One

of the features of these data is the near independence of the range and

angular distributions for fragments with R ̂  4 mm, with respect to the mass of

the projectile at beam energy 2.1 (1.8) GeV/A, as indicated by the approximate

constancy of each of the fitted parameters. The longitudinal velocities of

the particle-emitting systems, 3,,, increase with decreasing beam energy, whereas

the spectral velocities appear to be equal to within 10%, irrespective of

the mass and energy of the projectile. The values of g., are in close agreement
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with those measured for low-energy fragment-emitting systems produced in a

variety of nucleus-nucleus and proton-nucleus collisions over a broad range

2 2
of energies. ' The temperature T implied by the velocities 6 = /2T /M

are typically 6-7 MeV/A, characteristic of the binding energies of nuclei, and

3 4
also compatible with the temperatures associated with projectile fragmentation. '

In Fig. 2 we present an example of the range-angle data obtained at beam

_1
energies 2.1 (1.8) GeV/A in terms of the rapidity variable y « g (y = tanh £5.),

where g is the longitudinal component of the quantity ~$ = k(Rz2/m) , assuming

z2/m = 1. The mean value < y > = 0.. is indicated for each distribution, as is

the standard deviation a = 0 //!= /T/M . The average standard deviation of the

three rapidity distributions is <a ) = 0.082 ± 0.001, which corresponds to a

longitudinal momentum P = 77 MeV/c per nucleon.

C. AnguLaA di&£AA.buublonA. Examples of the angular distributions

observed for fragments with energies E < 31 MeV and E < 250 MeV obtained with

2.1 (1.8)-GeV/A beam projectiles are shown in Figs. 3 and 4, respectively.

The distributions are presented as functions of both e and cose. Drawn through

the data are curves derived from the fitted Maxwell-Boltzmann distributions.

Because the angular distributions of the low energy fragments E < 31 MeV (Fig.

3) were taken without knowledge of particle ranges, subject only to thft

condition that E < 31 MeV, we found that the minimum x2-fits did not yield

unique values for 0,. and 0 , but rather gave values of g,, and 0 that were

linearly coupled. Thus, we chose to fix g at the value determined previously

from the range-angle data and evaluate 0,.. The values thus obtained are indicated

in Fig. 3 , along with the appropriate g 's taken from Table I.
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When the angrlar distribution of fragments is measured without regard

to fragment velocity, dN/dp (Eq. 1) becomes a function of x = 3,. /8 only.

We have fitted the measured angular distribution for fragments with E < 250

MeV to this asymptotic form of the angular distribution to obtain one-parameter

fits to the data (Fig. 4).

Figs. 5 and 6 show the angular distributions dN/dcosQ vs. cose for E <

31 MeV and E < 250 MeV, respectively, for the lowest beam energy, 160 at 0.20

GeV/A. The notable difference between the 160-produced fragments at 2.1 and

0.2 GeV/A is the significant increase in the relative production of fragments

E < 31 and E < 250 MeV, in the forward hemisphere as the beam energy decreases.

The shift of the angular distribution of the low energy fragments E < 31 MeV

to smaller forward angles is due to an increase in &. 0.017 to 0.039, while

the spectral velocity (temperature), based on the results of the R < 4 mm data

(Table I), remains essentially constant, i.e., 0.106-0.115 (5.3-6.2 MeV/A).

For energies E < 250 MeV, the distribution of fragments produced by 0.20 GeV/A

1&0 is increasingly peaked forward, indicated by the fact that x = Bit /B

increases from 0.26 to 0.62 as the beam energy decreases from 2.1 to 0.20 GeV/A.

The beam-energy dependence of the angular distribution data for '•Hu am'

16 o projectiles are summarized in Tables II artd III. Here we give the values

of the parameter x = &., /6 obtained by fitting the angular distributions in

the backward, forward and combined hemispheres, for E < 31 and E < 250 MeV,

respectively.

Salient features of the angular distributions are:

For E <31 MeV,
P
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1) The values of x for the combined hemispheres, -1 < u ^ 1, increase

with decreasing E,
" beam

2) The change in x (-1 < u ̂  1) is primarily due to the increase in x

for the forward hemisphere, i.e., the angular distribution becomes

more anisotropic.

3) At 2.1 GeV/A beam energy, the fragments are consistent with isotropy

in the laboratory, x (0 *S y < 1) = 0 . (This is illustrated in Fig. 3.)

4) The angular distribution in the backward hemisphere is essentially

invariant with respect to beam and energy. Note the near equality of

the values of x (-1 < y < 0) for the pairs of '•He and 1 6C data, Table

II.

For E < 250 MeV,

1) The angular distributions are more anisotropic than those at E < 31

MeV.

2) The shape of the angular distributions in backward hemisphere remains

invariant with respect to beam and energy. The values x (-1 < y < 0)

for 4He and 1 60 are, pairwise, the same.

3) The values of x (0 < u < 1) increase with decreasing beam energy. At

2.1 GeV/A, fragment production continues to be more isotropic in the

forward, relative to the backward, hemisphere (Fig. 4).

Some general conclusions of the experiment are (not all of which are obvious

from this preview of the data):

1) There is no unique particle-emitting system, characterized by a

center-of-mass velocity g., and spectral velocity g = /2T/M , that

accounts for the spectra of fragment ranges (momenta) and angles.

2) The dN/d8 distributions are broad, Maxwellian-like, with maxima that
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shift toward smaller angles as the fragment energy increases, and

as beam energy decreases.

3) No statistically significant structure, attributable to well-defined

collective phenomena, is observed in the range or angular distributions.

4) By invoking the results of Ref. 5, there is no evidence that the

angular distribution for low-energy fragments depends on the impact

parameters of the collision between heavy ions at E, =2.1 GeV/A.

5) At beam energy 2.1 (1.8) GeV/A, the number of fragments per event

that are emitted in the backward hemisphere is insensitive to the

projectile mass, e.g. 6.8, 6.7, and 7.1 for ^He, 1 6O, and u 0Ar,

respectively.
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TABLE I . Fitted parameters 3.,, 3 , and x = 6n/3 obtained from the range and

angular dis t r ibut ions of fragments, R < 4 mm (S = 31 MeV/A) .

b e a m ^HP 16n ^ A r

(GeV/A) e _

2.1 (1.8) 3|| 0.016 ± 0.004 0.015 ± 0.002 0.012 ± 0.002

3 0.117 ± 0.002 0,115 ± 0.002 0.117 ± 0.002

X 0.14 ± 0.04 0.13 ± 0.02 0.10 ± 0.02

1.05 3y 0 ,021 ± 0 .001

3 Q 0 .116 ± 0.002

X Q 0.18 ± 0.01

0.20 B,, 0.38 ± 0.003

3 Q 0.106 ± 0.002

X Q 0.36 ± 0.03



TABLE II. Parameter X = 3/6 for the Maxwellian distribution (Eq. 1) fittea to the

angular distributions of fragments with E < 31 MeV. The values of

3 are given for the backward, forward, and combined hemispheres.

''beam Beam -1 0 0 -1

0.20

1.05

2.1

2.1

16f

16,0

+He

0.33 ± 0.10

0.22 ± 0.07

0.31 ± 0.10

0.25 ± 0.07

0.35 ± 0.05

0.20 + 0.05

0.07 ± 0.07

0.05 ± 0.10

0.37 ± 0.02

0.22 ± 0.06

0.15 ± 0.04

0.16 ± 0.02



TABLE III. Parameter x for the Maxwellian distribution fitted to the observed

angular distribution of fragments with g > 2 g . (E > 250 MeV) . The

values of x« a**e given for the backward, forward, and combined hemispheres.

E, Beam - l < u < 0 0 < y < 1 -1 < y ^ 1

beam ^ ^ ^ =̂ ** *=

0.20 1 6 0 0.41 ± 0.08 0.70 ± 0.04 0.62 ± 0.02

1,05 Hie 0.31 ± 0.09 0.34 ± 0.04 0.34 ± 0.02

2.1 1 6 0 0.37 ± 0,09 0.18 ± 0.03 0.26 ± 0.02

2.1 4He 0.31 ± 0.08 0.24 ± 0.04 0.28 ± 0.03
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FIGURE CAPTIONS

Fig. 1 Distribution of number of prongs (fragments) per event emitted from

non-peripheral collisions with restricted grain densities g > 2 g . ,

corresponding to proton energies E < 250 MeV. Beam energies are

2.1 GeV/A for 4He and l 60, and 1.8 GeV/A for ^Ar. The mean number

of prongs/event,<n ) , are indicated. The CNO peak (Np~ 6-8) is not

included in the value of <n ) for ̂ He.

Fig. 2 Rapidity distributions y = g of fragments with ranges R ̂  4 mm,

assuming m/z2 = 1. Cut-off values of g =0.26 are indicated by the
Li

arrows on the abscissa. Values of g and g = /la are given in

T a b l e I - Ebeams = 2A &'V

Fig. 3 Angular distributions for fragments, E < 31 MeV. Solid curves are

fits of the data to Eq. 1, -1 ̂  cos© ̂  1, using the parameters

indicated. The dashed and dotted curves are fits to the data, for

the backward and forward hemispheres, respectively.

Fig. 4 Angular distributions for fragments with g < 2 g . , E - 250 MeV.

See caption Fig. 3 for identification of the plotted curves.

Fig. 5 Angular distribution dN/dcos6 vs. cos9 for fragments, E < 31 MeV.

Projectile nucleus is 160 at 0.2 GeV/A. The parameters of the fitted

curve are 8 = 0.039 and 3 = 0.106.

Fig. 6 Angular distribution dN/dcos6 vs. cos6 for fragments with g> 2 e
in
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(E < 250 MeV). Projectile nucleus is 160 at 0.2 GeV/A. The

parameter for the fitted curve is x = 0.62. The data point at

cose =0.9 was not included in the fit, owing to a background of

Z=l fragments of the projectile not excluded by our selection

criteria.
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Abstract; High Density Nuclear Mach Shock Waves (HDNMSW)
occuring in central heavy ion collisions of high energy
are up to now the only tool to produce and investigate
bulks of highly excited and strongly compressed nuclear
matter. Due to strong meson (nr-, 0"-) condensates phase
transitions of dense nuclear matter into density isomeric
states (superdense nuclei) can be expected. We discuss
the occurence of pion condensation in - and the influence
of phase transitions on - relativistic nucleus nucleus
collisions. We calculate the propagation of HDNMSW in a
relativistic dynamical model. The comparison of the
calculated angular - and energy distributions for the
emission of matter with recent experimental data seems to
indicate a phase transition in nuclear matter at densities
of about 3po-

1. Introduction;

Early speculations on the existence of abnormal super-
dense nuclei »'-*' ("Density Isomers") have recently been
explored.and founded by field theoretical model calcula-
tions, ~ which show that compressed nuclear matter
(p/a^ti) due to meson (7C-,O--) condensation may become un-
stable. Then it may undergo a phase transition into a new
form of matter with densities, binding energies and. (z/m2"7v
ratios several times the nuclear groundstate values ''
(see Fig. la). At even higher densities ( p/pc p-t 8-15)
phase transitions from baryon to quark matter can be discuss-
ed.17

Although the stability of superdense nuclei is question-
able because of their high surface energies18 there may
exist at least metastable superdense nuclear states.
Up to now the only feasible way to produce bulks of strong-
ly compressed nuclear matter consists in the creation of
nuclear shock waves^» 19-31 which occur in head-on
collisions of two nuclei, when their relative velocity
exceeds the nuclear sound, velocity ( Cs/c <~ 0.3. ). The
nuc1eon Pauli principle then forces their wavefunctions
apart,iy which can be interpreted phenomenologically as

433
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compression energy. At higher energies the hard core of
the nucleon nucleon potential, which may stem from the
Pauli principle for quark matter, gives strong repulsion.

Contrary to sound waves in nuclear matter-?™ nuclear
shock waves are connected with strong, density dependent
matter flows with flow velocity vp(p) • The shock front
propagates with shock velocity vslp) , also strongly
dependent on the compression amplitude. Hence very non-
linear phenomena appear for very large amplitudes, both
vg(p) and Vp(p) tend to the velocity of light c, while
for small perturbations they approach the linear limit
for sound waves(see Fig. lb)

cs = vsCpo) * vs(p>?o) < c
O = vF ( po) £ / )

The formation of nuclear shock waves calls for the vali-
dity of hydrodynamical concepts, which means that fast
thermalization (short mean free path or more precisely:
short longitudinal momentum decay length) during high
energy heavy ion collisions must occur. High relative
momenta between two nuclei, signifying no overlap in
phase space, as well as long longitudinal momentum decay
length calculated from the free n-n scattering cross
sections were interpreted as disease for nuclear shock 2 7
waves at bombarding energies above one GeV per nucleon. '
However, in the "formation flight" of ensembles of nucleons
collective phenomena become important: Pionic waves,
produced in inelastic n-n collisions by the creation and
decay of nuclear isobars (nucleon resonances) by processes
of the type N+N-*-N+N*-»N+ir +N->N*+N-».. . may lead to ra-
pid randomization of longitudinal momentum and energy and
thus to short mean_frge_path and to the generation of
shock waves?0"23'25'25'50

2. Pion Condensation and the Nuclear Equation of State

Another important process for randomization is the
critical scattering of nucleons in the vicinity of a
phase transition point.15»31,33 This is analogous to
the critical opalescence, which is e.g. characterized
by the great enhancement of the scattering cross section
of light near a liquid-gas phase transition or the criti-
cal scattering of neutrons in ferromagnets near the Curie
point or - as the last example - by the critical scattering
appearing in two colliding plasma beams when the drift
velocity of the two plasmas exceeds a critical value. Then
unstable plasmon modes appear, resulting in the growth of
strong electric fields, greatly reducing the penetration
depth of the two plasma beams in comparison with estimat-
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ed values from simple twobody collisions.
Thus the vicinity of a phase transition point, as the

onset of pion condensation, is expected to be marked by
the occurence of critical nucleon scattering, i.e. a
large enhancement (a factor 2 - 4 ) " of the density
dependent n-n-cross section and a sudden reduction of the
longitudinal momentum decay length. Recently this has
experimentally been confirmed?^,34-40 Theoretically the
onset of pion condensation is often described as the
decay of the Hartree-Fock groundstate into ordered zero
frequency (null energy) particle-hole excitations carry-
ing pionic quantum numbers. In the new phase at high
density the groundstate nuclear matter consists of
nucleons forming a spin-isospin lattice*!. This can
phenomenologically be interpreted as a phase transition
from the nuclear liquid to a nuclear spin - isospin -
crystal.

The occurence of a pion condensate in high energy
heavy ion collisions depends strongly on the question
of temperature, finite size and time scale during such
collisions:15»31,33 The critical temperature Tc(p) above
which the thermal excitationsdestroy the ordered spin -
isospin lattice lie substantially above those expected
in shock waves (see Fig. lc).

As the condensate occurs at finite momentum kc -z, 2.
/mqr

the critical distance R.c~ ki*~ ifm/Thus a dense system of
dimension =;2f̂ n>could support a condensate.

The relaxation time of the pion condensate can be
estimated from T ^ J 4 = IAPJ* \X 2rm. oo I , where OJ is the com-
plex zero of the pion propagator Air2in nuclear matter.
This gives *Cc««uL«

cVA?' with to = 10" -* sec and a.p =fp~^cV
As the collision time is of the order of 5T 0 and t w ^ o
the time scale is not too good. More detailed calcula-
tions were needed. We refer to the paper by Gyulassy at
this meeting.

In the following we use a phenomenological description
of nuclear matter, where phase transitions of first order
(density isomers) and second order can be described as
secondary minima or bends respectively in the density -
dependent binding energy per nucleon Ec(p) (see Fig.la)
We treat the colliding nuclei as drops of nuclear matter,
neglecting quantum mechanical effects as pairing, shell
corrections and surface - as well as Coulomb energies,
which are of the order of a few MeV per nucleon, while
we are dealing with bombarding energies in the
0.1 - 4.2 GeV/N range! Furthermore,as the de Broglie
wave length at these energies is small compared to the
nuclear dimensions, classical calculations are justified.
Substantially below about 100 MeV/N, tliese approximations
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will become worse. Taking care of the possibility of
thermaloexcitatipn_of nucleons into baryonic reso-
nances * » ' ' • * , we write the energy per baryon as
a function of density p and temperature T as

where M Qc
2 = 939 MeV is the rest mass of a free nucleon,

E c (p. T = 0) gives the binding energy per nucleon,

T p p ( | ) ^ c
is the thermal energy at the i-th phase, Ti and A-;= 2.*B*eeto"r

are statistical factors respectively, while E^H (ML-Mo)c
is the excitation energy of the i-th resonance. Here we
used for Er; the first term of a nonrelativistic non-
interacting Fermi gas expansion, which is in good
approximation valid'57 for T*£ 100 MeV. Later we shall show
results also for other temperature-dependent energy
functionals, as e.g. a Boltzmam gas. It is assumed that T
is the same for all different phases. This is true for
equilibrium thermodynamics and should be good for non -
equilibrium states as long as Mj.cs Mo. Furthermore it is
assumed that the excitation probability of the i-th
resonance is given by a Boltzmann distribution. This
means that we accept equilibrium thermodynamics as a
first approximation.

E c (p) is practically unknown; Only E c (0) = 0 and
Ec (po)~-l6 MeV (groundstate nuclear matter) are fairly
certain. (See Fig. la). At higher densities the binding
energy will smoothly increase up to a possible critical
point, where a phase transition occurs. (See Fig. 4a)
This can be a phase transition of the first or second kind:
The second order transitions can be described by a bend
in E c (p), the pressure is positive during the transition
(p>O). Phase transitions of the first kind have a strong
secondary minimum in E c (p), with a density region of .,
negative pressure (p<o). This has drastic consequences
on the propagation of shock waves, as will be discussed
below. Also the coexistence of two phases with different
energies at the same densities is in principle possible,
which can lead to two different shock waves in the first
and second phase. The curvature in the first minimum at Do
is connected with the nuclear compression constant

K= 9 p* d*W ^
which determines the sound velocity for groundstate nuclear
matter , Ov-n/ "\ 14
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where

is the pressure, e- Vvfo is the energy density and
v«= w( Po» T = o) ~ 92^ MeV is the nucleon's groundstate
energy.

3. The Relativistic Shock Equations

The state variables at the two sides of a shock front
have to fulfill the following requirements: Energy -,
momentum -, and baryon - number - flux - density have to
be conserved by passing through the shock front. This
yields the following consistency condition for the state
variables in the rest system of the "shocked" and un-
disturbed (groundstate) nuclear matter.

V/(P,T)
A--W0

:i'+ T>(p.T).(w(flT)/ f
2*5 26This equation is called the r e l a t i v i s t i c shock equation •" ,

which for W - w^w,, becomes 2. ( W-V/<,) +-p ( 1/p ~ 1 /po}^Q
i . e . the (non- re la t iv i s t i c ) Rankine-Eugoniot equation1/1*1

The shock front velocity XjCf) and the velocity for matter
flow vF£p)with respect to the undisturbed matter are then
$L i v e n b v \ 4/*

vs/c s (-p • W- p A C Wp - w0 po)( vio po + y))Yx

VF/c= (T>.(pV/-p0W0)/^>W-(1p + ^ V / o ) ) ) ^
respectively. One recognizes that vs and "Vjj are proportional
to f>^ where the pressure * ~ ̂ ^ . So in the presence of a
phase transition, where the pressure becomes negative
during the collapse, the shock phenomena must vanish. This
is of great importance for the possible detection of a
density isomer. For a nucleon gas, excluding resonances
and their "cooling"effects » ' • ' , we can find an unique
analytical relation between thermal energy and density in
the compressed matter^

where

and 'p=ocpE^r, which with a = 2/3 is valid for as well
ideal- and Fermi-gases. Now we have a connection between
all state variables behind the shock front and the
velocities with the density p (see Fig. lb).
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k. Central High Energy Collision of Small Projectile
and Heavy Target

Our model describes phenomenologically the geometry
and dynamical variables during a central high energy
collision of a smaller projectile and a heavy target
as well as the angular- and energy distribution of the
reaction fragments. We carried out the calculations in
the lab-frame (target at rest). There are mainly three ,
different phases of evolution during such a collision '
(see Fig. 2).

a) b) c)

Fig. 2 shows the^-various stages of a head-on collision
of a 870 MeV/N 0-nucleus with a lo'Ag-nucleus (which
is at rest in the laboratory frame), calculated within
our relativistic dynamical model.

b) the diving phase: The kinematically contracted pro-
jectile enters the target, becomes highly compressed
a nd excited. In the diving process a splashing
(backwards directed) tide wave should lead to emission of
matter.

c) the penetrating stage: The projectile interpenetrates
the target, pushing matter to the side; thus initiating
the sidewards travelling strongly compressed Mach shock
wave.

d) The evaporation phase: The projectile- and Mach shock
matter leaves the residual target which now evaporates,
while projectile and Mach shock explode because of their
very high excitation energies which correspond to
temperatures from 20 - 60 MeV.

The explosion of the head shock wave which contains at the
end of the collision more than double the nucleons of the in-
coming projectile, can be identified with the explosion of
the nuclear fireball, which has recently been used to
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explain angular- and energy distributions in non-central
high energy heavy ion collisions. -*'

It may also be possible, that the strongly compressed
and highly excited projectile explodes inside the target
during the interpenetrating stage. This will lead to
superstars with enormous multiplicities. In this case
the Mach angle will be washed out and can not be seen.
This will be taken into account in a further calculation.

To restrict the number of degrees of freedom, we para-
metrize the compression zone by two paraboloids,
z = a^ rx + zA , z = a^r

1 + za , which describe the shock
front and the backside of the compression zone respectively,
The undisturbed part of the target nucleus is described by
the part of a spheroid of radius R up to the shock front
(paraboloid i), while the residual nucleus is described by
a spheroid up to the backside of the compression zone
(paraboloid 2) with a drilled hole of radius R-p in it. The
residual nucleus has not yet been incorporated in our
present calculations. The projectile (head shock wave) is
divided from the Mach shock zone by a third paraboloid
z = -a, r3- + z^ (see Fig. 2).

So the geometry of the system is determined by four
variables: aA , a^ , z>, , zo .

The dynamical variables (energy density, momentum,
pressure, temperature, density) are obtained by assuming
homogeneous density-, velocity-, and temperature fields
in each compression region. Thus for the sake of simplicity
we concentrate on the mean values of the physical ob-
servables in the different regions as a function of time.

The shock equations yield an unique relation between
energy, pressure, temperature, velocities, and the rest
density D in the compression zone. Using these, we can
describe the stage of our system by the four geometrical
variables and the density in the Mach- and head shock
region.

To describe the evolution of the system in time, we need
six differential equations for these six variables:

The surface points on the paraboloids shall fulfil the
shock equations. They move with the shock velocities:

(,0 ,

V

where F is the surface.

t
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The time derivatives of the Mach- and head shock densities
are determined by use of the conservation of the total
baryon number A^ and the total energy Eg

o.) A ^ A T * A f = j~ p'(x) d.Jx
E L A 6

; v-
There j indicates the different density regions. The primes
indicate the quantities in the lab frame. They are connect-
ed by Lorentz-transformations with the quantities in the
respective rest frame:

T J P(x)J
The indices 0, 1, 2 are connected with the rest target,
head- and Mach shock respectively. The differentiation
of a) and b) with respect to time yields:
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The Vj are calculated using the rotational symmetry around
the z-axis. The time derivatives of Vj,1 depend on the
geometrical parameters and their time derivatives only.
The quantities pj, Wj , vFj in the rest system are calculated
by numerical iteration from the primedlab-quantities.
Also the densities, velocities, and geometrical parameters
are iteratively calculated in their starting points by
requiring the correct total energy and baryon number.

The time evolution of the physical quantities is ob-
tained by simultaneous numerical integration of the six
differential equations in time-steps of At = 0.1 fm/c,
whichis sufficiently exact to ensure energy- and baryon -
number conservation better than one per cent.

5. The Results of the Calculations

The head- and the Mach shock densities p,, and pa
as a function of time are shown in Fig. 3 for various
energies: In the beginning, the projectile is strongly
compressed, but this compression is substantially decreased
later on. The Mach shock density p is about 2.po below p^
respectively. ' •

The mean compression in the head- and Mach shock (each
/)

p (
at t = 5 fm/c) is shown in Fig. 4a as function of the^bom-
barding energy. The mean kinetic energy £«;„*• {{A- Vp*)"^-^). W o
of the emitted particles (Fig. 4b) after the collision is
smaller than 200 MeV/N for Mach shock particles up to bom-
barding energies of 5 GeV/N, while it is larger than this
experimentally important threshold for the projectile
(head jshock) at higher energies. The temperature in head-
and Mach shock just after the collision is shown in Rig. 4c.
It has been corrected within a one-dimensional model by
the cooling influence of nuclear isobars which were not yet
included in our present calculations.

As the mean head shock densities are approximatelx^equal
to those calculated within the one-dimensional model , we
make use of the later model to yield the pion production
rate from the decay of nuclear isobars (see Fig. 5).

The Mach shock angle t/j is depicted as a function of lab -
energy in Fig. 7a. It smoothly decreases from about 60
degrees at 0.1 GeV/N to 35 degrees at k GeV/N. It is smeared
out very much because of the temperature in the Mach shock
and because of the curvature of the Mach-"conen. The
explosion of the highly excited head shock causes strong
emission of fast particles into forward directions, which
may hinder the visibility of the Mach shcck peak at small
bombarding energies. The energy spectra of the exploding
projectiles (head shock) drawn in Fig. 6 were calculated
by relativistic addition of the flow velocity and the
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thermal velocity in the head shock after the collision,
taking into account the isotropic decay cross section
in the rest system of the projectile.

6. The Influence of a Density Isomer on the Reactions

If we assume a density isomer at p/p«®* 3(the above
picture applies only below EJ_AB'2£ 0.2 GeV/N, as then the
pro.jectile density reaches the phase transition region,
i.e. the region of negative pressure -p ~ B W / 3p •< 0
(see Figs, la and 4a). The projectile collapses into the
density isomeric state. Thus the quasi-stable nuclear
crystal can move with rather small dispersion through the
surrounding normal nuclear fluid. One may think on a
piece of ice which moves through water — this is important
for the appearance of the Maeh shock wave, since a water
droplet dumping into water would produce too high friction
and therefore soon damp out the collective motion. This,
in fact, can to some extent~be seen in the hydrodynamic
calculations of Nix et al. .

As during the phase transition the head shock velocity
becomes small, the Mach shock angle U> substantially de-
creases in this energy region, since 'the Mach shock moves
faster than the collapsing head shock during this time
period. The crystallization of the projectile causes a
much more pronounced Mach shock peak at higher energy,
because the projectile moves with much less friction
through the target.

At bombarding energies between 1-2 GeV/N the Mach .,
shock density approaches the phase transition region.
Now the Mach shock matter collapses into the isomeric
state: the pressure is negative and the shock phenomena
vanish. Then m> Mach shock peak is observable.

At even higher energies, the Mach shock density again
increases. As soon as the Mach shock density is above
the secondary minimum, the shock phenomena reappear again.
The Mach angle here sets in at large angles (around 90°),
as vs(g)and vF(ft)are very small in this region. This seans
small kinetic energies of the emitted fragments. At even
higher energies the Mach shock angle shall decrease again,
as both v.(p)and Vpfp,) increase up to the light velocity c at
very high densities, so that vf -> 0 for very high energies.
Also one may think that higher phase transitions do occur,
which may again produce a characteristic dependence of the
Mach angle \D on the bombarding energy.
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7. Comparison of Our Calculations with the Experimental
Observations

HDNMSW should be observable in central collisions of
high energy collisions of light projectiles with heavy
targets:

1) In azimuthally symmetric central collisions, which can
be identified e.g. by many prong stars in AgCl - de- _,-
tectors, a preferential emission angle must be observed

2) The kinetic energy of these particles will be smaller
than 200 MeV/N. It will be decreased to even lower
values, if the Mach shock density is in the secondary
minimum.

3) The Mach shock peak and the decay of the head shock
should predominantly be seen in the a-particle channel
for three reasons:
a) A pion condensate with a structure of a spin-isospin

lattice preferentially decays into a-particles as
smallest lattice cells.

b) When the Mach shock wave approaches the nuclear sur-
face, it kicks out the a-particles contained enhanced
in the nuclear surface.

c) During the individual collisions of the constituent
particles in the high temperature zone of the Mach
shock, only those a-particles (and heavier clusters)
survive, which have not undergone a scattering. Thus
the Mach angle is conserved by those clusters, while
scattered and unscattered nucleons cannot be distin
guished.

k) One should find fast pions emitted by highly excited
nuclear isobars. The occurence of pion condensation
should also lead to a large enhancement of the pion
production cross section.

In the presence of a pion condensate the Mach shock
peak should be more clearly pronounced and also should
have the above predictedQdgDendence on energy. Recent
experimental data, ' 5°» ̂ ~HV which fulfil the above
criteria on centrality, energy- and a-particle windows,
show a peak in the angular distributions of the reaction
fragments. The systematic shift of this preferential angle
with energy can be interpreted in comparison with our
calculations as indication for a phase transition in
dense nuclear matter at p/po:s 3 (see Fig. 7a and 7b,
and figure caption). '
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8, Summary and Conclusions

HDNMSW can be used as a tool to study bulks of highly
excited and strongly compressed nuclear matter, which
means the investigation of the nuclear equation of state
under extreme conditions. We have shown, that HDNMSW
show specific effects, when phase transitions of nuclear
matter into the pion condensate or density isomer occur
at high densities. We can study the properties of the
so-formed highly excited isobaric gas (eventually quark
gas), and we can look for a possible limiting temperature
TMax ~ 120 MeV, first mentioned by Hagedorn and recently
discussed in the context of shock waves.

Besides that,information on the compressibility constant
K and sound velocitycsin ground state nuclear matter can be
gained. It thus seems that high energy heavy ion physics
can furnish fundamental information about nuclear matter.
This may lead to an exciting future.
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Figure Captions

Fig. la: shows various possible forms of the binding
energy Ec (p) per nucleon (as described in the
text). r

Fig. lb: Here the influence of a density isomer on the
propagation of nuclear shock waves is depicted
(solid curves). The dashed curves show the
shock velocity and the flow velocity as function
of the compression, if no phase transitions
occur.

Fig. lc: Phase diagram of nuclear matter, which shows,
that the critical temperature Tc (p) above
which a possible pion condensate cannot be
formed, is always much higher than the
temperature occuring in nuclear shock waves. So
pion condensates-can occur in high energy heavy
ion collisions. -*

Fig. 2: shows the various stages of a head-on collision
of a 870 MeV/N 0-nucleus with a 107Ag-nucleus
(which is at rest in the laboratory frame),
calculated within our relativistic dynamical
model.

Fig. 3a and b: show the head- and Mach shock densities as
a function of time for various bombarding
energies indicated by the number (in
GeV/N) at each curve.
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Fig. 4a: The mean density of the head- and the Mach
shock (at t = 5 fm/e respectively) as function
Gf the bombarding energy is depicted. An indi-
cated phase transition at a given density will
affect the headshock formation for relatively
low energies, while the Mach shock will reach
this phase transition region at much higher
energies.

Fig. 4b; The kinetic energy E k ^ per nucleon of the
reaction fragments stemming from the head- and
Mach shock respectively is drawn as a function
of the bombarding energy.

Fig. 4c: The temperatures of the head- and Mach shock
before their explosion is shown. The dashed
lines are the temperatures taking into account
the cooling influence of the production of
nuclear isobars.

Fig. 5: The number of pions produced by the decay of
resonances is depicted as function of the
bombarding energy. This has been calculated
by use of the corrected temperatures of Fig. 4c.

Fig. 6; The energy spectrum of the projectile, which
explodes because of its high excitation energy
when it leaves the target, is shown for ELAB/N =0.25
and 4 GeV/N.

Fig. 7a: The solid line shows the energy dependent position
of the Mach shock peak calculated without a
density isomer in E c (p). The dashed line shows
the influence of a phase transition point at
p/po= 3: At 0.25 GeV/N the projectile dives
into the density isomeric state (crystallization)
which results in a smaller angle than expected
without density isomer. At energies between i
and 2 GeV, the Mach shock reaches the phase
transition region: The shock phenomena break off
and reappear again at angles around 90 , tending
to smaller angles for even higher energies.
The dots represent the peak position in recent
experiments of E. Schopper, H. Heckman (squares)
and I. Otterlund (crosses) and their collaborators.
They show just the behaviour which can be expected
within our model. This seems to indicate the
existence of a phase transition (density isomer)
in nuclear matter around 3p/po.

Fig. 7b: shows the Mach shock velocity calculated as a
function of the bombarding energy in the pre-
sence of a density isomer; the points are deduced
from the experimental data by use of
projectile. It can be seen that in the phase
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transition region the shock phenomena vanish
and reappear again with small velocities at
higher bombarding energies.
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PIONIC INSTABILITIES IN HIGH-ENERGY HEAVY ION COLLISIONS*

Miklos Gyulassy
Nuclear Science Division, Lawrence Berkeley Lab,
University of California, Berkeley CA 94720

I. Introduction

Heavy ion scattering at energies 0.2- 2.0 GeV/nucleon provides a
unique opportunity to study properties of nuclear systems far outside
the realm of conventional nuclear physics. In such collisions nuclear
matter could be compressed to densities p ^ (2-4)p0where PQ*5 0.17 for^ «
ia^/2. At these densities collective phenomena may become important,
leading to phase transitions in the nuclear system. Indeed, model
calculations-'- »̂  for cold nuclear systems (T= 0) indicate that above some
critical density p c ^ (1-2) p o, the pion field acquires a finite ground
state expectation value. This phase transition, called pion condensa-
tion, would lead to a spin-isospin lattice, < i|j+(x)â  Tai|>(x) >

 =

Xiot exp(i i^x) with wavelength 2TT/kp^ (3 - 5) m^
1 in the nuclear system.

W i d i i d h d n he i llisi
Xiot exp(i i^x) with wavelength 2TT/kp^ (3 - 5) m^

1 in the nuclear system
While densities v> Pc could easily be reached in heavy ion collisions,
these high densities are produced only at the price of high excitation
energies E as well. For these collisions, E is typically on the order
of 50-100 MeV/nucleon.

One may expect that such high excitation energies would tend to
inhibit, if not eliminate, any possible collective instabilities
involving the coherent interaction of many nucleons. This is certainly
the case if the system has come to thermal equilibrium. In that case
E is converted into random motion of the nucleons, and as E increases,
so does the disorder in the s.ystem. Long range correlations will then
eventually be destroyed as E increases. However, in non-equilibrium
systems E can be tied up in ordered motion, e.g. half of the nucleons
have momentum * f>an while the other half have momentum » 'Van' *n ^is
case, collective instabilities may actually be enhanced as E* increases!

The most familiar example that illustrates this dependence on E
is colliding plasma beams.3 Below some critical velocity vc all plasmon
modes are stable. However, as the relative velocity v increases beyond
v c, certain plasmon modes become unstable. This instability leads then
to the growth of strong, collective electric fields with a growth rate
that increases as a function of v-v c. The instability exists, however,
only in the non-equilibrium stage of the collision. As the plasma beams
thermalize through the interactions with these collective fields, the
plasmon instabilities disappear.

In heavy ion collisions we look for analogous collective
instabilities. The analogue of the electric field in nuclear systems is
the pion field. The program then is '

(1) to determine whether pionic instabilities can exist at the
densities and excitation energies expected in heavy ion collisions,

(2) tc calculate growth rates of unstable pion modes, and
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(3) to determine the effect such instabilities would have on the
dynamics in heavy ion collisions.

II. Unstable pion modes in excited nuclear matter

The existence of pionic instabilities in excited nuclear matter
was first investigated for thermal equilibrated systems.^ The critical
temperature Tcrit(p) is shown in Fig. I. For a given density p , nuclear
matter is unstable with respect to pion condensation for T < T c r j_* (p) .
The details of the calculation of T c r^ t are given in Ref. (4). The
paths AB and BC follow the hydrodynamic compression and decompression of
nuclear matter in heavy ion collisions. Curve AB is taken from Rex. (5)
and corresponds to the solution of the Rankine shock equation for
compressibility K = 300 MeV including also A33 isobar production. Curve
BC is a guess for the decompression path noting that as the system

at point B is converted into
indicate
down through

evaporation"of nucleons. Beyond point C the system becomes so diffuse
that local thermal equilibration can no longer be assumed. The
important point to note in Fig. I is that for the maximum densities,
Pg, expected at these energies (see Fig. 14 of Ref. (5)), the
temperature Tg is less than Ter^t(pg). Therefore, pion condensation is
likely to occur in spite of the relatively high temperatures in heavy
ion collisions.

We turn now to the question of whether pionic instabilities can
also occur during the non-equilibrium stage of the collision. We are
then looking for the pion field analogue of the two beam instability
in plasmas.3 The following considerations motivate our study of non-
equilibrium systems. First, the stopping distance X-^ of a nucleon in
nuclear matter is estimated to be \^ k, 4 fm for Ei a^ j> 1 GeV. The
thermalization time T-^ is then roughly rtn ̂  2 A^ /v^^ 'v 2 - 3 * 10~23 sec
Therefore, a substantial fraction of the total interaction time
x^^ "v* 2 Rtarget/Vrel ^ 5-6*10" 23 sec involves non-equilibrium
dynamics. Second, the effects of collective instabilities on the
dynamics may in fact be greatest during that non-equilibrium stage of
the collision. Depending on the ratio of the growth rate rc •• of
collective fields to the two body scattering rate r s c a t, the dynamics
will be categorized? either by (1) wave-particle interactions as in
collisionless plasmas or (2) particle-particle interactions as in hydro-
dynamies. W discuss this point further in section IV.

As a model of the initial, non-equilibrium momentum distribution
of nucleons we take7

n(p) = nQ(p + p ^ ) + nQ(p - p ^ ) (1)

with nQ(p) = 6(pp-]p|) as illustrated in Fig. II. To look for pionic
instabilities, we search for complex poles of the pion propagator
A(oi,k).
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In nuclear matter, A(oj,k) differs from the iree space propagator
A0(co,K) = (u)2 - k^ - 1 + iej"l because of the polarizability of the medium
as shown in Fig. Ilia. In terms of the polarization operator*^ n(u),k),

A = A - II (2)

The dominant interactions that must be included in II are ' (1) the
P-wave TTNN interaction, (2) the P-wave nNA resonance interaction, and
(3) hard core NN, NA and AA interactions that lead to nucleon and isolar
correlations. In symmetric nuclear matter the S-wave TTN interaction
does not contribute in lowest order.

The TTNN interaction leads to a contribution Ik^ to the polarization
operator due to the excitation of nucleon particle-nole states. We
consider here only spin-isospin saturated nuclear systems having
reflection symmetric momentum distributions (n(p) = n(-p)). In that
easel>2>'

-2 r ly f d p- (w,k) I — '
J (27T)

SM(p+k) (3a)

7 7 7

4fZkZF^((D,l (2TT)'
n(p) (l-n(

pk w+u)pk"ie
(3b)

(3c)

The non-relativistic nucleon propagator SL, is

Bfp .si = — n $ ) . * JJ^ML

with exr(p) being the single particle energies. In eq. (3b),
2 - 2a) , = £w(p+k) - eN(p). The TTNN coupling f <* m and the form factor

F (w,k) is taken to be

F^k) = (A2

with A«l^/m7T= 6.7. Dipole form factors8 with A«=8.3 differ by
< 10% for the co,k considered here.

(5)
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In the dispersion relation form, eq. (3c), I.™, measures the
discontinuity of Tl^ni across cuts in the upper and Tower half w plane.
These cuts arise because a pion of momentum k and energy OJ = w ^ can
decay into a one particle - one hole excitation conserving energy-
momentum.

Through the resonant TTNA interaction, a pion can excite not only
nucleon particle-hole states via IL^ but also A-particle-nucleon hole
states via %., where

T4(2TT)'

S A (p-k) (6)

In. eq. (6), the A intermediate state is included in both s and u channels
(direct + cross graphs). The TTNA coupling (including spin-isospin
factors) is*>' f^ <* Sm^" . The form factor is taken to be the same as
the irNN form factor, eq. (5), as suggested by fits to vp •+ y~A++ data.9

For the A propagator we take

SA(P0,P) = Cp0 - eA(p) - iIm2-A(P0,P)
 + ie) , (7)

where the A self energy S . is included to account for the finite A
width. The real part of £ A is absorbed into e,(p), which we

2approximate by £A(P) = mA
 + P /2mA, with m, = 8.8 m . Im ̂ JA ^ 0 when

the A can decay to a free pion and nucleon, i.e., when p^-p - (nk,+nu) •

We ignore the relatively small modification of zL. due to the presence
of nuclear matterlO and take the free space value of ]£\. The effect of
Im 5^A ^s to smear out t^e A mass. We therefore write

S (p) =f dm pA(m)SA(p;m) , (8)
o

where

SA(p,m) = CPo-m-lj^+ie)"
1 . (9)

Then computing Im S, from eqs. (7,8,9), the A spectral density is seen

to be

PA(m) = - I Im SA(po = „ + P
2/2mA , p) - ° A ^ ^ 2 , (10)

(m-mA) + Y A (m)
The p dependence of pA and YA in eqs. (8,10) can be neglected because of
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the small A width rA = 2yACmA) =120 MeV =* YA/TA <K l- YAO)

- Im]£A(m2). F01" t n e moment CA = 1/TI. life note that canonical ant i -

commutation stations for the A field require that

PA(m)dm = 1 (11)

As long as (po»P) in eq. (8) is not near threshold 111,, +

a good approximation for SA(P) is obtained by taking pA(m) to be
Lorenzian, i.e., setting

YA(m) = 9(m (12)

The upper mass cut off is chosen to give a symmetric weight of masses
in eq. (8) about m^. Larger mass are estimated to contribute only
to the sum rule, eq. (11), as a result of the small A width, Y A = - 4 3
With eq. (12), cA in eq. (10) is then determined so that eq. (li) is
satisfied.

With eqs. (6,8) we then get for

dm pA(m) | U ^ (13)

where the NA Lindhard function is

n(p) (14)

2m,lN 2m,

Note, eq. (13) reduces to eq. (4.4) of Ref. (7) when pA(m) = 6(m-m.).

The inclusion of the finite A width will be important when we estimate
on-shell pion production rates in section III.
convenient to write

As in eq. (3c), it is

(15)

Expressions for scattering rates become more compact in terms of I.
and IXI. in section III.NA
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Note that n^j. + IÎ . is the pion-nucleon forward scattering amplitude
summed over all the nucleons in the medium; 11,-, is the Born term
involving only a single nucleon intermediate state while JIĵ  is a model
for the contribution from TTN continuum intermediate states. The strong
distortion of the TTN continuum near the A-?? resonance is described by
PA(III) in eq. (10). The propagation of a pion in the medium via eq. (2)
with II = n^+lTj^ then consists of a series of elastic trN scatterings.
However, in this multiple scattering series only one pion exchange (OPE)
is included between successive collisions. Clearly, multiple meson
exchange must also be included, especially the exchange of vector mesons
p ,oj that give rise to the hard core repulsion between nucleons. These
interactions tend to keep nucleons apart and lead to short range
correlations in the medium.

Such correlations are included in IT via an effective interaction
Gc(k) as illustrated in Fig. Illb. The correlated polarization operator
is then2'7

nj-jKk) +nN.(u),k)
n(a),k) = ^ ^ = . (16)

11 ?
Detailed calculations show that G (k) <* g/k , where the correlation
parameter g = 0.5 + 0.1. This form of Gc follows

7 when the irNN and TTNA
vertices are included in the definition of JIj^ and IL,A as in eqs. (3,13).
The parameter g measures the strength of the repulsive hard core NN, NA,
and AA interactions. A value of g = 1/3 would just remove the
attractive <5(x) part of the OPE potential.2 A value of g = 2/3 would
then reverse the sign of that <5(x) part of OPE.

Evaluating eq. ̂ 16) for the system specified by eq. (1), the
singularities of A(oj,k) in eq. (2) and hence the pion spectrum can be
determined. These singularities are analyzed in detail in Ref. 7. To
look for unstable pion modes, we search for complex roots
u = Rewc (k) +iy(k) of A~

1(tu,k) = 0. As discussed in Ref. (7), Y(X) can
be interpreted as the rate for spontaneous TT+TT" or 7r°Tr° phonon pair
creation where one phonon carries momentum k while the other carries -k.
The rates y(k) computed for typical non-equilibrium configurations,
eq. (1), encountered in heavy ion collisions are presented in Figs. IV-
VI. The contour lines define surfaces 1^(0^) in the pion phase space
on which y(ka(8_), QvA-n)

 = <*> where a is a constant. In these figures,
ex is chosen to be multiples of Clja^. The angle 8_ refers to the angle
between the pion wavevector k and p _ in eq. (1). The symmetry of n(p)
in eq. (1) implies that Y(k,9,<J>) is independent of <j> and y(k,8) =
Y(k,7r-6).

The regions of phase space where unstable pion modes exist are
bounded by critical surfaces k (8) = lim 1^(6) for a -»- 0+. In Figs. IV-
VI, we find up to three distinct regions for pionic instabilities. These
regions are differentiated from one another by the real parts of the
frequencies, Re w c(k), for those unstable modes. In region I, Re CJC = 0;
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in region II, Re to ~ 0.5 m^ ; in region III, Re ŵ . £ m^. Only the zero
frequency modes (I) were considered in Ref. (7). The finite frequency
instabilities (II,III) are the analogues of the two beam plasma
instabilities^ that we sought for these non-equilibrium configurations.
The phase space for these instabilities is seen to decrease with
decreasing p,^ and vanishes once the system comes to thermal equilibrium.
This is in contrast to the zero frequency instabilities (I) that survive
in equilibrated system if T<Tg(p) in Fig. I. Further discussion of the
differences between instabilities in these regions will be given
elsewhere.

The essential feature we want to note here is that the typical
phonon pair creation rates y(k) are in the range (0.1-0.2) m^. The
number of phonons created per unstable mode R is then on the order of
one per 1.5*10~23 sec. Therefore, there is enough time during the
characteristic (thermalization) time Ttjj ~ (2 - 3) * 10~

2^ sec> that
specifies the duration of the non-equilibrium phase of the collision,
for such pionic instabilities to develop. However, the number of
phonons created per mode during this time is small, ~ 1 - 2, and thus the
term pion condensation is not really appropriate for such systems.

The total number of unstable pion modes is?

where V is the volume of nuclear matter where eq. (1) applies.
Typically, we estimate V « Ap/po = 2A^ m"3 = volume of projectile
nucleus. The critical volume v£r^t defined by eq. (17) is calculated

to be in the range (0.5 -1.0) m'3 => nl! •«. «* (2-4) A . The total number
+ 7T <_riL p

of IT-, irp phonons that are created in the non-equilibrium phase is then
estimated to be <y> ^

It is important to note the sensitivity of these estimates to the
value of the correlation parameter g in eq. (16). Except for Fig. Vb,
all calculations were made with g = 0.5. In Fig. Vb, we took g = 0.6.
Compared to Fig. Va, the phase space of instabilities is seen to
decrease very much. In fact, the pair production rate per unit volume',
rcol/V =

 <Y>/Vcr^t, decreases from 0.18 m^ to 0.025 m^ when g is increased

from 0.5 to 0.6. For g ~ 0.65, no_ instabilities are found. Therefore,
with 20% uncertainties in estimates2'11 for g, the above calculations
with g = 0.5 can be considered only as order of magnitude estimates for

and £

Finally, we note in Figs. IV-VI that the wavenumbers k of unstable
modes are typically ~(2 - 3) m^. This is of course due to the P-wave
nature of the TTN interaction in eqs. (3,13). The wavelengths
2-rr/k ~ (3 - 5) fin of such modes are then comparable or less than the
dimensions of nuclear systems involved in heavy ion collisions.
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Therefore, infinite nuclear matter calculations, eqs. (2,16), can be
applied to heavy ion collisions only as a result of the large values
of k for pionic instabilities.

III. Effects of Pionic Instabilities on the Dynamics

Collective instabilities effect the dynamics in two essential ways:
(1) through the growth of collective fields via spontaneous phonon pair
creation, and (2) through the modification of two body scattering rates
via phonon rather than bare meson exchange. To evaluate the importance
of each effect, we first seek a formalism that incorporates them both.
A convenient formalism was found in Ref. (7) that involves the calcula-
tion of the complex correlation energy density, M R p A, of the system in the
Random Phase Approximation. In terms of W R P A ' t*)e decay rate r

of an excited many body state is given by

r = - 2V Im A/RpA . (18)

Diagrammatically, W E p. is the sum of connected ring diagrams as shown in
Fig. VII. A general term in this sum consists of a product of n
bubbles and n interactions, where each bubble represents IL̂ . + ru.. and

each interaction represents AQ + GC. Evaluating M ^ . , the decay rate per

unit volume is found to be

T/V = Re j ^ \ log e(w,k) , (19)

where

e(u>,k) = 1 - (Ao + GpOl^ + TI^) (20)

is the generalized "dielectric" function for the nuclear system. In
non-equilibrium systems, the singularities of e(oj,k) include overlapping
cuts in the u> plane, as seen from eqs. (3c,15), and isolated zeros at
a) = Rew (k) + iyOO as found in section II. Equation (19) is then most
easily evaluated by first integrating over u> by parts giving7

where

I(u,k) = ImQa,K) + ImM) (22)

is defined via eqs. (3c,15), and
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(aj,k) (23)
v- \J -*-

is the correlated pion propagator. Equation (21) allows us to calculate
the growth rate of collective fields via rCQi and the scattering rate
Fscat in non-equilibrium systems, eq. (1). A further decomposition of
rscat ^s possible noting that the integrand vanishes unless I(a))I(-u)) * 0 .

Then

r = r + r + r
scat !NN NA AA (24)

where

NN

NA

AA

73Vd4k
(2TT)4

(25)

and the polarization form factor P is

- log(l-4I(u) I(-to)|Ac|
Z)

4 I M I(-o))|A0 + Gc|
2

(26)

r..IYJJ, is the effective elastic NN •*• NN scattering rate, while Tw and

are the effective inelastic NN ->• NA and NN ̂  AA rates in the medium.
In the low density limit, n ^ + 11^ •> 0 =* P(w,k) -»• 1 , and Fj-j reduce to
rates calculated with free space cross sections, do°, i.e.

(27)

Diagrammatically, only the third term in Fig. VII contributes to P..
in the low density limit, giving do° = |AQ+G j . At high 1-'

densities effective two body (elastic and inelastic) cross sections,
dae££, can be derived^ from eq. (25) giving

da e £ f = P(aj,k) da° (28)

where (w,k) are the energy-momentum transfers in the process. Therefore,
P(u,k) contains the density and configuration dependence of the effective
cross sections in the medium. For systems close to equilibrium, P
reduces to7

P(to,k) (29)
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12as is found in the kinetic theory of plasmas. The important point to
note about eq. (̂ 28) is that the existence of collective instabilities
implies that there exist certain critical values of (ojc,kc) such that_
Pfu^jkc) -*• °° and hence dae££ -»• °° if the energy-momentum transfer (wc,kc)

is kinematically allowed. This is known as critical scattering
phenomena and is extensively discussed in Ref. (7). Thus the presence
of the polarization factor in eq. (28) leads to enhanced scattering rates
if instabilities are present.

As^an example of the kind of enhancements pionic instabilities lead
to, P(w,k) = daeff/do° is plotted in Fig. VIII for p = 410̂  in eq. (1).
This figure is taken from Ref. 7 and corresponds to the elastic (a>=0)
scattering of a nucleon of momentum ^>cm with another of momentum -
in the medium. Kinematically, k" is constrained by k = 2 p ^ cos dv
Logarithmic divergencies of daeff at k =» 1.5 and 2.0 nw arise when
kinematically allowed values of (̂ ,677) l i e on the boundary of region I
of unstable pion modes (see Fig. XIV of Ref. 7 and Fig. Va here).
Figure VIII illustrates then critical scattering phenomena for large
momentum transfers that arise as a result of pionic instabilities.

The integrated scattering rates are given in Table I for a variety
of lab kinetic energies, TT, ̂  (0.4 -1.5) GeV/nucleon. It must be
emphasized that the spirit of these calculations is to obtain only order
of magnitude estimates of the effects of pionic instabilities on these
rates. We cannot expect to predict absolute rates with such a simple
model. Nevertheless, the ratios of effective rates r?ff to free rates

13

I*?, do indicate the magnitude of enhancements that can arise due to
collective phenomena. The rates in table I were obtained by integrating
numerically eq. (25) up to momentum transfers k_= 8 1%. The free rates
r°- were obtained from eq. (25) by setting P(w,k) = 1. To set a scale

for the absolute magnitudes of T—, note that a 20 mb cross section in

eq. (27) would give r../V* 0.25 m . The essential point to note in

tables IA,B is that both the elastic and inelastic scattering rates
are enhanced by factors ^ (2 -4) due to pionic instabilities. Further
details of these calculations will be given elsewhere.

IV. Summary

Model calculations of dense, excited nuclear matter expected in
heavy ion collisions indicate that in both thermal^ and non-equilibrium"
extremes pionic instabilities can be expected. The typical excitation
energies involved in these high energy (y 1 GeV/nuc) collisions are not
too large to prevent such instabilities. Furthermore, the spontaneous
phonon pair creation rates y(£) were shown to be sufficiently large for
these instabilities to develop during the short collision times. In the
non-equilibrium case finite frequency instabilities (regions II,III) were
found as well as zero frequency (condensate) instabilities (region I).
The total 7r+Tr~ and TT°Tr° phonon pair creation rate r - = <Y> / J L
To + IV is given in table iC, with To being the
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rate for zero frequency pairs and T , being the rate for finite frequency
pairs. We noted also the short wavelengths 2-n/k ^ (3-5) fm of these
pion modes as being essential for such instabilities to develop in the
finite size nuclear systems involved.

Then through the calculation of the complex correlation energy,
the effect of pionic instabilities on the dynamics was studied. The
main result is that critical scattering phenomena leads to enhancements
of both elastic and inelastic scattering rates by factors ^ 2 - 4 . We
can now assess the relative importance of the two effects mentioned
at the beginning of section III. The ratio r -i/r

scat °f rates in

eq. (21) provides a measure of which effect dominates. This ratio is
given table IC. Note that r

c o i /
r
s c a t < 1 in all cases indicating that

the scattering rates are greater than the growth rates of collective
fields. Therefore, the dynamics is dominated by two body collisions
involving density dependent interactions, eq. (28). The reduction by
2 - 4 of the effective nucleon mean free path in the medium is therefore
expected to lead to more rapid thermalization, indicating that a hydro-
dynamic description5>6,13 of the dynamics would be appropriate.7

Finally, we comment on the implication of the enhancement of

rfj in the medium in connection with real pion production. It is

tempting to assume that a factor of 2 enhancement of the NN ->• NA rate
would lead to twice as many pion being observed in the lab. However,
the final number of pions observed depends not only on the production
rate I\,. but also sensitively on the absorption rates of pions.

Therefore, to estimate real pion production rates, the effects of pionic
instabilities on pion absorption rates must also be investigated. Such
an investigation is currently in progress.
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Table Caption:

I. Collective T , and scattering T.. rates in non-equilibrium nuclear
matter at variSSs lab energies 1^. •> The NN + NN rates (A), NN->NA
rates (B), and spontaneous ir+7r", TIOTTO phonon pair creation rates (C)
were calculated with eqs. (21,25). The enhancements of the scattering
rates due to pionic instabilities are given by ve£f/oo in A and B.
The ratio rc02/rscat in C measures the importance of phonon pair
production as compared to the modification of the scattering rates on
the dynamics.

Figure Captions

I. Range of densities and temperatures where pion condensation is

likely (shaded). ^cxix
 i s t a k e n f r o m Re^- W ^ o r % ~ °-5- -Curves

AB and BC illustrate the compression and decompression phases in
heavy ion collisions.

II. Initial non-equilibrium momentum distribution in heavy ion
collisions.

Ill a) Pion propagator A in a nuclear medium.

b) Polarization operator II including nucleon particle-hole and
A33 - nucleon hole intermediate states as well as correlations.

IV. a) Contour plot for the rates lO^, 9^) of spontaneous TT+IT~ or ir°7r°
phonon pair creation in non-equilibrium nuclear matter, eq. (1),
for p = 2.0 1%. Contours correspond to multiples o£
0.1 % (* 2 * 10 2 2 sec"1). The angle 0^ is that between k^ and
p . Zero frequency (Re o>c = 0) pionic instabilities cccur in
region I. Finite frequency (Re cuc ¥= 0) instabilities occur in
regions II, III.

b) Same as IVa but for p = 3.0 m^ .
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V. a) Same as IVa but for p = 4.0 m .

b) Same as Va but with large correlation parameter g = 0.6.

VI. a) Same as IVa but for p = 5.0 m .

b) For p c m = 6.0 m^ .

VII. Series of ring diagrams included in the Random Phase Approximation
for the correlation energy density MRp. in eq. (18).

VIII. Ratio of the effective da ff, to the free, daQ, elastic (NN-*NN)

differential cross sections as a function of momentum transfer k
as calculated via eq. (28). (Taken from Fig. Xlb of Ref. 7).
This illustrates critical scattering phenomena due to pionic
instabilities.
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A.

TL

Elastic Scattering

(GeV/N) p /m
Oil IT

Rates

Table

C X X /» f /• H
/ V (III

I

r4-, el , el
^ 0e££/oo

0.38
0.67
1.04
1.50

3
4
5
6

0.37
0.31
0.27
0.22

0.09
0.08
0.07
0.06

4.1
3.9
3.9
3.7

B. Inelastic Scattering Rates

TL(GeY/N)

0.38
0.67
1.04
1.50

3
4
5
6

0.24
0.58
0.72
0.64

0.06
0.28
0.42
0.39

4.0
2.1
1.7
1.6

C. Collective Rates

TL(GeV/N)

0.38
0.67
1.04
1.50

3
4
5
6

W
0.
0.
0.
0.

21
18
25
59

r ,/r
IT" O

0.47
0.47
0.50
3.20

0.34
0.20
0.25
0.69
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Fig. II
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Fig. IV
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Fig. V
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Fig. VI
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Fig. VII
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QUANTUM STATISTICAL DESCRIPTION OF HEAVY ION COLLISIONS

S. Ayik and W. Norenberg

Institut fur Theoretische Physik der Universitat and
Max-Pianck-Institut fur Kernphysik, Heidelberg

The aim of the statistical description for deeply inelastic
collisions of heavy ions is to derive an adequate transport
theory from a microscopic formulation. This may be acnieved
by considering the Liouvilie equation in the Wigner repre-
sentation. This representation transforms tne density matrix
of the composite system to the Wigner function which is the
quantum mechanical analogue of the classical phase space
distribution function. We generalize the quantum statisti-
cal formulation of ref.ti] by considering the Liouviiie
equation in tne Wigner representation. This way we include
the relative motion of the colliding ions and derive a
generalized master equation 12] . The Wigner function is es-
pecially useful for describing the deeply injlastic pro-
cesses in the classical limit. In this limit, it becomes
the joint probability distribution for the relative dis-
tance and the relative momentum and gives the occupation
probability of internal states. This generalized master
equation is useful only if the basis representation nas been
cnosen in a way that allows for a Markoff approximation.
Deeply inelastic collisions are mainly dominated by the
interactions of many degrees of freedom. This allows us to
assume stochastic properties of the coupling matrix ele-
ments of the interaction which leads to the Markoff appro-
ximation. In addition we consider the classical limit of
the relative motion. The results can be given by two coupled
equations- One equation is the classical equation for the
relative motion with friction. The other is the master equa-
tion for the internal motion. The explicit form of friction
tensor and transition probability are given [1 ,2] .

1. W. Norenberg, Z.Pnysik A27M1975)2k\ and A2?6(1976)84
2. S. Ayik, Phys.Lett. 63B(1976)22
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DEEP INELASTIC COLLISIONS AND FUSION STUDIED ON THE ucAr*197Au SYSTEM

m.Berlanger , f.Hanappe , c.Ngo, j . P e t e r and b.Tamain

I n s t i t u t de Physique Nude a i r s BP n°1 91406 Orsay France

We invest igated the Ar+Au system at two different bombarding ener-

gies 201 and 248 MeV. The mass and the energy of the products have been

measured at different angles. Mass d i s t r ibu t ions exhibit two components

separated at the low bombarding and par t ly mergingintG each other at high

bombarding energy. One of them can be a t t r ibu ted to f ission foi lcwiw com-

ple te fusion, the other one is centered around mass 40 and corresponcs to

deep i n e l a s t i c products. These two different mechanisms correspond to dif-

ferent time sca les . Angular d i s t r ibu t ions - - are peaKed a l i t t l e b i t

forward the grazing angle for products close to the p ro j ec t i l e and, when

the mass t rans fe r increases , becomes constant. For deep i n e l a s t i c c o l l i -

sions the mass t rans fe r occurs in the way predicted using poten t ia l energy

considerat ions, but the small FWHM and the s l igh t sh i f t of the posi t ion of

the maximum of these d i s t r ibu t ions indicates a shcrt contact time. Duo to

the increase of tne temperature, the FWHH of the mass r j is tr ibuticn of deep

i n e l a s t i c products increases with the bombarding energy. The mean t o t a l

Kinetic energy studifid as a function of the detection angle shows the in-

fluence of s t a t i s t i c a l f luctuat ions at backward angles. One also observes

for t h i s system that the relaxation time connected with ths mass asymme-

try degree of freedom is larger than the one associated to the energy

damping. Complete fusion cross sections measurements were also done at

183, 18S and 195 MeV which alloweo io araw the exci ta t ion function fc:

t h i s process. Calculations of the fusion cruss section using ths concept

of c r i t i c a l distance are in agreement with the data.

Universite l ib re de Sruxolles , Sruxolies, Balgique.
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RELATIVISTIC EQUATIONS-OF-MOTION CALCULATIONS OF HIGH-ENERGY HEAVY-ION
COLLISIONSt

+ * +
A. R. Bodmer , A. D. MacKellar , and C. N. Panos , Argonne National
Laboratory, Argonne, 111. 60439

When heavy ions collide at high energies it is reasonable to
treat the collision in a classical microscopic approximation. For
small impact parameters, the central densities produced during overlap
are high enough to produce significant correlation effects. Under
these conditions it is meaningful to treat the collisions with a clas-
sical microscopic equations-of motion approach. Nonrelativistic calcu-
lations have been made using this approach1'2). We have extended these
calculations to include relativistic effects to order v 2/c 2. The NN
potential is the sum of a short-range repulsion due to vector-meson
exchange and a longer-range attraction due to scalar-meson exchange.
The effects of retardation are then uniquely determined to order
v /c2 3). xhe parameters of the corresponding momentum-dependent
potential are adjusted to fit the empirical total sin2 9 weighted cross
section as a function of energy by the use of classical relativistic
two-body calculations. It is now necessary to calculate trajectories
by the use of Hamilton's equations. Initial distributions for the
individual nuclei have been prepared using methods similar to those
described previously1). We have made preliminary calculations of the
collisions of two nuclei, each with 20 nucleons, for specific initial
distributions for these nuclei and for laboratory energies of 117, 300
and 500 MeV/nucleon. Even at the higher energies the effects of
relativistic kinematics are rather minor, but the retardation correc-
tions then give large and repulsive contributions to the potential
energy when the two nuclei overlap appreciably. Central collisions are
explosive in character even for these rather light nuclei. The colli-
sions show a general similarity with the previously obtained nonrela-
tivistic results for 50 nucleons on 50 nucleons1).

+Also University of Illinois at Chicago Ci.rcle, Chicago, 111. 60680.
*Also University of Kentucky, Lexington, Ky. 40506
tWork performed in part under the auspices of USERDA, Div. of Physical
Research.

1. A. R. Bodmer and C. N. Panos, Phys. Rev. C15_(1977) 1342.
2. L. Wilets, E. M. Henley, M. Kraft, and A. D. MacKellar, to be
published in Nuclear Physics.
3. See, e.g. J. Stachel and P. Havas, Phys. Rev. Dl_3(1976) 1598, and
references cited there for Hamiltonian and Lagran^ian formulations
which are Lorentz invariant to order v 2/c 2, and involve only particles
interacting directly through potentials.
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REGGE PARAMETERIZATION OF QUASI-ELASTIC TRANSFER AMPLITUDES*
B. V. Carlson and K. W. McVoy, Department of Physics, University of
Wisconsin, Madison, WI 53706

Analyses of the partial-wave decompositions of a substantial
number of DWBA and CCBA calculations for heavy-ion-induced quasi-
elastic transfer reactions have clearly indicated that the ^-windows
for these reactions are dominated by Regge poles, i.e., by poles a'_
complex values of £. Consequently, starting from a suggestion by
Fuller,1 we have constructed a parameterized partial-wave decomposi-
tion for transfer cross sections, of a DWBA form, with the ^.-depend-
ence of the "radial integrals" given by the Regge-pole form

2 22/A2
(1)

This is an 8-parameter form, in which p^, pf and z (pole and zero
positions) are complex and c and L o real parameters; bs- is fixed at
150.

Least-square searches on angular distributions have produced ex-
cellent fit^ to quasi-elastic transfer data of both direct and multi-
step character. Fig. (1) shows a fit to2 ^8Ca(16O,15N)49Sc
(3/2~, 3.09 MeV), which is not fit by a DWBA calculation, presumably
because it is a multi-step reaction. Fig. (2) shows a fit to
74Ge(18O, 1 60) 76 Ge(2+, 0.56 MeV), whose unusual angular distribution,
according to the experimenters,3 distinctly shows it to be a multistep
process. The dip at 40°, in the Regge interpretation, is an inter-
ference between the surface waves generated by the two Regge poles.

^Supported in part by the National Science Foundation.

1) R. G. Fuller and 0. Dragun, Phys. Rev. Lett. 22_ (1974) 617.
2) D. G. Korar et al., Proc. of ANL Symp. on Heavy Ion Collisions,

April 1976, Vol. II, 645.
3) P. D. Bond, H.J. Korner, M.C. Lemaire, D.J. Pisano and C.E. Thorn,

BNL preprint, 1°77.
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GAMMA-RAY MULTIPLICITIES IN DEEP INELASTIC COLLISIONS AND COMPLETE
FUSION OF THE SYSTtr, ^ A r 197Au.
M.A. Deleplanque, C. Gersuiêl, M. Ishihara , C. Ngô, N. Perrin,
J . Péter, B. Tamaii, L. Valentin,
Ins t i tu t de Physique Nucléaire, B.P. n° 1 , 91406 Orsay, France,
and D. Paya, Y. Sugiyama,
DPhN/MF, C.E.N.-Saclay, B.P. n° 2, 91190 Gif/Yvette, France
and M. Beri anger, F. Hanappe,
Phys. Nucl. Expérim., Université Libre de Bruxelles, Belgique.

We measured the gamma-ray mu l t ip l i c i t y M associated with the
pairs of f ission fragments and D.I.C. products in reactions induced by
225 MeV Ar ions on Au. Two 3x3" Nal detectors in the reaction plane and
one out-of-plane detected the Y in coincidence with the products iden-
t i f i e d by the i r mass and kinetic energy.

Fusion-fission : The rate of i n i t i a l orb i ta i angular momentum
transferred to the fragments depends only on the shape at the scission-
po"nt. The elongation of the system at this point is calculated from
the measured kinetic energy ( I ) . The c r i t i ca l value of i n i t i a l I-waves
contributing to complete fusion is 68fi. That leads to calculated M =6.
The measured value is 8.5±1.5. The difference is due to the additional
in t r i ns i c angular momentum (8-I6T1) probably induced by the bending mo-
des.

Deep Inelastic Collisions : When the l igh t products are within
±15 mass units of the project i le mass, the average M is 7.5+1.5 and
the maximum of the yrast bump on the gamma-ray energy spectrum i ; loca-
ted at 3.2 MeV. I t is impossible to f i t these two values with the s t i c -
king hypothesis (M = 15, E = 0.7 MeV). As far as ro l l ing is concerned
thase values are coherent together, but too low i f we take incoming
angular momenta in the range 68 to 75fi as determined by ( I ) . This would
indicate a short contact time for the composite systems decaying at
this angle, in agreen.nnt with the observed non-complete kinetic energy
relaxation ( I ) .

*on.leave from I.P.C.R., Wako-Shi, Japan.

( I ) M. Berlanger, F. Hanappe, C. Ngô, J . Péter, B. Tamain, this confe-
rence.



Approximate solution of Schrodinger's equation in a rotating frame

Hans Feldmeier
Technische Hochscl.ule Darmstadt

A selfconsistent calculation for wavefunctions with axial symmetry in

a rotating coordinate frame can be achieved by allowing the single par-

ticle wavefunctions to be of the form

'"V (x"Z <-P } = M' (r Z^ £ ' * where

y (r,z) is a complex function and x (r,z,«) is a real function of the

Variation of f y AT. \ ± ^_ -* T' ,,

with respect to 'all ty ,g and f' yields equations for these quanti-

ties which depend on the two variables r and z only.

For example when we restrict ̂  to a single Slaterdetenrunant (TDHF) with

all s.p. wavefunctions having the same phase X' w e 9 e t f° r t n e common

phase

where y is the single particle density and w the angular velocity of the

frame which is perpendicular to the symmetry-axis (z-axis).

Variation with respect to T/J provides the usual TDHF equations in t

dimensions which are complemented by u rotational potential

Calculating the expectation value of L we get <^I_^ - ^ J T t 1 " ^ ^ ^

and we obtain for the moment of inertia "J_ = _L Z <Cu> t~ /"
 t*le I0111

independent expression

)f
The rotational energy turns out to be

which can be transformed using eq. {*) into

Calculations of heavy ion reactions have been performed in the TDHF

model using the above formalism. A more detailed discussion will be

published.



BARRIER TOP RESONANCES AND PARTICLE TRANSFER REACTIONS*
W. A. Friedman, Physics Department, University of Wisconsin,
Madison, WI 53706

It is recognized that particle transfer amplitudes are often
dominated by two poles in angular momentum (Regge Poles). Further-
more, it has been established that one of these is associated with
the entrance channel wave function and one with the exit channel
wave function. In a recent paper we suggest that these poles arise
from Barrier Top Resonances,! which yield il-poles whose real part
corresponds to the orbiting angular momentum (that & for which the
top of the angular momentum-Coulomb barrier coincides with the in-
coming energy). Such poles arise only when the internal absorption
is strong and they have widths determined by the barrier curvature
and imaginary potential at the barrier. They reflect the following
simplification: Partial wave distorted waves for strong internal
absorption see an effective potential which is essentially a one
dimensional barrier of approximate parabolic shape. The wave
functions for such potentials possess Barrier Top Resonances.
With strong absorption the distorted waves near the nucleus are
dominated by such resonances.

The Z-pole location (ZO,T^) carries much of the same informa-
tion as the channel optical potential, but it provides a more
efficient phenomenological parametrization.

Each inelastic channel has similar barrier top resonances.
When such channels are strongly coupled to the elastic channel the
wave function acquires new or effective pole positions. A phenom-
enological approach discussed in another contribution to this
conference capitalizes on this feature to fit differential cross
sections with an amplitude having two adjustable £-poles. DWBA
results require elastic barrier top locations. CCBA results
require slightly shifted pole positions.

*Supported in part by the National Science Foundation.

1. W. A. Friedman and C. J. Goebel, Annals of Physics 104 (1977)
145.

2. B. V. Carlson and K. W. McVoy, Contribution to this Conference.



The Collective Path in Adiabatic TDHF

K. Goeke, Inst. f. Kernphysik, KFA JLilich, D-517O Jlilich, West Germany

P.G. Reinhard, Inst. f. Kernphysik, Univ. Mainz, D-6500 Mainz, West Germany

Many large amplitude collective phenomena can be characterized by one

(or several) collective coordinate q = q(t) and the corresponding set of

many body wave functions |q>, i.e. the collective path. For obvious reasons

the path must be determined together with the collective mass, M Q(q), and

the collective potential, V (q), which can be achieved in the framework of

an adiabatic TDHF theory ' '. One performs ' a perturbation expansion of

ip = [W,pJ and of p = p for small velocities, i.e. p ^ P0(
cl) + PPj(q) +

2 2)
+ P P2(^) + ••• Sorting the terms according to orders of p leads to '

[Wo - 3qVQ,Po] = 0 M0(q) = i Tr(|po,Pl|3qpo) (1),(2)

[Wp + [yo.PJ.pJ = -i[5.Po]/Mo (3)

with Q,P given by 3 p = -i [P,p] and 3 p = i[Q,pJ. The p -equat"1" , which

has been omitted gives a criterion ' for the validity of ATDHF in that

= r p 2 ' p ol s n o u ^ ^e small

+ \ V̂o"1

with WQ = Tr(v[Q2»p]) and W Q Q = Tr(v[P>Q,P0] ). There are several methods

to solve eqs. (l)-(3) which correspond to standard procedures in solving

differential equations . (The p denotes the one body density matrix.)

References:

1) F. Viliars, preprint MIT, 1976

2) K. Goeke and P.G. Reinhard, preprint JLilich, 1977



CALCULATION OF DIFFERENTIAL CROSS SLCT1CNS FCR DEEP INELASTIC COLLISIONS

p. Grange and j. Richert

Laboratoire de Physique Nucleaire Theorique BP n°20 CRO 6 7037

Strasbourg-France

+ X
m. Berlanger , h. Hofmann and c. i'iga

Ir.stitut de Physique Nucleaire, BP n°1 91106 Clrsay, France.

As proposed in ref.1) we apply a Fokker Planch equation in phase space

of the collective degrees to compute cross sections for deep inelastic reac-

tions. In this approach, the distribution function for the collective degrees

is a gaussian entirely determined by their first and second moments. The

second moments which describe the statistical fluctuations of the collective

degrees are entirely determined by the first one due to the fluctuation dissi-

pation theorem. The first moments satisfy classical equations of motion includ-

ing a friction force. They can be described using a classical phenom.enological

model. Such an approach, already used in ref.2) allows to compute — ^ — where x
UOUX

i s the mass asymmetry degree of freedom. 3ut there, because each fragments are

kept spherical during the process, i t was not possible to quant i tat ively repro-

duce the energy loss and therefore • ° . We extend the model of ref.2) to
dodxcJE

the case where deformations in the exi t channel are simulated using ref. 3) for

the classical model. I t is then possible to compute absolute values of a l l quan-

t i t i e s concerning mass exchange and energy damping. In addit ion, repar t i t ion of

the spins of the fragments as a function of mass asymmetry is obtained which can

d i rec t ly be compared with y mu l t i p l i c i t y measurements.

1) H.Hofmann J P.J.Siemens, IMucl. Phys. A275 (1977) 464.

21 C.Ngo and H.Hofmann, Zei t . Phys. in press, see also H.Hofrrann and C.Ngo, Phys.

Lett . £5§ (1376) 37.

3) K. SiweK-Wilczynska and J.WilczynsKi, Nucl. Phys. A264 (1976) 115.

Universite Libre de Bruxelles, Bruxelles, Belgique.

Physik Department der technischen Universitat Mijnchen, D8046 Garching
B.R.D.
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CENTRAL COLLISIONS OF RELATIVISTIC HEAVY IONS IN NUCLEAR EMULSION

H.H, Heckman, H.J. Crawford, D.E. Greiner, P.J. Lindstrom and L.W. Wilson
Lawrence Berkeley Laboratory and Space Sciences Laboratory

University of California, Berkeley, California 94720 U.S.A.

We are carrying out an experimental study on the angular and

momentum distributions of fragments emitted from central collisions

between emulsion nuclei (AgBr) and heavy-ion projectiles 4He, lk>

and k °Ar at beam momentum 5.72Zg GeV/c, The criterion we have adopted

for a central collision is one that exhibits an absence of projectile

fragmentation, i.e., no beam-velocity fragments (Zp>l from **He interact-

ions, Z_̂ 2 from 1 ̂0 and "* °Ar interactions) are produced within 5 of

the incident beam direction.

Production angles have been measured for all fragments having a

restricted grain density g^2e • , corresponding to E^25O MeV/A for

singly charged particles. Range measurements have been made for

fragment ranges <A mm, equivalent to E = 31 MeV/A for protons (and **He).

The experimental data are analyzed in terms of the Maxwell-Boltzmann

distribution, from which estimates of the temperature x and longitud-

inal velocity 3II of the particle-emitting systems are made. The

principal results of the experiment, to date, are: 1) the angular and

momentum, i.e., range, distributions are, within the experimental

errors, the same, independent of projectile; 2) the fitted parameters

x and 6ii are small, typically 6-7 MeV and 0.01-0.02, respectively;

3) no single pair of parameters T and $., fit all data; and 4) the

angular and momentum distributions are smooth, void of structure,

486



DIr-SXPATION AND _T f I>.: NUCLEAR COLT.iTTiyE KODEL

Helmut itoimanr., Physik-Departnient, Technincho UnivorsitJit Kunchen,

f!o4 6 Garchiny, W-Gcrn'-uiy

In a previous paper it was shown how the cranking model for nuclear

colloction motion can be extended formally to treat dissipative processes

at finite temperature. This was possible by applying the technique used to

derive equations oi' motion for deeply inelastic heavy ion collisions'':

qnar.ir.tfitic approach for describing the intrinsic system and linear res-

ponce theory to compute the effective forces for the collective degrees.

As is well known, the <. ranking-model is an approximation which does

not describe the nuclear motion self-consistently. So the question way be

asked whether the friction coefficient is changed by requiring self-con-

sistency. A hint for the answer may be found for the mcdel case^of harmonic

vibratior s. For one collective degree Q the Hamiltonian reads: //-#• ji'Xwlt)r

If we explicitly allow for damped harmonic motion^the requirement ^-f> --C>U)

leads to a modified dispersion relation with complex frequency solutions.

In the low frequency limit the friction coefficient deduced in this way

is identical to the one for the cranking model.

The postulation of damped collective motion needs a careful discussion

of the meaning of irraversibility. The instiinsic excitation (due to collec-

tive motion) is primarily described by one particular response function:

A decaying behaviour of this function (indicating irreversible motion) can

be expected only for times •{-£• 3- << — . (Here d is an effective mean level

spacing and A. may be interpreted as a Poincare recurrence time.) Thus,

damped collective motion will be found only if a measuring device cuts off

the times c > — - or, what is equivalent, does not allow a separation of

the- intrinsic energy better than an uncertainty I. (For this discussion

we assume, that no other slow collective mode of the intrinsic system is

excited.)

The magnitude of d depends on the physical situation we are studying

and/or on the model for the intrinsic Hamiltonian H. . For some situations

p-h excitations might be sufficient (i.e. Hinfc can be represented by a shell

model Hamiltonian) for other cases residual two-body interactions will be

necessary to make the level spectrum complex enough,

1) H. Hofmann, Phys.Lett.61B(1976)423

2) For a summary and references to the original work see the invited

talk: "Dissipation and fluctuations within a macroscopic treatment

of heavy ion collisions"

by Ch. Ngo.
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FLUID DYNAMICS VERSUF TDHF

G. Holzwarth, Physik-Dept., Technische Universitat Miinchen

A set of fluid-dynamical equations for the motion of a

many-body system can be obtained by the requirement that at

all times the system can be described by one pure state (as

in TDHF) and on decomposition into phase and argument

^(x^. »xA/t) * *(x1...xA,t) exp i ^ S (x1...xA,t)

(* and S real) the phass S is restricted to single-particle

f O r m S(X]L...xA,t) - ?q>(xi#t).

In contrast to TDHF no assumptions about the correlations

present in * are necessary. The resulting fluid-dynamical

equations differ in basic respects from ordinary fluid dyna-

mics: The intrinsic energy density e defined through

<$H$> =Jpe d x

depends not only on the density p itself but contains impor-

tant contributions from integrals and gradients of p. On

the other hand, there is no dependence of e on parameters

which in ordinary fluid dynamics characterize the local equi-

librium ensemble. This fact has important consequences for

the selection of shock conditions if discontinuities occur

during motion of the fluid. Resulting compression ratios in

slab collisions are in close agreement with TDHF results for

c m . energies up to about 50 MeV/particle. Further compari-

son is possible for small amplitude vibrations where it turns

out that a non-equilibrium local momentum distribution in

the state <D is essential to obtain agreement with micro-

scopic TDHF (or, equivalently, RPA) results, while ordinary

fluid dynamics assuming locally a spherical Fermi surface

leads to drastic disagreement for L = 2 resonances.
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PION MULTIPLICITY DISTRIBUTIONS IN 2 GeV/NUCLEON HEAVY ION REACTIONS

B Jakobsson, R Kullberg and I Otterlurd, Dept of Physics, Univ of Lund,
Lund, Sweden. A Ruiz, Dept of Physics, Univ of Santander, Santander,
Spain. J M Bolta and E Higon, Inst of Physics, Univ of Valencia,
Valencia, Spain.

We have determined the charged pion multiplicity distributions in
2 GeV/nucleon 12c and 1 6 0 induced reactions in nuclear emulsions and
compared them to the expected distributions from an individual
nucleon-nucleon scattering model. By measuring the opacity with
photometers for all candidates of relativistic fragments and the gap

density of all other tracks we can obtain N E+ which is:
71"-

N S - Ns " (Zinc-"fr)
where N is the number of shower tracks (E <400 MeV) Z and

5 proton i nc
Zf r the charge of the beam respectively multiply charged relativistic
fragments.
The distributions for 0-H,CN0,AgBr reactions are shown in Fig.
1 together with the results from individual nucleon-nucleon scatter-
ing calculations. In the model we determine the P(v,n. ) probability

. i n c '
distributions (v=the number of

_ scatterings for a nucleon,
n- = the number of participating
incident nucleons) by a Monte-Carlo
and a Glauber calculation. The w±

multiplicity distributions in each
reaction step are determined from
experimental nucleon-nucleon cross
sections and phase-space generated
inelasticity distributions.
Furthermore Fermi motion and
corrections for changing N^t to

N^H- are introduced. Our conclusion

j from the discrepancies at large

I + is that there are indications

I of collective phenomena involved
in the pion production in heavy
ion interactions.

Fig. 1. ^-multiplicity distribu-
tions in 2 GeV/nucleon 1 60 indu-
ced reactions. Curves from indivi-
dual nucleon-nucleon model.
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Ne-W REACTIONS AT 3^0 MeV/NUCLEON STUDIED IN WIRE-LOADED NUCLEAR
EMULSIONS

B Jakobsson and I Otterlunc4, Dept of Physics, Univ of Lund, Lund,
Sweden.

We have used the combination of nuclear emulsions as 'tTi-detector
and wel l defined w i re- ta rgets to study the target and p r o j e c t i l e
fragmentation of 3^0 MeV/nucleon ^Ne-W reactions.x The f i r s t
resu l ts from dE/dx and angular measurements indicate that the da/dtt
d i s t r i b u t i o n s fo r the largely ion is ing part of the tracks (black
tracks - p ,d , t E i W MeV/nucleon + 'iHe, ^He E 5 310 MeV/nucleon
+ a l l heavier fragments) is well described by thermal emission from
a slowly reco i l i ng system in peripheral events. In central events
however the do/dtt d i s t r i b u t i o n is much more an iso t rop ic . An attempt
to expla in the complete d i s t r i b u t i o n of black prongs by thermal
emission + the f i r e b a l l model £2j also inc luding f i na l state
in terac t ions from the idea of simple coalescense of nucleons
gives reasonable agreement however wi th a somewhat too large forward
peaking compared to the experimental data.

y

The method of laminating two emulsions over a grid of thin wires
has been presented in Ref 1.

References

1 B Lindkvist, Nuclear Instr and Methods, 141 (1977) 5 H -
2 G D Westfall et a), Phys Rev Letters, 37 (1976) 1202.
3 H H Gutbrod et al, Phys Rev Letters, 37 (1976) 667.
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ASPECTS OF TIME-DEPENDENT CALCULATIONS FOR HEAVY ION COLLISIONS*

K.-K. Kan and T. Tamura
Department of Physics, University of Texas, Austin, Texas, 78712

First, we point out that a limitation exists in applying the time-
dependent Hartree-Fock (TDHF) method in collision processes, because
certain degrees of freedom can only be treated classically. Before
collision, where the two colliding nuclei have no interaction with each
other, this classical aspect manifests itself in the fact that the TDHF
wave function implies a wave packet for the relative distance between
the centers of mass of the nuclei, which has a time-independent width.
This is in contradiction with the well known fact of quantum mechanics
that a free wave packet spreads out in space as time evolves. We note
also the possibility that some other degrees of freedom may also behave
classically during the collision process, and they may lead to some
classical collective excitations in the final fragments.

This viewpoint affects our interpretation of the TDHF results.
In particular, it makes the analysis of TDHF final states in terms of
fully quantum mechanical stationary channel states unsuitable. Instead,
we propose the use of "s^mi-classical channel states" which incorporate
certain classical collective motions suggested by the behavior of the
fragment itself. Investigation is made of the construction of the
semi-classical channel states for one case of the one-dimensional slab
collisions calculated by Bonche et al.l)

The classical aspect mentioned above also implies the necessity of
going beyond the framework of TDHF, if a fully quantum mechanical cal-
culation is sought. Along this line, we investigate a time-dependent
version of the generator coordinate method (TDGC). In this method, the
wave function of the system will be free from any classical behavior
if the classical parameters involved are integrated out through the
generator wave function. Before and after the collision, this genera-
tor wave function is naturally in the form of a wave packet.

In a time-dependent calculation, one has to restrict the calcula-
tion to finite region of space and a finite interva1 of time. I- pre-
paration for further studies in time-dependent methods such as TDGC,
we therefore investigate the problem of extracting the cross section
from a wave packet in a scattering process, in the face of this finite
space time restriction. We find that even with this restriction, it is
possible to obtain the cross section if a plane wave packet is used
as the incident and _f the scattered part of the wave function is
calculated directly.

*Work supported by United States E.R.D.A.
1) P. Bonche, S. Koonin, and J.W. Negele, Phys. Rev. C13 (1976) 1226.
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EXACT CALCULATION OF THE PENETRABILITY FOR A SIMPLE TWO-DIMENSIONAL
* A A • A. A A; A. A200 PoPOTENTIAL-ENERGY SURFACE REPRESENTING THE REACTION 1 0 0Mo+ 1 0 0Mo

T. Kodama and R.A.M.S. Nazareth, Cen. Bras. Pesq. Fis., Rio de Janeiro
P. Moller and J. R. Nix, Los Alamos Scientific Laboratory

In a study of the effect of the multidimensionality of the true
potential-energy surface on the low-energy fusion cross section, we
calculate exactly the penetrability for a simple two-dimensional bar-
rier V(r,a). To be specific,

and
V(r,a)

V(r,cr)

Vo -

Vo -

if r > r,

if r < r.

Here r is the distance between the centers of mass of the two halves
of the system and a is the elongation of each half about its center
of mass. For the reaction 100Mo + 100Mo -*- 200Po our potential gives
correctly the differences in height (22.83 MeV) and in a (0.2143 Ro)
between the maximum in the one-dimensional interaction barrier and the
fission saddle point. For the true potential, stability with respect
to positive a-deformations is lost at a point where r is 0.231 R,,
larger and the energy is 9.82 MeV lower than for the maximum in the one-
dimensional interaction barrier. This feature, as well as the occur-
rence of two misaligned fission and fusion valleys are reproduced by the
simple potential V(r,cr). For this two-dimensional potential we deter-
mine the penetrability by calculating exactly the amplitudes of the re-
flected and transmitted waves. The result is given in Fig. 1 (solid
curve). The dashed curve is the result for the one-dimensional parabol-
ic fusion barrier. Because the
incident wave packet in the two-
dimensional calculation is on
the side of a steep hill near
the top of the barrier, the cal-
culated penetrability is sub-
stantially different from the
result for a one-dimensional
calculation. In particular,
10 MeV below the maximum in the
one-dimensional fusion barrier
the two-dimensional penetrabil-
ity is 101° times as large as
the one-dimensional result.
Also, for equal penetrability
the slopes of the two curves are
very different.

Figure 1

Work performed under auspices
of the U. S. ERDA. E-V0(MeV)
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ON THE SCATTERING THEORY OF DEFORMED ALIGNED

HEAVY IONS

H.-J. Krappe, Hahn-Meitner-Institut, Berlin

H. Massmann, Facultad de Cientias, Univ. de Chile, Santiago/Chile

Recent successes in producing beams of highly polarized l ight a lkal i
nuclei ' motivated the investigation of this new experimental tool to
determine heavy-ion interaction potent ia ls . As a function of the orien-
tat ion angles of the nuclear symmetry axis of a polarized, deformed 23fja
project i le we calculated the fusion excitation function and angular
distr ibution for e las t i c scat tering at energies s l ight ly above the inter-
action barr ier for the system 23Na+58Ni. For such fairly l ight systems
the nuclei are s t i l l well apart from each other at the interaction
bar r ie r . Therefore one can disregard the neck-formation degree of free-
dom and other polarization effects for distances larger than the in te r -
action radius. For the same reason the reaction cross section consists
predominantly of the fusion cross section.

As an adequate quantum mechanical description of this classical
picture we use the ingoing-wave boundary condition model2' with the
boundary radius somewhat smaller than the interaction radius. As the
boundary condition describes the disappearance of flux out of the e la -
s t i c channel in this model the interaction potent ial between the nuclei
can be assumed to be real . That reduces the number of free parameters
considerably compared to usual optical potentials. The remaining real
potent ial was derived from the generalized liquid-drop model3 ' , which
completely determines a l l free parameters. Classical trajectory calcu-
lations for the system under consideration showed that the angular momen-
tum transferred to the rotational degree of freedom of the project i le
i s only a small fraction of -ft for the ingoing part of the trajectory up
to the point of closest approach. Also the rotation angle of the symme-
try axis during the approach turned out to be only a few ceqrees. We
have therefore considered the rotor to be frozen in .

The numerical calculation of the fusion and e l a s t i c scat ter ing
cross sections showed that the polarization effect can be as large as
20 % and should therefore be well observable. I t depends on the quadru-
pole deformation as well as the diffuseness of uiie interaction poten-
t i a l and can therefore be used to check the assumed potential model or
remove ambiguities of conventional optical potential f i t s .

1) E. Steffens, IEEE Trans. Nucl. Sci. NS-23 (1976) 1143
2) G. H. Rawitscher, Phys. Rev. Lett. JL4_ (1965) 15O,-

Phys. Rev. _135_ (1964) 3605; Nucl. Phys. 85 (1963) 337;
3) H. J. Krappe and R. Nix, Proc. Third IAEA Symposium on Physics

and Chemistry of Fission, Rochester 1973, vol. 1 p . 159 (IAEA,
Vienna 1974).
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ON A GENERAL FORM OF THE MULTIPLE DIFFERENTIAL CROSS-SECTIONS IN
DEEP INELASTIC COLLISIONS BETWEEN HEAVY IONS.

Ch. LECLERCQ-WILLAIN

University Libre de Bruxelles, Physique ThSorique CP229,
Br<J du Triomphe, 3 1050 Bruxelles, Belgium.

In a recent paper, C 1 1 , we have derived the general form of the energy averaged "macrosco-
pic1'cross section for deep inelastic collisions (D.I.C.) between heavy ions on the basis of
semi-classical approximation. The coarse transition probability obtained by summing the energy
averaged microscopic cross-sections over all final f? channels which lie in a given interval
( OL r da-J of some measured macroscopic variables is

We have investigated the conditions for which this cross section is a function of probabilities
o n X v : „ i x „ r>

The average quantities "p (a), v(a) are defined from a Irheory which does not involve a detai-
led knowledge of the dynamics on the microscopic scale. Using the terminology of statist!. >1
mechanics, we assume to known a classical time dependent distribution function olo ' A , if , t )
of fc external macroscopic variables A and their conjugate momenta^(23 . If we introduce

J{- commutative observables JX<. 1t £ i.i TT; whose eigenvalues t'-tc represent the nacroscopic
quantum numbers used to define the coarse cells 'like the scattering ancle, the masses, the
charges «r excitation energies); the probability density to find the system asymptotically at
those values (a) is •

(/ , -J CJIf A is the deflection function 9t and -fi-i , the scattering angle (/ , -J CJT-A -«.I)
can Be written ît 9/v - tiai) using the classical relation 0^*-t'nrt'iLJ-ijt*.irl3.i withfa-o.
With the restriction to the scatteriny angle -A i = o. 11 one can write for the density probability
^(a.) and the classical approjdmation v (a) of v(a) in (2); the expressions:

t d l&, i, a.) , (4)

where the classical distribution function

*N iVolV H ( W ^ - (6)
The function vT (fl, 0' e?", t (a) in (5) can be obtained by the stationary phase approximation (£. p.A) .
and averaged over the inciaent beam energy. S.P.A. with sharp lower and upper angular momentum
cut-offs is used to represent the effect of a sudden onset of direct and compound r^actions,Ll2-

As it can easily be defined on the application forms [31 the average quant.ities P(t.\ ) and
\>* (o.) , are function of *;he initial impact parameter b; so that the final distribution is ob-
tained by summing ^11 contril-'itLians like (2) over the values of this initial impact parameter.
Using the hj values deduced from the classical relation § (°, °-i- -^ r ) =Tjcii_ whe*"e 9 C-,̂ -t -a^
is the mean classical deflection function '

I 1 ,, ̂  ^rirf(«»fi*.!.j .

one can write the multiple differential D.I.C. cross section on the form :

L

[1] K. Dietrich and Ch. Leclercq-Willain, L3L-581S, Dec. 1976,to be published in Ann.Phys.(N.Y;

C2 3 H. Hofmann ar.d P. Siemens, Nucl. Phys. A275 (1977) 464

C3) Ch. Leclercq-Willain and M. Baus-Baghdikian , ( $.) Contribution to this Conference.

Maltre de P.echerches au F.N.R.S., Belgium.
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SEMI-CLASSICAL ANGULAR,ENERGY AND MASS ASYMMETRY DISTRIBUTION

IN DEEP INELASTIC COLLISIONS C 2 )

Ch. LECI£RCQ-WILLAIN+ and M- BAUS-BAGHDIKIAN++

Universite Libre de Bruxolles, Physique Tf-.eor ique CP229,
Brc* du Triomphe, B 105C Bruxelles, Belgium

We apply the statistical thecry developed in I, Cll , to the calculation of the differential
scattering cross section of D. I.C. as a function of mass asymmetry, energy and scattering angle.

In (1.3) we introduce Lhe observables A < to define the scattering angle i? , the azimu-
thal angle *-f , the relative energy ^nd the mass of the liohtest ior.

A, sd.e., , _fLi = ̂ 4 t , SLi -r£ = ~eL—Y - «•» , - H v M , = AiL-^LL r a.H .

A- A., • ̂ t means the cotal ma^s number and v : Ai - At , the mass difference.
The density distribution function is defir.ed by :

oUe,f,a.) . J<^ d 9 t df^ A|.e<_ J*. «i|.x £(t)-0-O S (|>oa-tj , ^ ( - ^ 1 - 1 -
a j )

The distribution functions .ij are the Gaussian solutions of a F. P. equation with the assumption
that the relative motion and the mass exchange are statistically uncorreiated. Using (1), the
probability distribution (1.4) is

P t ( a / b ) = ( l » a j _ fJ'(M )'"• and the functions "J (.by,

9 !k'> !'a'k)< >- 't>). /5C ' kj are the first moments deduced from the classical
equation of motion with conservative and di33ipct.ivo forci-n [ 2 ] . fill the functions of
(a, ...c.( b ) in (2) arc expressions involving the second moments of the JLO distribution
and b moano the initial impact parameter,
The average classical angular function v (a,b) is obtained from (1.5) and (1).
In (2), the angular B jj t,Lrihution is centered at

Of'-.,-"f.l-). '^(M - ( Pt(-,b; - f* (Lj) P,'4.b; (3)

For a defined value of 9 (a,b) , the contribution to the differential cross section at the
scattering angle a. is : , .-. __

_
The main contributions are for impact parameter b^deduced from the relation t? ;Q.-•-°-i, K J =-n

For each ba value the classical angular function v"(ca)(1.5) is calculated with the class
cal limits f'Vfb-1-' *• tjj/i^) and {.*'((. k)»l>;*( )/*) in *-he integral over L - Summing all the
contributions like {A) , the D.I.C. multiple differential cross section is

-—s—— _ 2L \. dS r ^ > j vr^cyb;
I * £ J U I JAt c<j>-i cia-( vvv̂  ^ , ^ v 9 , l 3 /

W h e r e Gj.^ = 9 ( ^ ^ - 1 . ; a.oL e ;,, = J ( ̂- T >-2Alj .

These limits are repiaceu by G(b^) if the interval defined by two successive bj values
contains a rainbow tor b = b^
The expression (5) is equivalent to i1" * tj")A

The energy distribution for all possible final masses at a scattering angle a is defined by;

If we describe the angular distribution whatever the final masses and enci-gy may be, we use :

^1] Ch. Leclercq-Willain , Ccntribution to this Conference (I)

[2j H. Hofmann and P. Siemens , Hucl. Phys. A275 (1977) 464.

+ Maitre de Recherches F.N.R.S., Belgium.
++ Chercheur agree I.I.S.N., Belgium.
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COULOMB EXCITATION EFFECTS ON HEAVY-ION ELASTIC SCATTERING

W. G. Love .University of Georgia, Afheus, Georgia 30602
T. Terasawa, University of Tokyo, Tokyo, Japsn
G. R. Satchler, Oak Ridge National Lab.+, Oak Ridge, Tennessee 37830

We have constructed a polarization potential Up for the effects of
Coulomb excitation (CE) on elastic scattering. An adiabatic approxima-
tion is not used; indeed the real potential is negligible. Quadrupole
CE of low states is the most important; these give a potential of the
form ImUp(r) = -WpK(r)/r

5. K(r) is a local-energy correction factor
for the slowing down of the ions in the Coulomb field; Wp is propor-
tional to the B(E2) for the excitation. There are no adjustable param-
eters. The potential's validity was checked against exact coupled
channel calculations. As is well known, the absorption due to CE may
be very large for very heavy ion systems. For the examples in the
figure, Up was added to Woods-Saxon potentials Uo obtained!) by fitting
to elastic plus quasi-elastic data. The quasi-elastic contribution to
the reaction cross section is very large; for example Uo by itself pre-
dicts aA = 2.4b for ^Ar +

 238U
whereas Uo + Up indicates a^ = 10b.
Further study Is needed to see how
estimates^) of the contributions to
cr̂  of the non-quasi-elastic events
such as fusion and deep inelastic
will be affected by the presence of
strong CE. At small angles where
the nuclear potential is not felt,
the sum of elastic and CE cross
sections is closely equal to the
Rutherford cross section. This sug-
gests that fitting the sum of
elastic and quasi-elastic data may
be a reliable indicator of the re-
maining reaction cross section.
However, a simple classical super-
position is not valid at the larger
angles so that this procedure will
require some corrections.

Research supported in part by the
National Science Foundation.

Operated by Union Carbide Corp.
for U.S.E.R.D.A.

J.R- Birkelund, et al., Phys.
C13 (1976) 133.

Rev.

By acceptance a', t.'tis ar(ir,-lu. sJvj ^M;'*.:t •'<• -

recipient acknowledges tliu 'J.ij. Ouv;.. i,,n ,
right to retain a ,ion - :):•/(•.:.•:'.J. rc/^iry - •
license, in and to ury eep;vijji-.i covering
article.
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THE DEPENDENCE OF NUCLEAR ORBITING AND CHARGE EXCHANGE ON BOMBARDING
ENERGY IN THE ^ S m + 8 H r REACTION*

A. Mignerey, D. Raich, K. Wolf, R. Boudrie, Argonne National Laboratory,
Argonne, Illinois 60439

W. Schroder, J. Birkelund, J. Huizenga, University of Rochester,
Rochester, New York 14627

V. E. Viola, University of Maryland, College Park, Maryland 20742

The dependence of nuclear orbiting and charge exchange on bombarding
energy is studied using beams of 8ItKr ions at laboratory energies of
470, 595 and 720 MeV on a ltf£*Sm target. These energies correspond to
1.2, 1.5 and 1.8 times the Coulomb barrier, respectively. The angular
distributions of the projectile-like products show large cross sections
extending to small angles. This is consistent with orbiting or
"negative angle scattering" in the 720 MeV case. But the nearly con-
stant, large cross sections observed at low angles for the 595 MeV and
470 MeV cases are difficult to explain using the simple orbiting pic-
ture of Wilczynski.

It has been observed for projectile energies of 8.5 MeV/nucleon that
the variances of the charge distributions a| broaden with increasing
total kinetic energy loss, E|_OSS» and appear to follow a universal
curve, independent of projectile-target combination.1 The 720 MeV case
also corresponds to 8.5 MeV/nucleon ^ K r and gives values of a§ consist-
ent with the previous results. In these cases the relative ion
velocities v1 in the entrance channel are the same within 10%. The
surprising feature is that the 595 MeV and 470 MeV cases, which corre-
spond to reductions in v1 by 20% and 50% respectively, follow the same
universal curve, for exit channel energies well above the Coulomb
barrier. Using a statistical model, a| is a measure of the number of
protons exchanged in the interaction. Assuming the number of steps in
the nucleon exchange process is given by (A/Z)a|, values of 9 to 11 MeV
are derived for the energy loss per exchange A, for E|_oss from 10 to
90 Mel'. The apparent independence of A on relative velocity v1 is
consistent with an initial, fast mechanism involving energy dissipation
and mass transport, such as a rapid collective motion resulting in
formation of a neck between the two nuclei.

*Work supported by USERDA.
1. J. R. Huizenga, et al.3 Phys. Rev. Lett. 37 (1976) 885.
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POSSIBLE STATIC DEFORMATION EFFECTS IN 84Kr- AND 86Kr-INDUCED
REACTIONS ON TARGETS OF lf+ltSm AND 154Sm*

D. G. Raich, A. C. Mignerey, K. L. Wolf, R. L. Boudrie,* C. T. Roche
Argonne National Laboratory

W. I). Schroder, J. R. Birkelund, J. R. Huizenga
University of Rochester

V. E. Viola
University of Maryland

As previously reported1 there is an appreciable difference between
the angular distributions of products from Kr-ion induced reactions on
ltfi+Sm and 15*Sm. We have studied this apparent static deformation
effect at laboratory bombarding energies of 470, 600, and 720 MeV,
corresponding to 1.2, 1.5, and 1.8 times the interaction barrier. The
difference is most pronounced at the lowest projectile energy, where
the differential cross-section da/d0cm of krypton-like products at
angles forward of the grazing angle is nearly twice as large from
reactions on highly deformed 151tSm as from those on spherical ltflfSm.
The enhanced cross-section is associated primarily with reactions from
which the products are emitted at the relatively low (fully relaxed)
total kinetic energies typical of strongly damped collisions. We can
rule out the possibility that this effect is due to a fusion-fission
mechanism because the yield at very backward angles is, with both
targets, very small (ocf < 300 mb). Despite the difference in angular
distributions, the widths of the product charge distributions are the
same at a given center-of-mass deflection angle 0cm- The results are
interpreted in terms of interaction time differences in a nuclear
diffusion model, where 8cm gives a good indication of the interaction
time.

Although the angular distributions for both targets are more
similar at the two higher bombarding energies, in all cases the quasi-
elastic peak is lower, broader, and shifted slightly forward in angle
with a 15l+Sm target. A quantitative understanding of this effect, and
of the increased forward-angle yield at bombarding energies near the
interaction barrier, should yield information on the shape of the de-
formed nuclear potential near the nuclear surface. Since the wave-
length of the relative motion is small {X % 0.1 fm herei interactions
are calculated in a semiclassical model involving a deformed potential.
Appreciable orientation-dependent differences in the ion-ion potential
occur for a deformed nucleus relative to a spherical one, which
qualitatively explain the observed effects.
*Work supported by USERDA.
{Present address: Los Alamos National Laboratory.
'K. L. Boudrie, et at., Bull. Am. Phys. Soc. 21 (1976) 969.
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Equilibration in Relativistic Collisions

of Nuclear Matter.

J. Randrup and S.E. Koonin , NORDITA and the Niels
Bohr Institute, DK-2100 Copenhagen, Denmark.

In order to study the equilibration process in
relativistic nuclear collisions, we consider the
collision of two interpenetrating spatially uniform
systems of nuclear matter. For this case we derive
a Boltzmann-like equation which treats exactly the
relativistic kinematics and the exclusion principle;
the nucleon-nucleon scatterings are based on the ex-
perimental cross sections. This dynamical equation
is solved numerically for the evolution of the momen-
tum space distribution from disjoint target and pro-
jectile Fermi spheres to a single thermal distribu-
tion for bombarding energies of 250 MeV, 4 00 MeV, 1.05
GeV, and 2.1 GeV per nucleon. The spectrum of emitted
nucleons and their correlation are obtained as a func-
tion of the interaction time. The extent to which these
quantities reflect the equilibration dynamics is ex-
plored.

At early interaction times the primary nucleon-
nucleon collisions populate in momentum space a spheri-
cal shell connecting the two initial Fermi distributions.
This is a consequence of four-momentum conservation in
each binary collision. This structure is also reflec-
ted in the two-nucleon azimutal angle correlation func-
tion, which peaks strongly in the back-to-back direction.
As equilibration proceeds, subsequent binary collisions
degrade this early "shell" structure to a thermal dis-
tribution by filling in the hollow interior of the
primary shell. In concert with this process, the struc-
ture in the correlation function relaxes quickly. At
lower bombarding energies (E/A ^ 1 GeV), the spectra
of the emitted nucleons are therefore not very well
suited to probe the details of the dynamics. The time
required to reach thermal equilibrium is found to be
about 10 fm/c rather independently of the bombarding
energy although the results at higher energies are ex-
pected to change when meson production is included.

+) Permanent address: CalTech, Pasadena, Calif., USA.
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Unique Quantization of Adiabatic TDHF

P.G. Reinhard, Inst. f. Kernphysik, Univ. Mainz, D-6500 Mainz, West Germany

K. Goeke, Inst. f. Kernphysik, KFA Jiilich, D-5170 Jiilich, West Germany

The ATDHF theory ' provides a prescription for the classical

Hamiltonian 9C = p /2M +V of a large amplitude collective motion along a

collective path <x1-jq> and its dynamical generalization <x^|qp> = (1+ipQ)

<x-|q>. Assuming a grouping of the 3A coordinates x. into a collective

coordinate Q and intrinsic coordinates £• one defines ' the quantized

collective Hamiltonian H as that quantity which remains after averaging

over all E.^:tc(p,q) = /dQ<pq|Q>Hc(Q,P)<Qjpq>. The <Q|pq> must have the

structure <Q|pq> = (l+ipQ)<Qjq> so that we can determine <Q|q> by identi-

fying the moments /dxi<q|xi>Q
n<xi|q> = /dQ<qjQ>Q

n<Q|Q>. If <Q|q> are

Gaussian with a width 6. then one can defold ' X obtaining e.g.

H = fP „ + P P + „„ p "1 + V P = -i .Ac 7 ** 2M M 2M •* dO

V = Vo ~ Jl Vo "

The M = M and the correction terms in (2) correct for the zero point

motion. Eq. (1) is by 110 means an assumption. One can choose any other

kinetic energy which would just give rise to additional subtraction terms

in (2). The Q is explicitly provided by ATDHF1).

Reference:

1) K. Goeke and P.G. Reinhard, peprint Jiilich, 1977, and these proceedings
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INCLUSION OF CORRELATIONS TO THE TDHF-METHOD
P. Schuck, Institut Laue-Langevin, Grenoble, France

It is well known that the TDHF equations correspond to the collisionless
Vlassov equation. We want to show here how one formally can include
collisions and correlations in the case of nuclear physics. We start out
from the exact equation of motion for the density matrix:
4-pt , = (2i_£l

2
) pt 1 E w <D| eiHt + + e"iHt|D>

6tKpp' V2m 2m / Kpp' 2 P^P 3 PP1P2P3 P P f ^ P2 '

- I E <D|e f f l t/ / * i> e"iHt |D> W
2 Plp;ft P2 p3 pI P P3 P2 P2 P

with p ,= <D|exp iHt ^ ,^ exp-iHt|D> and w the anti-symmetrized two
body interaction. The initial state |D> is possibly the solution of a
static HF calculation and in any case not the exact wave function; p wou-
ld otherwise be time-independent since the exact Hamiltonian H of the
system is supposed not to be time-dependent. Assuming that the exact ev-
olution of the wavepacket 1ij;(t)>=e~lt*t |l)> can be approximated at all ti-
mes by a Slater determinant reduces eq.(l) to the usual TDHF equations.
The question how to go beyond this approximation can be answered in int-
roducing the one body Green's function Gt ^ = -I<D|T{I[I (t)^T T(t')} |D>
where the time-dependence of the operators is determined by che texact
Hamiltonian and the relation with the density is p^ ,=-i, ,lim G^ I
The difference to the usual is the fact that " P P t-t-H-0
this Green function is no longer translationally invariant with respect
to time because we are dealing with wavepackets. Nevertheless it can be
shown that one can derive a Dyson equation

(w-p /2m)Gt l, = 6 ,6(t-t') +Z +7dt. MC ^ Gt]ti with a mass oper-
PP PP Pj-oo I PP, P,P

ator not translationally invariant in time but otherwise defined in the
same way as its invariant counterpart; the only difference being that
the usually static quantities like single particle energies and densities
depend now on time. The lowest order part of M is given by the time-
dependent HF potential. The generalized equation of motion for the
density is then given by

i|_ pt (P
2
/2m _ P'

2/2rn)p S + Z /dt, [M"l G^T - G"l M V
fit K p p ' /Hppf Pj I L PP, p,p' pp, p,p

where t+ = t+0. The above equation is in principle an exact equation and
is besides the fact that all quantities are not translationally invariant
in time the same as for example the one derived by Kadanoff and Baym-
We are now in a position to derive approximations which go beyond TDHF
in applying the usual many body formalism; for example from the second
order contribution of the mass operator we can derive a Boltzmann coll-
ision integral and arrive at the equation i p - |_H (p),pj= I(p) .
Besides the Boltzmann collision integral generalizations of it as well
as all other current approximations for the mass operator as for example
particle vibration coupling are conceivable.
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ENERGY DISSIPATION IN FISSION
»'« is

H. Schultheis and R. Schultheis , Inst. Theor. Phys.,

Univ. Tubingen, D-74 Tubingen, W. Germany

The dissipation of energy in fission has been studied in a

number of different approaches with contradictory results.

In this work we derive limiting conditions for the internal

excitation energy at scission by relating the potential

energy of the system to the experimental post-scission data.

Numerical results have been determined for the spontaneous
252fission of Cf and for the thermal neutron induced fis-

235
sion of U by taking into account a two-spheroid scission

configuration with diffuse surface, nuclear interaction and

Coulomb excitation effects. The results indicate low dissi-

pation. The internal plus non-translational collective ex-

citation energy at scission is found to be at most 8 MeV.

The figure shows the cal-

culated upper bounds X

of the internal plus vi-

brational plus rotational

excitation energy per

fragment pair at a number

of separations d between

the half-density surfaces

of the fragments. With in-

40

35

25

max
creasing separation X

approaches the total

fragment excitation energy
ft

Eexpf

Supported in part by the Bundesministerium fur Forschung
und Technologie

present address: Department of Physics and Astronomy,
University of Maryland, College Park, Md. 20742
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MANY-NUCLEON CORRELATIONS IN 2S

5': it

H. Schultheis , R. Schultheis and K. Wildermuth, Inst.

Theor. Phys., Univ. Tubingen, D-74 Tubingen, West Germany
ii A

A. Faessler " and F. Griimmer, IKP, KFA Julich, W. Germany
32

Long-range many-nucleon correlations in S have been stu-

died using soft-core potentials (Brink-Boeker B.. and Volkov

V-) and alpha-particle-model wave functions. The energy has

been minimized by restricting the cluster positions to con-

figurations with substructures like 0- 0, 0- C-ot

and a - 12C - 1 2 C - a.

We find two separate valleys in the potential energy land-

scape that are associated with different types of correla-

tions in the wave function and two local energy minima that

are analogous to the ground state and isomeric state of ac-

tinide nuclei: The minimum at larger deformation (i.e. lar-

ger quadrupole moment and larger rms radius) is associated

with an 0- 0 "fragment" substructure whe-aas no such
32

substructure is found in the ground state minimum of S.

A transition from one valley to the other is energetically

favourable already for small deformations. The correspon-

ding rearrangement between the ground-state type of wave
1 6 1 fi

function and the 0 - 0 wave function occurs rather ra-

pidly: It is associated with only small changes in the

quadrupole moment and rms radius.
Supported in part by the Bundesministerium fvir Forschung
und Technologie

is
Present address: Department of Physics and Astronomy,
University of Maryland, College Park, Md. 20742

it it

Present address: Department of Physics, State University
of New York, Stony Brook, NY 11794
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THE CONTINUUM IN HEAVY-ION REACTIONSt
D. K. Scott, M. Bini*, C. K. Gelbke, D. L. Hendrie, J. L. Laville**,

J. Mahoney, M. C. Mermaz***, and C. Olmer
Lawrence Berkeley Laboratory, Berkeley, CA 94720

Heavy-ion reactions are often dominated by the excitation of the
continuum. At low energies (̂ 10 MeV/A), the continuum is attributed to
direct or multistep reactions,1) which develop from quasi-elastic to
deeply-inelastic processes depending on the degree of equilibration2).
Peripheral collisions at relativistic energies also lead to a continuum
which has been explained as projectile fragmentation3). We have
studied the transition between these extreme viewpoints by reactions of
1 60 on 208Pb at energies up to 20 MeV/A and we have compared these re-
sults with data3) at 2.1 GeV/A.

The energy spectra at 20 MeV/A and 2.1 GeV/A are dominated by the
Fermi motion of the fr ^ment in the projectile. However it is not pos-
sible from the energy apectra alone to distinguish between a fast
liberation of the cluster and a slow decay of the excited projectile"*).
Both the spectra and the isotope yields are consistent with emission of
a fragment at a temperature between 7 and 8 MeV, which is close to the
separation energy of a nucleon. Higher temperatures would lead to an
explosion of the fragment. At energies below 10 MeV/A, temperature has
also been a useful concept for understanding yields of isotopes emitted
from a partially-equilibrated dinuclear system5). Temperatures of
2 MeV are typical, varying with incident energy as t^oFVCouT- ^3ur

results suggest that, between 10 MeV/A and 20 MeV/A, the variation with
energy is more rapid or that the dominant reaction mechanism changes
abruptly. The temperature approaches 7 or 8 MeV at 20 MeV/A, with
little subsequent change at relativistic energies. This approach to
the continuum energy spectra could be a useful means of studying the
evolution of the reaction mechanism.

Work performed under the auspices of the U. S. Energy Research and
Development Administration.

1) K. Katori, T. Ishigami, and M. Toyama, Symposium on Macroscopic
Features of Heavy-Ion Collisions (Argonne 1976) Vol. 2, p. 625.

2) J. Wilczynski, Phys. Lett. 47B (1973) 484.
3) D. E. Greiner, P. J. Lindstrom, H. H. Heckroan, B. Cork, and

F. Bieser, Phys. Rev. Lett. 3f> (1975) 152.
4) A. S. Goldhaber, Phys. Lett. .53B (1974) 306.
5) V. V. Volkov, Sov. J. Nucl. Phys. £ (1976) 420.

NATO Fellow, on leave from University of Florence, Italy.
**

On leave from CNRS, Caen, France.
On leave from CEN, Saclay, France.
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Theory of Strongly Damped Collisions with Transfer as a
Random Process

*
A. Sherman and D. Sperber , Rensselaer Polytechnic Institute,
Troy, New York, M. I. Sobel , Brooklyn College, Brooklyn,
New York and J. P. Bondorf, Niels Bohr Institute, Copenhagen.

The purpose of this model is to suggest a dynamical model
for heavy ion collisions which incorporates the effect of the
considerable transfer, as observed experimentally. Previously,
transfer and dynamics have been studied independently. Presently
the transfer is included as a random process. During the time
target and projectile interact strongly transfer with a probability
of 1/2 in both directions is allowed at specified time intervals.
If there is no transfer the integration of the equation of motion
continues, if transfer occurs the potentials are adjusted and
the integration continues. The equations of motion are integrated
many times for a number of impact parameters. Even for one
impact parameter the random transfer leads to a distribution
of the scattering angle, mass, charge and final energy. The
effect is enhanced when many impact parameters are included.
Very good agreement is obtained with experiments^2) of ^Q
RAMM group for Kr + Bi at 600 MeV and Xi + Bi at 1130 MeV.
The feedback of the transfer on the dynamics is demonstrated.
A comparison with diffusion theory is made. The effects of
correlations and isospin equilibration are discussed.

Supported by United States Energy and Development Agency

Partially supported by a grant from the City University
and a NATO Fellowship.

1) K. L. Wolf et al. Phys. Rev. Lett. 33, 1105 (197*0.

2) W. U. Shroder et al. Phys. Rev. Lett. 36, 51^ (1976).
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ANALYSIS OF RELAXATION PHENOMENA IN DEEPLY INELASTIC HEAVY
ION COLLISIONS*^

G. Wolschin and W. Norenberg

Institut fur Theoretische Physik der Universitat and
Max-Planck-Institut fur Kernphysik, Heidelberg

The transfer of mass, as well as the dissipation of relative
kinetic energy and relative angular momentum in deeply in-
elastic heavy ion collisions have been studied as functions
of time. Angular momentum dependent mean interaction times
are calculated in a classical model. To determine the angle
of rotation of the composite system, a parametrized deflec-
tion function is constructed from the experimental angular
distribution via the classical relation .between the cross-
section and the deflection function. Both energy and angular
momentum dissipation as inferred from the experimental
energy loss are taken into account in the calculation of the
interaction time. The model is applied to determine mass
transport coefficients from experimental mass, or element
distributions* The resulting mass drift and diffusion co-
efficients V£ ,DA are accurate within less than 30#. They
compare well with the systematics obtained from the micros-
copic transport theory (17, as well as with other recent
experimental results [2,3j. The experimental relation be-
tween energy loss and variance of the element distribution h
is used to determine both the rate of kinetic energy, and
angular momentum dissipation (5j «

1 W. Norenberg, Z. Physik A27*»( 1975)21*1 and A2J_6( 1976)81*
S. Ayik, B. Schurmann and W. Norenberg, Z. Physik A277
(1976)299 and A279(1976)1U5

2 L.G. Moretto and R. Schmitt, European Conference on
Nuclear Physics with Heavy Ions, Caen (1976),
J. Phys. C5(1976)1O9

3 W.U. Schroder et al., preprint 1977
It J.R. Huizenga et al., Phys.Rev.Lett. 37(1976)885
5 G. Wolschin and W. Norenberg, Proc. Int. Workshop on

Gross Properties of Nuclei and Nuclear Excitations V,
Hirschegg 1977 and Z. Physik, to be published

+ Work supported by the "Gesellschaft fur Schwerionen-
forschung", Darmstadt, and by the "Bundesministerium
fur Forschung und Technologie", Bonn.
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S. Yamaji, K.H. Ziegenhain, H.J. Fink, W. Greiner

Institut fur Theoretische Physik, Universitat Frankfurt, Germany

W. Scheid, Institut fur Theoretische Physik, Universitat Giessen, Germany

The mass transfer in heavy-ion collisions can be treated with the col-

lective fragmentation coordinate which is defined by the ratio of nucleon

numbers n=(A1-A2)/(A1+A2) when the nuclei are seperated. When the nuclei

overlap, the coordinate becomes continuous and is defined by the ratio

n=(V^-V2)/(V1+V2) of nuclear volumes. The Hamiltonian for the scattering

of two nuclei contains the kinetic energies of the relative motion and

mass transfer motion and the potential V(R,n) which is depicted in Fig.1

for A=476 nucleons. The potential is assumed to depend on temperature

which smoothes the shell effects out (dashed curves in Fig.1). The rela-

tive motion is treated classically whereas the mass transfer probability

is computed with the wave function i|»(ri,t) solving the time-dependent

Schrodinger equation which depends on the relative coordinate It(t). In

Fig.2 we present the time evolution of the U- U scattering for vari-

ous sharing ratios f of the thermal excitation energy to the energy loss

in the radial motion which is caused by friction. The times T are given in

units of 1o sec. For small values of f an appreciable amount of mass

is transferred to the region of superheavy nuclei (n»o.3).

740|- V(R.q) iMeVl

735-
EtH-ra0M(V, C,-50 -

L-200fi , b=247fm

0.2 ~ 0.3 q 0
Fig. 2

0.2 r\ 0.3
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SCHROEDINGER EQUATION OF A DISSIPATIVE CRANKING POTENTIAL
Kunio YASUE

Department of Physics, Nagoya University, Nagoya, Japan

Recently the cranking model has been brought into new
consideration by Hofmann ' with the aim to approach to nu-
clear dissipative phenomena such as heavy-ion collisions.
He derived a thermodynamical equation with respect to the
shape of a mean nuclear potential caused by the cranking
model as follows:

m(Q,T)Q = -("ff)T -r(Q,T)Q, (1)

where Q(t) characterizes the shape, F=F(Q,T) denotes a
free energy of the system, T a temperature of the system
and m and V represent "inertia" coefficient and "friction"
coefficient respectively.

However, Eq.(l) is purely classical, so that it seems
desirable for us to derive its quantum theoretical version
in order to treat such nuclear phenomena. Since the system
is dissipative, the conventional procedure based upon the
Hamiltonian formalism is not possible„

Hence, following the stochastic quantization method
used in our previous papers ' , we can derive the corre-
sponding non-linear Schrbdinger equation

under the assumption that m and T are slowly varying vari-
ables, where I/' = i/^Qjt) denotes a probability amplitude
a n d * Planck's constant divided by 27C »
References 1) H. Hofmann, Phys. Lett. §]_ B (1976) 423.

2) K. Yasue, J. Stat. Phys. 16 (1977) 113«
3) K. Yasue, Phys. Lett. 64 B (1976) 239c
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POLARIZATION OF NUCLEAR WAVE FUNCTIONS IN HEAVY ION REACTIONS
L. A. Charlton, G. Delic, N. K. Glendenning, K. Pruess

Lawrence Berkeley Laboratory, Berkeley, CA 94720

Most direct reactions between heavy ions can be interpreted in
terms of a transition between shell model states of the isolated nuclei
with the transition amplitude calculated in DWBA or, when important
multiple step transitions through low-lying collective states are
important, in CCBA. There are some ex-
perimental measurements however that can-
not be so interpreted.1) They exhibit
a systematic discrepancy with the three
features, 1) for weakly bound states the
angular distribution is shifted toward
smaller angles than expected, 2) the
shift grows with decreasing binding for
a sequence of levels in the same nucleus,
3) the magnitude of the shift decreases
as the bombarding energy increases.
These three features are expected if the
weakly bound state is modified by thj
field of the other nucleus.2) To assess
whether the magnitude of the effect pro-
duced by such a wave function polariza-
tion is comparable to that observed, we
have employed the two-center shell model
to generate polarized states3) in 209Bi
as a function of distance of the polar-
izing nucleus B. Transitions to these
states are computed in DWBA. The trend
of growing shift with decreasing binding
is reproduced as is the approximate mag-
nitude of the shift CVL5O). The calcu-
lation can be understood as the lowest
order approximation to a dynamical
process involving transitions through
a large number of high-lying states in
the Bi nucleus. )

Fig. 1. Cross sections
to a sequence of states
showing systematic growth
of discrepancy of DWBA
(dashed) and improvement
due to polarization cf
the wave function.

1) K. S. Toth et al., Phys. Rev. C14, (1976) 1471.

2) G. Delic, K. Pruess, L. A. Charlton, and N. K. Glendenning, Phys,
Letters (in press) and Argonne Symposium on Macroscopic Features
of Heavy Ion Collisions II (1976) 723.

3) P. Lichtner, K. Pruess, this conference.

4) K. Pruess, this conference.
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CALCULATIONS OF SINGLE PARTICLE POLARIZATION

USING A REALISTIC TWO-CENTER SHELL NKJDEL

P. Lichtnsr, University of Maryland, College Park, I'IU. 207^2, ana

K. Pruess, Lawrence Berkeley Laboratory, Berkeley, Ca. 9U720.

It has bsen proposed recently that, in "slow" nucleus-nucleus collisions,

the single particle states which participate in quasielastic reactions

will "be modified or polarized due to the proximity of the approaching
1) 2)

niicleus and its force field. " 'We have estimated the time evolution

of polarization within a simple two-state approximation and have found

that typical direct interaction times often allow for strong polariz-

ation to devslop. Extending ths wo.-k of ref. 3) we have investigated the

polarization of single particle states in the adiabatic (- static nuclei)

limit, using a realistic two-canter Woods-Saxon potential.

An example of our results is dis-
100

10

I
P(%)

10"'

10'

10'

10

Id V2 2\ Mi

A - Li-

-40 -30
.J.J.
-20 -10 0
E ( MeV)

playr.'d in the figure. Ii shows the

polarization of neutron states in

the system 4°Ca + 0 (IL = l/2-

components; il is the projection

of angular momentum on the inter-

nuclear line) at grazing distance

R = 10 fm. The polarization is

here defined as the total proba-

bility of the non-asymptotic

co:)iponents.

The polarization is seen to generally increase with decreasing binding.

Superimposed on this trend are resonance effects, when two levels in

the colliding nuclei are close.

References.

1) K. Praess and P. Lichtaer, Nucl. Phys. A26g( 1?76)252.

2) G. Delic, K. Praess, L.A. Charlton. and N.ff. Glendenaing, in press
in Phys. Lett, and preprint LBL - 507^.

3) K. Praess, Nucl. Phys. A278(1977)12^.
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ADIABATIC APPROXIMATION FOR TWO-STEP PROCESSES IK HEAVY-ION INDUCED TRANSFER REACTIONS.

K. Pruess, Lawrence Berkeley Laboratory, Berkeley, Ca. 9V/2O.

Rearrangement reactions involving; polarized single particle states can be viewed as

indirect processes via a large number of excited intermediate states, each of which

contributes weakly and coherently. Restricting ourselves to two-step processes the

amplitude for any one of the indirect transitions can be written in a rather obvious

notation as

a. and (5 denote entrance and exit channel partitions, respectively, and other quantum

numbers. For one-nicleon transfer the intermediate internal raotio.i state %• differs

L in that the transferred nucleon is in an excited state (bound or unbound)

with energy £pi. Go, - (Ei, - Ho) is the Green's operator for the intermediate

channel P' in which the relative motion energy is E, = E - £„>. Ho -- T-+ UB is the

optical model Hamiltonian appropriate for the exit channel. Round brackets indicate

integration over internal coordinates.

p Q

T may be decomposed into two parts, T = T + T , by inserting an identity operator

in the form i. = P + Q to the left of Gp, into eq. (l). P is a projection operator

which is expressed in terras of eigenstates |E.,A> i*-' He and is chosen to contain

o.ily states vith (adiabaticity condition)

lEi " V < l£p-£p«l (2)
(+) p

Expanding Gl1, in a straightforward way T can be written in the form of an "adiabatic

series"

The zeroth-order term (n=0) is the adiabatic or static limit. It has the form of a

one-step transfer amplitude to a "polarized"state with the polarization amplitude

identical to the familiar expression obtained in first order stationary perturbation

theory. Higher order terms are small and converge fast if the (local) momsntum in
(-) A

X« is ^mall and/or if the matrix element (9ftiVJ<L) varies slowly as a function of

the relative motion vector r«. Numerical examples show that V« preferably induces

transitions with small momentum exchange. Hence the cutoff eq. (2) is not severe for

many relevant intermsdiate states, and x as given by eq. (3) may actually often be

a good approximation for the whole T,
References.

1) K. Pruess, Kucl. Phys. A2j8(l977)l21+.
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