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ABSTRACT

This report documents the results of tests of accuracy performed on
Fortran library functions corresponding to: version 3.0 (PSR 326) of
the Fortran Extended Library and version V327 of the CDC 6600 SCOPE
3.3 operating system; version 4.6 (PSR 439) of the Fortran Extended
Library and the NOS operating system; and version 4.6 (level 420) of
the Fortran Extended Library and level 221C of the 7000 SCOPE 2.1
operating system, It is emphasized that corresponding routines of the
same name in different libraries may--and often do--yield different
results, so that those reported apply only to the particular system on
which they were obtained. They are not intended as endorsements or
criticisms of the CDC routines lested, but as information for users of

Sandia Laboratories 6600/7600 computer systems.
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ACCURACY OF CDC 6600/7600 FORTRAN
LIBRARY FUNCTIONS

1. Background

A prototype program for experimentally measuring the accuracy of a single precision func-
tion by comparing values of that function with values of a corresponding double precision function
was developed by one of the authors in 1967 and 1968. That program provided useful results but
because it contained assembly language subroutines and other highly machine-dependent character-

istics, it would run only on the Univac 1108.

The authors then collaborated to write a more flexible and general program with machine-
dependent characteristics parameterized and localized. The result is an all Fortran program
which has been easily converted and run on several different computer systems despite the machine-

dependent nature of some of the computations and a few deviations from ANSI Fortran.

The program used to obtain these test results is described herein only in enough detail to
explain the methods used and thereby to enable the reader to understand the results. The program
was designed primarily for use by the authors and is largely undocumented. However, the program
has other applications and is not terribly difficult to use. For completeness, a microfiche listing
of the program is enclosed inside the back cover of this report, but interested readers should

consult the authors.



2. Overview of Test Procedure
2.1 Test Setup

The setup for testing functions on a computer system consists primarily of defining machine
description parameters, a pair of corresponding function subprograms for each test, and a set of
test descripﬁon parameters for each test. The machine-dependent parameters are defined in the
main program -CRACK., The function names and the test description parameters are defined in

subroutine TESTER (or in subroutines called by TESTER).

The machine description parameters arc:
BASE - the base of the machine's number system
NDIGIT - the number of significant digits in a real (siugle precision) value

NBITS - the equivalent number of significant bits in a real value.

The pair of corresponding functions are, generically:
RFUN - the single precision function being tested
DFUN - the double precision function used for comparison. -

The test description parameters are described in Section 4.

Because of the different valid ranges of arguments on different computer systems and the
different functions that are available, TESTER is a machine-dependent (but standard) Fortran
subroutine. Since we are measuring the ageuracy of 11 librany functions here, our veraion of
TESTER gimply calls 11 lower level subroutines that define parameters and call TABLES and
GRAPHS (see 2.2 Test Processing). |

, The CDC Fortran library has no double precision functions corresponding to TAN, ASIN,
ACOS, and TANII. We have written DTAN, DASINT, DACOST, and DTANHQ to provide double
precision function values for testing the library., For the other single precision functions we have

used the correéponding double precision functions in the CDC library for comparison.

2,3 Test Processing

Two key subroutines evalyate the test functions i the tést arguments, tabulate or plot the
errors, and write out the results. .Subroutine TABLES writes five sets of tabulated results on units
1 through 5._ Subroutine GRAPHS writes printer plols on unit 6, TABLES and GRAPHS independ-
ently generate NUMFUN argument values (RA) and function values:

RV = RFUN (RA)
DA = RA
DV = DFUN (DA).

Each pair of corresponding function values (RV, DV) is compared to measure the error in RV. The

accumulated errors are written out in the form of statistics, tables, and plots.



2,3 Test Output

The test description parameters and overall test statistics are tabulated and written on unit 1.
The number of comparisons with a given difference in the coefficients (see 3.4) is tabulated and
written on unit 2, The number of comparisons requiring a given number of bits to represent the
difference in the coefficients is tabulated and written on unit 3. All detected gross errors (see 3.3)
are written on unit 4, The 25 largest observed errors in each test are wri&en on unit 5. A printer

plot of accuracy for each test is written on unit 6.
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3. Method for Measuring Accuracy

3.1 Introduction

We approach the question of accuracy of a function by measuring the error (as we will define
it) at a relatively small number of argument values. By using some care in selecting the arguments
so that we probe the function in neighborhoods that we helievc m.'e likely to be critical, we believe
that we are able to obtain a generally 'reliable picture of the accurécy of that function. To fneasure
the accuracy at any given argument value, we compare the values of two corresponding functions ‘

evaluated at that argument.

A single precision function and a corresponding double precision function are evaluated at
the same value of the argument. The double precigion function value is cunvefted to single pre--
clsion to give a "true'' single precision value for the function. The "accuracy' of the single pre-

cision function is measured by comparing its value with the ''true'’ value,

A nonzero difference between the two single precision values guarantees that at least one of
the values is in error. However, the ''true' value is.not necessarily correct to full single pre-
cision and even could be in error by more than the error in the single precision function being

tested. Both values could be in error by an amount much greater than thc difference between them.

We will make the plausible supposition that the error in the ''true' value is less than the
error in the single precision function value (and usially smaller by at lea.sl'r. a factor of two) so that
the difference hetween Lhe single precision value and the "true' value indicates the order of mag-
nitude of the actual error in that single precision function value. The errors we report here are

obtained using this assumption,

We have sampled the accuracy of 11 single precision library functions using several distri-
butions, each with 1001 arguments, for each of the functions. This gives a general picture of the
accuracy of those functions. It is possible that there exist much larger errors than those which
we have observed, Samples made using 5001 arguments yielded a few somewhat larger errors
and, of course, required five times as long to run without providing much more information.
Applying additional brute force to obtain a more precise determinatlion of acéuracy is not very

productive.

Additional knowledge of the accuracy of these functions might be obtained by thoroughly
analyzing each computational procedure but that is beyond the scope of our work. In cases where
precise knowledge of accuracy is extremely impdl-tant, additional, independent tests would be in

order,



3.2 Validity Checks on Function Values

The single precision function value and the "true' value are checked for validity. On the
CDC 6000/7000 systems we use the LEGVAR function to detect infinite and indefinite forms which

are invalid at least as far as performing additional computations on them.

A less machine-dependent concept is that of normalization. A nonzefo value is said to be
normalized if the leftmost significant digit is nonzero. We attempt to detect unnormalized values
by making assumptions about the internal machine representations of real and integer forms in
Fortran. We assume: '

(1) That a positive integer is represented as a right-justified string of digits with

zeros at the left, .
(2) that a positive real value containing NDIGIT digits of precision is represented
by an exponent followed by those NDIGIT digits, and
(3) that through nonstandard use of EQUIVALENCE we can operate on a real
value as an integer.
Thus, we assume that a positive real value V is represented as
v=X...XYD...D,
where X ., . . X is the exponent, and YD , . . D are the significant digits. V is normalized if

and only if Y is nonzero.

Now on a base B machine

\4 - x

——r e ..o XY
BNDIGIl 1

and

. XY = Y modulo B.

This potentially machine-dependent computation, which is not central to the program, has
detected unnormalized values on at least one computer system. None have been detected on the

CDC 6000/7000 systems.

3.3 Gross Errors

Four kinds 6f gross errors are excluded from statistical computations and tabulations when
ever they are detected:

® The single precision value (RV) is an invaiid form (infinite, indefinite, or

unnormalized)

® The ''true' value (TV) is an invalid form.

® RV and TV are both nonzero and of unlike sign.

®RV and TV differ in magnitude by more than a factor of two,
These kinds of gross errors are listed in the fourth of the five kinds of tables produced. Sub-

routine RCHECK detects such gross errors,

11
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3.4 Computation of the Error

After the occurrence of a gross error has been ruled out, the error isAcomputed in a machine-

independent, standard-conforming way,

.We.suppose quite generally that a nonzero real value is représénted as NDIGIT significant
digits in the base (BASE) of the machine together; with an exponent (say, k), Thus, a value may be
represented as:

.dd....d*BASEk
The string of significant digits is called the ¢oefficient of the value, 'In effeci, we are agsuming
only that all real values in a computer can be iepresented in a form of scientific notation. The

exact internal machine representation ig immalerslal,

Given a real test function value (RV) and a corresponding ''true' function value (TV), we

" define the error in the test function value to be

EX‘_EY_ * BASE

BASE

where k is the exponent in the '"true" value. That is, the error is the.difference expressed in

NDIGIT

terms of units in the least significant digit position of the coefficient of the ''true' value. . Compu-
tationally, we rewrite the error as
' RV - TV

BASEX D

h BASENDIGIT-I.
The computation of BASEk-l is done as follows:
Let ARV = |RV]. '
Let ATV = |TV].
In Fortran we compute the value of k-1 as .
KEXP = ALOG(AI'V)/ALOG(BASE),
i.e., logarithm to the base BASE truncate.d., {0 an iﬁteger, and BA_/A\Sl"'.]k-1 as

i.e., BTV is of the form .1 * BASEk and BTV and ATV have the same exponent when expressed in

.scicntific notation. Then, in their internal machine représentations. BTV and ATV should have

like exponents and BTV should be normalized with leading digit one and trailing zeros.

Then BTV * BASE %% (1-NDIGIT) is the value of one unit in the least significant digit posi-
tion in the coefficient of ATV. Therefore, the error as we have defined it is

(ARV - ATV)

(NDIGIT-1)
BTV '

KDF = BASE

The equivalent number of bits of accuracy lost is the number of times that KDF must be divided

by two using Fortran intéger arithmetic before the resulting quotient is zero.



For example, consider an eight bit binary machine (BASE = 2, NDIGIT = 8). Suppose

ARV = ,11010010 * 220
and

ATV =.,11001111 * 220

We note that 19 < longTV < 20, Therefore,

KEXP = 19
BTV = 219 = .10000000 =* 220
ARV - ATV = ,00000011 =* 220
ARV - ATV _
— BV .00000110

(NDIGIT-1) _ 27

11 (binary, i.e., KDF is 3).

BASE
KDF

Thué, the error in ARV is equal to three units in the least significant position of ATV. Two bits

of accuracy are lost.

This computation, which makes no assumptions about the internal representation of values
and avoids masking and other machine-dependent, bit-picking techniques, has computed the error

reliably on several different computer systems.
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4. Generation of Arguments

4,1 Introduction

One test argument is generated each time subroutine GETARG is called by TABLES or by

" GRAPHS. As each argument is generated, the single precision test function and the corresponding

double precision function are evaluated, the error is cornpgfed. statistice on tho crroras are ac-
cumiilated, and gross errors are written out, Except for plotting the error, there is no need to
store all the arguments 'in memory, Several different sequences of arguments are producible by

GETARG. Use of more than one kind of argument sequence (especially wher carefully selected)

‘tends to avoid overlooking errors because of a too simplistic sampling proccdure anl thereby adds

to the credibility of the results.

Theye are two general forms of argument distributions that we call Linear (LIN) and Expo-

nential (EXP), Within each form are six specific kinds that we call:

® Equally spaced (EQU)

® Uniform randomly spaced (RAN)

®Normal random about left end peint (NDL)
®Normal random about midpoint (NOR)
®Normal random about rigﬁt end point (NDR)

®Incremental (or decremental) (INC),

The follov;ring test description parameters are required for each ';c'est:
NUMFUN - the number of argument values ‘ . o )
"MFORM - the general'form of thie argument distributién, either linéar or exponential
~ MDIST - one of six specific kinds of argument distributions within the general form,
Depending on the choices of MFORM and MDIST, one of the following groups of test descrip-
tion parameters must be defined: ' o
1. For linear dis.tributioné: '
a. For equally spaced and random distributions
VBEG - initial (usually left) ve-nd of range
VEl\fD - final (usually right) end of range
b. For incremental distrfbutions
" VBEG - initial end of range ‘
INC - number of units in the least significant digit position by which
to increment (or decrement)
2. For exponential distributions: )
a. For equally spaced and random distributions
KSIGN - sign of the arguments ’
IEXP - initial (usually lower) end of exponent range

LEXP - final (usually upper) end of exponent range



b. For incremental distributions
KSIGN - sign of the arguments
IEXP - initial exponent
I:NC - number of uﬁits in the least significant digit poéition by which

to increment (or decrement).

4.2 Linear Distribution

For equally spaced and féndom distributions we define an interval of the real numbers from
VBEG through VEND and a number of arguments, NUMFUN, From these values we derive:
WIDTH = VEND - VBEG '
STEP WIDTH/FLOAT(NUMFUN-1)

For incremental distributions we define VBEG and NUMFUN as above and INC, the number

of units in the least significant digit position by which to increment (or decrement). Weé derive:

AV
KEXP

ABS(VBEQG)
ALOG(AV)/ALOG(BASE)

Then
XINC = BASE #* KEXP * BASE ** (1-NDIGIT),
corrected as necessary for round-off, is the value of one unit in the least significant digit position

of VBEG.

On the N-th call to GETARG, we compute one of the following values for the test argument:

® Equally spaced‘
VBEG + STEP * FLOAT(N-1)

® Uniform random
VBEG + WIDTH * URAND(0)

where URAND is a uniform random number generator

® Normal random about left end point .
VBEG + 2.0 * ABS(GRAND(0) - 0,5) * WIDTH
where GRAND is a Gaussian random number generator with

mean 1/2 and standard deviation 1/12

®Normal random about midpoint

VBEG + GRAND(0) * WIDTH

®Normal random about right end point

VEND - 2.0 * ABS(GRAND(0) - 0,5) * WIDTH

®Incremental
VBEG + FLOAT(INC) * FLUAT(N=1) ¥ XINC,

15
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4.3 Exponential Distribution

If the range of arguments extends over several different values of the exponent in the intcrnal
machine representation of those argumerits, then--out of the machine representable numbers in

that range--large values are sampled much more frequently than small values. For example, of .

" the values in the interval 1 to 1, 000, 000, roughly 1/20 of the values exactly representable in a

binary machine lie hetween 1 and 2 versus 1/989, 999 of the real numbers in that interval,

In order to sample machine-representable values more umformly, we define an exponentlal
form of distribution with the exponents in the machine representation more ur less uniformly
distributed. Wﬂ;h. the exce—ptmn of the incremental distribution, we compute the coefficient (COEF)
and the exponent (JEXP) independently and then comhine them to Fovm an argﬁi‘rxe11t,

CORF = BASDH ok JEXP. . .
We take minus fhis value if the parameter KSIGN is -1. 'Here COEF is not a fraction. Instead
1 < COEF <BASE. ‘ '

For equally spéced and random distributions, we define a sign for the argument, KSIGN, an
initial exponent in the base of the machine, IEXP, a last exponent, LEXP, and a number of argu-
ments, NUMFUN, We derive '

WIDTH BASE - 1,0 °
STEP WIDTH/FLOAT(NUMFUN 1).
On the N-th call to GETARG we compute the next value in sequence for JEXP, ruiuing 2yclically

from IEXT to but not including LEXP, and one of the following values for COEI™:
® Equally spaced -
1.0 + FLOAT(N-1) * STEP

® Uniform random
1.0 + URAND(0) * WIDTH

®Normal random abwut 1,0
1.0 + 2.0 * ABS(GRAND(0) - 0,5) * WIDTH

®Normal random about. midpoint of COEF
1.0 + GRAND(0) * WIDTH

® Normal random about BASE
BASE - 2,0 * ABS(GRAND(0) - 0.5) * WIDTH

For incremental distributions we define KSIGN, IEXP, and NUMFUN as above and INC as in

the case of linear distributions.



We derive .
VALUE = BASE ** IEXP,
or minus this value if KSIGN is -1 and
XINC = BASE #** (IEXP - NDIGIT + 1).

On the N-th call to GETARG we compute the following value for the argument:

® Incremental
VALUE + FLOAT(INC) * FLOAT(N - 1) * XINC,

17
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5. Explanation of Tables and Graphs

Seventy five testsv were performed dﬁring one run uging a given computer system. Threc
separate corfesponding runs were made for the three different computer systems--CDC 6600
SCOPE, CDC 6600 NOS, and CDC 7600, Each test consisted of tabulating and plotting errors for
one pair of functions and one distribution'of 1001 arguments. The five tables and the plots are

related by the test number and plot number.

The tables titled 'Test Parameters and Statistics on Differences in the Coefficients of the
Results'' summarize the test description parameters and test statistics. (See Tahles I, IV, and
VII for CDG 6600 3COPE, CUC 6600 NOS, and CDC 7600 test results, respectively.) Lach test is '

surnmarized on one line in these tahles. The eoliuun heudings and corresponding tabulated data

are:
N - the test nun;xbér (used to relate to other tables and plots)
FUNCT1 - the name of the singie precision function, RFUN
FUNCT2 . - the name of the douhle precioioh functi‘un.' DFUN
TYFP - the general form of argument distribution (LIN or EXP)
DIS " - the specific kind of distribution (EQU, RAN, NDL, "NOR, NDR, 'or INC)
SGN - the sign for exponential distributions ’
BEGIN . - the initial endpoint of the argument range
END - the final endpoint of the argument range
NUM - the number of argument wvalueg
ERS - the number of gro'ss errors
MIN DIF - the algebraically minimum r.\}:;servcd crroiy, KDF, eicluding gross errors

(see 3.3 and 3.4)
MAX DIF - the algebraically maximum observed error
MEAN DIF - the average observed value of KDF
"MEAN ABS - the average -observed value of |KDF|
- STAN DEV - the standard deviation of KDF,

For the exponential form of distribution, the values iisted under BEGIN and END are the
initial (IEXP) and last (LEXP) values of the exponent in the argument and are the power to whicl

twn (the number haswy of the machine) 18 raised.



The incremental distribution is especially helpful for éarefully examining a function in the
immediate neighborhood of a pole or zero. Indeed, many of the largest errors have been observed
using an incremental distribution, The value of INC, which is not listed in the tables, was either

1 or -1 in all cases.

The tables titled "Number of Comparisons With a Given Difference in the Coefficients of the
Results' show a frequency distribution for errors from -8 to 8 units in the least significant digit
position, Larger errors are tallied in the columns headed MORE and LESS, (See Tables II, V,
and VII for the 6600 SCOPE, 6600 NOS, and 7600 test results, respectively,) These tables show

well the frequency distributions of the errors for very accurate functions.

The tables titleci "Number of Comparisons for Which the Difference‘in the Coefficients of the
Results Requires a Given Number of Bits'' show a frequency distribufion for errors in intervals of
the number of bits (from 0 to 17) required to represent the error. (See Tables III, VI, and IX for
the 6600 SCOPE, 6600 NOS, and 7600 test results, respectively.) Errors requiring more than
17 bits to represent arc tallied in the column headed MORE. The number of bits required to
represent the largest error (excluding gross errors) is listed in the column headed MAX, These
tables show the frequency distributions of the errors better for inaccurate functions or for func-

tions with a wide range of errors.

A table titled "Results which Have Either Different Exponents or Different Signs on the Co-
efficients' is produced for each tést in which gross errors are detected. Up to 50 gross errors
arc listed for a test., Note that the table heading is not strictly correct in that two corresponding
values with different exponents in their internal representations are not necessarily treated as
gross errors, The real criterion is whether they differ in magnitude by more than a factor of two.
The tabulated data are the sequential number of the argument and the octal representations of the
argument of the real function, the real function value, the argument of the double precision func-
tion value, the "true' function value obtained from the double precision function value, and the
full double precision function value. At the right liand cnd of each line (without any column head-
ing) is a code that indicates the kind of gross error. Table X shows an eéxample of this type of
table for Test 38 on the CDC 6600 SCOPE system. The ACOS (1,0) is computed to be ~ .7E-14

instead of zero.

A table titled "Results which Have the Largest Observed Differences in the Coefficients' is
produced for each test. Each table lists the 25 largest errors observed in that test. The data
listed in the table are the sequential number of the argument, the octal representation of the
argument, the octal representation of the real function value, the octal representation of the full

double precision function value, and the error. Gross errors are not included in this table.

19
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Table XI shows an example of this kind of table for Test 19 on'the CDC 6600 SCOPE system.
This example is not necessarily typical of library function accuracy but was selected because it
shows both extremes of accuracy and is convenient for relating the tables and plot for a given test.

Table IX showed that in 833 cases out of 1001, the error in TAN affects only the last two bits and in

928 cases affects only the last three bits. However, in eight cases, the error affects more than 17

bits of the function value., These eight cases are listed in Table XI as argument numbers 1, 126, 251,
376, 626, 751, 876 and 1001, These eight arguments have the values in the current distribution .

nearest to -27, -3/2w, -7, -1/27, 1/2%, o, 3/27, and 2w,

A printer plot titled "Number of Bit Positions of Agreement in the Co¢ *ficients of RFUN and
DFUN on the CDC 6600 Und‘er_ SCOPE'" is produced for cach test where "REFUN'" and "DFUN" are

the pair of functions compared and ""CDC 6600 under SCOPE" is the name of the computer system
used for the test. For equally spaced and incremental distributions, the same data are used for

the plot as for the tables. For random distributions, a similar set of arguments is generated for
the plots as for the tables, but not the ¢xact same values (due to different random numbers). We

define the number of bits of agreement to be

NBITS - LOST,
i.e,, the equ1va1ent precision of the machine in bits m1nus the number of blts requ1red to represent

the error, Gross.errors are indicated as zero bits of agreement.

Figure 1 shoWs an example of a printer plot for Test 19 on the CDC 6600 SCOPE system,
The eight largest errors mentioned above for Test 19 appear clearly near the hattom of tho plet.
The agreooment for these eight values varies from one hit ta eight bite (the epror varies from 40 to |
47 bits), J:;lsewhex e, the TAN function generally has 46 to 48 bits of agreement as is indicated .

by the tebles and was mentioned above.

The tables >of,gvross errors and largest observed errors and the printer plots (as well as
copies of Tables I through IX) are recorded on the encloged 48X microfiche to reduce the volume
of this report. Also included on the microfiche is a Fortran compilation listing df the program

that produced those tablés and plots, There is vne mierofiche for each of the three systems tested,
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Figure 1, Equally Spaced Distribution, Plot 19
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TABLE 1

COMPARISON OF THE RESULTS OF ALTERNATIVE COMPUTATIONS ON THE CDC 5630 UNDER SCOPE

TEST PARAMETERS IND STATISTICS ON DIFFEFENCES IN THE COEFFICIENTS OF THE RESULTS
FUNCT1 FUNCT2 TYP OIS SGN BEGIN END NUM ERS MIN DIF MeX DIF MEAN DIF PEAN ABS STAN DEV

L WN—OW O~ LEWN—O VO LEWN— 2

SIN DSIN  LIN EQU -6.283185 6.283185 1001 0 . =1 € .18E-01 - .10E+01 .17E+0l
SIN DSIN LINRAN O, 1.570796 1201 0 -8 2 -.10E+01 ~ .12E+01. .15E+01
SIN  DSIN LIN FAN 3141.593 J147.876 1201 0 -8 8 -.1TE-01  .11E+01  .17E+0]
SIN DSIN  LIN RaN 3141593, 3141599, 1001 0 -1 8 .ITE400  .99E+00  .16E+0]
SIN DSIN  LIN RAN - ,3141593E+10 .3141593E+10 1001 0 -8 8  .40E-02  .10E+Q]  .16E+0]
SIN SIN  LIN NOR 3.000000 3.300000 . 1001 0 -9 9 .11E+01 - .56E+01  .5TE+0!
SIN DSIN  LIN INC 3.14:593 3.141593 1001 0 -6 12 .62E+01  .62E+0]  .13E+0]
SIN DSIN  LIN INC 3.141593 3.141593 1¢01 0 -8 0 -.62E401  .62E+01  .12E+0]
SIN DSIN  EXP RAN MEG -5.00(:000 45.00000 1€01 0 -1 8  .34E400 .12E+0)  .1BE+01l
€0S pCoS LIN EQU ~-6.283:85 6.283135 1001 0 -8 8 .16E-01 .11E+01  .17E+0]
€0oS DCOS  LIN RAN 0, : 1.570796 1001 0 -9 2 -.81E+00 .11E+01  .14E+0I
€os CCOS LIN RAN 3141.893 3147.876 1091 0 -8 9 44E-01 . 11E+01  .18E+0)
€os pCOS  LIN REN 3141553, - 3141599, 1091 0 -8 8 80E-02.  .11E+01  .17E+0]
€os DCOS LIN REK 3141593E+10 . 3141593E+10 1001 0 -7 1 S51E-01 - .11E+01  .18E+0]
€05 DCOS  LIN NOR 1.500000 1.6500C0 1001 0 -9 9 136401  .60E+01  .60E+01
COS  DLOS LIN INC 1.570796 1.570796 1001 0 -6 . 12 .62E+01  .62E+01  .13E+01
€05 DCOS  LIN INC 1.570796 1.570796 1001 0 -8 0 -.62E+401  .62E+01  .12E+0]
cos DCOS . EXP RAN NEG -5.000030 45.00000 1001 0 -8 T -.65E-01 . .11E+01  .17E+0}
TAN DTAN LIN EQU -6.283185 6.283185 1001 0-13160756743433131924754L688T1  .23E+12  .27E+12  .S0E+1]
TAN DTAN  LIN RAN 0. - 1.570796 1001 0 =1 3 -.28E+00 .75E+00 . .10E+0}
TAN DFAN  LIN RAN 3141.593 3147.876 £001 0. 0 SIE405  S1E+05 . 26E+06
TAN DTAN  LIN RAN 3141593, 3141599, 1001 0 0 2346032904  16E+08 . 16E+08  .85E+08
TAN DTAN  LIN RAN © L I141553E+10  .3141593E+10 1001 0 0 1516616752882  .16E+11  .16E+11  .T0E+11
TAN DTAN  LIN NOR 1.500030 ©1.650000 1001 0 -139151 , 3159 -.15E403  .24E+03 . 4NE+OM
TAN DTAN  LIN NOR 3.000000 3.30000C 1903 0 -7679 €705  .14E+02  .11E+403  .49E+03
TAN DTaN  LIN INC 1.57079% 1.570796 120! 1#37535446845295 48128195292T19 - 14E+12  .R6E+12  .55E+1)
TAN DTAN  LIN INC -1.57079% 1.570796 1001 0-708466909615T4 -0 -.89E+411  .B9E+)1 | 22E+1)
TAN DTAN  LIN INC 3.141593 3.141593 . 1001 1831924754468871 37387555560445 - 16E+12  .R3E+12  .52E+13
TAN DTAN  LIN INC 3.141593 3.141593 100% 0#3192475446887) 0 -.15E+12.  .15E+12  .42E+13
TAN DTAN  EXP RAN NEG -5.0000C0 45.00000 1001 23#94375636849246 T -.298413 . 29E+13  |I5E+14
ASIN  DASINT LIN EQU 0. 1.000000 1601 0 -1153 400 -.16E402 .T73E+02 .13E+0)
ASIN  DASINT LIN EQU -1.00000C 0. 1601 0 -400 1207 .1BE+02  .T3E+02 .14E+0]
ASIN  DASINT LIN INC -1,00000C ~1,0000000 1001 0 0 2 J13E401 (13E401  (4HE+00
ASIN  DASINT LIN INC 1.0000003 1.000000 1001 O -2 0 -.13E+01  .13E+01  .44E+00
ACOS  DACOST LIN EQU 0. 1.000000 1021 1 -399 11 .60E+01  .S56E+02 .]1E+03
ACOS  DACOST LIN EQU -1.000000 0. 1001 0 ~104 100 -.19E+01  .15E+02  .28E+02
ACOS  DACOST LIN NOR -.1000000 .1000000 1001 0 -24 3T -.1TE+00 . T9E+00  .28E+01
ACOS  DACOST LIN INC 1,0000000 1.000000 108] 1 0 16777216 . 12E+07  12E+07T  .11E+07
ACOS  DACOST LIN INC -1.00000¢  --1.0000000 1001 0 -1 0 -.TTE+00 .TTE+00  .42E+00
ATAN  DTAN LIN RAN =1.000000 1.000000 10G1 0 -1 1 .20E-02  .30£+00  .55E+00
ATAN  DTAN EXP RAN PJ5 D, 20.00000 10G1 0 -1 1 .TTE-01 . 10E+00  .31E+00
ATAN DTAN  EXP RAN NEG . 20.00000 1001 0 -1 1 -.89E-01 126400 .J3E+00
ATAN  DTAN  EXP RAN POS 3. 1069.000 1001 0 -1 1 .60E-02  .BOE-02  .R9E-O1
ATAN  DTAN  EXP RAN NEG 9. 1069.000 1002 0 -1 3 -.60E-02  .60E-02 .17E-01



€¢

oo IV U\
VI EWN— OWVDNTNLWN —O

66

FUNCT1 FUNCT2 TYP DIS SGN BEGIN
SQRT  DSQRT LIN EQU 1.000000
SQRT  DSOGRT EXP RAN POS 0.

SQRT  DSGRT EXP RAN POS -974.0000
EXP DEXP LIN EQU =1.000000
EXP DEXP  LIN RAN 0.

EXP DEXP  LIN RAN 0.

EXP DEXP  LIN RAN -675.0000
ALOG DLOG LIN EQU 1.000009
ALOG DLOG  LIN NOR 1.000009
ALOG DLOG LIN NOR .5000000
ALOG DLOG LIN NOR .5000000
ALOG DLOG LIN RAN .5000000
ALOG DLOG LIN INC 1.000000
ALOG DLOG LIN INC 1.0000000
ALOG DLCG EXP RAN POS 0.

ALOG DLOG EXP EQU POS -974.00C0
ALOG10 DLOGIO LIN EQU 1.000000
ALOG10 DLOG1O LIN NOR 1.000000
ALOG10 DLOG10 LIN NOR .5000000
ALOG10 DLOGIO LIN NOR .5000000
ALOG10 DLOG10 LIN RAN .5000000
ALOG10 DLOG10 LIN INC 1.000000
ALOGIO DLOGIO LIN INC 1.0000000
ALOGIO DLOG10 EXP RAN PQS -0,

ALOG10 DLOGIO EXP EGU POS -974.0090
TANH  DTANHQ LIN RAN

TANH  DTANHQ LIN RAN .

TANH  DTANHQ EXP RAN POS -5.000000
TANH  DTANHQ EXP RAN NEG -5.000000
TANH  DTANHG EXP RAN POS -48.00000
TANH  DTANH@ EXP RAN NEG -48.00000

0.
1.000000
0741.0000

2

1

1.
%.000000
1

1

1

.000000

2
}
}Ioooooo
1

]

1

-.1000000E-01 .1000000E-01
-1.000000 000000

l.

5.000000
5.000000
48.00000
48.00000

TABLE 1
(cont)

NUM  ERS
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OCODOOD OOOOOODOO OO0OOODODOOOD OO0 OO
QOO0 O0O0 OOOCOOOOOO OO0O0O0ODOOOO OO0 OOO
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MmIN DIF
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-1
|

mAX DIF

N = PO W WDt et et et et O NI et e e PO O OO

D s e

MEAN DIF

L46E+00
L46E+00
L46E+00

.2TE+00
. 34E+00
. J6E+00
.31E+00

.22E+00
.34E+00

LTTE+00
.98E+00
.68E-01
.81E+00
.T0E+00
J11E401
.T4E+00
.56E+00
.56E+00

.10E-02

MEAN ABS

.46E+00
. . 46E+00
L46E+00

.T0E+00

.69E+00
.T12E+00
.66E+00

.36E+00
L46E+00
L41E+00
.40E+00
.I4E+00
.50E+00

.80E+00
.99E+00
.8BE+00
.B4E+Q0
.THE+00
.11E+01
.T4E+00
.58E+00
.S4E+00

.90E-02
. 14E+01
.94E+00
.98E+00
.RRE-01
.10£+00

STAN DEV

.50E+00
.50E+00
.50E+00

.89E+00
.90€+00
-93E+00
.85E+00

.STE+00
.61E+00
.65E+00
.61E+00
.STE+00
528400
.41E+00
. 32e-01
.32e-0}

.T1E+00
.T1E+00
J1E+0)
.TOE+00
.66E+00
.64E+00
.52E+00
.54E+00
.S4E+00

.95€-01
.21E+0)
.19E+01
. 18E+01
.S4E+00
.5TE+00
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TABLE II

COMPARTSCN OF THE RESULTS OF ALTERNATIVE CONPUTATiONS ON THE CCC 6600 UNDER SCOPE

CMPARTSONS WITH £ GIVEN DIFFERENCE IN THE COEFFICIENTS OF THE RESULTS
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TABLE II -

(cont)

8 MORE

1

2 3 4
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TABLE II

COMPARISON OF THE RESULTS OF KLTERNATIVE COMPUTATIONS ON THE CCC 660C UNDER SCOPE

NUMBER OF COMPARISONS FOR WHICH THE DIFFERENCE IN THE COEFFICIENTS OF THE RESULTS REQUIRES A GIVEN NUMBER OF BITS

17 MORE
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17 MORE

NUMBER OF BITS '
T 8 9 10 1} 12 13 14 15 16

(cont)
6

TABLE III
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TABLE IV

COMPARTSON 0 THE RESULTS OF ALTERNATIVE COMPUTATIONS ON THE CDC 6s00 UNDER NOS

TEST PARAMETERS FND STATISTICS OV DIFFERENCES IN THE COEFFICIENTS OF THE RESULTS

FUNCT1 FUNCT2 TYP DIS SGN BEGIN END NUM ERS mIN DIF MAX DIF MEAN DIF MEAN ABS STAN DEV
SIN CSIN  LIN EQY =6 28318% 6.283185 1001 0 -3 3 L12E-01  L1BE+00  .44E+00
SIN CSIN  LIN RAN 0. 1.57979¢ 1001 0 -] 1 L14E-01  .156+00 .3RE+00
SIN DSIN  LIN RGN 3141.593 3147 .87¢ 100] 0 -1 1 -.10E-01  .26E+00 - .51€+00
SIN DSIN  LIN REN 31415353, 3141599, 1001 ~ 0 -2 2 -.80E-02 .29E+00  .55E+00
SIN DSIN  LIN ReW LIIH1593E+10 L 314:593E+10 1001 0 -2 2 .1TE-0)  L21E+00  .46E+00
SIN DSIN  LIN NCR 3.000000 3.3000C0 1001 0 -2 1 -.54E-01  .37E+00 .62E+00
SIN DSIN  LIN INC 3.141593 3.141563 - 1001 0 -1 12 -.20E+00  .JBE+00  .69E+00
SIN DSIN LIN INC 3.141593 3.141563 1001 0 -1 3 -.T2E-0)  .3TE+00 .61E+00
SIN DSIN  EXP RAN NEG -5.000000 45.0C000 1001 0 -3 4 -.20E-02  .28E+00  .55E+00
€os DCOS  LIN EQU -6.283135 6.283185 001 0 -2 2 -.B0E-02  .29E+00  .54c+00
C0S DEOS LIN RAN 0. 1.570796 1001 0 -2 1| -.60E-02 .2TE+00  .53E+00
€oS DCOS  LIN RAN 3141.893 J147.B7% 1001 0 -2 1 .40E-02  .18E+00  .42E+00
€oS DCOS LIN RAK 3141563, 3141599, 1001 0 -2 1 .35E-01  .29E+00  .S4E+00
€oS DCOS  LIN RAN 31415936410 . 3141593E+10 1001 0 -2 2 .50E-02 . .28E+00 .S3E+00
€05 DCOS LIN NOR 1.500000 1.650009 1001 0 -2 2 -.21E-01  .3BE+00 .62E+00
cosS DCOS LIN INC 1.570796 1.570790 1001 0 -1 12 -.20E400  .3BE+00  .69E+00
€0s DCOS LIN INC 1.570726 1.570796 1001 0 -1 3 -.T2E-01  .37TE+00  .61E+00
€os DCOS EXP RAN NEG -5.0000C0 45.00000 1001 0 -8 15 .13E-01  .J1E+00  .91E+00
TAN DTAN  LIN EQU -5.283135 6.283. 8% 1001 0-13160756743433131924754458871 . 23E+12  .27E+12  .50E+13
TAN DTAN  LIN RAN J. 1.5T079¢ 1001 0 -1 3 ~.28E+00 .T5E+00 .10E+0I)
TAN DTAN  LIN RAN 3141.593 3147.67€ 190t 0 0 5456595  51E+05  .51E+05  .26E+06
TAN DTAN  LIN RAN 3141593, 31415¢9, 1201 0 0 2346032904  J6E+08  .16E+08 . 8SE+0R
TAN DTAN  LIN RAN C.3141593E+410 . 3141593E+10 190) 0 0 1516616752882  .16E+1]1  16E+11 . TOE+1)
TAN DTAN  LIN NOR '.50000) 1.650C00 1001 0 -139151 3159 -.15E403 . 24E+03 . 44E+QM
TAN DTAN  LIN NOR 1.020009 3.300C00 1001 0 -T619 8705  .14E+02  .H1E+03  .49E+0]
TAN DTAN  LIN INC 1.5707% 1.570796 1001 | syupunansunvnns 4R128195293719 - 14E+12  .B6E+12  .55E+13
TAN DTAN  LIN INC 1.570756 1.570796 . 100} 0-70846690961574 0 -.R9E+11  .B9E+11 . 22F+13
TAN DIAN  LIN INC 2.141563 3.141593 1001 | #eeunrrvpnnrnnn JTIRT5555€0445 - 16E+12 . BIE+12  .52F+13
TAN DTAN  LIN INC Z.14159] 3.141533 1G01 Ovvuxvvnnasnnsey 0 -.15E+12 .15E+12  .42E+1]
TAN DTEN  EXP RAN NEG -5.000000 45.00020 1601 23»xxsxsxvunvyrvs T ~.29E413  .29E+13  .15E+lu
ASIN  DASINT LIN EGU 0. 1.000010 1601 0 - 2 L1BE+00  .33E+00  .S6E+00
ASIN  DASINT LIN EGU -1.00000C 0. 1001 0 =2 1 -.14E400  .30E+00  .SSE+00
ASIN  DASINT LIN INC -1.0€0003 -1.000000 1001 0 0 1 .28E+00  .2RE+00  .45E+00
ASIN  DASINT LIN INC 1.0C000° 1.000080 1001 0 -1 0 -.28E400 .2RE+00 .45E+00
ACOS  DACIOST LIN EQU 0. 1.000000 1091 0 -1 1 =.19E+00  .23E+00 . 44E+00
ACOS  DACOST LIN EQU -1.000000 0. 1091 0 -1 1 -.126400  .12E+00  .33E+00
ACOS  DACOST LIN NOR -. 1000000 .. 10000€0 109] 0 -1 0 -.24E+00  .24E+00  .43E+00
ACOS  DACOST LIN INC 1 000000 1.0000C0 1001 0 -2 2 -.30E-01  .52€+00 .77E+00
ACOS  DACOST LIN INC -1.002000 -1.0000G0 1001 0 -1 0 -.50e-02 .50E-02 .T1E-O1
ATAN  DTAN LIN RAN -1.00)00C 1.000000 1001 0 -1 1 .18E-01  .25€+00  .S50E+00
ATAN  DTAN EXP RAN POS 0. 20.00000 1001 0 -1 1 .20E+00  .24E+00  .4SE+00
ATAN DTAM  EXP RAN NEG 0. 20.0000) 10¢1 0 -1 I - 22E+00  .25E+00  .4&E+00
ATAN  DTAN  EXP RAN PDS 0. 1069.00) 1061 0 0 1 17E-0)  L17E-01  (13E+00
ATAN  DTAN  EXP RAN NG 0. 1069.00) 10CG1 0 -1 1 -.136-01  .I1S5E-01  .12E+00
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TABLE IV

‘ - (cont)
FUNCT1 FUNCT2 TYP DIS SGN BEGIN END NUM - ERS MIN DIF MAX DIF MEAN DIF MEAN ABS STAN DEV
5 SGRT  DS@RT LIN EQU 1.000000 2.000000 1001 0 -] 1 - .15E-01 .20E+00 L4SE+00
SQRT  DSQRT EXP RAN P0OS 0. 1069.00 1001 0 -1 | .20E-0] .96E-01 .31E+00
7 SORT = DSQRT EXP RAN POS -974.0000 0. 1001 .0 -1 1 .19€-01 .87€-01 .29€+00
EXP DEXP LIN EQU -1.000000 0. 1001 O -1 1 -.10E+00 .32E+00 .55E+00
EXP ~DEXP LIN RAN 0. 1.000000 1001 0 -1 ] ~-.26E-0) .25E+00 .50E+00
EXP DEXP LIN RAN - 0. 741.000 1001 0 -1 ] -.27€-01 L26E+00  .51E+00
EXP DEXP  LIN RAN. -675.0000 0. 1001 0 -2 ] -.11E+00 .33e+00 .STE+00
ALOG DLOG LIN EQU 1.000000 2.000000 1001 0 -1 ] JH2E-01  L2TE+00 .S51E+00
ALOG DLOG LIN NOR 1.000000 1.500000 1001 0 -] ] ~-.19E-01 .25E+00  .50E+00
ALOG DLOG LIN NOR .5000000 1.500000 1001 0 -] 2 .10E~01 L44E+00 6TE+00
ALOG DLOG LIN NOR 5000000 1.000000 1001 0 -] 1 -.58E-01 L20E+00 . 44E+00
ALOG DLOG LIN RAN 5000000 1.000000 1001 0 -1 2 .90E-02 29E+00  .55E+00
ALOG DLOG LIN INC 1.000000 1.000000 1001 0 -1 1 -.12E+00 .39E+00 .61E+00
ALOG DLOG LIN INC 1.000000 1.000000 1001 0 0 ] .46E+00 L46E+00 .50E+00
ALOG DLOG EXP RAN POS O. 1069.000 1001 0 -] | .18E+00 .25E+00 L46E+00
ALOG DLOG EXP EQU POS -974.0000 0. 1001 0 -1 1 =, 1TE+00 .25E+00 L4TE+00
ALOG10 DLOG10 LIN EQU 1.000000 2.000000 1001 O -2 ] ~.52E+00 5TE+00 L64E+00
ALOG1O DLOGIO LIN NOR ©1.000000 1.500000 1001 0 -2 ] <-.67E+00 L6TE+00 .59E+00
ALOG10 DLOGIO LIN NOR .5000000 1.500000 1001 0 -3 3 .97E-01 .TTE+00 .10E+01
ALOG10 DLOGIO LIN NOR .500000¢ 1.000000 1001 0 -1 3 .56E+00 .S8E+00 .S9E+00
ALOG10 DLOG1D LIN RAN .5000000 1.000000 1001 0 -1 3 .56E+00 .61E+00 .66E+00
AL0OG10 DLOGID LIN INC 1.000000 1.000000 1001 0 -3 1 =-.15E+00 .T6E+00 .66E+00
ALOG10 DLOGIO LIN INC 1.000000 1.000000 100) 0 0 3 .99E+00 .99E+00 .52€+00
ALOG10 DLOG1O EXP RAN POS O. 1069.000 1001 0 -2 1 -.42E+00 LNRE+00 .59E+00
ALOG10 DLOG1O EXP EQU POS =-974.0000 0. 1001 0 -1 2 L43E+00 L46E+00 .SRE+00
TANH  DTANHQ LIN RAN -.1000009e-01 .1000000E-01 1001 0 -1 1 -.10E-02 .90E~02 .95€-Ci
TANH  DTANHQ LIN RAN -1.000000 1.000000 - 1001 0 -9 10 -.36E-01 12E+01 .19E+0)
TANH  DTANHQ EXP RAN POS ~5.000000 5.000000 1001 0 ~12 9 -.30E+00 .15E+00 .15€+01)
TANH DTANHQ EXP RAN NEG -5.000000 5.000000 1001 0 -5 12 .35E+00 .96E+00 16E+01)
TANH DTANHQ EXP RAN POS -48.00000 48.00000 . 1001 0 -9 3 -.30e-01 .1RE-01 L4RE+00
TANH  DTANHQ EXP RAN NEG -48.00000 48.00000 1001 0 -3 1 .22E-0) .96E-01 516400
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TABLE V
(cont)

DIFFERENCES IN THE COEFFICIENTS
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TABLE VI

COMPARISON OF THE RESULTS OF ALTERNATIVE COMPUTATIONS ON THE CDE 6600 UNDER NOS
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“TABLE VI
(cont)

17 MORE

1112 13 14 15 1é
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TEST PARAMETERS AND STATISTICS
BEGIN

FUNCTY FUNCT2 TYP
SIN DSIN  LIN
SIN DSIN  LIN
SIN DSIN  LIN
SIN CSIN  LIN
SIN DSIN LIN
SIN DSIN LIN
SIN DSIN  LIN
SIN DSIN  LIN
SIN DSIN  EXP
€os DC0S LIN
€0s peos LIN
€0S DCOS LIN
€0s DEOS LIN
CoS DEOS LIN
€05 DCOS LIN
€0s DCOS LIN
€0S DCOS LIN
€os DCOS  EXP
TAN DTAN LIN
TAN DTAN LIN
TAN DTAN LIN
TAN DTAN  LIN
TAN DTAN LIN
TAN DTAN LIN
TAN DTaN  LIN
TAN DTAN LIN
TAN DIAN  LIN
TAN © DTAN LIN
TAN DTAN  LIN
TAN DTaN  EXP
ASIN  DASINT LIN
ASIN  DASINT LIN
ASIN  DASINT LIN
ASIN  DASINT LIN
ACOS  DACOST LIN
ACOS  DACOST LIN
ACOS  DACOST LIN
ACOS  DACOST LIN
ACOS5  DACOST LIN

COMPARISON OF THE RESULTE

DIS SGN

RAN NEG

RAN NEG

RAN NEG

RAN FOS
RAN NEG

1
WWOO  \Trs s e

et et O ATV ) e e ()
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TABLE VII

ON DIFFERENCES IN THE COFFFICIENTS OF THE RESULTS
fIAX DIF MEAN DIF MEAN ABS
. 18E+00

-1316075679343;13192475“468875

END NUM ERS MIN DIF
0 -3
0 -1
0 -1
0 -2
0 -2
0 -2
0 -1
0 -1
0 -3
0 -2
0 =2
0 -2
0 -2
0 -2
0 -2
0 -1
0 -1
0 -8
0
0
0 0
0 0
0 0
0 -139151
0 ~-7879
(ETIITRT VLT FEY
0-70846690961573
lssssssyvsnvrnnsn
Ouusnnyuyysvysny

23%unsnyununynrny
0 -1
0 -2
0 0
0 -1
0 -1
0 |
-0 -1
0 -2
0 -1
0 -1
0 -1
0 -1
0 0
0 -1

—
W LINI NI N et e e N £ LI et N N e e ()

—

—

1516616752882
3158

8705
48128195233719
373875555560445

O ) OO
' [ I I I |

ONO

— — — — —

OF ALTEINATIVE COMPUTATIONS ON THE CONTRIL DATA 7600

DONPFr O ENPO—

.28E+00
.19E+00

. 28E+400

.29E+00
.2TE+00
.18E+00
.29E+00

.31E+00

L2TE+12
.T6E+00
.S1E+05
.16E+08
.16E+11]
.24E+03

.29E+13

.33E+00
.30E+00
.28E+00
.28E+00

L23E+00
.12€+00
.2NE+00
.528+00
.50E-02

.25E+00
.24E+00
.25E+00
L1TE-01
.14E-01

STAN DEV
.44E+00

.55E+00

.SHE+00
.53E+00
L42E+00
.54E+00
.53E+00
.62E+00
.69E+00
.61E+00
.91€+00

.50E+13
.11E+01
.26E+06
.85E+08
.TOE+11
LHUE+O4
.49E+03
.55E+13
.22E+13
.52E+13
J42E+413
ASE+IY

.56E+00
.S5E+00
LL5E+00
.45E+00

L44E+00
.33£+00
L43E+00
.TTE+00
.T1E-01

.50E+00
.4SE+00
LU4E+00
.13E+00
126400
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TABLE VII

(cont)
FUNCT) fUNCTZ TYP DIS SGN- BEGIN END NUM ERS MIN DIF MmaX DIF MEAN DIF MEAN ABS STAN DEV
SQRT  DSQRT LIN EQU 1.000000 2.000000 1000 - 0 -1 1 .15E-0) L20E+00  .45E+00
5QRT  DSGRT EXP RAN POS O. 1069.000 1001 0 -] | .20E-01 .96E-01 .31E+00
S0RT  DSGRT EXP RAN POS -974.0000 0. 1001 0 -] 1 .19€-0] .87E-01 .29E+00
EXP DEXP  LIN EQU -1.000000 0.. 1001 0 -] 1 ~-.10E+00 .326+00 .55E+00
EXP DEXP LIN RAN 0. 1.000000 1001 0 -] ] =.26E-01  .25E+00 .50E+00
EXP DEXP LIN RAN 0. 741.0000 1001 0 -1 1 -.2TE-0) .26E+00 .51E+00
EXP DEXP LIN RAN . =675.0000 0. 1001 0 -2 1 =-.11E+00 .33e+00 .5TE+00
ALOG DLOG LIN EQU 1.000000 2.000000 1001 - O -1 1 LH42E-01 L2TE+00 .51E+00
ALOG DLOG . LIN NOR 1.000000 1.500000 1001 0 -1 1 -.19¢-01 .25€+00 .50E+00
ALOG DLOG 'LIN NOR 5000000 1.500000 1001 0 -1 2 .10E-01 LHYE+00 .6TE+00
ALOG DLOG LIN NOR 5000000 1.000000 1001 0 s | 1 -.58E-0) .20E+00 LH4E+00
ALOG DLOG LIN RAN 5000000 1.000000 1001 0 -] 2 .90E-02 .29E+00 .55E+00
ALOG DLOG LIN INC 1.000000 1.000000 1001 0 -1 1 -.12E+00 .39e+00 .61E+00
ALOG DLOG LIN INC 1.000000 1.000000 1000 O 0 1 .46E+00 .46E+00 .50E+00
ALOG DLOG EXP RAN POS 0. 1069.000 1001 0 ~1 | .18E+00 .25E+00 L4EE+00
ALOG DLOG EXP EQU P0OS -974.0000 0. 1001 0 -1 1 =.1TE+00 .25E+00 L4TE+00
ALOG10 DLOG1G LIN EQU 1.000000 2.000000 1001 0 -2 1 -.528+00 .S5TE+00 L64E+00
ALOG10 DLOGIC LIN NOR 1.000000 1.500000 1001 0 -2 1 ~-.6TE+00 .6TE+00 .59E+00
ALOG10 DLOGIO LIN NOR .5000000 1.500000 1001 0 -3 3 .97€-01 TTE+00 .10E+01
ALOG10 DLOGIO LIN NOR 5000000 1.000000 1001 0 -1 3 .56E+00 .58E+00 .59E+00
ALOGI10 DLOGIO LIN RAN 5000000 1.000000 100) 0 -] 3 .56E+00 .61E+00 .66E+00
AL0OG10 DLOGIO LIN INC 1.000000 1.000000 1001 0 -3 1 -.15E+00 .T6E+00 .66E+00
ALOG10 DLOGIO LIN INC 1.000000 1.000000 21001 0 0 3 .99E+00 .99E+00 .52€+00
ALOG10 DLOG1D EXP RAN POS 0. 1069.000 1001 0 -2 ] ~.42E+00 L48E+00 .59E+00
ALOG10 DLOGIO EXP EQU POS -974.0000 0. 1001 0 -] 2 L43E+00 L46E+00 .SRE+00
TANH - DTANHQ LIN RAN ~-.1000000E-0} .1000000E-01 1001 0 -] I -.10€E-02 .90E-02 .95E-01
TANH ° DTANHQ LIN RAN -1.000000 1.000000 1001 0 -9 10 -.64E+00 .13E+0) 19640}
TANH  DTANKQ EXP RA{N POS -5.000000 - 5.,000000 1001 0- -16 5 .-.53E+00 .84E+00 A TE+0)
TANH  DTANH@ EXP RAN NEG -5.000000 5.000000 1001 0 -7 10 -.35E+00 .10E+01 .16E+01
TANH  DTANHQ EXP RAN P0OS -48.00000 48.00000 }88} 8 -2 : ; - . 44E-01 .80E-01 L49€+00

TANH  DTANH@ EXP RAN NEG -48.00000 48:90000 J3RE-01 . 12E+00  .59F+00
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TABLE VIII

COMPARISON OF THE RESULTS OF ALTERNATIVE COMPUTATIONS ON THE CONTROL GATA 7600

NUMBER OF COMPARISONS WITH A GIVEN DIFFERENCE IN THE COEFFICIENTS OF THE RESULTS
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(cont)

8 MORE
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2 3 4
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1T MORE

14 15 16

13

NUMBER OF BITS
1 8 3 10 N

RNATIVE COMPUTATIONS ON THE CONTR3L DATA 7600
6

COMPARISON OF THE RESULTS OF ALT
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TABLE IX

NUMBER OF COMPAR1SONS FOR WHICH THE DIFFERENCE IN THE COEFFICIENTS OF THE RESULTS REJUIRES A GIVEN NUMBER OF BITS
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TABLE IX
(cont)

NUMBEg OF BITS
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TABLE X

RESULTS WHICH HAVE EITHER DIFFERENT EXPONENTS OR DIFFERENT SIGNS ON THE COEFFICIENTS

TEST 38, A COMPARISON OF ACOS  AND DACOST
NUM  ARGUMENT OF ACOS REAL ACOS VALUE  ARGUMEZNT OF DACOST SINGLE DACOST VALUE DOUBLE PRECISION DACOST VALUE
1 17204000000000000000 16414C00000C€0000000 172040900000¢0000000 00000000000000000000 000€000000000000000000000000000000000000 4



NUm

247
627
251
250
129
128
127
126
874
753
3T6
315
374
152
875
249
873
248
155
626
754
751
1001
878

|87

o mmy—

TABLE XTI -

RESULTS WHICH HAVE THE LARGEST OBSERVED DIFfERENCES IN THE COEFFICIENTS

ARGUMENT OF TAN
60551557004527357227
60561473423051606451
17206252564077305035
60561557004527357227
60561542110214025074
60553246436062572573
60553240077T15015515
60553231541547240437
60553223203401463361
17224537700062762261
17216252564077305036
60571557004527357227
60571525213700472737
60571473423051606450
17216235667563752702
17224546236230537337

60561525213700472740 |

17224531341715205204

- 60561510317365140605
17216304354726171325

17206220773250420546
17216267460412637171
17216220773250420547
17226220773250420547
172245545T4376314415

TEST 19,
REAL TAN  VALUE
16426134743306206552
60541437014270151572

60513015517254035530 _

16424721416234674511

b0661441501400267063
60531276233170637745

60523016035167756425
60513015517254036651
60022165360511743644
17254761742610021045
17126336710731611561
60011366473302151721

17264762260523T41742

17254761742610021661
17116336276377507T14
§7264762260523740311
6065144106T046165616
17246501544607140032
60643130134065631522
17136340763507626205

17755612417266034133

1T13464T643712146255
61350721416234674511
61340721416234674511
17744563100760570232

A COMPARISON OF TAN

16426043230461461213
60641437014270151534
6051301551 7254035444
16416043230461461213
60661441501400257273
60531276233170637716

60523016035167756375

60513015517254036571
60020760360743600655
17254761742610021074
17126336710731611655
57772564264552640502
17264762260523741662
17254761742610021712
17116336276377510104
17264762260523740372
60651441067046165722
17246501544607140061
60643130134065631465
17136340763507626142
177556314646660541 74
17134647643712146212
61350756263547147272
61340756263547147272
177450625101 77376643

AND DTAN
DOUBLE PRECISION DTAN

VALUE
15620000000000000010
61446645220011370503
61311372140376565433
15610000000000000002
614604401 04175260465
61330202273326272172
61322435556403600325
61312351632164613423
60625473266556367001
16455756100727713210
16325553641615041604
60604416566161230271
1646752T466126031271
16452441112350513167
16317072207445256254
16467055731252045426
61451510700221637311
164475 75504451505605
61440630605001 761765
16337703206731310516
17155121427116536533
16336362244623575020
6215377TTTTTTITITTES
62143TTTTTTTITTTTTT07
17140701366755672332

DIFFERENCE
3961408105183
' 30

53
131924754468871
-135

24

25

49
44324022175223
=24

-61
708466909615T4
47

-25

-121

-50

-67

-24

30

kL
-1035825324066
U
~1980704052592
-1980704052592
-13160756743433
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6. Summary

We have defined the ''accuracy' of a single precision function relative to a corresponding
double precision function. Using {;his definition, we have measured the error in 11 Fortran func-
tions (SIN, COS, TAN, ASIN, ACOS, ATAN, SQRT, EXP, ALOG, ALOG10, and TANH) in the CDC
Fortran libraries for three different computer operating systems--CDC 6600 SCOPE, CDC 6600
NOS, and CDC 7600, The error in each function was mcasured for several distributions of argu-

ments, The observed errors were presented in the form of various tables and printer plots,

The accuracy of some functions varies significantly from one system to another, For some

functions, the accuracy also varies drastically from one value of the argument to another.

We nave not in any sense provod that the aclual errurs aré as small as we have observed.
Indeed, to be on the conservative side, the prudent reader may well assume that the actual errors

are at least as large as we have observed.

The progrém which we used to measure the errors was na.refuliy designed, based ou previous
experience, with machine-dependent characteristics being parameterized so that the program could
easily be transferred to run on different computer systems; in fact, it has been run on at least
five different systems., Of especial interest is the machine~ipdependent m’ethod.used to compute
the error in terms of units in the least significant digit position. Also of interest are the several
forms of argument distributions, including exponential forms for ranges covering many values of
the exponent and incremental forms for detailed examination of a function in tho noighberhood of a

z€1'o or pole.

In addition to measuring the accuracy of Fortran library functions, the program has been

used in various other applications including, for example:

®Measuring the error in a spline approximation fitted to a known function

®Comparing the relative accuracy of alternative algorithms for evaluating a polynomial,

especially near a zero
®Comparing unrounded versus rounded computations
®Showing the accumulation of error in a sequence of values computed by incrementation.

Persons interested in using the program should contact one of the authors,
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