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NUMERICAL CALCULATION OF 

THE THOMAS-FERMI-VON WEIZSACKER FUNCTION 

FOR AN INFINITE ATOM WITHOUT ELECTRON REPULSION

by

E l l i o t t  H. L i e b  and David A. L iberman

ABSTRACT

The Thomas-Fermi (TF) and Thom as-Fermi-von  
W e iz s a c k e r  (TFW) t h e o r i e s  o f  a toms and m o le c u le s  
wi t h  e l e c t r o n - e l e c t r o n  r e p u l s i o n  a r e  r e v i e w e d  
b r i e f l y .  The main d i f f e r e n c e  be tw een  t h e ^ e n e r g i e s , 
rTFW _ gTF (fQ]. l a r g e  z ) ,  i s  a t e r m  D^^'^z . ( I t  i s  
a l s o  b e l i e v e d  t h a t  E^ -  E^^ ~ D^z , where E^ i s  t h e
t r u e  quantum g round  s t a t e  e n e r g y . )  To c a l c u l a t e  
dTFŴ  i t  i s  n e c e s s a r y  t o  f i n d  t h e  p o s i t i v e  s o l u t i o n  
t o  t h e  d i f f e r e n t i a l  e q u a t i o n

i n  t h r e e  d i m e n s i o n s .  While  t h i s  e q u a t i o n  a r i s e s  
f rom TFW t h e o r y  w i t h  e l e c t r o n - e l e c t r o n  r e p u l s i o n ,  
i t  a l s o  has  a second  i n t e r p r e t a t i o n  -  namely a s  t h e  
TFW e q u a t i o n  f o r  an atom w i t h o u t  e l e c t r o n - e l e c t r o n  
r e p u l s i o n .  Hence t h e  t i t l e  o f  t h i s  r e p o r t .

The main c o n t e n t  of  t h i s  r e p o r t  i s  t h e  
n u m e r i c a l  s o l u t i o n  o f  t h i s  e q u a t i o n  and t h e  
e v a l u a t i o n  of



I .  INTRODUCTION

The main p u r p o s e  of  t h i s  r e p o r t  i s  t o  p r e s e n t  n u m e r i c a l l y  t h e  p o s i t i v e  

s o l u t i o n  t o  t h e  e q u a t i o n

{ -  A + -  | x | “  ̂ } i|;(x) = 0 . ( 1 . 1 )

T h i s  e q u a t i o n  i s  t h e  Thomas-Fe rmi-von W e iz s a c k e r  (TFW) e q u a t i o n  ( a f t e r  s u i t a b l e  

s c a l i n g  of  t h e  p a r a m e t e r s )  f o r  a n o n r e l a t i v i s t i c  atom w i t h  t h e  n u c l e u s  f i x e d  a t  

t h e  o r i g i n  and w i t h o u t  t h e  e l e c t r o n - e l e c t r o n  r e p u l s i o n .  However ,  E q . ( l . l )  i s  

a l s o  r e l e v a n t  f o r  TFW t h e o r y  w i t h  e l e c t r o n - e l e c t r o n  r e p u l s i o n .

The TFW e q u a t i o n  d e s c r i b e s  t h e  b a l a n c e  o f  p o t e n t i a l  and k i n e t i c  e n e r g i e s  of 

t h e  e l e c t r o n s  i n  an atom: - | x | ~ ^  i s  p o t e n t i a l  e n e rg y  i n  t h e  f i e l d  o f  t h e  n u c l e u s  

( s u i t a b l y  s c a l e d ) ;  | t|j(x ) 1^'^^ i s  t h e  Thomas-Fermi c o n t r i b u t i o n  t o  t h e  k i n e t i c  

e n e r g y  ( t h a t  i s ,  t h e  s q u a r e  o f  t h e  Fermi momentum); and -A i s  t h e  von Weizs'Acker 

c o r r e c t i o n  to  t h e  k i n e t i c  e n e r g y .

The e l e c t r o n  number ,

X = f i p ( x ) ^ d x ,  ( 1 . 2 )

w i l l  t u r n  o u t  t o  be i n f i n i t y  f o r  E q . ( l . l ) ,  which i s  p h y s i c a l l y  r e a s o n a b l e  

b e c a u s e  an atom w i t h o u t  r e p u l s i o n  can  b i n d  i n f i n i t e l y  many e l e c t r o n s .  We c hoose  

t o  d e a l  w i t h  t h e  c a s e  o f  i n f i n i t e  e l e c t r o n  number b e c a u s e  i t  i s  t h e  a p p r o p r i a t e  

a n a l o g  o f  t h e  n e u t r a l  TFW atom when e l e c t r o n - e l e c t r o n  r e p u l s i o n  i s  i n c l u d e d  i n  

t h e  s e n se  t h a t  i t  i s  t h e  c a se  o f  t h e  maximum e l e c t r o n  number .

The o n l y  p r e v i o u s  n u m e r i c a l  s t u d y  of  t h i s  m o d i f i e d  TFW e q u a t i o n  t h a t  we a r e  

aware o f  i s  t h a t  o f  Yonei  and Tomishima^ who s t u d i e d  E q . ( l . l )  w i t h  z e r o  r e p l a c e d  

by -  y\|;(x) on t h e  r i g h t  s i d e ;  y was a d j u s t e d  t o  make X f i n i t e  i n s t e a d  of  

i n f i n i t e .

Our s tu d y  of  E q . ( l . l )  i s  n o t  m e r e l y  a n  e x e r c i s e  i n  n u m e r i c a l  a n a l y s i s .  The
2  Ae q u a t i o n  and i t s  s o l u t i o n  p l a y  an e s s e n t i a l  r o l e  i n  t h e  TFW t h e o r y  o f  l a r g e  

atoms and m o l e c u l e s  w i t h  e l e c t r o n - e l e c t r o n  r e p u l s i o n .  I n  Sec .  I I ,  we b r i e f l y  

o u t l i n e  TF and TFW t h e o r y  and e x p l a i n  t h e  s i g n i f i c a n c e  o f  E q . ( l . l ) .  The r e a d e r  

i s  r e f e r r e d  t o  a r e c e n t  r e v i e w  a r t i c l e , ^  e s p e c i a l l y  Sec .  V I I .C ,  i n  wh ich  more



d e t a i l s  and p r o o f s  a r e  g i v e n .  I n  Sec .  I l l ,  some m a t h e m a t i c a l  p r o p e r t i e s  o f  

E q . ( l . l )  w i l l  be o u t l i n e d .  P r o o f s  w i l l  a g a i n  be o m i t t e d ;  t h e y  can  be found i n  

R e f .  6 . F i n a l l y ,  S e c .  IV c o n t a i n s  our  n u m e r i c a l  r e s u l t s .

I I .  A BRIEF REVIEW OF THE THOMAS-FERMI-VON WEIZSACKER THEORY

E v e r y t h i n g  i n  t h i s  s e c t i o n  can  be f o u n d ,  w i t h  more d e t a i l ,  i n

R e f s .  5 and 6 . N o t a t i o n :

( 1 ) e = e l e c t r o n  c h a rg e  = 1 .
n

( 2 ) 6 = / 2 m, m = e l e c t r o n  m a s s .

( 3 )  l P ( f o r  1 < p < oo) i s  t h e  s e t  of  f u n c t i o n s ,  f ,  such t h a t

1 I f  I Ip = [ /  l f ( x ) | P d x  ] ^ / P  < » .
1

( 4 )  H i s  t h e  s e t  of  f u n c t i o n ,  f ,  such  t h a t  f  and ea ch  component of  Vf a r e  

i n  L^.

( 5 )  We assume t h e r e  a r e  k f i x e d  n u c l e i  w i t h  n u c l e a r  c h a r g e s  > 0 and

l o c a t e d  a t  d i s t i n c t  p o i n t s  R^ These  k - t u p l e s  w i l l  be d e n o te d  by ^  and  R.
k

Z = z z .  i s  t h e  t o t a l  n u c l e a r  c h a r g e .  I n  t h e  c a s e  o f  an  atom (k  = 1 ) ,  we w i l l

assume Rj  ̂ = 0  and  d e n o t e  z-^ by z .
*" 1( 6 ) V(x)  H E  z .  | x - R . l  i s  t h e  n u c l e a r  p o t e n t i a l .

j=X J J
( 7 )  q d e n o t e s  t h e  number o f  e l e c t r o n  s p i n  s t a t e s .  U s u a l l y  q = 2 ,  b u t  one

may w i s h  t o  c o n s i d e r  q = 1 f o r  t h e  f e r r o m a g n e t i c  s t a t e .

( 8 ) Yp = (<i2 / 2 m) ( 6 i r ^ / q ) ^ ^ ^ .  p s t a n d s  f o r  " p h y s i c a l . "  q

( 9 )  y = ( x , a )  d e n o t e s  a s i n g l e  s p a c e - s p i n  p a i r .  f d y  = E / d x .  An
0 =  1

N - p a r t i c I e  f u n c t i o n ,  'i'Cyj^, • • • ,y^j) , i s  a lw ays  assumed t o  be a n t i s y m m e t r i c  ( P a u l i  

p r i n c i p l e )  and /  1 I  = 1  ( n o r m a l i z a t i o n ) .

A. The S c h r O d in g e r  E q u a t i o n

The H a m i l t o n i a n  f o r  N e l e c t r o n s  i s

N
%  = [ 6 Ai + V ( X i ) ] +  I  | x^  -  x . r ^  ( 2 . 1 )

U i < j < N

The g round  s t a t e  e n e r g y  ( w i t h  Q d e n o t i n g  "quan tum ")  i s

e Q(N) = i n f  {(,(;, Hj j ^ )} .  ( 2 . 2 )



The i n f i n i u m ,  a s  d i s t i n c t  f rom minimum, i n  E q . ( 2 . 2 )  i s  i m p o r t a n t  b e c a u s e  i f  N i s  

t o o  l a r g e ,  t h e r e  w i l l  be no \(; t h a t  m in i m i z e s  t h e  r i g h t  s i d e .  The g round  s t a t e  

d e n s i t y  i s

q
p^ (N ,x )  = N Z >( j )» Y2 > • • *yN^^^2 * * * ’ ( 2 . 3 )

0=1

where  i|; i s  t h e  g round  s t a t e ,  t h a t  i s ,  t h e  t h a t  m in im iz e s  (i|; ) .  I f  t h i s  i|j

i s  n o t  u n i q u e ,  o r  i f  i t  does  n o t  e x i s t ,  i t  i s  s t i l l  p o s s i b l e  t o  d e f i n e  by

means of  a se quenc e  o f  a p p r o x i m a t i n g  i(;'s ( s e e  R e f .  5 ) .

B. Thomas-Fermi Theory

The TF e n e rg y  f u n c t i o n a l  i s

<^^^(p) = jY  J p ( x ) ^ ‘̂ ^dx -  / V ( x ) p ( x ) d x  + J ( p , p )  , ( 2 . 4 )

where

J ( p , p )  = j f f  p ( x ) p ( y )  l x -y l   ̂ dx dy .  ( 2 . 5 )

C i s  d e f i n e d  f o r  n o n - n e g a t i v e  p ' s  i n  L OL . p (x)  i s  an " e l e c t r o n  

d e n s i t y . "  y i s  a p o s i t i v e  p a r a m e t e r .  The TF e n e rg y  i s ,  f o r  a g i v e n  e l e c t r o n  

number t h a t  need n o t  be i n t e g r a l ,

X =  I p ,  ( 2 . 6 )

and

e ' ^ ^ (X ,^ ,R )  = i n f  { ( f ( p )  I p L^,  p (x)  > 0 ,  Jp = X } . ( 2 . 7 )



The i m p o r t a n t  f a c t s  a b o u t  TF t h e o r y  t h a t  w i l l  be  needed  a r e  t h e  f o l l o w i n g .

F I .  E x i s t e n c e  and U n iq u e n e ss  o f  a  Minimum. There  i s  a m in i m i z in g  p f o r

E q . ( 2 . 7 )  [ t h a t  i s ,  = E ^ ^ ( X , £ , R ) ]  i f  and  o n l y  i f  X < = Z.  T h i s  p i s
TFu n i q u e  ( d e n o t e  i t  by p ) and  s a t i s f i e s  t h e  TF e q u a t i o n

y p ^ ^ ( x ) 2 / 3  = -  p ^ ^ , 0 ] ,  ( 2 . 8 )

TFf o r  some p > 0  , where

^■^^(x) = V(x)  -  J p ^ ^ ( y )  I x - y T ^ d y .  ( 2 . 9 )

C o n v e r s e l y ,  E q s . ( 2 . 8 )  and  ( 2 . 9 )  have  a u n i q u e  s o l u t i o n  p a i r  ( p , p )  s u c h  t h a t  

f p  = X and  p £ L ^ ' ^ ^ n L ^ .  For  X = X^ = Z, = 0 and

y p^^(x)^^^^ = (t)^^(x) , a l l  X. ( 2 . 1 0 )

F o r  X > d e f i n e  p'^^(x) , (})'^^(x) , and p"^^ by t h e i r  v a l u e s  a t  X = Z.  Thus ,

t h e  TF d e n s i t y  i s  d e f i n e d  u n i q u e l y  f o r  a l l  e l e c t r o n  num bers ,  X.

F2 .  The Z ->■ 0° L i m i t . F i x  and X > 0 and  c o n s i d e r  t h e  f o l l o w i n g

s c a l i n g  a s  N(= i n t e g r a l  e l e c t r o n  number)  -> « .

L e t  a^j = N/X , ( 2 . 1 1 )

z . = a , ( 2 . 1 2 )
3 N J

R. = a ( j = l , . . . , k )  . ( 2 . 1 3 )
J N -J

[Note ;  E q . ( 2 . 1 3 )  c a n  be r e p l a c e d  by Rj = r9 ,  i n  which  c a s e  we w i l l  have
TFi s o l a t e d  atoms a s  N + «>,] Take y = yp i n  E q . ( 2 . 4 )  and  l e t  E ( N ,^ ,R )  d e n o t e  t h e



T 'P’TF e n e r g y ,  E q . ( 2 . 7 ) ,  w i t h  Jp = N. L i k e w i s e ,  l e t  p ( N , ^ , R , x )  d e n o t e  t h e  TF 

d e n s i t y .  Then

l im  E ^ ( N ,z ,R )  = l i m  z ,R)
N>CO  N^OO ----------

= E ^ ^ ( X , A 0  , ( 2 . 1 4 )

l im  p^ (N ,£ ,R ,a J^^ /^x )  = l i m  a^,^ p '^^(N ,£ ,R,aj^^ ‘̂ ^x)
N+oo N-«o

= p ^ ^ ( A , z ° , R ° , x ) .  ( 2 . 1 5 )

T h i s  was p roved  i n  R e f .  7 .  The l a s t  e q u a l i t i e s  i n  E q s . ( 2 . 1 4 )  and  ( 2 . 1 5 )  a r e  

c o n s e q u e n c e s  of  t h e  f a c t  t h a t  t h e r e  i s  a s im p le  s c a l i n g  i n  TF t h e o r y ,  namely 

t h a t  e ' ^ ^ (N ,^ ,R )  and aJJ^ p'^^(N,_z,R,aJJ^'^^x) a r e  i n d e p e n d e n t  of  N.

E q u a t i o n s ( 2 . 1 4 )  and  ( 2 . 1 5 )  s t a t e  t h a t  TF t h e o r y  ( w i t h  y = yp )  i s  e x a c t  t o  

l e a d i n g  o r d e r  a s  Z and N go to  i n f i n i t y  w i t h  t h e  r a t i o  N/Z f i x e d .  I t  i s  

i m p o r t a n t  t o  n o t e  t h a t  n e u t r a l i t y  i s  n o t  e s s e n t i a l  f o r  t h i s .
7 /3Thus ,  t h e  l e a d i n g  t e rm  i n  the  quantum e n e r g y  i s  p r o p o r t i o n a l  t o  z ( o r  

n7 / 3 ) .  pqj. ^ n e u t r a l  atom (X = z ) ,

e ''^̂  = -  3 .67874  z ^ / ^ / y .  ( 2 . 1 6 )

The o b v i o u s  q u e s t i o n  to  a sk  i s  "What i s  t h e  n e x t  t e r m  i n  E^ a f t e r  the  

p r i n c i p a l  ( o r  TF) t e r m ? "  T h i s  i s  where TFW t h e o r y ,  and u l t i m a t e l y  E q . ( l . l ) ,  

e n t e r s .

C. Thom as-Fermi-von  W e iz s a c k e r  Theory  

The TFW e n e r g y  f u n c t i o n a l  i s

, f T™ (p)  = A6 J [ F p l / 2 ( x ) ] 2 d x  + E ^ ^ ( p ) ,  ( 2 . 1 7 )



1 / 2  1where  A > 0 i s  an  a d j u s t a b l e  c o n s t a n t .  The a d d i t i o n a l  h y p o t h e s i s  t h a t  p ' 6 H

m ust  be made. i s  d e f i n e d  i n  a n a l o g y  w i t h  E q . ( 2 . 6 ) .  The i m p o r t a n t  f a c t s
C Q

a b o u t  TFW t h e o r y  ’ a r e  t h e  f o l l o w i n g .

F3.  E x i s t e n c e  and Un iqueness  o f  a Minimum. There  i s  a m in i m i z in g  p f o r

^TFW(p)^ w i t h  J p  = X ,  i f  and on ly  i f  X < X^. The v a l u e  o f  X^ i s  n o t  known, b u t

i t  i s  known t h a t  Z < X^ < 2Z, even  f o r  a m o l e c u l e .  T h i s  p i s  u n i q u e  and

s a t i s f i e s  t h e  TFW e q u a t i o n  [ w h e re in  = p " ^ ^ ] :

{ -  A S A  + w(x)  } = -y i ( ; ^ ^ ( x )  , ( 2 . 1 8 )

where

W(x) = Y p ^ ™ ( x ) ^ / ^  -  V(x) + / p ^ ™ ( y )  l x -y l  ^dy ( 2 . 1 9 )

and  y  > 0 ,  w i t h  y  = 0 f o r  X = X^. C o n v e r s e l y ,  E q s . ( 2 . 1 8 )  and ( 2 . 1 9 )  have a 

u n i q u e  s o l u t i o n  p a i r  (\j ; ,y) u n d e r  t h e  c o n d i t i o n s  t h a t  ij;(x) > 0 ,  i ( ) 2 = p ,  J p = X ,

and  € H^. For  X > X^, we d e f i n e  t o  be i t s  v a l u e  a t  X^.

F4 .  The Z ao L i m i t . The s c a l i n g  i s  t h e  same a s  b e f o r e ,  E q s . ( 2 . 1 1 ) ,  

( 2 . 1 2 ) ,  and ( 2 . 1 3 ) .  For  l a r g e  N ( o r  Z) and  f i x e d  X and y ,

jTFW/m ™ on — TpTF/M r, V  ̂ J. nTFW ^ „ 2  4- ( 2 . 2 0 )E^*'W(N,z,R) = E ^ ^ N , z , R )  + E z ,̂ + o ( N 2 ) ,j=l J

where  i s  a c o n s t a n t  t h a t  d e pe nds  o n l y  on AS  and  y . The l a s t  t e rm  i n

E q . ( 2 . 2 0 )  means t h a t  o ( n 2 ) / n 2  -»• 0 a s  N -> » .  The s i g n i f i c a n c e  o f  E q . ( 2 . 2 0 )  i s

t h e  f o l l o w i n g .  The f i r s t  t e r m ,  E^^,  depends  on X = Z°N/Z and  on t h e

c o n f i g u r a t i o n  o f  t h e  n u c l e i  i n  t h e  m o l e c u l e .  I t  i s  i n d e p e n d e n t  of  A, o f  c o u r s e .
7 /3I t  i s  s t r i c t l y  p r o p o r t i o n a l  t o  N ' w i t h  our  s c a l i n g .  The second  t e r m  (which  i s  

p r o p o r t i o n a l  t o  N^) c a n  be s a i d  t o  be a " c o r e  e f f e c t "  b e c a u s e  i t  has  t h e

f o l l o w i n g  p r o p e r t i e s .



P I . I t  i s  i n d e p e n d e n t  of  A = Z°N/Z,  p r o v i d e d  X > 0.

P 2 . I t  i s  a d d i t i v e  o v e r  a m o l e c u l e ,  t h a t  i s ,  i t  i s  a sum o f  t erms

c o r r e s p o n d i n g  t o  ea ch  atom i n  t h e  m o l e c u l e .

P 3 . The c o n s t a n t ,  does  n o t  change  i f  t h e  e l e c t r o n - e l e c t r o n  r e p u l s i o n

i s  removed.  Suppose t h a t  i n  E q . ( 2 . 1 ) ,  t h e  t e r m  Z | x ^ - X j |   ̂ i s  d e l e t e d .  We

would t h e n  have  t h e  Bohr a to m , and E^(N) would be e a s y  to  e v a l u a t e  s im p ly  by

summing th e  s i n g l e  p a r t i c l e  e n e r g i e s  ( f o r  an atom, t h e s e  e n e r g i e s  a r e  known

e x p l i c i t l y :  -  z 2 (4 6 n 2 )  n = 1 , 2 , . . . ) .  C o r r e s p o n d i n g l y ,  we would remove t h e
a>TV TKe l e c t r o n - e l e c t r o n  r e p u l s i o n  J  f rom c  . E ( X ,£ ,R )  would change  (one  change

b e i n g  t h a t  X̂, = ”  i n  t h i s  c a s e ) ,  b u t  t h e  l i m i t  t h e o r e m ,  E q s . ( 2 . 1 4 )  and  ( 2 . 1 5 ) ,  

would s t i l l  be t r u e  ( w i t h  y = y ^ ,  o f  c o u r s e ) .  The c o n s t a n t  i n  E q . ( 2 . 2 0 )

would n o t  c h a n g e .  A l l  o f  t h i s  i s  p roved  by L i e b . ^

Two o b v i o u s  q u e s t i o n s  a r i s e .

Q1. I s  t h e  TFW c o r r e c t i o n  to  TF t h e o r y ,  g i v e n  by E q . ( 2 . 2 0 ) ,  t h e  same a s  

t h e  quantum c o r r e c t i o n ?  I n  o t h e r  w o rd s ,  i s  i t  t r u e  t h a t

E ^ (N ,£ ,R )  = e '^^ (N ,^ ,R )  + dQ Z z? + o ( n 2 )  ( 2 . 2 1 )
j = l  ^

f o r  some D^? A s i m i l a r  q u e s t i o n  can be a s k e d  a b o u t  t h e  r e l a t i o n s h i p  be tw een  t h e  

TFW and t h e  Q c o r r e c t i o n s  t o  t h e  d e n s i t y ,  p ( x ) .

Q2. What i s  t h e  v a l u e  o f  D ^ ^ ( A , y ) ?

These  q u e s t i o n s  can be r e p l i e d  t o  as  f o l l o w s .

R1. The l e a d i n g  t e rm  i n  E^ -  e"^̂  i s  n o t  known. However ,  i n  1952,  S c o t t ^  

c o n j e c t u r e d  t h a t  E q . ( 2 . 2 1 )  i s  t r u e  and t h a t  p r o p e r t y  (P3)  i s  s a t i s f i e d .  I f  t h i s  

i s  c o r r e c t ,  and i t  i s  w i d e l y  b e l i e v e d  to  be s o ,  t h e n  c a n  be c a l c u l a t e d  by 

u s i n g  (P3) and c o n s i d e r i n g  an  atom w i t h o u t  e l e c t r o n - e l e c t r o n  r e p u l s i o n .  For  

t h i s  Bohr a tom , E^ and  e "*"̂  can  be e v a l u a t e d  ( R e f .  10,  p . 5 6 0 ) ,  and one f i n d s  

t h a t

= q / 8 6  ( 2 . 2 2 )

11  1 2i f  t h e  S c o t t  c o n j e c t u r e  i s  c o r r e c t .  H a r t r e e - F o c k  s t u d i e s  * c o r r o b o r a t e  

E q . ( 2 . 2 2 ) .  I n  f a c t ,  t h e  r i g h t  s i d e  o f  E q . ( 2 . 2 1 )  w i t h o u t  t h e  o (N2 )  t e r m  and  w i t h



E q . ( 2 . 2 2 )  a g r e e s  r e m a rk a b l y  w e l l  w i t h  ( i n  t h e  H a r t r e e - F o c k  a p p r o x i m a t i o n )  f o r  

n e u t r a l  a toms w i t h  z down t o  a b o u t  1 0 .

R2. To c a l c u l a t e  we c a n  remove t h e  e l e c t r o n - e l e c t r o n  r e p u l s i o n

[ u s i n g  ( P 3 ) ] ,  and we c a n  t a k e  A = «> [ u s i n g  ( P I ) ] ,  and we c a n  r e s t r i c t  ou r  

a t t e n t i o n  to  an atom [ u s i n g  ( P 2 ) j .  E q u a t i o n ( 2 .18 )  t h e n  becomes

- A 6 Ai|;(x) + [yp (x)^ '^^  -  z / | x | ]  i!;(x) = 0 ( 2 . 2 3 )

w i t h  p = I n  o t h e r  w ords ,  we c l a i m  t h a t  t h e  TFW e n e r g y  o f  t h i s  i|; m inus  t h e

TF e n e rg y  o f  an  atom ( w i t h o u t  e l e c t r o n - e l e c t r o n  r e p u l s i o n  and w i t h  A = ~ )  i s  

dTFW^2,  For  t h i s  m o d i f i e d  TF p r o b le m ,  = z / | x | . Both  t h e  TFW and TF

e n e r g i e s  a r e  i n f i n i t e  b u t  t h e  d i f f e r e n c e  i s  f i n i t e ,  namely

F ( z , y , A 6 ,il;) = A6 /(Vip)2 + / { 1 y4, ( x ) -  z4»2 ( x ) / | x l

+ | Y ( Z / y | x | ) 5 / 2 | d x  . ( 2 . 2 4 )

[Note  t h a t  ^ y p ^ ^ ( x ) ^ ^ ^  -  Z p ^ ^ ( x ) / | x |  = ( Z / y I x 1)^^^  i n  t h i s  c a s e . ]  We s h a l l  

soon  s e e  t h a t  F ( z  ,y ,A6 ,i|j) i s  p r e c i s e l y  Dz , and i t  h a s  no low e r  o r d e r  t e r m s .

The a s s e r t i o n  t h a t  i s  o b t a i n e d  by s o l v i n g  E q . ( 2 . 2 3 )  and  i n s e r t i n g  th e

r e s u l t  i n  E q . ( 2 . 2 4 )  i s  p roved  by L i e b . 5 A f u r t h e r  a s s e r t i o n  a b o u t  t h e

c o r r e c t i o n  t o  t h e  TFW d e n s i t y  i s  a l s o  g i v e n  i n  R e f .  5 .  T h i s  i n f o r m a t i o n  i s  

summarized i n  ( R 3 ) .

R3 . To l e a d i n g  o r d e r  i n  N ( o r  Z ) ,  p*̂  and p^^  a g r e e ,  and t h e y  b o t h  have  a

l e n g t h  s c a l e  Z~^^^ and  a n  a m p l i t u d e  s c a l e  Z 2 . T h i s  i s  t h e  c o n t e n t  of  E q . ( 2 . 1 5 ) .
TFHowever,  a t  e a c h  n u c l e u s ,  p (x )  i s  i n f i n i t e .

TFW TFp a l s o  a g r e e s  w i t h  p t o  l e a d i n g  o r d e r .  The l e a d i n g  o r d e r  c o r r e c t i o n

i n  TFW t h e o r y  o c c u r s  on a s c a l e  l e n g t h  Z ~ ^  n e a r  e a c h  n u c l e u s  and t h e
r n  M T J

" c o r r e c t i o n "  c o n s i s t s  i n  t h e  f a c t  t h a t  p i s  f i n i t e  i n s t e a d  o f  i n f i n i t e .  T h i s  

c an  be p r e c i s e l y  s t a t e d  a s  f o l l o w s .

L e t  p"^^^ = ( i | j^^^)2,  w i t h  b e i n g  t h e  p o s i t i v e  s o l u t i o n  to  E q . ( 2 . 1 8 ) .

Then s a t i s f i e s  an e q u a t i o n  s i m i l a r  t o  E q . ( 2 . 1 5 )  f o r  p ^ ,  namely



l im  ^ p^F(x . ( 2 . 2 5 )
N->-oo

T h i s  h o l d s  f o r  any f i x e d  y  and A.

Now l e t  i|; be t h e  s o l u t i o n  t o  E q . ( 2 . 2 3 )  and p = . pj[x y € fR^ . Then f o r

a l l  f i x e d  y  and A,

l im  zT^ p ^ ^ '^ (N ,z ,R ,R .  + zT^y)  = p ( y ) .  ( 2 . 2 6 )
n -h» j   J  J

I n  o t h e r  w o rd s ,  t h e  s i g n i f i c a n c e  o f  E q . ( 2 . 2 3 )  i s  t h a t  i t  g i v e s  t h e  f i n i t e  TFW 

d e n s i t y  on a  s c a l e  l e n g t h  Zj^ n e a r  e a ch  n u c l e u s  i n  a m o l e c u l e .

Remark: I f  t h e  D i r a c  "exchange  c o r r e c t i o n , "  - c / p ^ ^ ^ ,  i s  added t o  

w i l l  n o t  a f f e c t  E q s . ( 2 . 2 0 ) , ( 2 . 2 5 ) ,  and ( 2 . 2 6 ) .  See R e f .  5 .  Exchange e f f e c t s  

a r e  0 ( 2 ^^^^), n o t  0 ( z 2 ) .

What a b o u t  t h e  quantum d e n s i t y ,  p^? A c o n j e c t u r e  o f  Hei lmann and Lieb^ i s  

t h a t  an e q u a t i o n  s i m i l a r  to  E q . ( 2 . 2 6 )  h o l d s ,  nam e ly ,

l im  zT^ p^(N,£,R,R. + zT^y)  = p ^ ( y )  , ( 2 . 2 7 )
N>oo J  J  J

U
where p i s  t h e  d e n s i t y  of  a quantum Bohr atom w i t h  z = 1 and i n f i n i t e l y  many 

e l e c t r o n s .  T h i s  i s

p” (y )  = q 5: ‘
n , i l  ,m

where  t h e  a t e  a l l  t h e  n o r m a l i z e d  bound s t a t e  wave f u n c t i o n s  of  t h e  h yd rogen

atom w i t h  t h e  u s u a l  H a m i l t o n i a n

H = - 6 A -  1 / | x |  . ( 2 . 2 9 )

T h i s  c o n j e c t u r e  a b o u t  t h e  d e n s i t y ,  E q . ( 2 . 2 7 ) ,  s u p p le m e n ts  t h e  S c o t t  c o n j e c t u r e ,  

E q s . ( 2 . 2 1 )  and  ( 2 . 2 2 ) .
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H  nI n  p a s s i n g ,  some p r o p e r t i e s  of  p c a n  be m e n t i o n e d .  (1 )  p ( y )  i s  a 

f u n c t i o n  o n l y  of  r  = | y | .  I t  i s  monotone d e c r e a s i n g  and d i s p l a y s  v e r y  l i t t l e  

" s h e l l  s t r u c t u r e . "  (2 )  For  l a r g e  r  = l y l ,

H/

P^(y) (Tpr) - 3 / 2 ( 2 . 3 0 )

_ H(Note that the right side is proportional to q.) Thus, p (zx) agrees with
TFPatom^^^ f o r  K < z | x | < < z ^ ^ ^ .  ( 3 )  For  y = 0 ,  o n l y  S-waves c o n t r i b u t e  i n

E q . ( 2 . 2 8 ) .  Because  ~ (8ir6^n3)

6 3 q " ^ p ^ ( 0 )  =  ? ( 3 ) / 8 tt =  0 . 0 4 7 8 2 8 3 2 5 . ( 2 . 3 1 )

T h i s  b r i e f  d i s c u s s i o n  o f  TF and TFW t h e o r i e s  h a s  l e d  us  t o  t h e  f o l l o w i n g  

c o n c l u s i o n .  The c h i e f  e f f e c t  o f  t h e  von W e iz s a c k e r  c o r r e c t i o n  [ t h e  f i r s t  t e rm  

on t h e  r i g h t  s i d e  o f  E q . ( 2 . 1 7 ) ] ,  b o t h  w i t h  r e g a r d  t o  t h e  e n e r g y  and th e  d e n s i t y ,  

i s  c o n t a i n e d  i n  t h e  s o l u t i o n  to  E q . ( 2 . 2 3 ) .  These c o r r e c t i o n s  p a r a l l e l  what  i s  

b e l i e v e d  t o  be t h e  c a s e  f o r  Q t h e o r y .  I n  t h e  n e x t  s e c t i o n ,  i t  w i l l  be shown 

t h a t  a s im p l e  change  o f  v a r i a b l e s  c o n v e r t s  E q . ( 2 . 2 3 )  i n t o  our  s t a r t i n g  

p o i n t — nam ely ,  E q . ( l . l ) .

A n t i c i p a t i n g  Sec .  IV, our  main n u m e r i c a l  r e s u l t  i s  t h e  f o l l o w i n g .  With 

Y = Y , A c a n  be c h o s e n  so t h a t  e i t h e r  a g r e e s  w i t h  E q . ( 2 . 2 2 ) ,  o r  i t  c an  be
U

c h o s e n  so t h a t  t h e  r i g h t  s i d e  o f  E q . ( 2 . 2 6 )  a g r e e s  w i t h  p ( 0 ) ,  E q . ( 2 . 3 1 ) .  For

t h e  fo rm e r

A = 0 .1 859019  ( e n e r g y  a g r e e m e n t ) . ( 2 . 3 2 )

Fo r  t h e  l a t t e r

A = 0 .4797529  ( d e n s i t y  a g re e m e n t ) ( 2 . 3 3 )
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von Weizsacker's original choice^ was A = 1. Yonei and Tomishima^
a d v o c a t e d  A = 0 . 2  f o r  z l a r g e r  t h a n  25,  which i s  c l o s e  t o  t h e  v a l u e  i n

1E q . ( 2 . 3 2 ) .  K i r s h n i t s  o b t a i n e d  A = 1 / 9 ,  a s sum ing  a weak p e r t u r b i n g  p o t e n t i a l  

(which  i s  n o t  t h e  c a s e  f o r  t h e  Coulomb f i e l d  n e a r  a n u c l e u s ) .

I I I .  PROPERTIES OF EQS. ( 1 . 1 )  AND ( 2 . 2 3 )

A. S c a l i n g  P r o p e r t i e s  of  E g . ( 2 . 2 3 )

Denote  a s o l u t i o n  t o  Eg. ( 2 . 2 3 )  by i|;(z ,y ,A6 ,x )  and  a s o l u t i o n  t o  Eg.  ( 1 . 1 )  

s im p ly  by i()(x) . The two a r e  r e l a t e d  by

i); (z ,y,A6 ,x )  = ( z 2 / A 6 y ) ^ / ‘̂  i(;(zx/A6 ) .  ( 3 . 1 )

The d e n s i t i e s  (nam e ly  i|;2) a r e  r e l a t e d  by

p ( z , y , A 6 , x )  = z3 (A6 y)~^'^^ p ( z x / A 6 ) .  ( 3 . 2 )

D e f ine  t h e  f u n c t i o n a l

F ( ^ )  = / ( V t ) 2  +  / { | i j ; ( x ) ^ ° / ^  -  I x r V ( x )  + j   ̂ ( 3 ^3 )

The r e l a t i o n  be tw een  t h e  f u n c t i o n a l  E g s . ( 2 . 2 4 )  and ( 3 . 3 )  i s ,  w i t h  t h e  s c a l i n g  

E g . ( 3 . 1 ) ,

AE =  F { z , y , A 5 , ( z 2 / A 6 y ) ^ ^ ^ i{ ' [ z / A 6 )  • ] }

= z 2 (A6 ) l / 2 ^ " ^ / 2 p [ ^ ( . ) ]   ̂ ( 3 . 4 )

Note  t h a t  i f  we t a k e  Y = Yp» th e n
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: 2 ( A 6 ) ^ / ^  = z 2 ( q / 6 ) [ A l / 2 ( 6 ^ 2 ) - l ]  . ( 3 . 5 )

T h u s ,

AE = z2d , ( 3 . 6 )

and  D has  t h e  same de pendence  on t h e  p h y s i c a l  p a r a m e t e r s  q and 6 a s  doe s  i n

E q . ( 2 . 2 2 ) .  The f a c t  t h a t  aE ~ z2 j u s t i f i e s  t h e  c l a i m  made a f t e r  E q . ( 2 . 2 4 ) .

Our a n a l y s i s  t h u s  s i m p l i f i e s  t o  t h e  s t u d y  o f  E q . ( l . l )  and  t h e  f u n c t i o n a l  F 

o f  E q . ( 3 . 3 ) .

B« The F u n c t i o n a l  F

A word o f  c a u t i o n  mus t  be s a i d  a b o u t  t h e  l a s t  i n t e g r a l ,  / { } ,  i n  E q . ( 3 . 3 ) .

Fo r  t h e  <(; o f  i n t e r e s t ,  t h e  t h r e e  s e p a r a t e  t e rm s  i n  {} a r e  n o t  i n t e g r a b l e ,  b u t

t h e  sum i s  i n t e g r a b l e .

F o r  any  r e a l  n o t  n e c e s s a r i l y  >0,  l e t

k (^ ; ,x )  -  I x l ' ^  ,p2 + i | x | - 5 / 2   ̂ ( 3 . 7 )

and  f o r  any r e a l  v a l u e d  f u n c t i o n  i | ;(x),

W(t|;) = f  k( \ | ;(x)  , x ) d x .  ( 3 . 8 )

Note t h a t

k(i |^,x) > 0 ( 3 . 9 )

and

k(,(; ,x) = 0 < 3 ^  ,(; = I x T ^ / ' ^  . ( 3 . 1 0 )
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Thus,  W(i)j) i s  a lw ays  w e l l  d e f i n e d ,  a l t h o u g h  i t  may be + » .

L e t  us  i n t r o d u c e  t h e  c l a s s  o f  r e a l  v a l u e d  f u n c t i o n s

G = {\() I V\|; € L2 , F(i|;) < ooj . ( 3 . 1 1 )

I f  p (x )  > 0 ,  we say  p € G '  i f  and on ly  i f  p^^^  €  G,  I t  i s  c l e a r  f rom E q . ( 3 . 1 0 )  

t h a t  i f  W(\j;) < oo, t h e n  e s s e n t i a l l y  4i (x )  ~ |x |  f o r  l a r g e  | x | ;  h e n c e ,

c a n n o t  be i n  . Thus,

/ p  = 00 i f  p € G ' . ( 3 . 1 2 )

Because  F(\j;) > 0 ,  we can  a s k  f o r  i t s  i n f i n i u m ,  t h a t  i s ,

AE e i n f  {F( i()) I t| ;€G} . ( 3 . 1 3 )

C l e a r l y ,  t h e  f o r m a l  e q u a t i o n  6 F / 6 t(j = 0 i s  E q . ( l . l ) .

The f o l l o w i n g  f a c t s  can  be p roved  a b o u t  t h i s  m i n i m i z a t i o n  p ro b le m .

(1)  There  i s  a u n i q u e  t h a t  m in im iz e s  F(\ |)).  T h i s  i |;(x) i s  p o s i t i v e  f o r  a l l  

X and i t  s a t i s f i e s  E q . ( l . l ) .

(2 )  There  i s  p r e c i s e l y  one n o n t r i v i a l  s o l u t i o n ,  i);, t o  E q . ( l . l )  on IR3 [even  

i f  E q . ( l . l )  i s  i n t e r p r e t e d  i n  t h e  s e n s e  o f  d i s t r i b u t i o n s ]  w i t h  t h e  p r o p e r t y  t h a t  

i|;(x) > 0 ,  a l l  X .

C. P r o p e r t i e s  of

H e n c e f o r t h  we r e f e r  t o  t h e  u n i q u e ,  p o s i t i v e  s o l u t i o n ,  and p =  ,

m e n t io n e d  a bove .  The d e t a i l s  a r e  i n  R e f .  6 .

( 1 )  Because  i s  u n i q u e ,  i t  i s  n e c e s s a r i l y  s p h e r i c a l l y  s y m m e t r i c .  I t  i s  

a l s o  a monotone d e c r e a s i n g  f u n c t i o n  o f  r  = | x | .

( 2 ) i s  r e a l  a n a l y t i c  f o r  j x |  > 0 and i s  c o n t i n u o u s  a t  x = 0 .

(3 )  ij; s a t i s f i e s  t h e  cusp  c o n d i t i o n ^ ^  a t  x = 0 ,  namely

14



2 (di|;/dr) (0) = t(0)* (3.14)

i);(0 ) i s  f i n i t e .

( 4 )  For  l a r g e  r  = Ixl , ip h a s  t h e  a s y m p t o t i c  e x p r e s s i o n

/ N - 3 / 4  9 - 7 / 4  1323 - 1 1 / 4

+ 0 ( r " ^ 5 / ' ^ > .  ( 3 . 1 5 )

/-N = r " 3 / 2  _ 9_  - 5 / 2  _ - 7 / 2
32 2048

+ 0 ( r " ^ / 2 )^ ( 3 . 1 6 )

( 5 )  F o r  a l l  r ,  \i)(r) <

D. Sum R u le s

I n  v iew  o f  t h e  a s y m p t o t i c  e x p a n s i o n  [ E q s . ( 3 . 1 5 )  and  ( 3 . 1 6 ) ] ,  t h e  f o l l o w i n g  

i n t e g r a l s  a r e  w e l l  d e f i n e d .

I l  = /(V\p)2 = 4ir ( d \ p ( r ) / d r ) 2  r ^ d r

= 4 it /  ( d ( r \ p ( r )  ) / d r ) 2  d r .  ( 3 . 1 7 )

h  =  / {  _  p ( x ) 5 / 3 j d x

= 4 tt -  r 2 p ( r ) ^ / 3 } d r .  ( 3 . 1 8 )

I 3  = / [ i x T ^ ' ^ ^  -  p ( x ) ]  l x | “ ^dx

= 4Tr/^{r” ^ /^  -  r p ( r ) } d r .  ( 3 . 1 9 )

15



i4 = + 1̂ 1 dx

.  4 , / " { - r 2 p ( r )  + r ' / 2  -  - ? -  r ' l / ^ d r .
0  32

( 3 . 2 0 )

Apar t  f rom t h e  s c a l i n g ,  E q . ( 3 . 1 ) ,  1-^ i s  t h e  c o n t r i b u t i o n  o f  t h e  von 

W e iz s a c k e r  t e rm ;  - ( 3 / 5 )  I 2  i s  t h e  change  i n  t h e  TF k i n e t i c  e n e r g y ,  namely  

( 3 y / 5 ) J p ^ ^ ^  [ n o t e ' t h a t  p"^^(r) = i n  our  u n i t s ] ;  and i s  t h e  change  i n  t h e

a t t r a c t i v e  Coulomb e n e r g y .  Note t h a t  t o  0 ( z 2 ) ,  t h e r e  i s  no change  i n  t h e

e l e c t r o n - e l e c t r o n  r e p u l s i o n ,  J ( p , p ) ,  which  i s  c o n s i s t e n t  w i t h  p r o p e r t y  ( P 3 ) .  

i s  r e l a t e d  t o  t h e  change i n  t h e  e l e c t r o n  number .

I f  E q . ( l . l )  i s  m u l t i p l i e d  by and i n t e g r a t e d ,  t h e  f i r s t  sum r u l e  i s

o b t a i n e d :

^ 1  -^3 ^ 2 * ( 3 . 2 1 )

The second  sum r u l e  i s  a " v i r i a l  t h e o r e m , "  a l t h o u g h  t h e  c o e f f i c i e n t s  a r e  

d i f f e r e n t  f rom t h e  u s u a l  v i r i a l  theo re m :

51^ + 3 I 2  = 5 I 3 . ( 3 . 2 2 )

T h i s  i s  a v i r i a l  theo re m  b e c a u s e  i t  i s  d e r i v e d  by s c a l i n g  a s  f o l l o w s .  Given i|), 

l e t  (})(t,x) E t ^ ^ ^  ;j;(tx) , where t  i s  a p o s i t i v e  p a r a m e t e r .  F(ip) h a s  i t s  minimum 

a t  t  = 1, whence [ d F ( i [ i ) / d t ] ( l )  = 0. The r e s u l t  i s  E q . ( 3 . 2 2 ) .  No te  t h a t  t h e  

f a c t  t h a t  E q . ( l . l )  comes from m in i m i z i n g  F p l a y s  a  c r i t i c a l  r o l e  i n  t h i s  

d e r i v a t i o n .  I t  i s  d i f f i c u l t  t o  deduce  E q . ( 3 . 2 2 )  d i r e c t l y  f rom E q . ( l . l ) .

Combining E q s . ( 3 . 2 1 )  and  ( 3 . 2 2 )  y i e l d s

I 3  = 1 ( 3 . 2 3 )

T h i s  a g r e e s  w i t h  t h e  u s u a l  v i r i a l  theo re m  i n  t h e  f o l l o w i n g  s e n s e .  The change  i n  

k i n e t i c  e n e r g y ,  AT, i s  -  3 I 2 / 5 . The change  i n  p o t e n t i a l  e n e r g y ,  AV, i s  I 3 . 

Then
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2aT = -AV (3.24)

a s  u s u a l .

A no the r  c o n s e q u e n c e  o f  E q . ( 3 . 2 3 )  i s

From this it follows that if we want to have = D^, then, using E q . ( 3 . 4 )  and
Y = Yp. we get

q l l / 3 i r 2 6  = . ( 3 . 2 6 )

I f  i s  g i v e n  by E q . ( 2 . 2 2 ) ,  t h e n  A = ( 3 i r 2 / 8 I i ) 2 ,  T h i s  l e a d s  t o  E q . ( 2 . 3 2 ) .  I f
U

we want  t o  have p ( 0 ) = p ( 0 ) ,  t h e n

;1,(0)2/6tt2 A^/2  = ^ ( 3 ) / 8 t; . ( 3 . 2 7 )

T h i s  l e a d s  t o  E q . ( 2 . 3 3 ) .

IV.  NUMERICAL SOLUTION OF E Q . ( l . l )

We want  t h e  s p h e r i c a l l y  s ym m etr ic  s o l u t i o n  t h a t  i s  f i n i t e  a t  r  = 0 ,  t h a t  i s

p o s i t i v e  e v e r y w h e r e ,  and t h a t  a p p r o a c h e s  r  f o r  l a r g e  r .

Usua l  n u m e r i c a l  m ethods  r e s u l t  i n  d i f f i c u l t i e s  b e c a u s e  E q . ( l . l )  h a s  a 

movable  s i n g u l a r i t y :  t h a t  i s ,  n e a r  e v e r y  r a d i u s  rQ,  t h e r e  i s  a  s o l u t i o n  t h a t  

b e h a v e s  l i k e  c | r - r Q | ” ^^^ a s  r  -► rQ.  E f f o r t s  t o  i n t e g r a t e  t h e  d i f f e r e n t i a l

e q u a t i o n  n u m e r i c a l l y  r e s u l t  i n  s o l u t i o n s  t h a t  show t h i s  b e h a v i o r .

We have  t u r n e d  t o  a v a r i a t i o n a l  method t o  o b t a i n  a  s o l u t i o n  o f  good 

a c c u r a c y .  I t  c o n s i s t s  i n  t r e a t i n g  E q . ( l . l )  d i f f e r e n t l y  i n  d i f f e r e n t  r e g i o n s  and 

t h e n  o p t i m i z i n g  t h e  s o l u t i o n  w i t h  r e s p e c t  t o  t h r e e  p a r a m e t e r s  a t  o u r  d i s p o s a l .
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For  t h e  f i r s t  r e g i o n ,  we u s e  a s o l u t i o n  o f  E q . ( l . l )  o b t a i n e d  w i t h  an a c c u r a t e  

d i f f e r e n t i a l  e q u a t i o n  i n t e g r a t i n g  r o u t i n e .

t |Jl (r)  = t o  » r  = 0 ; ( 4 . 1 )

t ( r )  = > 0 < r  < Rj^. ( 4 . 2 )

Beyond some l a r g e  r a d i u s ,  R2 , we u se  t h e  a s y m p t o t i c  fo rm ,  E q . ( 3 . 1 5 ) ,

t ( r )  = ^ 2 ^^)  "  r ~ ^ / ^ ( l  +  Cj^/r + C2 / r 2 ) , R2  < r  < »  , ( 4 . 3 )

where

In  t h e  r e g i o n  be tw een  Rĵ  and  R2 , we p a s s  s m oo th ly  from t h e  n u m e r i c a l  s o l u t i o n  

t o  t h e  a s y m p t o t i c  s o l u t i o n  by c h o o s in g

t ( r )  = [ t j ( r ) ( R 2 -  r )  + t 2 ( ^ ) ( ’̂  ~ R ^ ) ] / ( R 2  -  R p ,

Rj < r  < R2 . ( 4 . 5 ) '

Note  t h a t  t h e  n u m e r i c a l  s o l u t i o n ,  i s  needed  i n  t h e  r e g i o n  Rj  ̂ < r  < R2 a s

w e l l  a s  f o r  r  < R^ . The t h r e e  p a r a m e t e r s  to>  ®tid R2  a r e  a d j u s t e d  t o

m in im ize  t h e  f u n c t i o n a l  F ( t )  d e f i n e d  by E q . ( 3 . 3 ) .

I t  was s t a t e d  above  t h a t  t h e  s o l u t i o n  t o  E q . ( l . l )  m in im iz e s  t h i s

f u n c t i o n a l .  Our n u m e r i c a l  s o l u t i o n  a c h i e v e s  a minimum f o r  F(\(;) when t h e

p a r a m e t e r s  a r e

fO = 0 .9701330  ,
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Rj = 18 , and (4.6)

R2  = 33 .

At t h i s  minimum, we o b t a i n  AE = F(\J;) = 21-^ and

= 8 .58381  ,

I 2 / I 1 = 4 . 9 9 9 8  ,

1 3 / 1  ̂ = 3 . 9 9 9 9  , and ( 4 . 7 )

= - 1 6 . 7 3  .

R e c a l l  t h a t  f o r  t h e  e x a c t  s o l u t i o n  1 2 / ^ 1  “ ^ and  1 3 / ! ^  = 4 .  T a b le  I  g i v e s  

T(;(r) f o r  r  be tw e en  0 and 33 .  Up t o  r  = 18,  Tj;(r) i s  i(;]^(r), t h e  s o l u t i o n  o b t a i n e d  

from t h e  n u m e r i c a l  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t i o n ;  f rom r  = 18 t o  r  = 33 ,  

i t  i s  t h e  c o m b i n a t i o n  o f  <()3 ( t )  and t h e  a s y m p t o t i c  s o l u t i o n  i|;2 ( r )  g i v e n  by 

E q . ( 4 . 5 ) .  i|;(r) i s  shown i n  F i g .  1 t o g e t h e r  w i t h  t h e  d i f f e r e n c e  \);2 ( r )  -  i|;3 ( r ) .

The r a d i a l  d e n s i t y  4-?Tr2p(r), where p ( r )  = i ) ;2 ( r ) ,  i s  shown i n  F i g .  2 .  From t h e

v a l u e  o f  Ij  ̂ and  f o r m u la  ( 3 . 2 6 ) ,  t h e  v a l u e  o f  t h e  von W e i z s a c k e r  c o e f f i c i e n t .  A,

g i v e n  i n  E q . ( 2 . 3 2 )  i s  o b t a i n e d .
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T a b le  I .  N u m er ica l  S o l u t i o n  o f  th e  TFW E q u a t io n .
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F i g . l

The TFW f u n c t i o n  i p ( r ) .  Also 
shown i s  t h e  d i f f e r e n c e  be tw e en  t h e  
a s y m p t o t i c  e x p a n s i o n ,  \(;2 ( r ) ,  and t h e  
n u m e r i c a l  s o l u t i o n  o f  t h e  
d i f f e r e n t i a l  e q u a t i o n  i n  t h e  r a n g e  
where b o t h  a r e  u s e d .
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F i g .  2

The r a d i a l  d e n s i t y  d i s t r i b u t i o n  
Airr^p ( r )  .

21



7

R e f e r e n c e s

1. K. Yonei  and Y. Tomishima,  "On t h e  W e lz s ^ c k e r  C o r r e c t i o n  t o  t h e  
Thomas-Fermi Theory  of  t h e  Atom," J .  P h y s .  Soc. J a p a n  2 ^ ,  1051 ( 1 9 6 5 ) .

2 .  L. H. Thomas, "The C a l c u l a t i o n  of  Atomic F i e l d s , "  Cambridge P h i l o s .  Soc.  
U ,  542 ( 1 9 2 7 ) .

3 .  E. Fe rm i ,  "Un metodo s t a t i s t i c o  p e r  l a  d e t e r m i n a z i o n e  d i  a l c u n e  p r o p r i e t y  
d e l l  a t o m o , "  Rend.  Accad .  N a z . L i n c e i  602 ( 1 9 2 7 ) .

4 .  C. F. von  W e i z s a c k e r ,  "Zur  T h e o r i e  d e r  K e rnm a sse n , "  Z.  Phys .  9 ^ ,  431 
( 1 9 3 5 ) .

5.  E. H. L i e b ,  "Thomas-Fermi and  R e l a t e d  T h e o r i e s  of  Atoms and  M o l e c u l e s , "  
Rev. Mod. P hys .  603 ( 1 9 8 1 ) .

6 . E. H. L i e b ,  " A n a l y s i s  of  t h e  Thom as-Fermi-von  W e iz s a c k e r  E q u a t i o n  f o r  an 
I n f i n i t e  Atom W i th o u t  E l e c t r o n  R e p u l s i o n , "  Commun. Math .  P h y s . ,  i n  p r e s s .

7 .  E. H. L i e b  and B. Simon, "The Thomas-Fermi Theory o f  Atoms,  M o le c u le s  and 
S o l i d s , "  Adv. i n  Math .  2 ^ ,  22 ( 1 9 7 7 ) .

8 . R. B e n g u r i a ,  H. B r e z i s  and E. H. L i e b ,  "The Thomas-Fermi-von  W e iz s a c k e r
Theory o f  Atoms and M o l e c u l e s , "  Commun. Math.  Phys .  7 9 , 167 ( 1 9 8 1 ) .

9 .  J .  M. C. S c o t t ,  "The B in d in g  Energy  o f  t h e  Thomas-Fermi Atom," P h i l o s .  Mag.
859 ( 1 9 5 2 ) .

10. E. H. L i e b ,  "The S t a b i l i t y  of  M a t t e r , "  Rev.  Mod. Phys .  553 ( 1 9 7 6 ) .

11. R. S h a k e s h a f t  and L. Sp ru c h ,  "Remarks on t h e  E x i s t e n c e  and  A cc u rac y  of  t h e  
Z -1 /3  E x p a n s io n  o f  t h e  N o n r e l a t i v i s t i c  G r o u n d - S t a t e  Ene rgy  o f  a  N e u t r a l  
Atom," Phys .  Rev.  23A, 2118 ( 1 9 8 1 ) .

12. R. S h a k e s h a f t ,  L.  Spruch and J .  B. Mann, " T r u n c a t e d  E x p a ns ion  o f  t h e
G r o u n d - S t a t e  Energy  of a  N e u t r a l  Atom i n  Powers  o f  Z '  : C o e f f i c i e n t s  of  
t h e  Lead ing  T e r m s , "  J .  P h y s .  B14, L121 ( 1 9 8 1 ) .

13. D. A. K i r s h n i t s , "Quantum C o r r e c t i o n s  t o  t h e  Thomas-Fermi E q u a t i o n , "
Sov.  P h y s .  JETP 64 ( 1 9 5 7 ) .

14. T. K a to ,  "On t h e  E i g e n f u n c t i o n s  o f  M a n y - P a r t i c l e  Sys tems i n  Quantum
M e c h a n i c s , "  Commun. Pu re  App l .  Math.  J ^ ,  151 ( 1 9 5 7 ) .

15. L. F.  Shampine and M. K. Gordon ,  Computer  S o l u t i o n  o f  O r d i n a r y
D i f f e r e n t i a l  E q u a t i o n s ;  The I n i t i a l  Va lue  Prob lem (W. H. F reem an ,  San 
F r a n c i s c o ,  1975) .

22


