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ELECTRONIC STRUCTURE OF MOLECULES

USING RELATIVISTIC EFFECTIVE CORE POTENTIALS

P. Jeffrey Hay

Los Alamos National Laboratory
Los Alamos, New Mexico USA

INTRODUCTION

The application of ab inftlo technlques to molecular electronlc
structure has enabled the quantum chemist to make rellable predic-
tions of molecular geometries and spectroscopic properties, to cale
ulate excsftatfon and ftonization energies, and to characterize tran-
sition states and enerpy barrters In chemiceal reactions.  Invest {pa-
tions of the electronice propertices of molecules contalning henavier
atoms (such as trancition-metal or actinlde compounds) has been
hampered by (1) the inerease [n computatfonal effort (by roupghly NY)
with the number ot electrons (N) In heavier atoms and (2) the [mpor-
tance of relatividtic etfects, oven on valence electrond, with In-
creasing Z.

'n this review we outllne our approach fn vrtudving moleculoes
contalning hoavey atoms with the uke of relativiastie offective core
potent [als (RECP's). These potentialu play the dual roles ot (1)
replacing the chemfeally (nert core electrons and (7)) Incorporat lng
the mass voelocity and Darwin terma fnto a one-eloctron eifective po-

ittale Thia reduces the problem te a valence-electron prohlem apld
avolbda computation of addit{onal matrix elements lnvolving relatd -
vigtle operatora. The apin-arbit et fectn are asubnequent lv e laded
udfny the molecalar orbltaly derfved trom the RECP ecaleultion an a
baain,

The preqent approach retaling the one ccomponent formal v {am]
1iar to chemlsbta tor electronte atrocture ealealattonns while, at the
name time, fmpllceitly foclades the domlnamt moleealar relat{iviarfe
ettecta. The penulting glmplicits of thia approach enables one to
uge without further modftleatfon the wel! developed teclinlquen of



quantum chemistry for molecular prablemn—including normal evalua-
tion of 1- and 2-electron integrals, SCF, and MC-SCF techniques for
obtaining orbitals, and configuration interaction (CI) methods for
treating electron correlation. The computational expense is con-
siderably reduced by the drastically fewer number of basis functionsa
needed to describe tle valence orbitals »f the system and the con-
comittant reduction in numt:r of two-electron integrals. The onlv
additicenal requirements in carrying out a RECP calculation are (1)
evaluation of the multi-center onc-electron integrals between atomic
basis functions (x,) of the potentials, (xnlvclxh); and (2) evalua-
tion of matrix elements between molecular otbitals (¢isiivnnloin,)
where g denotes the assoclated electron spin (a or ).

In the followingg sections we dimcuss one=component relativistic
Hartree--Fock orbltalas, the derivation of RECP's from these orbitals,
awd varlous levels of treatment for the spin-orbit coupling operan-
tor. Appllcations of RECP'H Lo calculation of molecular potenclial
eneryy curves, excitatlion energies and pgeometries are then dis-
cussed,

The work discunsged here wag carrvliaed out hy the author and his
collaborators Willard R, Wadt, Robert . fowan, and Richard 1.
Martin it Loa Alamos and Tuls R. Kahn at Battelle Columbus Labora-
torfes.

METHODS
Rt‘l.‘!f'\l_lllr ie lln_r! rm---l{urk_ Wavetunctions

The traditional approach to relativibstle effecta In atons, the
Dlirac--Hart ree -Fock (DHF) method, describes each atomle orbital in
terwn of Ad-component spinors--a “large” and “smmall” component for
J =0 = Y wad a nimllar padr tor | = 2 - 1/2% Thun a 6p shell In
an &tom would be deacribed by tour vadial functionn, large and umall
component » punociated with 6pyy) and bpyso. Cowan and Grittin’
have develaped an alternative l--component approach- -relativiat l¢
Hartree-Foeck (RHF) -whieh still vetalng the {mportant relativiatic
many-velocity and Darvin termn.  Spin-orbit coupling parameters are
then computed 1trom the RHF waveiunctiond using the Blume -Wat non
et nl. The use of a pinele-componen. radial funetton tor each
shell (Loes, one radial tunetton far the np uhell) resulta in g wlg-
niticant stmphitteation In the atomte cade aml alyao makes the RHF
waveluaet tons wore amenahle for ude In aolecular caleulat lons,

The RUF equatfomn are dertved an follows.  From the loeal po-
tentlal approcimation to the MF oquat lona by Desclaux one obtains
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where P and N are the "large” and “small” components, respectively,
and

£ whnnl-l--l-
k= 1
-2-1 when § = ¢ + ]

From solving (1) fur O, evaluatlng 0"y, and substitutine {in

(2), one nbtailns an ecquation {n terms of P and P'. Replacing the
k-dependent rerm by the (2)#1)-welghted averave, - [/r, vields the
RHF equations

|||NR + "MV + ||D| l'l(l) -Il'l(r) (1)
L (2,%])
| 1t
My, = - ., + . + V. (r) (M
NR dr r 1
N - - [ = v.(r]> (%)
MY s Uy i'r
|l" II" ‘Ivl dr ! r |
A A E U A () I ir (%)

The potemt fal Vi(r) In Ny In Eq. (4) {8 the conlomb and non -
leecal exchange potent fal normally yiaed tn nonrelativiatie Hart ree-
Fock ealeulatfons: o the masa - elocity amd Darwin terms [Eaa, 74)
and (5] Vi I8 replaced by the ‘locial exchange” lorm usinge The
oY gensitry exprennion,

Tue radial characterfatfcea and enersieg ot the 1 atom valepee
irbivala are compared tor nonrebafziarfe Hartree Fock (HFY, RHF and
MIF wavetunetfon (n Table 1o The poelagfvist e shltta apparent In
the J-welpehted averanie DHF waveltunet fons are well resroduced v the
RID vavetunet tond. One cdess the tvpleal orbltal contract fon anl
ntabli ! satton 1or low © (s orhitalyy and the orblital expanalon and
destabliThaat ton tor deh & GE ad 0 orbitala). Gompar fnons ot exel
tatlon energtes In the A oatom trom HF, PHF, amd averaved HE re
wilt-e (Table M) peveal vlhitually (deat feal exeitat ton encrefen for
RUF amd DHF caliulatfona,  The larpge relat tefur e shifoa e ovideat
tan thewe waleace olectron travaltiond, ainee the aoarelat fefar e
reqult gfve the tneorreet ordet b (compated ta RIAF and experiment )
for the ‘wlevg amd hasop 1ranutit long,



Table l. Comparison of Orbital Sizes and Energies for the Uranium
Aton. (Ref. 1)

ur® RHF® DHFS DHF
(average)
<r?> (bohr®)
Sf 2.5
6d_ , 1.1
6d; 9.m3 12.4 13.7 12.7
78 28.8 21.5 21.8 21.8
6p_ 4,11 3.7 3.1 3.76
11 4h.NR
Orbital Encrgy (a.u.)

Sf -n-'l'iz
5[; =N.h4 -0.131 -0.797 n.12n
6d . =0 ,.INY
6(|.... =0.2n07 =(). 144 014 N.1R8n
78 =0.1H7 =0.201 -0.199 -N0.199
6p_ _ - -1.7641 -
e 1.04 T 0. 9ea 1.094

"Nunrulntlvlutlv Hartree -Fock.,
erlnlivlﬂLlr Hartree-Fock (Cowan-Griffin).
Dirac- Hartroe -Foek.

Relat lvist e Hf!prllvv Core Potentials

The numerical relativistic orhitaln of Cowan and Griffin torm
the qatarting pnint for obtaluning the relativivile effective core po
teutfals (RECP) according (o the pencedurs of Kahn, flay aml Cowan. "
ne aecks to obtatn vloeee “prewdo corbitala ™ Sy, and RECP'y
Ve which satlsty the valence Hartree-Fock equat fon.

I.'
!'1’

7 . . .
¢ [ -

r ll(r, "vul' bnl 'ul ’“m

which mavy be compared to the orlzxinal equat fon aatfatied hy the RIF

orbitala, Fnl



Table 2. Excitation Energles for the Au Atom. (Ref. 13)

Excitation Enerpgv (eV)

F

HF RUF ( Rug ) _ Expt

5d10 GHI(ZS) 0.00 0.00 0.00 N.NG
)
5d9 6s” (ZD) 5.1) 1.86 1.86 1.74
sa!? ep! (Zp) 2.71 P 4.24 4.95
ez gy W+ -
[=a r core rel vall®ng ‘nt “ng

in these equation W (b-i _y) represents the coulomb aad exchange

contributions of thi'othed 'valence arbitals (pseudo-orbltals);: We,y
represents Lthe relativistic mass-velocity and Darwin terms.  Once
che pscudo-orbitals are defined, the RECP can be obtaired by invert-
Ing Bq. (7). The 241 have been defined in two different manners:
two different manners:

(1) Linear combinations of RHF orhicals. [In this approach™ "

a smooth, nodeless pseado-orbizal 1 is detined In terms of the RIF
orbitals n

°n£(r) - i b

b (r) (7)

ki "k
where the coett!icients by} are derined by minimizing a “smooth-
ness” functional related to the kinetie snergy,

(4D Cun.-u-rv.'ll_inn _a_)f _v.-llt-_m-c- uh-n_::itv. In thiy .|p,:rn.'u-h." the
piscudo-orbital is required to be as similars ar possible to the RUF
orbital ln the valence reglon (r 0 RL)

“l(r) - @ni(r) r> R, (1n)

x“[(r) r - “r
where Xy taoa polyaomial whi h 1y amoothly matched to 5,, and
lts dertweatlves acrons Re.  The latter approach has been more suce-
cestital In reproductng all -eleectron molecular results with nonrela-
tivintle ECP's, apparently by virtue of providing & more fatthful
repredent at fon of the valence charye denstty, and theretore should
also provide 0 more reliable bhasta tor molecalar regultas uasing rela-
tiviatic KCP 'y,



After obtaining RECP's for each angular momentum value £ =
O,1,... L, where L is the lowest value no- present in the core
(e.z., 5¢ for Au), the total potential is given as

L-1
- AR P - ]

Ucore(r) U (r) + = I!.)LUl(r) U ()< (11)
where the closure property of projection operators has been invoked
and an implicit sum over -2 { m ¢ £ is also implied in the above
equation.

The potentials are fit to analytic Gaussian forms

2

n =it T

E , d. r ke k n =0,1,2 (12)
" k k

which are convenient for evaluation of multi-center matrix clements:
(ka|vc'ﬁh> needed 1in molecular calculations.

Spin-0rbit Counling

The effects of the spin-orhit coupling operator are included
using the total energies Fy and wavefunctions %y of the elec-
tronic states calculated using the RECP's,

= 4 1w
“l--' "I,J”[ * <°['vs-o|°.l> . (13

where 31 can represent elther a single-configuration Hartree-Fock
wavelunction or a multi-conflyuration MC-SCF or confivuration inter-
action (CI) waverunctlon comprised of one-electron orbitals 4.

The ilamiltonlan In Eq. (13) Is then dlagonalized to obtain the ener-
gles and wavetunetions in the presence of the gpin-orbit eperator.

The spin-orbit operator can he treated in three Increasingly
more sophisticated (and more computationally demanding) levels.

(N Atpmq—ln—mnlvvulvs method. When the molecular states
dgem{-cmpirfcal atoms={in-molecules approach can be eastily applied.
The spin-orbit Hamiltonfan matrix can be written as
H (R) = 5 K (R) +V

L} - I .y

(14

where Fi(®2) 1s the potential onergy curve ot the 1Ith molecular
state, R denotes the nuclear coordinates anl Vo depeads only on
Lthe 4pin-orblt splittings of the constituent atomfe (ragments.  For
example, for the dtates of XeF dissoclating to Xet ¢ F~ (see

Fip. 1), “u—u has the form'



'EI(R) - v 2A 0

H_ = | - /D E,(R)+ 0 (15)

L 0 0 EI(R) =A

where E| and E» are the total enerzies of the 2 2r+ and 2 21

states, respectively, and \ is one-half L. empirical Xg+ zPl/z

- 2?3/2 spllgttng. Cond agreement between all-electron’ and ECP
calculations and also between theory and experiment ls eviden® from
the spectroscopic properties given in Tuble 1.

(2) Effective spir-nrbit opcrator. For the majority of mole-

cules. thd-aglucnffzﬁtlun. hyﬁffﬁization and charge transrer effects
occurring In chemical bonding will distort the orbitals from their
atonic character and require a more sophlsticated spin-orbhit treat-
ment. These etffects can be successfully incorporated by the effec-
tive spin-orblt operator approach, (n which matrix elements

over the one-clectron orbitals, <oilVE:£lﬁ,> are used to constrict
the spin-orbit matrix in Fq. (11) over state functions (OerH_O|OJ).

The o(fective operator V§Lf has the form’

2 o f
yeff oa L. o2 (1h)
§-0 2 } -kl, g
i, )k r k -1
k kik K
10 1 1 ) T T 10 T T
T \ ke (P, )eF)
o .
) 6l . o (', )oF !
2 | . 032
g & 4_7— o2 B
z | |
W H -l
2}' Vo i - 9
| \\‘7 ) \ w2 oz
9 o smeerhy 0 12 PR v
—— —_—— e A——— — A — = - L —— 1 — -~ -
T s . s & 7 A 2 3 . 5 6 PR
R(A) HiA)

. 1o Electronte states of XeF withogt spin-orbit coupling (Teat?
and with spin-orbit coupling (rigit) usine the atoms-in-
I'l'll)l\'l‘uh‘:: |)'.'n('|‘(ll|l'|‘_



Table 3. Spectroscopic properties of the 111 /9 state of XeF.

(Ref. 7)
De(eV) Re(A) Walem 'y Emission energy
(eV)
AE 5.07 2.68 303 3.95
VE(NR) 5.17 2.63 311 3.56
VE(R) 5.15 2.63 31l 3.52
Expt 5.31 (2.49) 309 3.52

vwhere a 18 the fine-structure constant, k indexes the nuclel and
ix indexes the electrons on center k. The parameter Zy''% is
adjusted to reproduce the relevant atomic spin-orbit constants

Zk- Also, only l-center terms are used to evaluate the above
l-electron operator. In all-electron applications Zk“ff can be
viewed as an eifective nuclear charge. In ECP calculations, where
the valence orbitals are nodelwess with zero amplitude at the nu-
cleus, the resulting values of Zk“rf must be taken to be verv
large (compared to the actual 7Z) to match the exparimental atomic
spin-orbhit parameters and hence lose any physical sivnificance.
Nevertiieless the effective operator appronach has proved extremely
useful {n accounting for the effects of spin-orbit coupling for
valence electrons in molecules.

In Table 4 recent calculatiors hy Wadt ' comparc the use of the
effective operator method in all-electrcn and valence~-electron calc-

Tabl: 4. Silicon atom spin-orbit constants (in em !) calculated
using Hartree-Fock wavefunctinns over Gaussian ba.iis sets
and an effectlve cne-electron one-cencer apin-orbit opera-
tor adjusted to reproduc: the Si(’P) constant, VE=valence
electran, AE(FC) = all-electron with ls‘Zsfzp" core frozen
from SL( ' P). (Ref. 9)

AE( FC) VE VE Expt
(1188p)/[4sb4p; (Is4p) (5s7p)

2.2 3 S

St [1s73p7] P 148.9 148.9 148.9 148.9
9 b

st*[3s73p '] P 192.6 179.81 179.8 191.3
r nJ .

stt13s%4pt) Zp 27.2 27.3 12.7 40.0

9
St (W] 7P 295.0 240.2 259.2 306.5



ulations on the Si atom and its ions. The values of Zeff for the
HF orbitsls and pseudo-orbitals, respectively, were chosen to mactch
the qLanLitg zeff ¢r=3 >3p to the Si spin-orbit constant, g =
2/3 { P PQJ. Since the calculations covered large changes in
the radial extent of the S1 Ip orbital they provide an excellent
test of the method. The good agreement (within 20 percent) between
all-electron, valence—electron and experimental results supports the
validity of the jproach; in the next section the method 1s tested
in a molecular example.

(3) Breit-Pauli spin-orbit operator. The spin-orbit term in
the Breit-Pauli Hamiltonian is given by

2 7.k
a
Veo ™7 ~ =3 Ly " 8y (17)
)
LY r,
=iy e
+ < r3 x Py sy + Zsj)
»] ij

A rigorous application of this nperator t9 molecular problems re-
quires multi-center integral evaluatlon of l-electron and 2-electrnn
operators and is applicable only to all-electron calculation to a
few molecular systems. Langhoff‘n hae used the full Breit-Paulil
operator to calculate rare gas-oxygen matrix elements and to compare
to the all-electron results using the l-center, l-electron effective
spin-orbit operator discussed above. The results are shown in

Fig. 2 for the coupling matrix elemecnts 3 - vg_ol‘z+> and

< l g~ oll c*> for Ar0, Kr0O and Xe0. Excellefit agreement is obtained
between the resulty using the effective operator aad the Breit-Pauli
Hamiltonian and enhance the validity of the simpler approach

APPLICATTONS

Bglﬁfiltﬁtic_@ffects in Transirion Metal Atoms

A recent comprchensive study of relativistic effects in transi-
tion metal atomsa and ions by Martia and Way'' revealed large effects
in excitation and ionizacion energiLq. The relativistic shifts for
excltation energles involving the s d“ g'd"*!, and d"¥¢ gtates of
the necutral species computed using Cow1n-GriEEln RIUF wave functions
are shown in Fig. 3. The simultaneous stablllization of s orblitals
and destabllizoatlon of d orbitals arlsing from the relativistic
terms tn the Hamiltonl.un becomes Increasingly apparent in the laryer
relativistic: shivts observed as one proceeds from the first through
third traoasition series. The of focts of relativity were found to he
geveral ev in rhe third teansition serfes and surprisingly slpnifi--
cant (a3 | =xu a8 0.6 eV) {or the flrut transition srrles
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Relativistic Effects in Chemical Bonds

The importance of -elat.vistic effects in chemical bonding of
molecules has been stvdied using a varlety of theoretical approaches
including l-ceater Dirac-Fock,!® relarivistic ECP,l] and full
Dirac-¥ock!" methods. Hay et al.'? used RECP's to investigate the
ground states of the AuH and AuCl molccules and to compare with the
results using nourelativistic ECP's (Flg. 4). With a properly dis-
gociating 2-configuration (GVB-1) wavefunction the predicted bond
length from the RECP caleculatlons dlffered by only 0.01A from the
experimental value (1.520) as shown In Table 5. By contrast the
nonrelativistic ECP calculatioa gave a bond lenpgth aver N0.3A too
long! A relativistic contraction of 0.16A was alsn observed Ln the
lonlc AuCl species (Table 6). One Laterpretation ascribes the
gshartenlog of the bond In Aull to the relativistic contraction of the
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Table -, Spectriscopic Propertiea ot wl. (Rel. 13)
. + -—
Ami X° RO D eV - fom 1,
woare i, E6P
r 1.7a1 n,.99 13187
SV3-1 LI, P 1.5 1211
Pl -l 1.807 1.57 12.17
Aei ]
AF 1.508 1.5% nia
6L s 1.5%1% Q.15 187,
| RAE T 1.»2? a2\ ju ™
“xpt! 1.2V LI My
l-Centor Nirae -#Foee
Nonre. . 1.745 -— Rt DY
Rei. | -— N
wavertunc? Joqs qafmr a RECE on Pt oare compared with the viloes b
tarzed from aeqrron Jdittracttan In Flo. . The nerpendi saiar orean

tation ot the wthvlene I and relatice ta the Prell, plane 1=

correct!r prolicted fa be the stgble ftora, with the planar cont araa
aation ecalvulated ta 1{e 19 %eal 0l hiyner I enervv. The other
geopet rlcal parameters, includiag the hendiae o the M. evroups W
Irea the metal, are albio well repraduced b the calealat ions,

Bath Zedie’s dal?! aad the relaresd prol T gpecion hawe SADYT
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the metal-ligzand axes i3 nominally vacant. The lower  oexclited
states in both systems arise trom d-d excitations trn the (xz, yz),
x7 or & orbhitals into the x° -y orhitals lu.'nlllnpz to states of H’,',
Vo and Hl\l smmetrv, respecti{vely, In Pe¢l,"~. The resule:

of 1 cateulattons ' are shown In Flu. n where triples and shiplot
states of these symaetries are identitied.  Spin-orbit coupling has
been (acluaded using the effective operator method discudsed ecarlier,
and In this case the procedure fnvolves sertine ap and dlapgonlizine
the 17 x 17 spin-orhit Hamiltonfan matrix over the above 4ot of
simtlet and triplet states. The CI ¢ splo-orhft reanlts are com-
pared 2tth experfaentally observed levels, which are In reasonably
good wireement aith the predicied Tevelys, although there (g still
cons i lerable controversy over qome of the kst manent &,
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Actinide Compounds

The electronie structure of actinide compounds including lll",-,,”

ur. .:'n‘ U()_."'","‘ and 'I'|1()_."l has alse been explored with the atd of
the RECP method. In Flpgs. 7-9 some aspects of the electronle struc-
ture ot UF, are deplceted. To a :.c-rnth—uplu.r approximation, onc may
revard 'F, ans having formal charges of 1 b and ' oand thus

haviay a (50)" confiyuration in the ground state. (Mullliken popula-
tion analvses of the yround state wavelfuncetion of UK, actuclly show
congiderible “hack-bonding” fnto the 5f orbitals.) The hicthesc oe-
cupled levelyd arise from symmetry comblnatlons of the F 2p orbltals
(Flp. 1) while the lowest unoccupled lovels correspond Lo the sceven
U S Yevels, Spin-orbit coupline has only 2 modest effeet on the
level ordering with the exception of the 't orbltal which con-
tabaw slpgnificant U op character and {g apliv into rwo

component & ---
Bu anedl hu in the octahoral

double yroup ropresentation -—separated oy
nyer 2 eV, Excited statey may then he viewed in terma of clur,re--
transter exc{tat tonn from the V6 F Ip levels (Including spin-
depeneracies) Info the 145 U 5 levels -leading to 504 staten in

all.  These tranattlons account tor the enti=e av abuaovpoton spec-
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trua of UF; between 3 and 10 eV (Figs. 8 and 9), where the results

ofCl + spin-orbir calculatlons-® are shown for these 504 states
classed according to the dominant excitations.
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Fip., 7 Schematfe diagram of the highost oceupled and low-
est unoecnpted orbitals of ”Fh'
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SUMMARY

Starting with onc-component Cowan-Griffin .elativiscic
Hartree—-Fock orbitals, which successfully incorporate the mass-
velocity and Darwin terms present in more complicated wavefunctions
such as Dirac-Hartree-Fnck, one can derive relativistic effective
core potentials (RECP's) to carry out molecular calculations. Thesa
potentials lmplicitly inelude the dominant relativistic terms for
molecules while allowing one to use the traditicnal quantum chemica!
techniques for studying the e~lectronic structure of molecules. The
effects of spin-orbit coupling can then be included using orbitals
from such calculations using an « *fective |-oelectron, l-center
spin-orblt operactor. Applicatt.. ty molecular systems involving
heavy atoms, dhow s#ood apreement with avallable spectroscopic data
on nolecular veometries and excitation enerceies.
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