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Abstract

EFFECTS OF SPIN-FLIP SCATTERING
ON THE

DYNAMICS OF THE SUPERCONDUCTING ORDER PARAMETER

Measurements of the imaginary part of the pair-field suscepti-
bility X" have been carried out on dirty-limit Al-Er alloy films.
Aluminum films with erbium concentrations of up to one atomic percent
were incorporated as the‘low TC film of an asymmetxric Josephson
junction. The excéss éurrent Iek due to pair tunneling was measured
as a function of the bias voltage'V and of the magnetic field H,
applied in the plane of the junction, at temperatures within 20%
of the critical temperature Tc. Comparison to theory was facilitated
by noting that X”(w,k)alex(V,H) where the frequency w and wave-
number k are rglated to V and H via the Josephson relations.

| These experiments represent the first measurementsvof X' (w,k)
as a function of the pair-breaking parameter p. Spin-flip‘scattering
from the Er impﬁrities resulted in values of p up to 0.1..

Several important results were obtained from these experimenﬁs.
At températures above TC it was verified that the diffusive time-
dependent Ginzburg-Landau equation for ordgr-parameter fluctuations
is valid in the presence of pair-breaking. The diffusion rate was
found to be reduced by the pair-breaking to a value which is in
quantitative agreement with theory.

The characteristic frequencies of yx'" were determined from the



measurements of Iex below TC by fitting to a fﬁnctional form which
exhibits the essential features of the various theories. These
frequencies were compared in detail to values determined from the
theo;ies of Orbach and Entin-Wohlman, Dinter, and Schén and Ambegaokar.

The "Carlson-Goldman mode" was found to be overdamped for large
values of p. This is consistent with theoretical calculations of
the transverse mode in the presence of finite pair-breaking. Quanti-
tative comparison could not be made because theoretical calculations
have been carried out only for magnetic fields smaller than that which
-was necessary to perform the experiment.

A peak in the excess current near the gap voltage waé determined
to be due to a longitudinal mode in the order parameter fluctuations
and not due to single particle tunneling as had been reported in an
earlier work. Calculations of y" for the loﬁgitudina; mode contain
a peak near the order-parameter enérgy A in the theories of Dinter
.and of Schon and Ambegaokar. The characteristic frequency of this
mode as derived froﬁ tﬁe Schon—Ambegaokar thevry, iun Lhe gap regime,
consists of a real part near A and an imaginary part equal to the
spin-flip scattering rate. This calculation is in very good agree-
ment with the data over a wide range of parameters.

A second characteristic frequency for the longitudinal mode is
derived from the theories of Dinter and ovf Orbach and Entin-Wohlman.

A low voltage peak in the data is in good agreement with these calcula-
tions. Dinter's theory, in particular, describes very well the p-
dependence of this mode.

Measurements of ¥'"(w,k) asa function of pair momentum q were



carried out by applying a dc transport current along the Al-Er film
while recording the I-V characteristics of the junction. The real
aﬂd imaginary parts of the characteristic frequency of the transverse
mode were reduced from the q = 0 value. This is in qualitative
agreement with a theoretical calculation of Schon and Ambegaokar.
Finally, measurements of X'"(w,k) for Ag/Pb proximity sandwich
sgperconductors were carried out for temperatures above Tc. The
order-parameter diffusion rate is again reduced from the unperturbed

value. The results are in excellent.agreement with a theoretical

calculation of Entin-Wohlman.
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I. INTRODUCTION

The pair-field susceptibility of the superconducting order
parameter and its relation to'a measurable tunneling current in a
Josephson junction is by now established as perhaps the most
sensitive probe of order parameter dynamics. Of particular -interest
are the related dispefsion relations for the order parameter fluctua-
tions from whiéh thé characﬁeristic frequencies can be calculated.
Of more recent interest is the effect of a pair—breaking mechanism
such as spin-flip scattering on the.aynamics of the order parameter.

Experimental measurements of the imaginary part of the pair-
field sgsceétibility for Al-Er alloys exhibiting modérate spin-flip
scattering are presented in this dissertation. Characteristic
frequencies aré extracted from these measurements and compared in
detail td current theories.  Alloys with Er concentrations as high
as 17 are examined at temperatures within 20% of Tc.- Although the

alloy Al is gaﬁless for a wide range of temperatures below

0.995%0.01
Tc’ it is still far from the extreme gapless limit. Attempts to
reach this limit with Pb/Ag proximity sandwich superconductors
met with limited success and is discussed in the appendix.

It is the ﬁurpose of this dissertation to present the first

measurements of the imaginary part of the pair-field susSceptibility

influenced by spin—flip'scattering. Furthermore, it is the purpose



of this dissertation to test existihg theories which calculate the
pair-field susceptibility énd to develop these theories where
possible to make the most meaningful éomparison to the aata.
Some_knowledge of the subject is assumed throughout the dis-
cussion. Brief reviews of the theoretical results for the p;ir—
field susceptibility and for the Abrikésov aﬁd Gor'kov theory are
given along with adequate references for the reader unfamiliar with
the subject. This is followed by a detailed deséription of the
experimental technique;, including junction fabrication, cryostat
design and data aéquisition. Reduction of the data into a form
which can be compared to theofy is then discussed. Finally
detailed comparison of the data to three theories is given.
Experimental'work performed by the author on artificial InxOy
tunneling barriers and on Pb/Ag proximity ettect junctions is of
interest to workers in the field and is discussed in Appendix A and

-

B respectively.



IT. THEORY

To provide a background for the theory specific to this work,
a brief summary will be given of the theories of Ferrelll and
Scalapino,2 in which the imaginary part of the pair-field suscepti-
bility is shown to be proportional to a measurable excess current
in the tunneling characteristics of a Josephson junction. Furthgr
background will be provided in sections in which various pair-
breaking mechanisms are discussed.

The balance‘of this chapter will be devoted to'the examination
of several theories which calculate the characteriséic frequencies
of order-parameter fluctuatioh and the pair-field susceptibility.
Where possible, detailed expressions will be given for the eigen-
frequency eqﬁations and/or the pair-field susceptibility. Emphasis

will be placed on the effects of a pair-breaking mechaniém.

The fundamental.constants'kB, fi, ¢ and e will be uséd_explicitly

during the introduction of the parameters. Except whecre deemed

necessary for the sake of clarity they will otherwise be set equal .

to unity which is in accordance with standard practice.

L



A. PAIR-FIELD SUSCEPTIBILITY
An excellent review of the derivation of the pair-field

susceptibility as it pertains to this work is given by Carlson.”’

A more }ecent account is given in thg review article by Glaquinta
and Mancini.5 Only the important results and definition of the
variables will be presented here.

Any reference to tunneling will refer to tunneling between a
reference superconductor (which is Pb for all experiments reported
here) and the supercondhctor of interest (such as Al-Er alloys).
Primed variables will refer to the reference superconductor. The
superconducting transition temperatures are denoted Tc' and'Tc.
Chdaracteristic lengths of interest are the penetration depth A,
the coherence 1ength-£ and the electrode thickness d of each super-
conductor. The area of the tunneling junction is A and fhe normal
state tunneling resistance is RN. The experiments take place at
temperatures T = T_ << ic'. |

The usual éingle particle tunneling (often referred to as quasi-
particle tunneling) between a éuperconductor and a norma1 metal or
between two superconductors is well understood and parametrized.

By excess cﬁrrgnt Iex we shall mean currents associated with the
tunneling of electron'pairs (Cooper pairs) at finite voltage which
are in excess of the single-particle current. This excess dc current
is related to buf not the same as the ac Josephson current. For

the ac Josephson effect the two electrodés separated in space by an

insulating barrier can be represented by two energy states that are

separated in energy by 2eV, where V is the potential-difference



between them. A consequence.of quantum mechanics is that Cooper
pairs will oscillate between the two states at a frequency of

w = 2eV/#. Since the states are spatially separated.by an insulating
layer, the pairs will also tunnel through the barrier at the same
rate. Cooper pairs on the high energy side of the barrier will
decay into ﬁofmal electrons or thermally excited quasiparticles at

a higher rate than on the low energy side. These normal electrons
cannot tunnel back to the low energy side which fééultslih a net de
tunneling of superconducting pairs. )

A complete formal description of this mechanism involves spatial
and temporal fluéfuations of the two components of the suéerCOnductiﬁg
order parameter. It is usual to choose the average phase of the
order parameter to be zero; that is, the equilibrium order parameter
1s Laken tu be real., Theu [luctuatious ol the realApart are
synonymous with fluctuations of the modulus of the order parameter.
In like manner phase fluctuations are proﬁortional to fluctuations
in. the imaginary part of the order parameter. :

The picture of dc¢ pair tunneling given above is related to
modulus fluctuations, and is referred to as the longitudinal mode.
It can be observed both above TC where the average value of the
order parameter is zero and'below Tc where the order parameter is
finite. Phase fluctuations on the other hand are meaningless above
TC since the average value of the order parameter is zero. Below
TC fluctuations in the phase are coupled to fluctuations of the

quasiparticle distribution function via what's known as the anomalous

7 , .
term. The result is a damped wave equation for the order parameter



fluctuations insteadlof the diffusion equation which describes
fluctuations above TC. This type of order parameter fluctuation
is referred to as the transverse mode.

The excess current due to pair tunneling appears at low
voltages (V << kBT/e) at temperatures near TC. It is direb;ly
proportional to the imaginary part of the pair-field susceptibility

and is given by

I (V) = (4e [C|%A/d8) " (w,k) (1)

where H is the magnetic field applied in the plane of the junction,
-e is the charge -on an electron, #i is Planck's constant divided by

27, C is the coupling constant given by
- . .
C = (In 4T '/T )/RGA, (2)

and x" is the imaginary part of the pair-field susceptibility. The

Josephson frequency and wave number are givén by
w = 2eV/4 ) ‘ (3)
and
.k = (2e/Bc)H(\' + d/2). | (4)

For temperatures greater than TC it was predicted by Scalapino

that the excess current would take the form

- | ' 2 )
Iy = QLU/V)/+ (V)5 (5)

where



v, = @/2eT + k2e2(Ty) ()
and

17l @@ - 1)/2eafgl Ty + 1P ). o

Here Fo is the pair relaxation frequency in zero field given by
FO = 8kB(T - Tc)/ﬂh. . (8)

N(O) is the electronic density of states measured relative to the
Fermi level. The temperature-dependent coherence length £(T) is
given in terms of the BCS coherence length go, the electronic mean

free path £, and the reduced température €.

E(T) = -85(502/8)1/2 for £-<< £y (9a)
g(1) = .74g, /et? for L >> E_, (9b)

and ¢ 1s defined by
e = (T - TC)/TC; (10)

Combining the dirty limit (Eq. (9a)) with the definition for “the
diffusion constant D = VF2/3 and the BCS coherence length

gn = O.lBﬁVF/kBTC, one obtains the dirty-limit diffusion constant
2
D = (8kyT /mh)E™(0). (11)
Then the dirty-limit form of Eq. (6) can be written

vp = (ﬁ/ze)(ro + Dkz). -(12)



Several experimental testss_ll were quick to follow and offered
qualitative support for Scalapino's theory. In the work of Anderson

’” measurements of the current-voltage characteristics

and Goldman
of Pb—SnXOy—Sn were made and found to be in qualitative agreement
with theory. By refining the data acquisition techniques Anderson,

3, were able to

Carlson and Goldman12 and Carlson and Goldman
quantitatively verify the theory. 1In order to reduce the background
current ‘due to single-particle tunneling Al—Alxby-Pb junctions were
used instead of Sn—SnXOy—Pb junctions. From the graph of Vp as a
function of temperature it was found that the slope waslconsistent
with the.theoretical vaiue AkB/ﬂe predicted in Eq. (12). Also, a
plot of Vp as a function of H2 at constan; T - TC(H) yielded a
straight line as predicted. Having verified the theory oneucan

turn Eq..(12) around and use the plot of Vp versus H2 to détermine
Dk2 with far more accuracy than is possible from a calculation

based on the physical parameters contained in Eqs. (4) and (11).

3,4,13,14 extended the experiment to tempera-

Carlson and Goldman
tures below Tc and found that Scalapinn's theary broke down. In
place of the simple quasi-Lorentzian observed above Tc, they found
two sharp peaks and a low-frequency ''shoulder" in the excess current-
voltage characteristics.

Of particulér interest was the mid-frequency peak (now known
as thg Carlson-Goldman mode). The real part of its characteristic
frequency exceeded the imaginary part indicating the presence of a
propagating mode. .Several theoriesls-zo were advanced to explain

15,16

this structure. Good agreement between theory and experiment



was obtained by explaininé_the mode as a transverse order-parameter
mode, i.e. due to fluétuations in the phase of the order parameter.
The "anomalous" term in the Green's function allows coupling of

the phase fluctuations to fluctuations of the quasiparticle distribu-
tion function via the chemical potential. The'coupliﬁg can occur
only for frquencies greater than inelastic scattering rates due

to such processes as inelastic electron-phonon scattering and spin-
flip scattering. Working in the limit of negligible inelastic
scattering Schmid and Sch6nl§ were able to derive the following micro-
scopic equations for the superconducting and normal parts of the
electron density. is = CZV(V-as) + (e/m)E; anﬁ= (ET/m)g. Here E

is the local éiectric field and T-is the collision frequency. The
first equation describes the local acceleration of the superconducting
part and the second equation is Ohm's law for the normal part. The
second contribution to ﬁs is the acceleration of a free charge in

an electric field. The first contribution is the gradient of the
scalar potential V*KS. Here V-ﬁs can be identified with deviatiomns

of the chemical potential of the éuperéonducting electrons from
equilibrium.> Then V(V-GS) represents the force restoring the super-
conducting part to its equilibrium position. The equations given
above along with Maxwell's equation V-E = -lmev-(nsg.q + nnan) relating
the electric field to the charge -densities n and n result in a
wave~like solution of the form exp(ii-; - iwt) where w = inAZ/éﬁkBT

2]1/2

9 , ,
+ [(2AD/B)k - (nA“/&thT) and the wave velocity is ¢ =

V/2AD/A.

For large inelastic scattering one obtains a diffusion equation



10
similar'to that obtained for T > TC instead of a wave equation. The
primary motivation for this work is to investigate in a controlled
manner this change in the transverse mode.

The low frequency shoulder was determined to be due to fluctua-
tions in the magnitude of the order parameter, referred to as
longitudinal fluctuations.

The high frequency peak known as the secondary peak or gap peak
occurs at V = A. This peak has also been obsérved by Burfatato
<latAal.23 in Al-Sn junctions. It was believed that thi; peak was
not contained in the pair-field susceptibility but was due to
single particle tunneling. The primary motivation for this belief
was the relative insensitivity of ‘the peak amplitude and peak
voltage to an applied magnetic field. |

Simanek and Hayward21 were the first to propose a theory to
explain this feature. In their tﬁeory an-ac voltage induced in the
fluctuating superconductor by.the ac Josephson effect induces
oscillations in A(k,t) which‘contribute to the dec current. The
‘threshold for this process is V = A. Rounding of the current jump
is provided by pair-breaking effects of the magnetic field and
finite conducﬁion electron mean free path. The exact nature of the
gap peak is determined by ;he relative phase of ;he ac Josephson
current and the induced voltage.

At about the same time Baramidze and Cheishvili22 calculated
the effects of fluctuational pairing on electron tunneling. Their
Green's function calculation shows a sharp rise in current at

V = A. The solution contains the hypergeometric function



11
F(3/2,3/2,5/2; (1 - 1Y)/2) where vy = m(V ~ A)/4(T - Tc)' it may
be deduced from their solution in finite field that the width of
the gap peak is ~eHD.  In zero field the width is 4(T - Tc)/ﬂ.

, 2
Two recent theories™ °

indicate there is a gap peak in the
longitudinal mode of the pair-field susceptibility. These theories
will be discussed in detail in sections D and E of this chapter.

Other theoretical calculations of characteristic frequencies

will be summarlzed lu section F.

B. PAIR-BREAKING MECHANISMS

A detailed discussion of this subject may be found in the works of
Maki26 and.Fulde27 and as i; pertains to magnetic impurities by Maple.28

Superconductivity is understood as the correlation of electron
pairs of opposite spin and mémentum. Under time reversal the electron
;tates are simply interchanged, and thus the correlation is unaffected.
If a perturbation Breaké the time reversal symmetry, it is not
surprising that the superconducting properties are severely affected.
Magnetic impurities, for example, acting as spin-flip scattering
sites,‘break time-reversed states and thus reduce the superconducting
electron density. Anderson29 proved that nonmagnetic impurities do
not affect the thermodynamic properties of a superconductor.Q A more
general form of his theorem is:26 "If a static external perturbation
does not break the time-revefsal symmetry and does not cause a long-

range spatial variation of the order parameter the thermodynamic

properties of the superconductor remain unchanged in the presence of
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the perturbation.’" This conclusion was reached independently by
. . 30

Abrikosov and Gor'kov.

There are many time-reversal symmetry-breaking mechanisms that
- . 26,27
act to destroy superconductivity. Examples of such mechanisms
are magnetic fields, magnetic impurities, supercurrents, and spatial
variation of the superconducting order parameter. For any such

mechanism there is an associated depairing energy #I'. It is useful

to define the pair-breaking parameter p.
p = hF/ZﬂkBT. : (13)

In many cases if more than one pair-breaking mechanism is present,

. . . - 31
the effective p is the sum of each contributing p. The presence
of a pair-breaking mechanism has several quantitative effects on the
supercondoctor. The transition temperature is reduced to Tc(pc)

given by32
In(T /T (p)) = ¥(1/2 + o) ~ w(1/2) (14)

where Tco isvthe transition temperature in the absence of the pair-
breaking mechanism. Y(X) is the digamma. function. For the range
~of temperatures below Tc where Ail' > A(T) the superconductor is
gapless. Here A(T) is the order parameter of the supérconductor.
0. Entin-Wohlman and R. Orbach33 calculated the effect of
magnetié impurities on the pair~field susceptibility for tempera-
tures greater than Tc. It can be deduced from their work that

xnl(w,k) = N(O) [In(T/T ) + ¢(1/2 + p + (nk2 = 1w)/4TT) = Y(L/2 ; 01,
Ny A ' ' €(15)
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where pc = p(TC). The corresponding I-V characteristic is again
a quasi-Lorentzian line shape with a relaxation frequency reduced

from the p = 0 case. For T - Tc << TC the peak voltage is

Vo= (/2 (T E() +DKD), (165
where .

£(p) = (X - pYp'(1/2 + p)) ¥'(1/2)/¢¥'(1/2 + p). (17)

Thus the graph of Vp(T) is still linear with a slope reduced from

‘the p = 0 case by a factor £(p). By carefully measuring Vp for

T > TC one can determine the value of the pair-breaking parameter p.
Naively one might 'expect the pair relaxation frequency to increase

rather than decrease when a pair—breaking process is present. However,

one should consider ﬁhat the presence of a pair-breaking mechanism

weakens superconductivity as is reflected in a longer coherence

-1/2(0)

length.34 The coherence length is increased by a factor f
where f(p) is given by Eq. (17).‘ The pair relaxétion frequengy is
actually the reciprocal of ﬁﬁé'diffusion time for electrons to travel

a distance of the order éf the coherence length. Thus an increased
coherence length resulting from a weakening of superconductivity

would be expected to result in a decrease in the relaxation frequency.35
‘ The most obvious effects of pair-breaking on the pair-field sus-
ceptibility, however, should be those related to the transverse mode.
As stated earlier, propagation of the mode requires wtT >> 1 where T_l
is the inelastic scattering rate (superconducting-normal conversion

rate). The primary motivation for this work was to investigate the

dependence of the propagating mode on the scattering rate T-l. In
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general_z5 T_l = l/ZTE + 1/Ts + ... where Tg is the inelastic electron-

phonon scattering time, T_ is the spin-flip scattering time and all

S

other pair-breaking mechanisms contribute to T_l. -By increasing T
one should cause the transverse mode. to cross from the high~frequency
propagating regime to a low-frequency diffusive regime.

In our experiments several pair-breaking meqhanisms may be present
simultaneously. When this is the case, the pair-breaking parameters
are additive and are represented by one overall paif-breaking para-
meter. For the experiments reported here the pair-breaking energy
due to the magnetic field is about mkz/zo. This is n_egiiéible
compared to the spin-flip scattering rate for all but tﬁe lowest
concentrations of magnetic impufities. The pair-breaking energy due
to supercurrents is f_ﬁchz_where Q. = 1//35?57-15 the critical pair
momeﬁtum. Again ﬁchz is small and is not effecﬁive as a pair-
breaking parameter at temperatures near Tc' The presence of pair
mdmentum'dogs have other significant effects on the pair-field suscépti—
bility'which will be examined in detail in section E. Pair-breaking
due to'magnetic impuritiés is significant and does not interfere
with thé excess current in any way other than as a pair-breaking
mechanism. ~For these reasons this mechanism is believed to be the
primary source of.depairing in these experiments. The strength of the
pair-breaking can be controlled since it is proportional to the con-
centration of magnetic impurities in the superconductor. Concentra-
tions_of the order of a few tenths of a percent are sufficient to
exhibit stréng palr-breaking effects but not so strpﬁg as to destroy

superconducti&ity completely. ‘The Al-Er system studied here is
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especially useful since Er and Al have comparable vapor pressures
making joint evaporation possible and Er exhibits a localized moment
in Al for low enough concentrations.36

In the first Born appfoximation the pair-breaking energy T is

; . ' L ; . 32
linearly proportional to the magnetic impurity concentration C.

r = (ﬂ/Z)CJssz(EF)(gJ - D2+ 1). (18)

Here Jsf 1s the exchange luleygral, N(EF) is the single spin density
.of states at the Fermi level, 85 is the Lande g-factor and J is the

total angular momentum. From Abrikosov-Gor'kov theory
In(T_ /T)) = w(l/? +p0.) = W(/2). (19

Here TCo is the unperturbed transition temperature and TC = Tc(pc)'

Tor € << 1 and~pC << 1 Eq. (19) reduces to

(T, - T.) = ' (1/2)p, T = nT/4. (20)

Combining Eqs. (18) and (20) one gets for the depression of\TC

_ o2 2. 2 .
(T, - Tc) = (m /B)CJsf N(_EF)(gJ -1D7II+ D). (21)

Unfortunately, Tco for Al depends strongly on the normal electron mean-
free-path. Since magnetic impurities can act as normal electron
scattering sites as well as spin-flip scattering sites, Tco itself is
a function of C.

Let us now examine in detail three theories which calculate‘the
effect of pair-breaking on the characteristic frequencies of the

collective modes below Tc'



C. THEORY OF ENTIN-WOHLMAN AND ORBACH
This theory37 is based on the coupling of a time-dependent
Ginzburg~Landau equation for the order parametér to a Boltzmann
equation for the quasi-particle distribution function. The calcula-

15,16 but includes the

tion is similar to that of Schmid and Schon
effects of magnetic impurities as well as inelastic phonon scattering.
They confirm the separation of order parameter fluctuations intpo
longitudinal (real) and transverse (imaginary) components and the
decoupling of the fluctuations of the real and imaginary parts.

General expressions containing integrals that can be solved
in various limits are derived for the eigenfrequencies and the
pair-field susceptisility. Analytical expressions are giveﬁ for
the longitudinal and transverse susceptibilities with and without
magnetic impurities in the gap and gapless regimes and for gapless
superconductors.

In the following general forms for the transverse mode and
longifudinal mode dispersion relations will be presented. The
solutions of the integrals and the resulting dispereion relationg
will then be given for each special case. The general expre;sions

for the pair-field susceptibility are then given, followed by each

of the special case forms. -
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1. Eigenfrequency Solutions

The transverse mode dispersion equation is

w? - ATDkza/IA + 2A2Ta/I2 =0, , (22)
- where

a=y'(1/2 + p)/2nT - wIS/AT (23)

and I,, I, and I are integrals that depend on ), Dk2, T, T and A.

These integrals can be solved for special cases.

To solve the dispersion relation in the gap regime (A >> T) Ml
is defined
M ) = W@+ x0)7 + KA - x) + 81Tk’ (24)
Then the integrals are
L, = -T(L = 8%,/T/ o+ i0k2), (25)
wher'e |
L 2 2 4
X2 = fdx(2iT(1 - x") - i/2 Dk" (1 - x )/Ml(x)), (26)
o
1 2
I, = 1/2/dx(1 + x7) (w + 211‘)/M1 (x), : (27)
&= o aky N
and.
L 2 2 2
15 = 1/2[/dx(2iT(1 - %x°) - iDk (1 + x ))/Ml(x) + 0(1nA/w)]. (28)
(o]
To leading order it is found that
. 2 i
I, = T/(iw - Dk%), (29)
I4 = 1/8, ’ (30)

and
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a=y'(1/2 + p)/27T. (31)

Inserting Eq. (29) - Eq. (31) into Eq. (22) the dispersion relation

becomes

mz - 4yTDk2/WA + iwy = O, (32)
where

Y = Azw'(l/z + p)/nT. (33)

The solution for the transverse mode eigenfrequency in the gap

regime is
w = —iy/2 t [~y2/4 + 4yTDkZ/mA1Y 2. (34)

This is a propagating mode with group velocity

. - ] 1 l/z .
Vmode = (2AD ' (1/2 + p)/y'(1/2)) (35
and damping
Im (w) = y/2. (36)
In the gapless regimé the integrals become
-iT iZAz/Fw'(l/Z + 0)
L= —=|t- 2 2 ’ (37)
"w + iDk (w + iDk7) (27T) 0y
T, = 100172 + p)o/2m(w + iDkD)o (38)
and
(39)
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where .
2 2 '
Py = p(l + 2iA"/T(w + iDk ))1/2. (40)
. ae 2 )
In the limit p << 1 and |2iA"/T'(w + iDk")| << 1 they get
, .2 '
12_= -iT : 1 - imh . (41)
w + iDk ~ 2T(w + iDk%) | .
and
' . 2
- I, = imA/4(w + iDk™). (42)

4
Substituting Egs. (41), (42), and (39) into Eq. (22), the dispersion
relation becomes

w? - Dk’(y + Dk%) + 2iw(y + Dk%) = 0. (43)

The transverse eigenfrequency in the gapless regime (A << T) 1is

) ? . 2..1/2. AN
w==i(y + Dk )(L = (/¥ + Dk™}) / J (44)
Pinally, fer gaplcoo superconductoro (p >> 1) the intaegrals become

—— -

. ) ‘
T, - =iT 5 |1 - 12A2/T 5 - (45)

: w - iDk w + iDk” + 2iA°/T

T 2iA2/P T
I, =28 7 7~ %24 (46)
w+ iDk" + 23A°/T
and

I. = iI,. 47)

The resulting dispersion relation is
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w? = yDk? + iw(y/2 + Dk%) = 0. o (48)

The eigenfrequency for the transverse mode of gapless super-

conductors is purely imaginary.

2)1/2

w= -i/2[(y/2 + Dk?) + ((y/2 + Dk®)% - 4yDk ] (49)

The longitudinal mode of the pair-field susceptibility is
associated with fluctuations in the order parameter modulus. The
dispersion relation for modulus fluctuations derived from the

Ginzburg~Landau equation and the Boltzmann equation is
. 2 2 ' |
a - 34 BO + (dw - DkY'(1/2 + p)/41T + Tow/T = 0. (50)

Here o and BO are the p-dependent Ginzburg-Landau parameters:

o= (T, - DITYA = oy’ (/2 + 0)) (51)
and
By = ~(W"(1/2 + 0) + pu™(1/2 + p)/3)/ 40 (52)
In equilibrium
2 ;
AT = OI,O/BO. - (53)

I6 is an integral that can be calculated to leading order in A/T
for the wvarious limiting cases.
In the gap regime it is found that

1

I, = ~fax(l - ¥)/(w(l - x) + k2L +xH)D). . (54)
(o] ! R

The authors then evaluated I6 in the high frequency limit
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w + ka2| ~ o which yields

I, = -mb/bw. (55)

Inserting this expression into Eq. (50) one gets the high frequency

dispersion relation for the gap regime,

-2&0 + (iw - Dkz)w'(l/Z + p)/4nT —}ﬂA)éT = 0. (56) °

This solution 1s a pureiy diffusiv; mode glven by
2

w= -i(Dk” + (2A + 16T do/ﬂ)/b), - (57)

where b = Y'(1/2 + p)/yY'(1/2) < 1. 1If one chooses the low frequency

limit |w + ka2|

R

Dk? the integral I6 becomes

16 = iA/2Dk2. (58)

Inserting Eq. (58) into Eq. (50) one gets the low frequency

dispersion relation for the gap regime,
~20_ + (iw - DKD)Y' (1/2 + p) /47T + iwd/2DK’T = 0. (59)
The solution is
w = -i(Dk2 + l6aoT/ﬂb)/(l + 4A/ﬂka2). (60)

One can show by numerical evaluation of I, that Eq. (60) represents

6
a solution nearly identical to the exact solution for typical values

of experimental parameters.

In the gapless regime (A < T') the integral I6 is
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1, = -20PT( (112 + p)/p + ¥"(1/2 + p))/(w + iDkD) (4rD)°.  (61)

For weak pair-breaking (p << 1) this becomes

I, = —aa2/8T(w + iDKZ). - (62)

Inserting this expression into Eq. (50) one obtains the dispersion

relation fo? the longitudinal mode in the gapless regime,
“20_ + (1w - DkD)Y'(1/2 + p)/4nT - mwa’/8PT/ (w + 4DK?) = 0.  (63)
The aughors go to the high-frequency limit obtaiﬂing
w= -k + a4/, ‘ (64)

If one solves Eq. (63) exactly, however, one finds that there are

© two solutions,
/2
].

w = —i[Dk% + 8o, T/br + I ((80 T/bm + 22722 + aZok2/myt
' (65)

The upper sign gives the Orbach - Entin-Wohlmann. solution for
Dk2 + 0. The lower sign represents a decaying solution similar to
- that found in the gap regime in the low frequency limit. It is of

interest to examine the limit A - 0. To leading order Eq. (65)

simplifies to

w = -1(Dk% + A(DK2/TyY/2

), o (66)
provided A << Dkz, r. If Dk2 is small enough, there will be a range

Dkz << A << I'. 1In this range.Eq. (65) reduces to
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—i(Dk2 + AZ/F) (upper sign)

w = ’ (67)

-l.7i‘Dk2 : (lower sign)

The upper solution can again be identified with Eq. (64).

For gapless superconductors (p >> 1) the integral I6 becomes

16 = in2T3A2/3(iw - Dkz)r4. (68)

For p >> 1, 2qU = A?/6F2 and Y'(1/2 + p) = 1/p. Inserting this
along with Eq.'(68) into Eq. (50) one gets the dispersion relation

for the longitudinal mode in gapless superconductors,
2 . 2 o
4%767% + (iw - DkD) /2T - 1mer?a? /30w - DKOTY = 0. (69)
Again there are two solutions which simplify to

_i(ok? + 4%/3T)
W = 4 , . o (70)
~i(0k? -« (DK% + A%/Ty (2n?Té /Ty

Since Orbach - Entin-Wohlmann give only the upper'solution, they
predict a>characteristic frequency that increases'lineérly with'
o, If the second solution in Eq. (76) coexists with firsﬁ the
characteristic frequencies may not be resolved experimentally.
Furthermure, if the second solution in Eq. (70) is the only wvalid
solution, one should measure a decreasing relaxation frequency in
gapless superconductors in finite field.

In summary, for all three cases considered there are two

possible solutions for the longitudinal mode. Both are predicted
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to be purely diffusive (the eigenfrequency is pure imaginary). One
solution increases while the other decreases from Dk2 as €

increases.
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2. Pair-Field Susceptibility

In terms of the integrals I 6

14, a, and I, the longitudinal

2’

and transverse susceptibilities are given by

L
X

(1/N(0)) (20, = (mb/8T) (i - Dk) = (/D) " (71)

and

>~
I

(1/N(O)) (w?/ (202 (1w - DK?) - ATDkZ/Ia) + a7

N(0) is the electron density ot states at LLe Fermi level uud
b=19"(1/2 + p)/&’(l/Z). The imaginary part of the susceptibility
is proportional to the measured excess current of a Josephson
junction. Precise values for Im(XL) + Im(xT) can be obtained by
and taking the imaginary

numerically integrating I 14, a, and 1

2° 6
part of the resulting numbers in Eqs. (71) and (72). Using the
approximatg values for the integrals, approximate analytical
expfessions for.ImXL and ImxT can be given.

Feom Eqs. (29)=(31), (335, (55), (58), (71), and (72) we have

in the gap regime:

4T W (m >> Dkz), : (73)

L
Tmy = ' 7.2 7
THN(0) (2A/b + Dk“)* + w

4T w/(l + AAfﬁhnkz)

THbN (0) w2 +,((Dk2 + 16Tao/ﬂb)/(l + AA/ﬂkaz))

Imy" = 5 (74)

for w Dk2 and

2

Imy" = 24%03/m0K*N(0) ((w? - 206DKH)2 + v2w?). (75)
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Here Yy = ﬂbAZ/ZT and b = ' (1/2 + p)/y'(1/2):
From Eqs. (40), (23),-(39), (41), (42), (71), and (72) the

gapless regime result is

2
I = —41T wI'/4 (76)

ﬂbAzN(O) 1+ (wF/A2)2

for w >> Dk2,

ImVL"= 4TT (wz + (Dkz)z)ka2 : (775
. ~ 2 ~ 2 2 2.2..2 2.2
ThA™N(O) ((léaoTF/nA Y™ + (DPk7)Y))” + (wbk™)

{ = m——

for w $ Dk2, and

. 20% (v + Dk%) w(w? + yokZ + (0K %) s
mx = 2 2 2 2.2 2 2.2 °
YDk "N (0) (W™ - Dk"(y + Dk7))™ + 4w (y + Dk7) .

For gapless superconductors the longitudinal mode from Egs.

(68) énd (71) is '

k" = w(a + B0k%)/ (8% + B%?), a9
where
A= w - k5% - a%ok?/ar (80)
and | B
B = 20k’ + 4°(1 - 1/207)/3T. . (8D

The transverse mode in gapless supérconductors from Eqs. (45)-(47)
and (72) is

2 . 2 2.2
ImXT - 2A w(2w”™ + 4(Dk7)7) ) (82)

DKZN(0) (202 - 2yDk?)% + w(y + Dk%)2
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D. THEORY OF DINTER

Dinter24 provides a microscopic theory for the curfent—voltage
characteristics for the range 0 < w < 3.5A. In an earlier paper38
vhe develcped what he refers to as a generalized random-phase
formalism. It consists of combining all possible types of .two-
particle correlations in a 4 x 4 matrix scheme. All possible
correlations between fluctuations of the complex order parameter and
tce quasiparticle density‘afe included. Pair-breaking is included

at the outset for values of p << 1. It is aiso assumed e << 1.

In this limit the order parameter is given by

0% = 8n’12e/72(3) ' | (83)

where £(3) = 1.202 is the Rieman Zeta function of argument 3.

The current due to fluctuatione s calculared tn he

I = Im N(9) ( L = > ) . (84)
2 a-d a+d+ (b+)7"/(f+¢g

where the quantities a £+ d, b + ¢ and f + g are calculated in terms
of w, Dkz, 'y A and TC. The expressions contain elliptic integrals
that can be approximated by analytic expressions for a couple special
cases. The first and second terms in Eq. (84) are due tc the
1ongitudinal and transverse modes resﬁectively.

The excess current due to the transverse mode can be calculated

by evaluating the following quantities:

(a + d)/N(0) = Y(b + ¢)/2wAN(O) - S (85)
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and

£+g _DkE _ 2whb+c  4a%s  kDH? 1wl o(w,k)
N(0) 4mo Y N(0) Y ’ Y Y

(86)

The term Dkz/ﬁﬂo in Eq. (86) may be neglected for frequencies of

interest. (DkZ)Z/Y has been added to reproduce correctly the limit

in which A > O.38
Y = o® - (Dk%)? (87)
2 1/2 o
Dk 2w 2 (2wh) ) __biw > _ J
S % 8T [W+w+2AKt w + 20 o+ 28 ° 2A+ 0(2a ‘”'J
(88)
o(w,k TAT i

2 _
k) L i _jw + 2A 20 - w A w _
il TR Il et E(2A+w>_TK(2A+)e(2A w)

[t 22 E(2(2Aw)l/2> w = 24 K'(.Z(ZAw)l/z)]

. 8T 20 ¥ w RS 20 + w (89)
2 2, 2 ro. 1/2,
bre mb__oon -y A (_2(2Aw) )
N(0) 4T[Y(48% - ¥)] AT (w + 28) w + 28
Y - 2wl BwAY  2(2Mw )1/2\
Yo ! 2’ |
o (2aw + Y) w+ 28 /|
2 [
1wADK o 28 - w)
* I ¥ 28y O2h - W) | X <2A g
' -
L Y- e’ < (ZA H_H((Dkz)z(&Az - ¥ 24 - w) K
I 3N S X 28w S 2y 2A+@.Jj
imwla '
* 77 0w - 28) - . (90)

4T[Y(Y - 4A )]
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Here K, E, and Il are complete elliptic integrals of the first, second @
and third kinds respectively. implicit in the above expressions and
those to follow is Dk2 << 2A. It shoﬁld be noted that the expressions
shown above do not contain any dependence on ['. The depencence on T E Y
for r << T/2m is weak and is lost iﬁAtaking the extreme gap
(A >> T) limit. |
In order to compare to other theories one can express the
elliptic integfals analytically for the frsquency rangeka2 << << 2A.

Then the transverse mode susceptibility is

. @
_ N 1 N
2 (a+4d) + (b+ c)z/(f + g)
4T 2K - (mA%/2m)
2 2 2 2 2 oD
mDk” -w~ + 2ADk” - iw[(WA"/2T) + (2Dk"/m)1n(4A/w)]
'The quantity a - d in the longitudinal susceptibilitybis calculated
plece-meal.
Re &= d _ _ 7c(3)A2 _ TTDk2 _Tw (AAZ - Y> 1/2
N(0) 4’12 8T 16T X
e 2wt ws’ - e - 2m) *
8T(Y + 2wA) L 20 + w ] Y(w + 24)
p 2 1/2,
x H{\Y + 2Aw)2 ’ 2 (2wA) ) . (92)
\Y(w + 24) w + 24
2 2.2.1/2

for 0 <w < [44" - (Dk )]



30

2 2 2 r 1/2
Re 2 =4 _ _ 7€(g)§ _ mbk”  _ uwDk L (4A2 + DK 2 (2w4)
N (0) 4T 8T  8TY(w + 24) W+ 24
) 1/25 =
+ (4A2 _ Y) Y - 20w I 8wAY = 2(2(L)A) 1 (93)
Y + 20w \QMw + V) 28+w /]
for [4A2 - (Dkz)z]l/z_i w < T.
m &= d _ 5 w [ (4A2 —1w2)K (;2 l w }
N(0O)  4TDk” (w + 2A) W
22 20 4 ,0202,,,2 R
OIS S I (D) " (44 - v 24 (u\ 028 -w)
Y L\ Y(w + 28) 20 + w
2,1/2
4 Tud - 2?2) 0w - 24). | (94)
8TY

The excess current due to the longitudinal mode is proportional to
Im (N(0)/(a - d)). This function consists of a maximum at a low
frequency and a second maximum at V = 1.25A.

Dinter claims finite I' is necessary to avoid a logrithmic

divergence of the longitudinal structure function at w 0. He

examines the w << [ << A << T limit in detail. With 8 = T/A, he

finds:
a-d Dk2 A
- = T4 2e - - £ (B) - 1w —5 = £,(B),  (95)
N(0) 8T 8T Dk~ 8T
where
' - 2/3.1/2 1/3
2 | @ -8 -1 8
f.(B) = = + tan ( \ (96)
1 LN EE - 32/3>”2/‘} |

and

)
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o, 2/3.1/2 1/3
4 {1+ (1 - g2l ) 1 -1 ( 8 >
£f,(B) = =< 1n + 5= tan 5
2 - \ AT 28 PPN
~ 2/3,1/2 ' RN
_a- 82/3) - [-(1 _ 232 84/3J . 973
28 .

When Eq. (95) is evaluated at 8 = 1 (the boundary between the gapless
and gap regime) one gets

2 . . : -
_a-d_Dk'm + 2¢ - iwm _ iwAm . _ (98)

N(0) 8T 8T . 8TDK?

The same quantity calculated in the gapless regime39 and evaluated

at A=T is

_a- d.= Dk + 26 - iwm iwAT

N(0) 8T 8T  8T(-iw + Dk2)

(99)

Although the first expression is ‘deduced from an equation that was
derived for B << 1 and the latter from an equation derived for

B << 1, Dinter proposes that the discrepancy at = 1 should be
resolved by substituting -iw + Dk2 for Dk2 in the denominator of the
last term in Eq. (Y8). As the expression for B << 1 was derived
under the assumption that @ << Dk2 there should be no inconsistency
in adding -iw to Dkz. But one must be suspicious of the Dk2 -+ 0
result once this is done. Setting Dk2'= 0 Dinter finds the
relaxation frequency from -(a - d)/N(0) = 0 in Eq. (98).

Neglecting 2¢

w = -1Af, (B)/£, (B). ' (100)
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This gives a relaxation frequeﬁcy of Aat =1, One can easily
solve for w without taking k = O limit or neglecting the 2¢ term.
Solving for w before making the -iw + Dk2 substitution one finds
from Eq. (98)
2

Dk~ + 16eT/m . (Dinter) | (101)
£,(B) + AF, (B) /DK’

w= -1

Compare this to the low-frequency Entin-Wohlman -~ Orbach result in

Eq. (60). For p = O

- ——

: Dk + 16eT/T

1+ 4A/ﬂDk2

= -

(Entin-Wohlman - Orbach) (102)

If one makes the Dk2 - —iw + Dk2 substitution in Eq. (98) as
suggested before, but then solve for w exactly without taking k = 0O

limit or neglecting € one gets

—kaz{B + [B2 '1/2},

w = -+ l6€T/nDk2)/2f1(B)] (103)
Vhere |

B = [1+ 166T/DK> + £L(B) + fz(B)A/Dkz]/Zfl(B). (104)
One gets a high frequency solution if the "+" sign is taken:

iw=A£, (B)/£,(B) + Dk’ (1 + 1/£,(8)) + 16eT/mE (B). (105

.Tﬁking the minue sign in Eg. (103) gilves the low frequency solution

2 ,
m
i = Dk~ + 16€T/ (106)

2(1 + fl(B) + l6€T/WDk2 + Afz(B)/Dkz)

The high frequency solution is not significantly different from that
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calculated before. The low frequency solution, however, is much

"smaller. At B = 1, for example,
2 ' 2 o2 :
w(B = 1) = =i(Dk” + 16eT/7m)/2(2 + A/Dk” + 16€T/7Dk"). (107)

This is more than'a factor of«twé smaller than the frequency obtained
from Eq. (lOl)!

A élosing thought here is can it mean anything td find a solu-
tion w = A when one is using w + 0 limit to do the c;lcuiation? If
only one of the above solutions is valid it is probably Eq. (101).
That is one should not make the repla;ement Dk2 > -iw + Dkz. Doing
it seems only to introduce an extraneous root at high frequencies.
This is not to say there is no solution at-high frequencies--only
that such a solution mightvnot be found in a low frequency limitv

calculation.
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E. THEORY OF SCHUN AND AMBEGAOKAR

This theory includes the effects of a superconducting transport
current on the dynamics of the order parameter fluctuations for
dirty superconductors at-temperatures near.Tc. The effect of pair-
breaking for I << T/2m is also included.

The methods developed by Schon in an earlier worklS were
extended to ﬁodify the work 6f Ambegaokar40 which consi&ered the
effects of an impressed pair monentum. A time—depeﬁdent Ginéburg*
Landau equation for the order parameter>and a Boltzman rate equation
for the qqasiparticle distribution function are derived. General
solutions are given in terms of ellipfic integrals, but analytic"
solutions ére possible only in certain limiting cases. In particu-
lar solutions are given for Dk2 << @ only. Special cases include
negligible inelastic phonon scattering of electrons (1/1:E << @) as
well as electron-phonon dominated relaxétion (l/rE >> ) for both
q =0 (no trénspdrt current) and q # O. For all cases it is assumed

that

2, ' .
A,7/T << Il/TE - iwl, - (108)

where

2 o
A02 =@ - q2/3qC2)A . (109)

Here 9 is the critical pair momentum given by

qcz = l/3€2(T) (110)

and A is the ¢ = 0 order parameter.
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From the Fourier transformed time dependent Ginzburg-Landau |
equation, which has been linearized in the space ahditime—deﬁendent
deviations froﬁ equilibrium of the>comp;ex order-parameter, one geﬁs
the following set of simultaneous equations for GAL(r,t) (deviation
in the real part of A(r,t)),GAT(r,t) (deviation in the ‘imaginary

part of A(r,t)) and ed(r,t) (the electric potential).

[-1w24 Tg + Dk® + 16eT/718A" + (1 + 2iw¥,,/m)2iDkqsa’ = 0 (111)
. 2 T . . L 3
[-1wn/2AoT+ Dk™]8A" - (n/1)ed - (1 + 21wY22/n)21Dkq6A =0 (112)
T 8TDK” /7 4 L
~iwnés” - (a0 + 2o yep - & pkquy, 68t = 0 (113)
1/7 + bk

Here Y., and Y are functions which contain elliptic integrals,

12 22
i = VIOV FVTIE AT, (114)
2, | '
- TF -
T 1+ 'Y'Ao', Y/AO + l/ZAol, {115)
1/t = -iw + /1y, (116)
Y o= -dw/2 + T, (117)

aud

I = l/ZTE + other depairing energies. (118)
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1. Solutions for Zero Transport Current

For q = O Eqs. (111) - (113) reduce to

(-iw2ATC + DK% + 16eT/m)6AC = O, , (119)
. 2. T |
(=iwn/2At + Dk7)SA™ - (n/t)ed = O, (120)
and
. T 2 2
-iwndaA” - (24 n+ 8TDk/m(1/T + Dk))ed = O. (121)

The dispersion relation for the longitudinal mode is decoupled
from that of the transverse mode. Solving Eq. (119) in the strong
electron-phonon scattering limit; (l/TE >> ), one gets the

characteristic frequency of the longitudinal mode

iw = ok + 16eT/m /A - 20,0 + 20n L+ (/0 HYE L 22
"The limiting values of this frequency are °
diw = Dk2 + 16eT/m (gapless regime) (123a)
and
vim ='(Dk2 + 16€T/ﬁ)/2TEA (gap regime) . (123b)

Note that the frequency in Eq. (123a) is the well-known Ginzburg-
Landau frequency for superconductors below the critical temperature.
Turning now to the limit l/TE << @ Eq. (119) gives the longitudinal

mode eigen-frequency for negligible electron-phonon scattering:

2,1/2

iw = 2T = (2T - DK% - 16eT/mM° - 28)%) (124)

The limiting values of Eq. (124) are
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Dk2 + Az/(T - Dk2/2) (gapless regime) (125a)

iw

and

iw = 2T = 1i2A (gap regime). (125b)

One again finds a purely diffusive mode in the gapless'regime.' One
finds, however, thaf the mode is not diffusive in the extreme gap
regime. Eq. (125b) predicts a resonant frequency of 2A with damping
due to pair-breaking. Since A >> T this should‘be manifested as a
peak at.V = A in the excess current-voltage characteristics.

To highlight the effeét of electron-phonon scaftering we plot
in Fig. (1) the imaginary frequency (dotted line) predicted by Eq.
(122) as a function of temperature. Superimposed we plot the

- imaginary part (dashed line) and real part (solid line) of the

frequency in Eq. (124). The parameters used are Dk2 10peV,
T, = 1.7% and' T = 30peV. For Eq.. (122) we take l/TE = 2[ and for
kq. (124) we take 1/-rE = 0. |

The group velocity of this ﬁodeuis Dzks/A. For cledn super=
conductors (D =~ 104cm2/sec) and short wavelengths (k$~ 104 cm-l)
the mode velocity can ﬁe large (~lO9 cm/sec). Since the decay time
can be as long as TE(~10-7 sec)41 it is possible that propagation of
this mode can be directly observed.42

The transverse mode dispersion relation 1s obtained by cowbining

Egqs. (120) and (121) in such a way as to eliminate the dependence on

electric potential. For zero supercurrent one finds

iw/T - (ma2/2T) (1/1 + Dk?) - 2ADK>/n = O. - 26)
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In the case of superconductors with strong inelastic electron-
phonon scattering, n is approximately frequency independent.

Replacing 1/71 by l/TE, Eq. (126) can be solved for iy directly:

i = (WAZ/ZT)(l + TEDkZ) + ZADRZTE/D, (127)

where n = ZATE/(l + (2ATE)2 1/2.

‘ In the high frequency regime one can put 1/T = -iw and n = 1.
Then in the extreme gap regime the transverse mode dispersion

relation becomes
L2 ‘ 2 2 2
(iw)” - 1w(mA™/2T) + (WA"/2T + 2A)Dk” = 0. (128)
The solution can be written

2 _ 2,2\1/2

= \ + i
iw = wy % (wD ) (129)
This is a propagating mode with velocity c given by
2
c = 2AD(1 # TA/4T) . (130)
and damping wD given by
2, .
= A" /4T. (131)

“p
Corrections due to finite Dk2 are of order %-ln £5for the resonant
frequency ck, while the damping is increased by an amount of order
Dkz. Furthermore, pair-breaking effects due to paramagnetic

impurities increase the damping by ~T/2 for small T'. With these

modifications Eqs. (130) and (131) would look like
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c? = 2601 + (10/4T) (1 + 0(1n £ )] (132)

and

wy = 1A%/4T + Dk + /2 | (133)

in the gap regime (I << A << T).

In the extreme gapless regime (A << I') one finds 2A/n = 1/t
+ AZ/P. Substituting this into Eq. (126) and taking the high
frequency (1/T = -iw) limit,.the transverse dispersion relation

becomes
(iw)z - 1w(ok? +ma¥2Ty + a*ok?/Ty @ + wr/2T) = o. (134)
The solutibn reduces to
w= ok? - 257 (135)

for A << T << T and Dk2 >> AZ/T. Although there is a second solution
in this limit given by iw = AZ/F, it is known that iw = Dk2 at the
critical temperature. We therefore take Eq. (135) to be the

correct solution.
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2. The Current-Carrying State
If a current is passed through the superconductor, thé super-
conducting electrons will have a fiﬁite momentum defined by the
current density and superconducting electron demsity. One effect
of finite momentum q is to couple.the tfansverse and longitudinal
modes. As a consequence the coupled Egqs. (111) - (113) have a
nontrivial solution only if the corresponding secular determinant

vanishes. The characteristic equation is

kz[(-iszng + Dk + l6BA02T/ﬂ)(-iwn/2AoT + T _n/4TT + Dk2)

21 2 ’
- apg® (@ + By 5P ((ma /4Tyt + 0k)] + 0. (136)

The term containing Y12 in Eq. (113) is of order AO/T<and is therefore
neglected.

The gange transformarinn is a]ways.prpspnr Aas A kz = ﬂ‘sn1nr16n
of Eq. (136). This corresponds to the ;rbitrary choice of a
reterence phase. 'The remaining part of Eq. (136) reduces in the

limit 1/1 - -iw to
2 2 2 2
(iw)™ - iw[(nAo /2T)Y(1 - Dq /(2A0 + Dk7))]
2 2 2
+ ZAODk (1 - Dg /(2Ao + Dk7)) = 0. (137)

In this limit n =1, £ = 1 and Y,, = in/4w for iw >> 2I'. According

22
to Eq. (137) both the resonant frequency and the damping are reduced

when there is a finite pair monentum q.

A2 - ZAODkZ(l -'qu/(on + Dk%)) (138)
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wy = (ma 2/em) @ - Da?/ (28 + D)) (139)

But one effect of pair-breaking due to supercurrent is to increase
the damping by about Dq2/4 (see Eq. (133)). Since this effect is
of order T/AO larger than the gq-correction in Eq. (139) the damping

should instead by given by
2 2 |
wy = TA /4T + Dq /4. (140)

Furthermore Aoz = Az(l - q2/3qC2) where 3qc2 = E—Z(T) and in the

dirty limit
2 .
£(T) - ﬂD/STce, , (141)

Combining this with Eq. (140) and noting that A2 = 8ﬂ2T2€/7C(3)
we get |

a2 4

- bl 2
Yp ~ 4T T ( 28z (3)

- 1/4) Dq~. (142)

Thus the damping is decreased by 2.64 times qu when the gq-dependence
of Ao is taken into account.

By adding a normalized driving force term (1/2N(0)) to the right-
hand sides of qu. (111) and (112) one obtains the pair-field

susceptibility. The longitudinal and transverse parts are given by

9 ' .

27N (0) Dk (L)(T) - Dq°(R)

énd
T 3T 1 (L) + iDkg (R)

T . Dkg (144)
2TNCO)Y Dk™ (L) (L) - bq (R)
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where
(L) = -iw2d 17 + Dk2 + 16Te/m, - (145)
(T) = -iwn/2AT + mAn/4TT + DK, | (146)
and
(R) = mAn/4TTt + Dk2. ' (147)

Eqs. (143) and (144) are valid for w >> 2T, but can be extended to

includo the gapleoo regime by maliing the oubstitution

q + 2q(1 + Ztizz/ﬂ). ' (148)

Schon and Ambegaokar have evaluated Y22'in several limits. For

Y = 1/2t (that is w >> 2I)

. .- 2
Y22 =~ mr/4(1 + (l/ZAOT) ). (149)

The corrections are of order lln|A0T|/(AoT)!. The the gapless
regime (Iy| >> Ao), Y22 becomes
5%A0412/16Y3 for A02 << |y/t],

Y.. = :
22 2 2 L2
ITAO T/16Y for 4" >> ly/t|.
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3. Mode Softening
Eq. (136) can be solved in the low frequency regime yielding
23 1 [16T ,, 2 2 |

BA ~ + Dk
/ 28 Tpe AT o ;)

i 2 4 T 2\ /16T ,, 2 2 2§ 1/2
j-_z[[...] - — (‘”R +Dk)= BAO + Dk Dq '} i :

ng \T jod
(151)
where [...] is the first bracket in Eq. (151) and
T _ 2,1/2
We (ﬂAO/4T)(2F/TE + (ZAO) . (152)

In the q = 0 limit, w

N reduces to the longitudinal mode eigen-

frequency while w 1is connected ‘with the transverse mode. For

Ao >> T, Eq. (151) can be expanded for all Dk2 and arbitrary super-

currents:
-i

_ 2 2 2 &
w, = T (16784 “/m + Dk” - 4Dq"), . (153)

w_ = -i(TrAOZ/ZT) (1 + Dkz/wRT). 4(154)

At q = q, 4qu = 16TBAOZ/W. Therefore |w+| decreases to
2 .
Dk /(ZAOTE) as q increases to q.-

This limit is difficult to reach in Al since 1/T. = 0.lueV.

E
The inelastic electron=-phonoun scattering rate is much higher in

other superconductors such as Pb, resulting in greater ease of

observing such a mode softening.
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F. RELATED THEORETICAL WOﬁK
1. Transverse Mode Calculations
Several authors ﬂave°shown that the transverse mode dispersion‘

relation is of the form

2 C2 2 1/2’

iw = w,  (w.” - ck") (155)

where wp is the damping rate and c¢ is the velocity of the mode.

We have already indicated in part B of this chapter that Entin~-
Wohlman and Orbach reproduced Schmid and Sch6n's16 (SS) original

calculation for dirty superconductors in the limit P << w << A << T.

Recall from Egs. (35) and (36) that

Wy = ﬂAZ/AT (156)

and

/2

¢ = (280)7T (157)

) 43
At about the same time Artemenko and Volkov4° (AV) calculated

the clean limit (VF/R << A) result. They found for the dispersion

relation
iw = ike + wy (158)
where _
¢ = (T332 (159)
and
wp = (VF/z)(Ze + (kz)z/lz). (160)

The effects of spin-flip scattering due to paramagnetic

impurities on the clean limit results were calculated by Galaiko, _
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Glushchik and Shumeiko44 (GGS). They found a dispersion relation
which reduced to the AV result for negligible spin-slip scattering

. 4
(T > ©). The scattering rate becomes important for Q/VFTS > (A/Tc) .

S

In this concentration range shortwave damping is renormalized while
the mode velocity is essentially unaffected. As the scattering rate
. 2 . . .

is increased to Q/VFTS ~ (A/Tc) paramagnetic damping dominates and

for 2/VFTS ~ A/Téit completely suppresses propagation.

Cheishvili45 calculated the effect of a large electron=phonon
scattering rate (AZ/Tc << l/TE << A). He found the SS dispersion
and velocity given in Egs. (155) and (157) respectively. The damping,

however, was increasedAby 1/2t_ over the SS result (Eq. (156)).

E
W, = wA2/4T + 1/2t_. - (161)
D E°

General expressions .that are valid for any normal electron mean-

free-path have been calculated by several authors. Using a two-fluid
A 46 .

model Pethick and Smith ~. (PS) found a dispersion relation similar

to that of SS by calculating quasiparticle diffusion near phase-

‘slip centeré. The mode velocity and damping are

0.1/2

¢ = (Ng/mx”) (162)

and

wy = Ns(l - B)/ZTim N. (163)

P

Here NS is the superconducting electron density and N is the total

density. XSO is defined as the susceptibility of the superfluid

~ component in the absence of Fermi liquid effects. The quantities

NS and B must be determined from microscopic calculations. Kadin,
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Smith and Skocpol47 (Kés) d6 a similar caléulation for the
prbpagating mode and show an analogy to propagation of eléctric
signals down transmission. lines.

Finally, Holstein, Kulik and Orbach48 (HKO) do a linear response
theory Based solely on the self-consistent BCS equation.' They show
that the Carlson~-Goldman mode is obtained from ﬁhe Anderson-
Boéoliubov mode by including the Coulomb interaction. The Ss and
AV limits are again reproduce;. ‘The low temperature‘(I <$CA) limic
as well as the high temperature limit (A <<.T) is treated for both
clean and dirty superconductors.

For w << A << T the SS dispersion relation (Eq. (155)) is

obtained with a modified damping and velocity given by

wy = (ﬂA2/4T)X(2ﬂTT) - (164)
and
c = (ZADX(?WTT))l/z (165)
where 1 = SL/VF and y(x) is the Gor'kov function. The limiting
values of the Gor'kov function are
Xl 2mTT << 1
X (2mTT) = ! (166)

L7Q(5)/2ﬂ3TT 2MTT »> 1

From Eqs. (164)-(166) one can reproduce the SS and AV results.
A high-frequency (w ~ A) dispersion relation is alsc calculated.

It is found that

iw = y(k) + iwdk) - (167)
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where '

w) = [-02/2 + (/2 @ + 16a0)/ 212, (168)
The quantity Q = Dkzx(ZﬂTT) and

Y = 20 (1 - WP /6872 - w () /487 . (169)

In this high-frequency limit the damping vanishes at Dk2 >> A,

while the resonant frequency saturates at 2A.

The Schmid Mode

Schmid49 and HKO48 calculate a resonant frequency at @'= 2A
for the k = 0 longitudinal mode, thatAis for fluctuations in>the
order parameter modulus. Ihe physical origin of this resonance is
that when the order parameter is perturbed it tries to relax. But
if a pair%of quasipartiéles attempt to relax into a Cooper pair, they
must gain energy 2A'violating energy conservation. According to
quantum mechanics this violation is allowed for a time t < h/2A.
This allows the order parameter to oscillate at a frequency
w > 20/8. 1In the'gbsence of scattering, this oscillatioﬁ would
decay as t—l/z. The presence of scattering results in the more
conventional exponential decay.48 In light of this, the mode

calculated from the Schon and Ambegaokar dispersion relation (see

Eq. (125b)) is probabl& the.Schmid mode.

Schmid and Schon Relaxation Times
Schmid and Schb'n15 calculated the branch imbalance of charge

relaxation time T_-and the gap relaxation time T These times are

Q iy
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not contained in the pair-field susceptibility of the order-
parameter and therefore are unrelated to the data reported here.
Their calculétion,'however, is intimately related to the calcula-
tion of order-parameter relaxation times. A brief summary will be
- given here for the sake of completeness.A

Schmid and Schon found

\ TQ = (AT/ﬂA)TE _ (170)
and
T, = (TTZT/7C(3)A)TF. | (171)
. .., 46 . -
Pethick and Smith =~ determined that for TQ one must average T
over the Fermi surface while for TA it is TE itself that must be

averaged.
‘ 50 . .
Lawrence and Meador calculate the above lifetimes for
aluminum for temperatures down to absolute zero. The result is
uscd to calculate the order-parameter relaxation times jnsr helow

T .
c



IIT. EXPERIMENTAL TECHNIQUES

In the first part of this chapter a detailed description of

the technique used fqr fabricating All_xErX - A1203 - Pb junctions
will be given. Details pertaining to the sample geometry are given
by Carlson and Goldman.3’4 Discussion of Pb/Ag - Pb proximity sandwich
junctions w;il be‘given‘in Appendix II as it is unrelated to the
main body of thié dissertation.
Section B of this chapter is devoted to a detailed description
of the cryostat that was.Built for the experiments repbrﬁed here.
Finally, section C contains a description of the data acquisition
hafdware. Most of the equipment was used by Carlson3 and some of it
by Anderson.8 Unnecessary duplication in the descrip£ion of the

hardware will be avoided. Details not feported here can be found

in their respective dissertations.

50
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A. FABRICATION OF All_XErX - A1203 - Pb
JOSEPHSON JUNCTIONS
1. The Evaporation System

All of the tunneling junctions used in the experimentg reported
here were fabricated in an oil-freeAhigh vacuum system. Rough
pumping was accomplished in two stages. First the evaporation
chamber was pumped to about 50 Torr using a dry vane pump. Two
Ultek molecular seive sorption pumps completed the roughing step
to a pressure less than lO-2 Torr. At this point the system was
baked for two to eight hours depending on the relative humi&ity‘and
the length of time the system was exposed to room air. Baking waé
accomplished by utiliziné three heat sources. Infrared heat-lamps
were directed at theuupper portion of the evaporation chamber through
the glass bell jar. A resistive heater capable of dissipating 2000
watts was clamped to,the lower portion of the chamber; Optimum
dissipation was found to be 500 watts. The third source of heat
was a spent titanium filament. By operating a used.filament at 30
amps, the interior of the system, which included coppef tubing
used as a water cooied trap during high vacuum pumping, could readily
be outgassed. After this bake-out the titanium filaments ﬁo be
used during evaporation were outgassed and the sdrption pumps were
isolated from the chamber. The system was now ready for pumping to
high vacuum.

Separated from the evaporation chamber by a six-inch gate-valve
is a 350 liter per second Ultek ion pump. The ion pump chamber

maintained & pressure of 10-8 Torr when not exposed to evaporation
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chamber. After the above roughing and bake-out procedure the gate-
valve was opened. Along with titanium getter pumping aided by
-water and air cooling, the ion pump was capable of pumping the

-8 . .
system to the low 10 scale in a short time.
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2. Preparation of the Al, Erx Alloy

1-x

The first step in making the All-xErk - Pb junction was to
prepare a source for the alloy electrode. The procedure used is
a modification of the method of Craven, et al. A SN pure Al
foil51 (0.0127 cm thick) was loaded into the vacuum system. Erbium
of 3N purity was evaporated onto the Al foil to a thickness of about
lO-.4 cm. To prevent oxidation of the Er, 200 & of pure Al wasl
evaporated on top of the Er. The Er concentration in this master
charge was determined by carefully weighing the bare Al foil and the
Al/Er sandwich. To prepare a sample charge of desired concentration
enough pure Al foil was folded together with a portion bf the master
chargé to dilute the Er. Only enough material was used to provide
a 1000 A fiim when evaporated to completion. In coﬁtrast to the
Craven method we did not cold roll thedcharge. Doing sa would only
add adaitionai impurities as well as oxidize a portion of the Er;
At the melting point of Al, Er is soluable to ébout one atomic

52 . . . '
percent. Since our entire charge was evaporated in one shot,

premixing would have served no purpose.
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3. Fabricating the Junction

Once the necessary materials were l&aded into the evaporator
and the system Qas>pumped to high vacuum,.actual fabrication of
the junctibn could begin. The first step was go flash evaporate
the Al/Er charge to completion from a tungsten filament at a rate
of 200 &/sec. This alloy was then coated with 508 of pure Al
which was evaporated from a tungsten fiiament at a rate of about
lOK/;ec. This prevented oxidation of-the Er and also provided a
reproducible surface for forming the oxide barrier.

Oxidation of the alloy electrode is the most critical step in
the process. With the ion pump isolated from the evaporator, dry
oxygen was admitted to the evaporation chamber to a pressure in tﬁe
range 5 x 10_3 to 5 x 10—2 Totr for'é period of 1 to 30 minutes.

The parameters for best results would vafy oéer a period of months
but would usﬁally be stable for several days or even weeks. Thus

two or three trials were necessary to obtain a junction of suitable
resistance if several weeks had passed since the previous fabrication.

Following the evacuation of the oxygen gas from the evaporation
chamber the edges of the electrodes were masked with 10004 of
Bi203. The B1203 was evaporated from a platinum boat and deposited
at a rate of IOOK/min; The junction was completed by evaporating
Pb as the counterelectrode. 20008 of 5N Pb was deposited at a
rate of lOOR/sec. 'Additional leads and pads for electrical contact
were deposited to complete the device. Although one junction

survived at room temperature for more than six hours without
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exhibiting substantial leakage at temperatures near 1K, most

junctions were kept at room temperature for less than one hour.
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B. CRYOSTAT DESIGN

The cryostat designed fof these experiments was constructed .
primarily from non—magnetiévstainless steel and OFHC copper.

To minimize the possibility of. leaks due to: corrosion from solder
flux most of the permanent joints were made by welding. The
temporary joints were made with a cryogenic epoxy.

A brief outline of the cryostat is as follows: From the top
plate of 3/8" staluless steel are suspended the thinmwail stainless
steel tubes for pumping, electrical feed-throughs, etc. which in turn
are attached to the thtom plate of OFHC copper.” Three radiation
plates of OFHC copper are epoxied to the stainless steel tubes at
random intervals. These plates facilitate heat exchange'between
the helium gas and the cryostaf and also provide structural support
in addition to blocking the room temperature radiation from the top
plate‘of the cryostat. The vacuﬁm can is attached to the bottom
plate and sealed with an indium O-ring. Suspended within the vacuum
~can is the 1K pot, that is an isolated chamber capable of being
filled with liquid He and pumped to the vapor pressure of liquid
He at 1K. Attached to the 1K pot is the exchange gas can which is
also sealed with an indium O-ring. The purpose of this can is to
provide the capability of improving the thermal contact between the
sample block and the 1K pot. The sample block is attached to the
1K pot with nylon screws and is thermally isolated with 3/8" delrin
spacers. A controlled thermal link between the 1K pot and the

. sample block is accomplished by the use of a 4" long by .03" thick
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copper wire. A schematic of the low temperature end of the
cryostat is given in Fig. (2). |

The electrical leads for the sample area were fed througﬁ the
exchange gas pumping line. Heat-sinking to the 4K bath was
accomplished by wrapping the wires around a copper-heat sink which
was exposed to the 4K bath. The copper heat-sink was sealed to the
stainless steel tubes with cryogenic epoxy. This epoxy seal has
been cycled dozens of times from 300K to gK without failure. Even
quenching from 300K to 77K did not cause failure. The seal was
susceptible to failure only through mechanical stress such as that
encountered when the 1K pét £ill valve was severely tbrquéd. - Once
this was realized, failure of the seal was extremely rare.

The 1K pot fill valve was fashioned from a right angle n;edle
valve. fn order to facilitate a slow refill of the 1K pot while
cold, a stainless steel ball was inserted between the valve seat
and needle. This sealed very well and allowed refilling of the 1K
pot without substantial warming of ﬁhe sample block.

?he sample block contained eight spring-loaded copper contacts’
electrically'isolated with delrin sleeves. The base of the sample
block Qas threaded and served as a heat-sink for the electrical
leads and the 100 ohm manganin wire heater. All wires were plotted
with G.E. #7031 varnish.

A total of fifteen twisted pairs of wires entered the sample
area. Two pairs were used for each of three temperature sensors,

four pairs for electrical measurements on the tunneling junction,
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1K POT HEAT-SINK AND MOUNTING PLATFORM

INSULATING SPACERS
INSULATING SLEEVE

SPRING-LOADED COPPER CONTACTS

SAMPLE BLOCK

HELMHOLTZ COIL SUPERCONDUCTING MAGNET

EXCHANGE GAS CAN

_ VACUUM CAN

Schematic of the low-temperature part of the cryostat.
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»

one pair for the sample block heater and four pairs for spares
in case of broken wires as the cryostat aged.

At the top of the cryostat the wires destined for the sample
area were of copper and Qere connected to low pass pi filters in the
cable connector. The copper wires were soldered to superconducting
NbTi wires clad in a copper-nickel matrix54 at the 4K bath heat sink.
This arrangement allowed the lowest resistance while minimizing the
heat leak to the 1K pot. The wires were also heat-sunk to the 1K
pot and the sample block.

A supgrconducting Helmholtz magnet that could be 6perated in
the persistent mode was mounted on the vacuum can. The magnet
produced 172 Oe per amp and was capable of more than 3000 Oe at the
sample. Calculation of the magnet calibfation from the magnet
geometry agreed to within 0.3% of the calibration determiﬁed

independently by using a pickup coil in a time-varying field.
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'C. DATA ACQUISITION
A schematic of the data acquisition system is shown in Fig.
(3). In order to measure the current-voltage characteristics over
a wider range of temperature and magnetic field (in particular at
temperaﬁures and magnetic fields where the tunneling characteristics
exhibited negative dynamic resistance) a shunt resistor was placed
across the current leads to the junction. A resistor in series with
the junction allowed accurate measurements of the current actually'
going through the junction. A chopped dc¢ current was used in order
to take advantage of ac voltage measuring techniques while not
introducing errors that might result from the non-linear nature of
the current-voltage characteristics.

Details pertaining to ;he ramp generator, chopper, computer
facilities and thermometry have been given elsewhere.3’6
. Before each current-voltage trace was taken, the magﬁetié
field was set to a predetermined value such that the zero voltage
Josephson current was at a minimum. The temperature was set and

stabilized to * 2 x 1O—SVK by monitoring the resistance of a
germanium resistor55 which had previously been calibrated as a
function of temperature. .Each current-voltage characteristic
consisted of 256 data poincs. Each dala pulul was Lhe average of
about 100 readings of the analog-to-digital converters.

The data were plotted on the aisplay terminal screen for
immediate analysis. Based on the analysls the dala were either
discarded or stored on magnetic disk for future use. For more

sophisticated fitting than could be accomplished by the minicomputer
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Figure 3. Block diagram of the data acquisition system.



the data were transmitted to the University of Minnesota remote

computers for further analysis.
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IV. ANALYSIS OF THE DATA

There are basically three distinct phases of data analysis.
A preparatory phase includes calibration of the various amblifiers
and sensors and measurement of the normal state tunneling resistance.
The second phase is on-line analysis of tunneling data. From the
data at temperatures just above 'I'C éf the alloy electrode we deter-.
mine the temperature and magnetic field dependent relgxation frequency
wR(T,H). At the same time we determine the Pb gap, APb‘and leakage
conductance, GL which, along with T and RN’ determine the'background
current for T < Tc' The diffusion constant.D is determined from the

magnetic field dependence of wR(T,H).

[}

In the third phase we fit the data using a remote'éomputer.
From the data for T > Tciwe determine the pair-breaking parameter.
The excess'current for T < TC is fit to a function containing three
peaks. Five of the parameters in the fit can be identified as the
real or imaginary part of a characteristic frequency and can be
comparedrwith the various theoretical predicﬁions."

The remainder of this chapter is devoted to a more detailéd

descriptioh of the analysis techniques.

63



64

A. NORMAL STATE TUNNELING RESISTANCE
The normal state tunneling resistance is measured at a

temperature of about 8K. The temperature dependence below this
temperature is weak and can be ignored. The measurement is an ac
four terminal measurement at 400 Hz. Unless the condition
RN >> RUAl + RDPb is met, where RD is the sheet resistance, one
must make corrections due to the geometry. For the devices studied
here, RDAl = 0.1 ohms and RDPb < 0.001 while RN > 0.1 ohms. Thus
the measured RN must in general be corrected for finite sheet'
" resistance. '

‘The temperatures were determined by measuring the resistance
of a precaiibrated germanium reéistor.55 . Absolute accuracy.was
5 x lO‘BK.. Temperature differences were accurate to t 0.5%.

The temperature could be stabilized to * 2 x lO_SK.
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B. QUASTIPARTICLE TUNNELING AND LEAKAGE CONDUCTANCE
. : .
At temperatures Tc(Al) < T« TC (Pb) there are three contributions

tq.thé measured current for voltages less than the Pb gap. The

total current IT is

IT = qu + GLV + Iex' (172)

Here qu is the quasiparticle tunneling and GL is the leakage con-
ductance. In this temperature range the functional form of Iex is

the well-known quasi-Lorentzian.

. _'n') A b 2 -
I = 2L,(V/V,) /(1 + (V/V,) ). (173)

The single particle tunneling current can be calculated exactly if

RN’ APb and T are known.56

. A L
=y ER oy (-1)m-.!'l Kl (m %) sinh(m }r—r) (174)

L
w? Ry

Here Kl is the modified Bessel function of the second kind.

The excess current is significant even in the range V > 200pV.

For this reason the parameters IP, and GL were varied

VP’ APb
simultaneously to achieve the best fit of IT to the measured current.

In Fig. (4a) we have plotted & typical current-voltage

characteristics along with the fitted contributions from qu and

GLV' Fig. (4b) is a plot of the current less the background along

with theoretical ¢quasi-Lorentzian lineshape.

The best fit is sensitive to variations in APb of about 1uv.

At T = 1.2K it is found APb = 1.36mV. If a small (~1%) adjustment is
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Figure 4. (a) Typical total current, leakage current, and quasi-
particle current vs. voltage from top to bottom
respectively. '

(b) Excess current obtained by substracting the leakage
and quasiparticle currents from the total current in

(a).
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made to the measured value RN one can find a single value for G

and for APb that will give an excellent fix for IT to the measured

< < + . . .
current for TC T < TC 100mK. Thus a set of RN’ GL and APb
can be determined at temperatures greater than TC and used for
temperatures less than Td where the exact functional forms for Iex

are not known.

It should be noted that small charges in RN’ GL and APb dn

not have a measurable effect on the best value for VP' Thig is

important when the value of VP(T).is used to determine the pair-

breaking parameter. VP can be measured to instrumental accuracy’

(~.05uV) at temperatures near TC where the excess current dominates.
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C. PAIR TUNNELING AND EIGENFREQUENCIES:

It was indicated in the last section that there is only one eigen-
freqﬁency above Tc’ and the determination of that frequency was a
natural -consequence of determining the background current.

At temperatures below TC we are less fortugate in that exact
functional forms are not known for the excess current. The experi-
mental features are shown in Fig. (5). It is believed that the low
voltage (frequency) shoulder (or peak) is due to the diffusiﬁé
longitudinal mode. The mid-frequency peak is described as a
propagating mode (the eigenfrequency contéins a real and imaginary
part with the.reai>§artvlinear in k (magnetic field)). The high
frequency step (or peak) occurs near the gap voltage and may also
be due to the.iongitudihal mode.

In order to descriﬁé this with a general function, eight
parameters are needed: three amplitudes, locat£on of low frequency
peak, location.and width of mid-frequency peak, and location and
sharpness (width) of the high frequency peak. A function that

containe all of theee featuree ie

2ALw/wRL : ' ATwa
x"(w) = T2t 3 2
1+ (w/wR ) wy + (w - wRes)
W A
+— f1¢%p — + G . (175)
wp, + (W +Ukes) 1+ (wG/w)P

The first term is a quasi-Lorentzian which is peaked at the

relaxation frequency w The second and third terme describe the

R



Figure 5.

Typical excess current for T < TC.
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propagating mode with resonant frequency Wpas and damping Wy

corresponding to an eigenfrequency of
iw = w, + Twpag (176)

Two terms are used for the transverse mode to make the current anti-
symmetric.
The last term in Eq. (175) represents a rounded step at the

frequency w The width of the step is ~ZmG/p.

'
In order to determine the eigenfrequencies of the gap mode one

can consider the associated structure function:

1/w

— (177)
1+ (wG/w)

SG(w) «

The peak of this function can be regarded as the real part of the

eigenfrequency. The peak occurs at

G

/P
Res w

= -1,

w (178)

If one defines the damping of this mode to be the lower half-width

of the structure tunction, the imaginary part of the eigenfrequency

wDG is the solution of

G, G 1-P

L+ P - (- P log = Q=S T (179)

S D

It can be shown that for all values of the exponent P, the damping

frequency wDG is less than wges' Therefore the functional form will

be invalid whenever w-G > wG .
. D Res

Other functions have been used for fitting to the transverse made.
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~The functional form does not significantly alter the numerical valﬁes.
for the eigenfrequencies. It.should also be noted that altering any
one parameter by a significant amount results in a fit in.whiéh
the other seven parameters do not change by more than 6%. The one
exception to these claims is that near TC more than one solution
can be found since the modes are not well resolved. We found that
the expression given in Eq. (175) represents the &ata over largest
tempefature span and is adéquate for all of the samples analyzed.

‘ The fittihg scheme is a modified Levenberg-Marquardt algorithm.57
By systematically varying each parameter we have determined the

fitting parameters are in error by no more than 6% except for

TC - T < 0.005 K.



V. "RESULTS AND DISCUSSION

In the first section of this chapter we present the measured
relaxation frequencies for T > TC for six samples with differing

amounts of magnetic impurities. By fitting wR(T) to the expression
ln(T/TC) + W(L/2 + p - w /4TT) - Y(1/2 +p ) = O (180)

with P, and TC as adjustable parameters, one obtains the pair-

breaking energy [', where

= ZWQCTC. (181)

Theée values are compared to values calculated from.the impurity
concentration.

In section B we preseﬁt the data for T < Tc' Eigenfrequencies
are obtained from an eight parameter fit to the data.  These are
compéred to the calculated eigenfrequencies of the various theories. .
Eigenfrequency data taken with a superimposed transport current is
compared to‘calpuiations baéed on the Sch6n—Ambegaokar theory.

Finally in Section C we summarize the experiments of other'workeré

which are related to the experiments reported here.
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A. DATA FOR T > TC
1. Measurements of the Pair-breaking Parameter
As discussed in Section II-B the relaxation frequencies at

temperatures greater than TC are solutions of:
In(T/T ) + $(1/2 + (Dk? = 1w)/4TT + p) - W(1/2 + o) = 0.  (182)
The approximate solutionm,

1w = DK2 + (8/m) (T - Tc)fv(p), 183

is not adequate to determine p from data extending to £ > 0.1. Fig.
(6) is a plot df relaxation frequencies for four sampleé.with
differing values of p. All of the data were takén in the absence
of a magnetic field. The data for samples #54 (O% Er), #62 (0.31%
Er), #45 (0.62% Er) and #38 (0.98% Er) are displayed from top to
bottom. Note that the data for sample #54 do not coincide with the
dashed line, which i$ a plot of w, = 8(T - Tc)/v; The deviatiom
is due to higher order terms in € and is clear evidence that the
first order solution represented by Eq.-(183) is inadequate.

In Fig. (7) we plot nmR/S(T - TC) as a fuﬁction of T - TC.
In this plot we can cleafly see the effects of finite £ as well
as finite p. Eacﬁ set of‘p;ints is nearly a straight line inter—'
cepting the vertical axis at the value f(bc). Tﬁe superimposed lines
are a least squares fit of the déta to Eq. (180) with Pe and'TC

treated as adjustable parameters. The data shown are for samples

" #54 (0% Er), #62 (0.31% Er), #45 (0.62% Er) and #38 (0.98% Er).
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Data for samples #39 and #37 are similar to samples #62 and #45

respeétively.
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2. Er Concentration by Auger Anmalysis

The concentration of Er in each sample was determined from
Auger spectra. A reference alloy of 0.86% Er in Al was prepared
by slowly dissolving the Er into an Al charge in vacuum. The Al
" and Er were placed together in an aluminum coated Mo boat. The
boat was heated very slowly until the Al mglted. Once the Er was
dissolved, the alloy was kept in the liquid state for about 30
minutes to ensure complete diffusion of the Er.- The alloy charge
. was cut into a thin slab for Auger analysis. Several hundred
angstroms were sputtered from the surface of'thé reference alloy to
ensure steady-state surface concentrations. Spectra from three
different locafions confirmed that the Er was uniformly diffused
throughout the sample. The peak-to-peak Auger signal at 131 eV
was used to represent the quantity of‘ﬁr while the signal at 1390
eV was used'for Al. It was determined that the Er concentration

was given by
C= (l.lvi 0.1) (131 eV peak/1390 eV peak). (184)

Auger spectra were taken at approximately 100 & intervals for
each of the samples analyzed. The concentration was determined
" from thé weighted average of these spectra.

Table I is a summary of fitted values of Pe and TC from wR(T)
data and Er concentration data from Auger analysis. Fig. (8) is
a plot of prcTc vs C. The s§lid-line is a plot of Eq. (18).

For Al the parameters needed to evaluate I‘}are:58’59
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TABLE I
Pair-Breaking Energy Determined from Relaxation

Frequencies and From Erbium Concentrations

Sample T '=27p T '=0.01¢
[od c c ‘

Number (X) pc (pev) C (ueV)
37 1.112 0.065 39 0.0031 31
38 1.079 0.111 65 0.0098 98
39 1.168 0.041 - 26 0.0031 31
45 1.196 0.063 41 "0.0062 62
54 1.221 0.0015 1 0.0000 0

62 1.153. 0.042 26 0.0031 31
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Pair-breaking energy [ = ZWQCTC plotted vs. Er concentra-
tion determined by Auger analysis. Solid line is theory
and dashed lines are error limits on the theory as

explained in text.
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J . =0.11 £ 0.02 eV

sf

N(EF) = 0.21 states/eV

. : . (185)
gy = 6/5

J = 15/2

With these parameters Eq. (18) becomes

I' = (0.010 * 0.004)eV x C. (186)

The error iimits'on the theory due to the uncertainty in Jsf are
represented by dashed lines. The statistical error in the data is
represented by the size of the plotted symbol. Thére may be an
additional systematic error of * 10% in the calibration of the
Auger spectra.

It should be noted that the Er concentration determined from
" Auger spéctra should be regarded as the maximum valuc that would
contribute to spin—flip scattering. Some of the Er detected may
actually be oxidized and thus would be ineffective as a spin-flip
scattering site. With this iﬁ mind the data points in Fig. (8)
arc in remarkable agreement with theory.

Other physical paraméters which are determined at femperaﬁures

above the Al-Er alloy transition temperature are summarized in

Table II.
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TABLE II

Physical Parameters of All_xErx Electrodes

and of Junction Barriers

Sample ) RN All-xErx electrode D
Number " (ohms) RNGL thickness (&) (cmz/sec)
37 0.63 150 . 1430 58
38 1.86 5,000 1100 80
39 1.27 13,000 920 200
45 0.145 710 780 . 97
54 0.103 770 1010 592
62 0.053 240 870 471

The area of each junction is (0.27 mm)z. The diffusion constant
D is determined from the data and Eqs. (4) and (16). RN is the normal

tunneling resistance and G, is the leakage conductance.

L
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B. DAfA FOR T < TC

In this section we will present the data obtained from five
junctions at temperatures below the transitién temperatﬁre. ﬁany
more samples were examined, but were found unsuitable for analysis
because.of the quality (leaky or shorted), the normal resistance
(too high or too low), or the transition temperature (too low) of
the junction. 1Im addifion, several of the alloys had such low
Er concentrations that pair-breaking effects .were uﬁdbservable.
0f the five samples examined, one contained no Er, two exhibited
a pair-breaking energy of 26UV, and two had a pair-breaking energy
of about 40uV. This covérs a wide range of pair-breaking energy
while allowing a check for consistency.

Actual excess current-voltage characteristics as well as
the eigenfrequency fitting parameters are presented. Comparison
to the theories of Orbach and Entin-Wohlman, Dinter, and Schon and

Ambegaokar are made. Data to test the Schon-Ambegaokar theory for

the transverse mode in the current carrying state is also given.
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1. Excess Current

Fig. (9) contains a set of Iex - V curves for sample #54

(I' = 0). The magnetic field is the same for all curves;(Dk2 27uV)
but each curve is téken‘at a different temperature. One can clearly
see the single feature at T - Tc (e = 0) develop into three features
with increasing €. Notice that the dc Josephson current could not
be entirely suppressed for all temperatures at fixed magnetic fields.
Because of this some curves contain irregular features or missing
data near V = O.

The effect on the excess current due to changing the magnetic
field can be seen by examining F}gs. (10)-(20). These figures are
constructed in the same manner as Fig. (9) but are obtained from -
samples #39 and #62. The pair-breaking eﬁergy for botﬂ samples is
about 26uV. The normal tunneling resistance for sample #62 is about
30 times less than that of sample #39 resulting in a three order-of-
magnitude increase in the excess current.. Figs. (13) and‘(lS)
represent Dk2 = 20uV for samples #39 and #62 reépectively. As
eﬁpected they are quite similar except for the three order-of-
magnitude scale factor in the current axis. ‘Several qualitative
results are observable from this sequence of figures. The low
frequency ''shoulder" is shifted to higher frequencies as Dk2 is
increased. With respect to the transverse mode, theré is no propaga-
tion (observable as a sharpening of the mid-frequency peak) for
small vaiues of Dk2 such as in Figs. (11) and (12). For larger

values of Dk2 such as in Figs. (13) to (17) notice the onset of

propagation at € = 0.008. This corresponds to A = [, For very
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Figure 11. Detail of excess current for #39: I = 26uv, H = 15.8 Oe,

Dk® = 3.7V, T, = 1.170K and R = 1.27 ohms.
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Figure 13. Excess current for #39: T = 26uv, H= 46.6 Oe,
Dk2 = 20.6uv, Tc = 1.166K, and RN = 1.27 ohms.
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Figure 17. Excess current for #62: I .= 26UV, H = 44.0 Oe,

Dk2 = 39.0uv, TC = 1,152K, and RN = 0.053 ohms.
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large values of'Dk'2 as in Figs. (18) to (20) the tréﬁsversé mode is
lost in the gap peak. This may be the result predicted by Holstein,
Orbach and_Kulik48 for Dk2 >> A (see Egs. (167) to (1695). |

Samples #37 (Fig. (21)) and #45 (Fig. (22)) both have a pair-
breaking energy of about 40uV. One can see that propagation of
the transverse mode is again delayed to A = I'(e = 0.015). The
other.qﬁalitative result associated with increased pair-~breaking

1s thal the gap peak ls brovadened.

N
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2; Eigenfrequencies

The qualitative features’noted above can be made quantitative
by extracting the eigenfrequencies in the manner discussed in Section '
B df Chapter IV. This will also facilitate comparison to the eigen-
frequencies derived by the theorist.

Let us begin by discussing the gap peak which we gélieve can
be identified with the high frequency longitudinal mode. 1In Figs.
(23) to (28) we plot the real and imaginary parts of the eigen-
frequency determined from the fitting parameters (see Eds. (177)
to (179)). 1t ghould be kept in mind that oné drawback of the
function chosen to represent the gap peak is that it can only
describe a mode in which Re(w) > Im(w). Superimposed on the experi-
mental eigenfrequencies are the real and imaginary pafts of Eq.
(124), which is the eigenfrequency of the longitudinal mode predicﬁed
by the Schon-Ambegaokar theory. The agreement ranges from good to
excellent, especially for moderate values of Dkz and for A > T.

The theory of Orbach and Entin-Wohlman from Eqs. (57) and (64)

is superimposed in Figs. (23) and (29). They predict an imaginary
frequency which nearly coincides with the real part of the measured
frequency. Dinter derives a similar result in Eq. (105).

We have derived low frequency dispersion relations for the
longitddinal mode from the'Orbach Entin-Wohlman (Eqs. (59) and (65))
and Dinter (Eq. (iOl)) theories. Thesé are superimposed on the |
daté for sample #62 in Figs. (30) and (31) for four values of Dkz.

Bothvtheofies are consistent with the data  for small values of

2 i : . oo . < ,
Lk-. It appears that Dinter's I'-dependent expression is also in
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Tc-= 1.155 K. SA theory for real (solid) and

imaginary (dashed) part of L-mode.
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Figure 27.

104

Data for real (A) and imaginary (A) parts of the gap
mode for #62 with I' = 26uV, Dk2 = 71.5uV, and
IC = 1.147 K. SA theoryvy for real (solid) and

imaginary (dashed) part of L-mode.
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good agreement with the data for larger values of Dk2 and is
éépeéially good for € > 0.03. The discrepancy near TC may be due
to the difficulty in fitting in this temperature range where the
modes become degenerate.

In Figs. (32) to (37) we plot the low frequency lonéitudinal
mode eigenfrequencies along with the transverse mode eigenfrequencies
for samples #54, #37 and #45. Consider for now only the longitudinal
mode. Dinter's theory, which is plotted in Figs. (33), (35) and
(37), is again in excellent agreement with the experimental data.

For comparison the Orbach and Entin-Wohlman theory is superimposed
on the same data in Figs. (32), (34) and (36). In general it appears
that Dinter's theory is in better agreement with the experimentally
determined values of the low-frequency longitudinal'mode eigen-
frequencies over a wide range of Dk2 (15 to 70uV) and of T'(0 to
40uv). |

Each of the three theories considered here agree that the form

of the transverse mode eigenfrequency in the gap regime is

in = w. + (wD2 - Akytz, (187)

D

where the quantities wp and c2k2 are slightly different for each
of the theqries. Table III lists the expressions for wp and c2k2
for each of the theories. The expressions are taken from Eqé. (34),
(91), (132) and (133). |

Only two of the theories derive expressions for the tfansverse

mode in the gapless regime. The solution derived by Orbach and

Entin-Wohlman is given in'Eq. (44) and the Schon-Ambegaokar solution
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TABLE ITII
Expressions for the Real and Imaginary Part of the

Transverse-Mode Eigenfrequency in the Gap Regime

. Given by iw = wD + (wD2 - cz.kz)l/2 for Each

of Three Theories

Theory wD o czk2 : Constraints
Orbach and 2 ! '

. mA™ Y (}/2 + 0) 2ADk2 Y (1{2 + p) A >> T
‘Entin-Wohlman 4T Y (1/2) Y (1/2)
Dinter mho Dk 4,22 2ADk? DK% << @ << 24

4T il w . .
Schon and 2 2
Zé 4 - Dk2 + o~ g_ 2ADK” x A>> T

Ambegaokar

Th . A. .
|1 +4_T (1 + U(ln a))]
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is given in Eq. (135). Both solutions are diffusive in nature
and are valid for ' >> A only. Although the predictions are éub—
stantially different, the difficulties we encounter in extracting
the eigenfrequencies from the data near TC do not allow us to
confirm or reject either theory.

In Fig. (32) to (52) we'display the experimental eigenfrequencies
for the transverse mode. Each theory is superimposed over its
range of validity. nFor Dinter's theory we choose to plot only in
the range A > Dk2 to satisfy the constraint given in Table III.

The damping is accounted for extremely well by the theory of
Dinter. Thé theories'of.Schﬁn and Ambegaokar and of Orbach and Entin-
Wohlman predict the same_ﬂAz/AT temperature-dependence as Dinter's
theory‘but.each admits to a Dk2 correction which is not precisely
defined. The term Dk2 In(2A/w) /7w which is contained in Dinter's
theory depends weakly on w. We have inserted w = Dk2 + nA2/4T, ‘
where this term appears in Dinter's expression for the damping. For
‘our experimental parameters, the exact solution is ﬁot noticeabl&
different from the damping calculated in fhis manner.

The real part of the transverse-mode eigenfrequency for each
theory is in qualitative agreement with theory. Each of the
theories is plotted to € = 0.05 which corresponds to A/T = 0.7.

It is expected that higher order terms in A/T a;e important near
this limit.

Each of the theories predicts a temperature ''windew' of
propagation in the gap regime in which the real part of the eigen-

frequency exceeds the imaginary part. It should be noted that the
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I' = 41uv, Dk2 = 21uv, TC = 1.214 K.



o8 & 8
(= N = e~ I

g8
(=}

CSLTOAQHOIN) AONBF\DBBJN:SIH
i B R
o (=) o

=}
o

«u
o

Figure 39.

' I T ] T T T !
]
|
- i
- + -
P
f- -4
¥ ﬁ-i' ¥ 7
| L S
L 0 P
’I 0 . "///
Lo o :
| -7
| -
L - -
-7 1 1 1 I N B 11
.00 0.0t 0.02
| EPSILON ”

Real part (0 and solid) and imaginary part (+ and

dashed) of T-mode data and SA theory for #54 with

r =0, Dk’ = 27uv, T, = 1.214 K.



120

50.0 I r T T T T I i 1
/
45.0 / -
| / o
ms0 0~ / + .
yd / +
35.0 o
2 % / +
mo)
?qao.o- .
g +
325 or -
A 4
Bag.0
2 + 0
15.0
pIs-or t o 0 45 0.
| ,
v10.0+ 0 a
s.of -
O.UL i T N S R ! i
0.00 0.01 0.02 0.03 0.04 0.05
EPSILON

. Figure 40. Real part (0 and solid) and imaginary part (+ and
dashed) of T-mode data and SA theory for #37 with
I' = 39uv, Dk2 = 14.7uV and Te = 1.115 K.



121

CSLTOADYUITWY AJONINDIYANIOII

'0.00 0.0f  0.02 0.03 0.04 0.05

Figure 41, Real part (0 and solid) and imaginary part (+ and

~dashed) of T-mode data and OEW theory for #62 with
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Figure 43. Real part (0 and solid) and imaginary part (+ and

dashed) of T-mode data and SA theory for #62 with

I = 26uv, Dk2 = 20.2uV and Tc = 1.155 K.
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dashed) of T-mode data and OEW theory for #62 with
I' = 26uv, Dk2 = 20.2uV and TC = 1.155 K.
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dashed) of T-~mode data and SA theory for #62 with
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Figure 48. Real part (0 and solid) and imaginary part (+ and
dashed) of T-mode data and Dinter theory for #62
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Orbach and Entin-Wohlman theory is in good agreement with the data
with regard to the temperature at which the damping exceeds the
resonant frequency and thus gives accurately the closing of the

window of propagation.
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3. The Current Carrying State

Schon and Ambegaokar have calculated the eigenfrequencies in
the presence of an impressed supercurrent. The solution of ﬁhe
coupled mode for iw >> 1/1E is given in Eqs. (138) and (142). The
resonant frequency, ck and the dampiné, wD are both reduced relative
to the solutions for the'unéoupled (q = 0) transverse mode.v The
frimarf reason for the decrease in these frequencies is the q-
dependence of the order parameter given in Eq. (109).

In Figs. (53) and (54) we plot the experimental eigenfrequencies
for the transverse mode as a function of Itr/Icr for two samﬁles.
Here Itr is the impressed fransport currént and ICr is the critical
-value of the transverse current. We believe I;r to be £he current
at which the eigenfrequency reaches a minimum.

The theary is platted as a function of Iu_/ltr by using the

'q-dependence of the supercurrent Iq:bu

. e 2,, 2 .
1./T_. = (3a/2q ) (1 -~ a*/3¢") , - (188)

Although edges of the films are masked in making the tunneling
junction, they may be able to support a larger critical current
-than the portion of the film probed by tunneling. If in spite of
this we substitute the measured Itr/Icr for Is/Icr it should be
valid to plot Eqs. (138) and (142) utilizing Eq. (188) as shown in
Figs. (53) and (54).

The eigenfrequency which reduces to the high-frequency.
longitudinal.mode for q = 0 is not easily extracted from Eq.

(136). The low frequenty limit (iw << l/TE) of Eq. (136) which
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predicts mode softening for the longitudinal mode does not apply to
Al. We therefore do not expect to be able to make any comparison

of experiment and theory for the longitudinal mode in Al.
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C. RELATED EXPERIMENTAL WORK
Amato and McLean61 have extracted the temperature dependence
of the order parameter relaxation time fram'third harmonic power
generation of .a paramagnetically doped superconduétor in a strong

microwave field. The measurements are taken for the La XdeSn

1- 3

system and test the Gor'kov-Eliashberg theory62 for gapless super-
. : 2,-1 .
conductors which predicts a (1 - (T/TC) ) © divergence of the order-
parameter trelaxation timé. In the experiment third harmonié power
; . > 2%
generation results from the induced supercurrent JS « |A|“A where
the superelectron density |A|° is driven at twice the microwave
. >
frequency and the vector potential A is due to the electromagnetic

radiation. For T w >> 1, where TR is the order parameter relaxation

R
time and w is the microwave frequency, they show that P3w o« l/(wTR)2
where P is the third harmonic power generated by the super-

3w

conductor in the microwave‘cavity.

They claim the advantages of their measurements are: 1) freedom
from geometry—dépendent corrections, 2) only slight disturbance of
the order-parameter from equilibrium, and 3) direct evidence of
adiabatic response of the order-parameter to the electromagnetic
field.

Although their measurements indicate that Te véries as
1/ - (T/Tc)z), Tg is found to be an order of magnitude larger
than predicted by the Gor'kov-Eliashberg theory. They attribute
this to the fact that they are not in the limit TSTC << 1

(extreme gapless limit) but in fact have TSTC ~ ],

. 6 . . .
Song and Kim 3 determined the order-parameter relaxation time



by measuring the surface microwave resistance of a superconductor

in the vortex state. The order-parameter relaxation rate is

64,65

known to be proportional to the slope S = (ch/Rn)(de/dH)ch

where HC is the upper critical field, Rn is the normal state

2

resistance, Rf is the flux-flow resistance and H is the magnetic

field. In the three systems Lal—dexAlZ’ (Lal—dex)3Al and

La) 464 Ay .8T0p. 20

they were able to show that for x = 0 the
slépe S extrapolated to 0 at T/TC = 1 while for x = 0.002 S was

larger and seemed to extrapolate to a finite value. The data is
in qualitative.agreement with calculations of Baba and Maki64
which show that the order—parameter.relaxation‘frequency shoﬁld“
remain finite at T ; Tc for hagnetically impure superconauctors.
Song and Kim claim that they observe finite relaxation times
at Tc because they are in a regime where the linear term of the

Ginzburg—Landau‘thedry dominates, while Amato and McLean measure

a divergence because the nonlinear term becomes important in their

-experiments. The main physical difference between the two experi-

ments is the degree of order-parameter perturbation. 1In the
Amato-McLean experiment the order parameter only slightly
aeviates from its equilibrium vaiue due to the microwave field.
On the other hand in the Song-Kim experimenﬁ Cooper pairs are
broken at the leading edge of a moving flux vortex and recombine
at the trailiﬁg edge. Thus ﬁaximum departpre from order- |
parameter equilibrium.is achieved near each flux vortex;

66,67

In an experiment

A and the relaxation time T of the energy gap in Al, Schuller and

139

that measures both the equilibrium value
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Gray have determined that T « A_l in agreement with the calculations
of Schmid and Schb'n.15 The importance of measuring the equilibrium
value of A is that close.to Tc’ A does not. have the (Tc - T)l/2
temperature dependence predicted by the BCS theory.

In the experiment a Sn-Al tunneling junction is current biased

= +
such that V ASn + AAl'

Since d1/4dV is very large in the vicinity.
of the sum and difference gap features of theAcurrent-voltage
characteristic a change in A will result in a corresponding change
in V at fixed current bias. The voltage response is measured in
real time and is found Fo exponentially relax to the equilibrium
value once the alﬁminumvfilm has been perturbed with a pulse of
laser light.

The Schmid-Schon gap-relaxation time Tp (see Eq. (171)) is

proportional to the inelastic electron scattering time TF'

The data

of Schuller and Gray are in quantitative agreement with the Schmid-

E

agreement with other measurements.

€chon rclaxation time if T_ ie taken to be 7 nsec. which is in good .
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D. CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK

From our measurements of the excess currents of a Josephson
junction at temperatures near TC of the superconductor of interest
we are able to extract the characteristic frequencies or order
parameter fluctuations. The extreme accuracy required of our
measurements to confirm the p-dependence of Eq. (182) allowed us
to confirm the detailed temperature dependence of the order-

parameter relaxation frequency for temperatures as high as 1.2 Tc'

- The values of p determined from the relaxation frequencies at

T > TC correlated very well with an independent determination based
on measurements of the magnetic impurity concentration.

We are able to extract three characteristic frequencies from
the excess current measurements at temperatures below ic. One of
the frequencies is in excellent~agreement with the p, T, A and Dk2
dependence of Eq. (101) &hich is a low-frequency longitudinal mode

that we derive from Dinter's theory. We also derive a similar result

“from the Orbach and Entin-Wohlman theory in Egs. (59) and (65),

but agreement is not as good--particularly for large Dkz.
The complex frequency associated with the gap peak observed

in the excess current is in excellent agreement with the longitudinal

" mode derived from the Schon and Ambegaokar theory and given in -

Eq. (124). The real part ofvw is near A while the damping is given
by I in the gap regime. A similar expression could probably be
derived from Dinter's theory since his expressioﬁ for S(w,k)
contains a peak at w = A. Orbach and Entin-Wohlman derive.an

imaginary frequency tfiear A, but since the data indicates there is



142

a real frequency at A this solution is not entirely satisfactory.
It is an alternate solution of their dispersion relation which is
in reasonable agreement with the low-frequency mode.

The frequency which has been of most interest to the theorist
is the‘transverse mode. The complexity of the associated equations
necessitates making approximations which are very difficult to
realize iq.practice. All of the theorists predict a propagating mode
in the gap regime. The velocity c given approximately by (21,\D)l/2
and the damping rate is ﬁA2/4T with p, A and Dkz-dependent corrections.
We obtain qualitative.agreement with each of the theories analyzed.
Quantitative agreement is obtained for the damping given by Dinter's
theory over its range of validity (see Table III). -

This work can be extended in basically four directions. Experi-
ments at low temperatures (T << A) should be carried out to test the
theory of Holstein, Kulik and Orba.ch.t‘8 This can best be achieved
utilizing a dilution refrigerator, but may be approached by using
a 3He pot and/or studying a superconductor with higher Tc' Secondly,
the gapless superconductor (p >> 1) should be studied. The |
All_xErx can be used for this if x = 0.02 and the 'sample is cooled
to less than 0.4 K. It would be of interest to test the theory

in the clean limit, and finally, the limit 1/71_ >> w can be

E
investigated using Pb, Sn or In as the low—TC electrode of an
asymmetric Josephson junction. Ideally a high-Tc single-phase
A-15 compound would bé used as the high-TC electrode for this experi-

ment.

A related experiment is the direct observation of the propagating
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transverse mode by generating and detecting the mode with separate
junctions. It may be possible to observe the gap mode in the same

way.
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APPENDIX A
InXOy Barriers for Tunneling Junctions

One of the greatest difficulties of fabricating a high
quality Josephson junction is to provide a thin yet uniform
insulating barrier. It must be thin enough to allow substanfial
quantum mechanical tunneling of electron pairs and yet ﬁust be
~ continuous andlthick enough to prevent normal conduction of electroms.
Much progress has been made by utilizing a semiconductor barfier68
in place of an insulating barrier. By using & material with a low
barrier to conduction one can use a thicker barrier which is more
likely to be pin—hold free. Such a constructién does allow sub-
stantial quantum mechanical tunneiing while providing a'continuous
not-so~-thin barrier but generally a great deal of undesirable ohmic
conduction is aiso observed.

We have successfully fabricated natural oxide barriers on
PBl_xInx allqys and artificial barriers of Inxoy on Al and Pb by‘
dxidizing thin In layers and by evaporating In203 directly.
Representative fabrication parameters and junction characteristics
have been reported elsewhere.69

Eldridge and Matisoo70 disclosed a methqd of fahricating
Pb Inx - Pb Josephson junctions with a mixed natural oxide of

1-x

Pb and In. The conductance was found to depend in a regular way

145
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on the oxide thickness an& relative In to Pb content of the oxide.
The advantages of alloying the Pb with In included suppression of
detrimental hillock formation, and gréate; ease of oxidation
resulting in more reliable barrier formation.

Our efforts tovreproduceAthe work of Eldridge and Matisoo
led to the idea of trying artificial InXOy barriers. The
Pbl-xInx alloy was formed by deposition a thin film of In @
followed by a thin film of Ph to an atemic ratio of about 1 In :
10 Pb. This bilayer film was heated to 130° C in vacuum for two
hours. Auger analysis of one such film confirmed that In had : , @
interdiffused with the Pb and formed an In-rich oxide layer at -
the surface of the alloy in agreement with the observations of
Eldridge .and Matiéoo.7o After this annealing step, the alloy was
cooled to 30°-40° C and 500 Torr of dry oxygen was admitted into
the évaporation chamber fof one to five hours. The oxygen was then
rémoved and a'B1203 mask was evaporated leaving a (0.27 mm)2 area.
The junction was compieted by evaporating 10004 of Ai;

Junctions fabricated in this manner had normal resistances
which increased from 1-100 ohms at room temperature to 5-50K ohms ‘ )
at 10 Kelvin. This large increase in resistance with decreésing
temperature was attributed to the oxide being semiconducting rather
than insulating. This conclusion was reinforced by the felatively
~large leakage conductance which was several percent of the normal
conductance.

We attempted to make junctions with RN < 1 ohm using'this

method, but these attempts always resulted in shorts.



Results very similar to those described above were achieved
if a 30 to 1404 film of In was depos;ted onto 15008 of Pb and
oxidized without prior thermal interdiffusion of the In and Pb.
0

These junctions were completed with Bi masking and Pb counter-

273

electrodes as described above.

When Al was used as the base layer and was covered with a
thin film of In it was discovered that only several minutes of
oxidation at 30° C in oxygen at a pressure of 0.1 Torr was
required. In contrast, several hours at 55° C in oxygen at a
pressure of 250 Torr were required when Pb was the base layer.
Junctions fabricated in fhis way exhibited leakage conduct#nces of
as little as 0.1%7 of the normal conductance.

It was suspected that partial oxidation.of the base electrode
might be responsible for this observed dependence of the oxidation
condition on the base electrode material.

We were also successful in fabricating Josephson junctions
by direct subliﬁation of In203
did not depend on the base electrode material for these junctions
but did depend on the pressure in the evaboration chamber during
In203 sublimation. The normal resistance of the junction ranged
from less than 1 ohm when the pressure was less than 10_7 Torr
dﬁring sublimation to about 100 ohms when the pressure was about
3 x lO—6 Torr.

We could not rule out the possibility that the base electrode
was being oxidized even for sublimated In, 0, barriers Bécausé we

273

were never successful in fabricating Ag-Pb or Au-Pb junctions with

147

onto Al and Pb. The normal resistance
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InxOy barriers. Attempts to dq so resulted in shofts or conductance
characteristics which had no feature at the Pb gap voltage.

Although phis artificial barrier method does not appear to
work for inert electrodes such.as Ag and Au we havé shown that it 
can be a useful method for Al and Pb. Furthermore, it is likely

that it will work for other reactive metals such as Sn, In and Hg.



APPENDIX B
Pb/Ag Proximity Effect Tunneling Junctions

A method of introducing pair-breaking in a superconductor which
is fundamentally different than spin-flip scattering is to force

26,27,72 This can be

spatial variation of the order parameter.
accomplished in a number of ways. The one discussed in this appendix
is fabrication of a proximity sandwich superconductor by pacing a

P e s . 73,74
normal metal in intimate contact with a superconductor. ~°

cher
‘examples, such as superconductors in a pérpendicular.magﬁetic field
and the supeéconducting surface ;heath, will not be considered here.
For a review of this subject and further refefences see Ref. (27)f
One can intuitively understand the physical effect of placing
a normal metal in intimate contact with a superconduqtor. If the
thickness of the normal metal is less than a supergonducting coherence
length, it is not hard to imagine superconducting electron pairs
penetrating the "normal" metal before breaking into normal electrons..
When this happens, the "normal" metal is actually a superconductor
since it contains a finite density of superconducting electrons.
It is equally evident that the normal metal acts as a pair-breaker
since it has no '"pairing force' of its owm.
This appendix contains a review of the theory which is relevant

to thin proximity effect superconductors. A more comprehensive
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review of the.theory is confained in Refs. (26), (27) and (72)‘
and references therein. Following the theoretical review is a
description of the méthod used to prepare Pb/Ag - Pb Josephson
junctions and a discussion of -the experimeﬁtal results obtained

from these junctions.

Theory

Proximity effect sgperconductors which are so thin that the order
parameter does not depend on the coordinates normal to the interface
are'said to be in the Cooper 1imit.26 Theoretical calculations are
much simplef in this limit and iend themselves to experimental tests.
Our experiments were performed on proximity films consisting of
~240 A of Pb deposited on 1250 X of Ag. TFilms this thin are well
within the Cooper limit.. The leakage range of Cooper pairs from the

Pb into the Ag is

K_l = VN/ZWT (QN 3> CN) ' (B1)
or )
gg = o2 << gy (D)
where DN ; vNRN/B is the diffisuon constant and Yy is the Fermi
velocity in the normal metal. For Ag at T = 1.2K, K—1 = 140002

and EN = 25002 1f vue Lakes RN Lo Le Lthe Lhickness of the normal
metal d = 1250A.

Fulde and Maki7l have calculated the tunneling probing thick-
nesses Gs apd GN for'a thick, dirty proximity sandwich near its

transition temperature Tc' 68 and GN are defined as the thickness
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of the layer in which a change in A(r) will have an effect on the
tunneling characteristics. The subscripts S and N refer to the

superconducting metal and normal metal sides respectively. They

find

/2

_ 1
Gs = (DS/ZWT) (B3)

and

1/2.-1

) (B4)

GN = (~K + (ZWT/DN)

For the Ag/Pb film discussed above one finds GS = 1000A& and
GN = 30004. This again confirms that we are in the thin-film

Cooper limit (since Gs_>> d. and GN >> dN) and that a tunneling

S
experiment will sample throughout the proximity sandwich.

The Pb/Ag prdximity system differs fundamentally from the
All_xErx alloy system in two ways. (1) Pb is a strong coupliqg
superconductor. Theoretical calculations75—78 indicate that strong
coupling effects should gnhance the Ginzburg-Landau diffusion rate
by 20-407%. One might expect that iﬁ a Cooper limit proximity
sandwich the enhancement would'be.dil;ted by the negligible electron-
phonon interaction in the normal metal. (2) The pair-breaking
mechanism is spatial variation of the order parameter rather than
spin-flip scattering.

| 0. Entin—Wohlman79 has calculated the pair susceptibility for a
proximity éandwich superconductor coﬁsisting of a weak-coupling
superconductor in contact Qith a normal metal. Effects due to. spin-

flip scattering are included in the theory but will be omitted here

for the sake of clarity.
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The relaxation frequency I' is found to be reduced from To,'the
relaxation frequency in solid, pure superconductors. The reduced

frequency is

1+ Rf(p:)llJ'(l/Z + p:)/w'(l/Z)

I = Fo T (B5)
1+ Ry'(1/2 + pc)/w'(1/2)
where Fo and f(p) are given by Eqs. (8) and (17) respectively and
V' is the trigamma function. R -is given by'
R=4dN /d.N ‘ (B6)

NN S8

where dN and d_ are the thicknesses of the normal and superconducting

S

layers and NN and NS are the respective densities of states at the

Fermi level. The parameter p: is given by
+. " ) oy e, '
P, = (1 + R)/ZﬂKBTCTN (B7)

where Tclis the transition‘température of the sandwich and TN is

-given by

Ty < LN/VNO. (R8)

Here 0 is the transmission probability for an electron at the S-N

N is the Fermi velocity in N and LN is the mean path

interface, v

between collisions with the interfacial barrier given by

R

Ly = 4dy (2 >> d) (B9)

[

LN

42 (2 << dN) (B10)
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where £ is the electron mean—free-patﬁ.

In order to calculate the relaxation frequency from Eq. (B5)
one need only know R and p:. R is easily determined via Eq. (B6).
In principle one can determine p: from Eqs. (B7) - (B9) if the
transmission probability 0 is known. In general, however, 0 depends
on the transition temperature, R, the BCS coupling constants XS and
AN for S and N respectively and on strong-coupling cor.rect:'Lons.go--83

The complicated dependence on all of these parameters is avoided in

the weak-coupling limit for XN = 0. In this limit McMillansO.finds
+ .
ln(TCO/TC) = [y(-1/2 + P - p(1/2)1/(1 + R) (B11)

Egs. (BS) and (B1l) offer a simple means of calculating the order
parameter relaxation frequency in the wéak—coupling limit. It is'
not unreasonable to aséume a similar sét of equations will describe
the more general case with p: being renormalized in terms of the

relevant physical parameters.

Experiméntal

The expcriment will Le considered in three parts. First we
will discuss the construction of a suitable Bilayer film, then the
incorporation of such films as electrodes in tunneling junctions,
and finally the tunneling data.obtained from such junctions.

The requirements for the proximity effect superconductor are
rather stringent. A bilayered film can result in a good proximity
effect superconductor only if there is good metallic contact between

the two metals (no intervening oxide or other contamination) and
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no interdiffusion of the two metals. Additional requirements'for
the partiCular.experiments‘in which we are interested, wi£h the
constraints of our apparatus, are that Tc_be much less than TCo and
greater than 1.10K. We would not expect films with TC < TCo to
have a measurably reduced I', and because of the limited temperature
range of our apparatus we would noﬁ be able to take sufficient data
on films with TC < 1.10K. Furthermore we require that each layer be
sufficiently thin to ensure that the order parameter be nearly constgnt
throughout. Large variations in A across the thickness of the film
_ would complicate the analysis.

The PB/Ag system was chosen since it could readily meet all
of our requirements. As mentioned before we found that 2408 of Pb
én 1250 of Ag rgsulted in a proximity effect supérconductor with
TC >~ 1.4K, .which is low enough to significantly reduce the order-
parameter relaxation frequéncy.

In-Fig. (55) we plot TC of bilayer films as a function of ds.
For all of these films dN = 1250 + 50A. It is important to note
that in the range of interest Tc varies by 25mK for each angstrom
of Pb. This may be a severe ﬁroblem in this exéeriment, becausec
we are looking at quantities which are sensitive to changes in T
of 1 mK. We, in fact, see a rather large transition region
{(~0.1K) in many of the samples.

To fabricate the junction we adopted the method of Garno84
in which he oxidizes a Pb film in a controlled humidity chamber
to provide a natural oxide barrier for a tunneling junction. We

found his method very reliable and reproducible. We could
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consistently make good Pb-Pb junctions with RN ~ 0.5Q by oxidizing
for thirty minutes at 73% relativé humidity.

It was, however, far more difficult to reliably oxidize the'
Pb/Ag bilayer films. Very often the junction was shorted and at
beét suffered from a relatively large leakage conductance. We
noted in Appendix A that our attempts to fabricate (Ag or Au)

- (InXOy or 31203) = Pb junctions resulted in shorts. For this
reason it may have been difficult to reliably mask the edges of the
Pb/Ag film unless the Pb and Ag films are prefectly superimposed.

Nevertheless we were able to measure the excess current fbr
several junctions. The excess current for a proximity effect
junction well above its transition temperature fits the simple
quasi-Lorentzian structuré observed for Al and All_xErX. However
close to T& it appears that in some cases the excess current may
include two or more peaks. In Fig. (56) we plot a typical LeX(V)
curve with a quasi-Lorentzian superimposed.

In Table IV we sqmmarize the parameters of several Pb/Ag-Pb
junctions. In Fig. (57) we plot the location of the peak vs. T--Tc
for the four samples which did not have large leakage conductances.
In Fig. (58) we plot the data normalized to 8(T - Tc)/ﬂ which is
the Ginzburg-Landau diffusion rate for an unpérturbed weak=cuupled
superconductor near Tc' The projected intercept of the data with
T - Tc = 0 represents tﬂe factor by which the order parameter is
reduced as given in Eq. (B5).

One can calculate p: from Eq. (B1ll) aiong with the known values

of Tc and R. Using this value of p: one can then calculate the
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TABLE IV

Physical Parameters of Several Ag/Pb - Pb Tunneling Junctions

158

sample Yag e T Ry -4 Edge Area

Number (&) (&) (X))  (ohms) RN°L” mask (mm)
. 98 1250 333  3.80 0.2 0.7 Bi,0, .27%0.27
99 1250 225 1.36 0.032 0.044 B0, .27x0.27
103 1250 220 1.18 0.14  0.88 Ca¥, .27%0.27
123 1140 225 - 2.80 0.11  0.55 Bi,0, .27%0.27
131 1250 222 1.98 " 0.32  0.70 collodion 1.58x0.13
138a 1250 = 207  1.07" 64. 0.91 510 .27%0. 27
141> 1250 216 1.70 0.63  0.042  BinO, .27%0.13
142a 1250 202 1.37 3. 0.37 $10 .27x0.13
143a 1250 204 1.32 0.7 0.41 Bi,0, .27x0.13
143b 1250 240 1.31 0.74  0.053 331203 .27%0.13
143c 1250 264 ~ 2.05 0.9 0.008  Bi,0, .27x0.13
144 450 111 <1.6 0 - 81,0, .27%0.13
145 450 146 2.1 0 - Bi,0, .27%0.13
146 450 200 3.0  0.28 0.7 Bi,0, .27x0. 13
155 560 175 1.94  0.48 .024 B0, .27x0.13
173 1250 242 1.27 2.9 0.0003  Bi,O0, .27x0.13

*GL is the leakage conductance ot the junection.
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ratio F/Fo from Eq. (B5). The results of-such a calculation along
with the experimental values for four films dete;mined from Fig\ (58)
are summarized in Table V. The data for samples number 143b and 173
are in excellent agreement with theory. The quality of the data for
sample #173 was especially good having errof bars small enough to
show credible agreement with theory. The data for samples 143c
and 155 seem to be‘at odds with the theory. The data for sample
#155 consists of only six points which were taken over a limited
temperature range. We have no explanation for.the apparent
discrepancy in sample #143c.

Our efforté to measure the relaxation frequency below the
transition temperature were plagued by the inability to completely
suppress the dc Josephson effect without driving the Pb/Ag film |

normal. The critical field near Tc for sample 143C was measured to

be

1/2 K—l/Z.

HC(T) = 136(T9 - T) Oe (B12)

The coherence length can be determined from the magnetic field -

dependence of the diffusion rate above Tc' For sampie L73bwe found

.

£(T) = 3760476172, B (B13)

Since the BCS coherence length for Pb is only 8302, we believe
the mean free path 1s long and the proximity films are in the clean

limit.



TABLE V

Summary of the Parameters Relevant to the

Ginzburg-Landau Diffuéion Rate
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Sample Tc p: F/To T/To

Number (K) R (calce) (cale) (expt)
143b 1.307 1.441 0.306 0.865 0.9 * 0.2
l43¢ 2.048 1.310 0.251 ‘0.882 1.2 + 0.1
173 1.269 1.429 0.308 0.865 0.87 = 0.03
155 1.944 0.227 0.912 2.3 £0.2

0.885

The parameters R and pz are calculated from Eqs. (B6) and
These Values are then used to calculate

(Bl1ll) respectively.
T/To using Eq. (B5).
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