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AXISYMMETRIC INSTABILITY IN A NONCIRCULAR TOKAMAK

Bruce Lipschultz

Under the supervision of .

Professor J.C. Sprott and Assistant Professor S.C. Prager

The stability of dee, ;nyerse-dee and square
crossection plasmas to axisymmetric modes has beén
investigated experimentally in Tokapole 1II, é ~tokamak
with a four-null poloidal divertor. Experimenpal results
are ciosely compared with predictions of  two numerical
stability  codes--the PEST code (ideal MHD, 1linear
stability) adapted to tokapole geometry and a code which
follows tke nonlinear e&olution of shapes similar to
tokapole equilibfié. Experimentally, 'the square - 1is
vertically 'Staﬁlé and Both‘deé's unstable to a vertical
ponrigid axisymmetric shift. The central magnéfic éxis
displaceﬁeht grows vexponeﬁtially wiﬁh a growth time”103
boloidal Alfven times~ plasma L/R time. Proper initial
positioning of the plésmaion tﬁe midplane allows passive
feedback to nonlinearly nestére vertical 'motion to a
small stabie 6§cfliation about the center. Experimental
poloidal fluxupiofé'are producéd directly from internal

magnetic probe measurements. The PEST code, ignoring



passive feedback, predicts ‘all equilibria to be

vertically unstable with the square having the siéweét
growth. With passive feedback, all are stable. Thus
experiment and code agree that the square is the most
stable shape,\ but eXperiment indicates that passive

_feedback is’ 'partially ~ defeated by finite "plasma

resistivity. In both <c¢ode and experiment square-like
equilibria exhibit a relatively harmless ‘horizontal
instability.
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’ CHAPTER I

INTRODUCTION

4. GENERAL OVERVIEW

The deleterious effect of impurities in tokamak

plasmas has stimulated invesﬁigation of poloidal divertor

configurations. - The necessarily noncircular shape of

these equilibria is also adVantageoﬁs with respect to q1

and B-limited MHD "instabilities?'3. Unfortunately any
deviation of an equilibripm -from a circular shape may
permit the plasaa. to be unstable tp> axisymmetric
diSplacgments, with toroidal modé number n=0. . The

poloidally asymmetric placement of shaping rings and

"walls necessary to establish a noncircular plasma shape

in turn creates nonuniform attractions to the plasma
current, 'The' plasma, if perturbed, moves in the
direction of the minimum .in‘ the accomﬁanying poloidal
field. Unlike kink and localized interchange modes, the
axisymmetric instability cannot - Dbe controlled by
increasing the tofoidal .field or reéucing the-plasma

current.



Unfortunately, the conceptual simplicity of the
axisymmetric instabilit& does not translate 1into
calculational simplicity. The importance of this mode
has given rise to é faiély large amount §f linear_theory
-~ mostly for ideaiized displacements - and analytic
equilibria _u'12. Recently nonlinear evolution of the
instability has been follohéd " numerically .13.
Axisymmetric displacement of dee and elliptical plasmas
has been deducea in a féw eiperimen;s from magﬂetic

14-17 The plasma shape in

probes externai to.th; plasma
these experiments has been inferred from comparison of
these same ’exferhAI magnetic sigﬁals'wiﬁh output from
equilibniuﬁ computerrcodes.A The numerical modeling of
the axisymmetric instability, cited abo?e, has apparently
not .been specificélly applied .‘to any  of these

experiments; an . unfortunate gap exists between a fairly

well developed theory and experiments performed..

' The intent of this thesis is twofold. First, to
report direcf eiperimentél, obsérvation of the
axisymmetric inétability in aee, inQerse-dee and square
shaped é;oéé,éections. Second; to compare these
experimental ébservations with‘a st;bility code 'written
for the' actual expefimentﬁl éeometry. This experiment

18,19

has been performed in the Wisconsin Tokapoie II a



Tokamak with a four-null poloidal divertor. Experimental
magnetic flux plots for the aforementioned range of
equilibria are produced, from magnetic probe measurements
in the plasma interior, in detail equivalent to that
provided ﬁy computef " calculations. Conclusions, as to
growth rates and passivé-stabilization, can be'drawn from
the time evolution of these.experimental flux plots and
compared with two numerical'c§des which closely reflect
the ‘experimental machine. The PEST codezo, which has
" been adapted to the Tokapole machine geometry, predicts
the 1linear stability . The effects due to external
conductors ‘are included by appropriate _vacuum

21,22,

modifications nonlinear time dependent code,

pATENT'3°23, although applied to the pDX2™

machine only,
provides qualitative stability predictions and modeling
of,theAplasma shape as ‘a function of time. Because of
the wide seperation of time scales in this experimenﬁ

(e.g. Alfven, plasma and ring L/R times) many

qualitative conclusions about passive stabilization can

be drawn which ‘are relatively machine independent.
Qualitative comparison  can also be made between
experimental results and related modeis' in the

literature19.

Several parameter variations are possiblé both



experimentally and'Anumerically. For example, ©proper
positioning of phe four _field shaping rings allows
.equilibria to be varied from» dee through square to
inverse-dée shaped.  The dee and inverse-dee  are
vertically unstable gpen not precisely <centered on the
machine midplane. When vertical stabilipy is achieved,
these shapes are still hqrizontally-unstable. The square
is vertically stable e%en if.not precisely positioned.

However, this. shape is also horiiontally unstable. Since

the hérizontéi instability saturates it is less harmful

than the vertical dispiacements exhibited in the dee and
ihverse;dee. The vertical movement _contindes'
unrestrained towards the #-point (poloidal field null on

the separatrix). Predictions of the PEST . code for
relative stabilityA of these equilibrié agree with
experiment. Experimentally, the magnetic axis can be

positioned above, below or exactly on the midplane. In
both the PATENT code and experiment the plasma is seen to
correspondingly move up, down or oscillate about the
_midplane. Both experimentally. and from the nonlinear

code we find the growth of +the 1instability to be

exponential in time. Ideal MHD predicts the growth time,
in the absence of external conductors, to be ~T,, the
"poloidal 'Alf?én time. Experimedtally, vertical and

horizonpal growth times .are “103Ta. Passive feedback




apparently increases Ty, the . growth time, from T to

a
rough;y the plasma L/R time. The effect of passive
feedback from ringé and walls is studied eiperimentally
'by changing the plasﬁa resistivty and by varying the
ini£ial poéition of the magneiid axis. The instability
growth +time varies inveféely' with plasma resistiviiy.
Stability can be 'numerically studied with or without

rings or walls to evaluate their effect on passive

stabilization.

In sectioﬂlB of this chapter an attempt is made to
givé the readér.an intuitive feel for the physical nature
of axisymmetric instabilities. Chapter 1II includes a
description of the experimental machine (II.A) and
techniqﬁes (I1.B), as well as a review of previoué (1I.C)
and present (II.D~-F) experimental results. Chapter I11
is' devoted to theory. After a review of previous
theorétical work (III.A), the numerical codes used in
this study are described (II.B-D) and their predictions
reviewed (III.E-F). Expérimental and theoreticai results
are discussed and compared in Chapter IV with a summary

in table 1.‘



B, Physical Intuition

s

Tﬁe physical naéuré of the a#isymmetric instability
can bé illuminated throdgﬁ intuitivé meahs. At fi;ét we
will assume that' currenté iﬁ the plasma and external
conduétofs are fi*ed. Aisﬁ, for” éimpliciﬁy, we will
discuss lineaf >as oppésed to toroidal geometry.
Allowance for toroidal cufvééure introduces a fbrce
produced b& the inductive 'interaction of the plasma
current with its self magnetic field. This. forée t ends
tov incrgase the plasma major radius and is different in
nature from the axisymmetric instabilities discussed

here.

It is illustrative to‘study a stable equilibrium and
‘then félate what actions must be takén to create an
unstable one. This simple situation of a linear tokamak
piasma is illustrated in figure fa. We see, for this
vciréular shape with return current at infinity, there is
no preferred difection, i.e.. thére‘are no currénts or
magnetic fields for the plasma cﬁrrent to.interéct with.
Thus it is neutrélly stable &ith‘ respect to a rigid
displacement; given a perturbation it ‘wili keep
travelling at a constant velocity. This neutral

stability to displacements can be modified to instability



Figure 1: Illustration of the relation
between deformation and stability in a
linear geometry. All three plasma
crossections include '‘toroidal' current
into the paper. a) Neutrally stable
circular plasma extending into paper. b)
Elliptical plasma .deformed from circle by
currents I, & I,. The attractive forces,
Fy & F,, between the plasma current and
each shaping rod are balanced. ¢c) Same
elliptical plasma displaced vertically.
F, & F, .are no longer balanced - vertical
displacement grows.
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by deformiﬁg the~b1asma to a noncircular shape using
" external currents: (fig. ib). Here the plasma current
can interact with the shaping currents, absent 1in the

circular case. This attraction 1is the characteristic

driving force of what is generally called - the vertical
"axisymmetric' ‘instability. " The word 'axisymmetric' in

this 1linear situation connotes an axially symmetric

1
i

movement of the entire plasma column, with axis into the

paper. When this ellipse is.positioned precisely between
i
the two shaping currents, the forces F1 and FZ’ between

the plasma and shaping currents, are balanced. If the
!

ellipse 1is perturbed vertically away- from this point, Fi
and F2 become .unbalanced, and instability growth "~ ensues
(fig. 1e). - No great leap of the'imagination is needed
to see that increasing the deformation (ellipticity) will
increase the instability érowth rate, The-éttraction is
greater because: 1. The spaping currents are 1arger‘and,
2. The plasma is in closgr proximity to these currents.

i

The increase in deformation can best be characterized by
L .

a decrease in the poloidal:fiéld radius of curvature; ras

near the x-point (see. fig. 1b).

This. same prescription: decreasing'r'c ~ increasing

~

deformation plasma more unstable to displacements, can

be applied to other shapes. In the presence of an
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octupole field (fig. 2a), a square cross section plasma
will be more sfable to displacements in,the direction of
an oc;upole - current than .either a dee or ihver;e-dge.
The. latter two shapes are eéuivalent, in a ~ linear
geometry. . In - comparison -to the square, the dee of
equivalent current; is .closer to either pair of
z-symmetric 'shaping currenﬁ(<conductofs. Also these

closer currents must be increased to initially create the

dee. Thus . the dee -will experience greater .attractive
forces. The more unstable shape again has the greater
deformatiion or smaller re-. The dee, when perturbed

upward (downward) will move  towards . the upper (lower)

closest octupole current. - The attractive force increases
as the dee moves <closer. Figure 2b illustrates the
situation. .-Although this is what is generally denoted a

vertical instability a more apt name that I will wuse in
this discussion is x-pdint instability. The attractive
force that drives this instability is always between two

like currents that generate a field null (x-point).

The role of_ the .plasma current distribution is
important to these instabilities. A flat  current
distribution is more unstable than a parabolic profile
foﬁ approximately - the 'same plasma shape and total

current.. There is: -more plasma current :in closer



2 . o b)

—O———— MACHINE CENTER I

OCTUPOLE ROD ——————5>]

POTENTIAL ENERGY -

_Figu‘re 2: A further illustration of the x—point“ " DISTANCE ¥
instability in a linear geometry. a) The inverse-dee
is closer to shaping rods than square. b) Potential

_ energy vs. distance to the attracting rod.

LL
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proximity to the shaping currents. The attractive force
is « 1/r, where r 1is the relative distance between the

currents involved.

Understanding horizéntal (eduivalent to vertical
direction in a 1linear device) displacementé is not as
straiéhtforward as the x-point instablity.' If a toroidal
current filament were placed centrally in a _linear
octupole field, it would - be horizontally stable.
Designating the toroidal direction as into the paper,

pol force at points along

then examination of the I,;,XB
the midplane, for this test current and vacuum poloidal
magnetic field, reveal a restoring force that increases
monotonically with minor radius. A potential energy
curve, illustrating this effect, is drawn as .a function
of distance along the midplane in figure 3a. 'Note this
curve is shallower than that for the x-point direction-

(fig. 2b) because the octupole rods are closer to

machine center than the image currents that répresent the

‘wall.‘ A plasma is not a curfent filément: we must take
into account the sSum of forces over the plasma
cross section. Furthermore, the plasma 1is a cohesive
entity described by the MHD equations. Figure 3b

exhibits this force fieid, experienced by a filament test

current, for one quadrant of the octupole field. The



POTENTIAL ENERGY
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Figure 3: Illustration of the horizontal

instability in an octupole geometry.

a) Potential energy vs. distaﬂce to the
wall. b) Force field of a filament teét
current in one quadrant of octupole.
Shaded area has a horizontally stabiliz-

ing influence.

£l
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complete flux plot from which this figure is derived is
shown in fig. 5. Since, 1in 1ip¢ar geometry, all
quadrants are eqq}vgleqt ogly.one”ig shoWn'in'fig{ 3b.
The_aéea that repels horizbnta; movemgnt is shaded.
.Comparingv the 3quare shapé, placed at machine center, to
thé inve}se-dee, AisplaCed ﬁo ,{he right, the square
contains léss of the horizontaliy.stabilizing region than
the inVerse-dee. Thereforenlghg:square‘is leaét stable

to horizontal as opposed to x-point displacements.

Up until now, we have treated the plasma and

external conductors as having fixed currents during

displacements, If the currents involved are allowed to
react to the plasma motion, passive Stabilizétion. can
occur. - Let wus first treat the idealized case of two

parallel currents with the constraint that their total

" flux be held constant during movement (fig. y),
Ignoring reconnection (i.e. for an infinitely conducting

plasma at the x-point), if they are allowed to move
fowards gach othef, field lines will Se compressed and
the 1integral of- §°g; around each rod will increase.
Antiparallel currents will be correspondingiy induced . bo
keep this 'integral a constant. Thus thé currents are
'reduced causing the attractive fqrce, 211I2/r1202, and

growth rate to decrease. This effect, of vinduced



-————— PARALLEL CURRENTS ———

Figure 4: Two parallel linear (into paper) currents with

accompanying quadrupole magnetic field.

15
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currents slowing the movement, is termed passive -

stabilization.

There are two complicating faétors that can affect
the efficiency of paséive stabilization. The first to be
discussed is finite resistivity in the conductors.
‘Compressed flux can be pushed through the rods on a
soak-in time scale Tsoak proportional to the square root
of conductivity. The net effect is that induced
stabilizing currents will decay over time. ‘Thus, if a
movement (instability) could be stabilizgd by rods of
infinité .qondﬁcﬁivity, then a;lbwiné f;ﬁiﬁe_resistivity

enables the instability to grow.with af6a£e~1/Tsoak-

The other factor in passive stabiliiétion is the
presence .of piasma. In a vacuum‘ field, lines can
reconnect instantly. In the presence of plasma, line
~ is the

reconnection occurs at a rate d 1/T T

res* res

characteristic resistive deéay time of the plasma. Thus,
additional flux compression can occur, slowing the
instability growth rate. .

If we apply the concept of passive stabilization to
the case of the x-point wunstable dee in an octupole

field, the +plasma and nearest rod are the primary
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currents  involved. There,is'also, of course, plasma at
the x-point. Some passive'sﬁabilization will occur but
full' stabilization is hot necceéarily possible., If we
bring into this jdiscussion"'the efféct of c¢onducting
elements other than those. prigarily involved, then
passive stabilization will- be more effective. Flux
deéompression, with4 'accéipapying induced attractive
currents, will occur in the other conductors (e.g. - the
other .three rods and opposite walls). The efficiency of
induced effects will  not Snly be determineq by the
characteristic resistive decay time scales involved, but
on the amount and proximity of induced currents as well.
~The dee 1is in closer proximity to fewgr rings and walls
than the square of equivalent total current. Therefore,
passive stabilization will ©be more effective for the
square than for the dee. In -either case, if phe plasma
is not completely stabilized, then the growth time will
5e slowed to the order of the minimum of the vresistive

time scales involved.

Not discussed, heretofore, ig the relation of the
f;oroidal'. field to:;,the axisymmetric instability.
Intuitively, 'it .must play a much smaller role than the
poloidal . field. The deformation will stretch the

poloidal field on the order of a minor radius-scale
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length, >0n the other hand, the toroidal field is only
slightly deformed ‘while ~the entiré -field line is being

pushéd out of the way, either up or down. There may be

‘some ' horizontal stretching to this movement but it is on

the order of theé major radius. ' Thus, the -displacement

‘divided by the scale length involved is smaller- for the

toroidal field. 1In addition to this small contribution
of the stretched tordidél“fieid, there is the effect of
its gradient introduced by toroidality. ‘in "equilibrium,
by definition, the ipoi*ﬁtér force is balanced everywhere
by lt;fiapol (for loy.bressure); When. the plasma becomes
unstable, ‘this condition "may perhaps' no longer hold.

Examihation 6f'the'ipolx§tor“ force near the -principal

x-point involved, shows that the force increases .as major

radius R decreases. The introduction , therefore, of

‘toroidal curvatﬁre.éan perhaps‘differentiéte betWeén the

two dee's making the dee slightly more unstable than the

inverse-dee.

In summary, through the Vapplication of Dbasic

physical concepts, we can see that increased deformation

‘(decreasing rc) indicates a shape to be relatively more
iunstable toward k;pdint displacements. ' This implies the

Vsquaren is more stable than ‘the dee or inverse-dee.

passive feedback -stabilization can either completely
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stabilize this movement or at least slow its growth to
the resistive time scales involved. Its effectiveness
should be greatér for the square than for the dee's. The.
relative stability of these shapes becomescreiersed -when
diécussing horizontal displgcements. The effect of
toroidal field, +though all important for higher n
(toroidal mode number) inétabilities,.has only a minor
influence on the spability ‘of the axisymmetric modes

(n=0).



20

CHAPTER II

EXPERIMENT

A, Machine Description

The Tokapole II devide‘s, on whiéh'fhese experiments

were performed, has a 50 em. major radius square

cross section (44 x 44 cm.) vacuum chamber. ‘The vacuum
magnetic flux plot is that of an octupole (fig. 5a),

which provides vertical and horizontal fields to center
the discharge., The octupole vacuum poloidal field 1is
produced by inductively driving, through an iron core
linking the toroid, four 5 cm. diameter copper toroidal
rings. These rings can carry up to a total of 700 kA,
and are eéch supported'by three copper-beryllium rods.
Whiie the chamber is under vacuum the rings can be moved
vertically +5mm. by external means. When plasma current
is driven £oroidally through the octupole null, a tokamak

with a four-null divertor is generated (fig. 5b).

Electrical characteristics are shown in figure 6.
The cufrent in an outer ring rises sinusoidally to 45 kA

(fig. 6a). A 1 msec. ‘pulse of 10 kW. 8.8 GHz



Figure 5: Numerical poloidal
(major axis to left). a) With

b) With plasma.
2.  CIk.

Each tic mark

fiux plots
out plasma.
indicates
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Figure 6: Electrical characteristics. Time, in ms., is given on
‘abscissa. a) Current 'in an outer ring vs. time. Also shown is a 10
kW, 8.8 GHz, 1 ms. microwave preionization pulse. b) Plasma current.

¢) Loop voltage at machine center with and without plasma.
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microwaves is wused for preionization (fig. 6b). The
plasma current is induced by the same source as the ring
current. The value for the total toroidal plasma curent
is inferred"from measurements of the poloidal -field
transformer primary current and loop»'Qéltage, at the
wall, employing a simple model treating the .plasma and
rings as coupled inductor325’26. The curréﬁf inside the
.sgparatrix is also calculated from measured magnetic flux
"plots. The peak total plasma ;urreﬁt is ~ 40 kA-with ~ U
msec pulse length‘(fig. "6b). The toroidal field is
effectively éonstant during the experiment at a value of
3.2 kG at machine center, with capability of -up to 8.5
kG. . The vacuum toroidal 1loop voltage (}ig. 6c) at
ﬁéchine cenﬁér.deééyé‘aé a cosine td’zeﬁd'in - 3 msec and
is then crowbarred. In the presence of plasma;pﬁe loop
voltage is depréésed dgriné plasma current rise and
enhanéed“ during 'cufrent decline due to +the back EMF
self—induéed by tﬁe plasma current. Peak electron
temperatures ar’el~ 100 eV surmised, with ~ 25% accuracy,

from -modeling of the time evolution of a . set of impurity
lines (e.g. 0I-OVI). - The -electron density is = 10'3
cmf3’és measured bf'microﬁavé interferometry and Langmuir
probes. The ion temperature - varies: from 20-70 eV as
détgrpihed. by' cbarge;excﬁange 'énéiysis and’ frbm the

doppler broadening of He II.



B. Experimental Technigues

The Dbasic informationl without which this research
would not be possible is the poloidal magnetic flux plot.
The tool used for obtaining a flux plot is the ‘ﬁ"prdbe
- 80 termed because the outpﬁt is 'prbportional -to the
time derivative of magnetic flux at the probe tip. The
‘é‘ probes used in these experiments consist of two 40
turn, Ux4x5 mm coils of wire, located at the sealed end
of a 1/4 inch tube. The coiis are wound on top of each
other and have normals parailél and perpendicular to the
probe length. The orientatién allows both components of
poloidal magnetic field to be resolved. The frquency
response of this probe varies between 100 kHz. and 1

mHi. depending on the exact number of turns and areas of

the coils.

After passive integration, each probe signal 1is
digitized and stored by computer. To correct for probe
misalignments at a given boint, a discharge with only the
toroidal field is' stored and subtractéd from the data

with both magnetic fields and plasma. After this
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correction, ‘the probe signal every 50ps, for 4 msec., is

stored on floppy disk for further analysis.

The expression used to calculate the poloidal

flux, VY is
P o= g;r! 2ﬂ(Ro+P')Bpepp(r')'~ - (2.1)

where Rg, r' and B are the major radius of the

perp
magnetic axis, the minor radius and the poloidal field
component perpendicular to -the path of integration
- respectively. Surfaces of constant. Y are generated- from
the magnetic field data measured at 90 spatial points on
a2 cm by 2 em-grid (fig. 7a). Within .any six point
rectangular grid  area, or r.g.a. (same figure), the

vertical and horizontal  poloidal magnetic field

components are fit to a polynomial of the form

' ~ ai 2 i : i i i
B(x;,¥5) ATy +# B xy¥; + C'x; + Dyy + E o (2.2)
where Ai, Bi,....., Ei are the coefficients for the ith
"r.g.a.. B(xi,yi)-is either .the first or second component,

‘vertical or . horizontal, of the . magnetic field at the

i th

.local,coordinates,(xi,yi) within the r.g.a,. From
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equations. (2.1) and (2.2), an explicit polynomial in x4

and y; can ‘be found for 1y,

' » B ,'i i 2 o
p(r,8) = ‘pl(xi’yi’xio’yiO’-A1";,2_’B1,2"""E:1L 2) + Vg

(2.3)
where wé is the value of w'at the'edge of the r.g.a. of
position v‘(#io,yio)’1'rg}ative5.'tb the ~magnetic -axis

(w(0,0)=05. The subscript “1,2 on the magnetic field
.coeffiéiénts refer .to the “Gerticalj or horizontal
components of . the poloidal field?(' Thus, once the
position of the magnetic axis is known, the abproximate
_value of Y along a ray out from the axis is” obtained in a
sgepping fashion, ] %_is determined by the final value
pbtained in integration through the previous r.g.a. . out

along that ray.

The position  of the magnetic axis is found

-numerically by first searching for the data point with

minimum BZ. This péint and the eight surroundinh it,

define two r.g;é.'s, j-1 and j; Using explicit forms for
J J 2,J 2 ' '

ayY. , 9 , 92 %y, ... 4

&j Wy ¥y Ay (2.4

“the first order Taylor series expansion for PJ is



iterated to find Vy=0. Five iterations are usually

sufficient for convergence.

After the magnetic axis is found, the progranm

-generates an array‘wsav(k) containing the value of flu¥
every 4 mm along a hcrizontal'ray from the axis to the
edge of the data'grid. 'Thén, every 5 degrees around the
axis, the progran sear@hes for zthe radius at
which w(r(k,o)):wsaQ(k). 'Tﬁese values of r(k,9) define a

flux surface.

Once the locus of points defining a'flux surface 1is
determined, various line integrals over the flux contours

are approximated using Néwtdh's '3/8 rule, The safety

. factor q(k), toroidal .current I(k) and area A(k) within

the kth closed flux surface are given by

1 PBé
a(k) = 5 ggb de

{r(k,0),0}

L
I(k) = =. [ B,r do
0).0

{r(k,e),0}

A(k) = Jr2 4o ‘ . (2.5)
{r(k,8),8}

The last step is to c¢ompute the toroidal current
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density averaged over the annulus between two flux

surfaces, ~: = .U CL _ Py

J(k)=[T(k+1)=-I(k)1/[A(k+1)-A(k)] (2.6)

Another diagnostic .that.is important .to- this study
.is the -electric field probe. This consists of a few turn
"coil of wire 4 mm wide by-50 cm in': length. As -in the
.case of the é,probe;-the coil is contained ‘in -a 1/4 inch
probe tube. The principle by wh;ch it. . works is
-illustrated in figure Tb. The éutput is proportional to
the time derivative :of the poloida;'magnetIC'flux through
the coil.. =Assuming the poididal‘field»to'be,sinusoidal
'in'time, then the probe signal is a measure of the‘ flux
between the toroidal circle A,‘that its tip defines, and

the maChineIWall} ‘Let us designate this flux & (see

pfébe
fig. 7b). The toroidal electric field at A, though, is

proportional to the[a@dunt~of flux between it and the

probe - $uall) The flux linked by the wall,

core = (d
‘wall’ is opposite-in direction. Converting this formula

-to measurable voltages we see

v

Vioop probe - Vpg V (2.7)



‘shape

where Vp

g is the poloidal gap voltage (= d,,117), and

v ] In actual use, care must be taken to

probe Pprobe-
insert ﬁﬁe probe only on the‘midcylinder so that there is
no component of toroidal glectriC'field along the long
sections Qf the coil. For the same reason the other end

of the coil must be outside the machine.

C, Previous Experimental Work

Experiments heretofore performed on noncircular

tokamaks .have included doublet327, ellipses“"16

14,16,17

dee's
occurred through external means. For example, . 1in
TOSCA1W’16,.external magnetic field signals were compared
with a computer model's predictions for those signals.
Another variation, used on doublets and TOSCA, is the use
of measured winding currents combined with. appropriate
plasma parameters to model the plasma. The existence of

certain poloidal modes of the tearing instability has

‘also proved to be useful in determining q, which thru the

Aassumption of ellipticity, in turn determines the plasmé
28
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and .

Verification of the shapes studied has
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Althdugh existence. of these equilibria has been
shown in only a few papers, the stability . of shapes to.
axisymmetric modes '~ is even 1less documented. ~ Both
Toyama '/ al_nd Bhatnagar2? have verified the instability's
existence in. their respective Machines,»Sut'that is the
extent of their 'study. Bhatnagar. considered the
instability as a problem to be controlled, not studied.
He found that the dfscharge length could be doubled by
proper active feedback stabilization. The only majof
ekperimental study of the axisymmetric instability,
previous to the present, was performed in TOSCA..

The shape of TOSCA's different equilibria is found
by comparing external experimental data with: predictions
of an ideal MHD calculation. The experimental input
consists of plasma and winding currents in addition to a
limiting wall, Plasma ' movement; both radial and
vertical, is calculated using a model "that assumes the
plasma to be a current filament.  Theée difference in
magnetic field, due to plasma current only, on opposite
sides of the plasma gives ‘the relative position of a
-current filament between those two machine ~sides.“:_Cima
predicts that tﬁe filament model only leads to ‘errors
of 53‘mm'in‘predidting the=magnetié'axis pdsition!v Uéing

this ‘teehniqué"of- locating the magnetic dxis' as a
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function of time, growth rates of the instability are
generated. No comment is given .to explain how, and when

during instability growth, the growth rate 1is derived.

This has the .added conseduence of shedding no .light on

the instability's . non-linear or linear nature.

An effort was made to compare their results with
related analytic and numerical studies in the literature,
which. were not performed for TOSCA. The  plasma
equilibrium 1is described 1quantitatively by .the decay
index n:-R/Bz(dBZ/dR) averaged over the :plasma volume,.

This average.is performed using the vacuum poloidal field -

-of .the winding currents. The averaged decay index fi 1is

found to be a monbtonic function of éllipticity (e).

. Results indicate that there are certain #n, or e,

parameter limits beyond which no stable equilibria exist.

When the equilibrium is unstable, they find its growth

rate to ©be proportional to the shaping currents. In
other words, increasing the amount . of nohcircular
.deformation decreases plasma stability. 1Indications are

given that T_, is increased by th'e presence of the passive

g

.feedback coils,
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D. Relative Stability of Dee, Inverse-dee and Square

Equilibria

This experiment allows ¢omparison of various plésma
shapés in one machine undef similar conditions. By
varying the placement of the rings, -‘which  attract the
plasma, the shape of the tokamak separatrix can be
changed from dee to;inverse-dee (figures 8a-c). If the
inner rings aré moved closer together, and thus nearer
the plasma, the equilibrium is positioned slightly inward
in major radius *~ producing a dee (fig. 8a).. An
inverse-dee (fig. 8b) is created by positioning the
outer rings closer together. The intermediate case is a
'~ square plasma (rig. 8c). Previous - experiments
concerning noncircular tokamaks have deduced the plasma
shape using external measurements such ‘as winding
currents, plasma current and edge magnetic fields,
combined with compufer'modeling. "All important ‘daﬁa in
this paper, sucﬁ as flux -plots, current density and
electric field profiles are deduced frdm internal probe
measurements. A" description - of these experimental

techniques is given in the previous section (III.C).

The time histories of magnetic flux plots show that

the dee and inverse-dee are unstable to a non-rigid



Figure 8: Experimental flux plots mapped
out with magnetic probes. Only the area
inside the separatrix is shown. Each tic
mark fIndicates 2 cm. a) Dee. b.)
Inverse-dee. c¢) Square.
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vertical movement, along a line of sight from the
magpetic axis to a ring'(fighre 9). The square is stable
to this movement on the'time:scale- of this experiment.
For the vertically unstabie shapes, a plot of the
magnetic¢ axis position, shoﬁﬁ in figure 10, indicates:
that the verfical. dispLaqément increases exponentially

with a growth time T, 450 usec. T ~103Ta_, where T_ is a

g a

poloidal Alfvén time calculated with a suitably averaged

g

poloidal field. It is also interesting to note, and will
be di&cusse¢‘ later, that fTB. is' much less than the
resistive dec#ybtime»of ring§ and wallg (15 msec) and
very c¢lose .to the plasma. L/Ri time (= .5-2.0 msec).
Axisymmetry has been veriﬁied, at several machine
azimuths. Also, the efféct of plasma outside ¢the
separatrix has been examined: That plasma was wiped out
by a movable limiter. The resulting instability growth
rate and equilibrium shape were identical to the 'normal'

case, within experimental uncertainties.

We find that all these equilibria can be stabilized
to vertical movement, on the time scale of this
experiment., by precise positioning of the rings. After
the‘vertical.movement is stabilized there still remains a
horizontal motion that 1s independent of the rise and

fall of the plasma current. This horizontal instabiliﬁy




Figure . 9: Time evolution of the

experimental flux plot for a) inverse-dee

& b) square. -The dee evolyves similérly

to inverse-dee.
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occurs in the square as well as the dee and inverse-dee.
The direction of this motion depends “"strictly on which
set of rings the inner plasma separatrix encircles. When
~the plasma "leans" on the outer (inner) set of rings the
movement is towards increasing;(decreasing) ma jor radius,
Growth times for this horiionfal _instability,-_like the
vertical, are ‘1Q3Ta. Thus a.plot of the magﬁetic axis
positioh vs. time for horizontal movement 1is identical
to that shown for the vertical (fig. 10). This
horizontal instability does not saturate on thé time

scale of the experiment.

E. Effect gﬁ Plasma Resistivity

Theé role of passi;e stabilization could be all
important to this instability and perhaps in practice
eclipse distinctions basgd on plasma shape. Since the"
rings are inducﬁively driven, there .aré no external
circuit connections between then. -Thus they are free.ﬁo
independently respond to the plasma motion. However, the
efficacy of passive feedback, grising from induced image
currents flowing in éxternal conductors ggg ‘plasma, is

limited by the finite resistivity of the the elements
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involved. - Wooton et. al.1u fouﬁd the plasma growth time
of an axisymmetric instabilit& in TOSCA to be slowed down
. by the resistive decay of induced stabilizing currents in
thej' walls and external field shaping coils. The
-equivalent. theoretical prediction has been ;made8’13.
"However, all these calculations assume an 1ideal,
~infinité1y condﬁcting plasma. 1In the‘Toképolé experiment

1the finite plasma resistivit& (L/R time 1 msec) is the
“major contributor to the damping of induced stabilizing'
‘currénts. The rings and walls in this experiment'have a
much longef resistiye decay time (15 msec.): thén the

plasma,. " Indeed, instability growth occurs on thé;plasma

L/R time scale.

To address this 1issue we changed tﬁe ‘plasma
resistance while keeping the plasma inductance and shape
relatively constant. Resistivity'profiles are dbtained
from current and electric field profiles disussed in

section III.C.

Thélresistivity profile was Varigd in two ways:
First, by lowering the toroidal 'magnetié field which
lowers the plasma cﬁnﬁent.- Second, by puffing Ar gas, in
‘addifion to the normal Hy, to increase Zeff’direCtly. In

either case the electric field profile stayed' relatively



Figure 11: Spatial profiles at 2.0 msec.
a) Current density for two values of
toroidal field. The electric field
profiles for both values are similar;
only one 1is shown. b) Resistivity
calculated from electric field and
current in a). The separatrix is at a
minor radius of 6 cm. ‘
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field and puffing in Ar gas in addition to the normal Hz-. Movement. of

the plasma in an unmodified case is shown in figure 10.
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cénstant.while the current channel width ahd magnitude
decreased. as shown for the first method in figures 11 &
12; In the particul;r4case shown the instability onset
occhrredAét T~ 2 msec. Spchgrakge;resistance dhanges.were
necessavy in order to~excé§d7the 20% uncertainty in the
measurémenﬁé involved.v The shape of the equilibrium was
‘verified to be approximately the same as the unmodified
case, at instability bnset, by examination of the
magnetic flui‘ plots. The plasma inductance remained
vfelatively unchanged (<10%) indicating that the dgcrease
in the L/R time of the plasma was mainly due to the
change in plasma resistance. As seen from figurés 10 &
13 Tg decreased by at least a factor of 2 for either
lower toroidal field -or Ar puffing. Correspondingly,
figure 1é indicatés tﬁe plasma resistance increased by
roughly a factor of two. This result is consistent with
the general statement that Tg is proportional to the
minimum resistive decay time in the passive stabilization
circuit. In our specific case T

g is inversely

proportional to the plasma resistance.
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F. Effect of the Initial Plasma Position

It is important to be able to adjust the initial
vertical position of the plasma in order to investigate
the marginal stability case, massess the difficulty of

passive stabilization :and check the vertical symmetry of

the machine. Through ring movement we can position ‘the
magnetiec axis, initially, up to .1 minor radii above or
below the midplane. We can also, for dee and inverse-dee

:equilibria, precisely position the plasma z-symmetrically

such that it appears vertically stable.

When an .otherwise unstablé shape 'ié stabilized
through pgoper pbéitioning, the magnetic-axis.exhibits an
osciliator& motion‘(}ig. 14a) about the hidplane with
period approximately equal to the growth time of the
unstable cases. For small vertical displacements of +the
initial magnetic axis position from the midplane, this
Same oscillatory motion is superimposed wupon a steady
vertical movement (fig. “1l4b). For still larger
displacements of the initial magnetic axis position, the
oscillatory motion disappears and the movement is
s;rictly exponential (fig. 10). Thus we see that
increasing the initial displacement 1leads to faster

.growth. Machine vertical symmetry is verified by



‘Figure 14: . Distance travelled by the
magnetic axis as a function of time for

different initial positions of the
inverse-dee. -a) Initial position on the
midplane. b) 1Initial position slightly
above the midplane (3-5 mm.). When

initially positioned an equivalent amount
below the midplane identical downward
motion is observed. The case of initial
position further still above the midplane
(5-10 mm.) is shown in figure 10.
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positioning the initial magnétié axis above or below the
midplane and observing up#ard or _ldownward' motion

respectively.



53

CHAPTER III

THEORY "«

M

A, QReview of Previous Theoretical ﬂobk

To put the present study into perspective, a review
of other anvestigations of fﬁe axisymmetric instability
is appropfiate. Quantitative comparison of the evolution
of expefimental equilibria with published numerical
examples 1is not precise, Experimental equilibria are

"poorly ‘mirrored by analytic models (e.g." Solov'ev3o* or
Rebhan5’6). Also, theoretical studies have, for the most
part, defined the shape parameter limits to instability
onset as . opposed to examining the relative stability of
different uﬂstable shapes. The following 1is a brief
summary of the majority of the abovementioned relevant '

literature.

. The first person to deal with the stability to

v

horiéqntal and vertical motions ‘of a plasma is
Yoshikawa31. He examines the forces on a toroidal plasma
current of minor radius a, and major radius Rg - This

examination reveals, that for horizontal stability, there
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must exist a potential well suchAthat the restoring force
(Itoprz)ﬁ decreases slower, with major radius, than the
inductive ‘expansion force from the plasma. Tb express
this relation we writé

d_(2mIB,) 2 d_{1pL1%) (3.1)
dR dR 2 |

The same idea is applied to the restoring force in the.

verticalAdirection_to give

ext .

These - two equations are combined with the relation

(VxB,y,y)g=0 and the assumption that BZGQRO/R)“ to give
n>0 (vertical stability) (3.3)

n<3/2 (horizontal stability) , (3.4)

‘
The parameter n:-(R/Bz)(de/dR) is termed the vacuum
field decay indei. Note that it is Strictly a iocal

quantity.

A modification of Yoshikawa's result is obtained By

Seki in references 7 & 8. He derives the forces acting
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on the plasma currenf center and surface{ Also taken
into adc&unt is the interaction of the plasma current
with edd& currents in a resistive shell éurrounding the
plasma. The plasma 1is circulari:and: a constant currenf
densit§ fis maintainedm”durfngrlplésma movement.  This
movemené is therefore Eeimg-‘treated as a rigid shift.
The eqdétions of motion for the plasma are solved about
an equilibrium . state ﬁsing perturbation theory.
Yoshikawa's results fbr-decay index limits are recovered
with some modification in the horizontal directioﬁ. The
presence of a wall is predicted -to reduce the instability
growth  rate to the inverse'of a modified shell resistive

decay tifei.: -u ' : Lodn o

Another study that investigateé the role. of decay
- index 1in stability 1is Sakurai et al.15,k An important

- difference over previous work is that a tokamak - with an

octupole vacuum field is studied. This, of course, leads
to nonéircular equilibria. Walls are not Vincluded in.
this paper. . Very little information is given as to how
this calculation - is - performed. . The criterion for

stability seems to be that if"a the plasma.is shifted
rigidly in the vertical direction, then ‘it -is stable
given the destabilizing JxB force on it is convergent.

Reported results are that the 'square is vertically

O ey

e L e
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stable, the'dee and inverse-dee verticaily unstable. Off
axis equilibria were found for the dee but not for the
vinverse-dée. _ . ‘.nj n
| Cioens

In a departureAffom»studies utilizing decay indices
and forces, OkabayashiA&‘.Sheffie1d3, using the energy
princip1e32, investigated plasmas characterized by
ellipticity. The toroidal plasma current is mode1ed by a
set of éubrent filaments., A rigid vertical displacement
(m=1, n=0) is given to the whole plasma column and
étabilit& is evaluaﬁed from the change in'energy stored

:by the plasma current filaments. The two parameters m &

' n refer to the poloidal and toroidal mode numbers

respectively. It was found that recténgular shapes are
stable for e<3 and ellipses for e51.3. These two were
the only plasma cross sections studied. In addition,

their results. indicate that rectangles with flat spatial

current profiles are more stable than parabolic current

profiles.

Rosen‘o, also studied the axisymmetric instability
in the absence of external conductors, "Stability of
rectangular and elliptic cross sections to m=1 and m=3

‘‘axisymmetric modes is performed using a reduced form of

- the ehergy principle33. ‘'He finds the ellipse unstable to
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a rigid =shift 1in the <direction of -elongation with
ellipticity limits similar to those found by
Okabayashi11. The square was found always stable to this
rigid {(m=1) shift. Although ‘the square is attracted
toward the x-points, it is répeleﬁ by +the antiparallel
shaping ‘currents (on the midplane and mideylinder) 45
degrees between the x-points. Thus the square would be

stable to <a -shift but becomes wunstable when an m=3

wrinkle 1 radded to ‘the perturbation.

A zmtudy that 4ncludes the ‘entire  enmergy principle
applied +to rigid shifts is that offﬁebhanu, His goal is
tio define the analytic:stabiiity limits of nonéircular
deformations to dee, -elliptical and inverse-dee shaped
plasmas. ‘The general form ©of rigid movement is wutilized
which dincludes flipping as well as linear motion. Other
-assumptions 'made in this paper include -the -absence .of
ext-ernal conductors, incompressible plasma motion, :and
'“p*(w)%mnd'l'(w) being constants. I and p are RBtér and
‘plasma pressure, respectively. After writing down a form
‘of “thre senergy principle, ‘Rebhan points out -that the

plasma “term

: # . ,
3J(E¥) Lrds (3.5)
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drives the vertical instability. & is the perturbation,
p. is the total pressure'(p+82ﬁ2) and S is ﬁhe surface of
the plasma. In other words,  a  gradient of‘tneutotal

preSsure‘drives the instability. A stabilizing influence

is due to flux compression in the vacuum through the term

1rp-ep,) £'ds  (3.6)
K . _ _ A
Rebhan's results indicate, for rigid vertical movements,
that the ellipticity limit for total stability 1is -“lower
for ellipses than for dee or inverse-dee shapes. In
studying his equations, one finds that all toroidal field
terms are absent. This occﬁrs because he is modeling a
purely vertical shift, 'which does not stretch the
toroidal field. He interprets this as the plasma

slipping through the toroidal field.

Rebhan & Salat?® extend this work in Rebhan's second
axisimmetric instability paper Aby including rectangles
among the shapes studied. They'drop Solov'ev equilibria
in favor of a constant pressure, surface current model
fhat allows for non-rigid as well as rigid 'shifts. The
shapeé studied are described by

2 _
f? - e2(R—1)2+(T+T§)zz-2AT3(R-1)zz-TuAZ(R-1)222 (3.7)
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© gy e

where ‘e, 'I‘3 and Ty, are shgggqgérameters‘describing
ellipticity, triangularity ..... and rectangularity
respectively. Also, A, ‘R, and z are the aspec; ratio,
.majoﬁ radius and vertical.distance above the midplane.
The‘aim of this work is to again define parameter limits,
but in this case, with a different set of parameters and
for nonrigid movements. Qualitativeiy, what is found is
that squares and ellipses have approximately the same
ellipticity. 1limit for totél stability. But, in contrast
to rigid shifts, increasing T3 (deeness) implies a 1lower
ellipticity 1limit. Also, a typical dee or inverse-dee

(1T3l".3) has a lower ellipticity limit than a ‘typical

square. (Tu?¢3). In studying the form of the non-rigid

movement, we see that the perturbation is 1largest where
the surface poloidal curvature is greatest (near the

x-point). Rebhan & Salat predict that in the presence of

a conducting wall this instability will have a lower.

growth rate,

A paper, similar in nature to those mentioned of

Rebhan's, is that by Chu & Miller3¥. Here the energy

principle is minimized numerically with respect to
arbitrary displacements, An improvement, however, is the
allowance of a nonuniform plasma current. They find that

the minimizing displacement, or most unstable eigenmode,
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for rectangles and dee's always contains a nonnegligible

“triangular’ component (m=3). . Thi®® result, that the

. . . Ta e G o ;n e e .. - .
unstable displacement :is*®ndénrigid, agrees " well -~with
p

 Rebhan?  and Rosen'®05yall stabilization was included in

Chu & Miller's workand found necessary for elliptical
plasmas. Peaked current profiles were found to be less
stable than flat profiles in the presence of a ‘'wall.

Rectahguiar shapes, overall, were more stable than

"~ ellipses.

P Using numerical equilibria, Becker & - Lackner?

éBmputed’ the asixymdetric stability of_dee'sfénd équares
juSing a similar method to that of PESTZO, which is
described 1in section III.C. However, the inverse-dee is
not studied nor are external'conductors includea in this
model. Squares are found to be more stable to non?rigid
vertical movementslthan the dee. Additionally, beaked
current profiles are predicted to be more stable than

flat. This'nesult is different from the previous paper

for reasons that are undecipherable from these reports.

In the éontinuing iﬁprovement of these studies, and
computer codes in general, Jardih13 pushes on ‘into the
nonlinear regime. = The 'codé he -used is described in

detail in section III.D, but it will briefly be described
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AHere for completeness. This code, PATENT13’23, steps the

full 2-D time dependent MHD equations' in time wusing a

flux coordinate system which gives us a continuous
picture of the‘plasma shape. gdrﬁent carrying c¢oils in
the vacuﬁm can be allowedto iﬁteraét with the plasma and
themselves through- eircuit equations. The .square 1is
found to be more stable than the dee or inverse-dee. 1In
the presence of passive stapilization, the square and
otﬁer equilibria of small deeness can be stabilized ohv
the time scale of his code (200 toroidal Alfvén times).
In addition, 1in a statement similar to Rebhan's, Jardin
reports that the portion of plasma nearest' the current

carrying coils deforms the most.

Using the linear stability code ERATO35 and analytic
Solov'ev equilibria, Bernard et al.9 study> axisymmetric
stability as a function of parameters used by the first
Rebhan paperu. The difference between these. papers is
that . here allowance is made for non-rigid displacements.
Qualitatively, agreement is reached with previous work in
that the unstable deformation 1is found to be greatest

neaé x-points. Also, walis are stabilizing, thus

increasing the ellipticity limits of a given

'triangularity. Bernard joins Jardin13 in comparing the

relative stability of unstable equilibria: the dee is
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more stable than the inverse-dee. Critical distances to
the wall for stabilization are quoted as a function of

ellipticity and triangularity... ..

Rebhan & Salat6; further ‘extgnd'.their .work by
including passive and active feedbagk dug4to external
~conductobs. The new terms added to the<energyz,princip1e

are for active feedback

1 . . '
SW; = 2 /(By"$By) E£°dS | - (3.8)
S ‘
and passive feedback
§W, = %Sf(_av‘_dﬁz) E4s o (3.9)

yhere Ev is the total vacuum field. Vx§B, énd.2x§§2 are
the currents in the active and passive feedback coils
. respectively. awp is a}ways positive, or ;tabi;iziﬁg,
for quasi-static field changes. Therefore, that .term can

be. dropped retaining a sufficient stability condition .
§Wo + 8W; 20 B - (3.10)

where awd is the perturbed energy without feedback (see

Rebhans).v Feedback for properly positioned: z-symmetric
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coils is found possible for,dee,‘inverse-dee, square and
elliptical cross sections. If the elongation 1is too
' ’ ‘ R N R

large, i.e. a belt pinch, feedback stabilization becomes

more difficult. For smaller elongations, feedback coils

MR I

in the direction of the x-points are always effective.

Summary

Although the visualization of the aXxisymmetric
instability is simple, the modeling of its action and
charaéter is not. As cén be seén by ureading ﬁﬁe ;bove
review, thg. dggree of complexity and accuracy of these
sﬁudies has inpyeased“overﬂtimé inusearch férlithe most
physical model. Start;ng with a siﬁple current filament;
genefalizat;on was méde to current profilesv and the
linearized forces acting upon then. Nonciréﬁlar shapes
were then .included and the treatment modified to
linearization of phe MHD equations, the energy principle.
Finally, allqwance has been made for the stabilization
due to external conductors and an investigétion us;ng the
full set.of nonlinear MHD equations was perforﬁed. It is
easy ¢to see that the 1ateq# papers present the most
accurate modeling brocess buf éﬁe questioqvarises as to

. which is the most physical,. The most important

difference between the'latter. studies is the type of
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equilibria wutilized: analytic or numerical, Certainly
nuﬁérically genérated gggiffgrfg‘are more‘ﬁéeful"beéause
of their ébility té rggresenﬁ almost ény.shéﬁe and'éet of
plasma bafémeté;;.' Inciusion of feedback is definitely

imporﬁant " because ' many.: shapes of'~'intere3t are

axisymmetrically unstable.

B, Numgficél'Eghilibrigm Code

The reasons for uhdertaking a‘theoretiéal 'Study to

comblement thié experimentAare twofold.'t?{bst;.preQious
iheoretical work, for the most part, has empﬁﬁsized
defining limits in parameter space to absolute stébility.
For the Tokapole and other noncircular tokamaks,‘ most
realizable and interesting equilibria are unstable to
axisymmgtric modes. Therefore;'what becomes 6f greater
inte;est than stability limité, is the relati§é.stéﬂility
of these .eqﬁilibria with an eye toward the use of
stabilization; either passigé or acﬁivé}"'Beéidés the
rédirection of/theorefical eﬁphasis; the second:';eason

T ) . . . g 3 B " N
for this study is that published work does not accurately

~

reflect our experimental machine.



To perform .a stability calculation on an equilibrium

~that :closely parallels the physical reality of the

.Tokapole, the Princeton . Equilibrium programzo was

modified by Dr. Alan Tpdstq;include the Tokapole walls.

In-this section, I will describe the equilibrium  program

whieh was originaily written by Dr. S.C. Jardin, and .

:the. Grad-Shafranov equation which it utilizes. In

sections III.C and D, the PEST and PATENT stability codes
"will .be .described. These both wutilize the numerical

equilibrium, +that will be .described in this%Eection,,as

.

Jinput, - Tneonetical,prédictions by these stability codqs

}uiLlabe described in sections III.E and F.

. -Basie ‘to this discussion .of numerical equilibria is
-the .Grad-Shafranov -equation. . The usual cylindrical
coordinates .are used here (R,d,2) with the z axis being
the,majqr or symmetry axis of the toroid (fig.15a).
XKeeping in. mind that 4, the toroidal angle, is an
ignorable coordinate, we <can write down the magnetic

field

B = Wm(A48) + ByO (3.11)
JFollowing the lead of other derivations, we now introduce

-a stream .function Y

-~

"y
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a)

MAGNETIC
©Y 0 AXIS

Figure 15: Description of the numerical equilibrium code. a) Cylin-
drical coordinate system used. Note nested flux surfaces. b) Surface

S over which poloidal flux, Y, is integrated.
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T
nwo

_Yl})xﬂd + Bda

L T Y (3.12)

It can be shown that Y is.- proportional to the poloidal

flux

| Y = .wpol/g =‘(1/21r)sf13_p°1'g§ (3.13)
by evaluating the above inteéral using 3.12. The surface
S‘(fig. 15b) is »torbidal with one edge on a fixed
circle, the '6ther' intensecting a point whose poloidal
flux is to be measured. -~ Contours of constant V¥ fornm

nested surfaces within the plasma;

The.current density J is computed from

~Hpd = ¥xB

%[z *31:‘“6-) - 'R%E"'(ﬁad)']
SLERE Y

°z

S(AW/RIB + KRBy x Ld (3.14)
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where By is the toroidal field magnitude, and we define

the operator

*

BV 2 ok azg | (3.15)

) B w :";‘.' e - .gz . ’
Using 3.12 we see that B-¥Yy=0, indiqating that B lies on
a flux surface. Fronm this we can show that the pressure‘

p is a surface -quanfigy;‘(p=§(W)) -Sy Q‘YQQB'(JXB)=O.

Solving for p we see

PP (W) = [-( LG + L(RBHxT0] x

[Zyx¥é + By4RVE]

@, BRWRBOT (3.16)
- .AR% Q‘R ¢ R >,( )

RB4 must also be a surface quantity because, like all
other terms in this equation, Z(RB¢) must be parallel
toVy . Thus we define

I(Y) = RBy . (3.17)

I(y) is proportional to the poloidal current inside a
flux surface characterizednby Y. This can be shown using

the representation for J(p ) from 3.1
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pol = 4dpo1 98
_ [Z(BgR) y 31-ds . .
poR EREEIF NN TS BN :
_ IS J o ‘
' = L_Qulzrm, I(w)zﬂ_
i.e. (V) = __prol(w) o (3.18) -

g
Using 3.14 & 3.15 we can rewrite the force balance

equation, 3.16, as

» N ‘ ‘

8% = Rpgpt (W) & II'(Y) = poRIpoa (V) (3.19)
which_i§ the Grad-Shafranov equation., Jardin, for use in
his equilibrium code, renormalizes 3.19 and changes units
to obtain

B = -(21/By)%R%p' (¥) - (2my)%ge" (V) (3.20)

. where xg is the major radius at which_ the constant Bo,

the torbidal field magnitude, is specified.

To solve equation 3. 20, which is an elliptic
equation, two thihgs must be specifled 1) ¥ on the

boundary (real space) and, 2) the right-hand side (RHS)
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of the équation, RJtor,_everywhére. However, since RJ,.
must be specified. as a fﬁncbi%n 6f (Y,R) and we do not

know, a priori, how Y depends on real coordinates, a

. - 0 -
oy '3

doublé nest of ite%gtibns'is»u§;d. The inner loop solves
for the ﬁHS, given V¥ on thevboundary and a specified form
for g(¥) and pf(@);f fhéL%bi@¥@ioopﬂcalculates a new ¥ on

the boundary given the RHS. The inner loop 1is made to

converge before . the oﬁten“'lodp:ﬁis' accessed. The

equilibrium is found when both loops converge.

The iterations are _performe@g’usng“laé'reétangular
finite difference grid, whose spacing, Ax and Az, is
4Specified;"0£hér péﬁamétérs tﬁaé need” té'fbe specified
are the value for the total to?oidal‘plasma current, the
pdéition of; and eurkeht in,'e;ch extérnal current) the
.toboidél field ﬁBO at a bébticﬁiar ﬁéjé? radius xd, the
grid size and the functional form for RJté;(¢)- This
form is  generated by the two functions p(¥) and g(y)

where
B = -8 80 (3.21)

The parameter gp is used to maintain thé total plasma

current constédf”hurihg iterations. Explicitly

g
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gly) -

([wlim'fipJ/IWﬁimA' wmin]) !

p(y)

‘where uﬁim and Ypi, are the valués of Y at the limiter
and magnetic axis, respectively. Also specified are pg,
o and B, rparameters which desecribe the toroidal current
profile. For o8 on the order of 1 a flat' current
profile is produced similér to that of the Tokapole.
For © B .on the order of éJ a parabolic profile is
produced Similar to most othér-tokamaks.

s

\

C.. .The PEST .Stability Code

Much effort, in plasma tbeony,.has been expended to
udepermine the axisymmetric stability properties of
different -equilibria. There.'are two main classes of
techniques to packle this problem; The first, and most
obvious, is to perturb the plasma énd watch its time
development. This technique has been implémentéd in +the
~form of the PATENT ~code described in the following

section (III.D.). It has the .advantage of providing
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insight ‘into the nonlinear aspects of the instability
growth., What will be discussed in this section is the
second technidue which can be» termed a 'vagiational'
approach. All versions jof’ this.ltechnique have their
basis in the energy principle as stated by Bernstein et
41.32. 1f knowledge of stability only, yes or no, is

.desired, not growth rates, then the perturbed potential

eﬁergyA

§W = -(1/2)fav(g-E(8) - (3.23)
is studied. »F(E)Ais the perturbed -force which -is a
function of the perturbation & . Should any perturbation

cause 8W<0, then the kinetic energy is correspondingly

increased indicating the system is unstable.

If in addition to knowledge ofvstébility, érowth
rates are desired, then inclusion of a kinetic energy
ﬁerm will supply ﬁime' aerivatives. EquiValence of
ﬁamilton‘s principle‘appliéaitb'the system Lagfangién has
been Shown36. In fhe literatube,'the application of this
princip;e.is refefrea to' as mékihg the Lagrangian L

.

stationary

/L dt = SfAtIK.E. - W(E,g)) =0 °  (3.24)
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where L is of the form
) ,
BZ ) - (3.25)

L = Jfdv (12pv-2 - V%T - 2u0

411 the terms abbve‘are clear as to their origin and are
written in terms of the pefturbation £ by linearizing the

MHD equations:

pav = -¥Yp + JxB

ot
1
Jd = E_YXB
9B = -
$2 YxE
E = yxB

8 = - A.V - pv. . . . R
30 vV - pV-y (3.26)

‘The terms presented in 3.25 are all that is needed to
evaluate stability with respect to kink and interchange
modes for normal tokamak geometry. However, in the
presence of éxternal conductors, more terms should be

added. . Dewa.t'el1 does this by 1including the 'kinetic'
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energy of the currents involved through a _1/2L;2 term.
Todd22 has implemented this new term in the modified PEST

code used here.

In practice, the energy terms must be written as a
function. of some general perturbation g. In tpe case of
the PEST code it appears that g is presented as thg sum of

toroidal harmonics unk+1 of order n and degree k-1/2:
uE+1 = {coshM - cosTﬂ1/2el(n¢+kn)Pﬂ_1/e(U) (3.27)

These harmonics are centeréd at various axes in the
plasma, to model the plasma shape and current, and at each
of the external current sources with accombanying image.
The symbols W, n and‘d represent the toroidal coordinates
centered at these axes. Each potential energy term is
'minimized with respect to. the coefficients of these
"toroidal harmonics. When the most unstabie £ is found,
the kinetic energy is evaluated. Because this calculation
ijs linearized, K(E£,§), the kinetic energy can be written

as wlk( £,E). so 3.24 becomes

w? = ‘;‘%E‘;‘ e . (3.28)

‘and a growih rate can be solved for. The notation ~W(E,E)
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is used in the literature to denote that W is quadratic

in & The eigenmode in toroidal coordinates is decomposed
into its poloidal components so that the principal
poloidal.mode numbers can be ascertained. Typical output

_showing the strength of eacﬁ poloidal component and also

the velécity field are shown in figure 16.

D. PATENT Code Descriotipn

Linear.coqes can guickly? in-term; of cémputer time,
give relévéhf }esults. Time-depeﬁdent:qodeé,ﬂés mentioned
in sectiﬁn III,B,bcan.possiblyAprbvide insight. into the
nonlinear interaction of thée modes and phyéical elemeﬁts
involved. What is meant by nonlinear and time dependent
is that PATENT follows the full set of nonlinear MHD

equations through time.

PATENT takes the numerical equilibrium described in

Section III.B and displaces it some small amount above or

below the midplane (usually .02 minor radii). If an
equilibrium is unstable, then the displacement will
increase with time. If the configuration is stable, the

magnetic axis will oscillate about the midplane.




Figure 16: PEST predictions for an.

unstable PDX equilibrium. a) - Magnitude
of poloidal fourier components (ordinate)
vs. Psi (abscissa). Each curve
represents a different poloidal component:
ranging from m=-15 to 15. The dominant
components, here, as. for all vertical
axisymmetric modes are m=3, -3. b)

Velocity field for this perturbation.
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This code, 1like PEST, can include pings: ‘in‘lts
stability calculation. Their resistance can be varied,
but this ability is of little use since the ring L/R time
cannot be allowed to approach the instability growth time
without numerical instability ensuing. Thus, any external
conductors, as 1in PEST, have essentially infinite

conductivity.

In both codes, these rings can be electrically
arranged in almost any circuit imaginable. 1In the case of

PATENT, the ring currents I; are described by
EMika + n;K; 4+ ngryIy o= vy (3.29)
where

My = -030G(x5,%) (3.30)

is the mutual inductance between coils i and k. G(xj,Xp)
is the infinite medium Green's function. K; 1is the
poloidal flux at coil i due to the plasma current. The
plasma and external currents communicate through boundary
conditions at the plasma surface and the Green's function.

The number of turns, voltage and resistance of coil i are

e and ry respectively. Application of Kirchhoff's



L o 79

law to these circuit .equations leads to a set of equations
describing dIi/dt.; These are stepped forward in time, as

dynamical variables, along with the full set of-~ MHD

equations,

The technique applied :in PATENT ¢to solve these
equations is termed the dyﬁamical grid method. This
meﬁhod, deécribed in great detail elseﬁhere23, is neither
Eulerian (in the moving plasma coordinate system) nor

Lagrangian (in the 1aborator§ frame), but is based on the

structure - ‘of. the -changihg magnetic . field. A
time-dependent nbnorthogonai magnetic . flux coordinate
transformation is introduced “to aécomplish this. This
transformation to thé-_coordinates Y, proportional to

poloidal flux, and ©, a measure in the direction around a

flux surface, -determines the grid used in the computation.

An important <consequence of this technique is that

" the plasma shape can be followed through time. This is

because the positions of grid points, which outline each

flux surface, are treated as’ dynamical_ variables. The

explanation of how the MHD equations are .recast in this

coordinate system as well as the <two step advancement

scheme is also given in reference 23.
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The output capabilities of this code include'flux‘and

. veloeity vector ploﬁs at spécified' time. intervals,; the
'position' of Aspecific :grid‘ points,~and‘£he~magnitude.of
feedback_currénts as a fungction ‘of‘ time. _ Samples of

output are shown in figures 17 & 18.

E. QResults Hithout Passive Feedback

fhe PEST code is uéed‘to evaluate the axisymmetric
stability of a range of Tokapole and  PDX equilibria
(figures 19-21) from-‘invérse dee = to - square to dee.
Comparison of Tokapole and'PDX results . can be -used to
determine‘thg generality of the experiment.. Stability may
be calculated with the rings and walls either included or
excluded to assess the role of passive siabilization. The
deeness of the eduilibria may be desc?ibed‘py fitting the
flux surface ' just inside the separatrix by equation 3.7,
where e is thg elli‘pticity,AlT3 iss a measure -of the
triangularity or  deeness, T, is . a. measure of .
réctangularity and A is the éspect ratio. This.expressiop
is  useful because it -allows a description of dee,

inverse-dee, elliptical " as well - as  square shaped



7F1gure 17: Predictions by PATENT for

vertical position of the magnetlc axis as

@ ‘function of time. The ordinate is in
units of 10°' minor vradii.- Initial
perturbation, in this case, is .02 minor
radii. | The abscissa’ is ,1n 71ts of

tor01da1 Alfven times (pnpa /pey172
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Figure 18: Theoretically predicted (PATENT) deformation of the plasma shape for PDX.

a) Initial equilibrium. b) t=100 toroidal Alfvén times.
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Figure 19: Theoretical vertical growth
rates vs. T,, as predicted by PEST, for
the Tokapole. Three cases are shown.
X - Without passive stabilization.
0 - Only rings included. [J] - Only walls
included. Square, dee and inverse-dee
shapes are described by T3=0, <0 & >0
respectively. Including both™ rings and
walls completely stabilizes all shapes
other than extreme IT3I.
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Figure 21: Theoretical horizontal growth
rates vs, T3 for the Tokapole, as -
predicted by PEST, without passive
stabilization. . ‘
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cross sections. The dependence of the instability growth
rate on deeness (T3) may now be observed. Ignoring the

presence - of - rings andzwalls,.figureswiQQand.20”show-that
the square is more stable, vertically, than the dee or

inverse;dee, whieh have roughly equal growth rates, for

both Tokapole and PDX equilibria. These machines are

quite different in geometry and size. In additidn, the

Tokapole has a flatter current‘pfofile thén‘fhe parabolic

‘shape predicted for PDX. It appears that 'the relative

stability of different shaped cross sections is fairly

machine independent.

The growth rates for PDX qglcuiated by PATENT (figure
20) agree welluwith PEST: ‘Using PATENT, the motion of the
magnetic. axis méy be " observed for different initiél
perturbations. It is seen (fig. 17) that if the axis 1is
initially .02 minor radii ébove the midplane thg plasma
moves unstably upward. Equivalent positioning of tﬁe axis
below 'the midplane produces downward motion. Initial and
final pictures of‘aﬁ.equilibviumhane Showndin figure 18,
The"growth 'is exponeétial fa; excursiéns well iﬁto the
nonline;r!régfme.v'Grbaéh-r;tegﬂﬁhg;eéég fas  the initial
position of the magnetic axis ié moved farthér from the

nidplane (fig. 22). Edr an initial vertical position of

L]



Figure 22: Theoretical predictions of the
monlinear code (PATENT) for growth rate
as a function of perturbation.
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fne»”magnetic axis on the midplane, the.axis oscillates

" about that starting point.

' The effect of the toroidal field on instability
growth was .found to be minimal, An order of magnitude
difference in the toroidal f%eld‘ produced only a .5%
change in growth rate; s;ability‘ was enhanced fér
inverse-dee's (T3>0), degr&ded: for dee's (T3<0). This
difference is perhaps related‘tO'the'onlxgtor force which
points outward from the plasma center (see section I.B).
As the unstable dee (T3<O)'movgs inward in major radius to
higher Btor’ the force inéreases yﬁhereby encouraging
unstable motion. For the inverse-dee (T3>O) the motion is

outward and the effect of the toroidal field is opposite.

Stability to horizontal axisymmetric displacements of
Tokapole and PDX equilibria was studied using PEST. For
Tokapcle equilibria, the square and other shapes ofv small
IT3[, were found to be horizontally unstable with the
- square havinmg the highest growth rate (fig. 21). During
horizontal motion the midplane forces due to the vertical
field are stabilizing whereas the vertical extremities
experience the destabilizing presence of the x-points.
Thus, the dee's, which are more heavily weighted iﬁ area

towards the stabilizing midplane, are relatively more
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stable than the square. Examination.of figure 21 reveals
the dee to be relatively more stable.than tﬁeuinyersefdee
to horizontal motion. We consider this.resplt to be due
to the toroidal nature of a tokamak; most 1ike1y the seif
expansive force of the piasma current. For sufficiently
large IT3I' both Tokapole and PDX equi}bria were fognd td

be horizohtally stable. -

F. Besuits.ﬂitg Passive Feedback

Both codes can be gsed to assess the role ofA passive
cqnductors surrounding the plasma. In the éase of the
PEST code, any combination of conductors (wal}s and/or
rings) can be included and their effect on the linear
grqwth is found by evaluating the. ipductiye contribution
‘to the energy principle of  Bernstein et al.?1’22’32.
Figure 19 shows the effect‘.Of adding either rings or
walls: In the presence of both walls and rings‘all
Tokapole eQuilibria sﬁudied are -stable. except . those of
extreme ~triangularity. As can _be seen from this same

b‘figure, addinguconductOrs has a"gneatep effect . on the

square than. on.other plasma cross sections. This may be
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due to the square being in closer proximity to all four
rings or walls = .than shageswfof larger |T3|. The
stabilizing effect of the rings exceeds that of . the walls
sinceAthe rings are closer to ghe plasma."The PATENT code
yielded similar results when used to'evaluate the éffect

of passive feedback due to rinés.
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CHAPTER IV

. SUMMARY . AND DISCUSSION . .

Previous experimental.work1ufj7 on -the axisymmetric
instability in mnoncircular tokamak; has, for the most
part, inferred gross plasma motion from signals external
to the plasma. Experimental results were compared with
related theories in the literature through such parameters
as ellipticity and/or averaged decay index, derived by
modeling the plasma current as a filament31. In this
experiment we can accurately 6§serve the motion of the
poloidal magnetic flux surfaces aﬁd the time evolut;on of
internal parameters (J,q,E) through interngl measurements.
These expérimental' data are carefully compared to
"theoretical predictions of PEST, applied to this specific
-machine. The,plasma cross section is <characterized by
ellipticity, triangularity and rectangularity parameters.
A second dode, PATENT, follows the nonlinear time
development. This code 1is énly applied to PDX geometry
‘'with shapes similar to Tokapole equilibria.” Similar
results, by PEST, for the iwo differept machine geometries

indicates our results are fairly machine independenﬁ.
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Linear theory predicts that, in- the- absence of
‘passivé stabilization, all experimental equilibria are
vertically unstable on the MHD time scale (Ta) . However,

the square is more stable ﬁhan the dee or inverse-dee.
Thi; is consistent with tﬁe dee's being poloidally more
asymmetric Athan the square; that 1is, the radius of
curvature of the magnetic surface near the x-point is
smallest for the dee's. Furthermore, only square-like
equilibria are horizontally unstable. With the addiyion
of passive feedback from rings and walls all equilibria
are predicted to be stabilized with the greatest influence
exerted by the rings. An experimental picture emerges in
close agreement with theory, with modifications to account
for the finite plasma resistivity 1limitation to the

passive feedback. When the experimental plasma is

z-symmetric both inside and outside dee's oscillate on the

plasma resistive time scale. Thus, these equilibria are

Alinearly unstable, as in theory without conductors, but

are nonlinearly restored by passive feedback to a stable
oscillation. Passive feedback does not linearly stabilize
the equilibria; i.e. the plasma 1is displaced a finite

amount before nonlinear feedback -occurs. The complete

stabilization of this mode by passive feedback, that the

ideal MHD PEST code predicts, is not observed in the dee's

since the finite plasma resistivity causes- damping of the
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induced stabilizing currents in' the rings, plasma and
walls. The square appears entinely stable vertically,
implying that passive feedbégk is more gffective for this

shape as is also indicated theoretically in figure 19.

All gvidence, both experimental and 'thebrética},
indicates thaf the square is more stable than both‘dee's,
which have similar stability properities. If the initial
vertical position of the magnetic axis 6f both dee's 1is
experimentally positioned above (below) the midplane they
are linearly unstable. However, passive feedback- is
unablelto reverse the yertical motion and the displacement
grows exponentially with a growth time again on the order
"of the plasma L/R time (resistive decay time). The square
is vertically stable, experimentally, even when positioned
away from the midplane. The form of the vertical
displacemept of the dee's seen experimentally (fig. 9) or
- in the PATENT code (fig. 18).is a non-rigid deformation
in the direction of the separatrix x-point. Also, in both
this code Qﬁd.experiment, growth rate increases as the

magnetic axis is positioned further above the midplane.

In the absence of vertical movement, a steady
horizontal motion is experimentally evident. As the

" plasma travels horizontally -it becomes . increasingly

L}
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dee-shaped (increasing lT3I)' and eventually becomes
vertically unstable. Indeed, PEST predicts this same
horizontal instability for the square and other shapes of

small IT3I (fig. 21).

A crucial factor absent in the codes used here, and

in all published calculations, is the finite plasma'
resistivity. Seki8 and Jardin13 discuss only the finite
~conductivity of the external conductors. In our

experiment the .plasma resistive.decay time may impose a

bound on the instability growth time. wﬁén' the plasma

resistance is experimentallj doubled, the instability,
Agrbwth rate also doubles. The correlation is not precise.

Although the plasma shape remains approximately the same,
a 1.5 cm, shrinkage 1in the plasma minor radius
accombanies the resistance change. However, modeling of
the effect of this chﬁnge on the instability growth Dby
PEST indicateé that the minor radius decrease causes only
-a 44 increase 1in growth ratei The experimental and
ﬁhéoretical results of this paper are summarized in table

1.

Finally, the results presented here are not ‘peculiar
to the .Tokapole machine or geometry for three reasons.

Firstly, the Tokapole machine is up-down symmetric since



Table
theory
stability codes.

1:

as

Comparison
predicted

of
by

experiment and
the numerical

¢



THEORY

Vertical Stability:

Dee and inverse dee linearly
unstable without feedback.

Square linearly unstable without
feedback.

Square more stable than dee and
invarse deex .

All shapes linearly stabilized by
passive feedback.

Tgrowth - TA.lfvén,ZW'ithout feedback.

stable, with feedback.
Nonlinear gfbwth is exponential.

Nonlinear motion is nonrigid, toward
separatrix field null.

Effect of plasma resistivity

If magnetic axis is initially placed
above, below or precisely on the
midplane, the plasma correspondingly
moves up, down or oscillates.
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EXPERIMENT

Same.

Linear state undetectable—-—
square stable.

Same.

Dee. and inverse dee not llnearly
stabilized by passive e feedback.
All shapes can be nonlinearly
stabilized by passive feedback.

~ C . with feed-
Tgrowth L/R plasna o
back.
Same.
Same.
Tgrowth decreases with increasing

plasma resistivity which limits
effectiveness of feedback.

Same

Horizontal Stability:

Squarelike plasmas are more unstable
than dee and invarse dee. '

Same.
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the plasma shows no vertical preference in its motion.
when initially positioned slightly above (below) the
midplane the unstable motioﬁ is upward (dowhward). When
centrally positioned it oscillates. Secondiy, qualitative
comparison of PEST predictions for Tokapole and PDX'a;e
very similar despite obvious machine differences.
Thirdly, the .wide seperation of the poloidal Alfven,
growéh and ring L/R times (Tg fTL/R(plasma) ~.05
TL/R(rings) ~103Ta) ‘clearly indicates the determining

factors of the growth rate.

-IMPLICATIOQNS

With the knowledge that this thesis work has provided

me, I'd 1like to discuss its implications. It seems, at
this point in time, that tokamaks of the future will
neccesarily have noncircular plasmas. It will be very

important, when designing and running these machines (e.g.
PDX, INTOR), to . remember what problems this noncircularity

¢can cause. The éxisymmetric instability will not be ‘the

deciding factor in choosing what shape, dee vs.
inverse-dee vs. square, to use. B-1limits probably will
be, But, this instability will be of prime importance in

machine design and day to day running in that we must take

¢
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into acqognt the characteristic¢ decay times’ of the plasma

N < ey

and surrounding conductors.
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