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ABSTRACT

We discuss the spontaneous symnectry breaking pattern for SU{n)
and 0(l10). It is based on the exact treatment of the absolute
minioum of tha Higgs potential as a function of scalar fields
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I. Introduction

The unified uodell of werk, electromagnetic and strong interactions
baged on the gauge proup SU(S5) has many attractive features. However,
it etill involves too many arbitrary parameters. One way to reduce this
number is to imbed SU(5) into higher uimple groups. Various schemes have
been proposed by many nul’.hurs,z but since no fully convincing solution
has been found so far, it secms worthwhile to keep the discussjon as
general as possihle.

In all schemes w: have in mind, the Lagrangian is invariant under
a given gauge group. The symmetry is spontanecusly broken, chat is 1if
a scalar Higgs field transforma as a representation of the group, some
of its components develop non-zero vacuum expectation values (VEV).

This defines a privileged direction in representation space and determines
the pattern of syrmetry breaking. The subgroup which Leaves these VEV
invariant vemains unbroken.

The scalar ficlds may be elementary. In this case, one vants the
Higgs potantial to be renormalizable, which limits it to a polynomial
of degree four. A natural condition for the non-zero VEV is to require
that they minimize the Higgs potential, This is che criterion used
here. It is also poasible to consider the scalar fields as boundatates
of the fundamental Eieldu.s'l' In the absence of a satisfactory dynamical
theory, it turns out that in this case also it may be necessary to
minimize an effective Higgs pq:en:ial." Hence, a general discussion of
the absclute minima of scalar potentials is useful also for dymamical

symmetry breaking schemes.
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A general group theoretic discusston of the Higge potential has been
given by L. E, L1,5 who considered scalar filelds in various irreducible
rapragentations, However, this 1s insufficient. For example, to bresk
SU(5) down to SU(3) x SU(2) x U(1) and eventually to the exactly conserved
SU(3) x U(L) onc needs at least two irreducible componenta. Various
particular examples have been discussed in some approximate schemes.6‘7'8

Here wa consider Higgs fields belonging to the adjoint plus the
fundamental representation of SU(n) and the adjoint plus the spinor
raprecentation of 0(10). This is srill not suffielent, but our result
has the merit of being exact, 1.e., we do not requirc any parameter to
be small. This may b important if one studles the transition between
one symmatry breaking regime to another, the parameter in the Higgs
potential varying as functions of energy (or temperature). For example,
we shall find that in the SU(5) gauge model, a continuous change in a
certain ratio of parameters (see Section 1V) changes the conserved
subgroup Erom SU(4) to SU(3) xU(l). This may be relevant to the
discussion of monopoles.

To our knowledge, na exact treatment of the spinor Higgs fields
has been given so far. This may be due to certain unfamiliar properties

.,}‘1‘5 these representations. Ceneralization te O(n) s hampered by the
- -x‘p:nnentiﬂl growth of the number of spinor components.
Results presented in this talk have been discussed {n more detail

alsevhere.?*10 Some new features will be shown herc.
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II. SU(n): Higgs Potential

Let the complex fleld Ry ({=1, .10y ®) as the fund 1

the Hermitean, traceless field oi as the adjoint represencation of SU(n).
The most general renormalizable poteutial of degree four, fnvariant
(for eimplicity) under the discrete operation bjl *-03, 1s, using the

aotation of Ref. 6:

V(1) = --;— Wi ol %(:r He . %uzn"u + % w'in?
+aitier o + Bere® + % (2.1

V has to be minimized wich respect to all components of H and ¢.

However, ve are interested in the symnetry breaking pactern, that is
the unbroken subgroups. This does not depend on the norm of H and ¢,
but only on their direction in representacion space. Hence, we .-ill

discuss the absolute minimum of

F = Bere® + auton (2.2)

keeping tr$%and H'H Fixed, Diagonalizing gi

J . 1
KT (2.3)
n n
2 ag=0 ; > uf - :rwz (2.4)
1=1 1=1
F becomes
b 6 u 2,2
F zzal»«s Zl“xl ay 2.5
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Clearly, if b and B are both positive, cach sum in (2.5) has to be
winimum; 4if b and 8 are both negative, cach sum has to be maximum.
If the signs arc opposite, more discussion 1s required.

Minimizing with respect to H1 glves:7

luil-o , dw1,2, ...,0-1 (2.6)

If we choose

nz < .iu-l.z. «vepn=1) when 8 > 0

™
2.7)
22> a(1=1,2, ..., 1) vhen 8 <0
with (2.6), ~ne gets for F:
bh 4 4.2
F-,ZZ aj +eHta; (2.8)
=1

III. SU(n): Symmetry Brcaking Pattern

We f£irst minimize with respect to n‘(i' 1, +.vy n-1). The following

Lemma, proved in Ref. 9, is very useful:

Lenma:” the absolute minfmum or the absolute maximunm of

-1
£ ?_“ al 3.0

where a; are teal numbers subject to the constraints

n-1 n-1 2 2
2:1-0 H Zui-p 3.2)
i=1 i=]

®
It can be shown that the Lemma holds also for the function
-1 4 n-}1 3
g=% Z By +d Z ay
i=]

im}
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for fixed o and 02 (0" = (..-l)pz). occurs only if at most two of the n-1

variables a, are distinct. Furthermore, the absolute maximum is obtainad
Lf at least n-2 variables a; are cqual. This Lemma can be applied to
the minimlzation of tr ek, where ¢ 1s a second rank term with wazl

elgenvalues,

According to che Lemma, one has:
n times a; ny timas a
nytmy = n- 1 3.3
The subgroup structure after symmetry breaking is then:

50(n;) * SU{ny) x B(1) i any £ 0
SU(n-1) if nyo, = ]

In order to find o) and 0y, rewrite (2.4) as

0ja; +non, = -2y (3.4)
nlaf + nzn: = tr 02 - ;: 3.5
Solve for a; aud a, and define
2
o, -n a
xmt 2 amle-—0 . Bi(0ses]) 3.6
Yo, tr¢

The function F to be winimized can now be written

2 2

7 = Sereltotaace? - dnt 1) + 6 sta’acos’s + a(l+xD)cas’s

4
b 3,8, WH 2.2 1
+4 ™ x/n singeos™® + ¢ 2 - 02 (n=-1)"sin L\]-—(—n oY) 3.7
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The result of the minimization is given in Table I. For b > G, 3 < 0,

the solution depends on tie ratio B/b.

Iy. Su(n): Discussion

The characteristics of the subgroup after symmetry braaking are the
following:

1) One loses one rank. This is due to H {n the Fundamencal
representation, With v=i=@=0, one would get Instead SU(n~1) xU(l) or
SU{(n/2) % SB{n/2) x G(1} {n even) or SU (n-1)/2 x SU {(n-1)/2 %L1} (nodd).

2) The subgroup is the product of at most three faccors, with
at most one U(1). This follows from the Lema.

3) Forb>0and 8 <0, ag the ratio 8/b varies, one finds n/2,
Tespectively {n-1)/2 different subgroups for n even, i—especuvely n odd,
4) SuU(n-1) is obtained for b < 0, 8 < 0 and for part of the
quadrant b > 0, 8 < 0. SU(a/2) x SU((n/2)-1) x U(1) (n even) Lu obtained

for b > 0, 8 > 0 and for part of the quadrant b > 0, 8 < 0,

5) For 50{5), the svlution 1s: 5U(4) for b < 0, B < O and part

of the quadrant b > 0, 8 < 0. SU{3)xU(l) for b < 0, B8 > 0 and part of

the quadrtant b > 0, B < 0. SU(2}*xSU(2)x U(l) for b > O, B > O,

¥, 0Q10 Hipggs Poteatial
We consider the antisymmetric Higgs scalar, oli = _¢ji
{1, = 1 ... 10) belonging to the adjaint Tepresentation 45, and the
16+ 16 Higgs scalars x in the spinor represeatation. We are interosted
in the most general renormalizable potential of degree four, uxcluding

odd terus by requiring invariance under ¢ + ~4.


http://fund.inont.il

Notice that:
1)  The product 16 16x 16x 16 vanishes,
2} For the symmetric product of two 16’8 one gets

(16 x 16)5 = 10+ 126 so that one might have only two independent

invariancs 16x 16 < 6 x T6.
3) From 1616 = 1+ 45+ 210 and (43 % 55)5 = 1+ 54+ 210+ 770 one
saes that there are only two Independent lnvariants 16 = 16 x 65x 45,

From this it follows that the most genmeral Higgs patential fa:

V{6ax) = Vg + VgV 4 vy

Vy = ax'x # ber o+ et + ater 9%+ oxt e #f

1a » (5.1}
Vemx 3 (xch‘x)(\:rc“x)
st
19 2
4 +
v o=decsd V"ux(z "u‘u) X
1,31

where c,y are defined in Ref. 11, 12, 13,

VI. O(10): Orbits of the Spinor Representaticn and Svmmetry Breaking

A glven spinor x can be considered as a point in a 16 Jdimensional
mpace. Acting on x with all the group elements of O(10), one gets a
set of points called the orbit of x. According to Michel and Rndlca:i,“
all smooth, real, invariant {unctions are stationary on what they call
crirical orbits. A fortiori. an absolute minimun of the Higgs potencial

wlll occur on a critical orbit.
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To characterize these orbits, define the basic states )(Af,\= . 16).

They are eigenstaces of flve mutually commuting generators Hu(<-= 1.5
belonging to the Cartan subalgebra. The eicznvalues are A:= ', “hutir
product over a being positive for representation 16, negative for 18,
Any spinor x can be written as

16

x(ey) = Z Ay 6.1)

A=1
For a given basic state Xp» define a x_ by changing the sign of {our
eigenvalues x:. For exomple, 1f x, 1s glven by (+ls, +%, +4, +'s, +'s)
then a x_ is glven by (+k, -, -%, ~%, ~%). There are five possibilities
for )&A_A . 1t can be shown that any x(cA) can be transformed by an 0(10})

rotation into

x(8) = x, cosd + x_sind 6.2}
A

Especially, anv basic state X, can be transformed into another ba«ic

state x,, . The invariant V_ of Eq. (5.1) becomes

Vg ¢|x+x|zsir.29cosze (6.3)

For each value 8 one gets a difforent orbit. The critical orbits
ecorrespond to extrema of Vs. For x > 0, Vg 1s minimum for 8 = 0 and
8 = n/2. The cotresponding littla groups, i.e., the subgroups of 0(10)
leaving %(0) or x(n/2) iavariant are SU(5) groups conjugate to cach
other. For.k < O, Vg is mlnimum for & = m/4. The little grou, of
1/VZ (x(0) + x(n/D)) 1s o(7).

The set of orbits for 8 ¥ 0, %/4, =/2 (modulo =:2V is ¢all.,

generie and rot critical, The lictle group is O(6) ~ SUeL),
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Hence, the symmetry breaklng due to the spinor representation alone

ylelds the subgroups SU(S) or 0(7).

VII. 0(10): Symmerry Brecaklng Patterns

It remains to minimize V, and Vy in {5.1). Through an 0(10)
transformatlan, one can always rotate the Higgs scalar 'ﬁ 10 such a way

that the only non-zero conponents are {a=1i...5)

%20-1,20 ™ “%20,20-1 " %

.1
5
2 2
E au tre
a=]
Replacing (7.1) in (5.1}, we ger
3 4
vy z o 7.2)

a=1

Keeping tr ¢1 fixed, the minimum of V, is obtained for &; = ay = a3 *
ul'-nsif A >0 and al=32=53=a4'°"55“"<“' the unbroken
subgroups being SU(5) x U(1) and 0(8) x U(l1) tespectively.s

With (6.1) and {5.1) one obrains

L 38 2 2 5 A
Vs ) feltey s e w2y agag @1.3)
a=l o=l

2 2
At fixed values of the a ’s we define 0 = (Min wop)/u so that

tha abselute minimum \:i = (u/4) x+x cz is obrained for any direction

. such char




wlle

How one has to minimize

5
4 + 2
v1+vl-.\2na+%xxv

a=]
1.9
5
Z a: ~ troz
a=l

Ao
with respect to a: where 0 = EAD - g qu L As poticed before,
the basic state Xy s associated to g, = a, can be transformed into any
] Q
other basic state., Correspondingly, only the signs at the 3.,’5 will be
affected, &+ *a_, In Eq. (7.3). Therefore we take X X
a a Ag = T
lu - A: = +k(as 1,...,5), o= Z a. without any lesa of genmerality.
a
We can now agnin apply the Lemma of Section ITI ta the minimum of
1%: a: keeping );: ai - tr@z and Za“ = ¢ fixed,

10

It is then a matter of simple algebra ta find the shsolute

oinimm of (7.4}. In particular, one finds that a, # 0 and a # -ag

(6,8 = 1,..., 5. The result {s given in Table IL.

The absolute minimum of the Higgs potential V of Eq. (5.1) is as
follows. For ¢ > 0, the cholce of the spinar x on the critical orbit
with favariance group SU(5} is the proper sne to minimize both v, and
Yy+V,. Minimizing with respect to ay yields the subgroups of Su(s)
glven In Table IX.

If, instead, x < 0 and Ay # O, 1t can be shown that Ln order to
get the absolute winimum of V, y cannot stay on the orbit with 0(?)
invarianee group, which minimizes Vs. In general, X will belong to
the orbit defined by X4 cOSO x_sing, with 0 depending on the paramerers

A
of the patential ¥. If |:| 1g small enough, 0 = 0 {or 5 = n/2), and



i

the pattern of symmetry breaking will again be given by Table II.
Otherwise, the residual symmetry group will be a subgroup of rank 3 of
SUC4).
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Table 1

Su(a) symmetry breaking pactern. The subgroups in the Table leave
& + .2
invariant the micimum of che potential F=(b/2)tr¢ +gH ¢ 1,
¢ € adjoint, H ¢ fundamental representation of SU(n).

[A) n_aven
b>0, 6>0: sucn/2) x su{(n/2)-1) x u(1)
b>0, 8<0:* sUn/2) % sU((n/2)-1) x U1
sU((n/2)#1) % sU{(n/D-2) x u(D
SU(r-1-m) x SU(m) » U(1)
SU(n-2) x (1)
SU(n-1)
b<0, B<O: SU(n-1)
b<0, B>0: SU(n~2) x U(L)
B) n odd
b>0, 8> 0: su((a-1)/2) x su((n-1)/2) x U(1)
b>0, 8 <0 SU (1) /2) x SU((0=3)/2) x (1)
Su(te3) f2) % 51 (n=5)/2) x UCL)
SU(n-1-r) x $U(m) x U(1)
SU=23 x BC1)
SU(a-1)
b<0, 8 <0: SU(n-1)
b<«<0, 8>0: SU(n-2) x U(L)

.Im:reasi.ng the ratio B/b.
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Table I
0(10) symmetry breaking pattern. The subgroups in the Table leave

tnvariaac the minlmum of the potential:

10 . 10 2
T T * 3

ve=x D x cvyx (x cyix) + Atee” + ux+( 3 aijoi_‘b X

=1 1,j=1

»
¢ ¢ adjolnt aud X ¢ splnor representacion.

A>0, p>0: SU(3) x SU(2) x B(1)
A>0, u<o: SU(S)
A <0, u>0: SU(4) x V(1)
A<0, 130 S x U)ot SUCS)

*
Table II gives the result for k > 0. For « < 0, see text.

TDEpendil\g on the ratio p/h,
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