Conp- §00733 -1

MASTER

THE LANCZOS ALGORITHM FOR SYMMETRIC EIGENVALUE PROBLEMS*

B. 5. Scott
Mathematics and Statistics Research Department
Computer Sciences Division
Union Carbide Corporation, Nuclear Division
Oak Ridge, Tennessee

*Research sponsored by the Applied Mathematical Sciences Research
Program, Office of Energy Research, U.S. Department of Energy
under contract W-7405-eng-26 with the Union Carbide Corporation.

DISCLAIMER

nt of work sponsored by an ag'\rv of the Uni |Dd5(ales

rence herein to any specific
r, or otherwise, does
e o ation, or favoring by the United

'y agency thereof. The views and opinions of authors expressed herein do not
lect those of the United States Government or any agency thereof

necessarily stat

TRIDUTION OF TH
DISTRIBUTION OF Th!




DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency Thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal
liability or responsibility for the accuracy, completeness, or
usefulness of any information, apparatus, product, or process
disclosed, or represents that its use would not infringe privately
owned rights. Reference herein to any specific commercial product,
process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement,
recommendation, or favoring by the United States Government or any
agency thereof. The views and opinions of authors expressed herein
do not necessarily state or reflect those of the United States
Government or any agency thereof.



DISCLAIMER

Portions of this document may be illegible in
electronic image products. Images are produced
from the best available original document.



M

&

ABSTRACT

. The Lanczos algorithm was originally used to tridiagonalize'symmetric
matrices but it yés soén replacedvby ﬁore effeqtive methods'baéed'bn:'n
exﬁliéit orthagonal;similarity tranSférmations. The algorithm wag revived
as an éffective scheme for solviné sparse symmetric‘eigenvalué problems.

, Thié ?aper surveys the histofiéal development and the current staﬁe'of

the Lanczos algorithm.




1. . Theory '

Given an nxn symmetric matrix A, a nonzero vector ros

Bo = ||r0||, and q, ~© 0 then for j = 1,2,3,... the Lanczos algorithm
- ° s .
‘computes
1. =r. .
% J-1 /83-1
2. u. = Ag. - q. B..
J 3 7 -1 Fi
3 -
. a. =q.u
J qJ J
L, r.=u. - q.a.
S R S ‘
. B.=1|lr. {(stop if B. = 0).
5. 85 = |l b if 8,

.Defining Q. = (q1,q2,,..,qj), an nxj matrix, and

J
a1’ B1 0
81 a, 82
Tj= 82 .
Bj_1
) 0 AR « 3N '
— BJ_1 J ]

a Jxj tridiagonal matrix, then it can be shown (see [Parlett 1980] for

a good exposition) that

%k
r.e.
JJ°’

1.1) .~ Q.T.
(1.1) AQJ QJJ

. * . . .
where e'j = (0,0,...,0,1) is a j-vector and,
(1.2) I * 0
1. - Q. . = 0.
QJ QJ

The Lanczos vectors {the g's) form an orthonormal basis for the éubspace

span (ro, Ar ,;..,AJ_1rO) usually called a Krylov subspace and denoted

(o]

Kj(rc). Combining (1.1) and (1.2) we obtain

* There are alternative implementations of the algorithm which will be
discussed later but the one presented here is the best. '
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Q*
= Q. AQ.

J QJ’.-

which means that Tj is the projection of A onto the subspace Kj(ro)'

Using Tj it is possible (via the Rayleigh-Ritz procedure) to

compute the optimal approx;matlons to eigenpairs of A from the subspace

(J) (J)

Kj(ro) as folloys. Let G dlag (6 8,

,.;L,e (J)) be the eigenvalues
. . - J
of Tj and let Sﬁ = (s (J) (J),.,.,sj(J)) be the corresponding matrix
o . : . . )
of eigenvectors, so that ‘Tj = SjOij . Then the 8's are the optimal
eigenvalue approximations (Ritz values) and‘the columns of Yj =

are the corresponding

- 0,9 9, ) - s,

approximate eigenvectors (Ritz vectors).

Since the Laﬁczos vectors are orthogonal the proéess must:terminate
(Bj = 0) for some j < n. briginally, the algorithm was used as.é way
of tridiagonalizing A and early termination (Bj =0 for J < n).was
a nuisance requiring the selection of a vector §rthog§nal to all the
current Lanczos vectors to continue the pfocess. Now the algofiﬁhm is
used primafii? to find a few eigenpairs of a large ﬁatrix and early

termination is a delight since the computed eigenpairs will be exact."

Much is known about the acguraéy of Rayléigﬁ—Ritz apbrbxiﬁatiops
obtained from Krylov subspaces.. Explicit boundé were obtained b& |
[Kaniel 19661, corrected in [Paige 1971], and improved in [Saad 1530]
(see [Parlett 1980] for a unified presentation) based on the char acteriza-

tion of Kj(ro) in terms of polynomials
Kj(ro) ={p(A)ro‘deg p <jl}.

Three factors influence the accuracy of an approx1mat10n to an eilg=snpair
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(A, z):
* ’ - 3 - .
1. 4 Fo® the component of r, 1in the direction of 2. The larger
the component the better the approzimation.
2. The location of A in the spectrum of A. The.closer X 1is to
the edge of the spectrum the better the approximation.

3. The relative separatiqn of A from the other eigenvalues of A.

‘The bigger the separation the better the approximation.'

| , . ,

j ' B measures the situation at the beginning while 2 and -3 indicate

| thefgdnvergence rate as j increases. It is'c6mmon.for thé Ritz |

' aﬁprqximaﬁions to well separated extreme eigénvalues to be correct to
worki#g accuraqy:for valﬁes qf j,<< n even when T, vis chosén'randomly.
0n the'othér.hand if z*ro =0 .then the whole Krylov subspace Kj(ro)
willibg orthogonal to z and z will nevef be detected. For simple

» C eigeh;ecﬁors thié situétién-hés pfpbability zero buﬁ fdr multiple eigen-

vecfo;s it is-inévitable; The Lanczos algorithm.without modification is

incaﬁable of finding more thén one eiggnfector for any eigenvalue and so

is unable to determine the multiplicity of any eigenvalue it finds.

‘It is of theoretiqal’intefést to note that for most matrices it is
(:' possible to chose a starting vector for which no eigenparie converges ' P

until Jj = n [Scott 1979al.. Its importance is that it giﬁes

insight into why such behavior is never seen in practice.

The Lanczos algorithm is also an attractive method for solving.

generalized eigenvalue problems A-AM where M 1is bositive definite.
* A : '
If M= LL 1is the Choleski factorization of M then the pencil A-AM

-1 —*
can .be reduced to an equivalent pencil L 1AL =AI. The Lanczos algorithm
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1.4

. -1, -* . .
can then be applied to the operator L. AL without forming the matrix
explicitly. The Lanczos algorithm can even be applied directly to the
pencil A-AM without factoring M provided that some method exists (for
instance conjugate gradients) for solving equations Mx = b. The details

are in section 15-11 of [Parlett 1980].
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2. Early Practice

When he introducedAthe_algorithmp[Lanczos 1950], Lanczos was éware that
the quantities computed by the algorithm in finite precision arithmetic
would eventually diverge entirely from their theoretical counterparts.

Equations (1.1) and (1.2) had to be modified to '

*
2.1 AQ. - Q.T. =r.e. + F.
( ) QJ QJ d Jd Jd N

(2 2).,.4 . :.QJ*'“. ; .
' %57
where Fj and H. account for the rounding errors. It was discovered that

while (1.1) is always nearly satisfied (I!Fjll is tiny), the orthogonality .

among the Lanczos vectors was completely_destroyéd (IlHlez 1).

- So Lanczos suggested that the simple aigorithm be modified so that”the
. computed r'j is explicitly.orthogonaiized against all the earlier ~§'s.
This process is known as'reorthogonalizatioh and with careful implementa-
tion it is sufficient to assure that the Lanczos vectors are orthogonal

to working accuracy. This modification greétly increases the cost of the
algorithm'but allowed it to be sucéessfully used té reduce‘symmetric
matrices to tridiag;nal form. With the advént of éxplicit ortaogonal

- similarity transforms, ﬁore-efficient‘methoas ofAtridiagonalizing symmetric’

matrices were developed and interest in the Lanczos algorithm died.

. The increased use of sparse matrices sparked new interest in the
Lanczos algorithm. Of central importance is that the only way in waich:
the matrix A enters the:calculation.is in the formation of the matrix-
vector product Vqu. Thus A may be stored ih any compact way whatever
which éllows such products to be computed efficiently. Also important
is that only 3 n-vectors are needed in fast memory since the earlier q's -

can be put into secondary sfbrage until they are needed to form the Ritz
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2.2
Qectorsn In fact in [Paige 1972] it is shown that with cléver programming
two n;vectors are suffiéient. On the other hand full feqrthogénalization
requires all the Lanczos fectors at each step and thé use of this device

nullifies the second advantage.

In pracfice the simpie Lanczos algorithm'(whithout.reorthbgonaliza4
tion) was found to Behavé quite odaly; Afterlcomﬁuging anAaccurate fﬁ‘
apéroximation to anreigenparie of the matrix A the algorithm "forgets"
that it has‘doné so and starts éomputing énother.‘>F6r laréerlvalues of
J there will be fwo Ritz pairs which acpurateif approximate the same
eigénpair of A. The Rifz vectors.will be paraliél'which manifeéts_the':
lossAof linears‘independence among'the Lanczos vectﬁrs.‘ Still later

a third copy will be found. The simpie algofithm‘will grind awvay for

- ever computing more and more copies of extreme eigenvalues for each new.

interior one which converges.

The loss of‘orthogonality in the glgorithm left the users in a
quandéry. The use of full reorthogonalization is ﬁuite_expensi§é and
becomes more so as J increases. Oﬁ the other hand allcwing the
orthogonality to.dissipate réquirgd successful identificationAof the
spurious copiesiés well as raising phéd;etical éueétions,éoncérning
the accuracy of the computed resul£s. The most effective solution

combined two ideas.

Iterative Lanczos periodically restarts the algorithm with a special
starting vector chosen as some linear combination of Ritz vectors from
the current subspace. If full reorthogonalization is used then the

start over point is determined by cost and storage considerations while
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some kind of monitoring of .the loss orthogonality is required if no
reorfhogonalization is performed (see [Parlett and Scott 1979] for a

discussion of monitoring the loss of orthogonality).

The block Lanczos algorithm replacés each Lanczos vector q; by

an n x p orthonormal matrix Pi° The resulting matrix T 1s block

'tridiagdﬁal with p x p blocks. The off diagonal blocks can be chosen

to be trianguiar‘so that T 1is a band mat?ix with 2p + 1.diagonals.

Block Lanczos has a thoretical-advantagé in that multiple eigenvalues

can-ﬁe found (ﬁp to the block size p). It has three further advantages.
The loss of orthbgonality ten&s to be directly dependeqt on the‘nuhber

of Lanczos steﬁs taken.t Thus with block_iancios, when loés of»ofthogonality

requires an iteration. the size of the current subspace will be larger s0

" that more and better eigenvalue aﬁproximations will be available.

More.imrortantly, p vectors can be chosen for the new starting block
which allows more information to be retained from one step to the next.
Finally in ﬁany épplications‘the matrix A will be in secondary storage

and will have to be fetched (in pieces) to form the matrix-vector product

Ag. In such a situation the, cost of multiplying several vectors will be

little more than the cost of muitiplying one. -

Iterative bléck Lancios programs‘yére successfully-implemented by
[Cﬁllﬁm and Donath 1974] and by [Underwood 1975]. It should be noted that
while block Lanczos has strong theorétical Justification, interation of
the algorithm is employed only becguse of problems associated with loss
of orthogonality and inforﬁation is always lost when the current subspace

is discarded.

e e




3. The Results of Paige

A deep understanding of the Lanczos algorithm was first obtained

by Chris Paige in his PhD thesis [Paige 1971]. Unfortunately his thesis

- was never published and some of the most valuable results have become
generally knéwn only recently. We present here some of his mosﬁ important

‘discoveries.

' He found that it is'possible to monitor the convergence of the
aléorithm at step j by éomputing the residual norm I[Ayi - yieill of
a'Bitg pair (ei; yi) without computing the Ritz vector 'y, at all!

By definition y = sti’ where (ei’.éi) is an eigenpair qf Tj’ and so

multiplying equation (1.1) on the right by s; we find

AQ.s. -~ A.T.s. = r.e. s.
QU 1 QU J1r - J3J 1

where sji is the botton element of siu Taking norms we have 4

3.1 ay; - vpe;ll = 8lssl = 8y

' In finite prgcisioﬁ arithmetic it is eéuation (2.1) which governs the
algbrithm. Fortunafely lle'| is.always small in pfaétice_and specific
bounds are given in [Paige 1976]. Thus Bji’ whiéh can bé computed by sol-
ving a small tridiagonal eigenvalue problem, is an inexpensive and accurate
estimate of the residual norm of a Ritz vector. There‘femained the fear
that the loss of linear independence among the Lanczos'vgctors might lead
to a Ritz vector y with ||y|]<< 1, which would invalidate the use of

B

5i as an estimate of the accuracy of the eigenvalue. A complicated

analysis in [Paiée 1971] which also appears in [Scott 1978] shows that
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|lyl]<<| can happen only when there is a cluster of Ritz values all
apprqxiﬁating the same eigenvalue of A. There will always be at least
one Ritz vectér in the cluster with ily1|::1,_and, in any case, such & ciusfer

of eigenvalues is always converged to working accuracy.

There is an alternative to the implementation of the Lanczos algorithm

given:in section 1... Tj’~is replaced by the nonsymmetric tridiagonal

matrix
a1 T’l1
Bi % My
8,
nsy
8. o .
: J-1 73
L : U N amtutnd

where the n's are chosen as n, = qi*Aqi+1; This insure; o;thogonality
of a; and 940 and since it seemed to preserVeAthe orthogonality.better,
it was considered the bgttér formula. Paige diséoﬁered [see Paige i972]
that méintaining the symmetry of T was more important thaﬁ maintéining

local orthogonality between Q; and g .~ The non—symmetric form can

“1+2
lose as much as half the available precision. (That is the Ritz values’
never converged to a relative accuracy of more than about vE.) The

symmetric implementation is also more efficient so there is no reason

for further consideration of the nonsymmetric version.

Paige' s most important discovery was the relationship between

convergence and loss of orthogonality. In words:

loss of orthogonality <= convergence.

(ST
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This result became known soon after its discovery but the proof and some
important intermediate results have only just appeared in the open

literature [Parlett 1980].

The quantity of interest in monitoring loss of orthogonality is the

*
J—-vector Qj qj+1 which would be zero in exact-arithmetic.

Computational experience indicates that the elements of thé vector grow

in magnitude with increasing J but show no discernable pattern. The
pattern can be seen only by making a change of basis by premultiplying

* *
. Q. b S. the eigenvector matrix of T..
Q; Qj4q. Y S5 g _ 3

* * *
55 % %G1 T F5 Y o
the inner products of the Ritz vectors with qj+1. Paige proved that
* .
(3.2) lyi rjl Isji|'= Y51

where ji is a messy expression involving n, j, A, and details of the

arithmetic unit. Bounds for Yii exist and in practice

Vi e |[a]]

is always satisfied. Since rj = qj+1 Bj equationv(3.2) can be rewritten
as

(3.3) e =
33y a5 = vylE

Where Bji defined in equation (3.1) is the residual norm of yi‘ to

working accuracy.

Thus orthogonality is lost only in the directions of converging
Ritz vectors. Loss of linear independence occurs when a Ritz vector converges
to working accuracy at which point a second Ritz vector appears

essentially parallel to the first. The second Ritz vector perturbs the
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first away from the eigenvector (the Bj;" s are about vE|lAl]) and
then the two vector converge together until the Bj£ =~ €||al] at which

point a third copy appears.

Paige recommended that the simple Lanczos algorithm be run past the

loss of linear ipdependence until all the eigenvalues of interest had

‘converged. This method was quite successful although it required the

identification of the spurious copies. The identification is easy if the
Ritz vectors are computed (since copies will be parallel instead of
orthogonal) but it is not easy to make the indentification &ithout the

Ritz vectors. The spurious copies‘also make it more difficult to determine

'when all the desired eigenvalues have cohverged.v‘
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.. Selective Orthogonalization

rSelectife orthogonalization, the idea of orthogonalizing qj+1
againsﬁ converged Ritz vectors oﬁly, was suggested to me in 1976 by
Parlett, without knowledge of equation (3.3), as a way of suppressing

repeated copies of Ritz vectors. The process seemed to be éffective and.

the discovery of equation (3.3) in Paige's thesis gave a theoretical

justification to the idea as well as the analyticglitodlneeded for its

analysis. The important ideas are in [Parlett and Scott 1979] and a more

detailed analysis in [Scott 1978].

The basic idea is to_maintaih a level of independence among the

. * . SR
" Lanczos vectors measured by x3 = || - Qj lel. K, = [} - q1'q1|| will

always be tiny (::E) since it just measures how well a vector can be

normalized. Es is an increasing function of J and in the simple

Lanczos algorithm ’ﬁj will surpass 1 as the second copy of a Ritz vector

appears and the Lanczos vectors become linearly dependent.

It Kj::€ is to be maintained then fullAreorthogonalizatibn is -
required but the important observation is that quite modest values of - K
(say k= .01) are quite sufficient to prevent repeated copies from

appearing. Thus selective orthogonalization allows the simple Lanczos

algorithm to proceed as loﬁg as 'Kj < ¥ for some predetermined-k‘.

It then steps in and performs the needed orthogonalizations when k 3

threatens to grow bigger than « .

Using equation (3.3) it can be shown that as long as

(4.1) By > € ||all] / x,

)%k
then Iy;(J) aQ

| < k¢ and
1

3+1




4.2

* : 3 . ‘ - + ' 1 th- . .

It - Qj+1 Qj+1l| < (j + 1] . Except for the factor 1§ is the
desired result.. The factor j + 1 is never seen in practice and it will

be omitted from the further discussion.

Selective orthogonalization monitors the Bji until some Bji cfosses

the threshold, that is satisfies

.(h.g): By <€ llAlI[.“‘

The algorithm then pauses and computes the ¢orresponding_Ritz vector ng)

by recalling the Lanczos vectors. rj’ is then explicity orthogonalized

against ("purged of") ng).' It is also necessary to purge r §J).
o ' - ~ (3
Then later r's will be essentially orthogonal to yiJ) due to the three’

je1 T Y

: )%
term recurrence. It 1s only necessary to monitor (bound).[yga) .rkl and .-

: - A . .
to purge again (twice)} when |y§3) rkl > K. The details are in [Parlett

and Scott 1979],'

If suppressing répeéted copies were the sole criterion:fér the choice
of K then a value like K = .01 would be éuffiéieﬁt. Ho%éver:there are
fwo compelling reasons to insist that eéﬁation (3.3)'be éatisfiéd by the
uncon:verged Ritz veétors even after somé Riéz vector haslcrossed the
threshold. Firstly equatiqn (3.3) profides the oniy inexfehsive ﬁay of
meaéuring the loss of ofthogonality:in the direction of a givén‘Ritz vector
and éecondly'it is only equéfion (5.3) which guarantees that ]y*qj+1 >k
will be satisfied by only a few Ritz vecfors at most. This means that the
orthogonalization of rj against one Ritz vecﬁor must not significantly
perturdb the angles between rj and the other Ritz vectors. This leads to
a more stringent constraint on the value of . K as shown by the folléwing |

analysis.
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.Wé need names for rj and Bj' before and after the orthogonalization
and we will use rj' and Bj' for the quantities before‘the orthogonalizatioﬂ.
For convenience aésume:that only one'Ritz‘ ym"ﬁas érbssed fhélthreshbld‘

and needs to be purged from rj'. Then

= ¥ -
r. Ts Yn En?

. * . )
where T E =y rj', "and so for k # m,

*
' - (yk ym) £

o o * :
In exact aritimetic both gm and Vi yﬁ would be zero but for our purposes

* . .
only their product must be tiny. The factor Yie yﬁ can be bounded directly

by K. The analysis of gm is more complicatéd‘but the gist of it is
that

* ' S
el = I, 251 = leos < Gror;) | 85
and la?ge values of lcbs 4-(ym,rj')| can onl& occur in cémb;nation with
small values.of Bj' so that Em can be bounded.b&” KllAll. Sée tScott
1978] for the details. Thus the product of the two terms is bounded b&

K2||A|| and this leads to the choice of K = VE.

Although K = V@ is much smaller tgan K %‘.01 a thréshbld véctor
will satiﬁfy | |
By < VE[[a[] | |
wvhich means that in most cases thg Ritz vector will have converged to half'
the working accuracy while the Ritz value will have converged to working
accuracy. Hence very few Ritz vectors will ever cross the threshold

which explains the computational efficiency of the scheme.

There is another reason for choosing K = VE. The Ritz vectors

computed by the algorithm will not be orthonormal to working accuracy.

e
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Instead they will satisfy
* ' K
.lym ykl =%
Since the true eigenvectors are orthogonal it is reasouable to explicitly

orthogonalize the*Ritz vectors (in order of decreasing accuracy). The

‘Rayleigh quotients of the new vectors will be perturbed by O(K ||A|!)

and choosing K = 3 1nsures that thlS perturbatlon can be ignored.

Further 1n31ght 1nto the behav1or of selective orthogonallzatlon caﬁ
be obtained by taklng the terms representing the orthogonallzatlons and
cpnsider them as perturbations to the matpix Tj' The new matrix _Tj'
will be tfidiagonal except for the addition of nonzero spikes in certaip 
éoluﬁnes which are miltiples of éhe eigenvectors,of T which generated

the Ritz vector used in the orthogonalization. For example if

ym(J) = stm(J) is the first threshold vector then
P B ¢ R ¢ )]
AQ. - Q.T. =r.e. +
QJ QJ J JJd T Em

can be rewritten as
' (3 *, (3) *
AQ. - Q.lT. + s . J =r.e. .
R~ QT sy ey By TN = rsey |
The bh01ce of K = VE insures that the perturbation sm(J)Bm(J) can be
1gnored in computing the elgensystem of later T's except for the requlred

orthonormalization of the computes Ritz vectors. See-[Parlett 19801 for

more details.

The current implementation (see [Scott'1979b]) employs selective
orthogonalization only for those eigenpairs desired by the user.
Orthogonality is allowéd to dissipate in the direction of undesired
eigenvectors. In theory this invalidates the a priori error estimates but
the desired Ritz vectors still converge and their residual norms provide

a posteriori error estimates. For problems where eigenpairs are desired
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from only one end of the spectrum this halves the number of Bji which
must be computed at each step. Only in very extreme examples ﬁopld the

convergence of the Ritz pairs be seriously degraded by the failure to purge

the undesired Ritz Vectors. This also removes the uncertainty in.the

‘amount of storage needed by the algorithm.

The current implementation employs block Lanczos with all its

. advantages discussed in section 2. In fact the ability to detect multiple

eigenvalues simultaneously is so important that a blocksize of one 1is
recommended only when only one eigenvalue is desired. The quantifies‘

computed by block Lanczoa satisfy

: o .
AQ. - Q.T. = R.E.
QJ QJ J 4 d

where Qj = (Pi’P2’P3’f"’Pj)’ each P, is an.'nXp orthonormal

matrix, Tj is a jpxjp block tridiagonal (band) matrix

—

.t
Ay By
%x
By A By
T, = B, ' ,
L ¥
3 ! Bj-—]
B. . A,
o . J-1 73 ..
P . —.
B MP ._B ~d E.* “n[d”I] . S o e . e -
. = P. ., and E. = is a pxjp matrix.
SRR RS J , PAIP

The analogs of equation (3.1) for block Lanczos is

1= 8.,

lIAyi = yieili = l!Bjle ji?

where Sji is a p-vector of the last p element of the vector s -

The analog of equation (3.2} is

*
(4.3) v stji = in

where |in| = € ||a]ll. Since Rj.= Pj+1Bj equation (L.3) can be rewritten
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as

. |
(4.4) Ly; Py, )[Bys50) = v,

The vector .Bjsji..still contains all the needed information. It is'

'llBjsjill which measures convergence but it is a small element of

4 Bjsji which signals loss of orthogonality- _Thus °

convergence = 10ss offqrthogonality~

but the arrow no longer goes both ways és the following example showé.

1
form an orthonormal basis of span (Ro)-so that span (AP1) = span(Aq,Aeq).

Let R = (q,Aq) forvan'arbitrarj vector q. The columns of P

Thus R, will have rank 1 and one column of P, would be zero.
Numerically the second column of P2 would be normalized noise and
serious loss of orthogonality would occur even though no convergence had

occured.

The Lanczos algorithm with selective orthogonalization provides a

black box method for'ébmpu%ihg a ﬁéﬁ éigen&éiueé and eigenveétors of a

symmetric operator which is ideally suited for large sparse problems. o

The details of the current impiementation are in [Scétt 19795]}




5. Current Research

Current research in the Lanczos algorithm has been focused on using
it to solve other related problems. This section will survey current

reseaxrch areas.

A problem which arises in some applications is to compute all.the

- distinct eigenvalues of a large sparse symmetric matrix. The Lanczos

algorithﬁ (with no reorthoéonalioaiion) was used by Cullum and Willoughby
with a clover method of identifyioé aﬁd discarding oepoated copieo
[Cﬁll@:& ‘Willoughby 19'{8,' 198a]. The main difficulty is to de-terln‘ine.v
when‘to stop the process;~ J2nis clearly needed.out > 105 is sometimes

needed to resolve clusters of elgenvalues and the cost of computlng

' elgenvalues of such large tridiagonal matrlces is non-tr1v1al More

recently Parlett and Reid employed efficient method of monitoring the
convérgénée'of the algorithm‘which allows termination to occur as soon

as possible [Parlett and Reid 1980].

In some appllcatlons (espec1ally generallzed elgenvalue problems)
it is p0351ble to factor the matrix A (or the shlfted matrix A - rI)

and run the Lanczos algorithm on A _(or (A <~ o1)” ). The inversion of

the oﬁerator<causes'a transformation of. the spectrum. The eigenvalués far

from the shift o - are compressed near zero so that the eigenvalues near
0 become the extreme ones with large relative separations. Thus by the
Kaniel-Paige-Saad theory discussed in section 2, convergence of the

algorithm to the eigenvalues near ¢ 1s quite rapid. ir only one

"factorization is possible then the shift sigma should be chosen near

- the center of the desired eigenvalues and Lanczos with selective

orthogonalization should be used. (One of the codes describe in [Scott

1979] is designed for this context.)




5.2

If several factorizations can be computed then the questions are how
long should the Lanczos algorithm be run with one factorization before

computing a new factorization,‘what should the new shift parameter be,

" and how should the new starting vector (or vectors) be chosen? One con-

venient result is that the factorization of A < oI gives a count of the

number of eigenvalues of A less than o (equal to the number of
negative pivots encountered). - This means that eigenvalues bannpt be

missed by the algorithm without a warning message.

A preliminary code for this problem is describgd in [Eriksson and
Ruhe f979]. The code uses simple Lanczqs wiph fulljreorthogonalization.
Theblength of a Lanczos run is detérmined by.stofageland éost,conSideratidns.
The new shift is cﬁosen so that the last conveféed eigenvalue liéé half&ay
betwegn,the new aﬁd.old shift. The starting veétors'are chosgn'randomly
and are then orthogoﬁalizedlagainét the converged vectqrs."The cédé
empléjs a clever modification which improves the accurac} of the éigén-

vectors.

The author has a preliminary code which uges block Lanczos wiﬁh no
reé;thogonalizafion. Tﬁé'end.of a Lénczos ru# is signalled by étérage
congiderations or significant‘ioss of ofthogonélity'(sji < 1on€||A]l] say).
Thé new shift bisects the p and (p +‘1)st fuﬁconvefged eigenvalues
(p is the blocksize) and choses the p stafting vectors as linear
combinations or the unéonverged‘eigenvectors. It is recommended that the
blocksize be chosen as P e Vimband where mband is the4bandwid£h of the
matrix A. This choice is made to try to equalize to some extent fhe

cost of a Lanczos step and the cost of a factorization.




5.3.

“Both codes are capable of solving generaliied problems A-AM
including the important special case when M is diagonal and only

positive semidefinite.

‘No direct comparisons of the codes have -been made but I would expect
that as the bandwidth of A increased (and with it the cost of a

factorization) the better and better the block version would perform-

, Eriksson4an@ Ruhe make no use of the unconvérged Ritz vectors due to

difficulties with multiple éigenvalues} Since block Lanczos essentially
solves the multiple eigenvalue difficﬁlty my code is able to retain more
information at each iteration., However a multiplicity larger than the

blocksize can cause my code to' return erronedus results so more work is

‘needed. . -

There is a close relationship between the conjugate gradients
algorithm for solving Ax = b (with initial guess X, = 0) and the
Lanczos algorithm with qQ, = b/Bo. In theory the conjugate gradient

solution at step J 1is

where Aﬁ is the projection of A onto the subspace Kj(q1) = span

=1

(b, Ab, Azb,..., A% B). Using quantities computed by the Lanczos

algorithm,

*
where Qj b = e180 by the special choice of q,- Due to rounding errors

" both conjugate gradients and the Lanczos algorithm diverge completely

from their theoretical paths but the relation

o _ -1
(5'1) x.j = QjTJ 8180




5.4

' <= ' continues to hold.

Equétioﬁ (5.1) gi&es.anAeésy e#planétioh of the potential iﬁsfability
of cénjugate'gradients for indefipite matriées. Ir A is indefinite Tj
A:canlbg singulaf and the formula breaks down. Numérically this corresponds
to the solution xj | growing very large ét one step and then sh;inkinglat
the next causing serious loss of accuracy que'to cancellation. (Tj ‘and
(, _ Tj+5' cannot both be ill conditioned unless A itself is).
This relationéhip between conjugate gradients and Lanczos was exploited
(j in [Paige and Saunders 1975] to produce a stable algorithm, SYMMLQ,'for
indgfinite mafriceé. However sincg SYMMLQ is less efficient than simple

conjugate gradients it was not recommended for positive definite A.

At the cost of storing the Lanczos vectors (q's) in secondary store,

the Lanczos formulation offers. several important advantages.

1. Indefinite A causes no appreciable extra expense. It isldnly
necessary to téét'thé condition of the small tridiagonal matrix Tj
(: " ‘and take one more step Lanczos if’ Tj is ill conditioned.
2. Selective orthognalization can be used to maintain robust linear
:<: , independence among the Lanczos vectors. This will decrease the number of

steps needed by the-algorithm.

3. If the solution of more than one right hand side is needed then the
subspéce'geherated for one right hand side can be used to find a gocd
starting guess for b, as

= Q.T. Q. b,.
%o QJJ QJ 2

It is possible (even likely) that this X, will already be sufficiently

accurate and no further modification will be needed. (If A has multiple

D
npe




5.5 i
. i
; ' or near multiple eigenvalues it will be necessary to use block Lanczos in

working on b, to retain the high likelihood that the initial guess xé

1

for b, is sufficiently accurate).
It is important to point out that preconditioning schemes can be .

incorporated into the Lanczos formulation without difficulty. See [Parlett

1979] for a more detailed discussion of using (simple) Lanczos for solving

linear equations.

Another area of interest for the Lanczos algorithm is in solving

(: A-matrix problems.of the form
(5.2) (AkAk + }\'K"1Akn1 + ... 4 Ac;)x = 0.
Such problems can alwéys be rewritten as linear préblems ‘A - AM where -
A and M are Kn x Kn matrices Eut it would bé nice.to ha&e some method
o of finding eigenvalues of (5.2) working with only n x n matricés;
A method given in [Scott 1979¢] uses the ﬁanczqs.algorithm to solve
linear problems A - AM' for one eigenvalue at a‘time withou£ faétofing
.
\

any matrix, Extensions of this idea are being investigatéd for A-matrices’

of degree bigger than 1.
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