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TRANSPORT-DIFFUSION COKPARISONS FOR 
SHALL CORE LMFBR DISRUPTIVE ACCIDENTS 

E. T. Toinlinson 

ABSTRACT 

A number of numerical experiments were performed to 
assess the validity of diffusion theory for calculating 
the reactivity state of various small core LMFBR disrupted 
geometries. The disrupted configurations correspond, in 
general, to various configurations predicted by SAS3A for 
transient undercooling (TUC) and transient overpower 
(IOP) accidents for homogeneous cores and to the ZPPR-7 
configurations for heterogeneous core. In all TUC cases 
diffusion theory was shown to be inadequate for the 
calculation of reactivity changes during core disassembly. 

I. INTRODUCTION 

The determination of situations for which diffusion theory is valid 
is one of the classic questions in reactor physics. There exists a 
certain class of problems for which diffusion theory is inapplicable, 
such as the calculation of the neutron flux in voids. These calculations 
can best be done by solving the neutron transport equation. There is, 
however, a range of problems for which it is difficult to a priori 
determine the validity of diffusion theory, such as partially disassembled 
homogeneous reactor cores and heterogeneous (parfait) reactor core designs. 

The objective of this study is to examine the aforementioned 
situations and to determine where diffusion theory no longer yields ac­
ceptable results either directly,through the use of standard biasing 
techniques, or through the use of first-order perturbation theory. To 
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this en3, the project Mas divided Into two sections. The , irst section 

tonslsts of an analysis of various ̂ snapshot models of a disrupted 330 MW(e) 

homogeneous liquid metal fast breeder reactor (LMFBR) core, using botn 

diffusion end transport theory and perturbation theory. The models chosen 

were slmiliar to those predicted by the SAS3A1 accident analysis core, 

but somewhat exaggerated. The large fest iv i ty Insertions predicted, 

would in reality not occur In an LMFBR core due to the effects of such 

phenomenon as Doppler broadening etc. The second section consists of 

an analysts of a 350 MM(e) heterogeneous core. The geometric configura­

tions considered in this section were similar to those occurring 1n the 

Zero Power Plutonium Reactor (ZPPR-7)2 experimental mock-up of the Clinch 

River Breeder Reactor Plant (CRBRP) alternate fuel management scheme 

(heterogeneous) core. 

II. THE CROSS SECTIONS 

A 7 group3 macroscopic cross section library was created for use in 

the disrupted core neutrdnlc analysis as wellas for shutdown core physics 

studies. This library was collapsed from the 126 group psuedo composition-

Independent neutron library.H Prior to coll?psing the cross sections the 

energy self-shielding effects in the macroscopic cross sections were 

accounted for by utilizing the homogeneous region Bonderanko treatment 

as I t Is coded into SPHINX.5 

The XSDRNPM module of the AMPX6 code system was used to collapse 

the fine group self shielded libra/y to a 7 group P3 library. The 

one-dimensional core model used /or the calculation of the flux used 

In the collapse ,̂ 1s shown In Frgure 1. The energy boundaries for the 

7 group 1 library are given 1M Table I . 
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Table I. The Energy Boundaries for Seven Group 
Disrupted Cfcre Crost Section Library 

Group Upper Energy Boundary (eV) 

1 1.7333 + 07 
2 8.1873 + 06 
3 5.4881 * 06 
4 2.4660 + 06 
5 4.9787 + 05 
6 1.2341 + 03 
7 * 4.1399 - 01 

1.0000 - 05 

A 7 group, transport corrected, »>0, macroscopic library was created 

for use in the diffusion calculations. The "inflow approximation" in 

the AXKIX7 code was used for the calculation of the transport cross 

section. 

Since these studies were scoping and comparative in nature, the cross 

sections were not reweighted for the heterogeneous core calculations, nor 

*ere the ZPPR-7 atom densities employed. Blanket and core materials that 

were generated for the homogeneous cases were merely interchanged. 

III. THE CALCULATIONS. METHODS 
0 

A. Diffusion Theory 

The diffusion calculations performed for this study were all done 

using the D0T3.58 dlscrete-ordinate code. Each calculation was considered 

to be converged when the fractional error in the keff eigenvalue was less 

than 1.0 x 10-1* and the point-wise error in the scalar flux was less than 
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1.0 x 10"1*. A typical calculat ion required 20-30 minutes of computing 

time on the IBM 360/91. Since D0T3.5 does not employ any convergence 

acceleration scheme on outer i terat ions and only non-sophisticated 

o v e r t a x a t i o n on the inner i te ra t ions , shorter computing times would 

be expected using codes such as VENTURE,0 DIFF30, 1 0 or FX2. 1 1 Central 

processor uni t times for the " f i ne " mesh d i f fus ion calculations were 

somewhat longer (approximately 90 min). The detai ls o f these cases are 

discussed la ter i n this report . 

B. Transport Theory 

The f i r s t attempt to perform the transport calculations for th is 

study was nade using the D0T3.5 discrete ordinates code. I n i t i a l analysis 

indicated that the l inear/step diamond di f ference 8 schemes i n DOT3.5 

could not be converged to the desired l eve l . Model osc i l l a t i ons , i . e . , 

cycl ic switching between the l inear and step models led to s ign i f icant 

errors in the calculated k e f f s and consequently in the reac t i v i t y 

changes. The point-wise angular fluxes could not be converged to less 

than 1.0 x 10" 2 in some regions. As a resu l t the decision was made to 

employ the newly developed D0T-4 1 2 discrete-ordinates code which has 

a "super-weighted" difference scheme that allows t ighter convergence, 

see Appendix. The use of th is difference scheme allowed the point-wise 

angular fluxes to be converged to a f ract ional deviation cf less than 

1.0 x 10"1* smd the point-wise f iss ion source to be converged to less 

than 1.0 x 10" 3 . 

The variations seen by switching differencing schemes were s ign i f icant . 

The l inear/step difference schemes calculated a sodium void worth for 

Case 1 , described in the next section, of +0.318$ while the super weighted 



difference-scheme calculated a worth of +0.034$. The accuracy of the 

super-weighted difference scheme was later compared to Monte Carlo 

calculations.. The calculations used for this comparison are described 

later tfi this report. The discrete-ordlnate calculation was in excellent 

agreement with the Monte Carlo calculation. 

C. Perturbation Theory 

Perturbation theory, particularly first-order perturbation in which 

the forward and adjoint fluxes at the unperturbed state are employed, 

has long been a meth . fot istimating reactivity changes due to material 

changes in a reactor tu<*e. More recently "exact" perturbation theory, 

in which the adjoint at the perturbed state and the perturbed fission 

operator is used in the denominator of the perturbation equation, Eq (1), 

has been considered 

. 6p * (•*,(6F/k - 6E + 6SH) / ( * * ,F$ ) (1) 

fip » reactivity change 

fiF • change 1n the fission operator 

<sz * change in the total cross section operator 

«S a change in the scattering operator 

k -- unperturbed state eigenvalue 

* unperturbed state adjoint flux ( f i r s t order) 

• perturbed state adjoint f lux (exact) 

* » unperturbed state forward flux 
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= unperturbed fission operator ( f i r s t order) 

= F + <5F = perturbed fission operator (exact) 

The brackets in equation (1) indicate integration over al l phase space. 

The perturbation results were calculated using a number of code modules 1 3 - 1 

developed for use with the DOT series of codes. These modules allow the 

calculation of both f i r s t order and exact perturbation reactivity changes 

based on either transport or diffusion theory. 

IV. THE HOMOGENEOUS CORE 

The f i r s t section of this report deals with exaggerated hypothetical 

accident sequences similar to those that have been postulated for the 

350 MW(e) homogeneous LMFBR core design. 1 6 Included in this section are 

the various disrupted configurations that were considered and the numerical 

results that were obtained. 

A. Reactor Configurations 

Five "snapshot" configurations were chosen for detailed neutronic 

analysis. Each configuration approximated, within the l imits of R-Z 

geometry, a dist inct phase In either the unprotected transient overpower 

(TOP) or transient undercooling (TUC) accident scenario. These configura­

tions were defined as follows: 

Case 1 -normal beginning of l i f e (BOL) 350 MW(e) core, 

Case 2 - i n i t i a l sodium voiding phase of a TUC accident, 

Case 3 - post-clad motion/pre-fuel motion phase of a TUC 
accident, 
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Case 4 - post-fuel motion/pre-shutdown phase of a TUC accident, 

Case 5 — post-fuel notion phase of a TOP accident. 

Case 1 - The Reference Core 
/ 

r 

The reference BOL core 1s depicted 1n Figure 2. The calculational 

Model was extended through the shield in the radial direction (167.842 en 

frcn .the centerline) where a non-return boemdary condition was imposed. 

The axial model extended fron the non-return boundary at the lower edge 

of the lower attachment upward through the upper fission gas plenum, a 

distance of 367.436 an to another non-return boundary. The interior mesh 

spacing and zone map are shown in Figure 3. A total of 3672 mesh points 

were used to describe this and all subsequent disrupted geometries. 

An extra row of control rods was included in the model presented in 

Figure 2. This was done in an attempt to model the partially inserted 

control rods on the corners of the hex that approximate the inner core. 

The safety rods on the flats of this hex were parked in the upper axial 

blanket. This is a standard modeling technique employed by Westinghouse 

(W-ARD) fn modeling of the CRBRP. 
* 

Case 2 - The Sodium Void Model 

The intent of the sodium void configuration was to model the initial 

phases of sodium voiding. In this configuration the sodium was voided 

from the high power to flow ratio channels, namely the center most sub­

assemblies and the first row of subassemblies in the outer core. The 

voiding was assumed to occur in the active core region and to extend up 

through the upper axial blanket. The material changes and the zones 
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Fig. 2. Material Map for the Case 1 Disrupted Configuration. 

involved in this perturbation are presented in Table II and illustrated 
in Figure 4. 

Case 3 - The Post Clad Motion/Pre Fuel Motion Model 

The third disrupted configuration is described in Table II and illus­
trated in Figure 5. This configuration was representative of the core 
after a large fraction, 78%, of the inner core has voided in addition to 
the first row of subassemblies in the outer core. The steel clad in the 
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Fig. 3. Mesh Spacing and Zone Map for a 350 MW(e) LMFBR Core. 

f i r s t three rows of subassemblies in the inner core and the f i r s t row of 

subassemblies in tiie outer core was assumed to have melted throughout the 

entire active core region. This material was then postulated to move 

upward and downward into the.upper and lower axial blankets. Approximately 

40* of the clad was assumed to freeze uniformly in the lower 11.913 cm of 

the upper axial blanket and 60% in the upper 11.895 cm of the lower axial 

blanket. 
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Table I I . Disrupted Core Configurations 

Problem ID Effect of Interest Quantity Zones Involved 

Case 1 Reference ~ -

Case 2 Sodium void 100% from 28,29,35,36,42,43,50,51 
61,62 
33,40,47,57.66 

Case 3 Sodium void 100% from 21,22,23.26,28,29,30,31,33, 
35,36,37,38,40 
42,43,44,45,47,50,51.53,54, 
57,61,62,63,64,66 

Move SS 100% from 28,29,30,35,36,37,42.43.44 
40% to 50.51,53 
60% to 21,22,23 

Move SS 100% frog} 33,40,47 
40% to 57 
60% to 26 

Case 4 Same as 3 
and 

Void Fuel 100% from 42, 
5% to 50, 
80% to 35 
10% to 28 
5% to 21 

Void Fuel 100% from 47 
5% to 57 
80% to 40 
10% to 33 
5% to 26 

Case 5 Move Fuel 20% from 28,35,42 
20% to 61 
20% from 33,40,47 
20% to 66 

* 
See Figure 3. 
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Fig. 4. Material Map for the Case 2 Disrupted Configuration. 

Case 4 - The Post Fuel Motion/Pre Shutdown Model 

The fourth disrupted configuration was described in detail in Table II 
and illustrated in Figure 6. This configuration was representative of a 
core shortly after the initiation of fuel slumping in the center six 
subassemblies of the inner core. The upper 36.681 cm of the unclad fuel 
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was assumed to redistriDute i tse l f uniformly in the lower portion of the 

subassembly, the lower axial blanket and the upper axial blanket. The 

majority of the fuel was assumed to slump under the force of gravity 

redistributing itself as follows: 80% in the center 19.225 cm of the 
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active fuel region, 10% in the lower 36.132 cm of the active fuel region 

and 5% in the upper 11.895 cm of the lower axial blanket. The remaining 

5% was postulated to move upward and freeze on or near the steel plug in 

lower 11.913 cm of the upper axjal blanket. 

Case 5 - The Post Fuel Motion Model 

The f i f t h ?nd f inal disrupted configuration was representative of 

the post TOP accident fuel relocation and is described in Table I I and 

i l lustrated in Figure 7. I t wâ  postulated that 20% of the fuel was 

expelled from the fuel pins in the o>nter subassemblies of the inner 

core and th? f i r s t row of subassemblies in the outer core. I t was then 

swept i:p and out of the core into the upper 23.825 cm of the upper axial 

blanket, where i t was assumed to freeze. The steel clad and sodium in 

the axial blanket were assumed to remain in place. 

These five particular disrupted configurations were chosen to be 

representative of the spectrum of material redistribution in severe core 

disruptive accidents. They by no means model a l l the possible nor neces­

sarily the most reactive situations. 

B. The Numerical Results and Analysis 

Three discrete ordinate transport theory k e f f eigenvalue calculations 

(S 6P 3, S i ^ , SI+PQ)> were performed using various angular quadratures and 

scattering cross section expansions in order to access the effects of 

internal voids and anisotropic scattering. For a l l the cases examined 

no significant change was observed by varying the order of scattering 
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or the quadrature over the range cited above. A set of S2Po calculations, 

not presented here, snowed up to a 0.32% under prediction in k eff when 

compared to the ShP0 results. 

In order that the initial diffusion theory calculation proceed,a 

transport croiS section of 1.0 x 10""* was assumed for the voided regions in 
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Case 4. This led to an inordinately l*rge diffusion coefficient which 

grossly overpredicted the neutron leakage from the core region into the 

axial blanket regions where neutrons were less important and consequently 

an uiderprediciton of kgff resulted. Further diffusion calculations 

were: performed to assess tiie effects of the assumed value of the diffusion 

coefficient on keff-

The dependence of kgff on the value chosen for the diffusion 

coefficient in the internally vcided regions is shown in Figure 8. The 

calculated multiplication factor is extremely sensitive to the choice- of 

Effusion coefficients even though the voided region represented only 

0.742 of the active core region. An investigation of the shape of the 

curve in Figure 8 revealed that for small values of the diffusion coef­

f ic ient , D, the curve approximates the shape corresponding to Equation (1). 

k« * — 0) 
1 + B2D/za 

where the terms have their standard definit ions. As the value of the 
0 V 2 

diffusion coefficient was increased the diffusion length, ^ , also 

increased. Consequently, the r f v t i a l variation of the flux through the 

void in the axial direction became f l a t while the radial component remained 

virtual ly unchanged. This implied that the axial current, which was 

proportional to 7$, approached zero and therefore the axial Db2 approached 

zero. As a result, Equation (1) became a constant which explains the 

flattening of the curve for large diffusion coefficients. 

A more rational approach for changing a diffusion coefficient was 

based on the assumption that the transport mejn free path can be approxi­

mated by the mean chord length of the voided region, Equation (2). 
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K - f (2) 

where -

V 1s the volume of the void and 

S s the surface area df the void. 

" The multipli-jtion factors calculated using this approach are sjjown 

in Figv»*~ ' id in Table I I I . This approximation yielded good results 

compared to the expected value based on transport calculation!; (within 

0.10* of the kgff value needed to predict the same reactivity change as 

predicted by transport theory). Although the use of the mean chord length 

in the void resulted in a substantial improvement in the eigenvalue 

calculated using diffusion theory significant errors in the pointwise 

fluxes persisted. 

Calculated luff's 

The keff eigenvalues calculated using discrete ordinate transport 

theory, diffusion theory, and Monte Carlo are presented in Table I I I . A 

comparison of the keff's calculated using transport theory indicates the*. 

the effect of increasing either the number of angles in the quadrature 

or the order of scattering has l i t t l e effect (<0.15%) on the results. 

' The adequacy of the mesh was examined by comparing the k e ^> $ calcu­

lated with the Monte Carlo code KENO17 with their corresponding DOT 4 values. 
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Table I I I . Calculated k e f f for the Various Disrupted Core Configurations 

Super-Weighted Linear/Step Super-Weighted C o i r s e „ „ „ > Fine Mesh' 

S.P, SJ>, SJ>, S.P. Diffusion Diffusion *eno r. 

0.98529 0.987033 0.970650 0.967040 0.98390 i 0.00255 
0.98628 0.96721S 

1.00165 
0.969881 
0.979977 

1.00877 '..01036 

0.980218 

0.9*3463' 
0.968476* 
0.963420 

0.989108' 
0.963693* 

1.00529 i 0.00293 

Case : 0.985797 0.985950 
Case 2 0.985893 0.986057 
Case i 1.00017 1.00053 
Case 4 1.00881 1.00915 

Case 5 0.979032 0.979203 
•54 x 68 mesh. 
5108 * 136 *esh. 
'0 « ff/3 ca 
*0 » 3333.33 en in void 
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This was done only for the most severely, disrupted (most heterogeneous) 

configuration since this *as where inadequacies in the mesh would most 

likely have occured. The COT-4 results were in excellent agreement with 

the Monte Carlo results (within 2o) thus providing a degree of confidence 

in the mesh used in the transport calculations. The linear/step model 

calculations are presented here for completeness only and will not be 

considered further for reasons discussed in Section I I I of this report. 

Further examination of Table I I I indicated that diffusion theory 

consistently uriderpredicted k e^ f from 1.62% for Case 5, to 2.06% for 

Case 3. Compared to transport theory, there was a 1.5% underprediction 

of Ic^ff for the reference Case 1. The results for Case 4 were purposely 

deleted from this comparison because of the arbitrary choice of diffusion 

coefficients in tne voided regions. The percent underprediction in k e f f 

could have been much larger i f these results were included. 

A "fine mesh" diffusion calculation was performed on both the Case 1 

and Case 4 disrupted configurations. The fine mesh was defined by uni­

formly doubling the original mesh, diffusion coefficients of 3333.33 and 

R/3 were assumed for the in-core voids. Based on these cases there did 

not appear to be any significant advantage in using the fine mesh for the 

diffusion calculations and the remainder of the configurations were calcu­

lated using "coarse mesh" diffusion theory. 

Diffusion theory's continuous underprediction of k e ff was caused by 

an overprediction of the neutron leakage from the active core zone. The 

neotron leakage out of the core at the '-pper core/axial blanket interface 

near the core center was calculated to be approximately 15% higher in a 

diffusion theory than calculation in an equivalent transport calculation 

• • * • / ,' ,' 
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for the reference core. The magnitude of this discrepancy increased as 

the density of the core zone decreased ( i . e . the diffusion coefficient 

increased). Consequently, no single bias factor could a prior i be derived 

which, when appliad to the diffusion theory results, would yield equivalent 

transport results. 

Reactivity Changes 

Behavior similiar to that observed for the multiplication factors 

was observed for the calculated reactivity changes between configurations, 

Table IV. These reactivity changes were calculated using the direct k 

difference techniques. 

Table IV. Calculated Reactivity Changes for the Various Disrupted Configurations 

« P [ $ ] 

Supor-

S.P, 

Weighted 

S»P, 

Linear/Step 

S.Pa 

Super-Weighted 

S»P, 
Coarse Mesh1 

Diffusion 
Fine MeshJ 

Diffusion Keno P„ 

Case 2 0.031 0.034 0.318 0.058 -0.256 

Case 3 4.556 4.619 4.620 3.064 

Case 4 7.231 7.287 7.382 7.310 7.3931 

-0.723* 
7.2101 

-1.13T 
6.758 t 1.224 

Case 5 -2.190 -2.184 -2.201 -2.416 

B ef f • 0.0032 
'54 x 68 nesh 
2108 * 136 nesh 
lD * R"/3 en 
*0 - 3333.33 cm In void 

Diffusion theory consistently predicted the system to be less 

reactive than transport theory. Unfortunately this was always in the 

non-conser/ative direction. As was the case in the k e f f calcula* 

the majority of the error in the calculated reactivity change was >.. 

the calculation of the leakage component. 
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' The reactivity changes calculated using transport theory were all 

in excellent agreement with each other (within a few cents) indicating 

•hat neutron streaming and anisotropic scattering could be accounted for 

iff these aodels by using low order transport Methods such as- S^P0. 

The S 2P 0 results underpredict the reactivity change by as much as 0.44$. 

The discrete ordinate results l ie within 1 o of the Monte/Carlo calculated 

reactivity change, which gave an air of confidence to the results. 

.A closer coaparison of the diffusion and transport,results revealed 

that the underpredictlon of -Sp ranged fron 0.22$ for Case 2 to 1.55$ for 

Case 3. Again Case 4 was not considered because of the uncertainties 

in the calculated reactivity changes for the arbitrary choice of diffusion 

coefficients. 

Since perturbation theory is a standard procedure for determining 

material worths for safety calculation the validity and accuracy of a 

number of perturbation techniques were investigated. Both transport and 

diffusion theory perturbation methods were used to calculate the reactivity 

changes between cases. 

The transport perturbation calculations were performed using the 

SijPa forward and adjoint fluxes because Si, and S6 results were of comparable 

accuracy and Si, calculations were less costly to compute. First order 

and exact perturbation calculations were performed for each of the four 

disrupted configurations. The results of these calculations are presented 

in Table V. 

First-order transport perturbation continuously overpredicted the 

magnitude of the reactivity change, for both positive and negative changes. 

This overprediction was conservative for positive reactivity changes, but 

•£. *« ' j - ' 
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Table V. Reactivity Changes Calculated Using 
Transport Perturbation Theory 

op[$] 

First-Order Exact 

Direct Perturbation Perturbation 

Case 2 0.034 0.193 -0.044 

Case 3 4.619 5.512 4.304 

Case 4 7.287 9.150 6.970 

Case 5 -2.184 -2.316 -2.321 

not for negative react iv i ty changes ( i . e . , the system was calculated 

to be further subcr i t ical than i t actual ly was). The use of exact 

perturbation theory yielded reac t iv i ty changes that were wi th in a few 

percent of the di rect k e ^ f difference calculat ions. The d i f f i c u l t y 

with the use o f exact perturbation theory was that the perturbed adjoint 

must be calculated for each disrupted configuration (a p r io r i knowledge 

of the f i na l conf igurat ions). 

First-order d i f fus ion perturbation theory fa i r s less well than the 

f i r s t -o rde r transport perturbation theory as can be seen in Table V I . 

The discrepancy for some cases was as large as a factor of 5 for the magni­

tude of the change and in Case 2 even the sign of the reac t iv i ty change 

was incorrect . Again, exact d i f fus ion perturbation theory could be used 

to calculate reac t i v i t y changes that -.-fere in good agreement witr. the direct 

d i f fus ion k e f f difference resu l ts , but s t i l l not in agreement with d i rect 

transport resu l ts . 

A closer examination of the f i r s t -o rder versus exact perturbation 

theory is presented i r Table V I I . The largest discrepancy was in the 
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Table VI. Reactivity Changes Calculated Using 
Diffusion Perturbation * 

*PC$3 

Direct First Order Exact 
Perturbation . Perturbation 

Case 2 -0.256 -0.743 -0.231 

Case 3 3.064 -1.587 3.189 

Case 4 7.392 1.458 7.49? 

Case 5 -2.416 -2,439 -2.420 

Table VII. Restive Error in Reactivity Contributions Based 
on Diffusion Perturbation Theory [% 6p($)J* 

— Case 2 Case 3 Case 4 Case 5 

Diffusion 23.48 29.48 43.67 3.99 

Removal 0.58 -0.52 2.12 0.97 

Scatter 1.49 1.70 4.6S 1.09 

Fission 0.00 0.00 -0.51 0.72 

% 6p{$) - (FOP-EXACT)/EXACT * 100 . 

calculation worth of the diffusion coefficient, up to a 43% error. The 

largest error occurred in the case in which a large amount of core material 

had been moved and the shape of the adjoint had drastically changed. 

An examination of the diffusion theory first order perturbation 

results revealed that the net contribution of the removal and scattering 

terms, was near zero, leaving difference between the diffusion and fission 

terras to determine the final reactivity change. Therefore the large errors 

th the leakage worths were the dominant contributors to discrepancies in 



25 

the total calculated reactivity change. I t should be noted here that the 

leakage (diffusion) is iraplicit ly calculated in the transport perturbation 

and thusly does not contribute expl ic i t ly to errors in the calculated 

reactivity change. I t is for this reason that f irst-order transport 

perturbation tends to yield reactivity changes that are in better agree­

ment with the direct kgff difference and exact perturbation results. 

In view of the implici t nature of the leakage worth calculation in 

transport calculations,a hybrid diffusion/transport Pi perturbation 

technique18 was investigated. This method involved the calculation of 

the partial currents for each interval from the diffusion theory scalar 

fluxes. These partial currents were then treated as the components of 

the f t rs t flux moment and folded with the Pj scattering cross section. 

The remainder of the calculation proceeded as a normal transport pertur­

bation calculation thus accounting for the leakage imp l i c i t l y . ' 

This hybrid method was applied to each case using both the f i r s t -

order and exact perturbation approximations. The results of these 

calculations are presented in Table V I I I . The f irst-order Pi perturba­

tion results were significantly improved over the first-order diffusion 

theory perturbation results. In fact they were in excellent agreement 

with the f irst-order transport perturbation results. This indicated 

that this hybrid diffusion/transport P1 technique may be used to yield 

transport pertjrbatlon results with diffusion theory computing expense. 

The ?x method by no means calculates the correct (direct k e f f difference) 

reactivity changes, but i t does provide a substantial degree of improvement 

over standard f irst-order diffusion theory perturbation. No substantial 

improvement was noted for exact perturbation theory. 
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Table V I I I . Reactivity Changes Calculated Using 
Diffusion Theory Fluxes and Currents in a 

Transport Perturbation Calculation 

Direct 
Transport 

First-Order Exact Direct 
Transport Diffusion Transport Pi Diffusion Transport 9X 

Case 2 0.034 -0.743 0.193 0.151 -0.231 -0.044 -0i216 

Case 3 4.619 -1.587 5.512 5.54S 3.189 4.304 3.261 

Case 4 7.287 1.458 9.150 9.139 7.495 6.970 6.539 

Case 5 -2.184 -2.439 -2.316 -2.412 -2.420 -2.321 -2.420 

V. THE HETEROGENOUS CORE 

The second phase of this study deals with a few preliminary calcula­

tions of sodium void worth based on the ZPPR-7 raock-up of a 350 MH{e) 

heterogeneous "parfalt" core design. Since these were preliminary 

scoping studies, the macroscopic cross sections for the homogeneous core 

were used for these calculations. Included in this, section are the various 

voided configurations that were studied and the numerical results that 

were obtained. 

M. Reactor Configurations 

Three "snapshot" configurations representing various phases of the 

ZPPR-7 sodium voiding experiment were chosen for this study. The configu­

rations-considered were as follows: 

Case 1 - Reference unperturbed assawly, 

Case 2 - Sodium voided in the driver zones, 

Case 3 - Sodium voided 1n the central blanxet zone. 
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The square drawered ZPR matrix assembly was modeled in R-Z geometry as 

suggested in reference 2. 

Case 1 - The Reference Assembly 

The reference assembly is depicted in Figure 9. The calculational 

model was extended through the radial shield (147.253 cm from the center-

line) where a non return boundary condition was imposed. Since all material 

movements in the ZPPR-7 assembly were assumed to be symmetric with respect 

to the core midplane. only the upper half-core was modeled in the axial 

direction. The axial model extends from the core midplane through the 

upper axial shield-reflector (104.806 cm from the assembly midplane). 

A symmetric boundary condition was applied at the icidplane and non-return 

boundary conditiorî was imposed at the upper edge of the axial shield-

reflector. The interior mesh spacing and zone map are illustrated in 

Figure 10. A total of 1711 mesh points was used to describe this and 

all the subsequent geometries. I t should be noted that the R-Z models 

presented here are very crude and by no means are representative of the 

real situation. 

Case 2 - The Voided Driver Model 

The intent of the sodium voided driver configuration was to model a 

sodium void that extends 30.46 cm above and below the assembly midplane 

in the inner two high-power to flow ratio driver zones. This configuration 

is described in Table IX and depicted in Figure 11. 



2P 

ORNL-OWG 77-8519 

DRIVtR FUEL 12SS AXIAL 8LANKET 
INTERNAL BLANKET t£f RADIAL SHIELD 
AXIAL REFLECTOR 

Fig. 9. Material Map for the Case 1 Disrupted Configuration in ZPPR-7. 

Case 3 -The Voided Blanket Model 

In this configuration sodium has been symmetrically removed about 

the assembly midplane 1n the central blanket region. The voiding was 

assumed to extend from 30.48 cm below the midplane to 30.48 cm above the 
» 
midplane. This configuration 1s also described in Table IX. and depicted 

in Figure 12. 

••• '2$%}mmu*^^ 
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Fig. 10. Mesh Spacing and Zone Map for ZPRR-7. 

Table IX. Problem Definition for ZPPR-7 

Problem ID Effect of Interest Quantity Zone'* Involved* 

Case 1 Reference 

Case 2 Sodium Void 100% 2,4 

Case 3 Sodium Void 100% 1 
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ORHl-OWG 7T-8520 

£ 3 DRIVER FUEL 

E J INTERNM. BLANKET 

AXIAL REFLECTOR 

AXIAL EUNKET 

MDIAL SHIRC 

SODIUH VOIDED BLANKET 

Fig. 11. Katerial Map for the Case 2 Disrupted Configuration in ZPPR-7. 

8. Numerical Results and Analyses 

*,As stated previously, the purpose of this section is not to analyze 

ZPPR-7, but to provide a first-pass transport/diffuston methods comparison 

based en various configurations used 1n ZPPR-7. The results presented 

here should be viewed in that context. 

The calculated k e ff for the various configurations studied are 

presented in Table X. Diffusion theory underpredicted k e f f by 0.61 

for the reference case. Differences of the same nagnitude were calcu­

lated for the two disrupted cases. This does not necessarily mean that 



31 

ORKL-0W6 r/-B5r» 

" DRIVER FUEL 

INTERNAL BLANKET 

AXIAL REJECTOR 

AXIAL BLANKET 

RADIAL SHIELD 
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Fig. 12. Material Map for the Case 3 Disrupted Configuration 
in ZPPR-7. 

Table X. Calculated k e ^ tor the Various Disrupted 
Heterogeneous core Configurations 

SuP >4r3 
Diffusion 

Case 1 

Case 2 

Case 3 

0.954826 

0.957407 

0.955053 

0.948648 

0.950956 

0.948841 
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a single bias factor can be applied to the diffusion results to obtain 

the transport results for aore disrupted configurations because only 

saall perturbations- to the system's geoaetry were considered. Large move-

aents of^core aaterlal could reveal greater transport/diffusion discrepan­

cies; however,for the specific cases addressed in this study a constant 

bias factor did exist. 

Prior to discussing the disrupted core results in depth, four points 

concerning the reference core calculations are of interest and are 

presented here." 

• In all the fertile, (blanket) regions,diffusion theory 

consistently gave- a harde. spectrum than transport theory. 

• In all fissile (driver) regions,diffusion theory consistently 

gave a softer spectrum than transport theory. 

• The total flux was depressed more in the fertile regions 

for the transport calculation than for the diffusion calculation. 

- The U-238 capture rate followet' the same trends as the total 

flux. 

The direct k e ^ difference reactivity changes for the two disrupted 

cases are presented in Table XI. As in the homogeneous case, diffusion 
theory predicted the assembjy to be in a less reactive stat° than that 

predicted by transport theory. There was a 10% un<V>rprediction of the 

reactivity change in the voided driver calculation and a 142 under-

prediction in the voided blanket configuration. The effects of this. 

discrepancy are illustrated in Table XII . The C/E values calculated 

using diffusion theory taken from reference 2 and the T/0, transport/ 

diffusion ratios, were taken from this report. The Inclusion of tie 
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Table X I , Calculated Reactivity Chanqes for the Various 
Disrupted Heterogeneous Cere Configurations 6p($) 

S*P 3 
Diffusion 

Case 2 

Case 3 

0.882 

0.078 

C.799 

0.067 

^eff = 0.0032 

Table XII . Transport Corrected C/E for ZPPR-7. 

C/E« T/D* C/Ec 

Case 2 

Case 3 

0.865 

0.930 

1.104 0.955 

1.164 1.083 

C/E values calculated using d i f fus ion theory, 
.see reference 2. 

6pTransport/6pDiffusion. 
^Transport adjusted C/E. (C/E X T/D) 

transport effects tends to a l lev ia te a large f ract ion of the calculat ional 

disagreement with the experiment. I t should be kept i n mind,however, that 

these results only indicate trends since the atom densities and cross 

section treatments used for the heterogeneous core studies were not 

rigorous. 

VI. CONCLUSIONS 

The overriding conclusion of th is study was that for a l l cases 

investigated di f fusion theory and f i r s t -o rde r di f fusion perturbation 

theory were inadequate for the calculat ion of tne reac t iv i ty state of 

severely disrupted homogeneous LMFBR cores. There appears to be no 
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single bias, factor that can a priori be calculated and applied to the 

•calculated Multiplication factor to obtain equivalent transport theory 

results. Similarly there are no single bias factors existing that can 

be applied to the reactivity changes calculated using diffusion theory 

or diffusion perturbation theory tc obtain equivalent transport theory 

results. 

When compared to transport theory, diffusion theory also underpre-

dicted keff for heterogeneous, parfait, core calculations. A single bias 

factor did exist that would be applied to the diffusion theory results 

to obtain transport results for the situation in which various parts 

of the core were voided of sodium. This does not necessarily mean 

that a single bias factor could be a priori calculated and applied to 

diffusion results to obtain transport results for severe core disrup­

tions. The sodium voiding cases represented relatively small perturbations 

to the system with minimal material motion. Large movements of core 

material could reveal greater transport/diffusion discrepancies. This 

is presently being investigated. 

The major failing of diffusion theory was in its consistent over-

prediction of leakage from zones of low density. This effect was particu­

larly evident 1n the first order diffusion perturbation results where errors 

as large as 43% in the calculation of leakage (diffusion coefficient) 

worths existed. First order transport perturbation tf jory, where the 

leakage terms are accounted for implicitly gave results that were in 

better agreement with direct k e | f difference calculations, however, 

the calculated change in reactivity (both positive and negative) was 

consistently overpredicted. For negative insertions this was a noncon-

servative approximation. 
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A number of other investigators at otner installations have also 

performed calculations similar to those carried out in cnis study. Recently, 

Cahalan at Argonne National Laboratory performed a number of numerical 

experiments19 and obtained results that agree both qualitatively and 

quantitatively with the results of this study. His results support the 

results presented here in that transport effects, especially, in the 

calculation of neutron leakage from low density regions must be included 
m 

in fast reactor safety neutronics. He has investigated a method that 

incorporates transport calculated leakages in diffusion theory calculations 

and has shown that this method gave significantly improved diffusion theory 

results. Also at ANL, work is under way to investigate the applicability 

of directional-dependent diffusion coefficients2 0 to remedy the failure of 

classic diffusion theory to correctly calculate neutron leakage. 

During the course of this study a hybrid transport/diffusion perturba­

tion theory was developed. The Pj perturbation method offers first order 

transport perturbation theory accuracy with diffusion theory computation 

times. This hybrid calculation while not being a solution to all the 

safety related neutronic problems does provide a means of improved accuracy 

at low computational costs. 

I t is not clear, however, which approach should be caken, whether the 

diffusion theory approximations should be eliminated completely and a low 

order transport (Si,Po) method be perfected for fast reactor safety related 

neutronics calculations, or a hybrid diffusion/transport methods such as 

Cahalan's in conjunction with a hybrid perturbation method such as the 

method presented in this study should be pursued for improving fast reactor 

safety neutronics calculations. The low order transport <nethod would be 
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preferable as ijt has the potential of handling more severe streaning and 
anlsotropy effects where diffusion theory and hybrid P x theory are limited 
in their ability to calculate these effects. 
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A NEW WEIGKTED-DIFFERENCE FORMULATION FOR DISCRETE-ORDINATES 
CALCULATIONS1 

One of the shortcomings of the method of discrete ordinates has been 

a tendency to generate negative estimates of inherently positive fluxes 

due to over-extrapolation. 2 The complexity of practical transport prob­

lems is such that mesh refinement is only a partial remedy. This paper 

shows a new formulation of an old approach which ensures positive results 

dJiile retaining satisfactory accuracy. 

In the two-dimensional discrete-ordinates transport equation, 

. ( A i + 1 N i + 1 - A i N . ) + nB(N j + 1 - N j ) • ( ^ N ^ - Y n,Nm) • oNV = SV , 

(1) 

three of the N's are known from boundary conditions, but assumptions must 

be made describing the variation of flux across the mesh cell to eliminate 

three more unknowns. The weighted-difference method for solving Eq. (1) 

uses three parameters, a, b, and c: 3 

N = aN . + 1 + (1 - a)N i = b N j + 1 + (1 - b)N.. » c N ^ + (1 - c)Nm . (2) 

With these, 

V l , (3) 
"v • — * n E + u ~ 
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and N{+-| and H„+i can be found similarly. When a s b - c = 1/2, Eq. (3) 

is equivalent to the "diamond-difference" model and assumes a linear 

variation Influx across the mesh c e l l . The diamond-difference nodel 

provides excellent accuracy for small-mesh sizes, and values of a, b, and 

c < 1/2rJare not considered. Unfortunately, the diamond-difference model 

generates negatives forjesh sizes which are not uncommon in real problems.. 

even though the true result is positive i f S is positive. With a = b = e = 1, 

the "step" model i s obtained, equivalent to assuming N = H\+] = Nj+i = N^-j. 

This gives inherently positive fluxes, and values of a, b, and c > 1 are 

not considered. 

For many years, a "fix-up strategy" has been used, in which the diamond-

difference model is used unless one of the extrapolated fluxes is negative. 

In that case, a l l of the fluxes are recalculated using the step model^ 

Another variation involved setting the negative flux to 0 and recalculating 

the other values.5 Unfortunately, a l l fix-up methods can lead to spatial 

flux distortions and "model-switching" oscil lation between iterations, 

which thwart convergence. 

Posit ivity can also be ensured by adjusting b such that: 

S V e s + (Wm + Wi)*H + hB - (1 - b)(oV + 2 u A i + 1 ) ]N j > 0 (4) 

where e s and e^ are arbitrary multipliers bounded by 0 and 1. 

A solution could be found with e s = fy = 1 , but this can lead to 

degeneracy in certain cases, producing numbers near 0 which thwart convergence 

once again. The DOT I I I code used e s = 1 and e N * e. This provided good 

results for deep-penetration problems, but failed for c r i t i ca l i t y calculations 

due to excessive leakage. Consideration of a d i f f i cu l t reactor cell problem 
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reveals why this happens. Cell problems typically have t a l l , narrow 

space cells. In zones having no source, (4) requires use of the step 

model along the height of the ce l l , even though flow across the vertical 

boundaries would control the actual result of (3) and produce a satis­

factory value. 

The DOT IV code includes a "e-weighted" option in which e s and e^ 

are arbi t rar i ly set to 0.9. This allows the accurate linear moJel to b e " ' 

used where i t is adequate and gives a smooth transition to the step model 

when the linear model actually breaks down. Either the DOT I I I or e-

weighted method cost roughly 152 more per iteration tuan the linear model 

with step f ix-up, but smooth, rapid convergence is found for problems 

which would otherwise osci l late. Table Al shows the convergence of a 

cell problem using the methods described, as well as one where the e-

weic^ted model is used as a fix-up to the linear model. The requirement 

for weighted difference in problems of this class is apparent. 

Table A2 shows that the e-weighted model compares favorably with the 

fix-up models in matching the Honte Carlo result, which is assumed accurate. 

The new model, then, givec the desired smooth convergence without 

compromising accuracy. 
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Table Al. Flux-Convergence Reached Using Various Nunerical Hodels* 

Outer Linear/ Linear/ DOT III 0-
- Iterations Step Weighted Weighted Weighted 

1 1.2 1.7 0.3 0.5 
2 0.6 0.5 0.1 0.2 
3 1.2 1.* 0.7 0.05 
4 0.5 0.5 0.03 0.04 
5 0.2 0.4 0.03 0.01 
6 Q.3 0.09 0.01 0.01 
7 0.3 0.3 0.006 0.006 

Convergepce for the m**1 inner iteration is defined as: 

•m " V l 
•» 

Table A2. Values of K-Effective For a Di f f icu l t Cell Problem 
Using Various Numerical Methods 

Example Code groups Method K-Effective 

Linear with step fix-up 0.996 

Linear with weighted fix-up 0.996 

DOT I I I style weighted difference - 0.930 

O-weighted difference 0.991 

Li . .• with weighted fix-up 0.998 

Multigroup Monte Carlo 0.988 ± 0.015 

Note (1): Kgff was converged to ±0.001 1n the DOT cases. 

(2): I f 0.002 is taken as an "11-group l ibrary correction," 
based on exawple 5 vs .xampV*2, the 0-*<eighted result 
for 51 groups would be 0.993, compared with the MORSE 
result 0.988 ±0.015. 

1 DOT IV 11 

2 DOT IV 11 

3 DOT IV 11 

4 DOT IV 11 

5 DOT IV 51 

6 MORSE 51 
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