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ABSTRACT

Conservation measures that seal a building, like storm window

installation, can significantly reduce its energy requirements.

These measures also protect its occupants from air pollutants

having outdoor sources but amplify any harmful effects of those generated
indoors. Which effect is greater?

It is inadequate to consider outdoor pollution levels constant, so we
assume that they follow daily cycles and can thus be well represented by
Fourier series'. (Indoor sources can be treated similarly.) It follows
that the indoor concentration of any pollutant generated solely outdoors
will also follow a daily cycle but its maximum will bo;h lag behind and
be lower than the outdoor maximum to an extent depending in an inverse

manner on a building's air exchange (ventilation + infiltration) rate.

~ A simple measure of the daily variation of pollutant concentrations and

indoor production rates can be derived from their Fourier series' and

used to formulate a test for when these quantities can be assumed constant.
Using these Fourier series techniques and an approximation of out-

door pollution peaks by step functions, we obtained the following results:

the average daily concentration indoors is the same as outdoors for any

pollutant with no indoor sinks if inside and outside air are assumed

uniform (that is, well mixed). .However, lowering a building's air ex-

change rate 4-fold will still protect its occupants from outdoor pollution

~sources, but only if

1) the outdoor peak or variation above its average is much greater
than its average, and

2) the peak is short-lived.
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The extent of protection varies in an inverse way with the transiency of
the peak; if the'peék lasts for 1-2% hours, a 2-3-fold reduction in the
peak pollutanf level can be expected. By contrast, lowering the air
exchange rate the éame extent will raise the long-term average
conéentration due to indoor sources 2}5-4-fold, and this is probably a

more significant effect.
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Outdoor Sources of Indoor Air Pollution

Rising fuel costs and government tax incentives will probably encourage
the use of energy conservation measures. Some of these measures, like the
installation of storm windows and improving the quality of building con-
struction, reduce the infiltration of zir (and hence the air exchange
rate, V) between the inside and outside of a building. A reduction in
infiltration can be expected to raise the indoor levels of pollutants whose
origins are primarily indoors,l and to expose a large proportion of the
population to these higher conéentrations.2 Will there be a corresponding
reduction in the concentration of pollutants of outdoor origin?

If the outdoor concentration of such a pollutant remains constant, then
over the long term its indoor concentration should approach its outdoor
concentration. However, indoor concentrations of such pollutants are usually
lower than their outdoor concentrations.3’4 There are probably two reasons
for this: 1. the pollutant, P, is removed by the walls or furniture of the
house, or in reactions with other pollutants, and/or 2. the outdoor concen-
tration changes before the indoor concentration has a chance to attain its
steady state concentration, which is equal to the outdoor concentration.
Thus, to adequately treat the case of outdoor sources of pollution we cannot
assume that pour’ the outdoor concentration of P, is cpnstant.

The equation for the indoor concentration, p, of P is given by:

dp

LI = - -

(1) P It k v(p Pout)

where k = rate of formation of P inside the house/unit volume

of the house



and Pout = the outdoor concentration of P.
We assume that Pout varies diurnally; that is, it is periodic with a period of
24 hours. In this case it is reasonable to assume that p is also diurnal.
(We also asSume, as we have previously done}'that indoor and outdoor air are
uniform and that v is constant. We will not deal at all with the possibility
of indoor reactions of P, tﬁat is, of sinks.)

If P is produced solely outdoors then k = 0. However, since

many pollutants (SO NO , CO and particulates, for example) are produced both

27 Tx
indoors and outdoors, we shall not assume that k = 0. In fact, with no
additional ditticulty, we can solve (1) when k is not even assumed to be
constant, but only diurnal.

To say that p, Pou£ and k are periodic is to say that they can be

represented very well by Fourier series'. Note that for any Fourier series

f=A + LA cosnb+ % B sin nb, £ = average of f = A
0 1 0 1 0 o

Thus we may write

= + .

(2) Pout, po. z Ancos né + I Bu81n6

3) - k=k+¢Z Cncos no + % Dnsin nbd
and : (4) p = 5 1 I ancos n0 1 ¢ bnsin n0
where P =P , & constant

o out
t - tO

(%) 6 = 2w 2% b 0.26 (&t - to)/hr

and t0 = gome time during the day.

The. coefficients An’ Bn’ Cn and Dn must be defined empirically.



Substituting (2), (3) and (4) into equation (1) we obtain
' _ . = (3% _— -
(6) 8'(z nbncos né T na_sin noé) (k v(p po)>
+ % (o - va )cos né
n n

+ % (B - vb )sin n6
n n

where (7 B! = —~

=17 he z ,26/hr
(7a) an = Cn +‘VAn
(7b) . Bn = Dn + VBn.

Notice that k + v Pout (k +vp) + Zancos ne + % anin nd = the rate of

addition of ppllutant to the house While v(Z an cos ne + I bn sin 6) = the

rate of its removal.
Equating coefficients on both sides of eq. (6) gives us

K - vip-p) =0

o
6'nb =oa - va -
n n n
and -6'na = B8 - vb
n
from which we get _
- k
(9) P=P,*t3
and the pair,_for each n, of simultaneous equations
+ 0’ =
(lOg) ; : va + 8 nbn @
and . (10b) f'na - vb = -B
n n n

Notice that the solution for p in (7) coincides with the steady-staté solution

for p when p and k are constant.l
out



A solution to the set of simultaneous equations (8) is given by

(11a)
a =
n
(11b) v o
n
' _ 1
bn - 6'n B - 0 nan +7v6n
D v2 + (0')2n2
< ? .
where p-l ¥V BT
6'n - v

We will be interested in Py the maximum of p, and in how much later it

occurs than the maximum of Pout (the "lag time"). Let t, = the time at which
P occurs and t' = the time at which p achieves its maximum. The latter
max m out

will probably be known empirically. Then the lag time = t - t'm, and tm can

T
12 hr

p'(em) = 0 and p'(8) is given by the left side of eq. (6).

be derived simply from em = (tm - to) (eq. (5)). em is a solution of
Unless p is given by a particularly simple Fourier series (for example,
P = 5 + acos 6 + bsin 6), it will be very difficult to solve for em. For
this reason, and because p can be expected to be near its maximum for only
brief periods of time, we would like to have another measure of how much Qe
may expect p to vary over a 24 hour period. Such a measure is provided by o,
the standard deviation of p about 1ts mean; ¢ 1s partlicularly easy Lu deilve

for a Fourier series. In general



2 2, 2 =2 _ .1 24hr
or =) =p -p = 24 hr£ pzdt - p2

Since p is a Fourier series with a period of 24 hr

1 .2 hr .
24 hr 6 - p dt = p2 + LT (a_2 +b 2)
n n
so that
! 2 2.3
(12) g = 7§(Z(an + bn ))

(For example if p = p + a cos 6, then Plax ~ p = |a| but ¢ is only-&%L.)

We now have a test for determining when we can assume that Pout and k
“ ) ~ 1 2 . 2%
are constant: Py May be considered to be constant whenever — (I A~ + B)

/é‘ n n

is much smaller than P, Similarly kout may be taken as constant whenever
1 —
-—L‘(Z C 2 + Dnz)/2 is much smaller then k.

72 n

What time does t0 represent? to should be chosen to simply Pout OF k as
much as possible. For example, if k refers to the rate of production of a
pollutant due to the operation of a heating system, then

t-t

= 0
k = k + Dcos (ZW)

if to is chosen to be that time of the day when the outside temperature is
at its maximum. (If tO is chosen 6 hr earlier then we can replace cos by sin.)
For some pollutants it might be possible to choose tO so that Pout varies

sinusoidally with t - tO:

t-t

) =p, + b, sin (27 <)

out 1 24 hr

For other pollutants there might be some time during the day around which Pout
is distributed symmetrically; for example, if Pout achieves peaks of comparable

size and duration during the morning and afternoon rush hours, to should be

chosen to be either the midpoint between these peaks or 12 hours later. Fig. 1

-5 -



illustrates this situation and another, in which there is a single broad peak.

If p is symmetric about g)(or equivalently about to +12 hr) then all the

out

B = d i i .
n 0 and only cosine terms appear in pout
Unfortunately, it would be wholly fortuitous if these special points
in time for k and Pout should coincide; in general, there is no reason that
they should. Thus if to is chosen to simplify k, one could not éxpect any

simplification to result in Pout and vice versa. We will assume below that

P is symmetric because our results will be more clearly illustrated for

it

this case than for the general case, and because many pollutants probably have

a symmetric concentration protile (as in Fig. 1 for example).

CONCENTRATION
CONCENTRATION

v v v v v v + v v v v v v
12130 6:30 12:30 €.30 12:30 30V yiuv 3:00 .00 3:00
AM AM PM PM PM AM AM PM PM AM

TIME TIME

Figure 1. Symmettic pollutant concentratlon profiles:
(a) rush hour-like (b) single broad peak.



Symmetric Pout

Since we are focusing our attention on outdoor sources of indoor
pollution, we may assume that there are no indoor sources, or k = 0.. Then,

according to (4), (9) and (11), p is given by
T . A
n

V2 +‘(6')2n

(13) P=7p, + vE 2(vcos n6 + 8'nsin nb)

and, by (12), ¢ is given by :
A
(14) 0= (I o )

A 2 (e,)znz

1
3

.Notice that although pOut is symmetric, b is nofg This is due to‘the
terms of the form bnsin nod, eaqh of which modifieg the phase of the
corresponding cosine Lerw. fhe total phase difference resulting from I bn sin nb
is what we previously called the '"lag timed. As we might have expected, p

increasingly resembles pout in both magnitude and phase as v becomes large

lim

(i.e. p = pout)' We are more interested, however, in the behavior of p
when v is small.
As v becomes small compared to 6' = 0.26/hr, vcos n6 becomes negligible

. 2 - . .
compared to 6'nsin n®, and v~ becomes negligible in the denominator terms of

(13) and (14), v2 + (6')2n2. Thus for v <<0.26 ach
Lo "
n .
(15) p = P, + v I grq Sin né - p° as v—>0
1 v An2 L
and (16) o= T (z ——5)2 +~ 0 as v > 0.

n
This shows that when v is very much smaller than % ach :
1. p becomes increasingly out of phase with Pout’
2. the oscillations about P, become emaller, and

3. p = P, is unaffected;

that is, p becomes more nearly constant. This is shown in Fig. 2, where p is



plotted for several values of v and compared with the specific Pout given in
the next section.

In Fig, 3 we show an actual profile of the CO concentration inside a

house in Hartford, C-t.4’5 As the model presented above predicts p < Pout

when Pou

is near its maximum and p > p when p is near its minimum.
t out - out

A similar result is reported for SO Of ten, however, this behavior is only

6
9

approximated; while p continues to be smaller than pout for CO, SO NOX and

2’
suspended particulate matter when Pout is large, p is elther approximately

. - 3,7
equal to or a little smaller than Pout when Pout 1S small and p < Pout’ ’

Some possible explanations for this are that v is not constant throughout
the day and neither indoor nor outdoor air is completely uniform, as we have

assumed. Instead, there is a pollution gradient between the ultimate pollution
source and the interior of the house. Unless measurements are taken just inside
and outside an air channel of the house, the average coﬁcentration outside
would be expected to be greater than the average concentration inside. Another
complication is that the house contains sinks for some pollutantsvlike SO2 and
particulates,3 If these sinks are located in the cracks of the house, as they
may be for particulates, sealing up these cracks may actually remove sinks.

Thus, at best, lowering v may have some protective_value in reducing
peaks of concentrations of externally generated pollutants. This will only occur
when P . O O is very large compared to P and as we shall see below, only
when the pollution peak is transient. By contrast, lowering v raises the average
concentration of internally generated pollutants1 no matter what their
particular profiles.

In the next section we obtain some quantitative estimates of the reduction

‘in p due to lowering v; we then derive conditions for when lowering v has a

maximal beneficial effect.
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Figure 3. Carbon monoxide concentrations for house
in Hartford, Connecticut; September 22, 1969.5
(copied from ref. 4).
is sinusoidal
pOut
Actually, it will be more convenient to represent poﬁt as
17 = - Acos © >
17) Pout = Py s 6, A>0

than as P, + Asin 8; the only difference in thése profiles is a phase difference
of 6 hr; all the.important parameters like the lég time, Poax and ¢ are

identical.

We choose A as large as possible compared to P> SO that lowering v will

have the greatest possible effect. Since Pout ;:po -A>0, A= P, (17) now

becomes



P =P, (1 - cos 6)

(18) out

and the solution (13) is given by

(19 P =P, " PO'—E—JL————E (veos 6 + 8'sin 6)
v+ (8")
pout P_
We plot , and for several values of v,in Fig. 3. We also have, from (14),
) A o
(20) o= PV

1
/§<v2 + (6')2>/2
We can now calculate pmax and the lag time. Let to = 0. Then Pout

achieves its maximum at

t = 12 hr
m
We need p'
v _ b ve'
P _Z?Jl———__i(v sin 6 - 6' cos 0)
vo + (8")
Setting p' = 0 we obtain Gm :
vsin & = 8' cos 0
m m
L
can o -
m v
’ A OI
(21) 9 =6't = arc tan —
m m v

There are two solutions to (21); tm is greater of these; the other

solution, occuring 12 hours earlier, is the time when p achieves its

Choosing the correct solution of (21), we get

L
(22) "lag time" = tm - 12 hr = %T-arc tan(g—) - 12 hr

minimum.

Substituting (21) into (19) we obtain

(23) Phax = Po + P 5 L) VT
(v + (8") )é

Comparing (20) and (23) we see that

- 10 -



(24) o= =p) = .7 -p)

As an approximation, 'since p > P, about as often as p < P, we may consider that
p has an effective concentration of P, + o, for half of each day and of P, - o

. P_ . g .
for the other half. 1In Table I we calculate lag times, P’ and E_ for various

. "0 o .

values of v; we include the extreme cases v = 0 and v = =, As  expected,
all the parameters approach their values for these extreme cases as v becomes
very small or large, fepectively. Note that for v = % ach, which is very close

to 6', the lag time is midway between its two extreme values; this is also as

expected from the discussion in the last section.

Table I
The effects of v on outdoor generated indoor

‘air pollution when Pou

¢ = P, (1 ~ cos 8)

. v (ach) "lag time (hr) pgax ’ %—
. o] (o]
0 (limit) 6 - | 0
1 . 5:54 . 1.36 .25
» -3:05 1.69, .49
L 1:51 1.89 .163.
1 0:59 1,97 .68 | ,
2 0:30 1.99 .70
w (limit) 0 2 .707




What are the effects of lowering v from 1 to ¥ ach, for example? For
v = 1 ach, p achieves its maximum 1 hr later than p does, and p =1.97 p .
out max o
For the half of the day we are interested in (i.e. when p > po), p = 1.68 po.
For v = % ach, p does not achieve its maximum until 3 hr later than Pout does,

P = 1.69 P, and for the interesting half of the day p = 1.49 P, Thus, Plox

max

is reduced 147, and for half of each day, the effectiye concentration is reduced
by 12%. p, of course, remains unchanged at pé. In contrast, if P were prbduced
exclusively indoors (at a production rate independeht of'vl),)then for the same
reduction of v, its average concentration would have increased 300%: (150% if
heating systems produce P because they can operate 1ess.if v is reduced.l)

We don't wish to give the impression that this result is a general one.
The shape of Pout is much more important for an analysis of p than the shape
of k. The reason for this is that since 5 changes when it is due to k, but

does not when it is due to P ¢’ 20V oscillations about average values are more’

t

important in the latter case. For example, in the profile we analyzed in
detail above, an examination of Table I will reveal that the orders of

waguitude vl pys b - Py and 0 are similar. Fig. 2 shows that the breadth

out, max

) r I P } 2 k
of the peak in Pout (the time it takes for poutto rise from s of its Pea
height above average, %—pd through its peak, 2 P> and back down to-% po) is
8 hours. We will show in the next section that if we increase p relative
out, max
to p0 and decrease the breadth of the peak sufficiently, then lowering v may bhe

beneficial in protecting against high outdoor pollution levels.

- 12 -



Health Benefits of Lowering v

In order to achieve a significant reduction in Poox when v is lowered,

P - P, must be much larger than P, otherwise even the complete elimination

out, max

of the peak at t will have little effect on Poox since‘pmax - pohi pout, nax ~ Po.
Iﬁ addition, the breadth of the peak at tm must be small. We can see this
as follows.
If there are no indoor sources of P, then the esseﬁtial features
of p can be derived. from equation (1):
1. p increases (p' >-0) whenever p < Pout

2. p reaches its maximum when p = p and

out’ -
3. p decreases (p' < 0) whenever p > Pout
The actual CO profile in Fig. 3 displays these features, as do the profiles
in Fig. 2 and 4.
Noﬁ suppose tﬁatvpout‘has a sharp péak around time tm . (Fig. 4).  If v
is small, p will not increase very much before it intersects Pout during the

descent of the letter from its maximum, after which p must decrease also.’

(Fig. 4 illustrates the behavior of p for relatively small and large v.)

Py LARGE v

- p, SMALL v

"CCNCENTRATION

tm

TIME

Figure 4. Pollutant concentration profile with a
single sharp peak at time tp.
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out

CONCENTRATION

;\

o w TIME

Figure 5. Approximation of a pollutant
concentration profile with a single sharp
peak by the step function, pgyt.

Pour = h for 0 < t 2w

0 elsewhere

p is given for v = % and 1 ach.

How small must the breadth of the peak be in order for the outdoor
concentration of pollutant to be reduced significantly?
Let us approximate any peak of breadth w and height h by the

step function (shown in Fig. 5):

=h f 0 < <
pout or 0 <t <w

Pout = 0 elsewhere

Let us further assume that at time t =0 p ='0, Then, we knowl that
P, (we write p = P, to emphasize its dependence on v) achieves its maximum
at time w and that

(25) P = h(l-e

vV onmax

vw

)
In Table IT we show how large w can be so that p remains smaller than

certain multiples of h, for v = % ach.

- 14 -



Table II
Maximum breadth of peak in order that

p < ah when v = % ach

a maximum w (hr)
.1 0:25
.25 1:09
.5 2:46

How much protection can we get by lowering v from 1 to % ach? We .take

the ratios, R of pl, max to p%, max:
_ p1, max 1l - e_w h?
(26) R = = w7
PL  max % hr
“ l1-e
Now for 0 <w < 0:50 hr 3 <R <4,
for 0:50 hr < w < 2:26 hr, ‘2 <R < 3,
and for 2:26 hr < w < 24 hr, 1 <R <2,

Thus we see that as long as the peak height is less than 2% hours, there
will be at least a two-fold reduction of p caused by lowering v from 1 to % ach.
Pollutants that are most likely to exhibit this kind of transient behavior,

that is, attain short lived peaks that are enormous relative to their average

concentrations, are automobile emissions during rush hours traffic.

- 15 -



Summary

Lowering v 4-fold may afford some protection against pollutants
originating outdoors by reducing their peak concentrations indoors approximately
in half., At the same, however, long-term average indoor concentrations of prac-

tically all internally generated pollutants will be raised 2.5-4-fold. It seems

likely that the latter is the more important effect.
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