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ABSTRACT 

The customary time-dependent Hartree-Eock problem i s  shown t o  be ambiguous 

up t o  an a r b i t r a r y  func t ion  of time a d d i t i v e  to .% and, conkequently,  up 
HF ' 

t o  an a r b i t r a r y  time-dependent phase f o r  t h e  s o l u t i o n ,  @ ( t ) .  The "constant  

<r-f >" phase i s  proposed, as t h e  b e s t  r e s o l u t i o n  of t h i s  ambiguity. - It leads  

t o  the  fol lowing a t t r a c t i v e  f e a t u r e s :  (a)  t h e  Time-hependent Hartree-Fock 

H a m i l t o n i a n , S H F ,  becomes a  quan t i t y  whose expec ta t ion  va lue  i s  equal  t o  

the  average energy and hence cons tan t  i n  t ime; ' - (b)  e i g e n s t a t r s  descr ibed 

exac t ly  by determinants ,  have time-dependent ~ a r t r e e - ~ o c k  s o l u t i o n s  i d e n t i c a l  

wi th  t h e  exac t  time-dependent s o l u t i o n s ;  (c )  among a l l  p o s s i b l e  T.D.H.F. 

s o l u t i o n s  t h i s  choice minimizes t h e  norm of t h e  quan t i t y  . (H - i* a /  a t )  1 @>, and 

guarantees  opt imal  time evolu t ion  over an i n f i n i t e s i m a l  per iod;  ( d ) . t h i s  

choice corresponds both t o  t he  s t a t i o n a r y  va lue  of t h e  abso lu t e  d i f f e r e n c e  

between <H> and .<i+i.a/at> and s imultaneously t o  i ts  abso lu t e  minimal value  

with respect .  t o  choice of t he  time-dependent phase. The source  of t h e  ambiguity 

is discussed.  It l i e s .  i n  the. time-dependent genera l iza t iof i  of t h e  freedom t o  
. . 

.g3 . . . .  '. 
O~STRIBUTION OF THIS DOCUMENT IS UNLIMITED . .  , 



t ransform u n i t a r i l y  among t h e  s i n g l e - p a r t i c l e  s t a t e s  n f  a determinant a t  

t h e  (phys i ca l ly  ' i t r e l e v a n t  f o r  s t a t i o n a r y  s t a t e s )  c o s t  .of a l t e r i ng  only a  
. , 

f a c t o r  of m i t  magnitude. 

KEYWORD ABSTRACT 

ambiguity i n  time-dependent ~ a r  t r e e - ~ o c k  

reso lved  by cons t an t  <*> condi t ion  f o r  modified 

Hartree-Fock Hamiltonian. 



The  ̂v a r i a t i o n a l  (where H is  t h e e x a c t  Hamiltonian) , . 

when r e s t r i c t e d  t o  s i n g l e  de te rminanta l  s o l u t i o n s ,  l eads  t o  t he  condi t ions  
6 

<a:(t)ag(t)@ ( t )  1 H - i * a / a t l  a ( t ) >  = 0, (!2 E Fy u $ F) ,  (.2 

where F is  the  s e t  of s i n g l e - p a r t i c l e  s t a t e s  i n  t he  determinant ,  Q ( t ) .  Thence 

7,8-13 
t h e  "customary" time-dependent Hartree-Fock problem 

0 
i n  which t h e  "customary" Hartree-Fock H a m i l t ~ n i a n , % ~ ~ ,  i s  the  sum of A 

time-dependent s i n g l e - p a r t i c l e  Hamiltonians of t h e  form given by Dirac. I n  

~ a r t i c u l a r , ~ ~ ~ ,  i n  second quant ized form, i s  a pure one-body ope ra to r  involv ing  

nn  a d d i t i v e  ~ - n u m h & r  . func t ion  of time. 

However, . t he  condi t ions  (2)  a r e  s a t i s f i e d  n o t '  only by 

s o l u t i o n s  Qo of (3) ,  b u t  a l s o  by t h e  s o l u t i o n s ,  a ,  of any equat ion  obta ined  

by rep lac ing  HiF hy 

where B( t )  ,is & a r b i t r a r y  r e a l  C-number f ~ b c t i o n  of time. The s o l u t i o n s  Q ( t )  
. . 

and m0(t)  a r e  r e l a t e d  by 
. . t - 

= Qd(.t) exp{-i/4 . d t '  ~ ( t ' ) )  = P ( t )  exp{if ( t )  3 , (5) 
. 0 

s o  t h a t  t he  freedom t o  choose B ( t )  corresponds t o  t he  freedom t o  

s e l e c t  an a r b i t r a r y  time-dependent C-number a s  a complex phase i n  t h e  s o l u t i o n  a -  

For t h i s  reason,  we r e f e r  t o  t h e  customary P.D.H.F. problem ( i n  which B( t )  

i s  i m p l i c i t l y  chosen t o  be  zero)  a s  "phase ambiguous."' 
, 



We no te  ( a )  t h a t  t he  exac t  time-dependent Schrodinger i n i t i a l  value' problem 

e x h i b i t s  no such time-dependent phase ambiguity,14. and (b) t h a t  -any t reatment  of a 

" time-dependent problem i n  which two o r  more wave func t ions .  a r e  additive1.y corn- :.. 

.' 15-18 may be a f f e c t e d  by t h e  time-dependent phases of those wave func(i0ns. It b ined  
. , 

. follows'  t h e r e f o r e  t h a t  t he  r e s o l u t i o n  of t h i s  phase ambiguity i n  T.D.H.F. 

promises . p r a c t i c a l  consequences'. 
. . 

Tile cbnscrucr ian  6f t h e  one-body dens i ty  luatrix,  p, from the  T.D.H.F. 

wave func t ion  suppresses  t h e  phys i ca l  information contained i n  t h e  time-depen- 

dent  C-number phasc? of t h e  wave func t ion ,  @. This  i s  ev ident  ftom t h e  f ~ r t  

t h a t  t h e  r e s u l t i n g 3  equ iva l en t  of t h e  T,. D. H. F. equat ion (3) ,  
, 

is  unaf fec ted  by a t ransformat ion  of t he  form (4) .  It fol lows t h a t  t h e  dens i ty  

mat r ix  formulat ion df T.D.H. F. 'must l l c lose l l  t he  d e s c r i p t i o n  hy prep1 llrll:ng the 
. . 

i r lcorporat ion of wave func t ions  o t h e r  than the  T.D.H.F. s o l u t i o n  i n t o  the  . . 

d e s c r i p t i o n .  Althougll s e v e r a l  approximate wave func t ions  can be  combined t o  

~ i e l d  a unique d e n s i t y  mat r ix ,  s e v e r a l  approximate d e n s i t y  mat r ices  can aoL, 

unless  an a d d i t i o n a l  s ta tement  s u p p l i e s  t he  information c a r r i e d  by the  ( r e l a t i v e )  

time-dependent phases of t he  corresponding wave func t ions .  

2 .  .RESOLUTION OF THE T.D.H.F. PHASE AMBIGUITY FOR AN EIGENSTATE 

To reso lve  the  choice of B ( t )  , and of f (t) i n  Eq. (5), cons ider  a case  

19 
where some determinant ,  xo, i s  t h e  ground s t a t e  e igenfunct ion  o f t h e  exac t  

Hamiltonian, H ,  

Then t h e  exac t  s o l u t i o n ,  Y ,  of t h e  Schr6dinger time-dependent problem which 

reduces a t  t = t t o  th'el i n i t i a l  va lue  x i s  
0 9 0 ' 



! t = {exp - i E o ( t  - to)M}xo.  

Since t h e  energy of an e igenfunc t ion  i s  c e r t a i n l y  s t a t i o n a r y  w i t h  r e spec t  

t o  a r b i t r a r y  v a r i a t i o n s  of t h e  wave fbnc t ion ,  x must 'be t h e  l e a s t  energy 
0 

s o l u t i o n  of t h e  s t a t i o n a r y  Hartree-Fock problem, arid an e i g e n f u n c t i o n  of t h e  

- - 
*:Fxo ' '0x0.  (9) 

I n  t h e  ~ a r t r e e - F o c k  approximation the  time-dependent problem becomes 

wi th  s 'o lu t ion  

Then t h e  choice 

. , o r ,  f o r  t h e  a r b i t r a r y  func t ion ,  B ( t ) ,  t h e  choice 

. ', .G Z 
: I ,  tL,, 

guaran tees  t h a t  t h e  Hartree-Fock s o l u t i o n  t o  t h i s  time-dependent ~ r o b l e m  is 

21,22 i d e n t i c a l l y  equa l  t o  t h e  exac t  s o l u t i o n .  

3 .  CENERN, RESOLUTION OF PHASE AMEiIGUITY: CONSTANT <=).F> T.D.H.F. 

The c h o i c e  (12)-  (13) f o r  B sugges ts  t h e  fo l lowing  p r e s c r i p t i o n  f o r  'the 

gene ra l  time-dependent Hartree-Fock, problem: 

~ ( t )  = <m(t) 1 (H -3/iF(t))  Im(t)>.  , (14) 
, . 

With t l i i s  choice  t he  T.D.H.F. problem becomes 



. . 
It is  remarkable t h a t  t h e r e  fol lows t h e  r e l a t i o n s h i p ,  

,3 
Since  <H> is  conserved dur ing  t h e  T.D.B.F. evo lu t ion ,  s o  i s  .'H. > fd8. t h i s  

HF 
I t  . c o n s t a n t  <%>I1  choice of B ( t ) .  We cons ider  t h i s  s e rend ip i tous  f e a t u r e  t o  

, c o n s t i t u t e  a s t r o n g  recommendation f o r  t h i s  "constant  <%>" r e s o l u t i o n  of  
6 

t h e  ambigui ty,  (4) .  

4. MINIMIZATION OF THE ERROR NOW AMNG T. n .  H. F.  'SOLT~TIIONC 

A p l a u s i b l e  a l t e r n a t i v e  t o  (1)  a s  v a r i a t i o n a l  p r i n c i p l e  f o r  T.,D.H.F. 

i s  t o  r e q u i r e  t h a t  t h e  de te rminant ,  @, be chosen s o  t h a t  t h e  quan t i t y  ' 

2 3 have a  minimal norm; t h a t  i s ,  t h a t  

I .  = <(H - icia/at)m(tj.Il (H-  u r a l a t ) m ( t ) >  
N 

Y I 
be  a  minimum wi th  respec t  t o  v a r i a t i o n  of @ ( t ) .  ~ n f o r ~ u n a t e i ~ ,  t h i s  v a r i a t i o n a l  

p r i n c i p l e  does no t  i n  gene ra l  y i e l d  t he  T.D.H.F. 
1' 

formulat ion,  24'25 u n l e s s  appl ied  

26 i n  an approp ' r ia te ly  r e s t r i c t e d  subspace. However, a s  an hL;.;l.ri. 7 . i . ~ ~  c r i t e r i o n  

f o r  s e l e c t i n g  among the  s e t  of phase ambiguouo T.D.11. I?. v ~ u n ~ ~ u l a ~ i o n s ,  (41, the  

c o n d i t i o n  (18) seems a  reasonable  opt imizer .  For s o l u ~ i o n s  of t he  form ( l l ) ,  

I becomes N 

Thus, i t s  minimization wi th  r e spec t  t o  choice. of B ( t )  selccts'~ . . - 

1 
) = - --v ( t ) ,  ' . 2 ,,HZ' 



a choice which is  i d e n t i c a l l y  equa l  t o  t h a t  given by (13) ,  s i n c e  

5. OPTIMAL CORRESPONDENCE WITH EXACT TIME EVOLUTION FOR SHORT INTERVAL 

As a f i n a l  recommendation f o r  t h e  "constant  a>'' T.D.H.F. formulat ion,  we 

-b 

m f e  t h a t  :he exac t  s o l u t i o n  s p e c i f i e d  i n i t i a l l y  by the  determinant ,  @(x ,  to.) ,  

can be described a t  t = t + A t  by t h e  Taylor s e r i e s  
0 

whereas t h e  Hartree-Fock approximant . . i s  

The a d d i t i v e  func t ion  B( t )  i n  SHF can be  chosen b s o  . t h a t  t h e  l ead ing  non-zero 

term (p ropc r t iona l  t o  At) i n  t h e  d i f f e r e n c e  over lap ,  

+. + + A t  2 
( x  t )  1 ( x  t )  - m(x, t ) ) ,  = o + <H - WHF> + O[ (At ) I  ,' (24) 

vanishes.  This  l eads  aga in  t o  the  "constant. <%>" choice  s p e c i f i e d  by Eqs. (14) . , . 

(15). and (21).  For an i n f i n i t e s i m a l  time s t e p ,  t h i s  i s  t h e  same condi t ion  as 

was appl ied  t o  t he  e igenfunct ion  case  i n  Sec t .  2. 

6. A NEW PRINCIPLE: A STATIONARY, .AND MIT\IIMAL, ABSOLUTE VALUE INTEGRAL 

Besides t h e  ope ra t iona l  advantages a l ready  c i t e d ,  t h e  s p e c i f i c  time- 

dependent Hartree-Fock HaluilColiiall (15),  and t h e  corresponding .:choicee of 

t he  time d e r i v a t i v e ,  i n v i t e  a re formula t ion  o f  t h e  v a r i a t i o n a l  b a s i s  of T.D.H.F. 

I n  p a r t i c u l a r ,  t he  q u a n t i t y  

vv l i shes  i d e n t i c a l l y  f o r  t h e  choice (14).  Thus, i f  t he  v a r i a t i o n a l  . 'quantity, .  
.. . .  . .  

(1) were replaced '  by i.ts abso lu t e  va lue ,  



t h i s  " cons t an t  .<3f>" choice of phase would guarantee t h a t  I r e a l i z e s  
. .  . 

A 

i t s  a b s o L t e  minimal va lue , .  ( ze ro ) .  One s e e s .  t he rq fo re  t h a t  t h e  requirements 

t h a t  t h e  v a r i a t i o n a l  q u a n t i t y  I be (a ) .  s t a t i o n a r y  w i t h  r e s p e c t  t o  i n f i n i t e s i m a l  A 

v a r i a t i o n s  of t h e  determinant ,  -@, p l u s  t h e  a d d i t i o n a l  condi t ion  t h a t  (b) i t  

be  minimal w i th  r e s p e c t  t o  t h e  time-dependent C-number phase of a, y i e l d s  
. . 

immediately the  unambiguous "cons tan t  <%>" Hartree-Fock formulat ion (15),  l ead ing  to '  
. . 

t h e  s o l u t i o n  (11) wi th  B ( t '  ) given by (i4). Since t h e  v a r i a t i o n a l  quan t i t y  

(26) y i e l d s  a n a t u r a l  b a s i s  t o  a p p l y ' t h e  a u x i l i a r y  condi t ion  f o r  a  minimurn, 

whereas p r i n c i p l e  (1)  provides  a  continuous set of stat,ionar;y s o l u t i o n s .  

b u t  o f f e r s  no b a s i s  whatsoever f o r  p r e f e r r i n g  any p a r t i c u l a r  one of them, t h e  

q u a n t i t y  (26) wi th  t h e  cond i t i ons  ( a ) . a n d  (b) would appear  t o  provide :a  f~rmu- 

l a t i o n  of T.D.H.F. s u p e r i o r  t o  t h a t  .of v a r i a t i o n a l  p r i n c i p l e  (1). 

7. O R I G I N  OF. THE PHASB AMblGUl ' I 'Y  

Why does the, T.D.B.F. systeln e x h i b i t  such a  phase .ambiguity? We'note 

t h e  f a c t ,  w e l l  known i n  s t a t i o n a r y  s t a t e  Hartree-Fock theory,  t h a t  an a r b i t r a r y  

u n i t a r y  t ransformat ion  among t h e  s i n g l e - p a r t t c l e  s t a t e s  of a  s t a t i o n a r y  Hartree- 

Fock determinant  l e a d s  t o  no a l t e r a t i o n  ~f t h e  p h y s i c a l  description: a d d i n g  

t o  any row o f  a determinant  any l i n e a r  combination of i t s  o t h e r  rows e f f e c t s  

no change whatsoever i n  t h e  determinant ,  a p a r t  from a phys i ca l ly  inconsequen- 

t i a l  cons t an t  m u l t i p l i c a t i v e  f a c t o r  (which must, t o  p re se rve  t h e  normal iza t ion ,  

be of u n i t  magnitude). 

I n  t h e  time-dependent framework, t h i s  same proper ty  of determinants  allows 

, an a r b i t r a r y  time-dependent u n i t a r y  t r a n s f  ormation, which l eads  once aga in  

t o  t h e  same determinant except  f o r  a  (now time-dependent) f a c t o r  of u n i t  



9 

magnitude. 'This, t h e  o r i g i n  of the  phase ambiguity. of T.D.H.F. i s  seen  t o  

l i e  i n  t h i s '  same proper ty  of de te rminants ,  and i s  the re fo re ,  a p o s t e r i o r i ,  

8. SUMMARY AND CONCLUSIONS 
. . 

The. customary T.D.H.F. formula t ion  has  been shown to . .be  phase ambiguous. 

A p a r t i c u l a r  "constant  &>" s p e c i f i c a t i o n  of t he  a r b i t r a r y  func t ion  of time 

which de f ines  t h e  phase of t he  T.D.H.F. s o l u t i o n  has  been suggested. Severa l  

ways i n  which t h i s  choice seems convenient and advantageous a r e  noted ,  inc luding  

a new abso lu t e  valued v a r i a t i o n a l  q u a n t i t y  whose s t a t i o n a r y  va lues  g ives  t he  

customary T.D.H.F., and whose (unique) minimal value  corresponds t o  t h e  

"cons tan t  <%>" choice of t he  phase. This  phase ambiguity a r i s e s  from a 

p rope r ty  of determinants  which t r i v i a l i z e s  i n  t he  s t a t i o n a r y  case.  
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o ' t o  HiF does n o t  

a l t e r  t h i s  argument. Phys i ca l ly ,  such an a d d i t i o n  simply s h i f t s  t h e ' z e r n  , 
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(18) y i e l d s  the  condi t ions  (2) ,  and a l s o  the  condi t ion  (20).  

27. This  freedom was noted i n  some e a r l y  d e r i v a t i o n s  of t he  T.D.H.F. equa t ion  
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