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ABSTRACT 

Low-m tear ing modes cons t i t u t e the dominant i n s t a b i l i t y problem in present-

day tokamaks. In t h i s l e c t u r e , the s t a b i l i t y c r i t e r i a fo r representat ive 

current p r o f i l e s wi th q(0)-values s l i g h t l y less than un i ty are reviewed; 

"sawtooth" reconnection to q(0)-values j u s t a t , or s l i g h t l y exceeding, un i ty i s 

general ly des tab i l i z i ng to the m = 2 , n = 1 and m = 3, n = 2 modes, and 

severely l i m i t s the range of s table p r o f i l e shapes. Feedback s t a b i l i z a t i o n of 

m > 2 modes by r f heating or current d r i v e , appl ied l o c a l l y at the magnetic 

i s lands , appears f e a s i b l e ; feedback by is land current d r i ve i s much inore 

e f f i c i e n t , in terms of the radio-frequency power requ i red , than feedback by 

is land heat ing. Feedback s t a b i l i z a t i o n of the m = 1 mode - - although y i e l d i n g 

p a r t i c u l a r l y bene f i c ia l e f fec ts fo r r e s i s t i v e - t e a r i n g and high-beta s t a b i l i t y 

by a l lowing q(0)-values Subs tan t ia l l y below un i ty - - i s more prob lemat ica l , 

unless the m = 1 ideal-MHD mode can be made pos i t i ve l y stable by strong 

t r i a n g u l a r shaping of the centra l f l ux sur faces. Feedback techniques require a 

detectab le , r o ta t i ng MHD-like s i g n a l ; the slowing of mode r o t a t i o n — or the 

exc i t a t i on of non-rotat ing modes — by an imper fect ly conducting wal l is also 

discussed. 

*Lecture presented at the Course and Workshop on "Basic Physical Processes of 

Toroidal Fusion Plasmas" (Varenna, I t a l y ) , Aug 26-Sept 3 , 1985. 
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I. INTRODUCTION 

A small but f i n i t e amount of plasma r e s i s t i v i t y has a remarkably strong 

des tab i l i z i ng e f fec t on the MHD s t a b i l i t y of tokamaks. In p a r t i c u l a r , i t can 

give r ise to various modes — espec ia l ly r e s i s t i v e kink modes — t h a t grow on a 

time scale that lengthens only gradual ly wi th decreasing plasma r e s i s t i v i t y . 

In present-day tokamak experiments, these r e s i s t i v e kinks (or " tear ing modes") 

c o n s t i t u t e , by f a r , the most dominant i n s t a b i l i t y problem. Indeed, a tokamak 

wi th a h igh ly non-optimal q ( r ) - p r o f i l e may encounter gross i n s t a b i l i t y and 

"d i s rup t i ve " te rminat ion of the discharge. 

While major d isrupt ions can be avoided in normal tokamak opera t ion , a low 

level of resistive-MHD a c t i v i t y general ly remains present and of ten serves to 

restore the q ( r ) - p r o f i l e pe r i od i ca l l y t o a preferred form by reconnecting 

magnetic f lux sur faces. For example, the "sawtooth" o s c i l l a t i o n s shown on the 

l e f t in F ig . 1 (taken from PLT) serve t o maintain q(0) s l i g h t l y below u n i t y , on 

average, by reconnecting the magnetic f lux a r i s i ng from m = 1 r e s i s t i v e - k i n k 

per tubat ions, thereby f l a t t e n i n g the j ( r ) - p r o f i l e (and T e - p r o f i l e ) p e r i o d i c a l l y 

w i th in the region where q ( r ) < 1 . Such discharges are general ly free of 

s i g n i f i c a n t m = 2 a c t i v i t y and e x h i b i t r e l a t i v e l y favorable confinement 

throughout the region q ( r ) > 1 . On the other hand, discharges without sawteeth 

[ i . e . , w i th q(0) > 1 ] , such as that shown on the r i g h t in F i g . 1 , are general ly 

character ized by a high level of m = 2 a c t i v i t y , often leading to a major 

d i s r u p t i o n . [A "sawtoothing discharge" may undargo a t r a n s i t i o n to an "m = 2 

discharge" j us t a f t e r the sawtooth reconnection phase, when q(0) a t ta ins i t s 

highest value (= 1 ) . ] These observations can be understood in terms of the 

s t a b i l i t y of tokamaks with q (0 ) ~ 1 against m > 2 tear ing modes, which is the 

top ic of Sec. I I of t h i s l e c t u r e . 

Tearing modes are amenable to feedback s t a b i l i z a t i o n by r f heating and 

cu r ren t -d r i ve techniques provided the r f power can be loca l i zed w i th in the 

magnetic is lands; t h i s i s the topic of Sec. I l l of t h i s l e c t u r e . Feedback 

s t a b i l i z a t i o n of the m = 1 mode would be espec ia l ly bene f i ca l , since i t would 

not only al low higher plasma current (thereby improving both confinement and 

beta-value) but would also i n d i r e c t l y s t a b i l i z e the m > 2 modes by permi t t ing 

q(0)-values s i g n i f i c a n t l y below un i t y ; t h i s is the topic of Sec. IV. 

The experimental detect ion of MHD-like modes in tokamaks — c l e a r l y 

necessary fo r the app l i ca t ion of r f feedback — requires that the mode be 

r o t a t i n g . The possible ro le of an imperfect ly conducting wall in s t a b i l i z i n g 

ro ta t ing tear ing modes ~ or provoking non-rotat ing i n s t a b i l i t i e s ~ is 
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discussed b r i e f l y in Sec, V. 

I I . TEARING-MODE STABILITY 

The s t a b i l i t y of a tokamak to m > 2 tea r ing modes depends on the radial 
p r o f i l e of the "sa fe ty - fac to r " q ( r ) , the m-value ?f the mode, and the pos i t ion 
of the s ingular surface r s w i th respect t o the q ( r ) - p r o f i l e . S t a b i l i t y 
c r i t e r i a can be obtained by varying the perturbed magnetic energy 

W = K m 2 ) / { r 3 ( - | i ) 2

+ [ (m 2 - l ) r + } ^ ( r 3 f ) ] f 2 } d r 

and solv ing the resu l t i ng Euler-Lagrange equation 

on e i the r side of the s ingular surface r s . Here, $(r) is the radia] component 
B p of the perturbed magnetic f i e l d , and 

F ( r ) = i ( r ) - n/m, 

where i ( r ) is the ro ta t iona l transform (div ided by 2 * ) , i . e . , i ( r ) = q _ I ( r ) . 

I f the Euler-Lagrange equations are s a t i s f i e d , the perturbed magnetic energy 

becomes 

W = - ( * /m 2 ) r3

s *? A ^ , 

4 = O/^VV 

where [ ] s denotes the jump across the s ingular surface r s . Modes for which Â  
> 0 are unstable. 

In an ear ly paper on tear ing modes in tokamaks / l / s the Euler-Lagrange 
equations were solved numerical ly fo r three representat ive tokatnak current 
p r o f i l e s , namely, 

3z[r) = j 7 ( 0 ) / f l + ( r / r 0 ) 2 P ] , + 1 / P 

corresponding to 
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q(r) = q(0) [1 + (r/r0)2P]l'P 

f o r p = i ("peaked p r o f i l e " ) , p = 2 ("rounded p r o f i l e " ) , and p = 4 ( " f l a t tened 
p r o f i l e " ) . These j2(r) and q ( r ) p ro f i l es are shown in F ig . 2 , a r b i t r a r i l y 
normalized to un i ty at r = 0 . 

In the steady-state phase of the tokamak, the current p r o f i l e i nva r iab ly 
contracts u n t i l the centra l q-value i s in the general neighborhood of u n i t y . 
(The only exception to t h i s pat tern of behavior seems to be where high-Z 
impuri ty rad ia t ion from the central part of the discharge is unusually s t rong , 
depressing the centra l e lect ron temperature and current dens i t y . ) This 
contract ion of the current p r o f i l e i s , no doubt, pa r t l y due to the cool ing of 
the outer part of the discharge, but i t may also represent a tendency fo r the 
discharge to evolve toward a conf igurat ion with r e l a t i v e l y favorable s t a b i l i t y 
propert ies against m > 2 tear ing modes. Thus, i t is of pa r t i cu la r in te res t to 
consider the s t a b i l i t y of p ro f i l es with q(0) ~ 1 . 

Noting that the quant i ty r s A j provides a measure of the magnetic energy 
avai lable to a tear ing mode, we p lot in F ig . 3 the calculated values of r s AJ as 
a funct ion of q(0) f o r the m = 2 , n = 1 and m = 3, n - 2 modes for the three 
representat ive current p ro f i l e s already discussed (assuming a conducting wall 
at rv/rQ = 2 .0 ) . r t is evident from F ig . 3(a) that a l l three p ro f i l e s are 
unstable to the m = 2 mode i f q(0) > 1 ; the " f l a t t ened " and "rounded" p r o f i l e s 
seem to be r e l a t i v e l y unfavorable from an energetic v iewpoint , and the e f fec t 
of the m = 2 mode is presumably most severe in these cases. On the other hand, 
i f q(d)-values below about 0.9 can be t o l e r a t e d , the s t a b i l i t y of the m = 2 
mode is much improved, especia l ly in the case of the " f l a t t e n e d " and "rounded" 
p r o f i l e s . For q(0)-values above about 0 .95 , the " f l a t t ened " and "rounded" 
p ro f i l e s are also s t rong ly unstable to the m = 3, n = 2 modes; the simultaneous 
des tab i l i za t i on of the m = 2 , n = 1 and m = 3, n = 2 modes and the resu l t ing 
break-up of magnetic surfaces provides a persuasive explanation for the major 
d is rupt ion / 2 / . 

Tokamak discharges wi th q(0) < 1 e x h i b i t "sawtooth" behavior in which a 
strongly-growing m = 1 res i s t i ve kink reconnects the magnetic surfaces in the 
centra l region of the plasma in such a way that q(0) is pe r iod i ca l l y restored 
to u n i t y . The process of reconnection can be described quan t i t a t i ve l y / 3 / i n 
terms of the (m = 1 , n = 1) he l i ca l f lux funct ion 

x ( r ) = / r 9 9 d r - ( r 2 B 2 / 2R) 
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^ ( X ) 

which undergoes the transformation illustrated in Fig. 4. Initial flux 
elements dx at rj and r 2 combine into the final flux element at r in such a way 
that the toroidal flux (area) is conserved: 

rdr = r-̂ drj + r 2drg . 

The final flux function Xf(r) can be obtained from the initial flux function 
x.j(r) by means of the relation 

dr dr« 

The reconnected i(r) and j z(r) profiles ars shown in Fig. 5 ("Kadomtsev 
model") for the case of a parabolic current profile with i(0) = 1.15. A 
reversed surface current is induced at the outermost radius of reconnection; 
this surface current will survive only transiently, implying that a more 
physical model for the reconnected profiles might be the "flat-q model," also 
shown in Fig. 5, in which i(r) is unity inside the initial q = 1 singular 
surface and unchanged outside it. 

As we have already noted, small changes in the i(r)-profile in the central 
part of the plasma can have a remarkably strong effect on the stability of the 
m = 2, n = 1 and m = 3, n = 2 modes. The effect of such changes can be 
quantified by varying the F(r)-function, and consequently also the minimizing 
ijj(r)-function, in the perturbed magnetic energy W: 

F * F + SF, 
* + iji +• « * , 

W + W + 5W. 

I f we l im i t ourselves to variations that leave i and di/dr ( i . e . , q-value and 
current density) unchanged at the singular surface r s of the mode (m = 2, n = 1 
or m = 3, n = 2) under investigation, we obtain / l / : 

6W = U/n,2) / { r 3 [-fjr $ ] 2 + (m 2- l) ^ } 5 (F 2) dr . 

The expression { } is clearly positive def in i te: s tab i l i t y is improved to the 
extent that 

«(F2) = Ct(r) - n /m ] z

f 1 r . a - - [ i ( r ) - n / m ] 2

1 n n i a l 
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can be made p o s i t i v e . 

The formalism described above can be aoplied to the per turbat ions in i ( r ) 

a r i s i ng from sawtooth reconnect ion. I t i s immediately evident from F i g . 5(a) 

that reconnection according to the " f l a t - q model" is always d e s t a b i l i z i n g t o 

the m = 2 , n = 1 and m = 3, n = 2 modes: the magnitude o f i ( r ) - ri/m i s 

everywhere lowered (or unchanged) by reconnect ion. On the other hand, 

reconnection according to the "Kadomtsev model" has both s t a b i l i z i n g and 

des tab i l i z i ng features ; there are regions where i ( r ) - n/m is lowered and 

regions where i t is ra i sed . Remarkably, a de ta i led ca lcu la t ion for the case of 

a parabol ic current p r o f i l e w i th an i n i t i a l q(0) -va lue j u s t below un i ty shows 

tha t the s t a b i l i t y of the m = 2, n = 1 mode is unchanged by "Kaaomtsev-model" 

reconnection « the s t a b i l i z i n g and des tab i l i z i ng cont r ibu t ions exact ly 

cancel . The s t a b i l i t y of the m = 3, n = 2 mode is ac tua l l y improved s l i g h t l y . 

Of more p rac t i ca l relevance i s the " f l a t - q model" of sawtooth reconnect i o n , 

which might approximate the experimental s i t u a t i o n a f t e r the reversed surface 

current has decayed. Using the per turbat ion fonral is.n described ibove, we have 

ca lcu lated the e f f ec t of " f l a t - q " reconnection on the s t a b i l i t y of the m = 2 , r, 

= 1 and m = 3, n = 2 modes fo r the "rounded" and " f l a t t e n e d " current 

p r o f i l e s . [These p r o f i l e s seem most representat ive of p r o f i l e shapes i n fe r red 

from measurements at low q a -va lues in large tokamaks S'Kh as the Tokamak Fusion 

Test Reactor (TFTR) where the long skin time precludes too much peaking of j ( r ) 

during a sawtooth.] The resu l t s are given in Figs. 6 and 7, in nnicli values of 

r £ A j are p lo t ted against the i n i t i a l value of q{0) ( i . e . , before reconnection) 

fo r two pos i t ions of a conducting wal l {r^/rQ = 2.0 and r w / r Q = » ) . With a 

conducting wall at rl/l/rQ = 2 .0 , the "rounded" p r o f i l e can remain s tab le to both 

modes a f t e r reconnect ion; the " f l a t t e n e d " p r o f i l e can remain stable to trie m = 

2 , n = 1 mode, but becomes unstable to the m = 3, n = 2 mode. The s e n s i t i v i t y 

of the m = 2 , n = 1 mode to the pos i t ion of the conducting wal l i s s u r p r i s i n g , 

and i t i s f u r the r evidence of the "marginal" s t a b i l i t y of a l l p r o f i l e s wi th 

q(0) ~ 1.0. The requirement tha t "sawtoothing" p r o f i l e s remain stable to the m 

= 2 , n = 1 and m = 3, n = 2 tea r ing modes c l ea r l y imposes very severe 

const ra in ts on the allowed c u r r e n t - p r o f i l e shapes. 

I f the current p r o f i l e becomes s l i g h t l y hollow a f t e r sawtooth reconnectiort, 

as has been proposed in one theore t i ca l model / 4 / , the m = 2, n = 1 and m = 3, 

n = 2 modes are even fu r the r des tab i l i zed . 
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I I I . RADIO-FREQUENCY FEEDBACK STABILIZATION OF TEARING MODES (m > 2) 

The suppression of the m = 2 mode in a tokama'a would have three important 

advantages: ( i ) i t could provide d i s r u p t i o n - f r e e operation at r e l a t i v e l y low 

q{a) -va lues ; ( i i ) i t would provide a modest improvement in the l i m i t i n g beta-

value fo r bal looning i n s t a b i l i t i e s by shortening the connection length [ i . e . , 

lowering q (a ) ! l ; and ( i i i ) i t would provide a modest improvement in confinement, 

by al lowing increased plasma cur ren t . 

Feedback s t a b i l i z a t i o n of m > 2 modes by r f heat ing and/or current d r i ve 

has recent ly been proposed / 5 / . To produce a s t a b i l i z i n g e f f e c t , the feedback 

technique must increase the plasma current densi ty at the 0 -po in t of the 

magnetic islands associated wi th the t ea r i ng mode and decrease the current 

density at the X-point (separatn 'x) of the i s l a n d . 

That the feedback-induced changes in plasma current densi ty at the magnetic 

is land must serve to re in fo rce the n a t u r a l l y occurr ing cur ren t -dens i ty 

per turbat ions (see F i g . 8) is apparent from a considerat ion of tearing-mode 

physics. In a tokamak geometry [where the shear ( B 9 / r ) [ i s opposite to the 

current density j z ] , a lowering of the magnetic energy (corresponding t o &' > 

0) requires loca l i zed increases in current densi ty at the 0 -po in t of the 

magnetic is land and loca l i zed decreases in current density on the separa t r i x . 

Since the he l i ca l f l ux func t ion x = / r [ B g f r ) - nrB z /mRjdr has a maximum at the 

s ingular sur face, these per turbat ions in current density correspond to a 

f l a t t e n i n g of the f l u x func t ion across the magnetic is land ( i . e . , a 

reconnection of negat ive ly d i rec ted he l i ca l f i e l d Bg-nrBz/mR on the l a rge - r 

side of the is land w i t h p o s i t i v e l y d i rected f i e l d on the smal l - r s i de ) . This 

reconnection can proceed only on the r e s i s t i v e time sca le , which l i m i t s the 

growth ra te of the mode. I f the cur rent -dens i ty perturbat ions required to 

produce magnetic is lands of a ce r ta in s ize can be provided non - res i s t i ve l y 

( e . g . , by r f feedback), then res i s t i ve reconnection w i l l proceed even more 

s lowly , and fu r the r growth of the is lands w i l l be i n h i b i t e d . 

There are two pr inc ipa l options for producing the desired current 

per turbat ions by rf-feedback techniques: 

1 . Heat the magnetic islands (0 -po in ts ) by loca l ized r f heat ing, thereby 
lowering the local r e s i s t i v i t y ; 

2 . f l r ive addi t iona l non-induct ive currents w i th in the magnetic islands 
(0 -po in t s ) . 



-8-

(The converse of the first option — island cooling by excess radiation -- has 
been proposed as a contributory factor in major disruptions IS/.) In both 
cases, the rf power must be phase Modulated to match a perturbation signal from 
some suitable detector (for example, the electron temperature measured by 
electron cyclotron emission). Feedback techniques based on lower hybrid waves 
(for current drive) or electron cyclotron waves (for heating) are theoretically 
capable of providing the required localization of the rf power, and they are 
discussed in detail in a separate paper /7/. 

The theory of feedback stabilization of tearing modes by island heating is 
based on the standard treatment of m > 2 modes in their slow-qrowing 
(nonlinear) phase /8/, except that the resistivity on flux surfaces interior to 
magnetic islands is allowed to be perturbed relative to that on exterior flux 
surfaces. The rf power density is modulated in phase with the rotating island: 

P r f = P r f cos (m&-n<£-&>t), 

and the radial prof i le of power deposition is assumed to be quite narrow, but 
not as narrow as the island i t s e l f . The calculation proceeds most 
transparently in "slab" geometry, in which x replaces r-r s and ky replaces me-
n^-uit. For slow-growing modes, the perturbed current density 5 j z and 
res is t iv i ty Sn must be constant on flux surfaces, i . e . , surfaces of r.onstant ty 
= J xB ydx. Faraday's and Ohm's laws, expressed in terms of the magnetic flux 
function t|i, can be written 

| j j U v.7 0 = n 5JZ(<|0 + j z 6n(i |0 , 

where 

4» - ByX2/2 - ^ casky . 

(Signs are chosen such that the 0-point is at x = y = 0 for B y , ipj > 0.) For 
incompressible poloidal flow (strong toroidal f i e l d ) , a velocity stream 
function $ may be introduced, such that 

M * = - (fj), B; x . 

Integrating over a f u l l period in y (or fu l l y around interior flux surfaces), 
we obtain 
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,,,,, 1 3*1 , cosky x , , 1 , j z 6 r i 

where < > v denotes an average over y. The solutions in the vicinity of the 
singular surface may be matched to the outer solutions in the usual manner: by 
integrating the relation 

across the island region and including only the dominant Fourier component in y 
we obtain 

& ^ = - 2<cosky / 'z dx> y 

d*. J r !_JL f> H , / CQSkV s.2 ,, 1 

0. . ° z f» w . , cosky . f i 
~ J-0,d* < 7 TTI72 \ 5 n 3 ' 

The heat flux across a magnetic surface inter ior to the island must equal the 
r f power deposited within the surface: 

H * K i J t y l - a iM / / P r f dxdy, 

where K i e is the cross-f ield elc-ctron thermal conductivity, giving 

«T U) = 
p 

^ = _ r f r$ di|i t$ . . . cosky 
e 2K i e B y <( I( l+^coskyJ 1 / 2> - ^ O ' - ^ c o s k y ) 1 7 2 y ' 

The res is t i v i t y perturbation nay be obtained from the temperature perturbation 
by assuming Sn/n = -35T e/2T e. Changing the variable of integration from ip to X 
= <Ji/i^, so as to reduce the various integrals to numerical constants, and 
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integrating by parts where indicated, we obtain 

W^' 2 ^ + 6CgPrf 3f\* 
* ' h " n(2B;) 1 / 2 W K i e T e ( 2 B ; ) 3 / Z * 

where Cj and Cg are numerical constants: 

c = f dX < cosk^ ^ >*/ < 1 m > , 
1 -1 <X +cosky) 1 / 2 y ;x +cosky) 1 / ? * 

. C dX ,-fX V , cosky v v2 
c ? = J i T7? ^ ' _ i d x < — ' ,1/2 V 

2 a < ( X + c o s k y r V * (X t cosky ) 1 ^ y 

Approximate numerical values are Cj = 0.7 and C2 = 1.4. Introducing the island 
width w, given by w = 4{ 1 | r 1 /B. f) 1 '~, the result can be written 

d " - !,' r P Pf W ^ 
^ - 71 (A - C h ^ p J , 

le e 

where 
Ch = - 0.75 ( j z /By) = 0.75 ( r j z / B 9 ) (q / rq ' ) . 

The la t ter expression for Ch represents the appropriate transformation from 
slab to cyl indrical geometry. Typically - - for example, the m = 2 ins tab i l i t y 
of a "rounded" or "peaked" prof i le with q(0) = 1 — the value of Ch is about 
0.5. 

Unfortunately, the power requirements for this type of r f feedback turn out 
to be prohibit ively large — especiallv i f the cross-f ield electron thermal 
conductivity within the magnetic island is as large as the observed global 
thermal conductivity. To estimate the r f power, we suppose that the feedback 
system can supply a fraction f of the total heating power and deposit i t within 
a region of radial width d around r.ne magnetic island. We also estimate th t 
cross-f ield thermal conductivity from the overall electron power bdlance: 

K i e /n = a 2 / 4 , £ e ; 3 n y 2 T E e = P ^ . 

With these assumptions, suppression of islands of width w requires 
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& r s < 2f(w/d). 

Since typical values of i ' r s exceed unity (for example, a ' r s = 2 for the m = 2 
ins tab i l i t y of a "rounded" current prof i le with q(0) = 1), a yery large 
feedback power ( f ~ 1} would be required to suppress islands of width d. I f 
electron thermal conduction were a less important term in the power flow across 
the singular surface, or i f the cross-field thermal conductivity within the 
island were to be much smaller than the global conductivity, then feedback 
stabi l izat ion by island heating would become a more attract ive option. 

The theory of feedback stabi l izat ion by island current drive proceeds along 
similar l ines. The rf-driven current density is modulated in phase with the 
rotating island 

j r f = j r f cos(rrte-n*-<ut), 

and the radial deposition prof i le is assumed to be quite narrow, but not as 
narrow as the island i t se l f . The evolution of the magnetic flux function •]> is 
described by 

- | i + v.y 1/ = n[«j2(if>) - j r f ] . 

Proceeding (in slab geometry) as before, we obtain 

.i „, _ 4 r l h , $ •> t - ., , cosky - . 2 , , 1 
( 2 B ^ ) i / c "" U l" ' " ' ' - V ( ^ c o s k y ) 1 7 2 * ( j r f -^cosky) 1 ' 2 y ' 

Changing the va r i ab le of i n t e g r a t i o n from i|> t o X = i ^ / ^ and in t roduc ing the 
i s l a n d w id th w, given by w = 4 ( ^ / 1 3 ' J 1 ' , the r e s u l t can be w r i t t e n 

dw , , , r

 J r f lv 
_ = n ( i - c d 3 - - ) , 

where (including a transformation from slab to cyl indrical geometry) 

Cd = - 8 ( J Z / B ; ) = "8 ( r j z /B 9 ) (q/ rq 1 ) . 
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Typically — for example, the m = 2 ins tab i l i ty with q(0) = 1 — the value of 
Cd is about 5. 

Unlike feedback by island heating, where only islands above a certain size 
can be stabi l ized, feedback by current drive w i l l suppress a l l islands smaller 
than some c r i t i ca l size. To provide a concrete example, Fig. 9 shows the 
feedback current density j r f (expressed as a f ra-t ion of the i n i t i a l local 
current density j z o ) required to stabil ize the m = 2 ins tab i l i t y of "rounded" 
and "peaked" current profi les with q(a) =* 3.0, as a function of the q(0)-value 
and the maximum permitted island width w m a x . We see that suppression of m = 2 
islands with widths up to w/a - 0.1 requires values of J r f / J z o in the range 
0.05 - 0.15. Thus, feedback by means of r f current drive represents a viable 
option for stabi l iz ing m > 2 magnetic islands. 

IV. RADIO-FREQUENCY FEEDBACK STABILIZATION OF THE m = 1 MODE 

The successful suppression of the m = I mode and the associated "sawteeth" 
would have more substantial benefits than the suppression of the m = 2 mode: 
( i ) i t could provide a signif icant improvement in the l imi t ing beta-value for 
ballooning ins tab i l i t ies by reducing both q(0) and q(a); ( i i ) i t would provide 
indirect stabi l izat ion of the m = 2 mode (and other "external" resist ive kinks) 
by allowing q(0) to fa l l s igni f icant ly below unity [corresponding to centrally 
peaked j ( r ) profi les that are known to be stable to m > 2 modes]; ( H i ) i t 
would provide a signif icant improvement in confinement by allowing increased 
plasma current; and ( iv ) i t would enhance the maximum ohmic-heating power by 
increasing the central current density. 

In a "cyl indical" tokamak with circular cross section, the ideal-MHD m = 1 
mode ("internal kink") is marginally stable in the l im i t of small k z a. In this 
case, the resistive mode becomes strongly unstable, and i t does not enter a 
slow-growing nonlinear phase. The rapid growth of the m = 1 mode is reproduced 
in computer simulations and makes rf-feedback stabil Nation highly 
problematical / 9 / . 

However, the ideal-MHD mode can become posit ively stable in a tokamak with 
a strongly shaped (triangular) plasma cross section /10/ . (Toroidicity wi l l 
aTso stabil ize the internal kink at low Bp-values, but this effect does not 
seem, of i t s e l f , strong enough for rf-feedback to be feasible.) I f the ideal-
MHO mode is positively stable, an effective a'-value can be calculated, and the 
rf-feedback theory developed in the previous section can be applied. 

For m = 1 , the perturbed magnetic energy may be written 
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H - W [ r 3 ( T F ) Z + H r ( r 3 f )^2]dr + sw, 

where corrections from toroidal effects and cross-sectional shaping, as well as 
higher order terms in k r, are a l l contained in the term «W, which can 
generally be reduced to the form 

5W = ir / g* 2 /F 2 dr. 

Here, F = k.]L= (B/R) Ct(r) - 1 ] . Writing * c F?, the Euler-Lagrange equation 
becomes 

|_ [ r V f ) - g£ = 0 , 

which nss lowest-order solutions 

/ 0

S 9 dr , (r < r s ) , 
5o 

? -
0 ^ ; 2 

5 0 

X 

S 'J tf" 

X 

dr , [ r > r s ) , 

where r s is the m = 1 singular surface and x = r - r s . Ideal-MM s tab i l i t y 
requires 

«wH H D > 0 S 

where 

2r rs 

Assuming that this is sat is f ied, the resistive s tab i l i t y of the m = 1 mode is 
described by the quantity ig = [3i)>/3r] s/i|i s, which can be written 

Thus, the growth rate of the resist ive mode varies inversely with SW^: i f the 
ideal-MHO mode can be given strong positive s tab i l i t y , the growth rate of the 
resist ive mode can be correspondingly reduced. 
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The ideal-MHD m = 1 mode is positively stable in toroidal geometry at 
sufficiently low 6_-va1ues. The stability of the mode can be enhanced by 
triangular shaping of the cross section /9/, and shaping becomes the dominant 
effect whenever the local distortion exceeds the local inverse aspect ratio; 
elliptical shaping is weahly destabilizing. For present purposes, we neglect 
toroidal effects and consider a D-shaped plasma boundary of the form 

r/a = 1 - s 2 acos2a + s 3 accs3e . 

(The quantities £ 2 a and gj are related to the more familiar elongation < and 
triangularity 6 by K = 2g 2 a and 5 = 353a*^ F o r t n' s case, the perturbed 
magnetic energy is 

"mo = ̂ 5 o rs / R ? a 2 ) (5W3 4 ' 6 M2 4 > 
giving an effective fl'-value 

V s = ^ s ^ C*/rs^2/C *W3 4 ' 6 W2 4 ) • 

where numerical quantities <5W2 and 6W3 (both positive) have been calculated 
previously for representative current profiles /9/ and are reproduced in Fig. 
10(a). (The effect of reduced shaping of flux surfaces near the magnetic axis, 
relative to that of the plasma boundary, is included in the numerical values of 
SWg and 6W3, and it is calculated from an equilibrium that is consistent with 
the assumed current profiles.) 

To provide a concrete example, we consider a strongly (bean) shaped cross 
section with ? 2 a

 = n , s a n d ha = 0 , s (corresponding to « = 2.0 and 5 = 1.5). 
Figure 10(b) shows the values of r s4^ for this case, and Fig. 10(c) shows the 
feedback current density j' r f (expressed as a fraction of the initial local 
current density j"z0) required to stabilize the mode for a parabolic current 
profile, as a function of the q(0)-value for various maximum permitted island 
widths w m a x . We see that suppression of m = 1 islands with widths up to w/a ~ 
fl.l requires values of Jrf/Jzo in the range 0.3 - 0.4 ~ a demanding 
requirement, but not entirely impossible. Thus, feedback stabilization of the 
m = 1 mode by means of rf current drive will require a strongly shaped plasma 
cross section and substantial feedback power, .but it may be a feasible option 
for realizing and sustaining the q(0) < 1 regime in a tokamak. 
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If the regime q(0) < 1 can indeed be realized and sustained, the question 
naturally arises: What is then the ultimate lower limit on q(0)? The ideal-MHD 
m = 1, n = 2 mode certainly provides a firm lower bound at q{0) = 0.5. 
However, before such low q(0)-values are reached, the plasma will be vulnerable 
to higher order "fractional-m/n" tearing modes with singular surfaces falling 
in the region where q(r) < 1; the most relevant modes will be those with m,n-
values given by m/n = 4/5, 3/4, and 2/3. The stability of such modes for the 
"peaked" current profile of Ref. 1 is given in Fig. 11, which shows A'-values 
plotted against q(0) for the range 0.5 < q(0) < 1. [In Fig. li, the A'-values 
have been used to obtain a rough measure of the magnetic energy available to a 
tearing mode, namely, 6W = (r s/r 0) A ^ j , where r s is the radius of the 
singular surface; a conducting wall is at r w/r Q = 2.0.1 For this case, the m/n 
= 4/5 mode is not unstable (m = 4 is always stable for a peaked current 
profile) and the m/n = 3/4 mode is only mildly unstable. A small "window" of 
stability is evident for q(0) = 0.75. Careful tailoring of the current profile 
— in the region where q(r) < 1, as well as in the vicinity of the q = 2 
surface — produces cases that are stable to all tearing modes without any 
conducting wall for q(0)-values as low as 0.7 /ll/. It does not seem possible 
to stabilize the rn/n = 2/3 mode. Thus, the optimum operating regime for a 
"sawtooth suppressed" tokamak would have q(0)-values of about 0.7. Relatively 
flat pressure o'-ofiles may be expected within the region q(r) < 1, because of 
the action of unstable resistive interchanges. 
* 
V. EFFECTS OF ROTATION ON TEARING MODES 

In the absence of a conducting shel l , a tokamak with q(0) approximately 
equal to unity is theoretical ly unstable to the m = 2, n = 1 tearing mode for 
v i r tua l ly a l l typical current prof i les j z ( r ) . As we have seen in Section I I , 
the addition of a f a i r l y c lose- f i t t ing conducting shell (for example, at a 
radius r w = 2 r 0 , where rQ is the effective radius of the current channel — 
usually s igni f icant ly less than the l inriter radius a) has a substantial 
stabi l iz ing ef fect , especially i f q(0) can also be made s l ight ly less than 
unity. Experimentally, m = 2 ins tab i l i t ies are not as pervasive as the theory 
would predict for the case without a conducting shel l , suggesting that the 
(resist ive) vacuum vessel wall might be acting as a conducting she l l , 
part icularly for a rapidly rotating mode. Even i f the mode is .lot completely 
stabi l ized, i t s gro'vth may be suf f ic ient ly impeded so that a signif icant 
amplitude is not reached, especially in the case of a tokamak with a sawtooth 
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cycle that extends to q(0)-values low enough to provide periodic intervals of 
s tab i l i t y against tie m = 2 mode. Three questions naturally ar ise: ( i ) How 
small must the vessel resistance be for effective stabi l izat ion of rotating m = 
2 modes? ( i i ) Do non-rotating ins tab i l i t ies remain, even in the presence of an 
effective conducting wall? ( i i i ) On what time scale is the mode rotation slowed 
by the interaction of rotating magnetic perturbations with the resist ive 
wall? These questions have been addressed previously for l inear kink and 
tearing modes /12/ , and they are considered here in the context of nonlinear 
tearing modes, i . e . , slow-growing finite-amplitude magnetic islands. (Feedback 
techniques would, of course, be ineffect ive against non-rotating, 
experimentally "hidden" m = 2 tearing modes.) 

The boundary condition to be applied on the inner side of a thin resist ive 
wall at r = r w i s : 

( r B r ) 7 B r = - m + iavrs , [ r = r y ) , 

where x s = 4irryd/nyC2 is the resistive time const;."! of the wall, d is the 
thickness of the wall, and the mode is assumed tr vary like exp(im9-in<ji-iuit). 
In deriving this boundary condition, we have assumed that d « \, where X is 
the resistive skin depth of the wall [X = (nyC / 4 ™ ) 1 ' 2 ] , and we have noted 
that the wall exerts a strong stabilizing effect on long wavelength modes even 
if its resistive skin depth greatly exceeds its thickness: a stabilizing effect 
requires only that )r < r wd. 

The resistive wall modifies the solutions of the Euler-Lagrange equation 
for the perturbed magnetic fields only in the region outside the singular 
surface r = r s. If the plasma current density is small in this regio r, the 
solutions for rB r have the forms rm and r" m, which can be combined to satisfy 
the required boundary condition. The effective i'-value becomes 

A' - K, 
4 " » " 1 + (2im/<uTsJ • 

Here, 4^ is the value of A1 with the wall absent ( i . e . , at i n f i n i t y ) , and Ay is 
the value of &' for the case of a perfectly conducting wall located at r w . [An 
additional factor (1 + r s

2 m / r M

2 m ) should multiply t s in the above expression, 
but is approximately unity for most cases of in terest . ] The real and imaginary 
parts of L' can be wr i t ten: 

2 2 
u, T S 

r t j + 4nr 
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2 muTp 
4 i = ( A i " fl») 2 2 . . 2 ' 

is T 5 + 4m 

The real part Aj| corresponds to current-density perturbations 6 j z which are 
90° out-of-phase with the f ie ld perturbation B r ( i . e . , antinodes of 5 j z at the 
0-points and X-points of the magnetic island); these are the current-density 
perturbations associated with tearing-mode growth, and they result in a f i n i t e -
amplitude island of width w growing ( in a rotating f-~r.?" -Tnrding to the 
usual relation 

The implications of our expression for a^ are unsurprising. I f OTS >> ^ 
then AR = Ay and the wall is effect ively perfectly conducting. I f the moJe is 
unstable even with a perfectly conducting wall at r^ ( i . e . , Ay > 0 ) , the 
addition of wall res is t i v i t y simply produces a further positive contribution to 
Ap (since A^ > Ay a 1 w a y s h the mode remains unstable at al l rotation 
frequencies u. The more interesting case is where the mode is stabil ized by a 
perfectly conducting wall (A W < 0) but is otherwise unstable (A^ > 0) . Again, 
i f U>TS » 1, then AR = Ay < 0, and the mode is effect ively s tabi l ized. 
However-, for lower rotation frequencies {or more resistive wal ls) , such that 
u>xj « 1, we obtain Ap = A^ > 0, and the mode remains unstable. In th is case, 
there is a c r i t i ca l rotation frequency 

<->^if t c = 2m [-A1 /A ' " l 1 / 2 

en t S l » W • 

b^low which the mode is unstable. (In this discussion, we have implicity 
assumed a slow-growing finite-amplitude island with a "growth rate" y that is 
less than the rotation frequency u.) 

The imaginary part Aj corresponds to current-density perturbations 6 j z 

which are in phase with the f ie ld perturbation B r ; these current-density 
perturbations do not contribute to tearing-mode growth, but result in a torque 
on the plasma that tends to reduce i t s rotation and, thereby, also the 
frequency of the mode. The torque is exerted di rectiy on an annular region of 
the plasma with radial width of order the magnetic island width. The rate at 
which mode rotation decreases w i l l clearly depend sensitively on the degree of 
viscous coupling of this annular region to the rest of the plasma. In the 
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present analysis, we neglect viscous effects ent i re ly , and we assume that the 
plasma in the v ic in i ty of the magnetic island can sl ip freely (along flux 
surfaces) through the surrounding plasma. In this case, the torque and 
resulting slowing of rotation can be crlculated by means of a straightforward 
extension of nonlinear tearing-mode theory / 8 / . We obtain 

i or = • c J W ^ r s) 3 • 
where C = 0.5 « 10" 2 is a numerical constant, and x H = p ' /[r(Bfl/r)'] = 
(Rq/vfl) (q/rq') is a characteristic hydromagnetic time. The damping of plasma 
rotation is given by 

a l± ^u , ^\ Rq da 
dt m dt * It " m dt 

for poloidal and toroidal rotat ion, respectively. 
The value of &j , and hence the rate of rotation damping, peaks at u i s ~ 2m; 

for <utc < 2m, the characteristic time scale for rotation damping is given by 

t Z r 
TD ° - d^Tdt ~ 2 x 1 0 ~ { ~ ; 

for an m = 2 mode with {L^ - A^)r s = 1. For a TFTR-size tokamak with a close-
f i t t i n g high-resistance vacuum vessel, we have T H - 10" 6 sec and i s ~ 2 x 10" 3 

sec (corresponding to a toroidal ly continuous vessel with toroidal resistance 2 
ma). [ In general, Tg(sec) = 1.3 rw(m) d(cm)/n(u£3-cm), with n = 80 pQ-cm for 
stainless s tee l . ] For an island width w ~ r s /10 , the shortest characteristic 
time scale for rotation damping i s T D ~ 10" 4 sec, i . e . , very short. For the 
usual case where UT S » 2m (frequencies ~ 10 kHz, <OTS ~ 10 2 ) , the 
characteristic time scale for rotation damping is much longer ( T Q ~ 0.1 sec). 
Thus, rotation decelerates rather slowly at f i r s t , but then much more rapidly 
as the frequency drops below the kHz range. 

In the special case where the plasma is non-rotating, the mode is always 
purely growing, and i ts growth rate is described by the relations 

dw/d t =• I, A ' ( Y T S ) , 

where y is a "growth rate" to be interpreted as y = (2/w)dw/dt. It is 

A ' ^ S ) " 4 ' R ^ S ) = *1 " i '"(g'mAxJ • 
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convenient to def ine a cha rac te r i s t i c time scale of the slow-growing nonl inear 

mode t j ~ w/tiA*. For small is lands or low wal l r e s i s t i v i t y , i . e . , TJ << x s , 

growth on the fas te r time scale t j occurs only i f Ay > 0 ; i n the more 

i n t e res t i ng case Ay < 0 < Aj,, growth is exponential but on the slower t ime 

scale T J : 

T T S = 2m ( - A > ' w ) . 

For large islands or high wal l r e s i s t i v i t y , i . e . , T $ « T ^ , growth proceeds on 

the slower t ime scale TJ and i s algebraic as in the usual nonl inear case; the 

r e s i s t i v e wal l plays no r o l e . 

Even when the plasma is r o t a t i n g , a non- ro ta t ing mode i s t h e o r e t i c a l l y 

poss ib le , wi th the same growth rate as in the non- ro ta t ing plasma case 

discussed in the previous paragraph. In p a r t i c u l a r , i f T T « T S , exponential 

growth occurs, given by y r s = 2m(-&J,/&w). Such so lu t i ons , whi le t h e o r e t i c a l l y 

possible in an i dea l l y i n v i s c i d plasma, requi re the plasma to ro ta te wi th 

f i n i t e ve loc i t y past the magnetic i s l and , wi th streamlines l y ing on magnetic 

surfaces, and w i th nu l l or vortex flow w i th in the i s l and ; a s t rongly sheared 

flow occurs near the magnetic separa t r i x . Although the damping of r o ta t i on by 

the i n te rac t i on of a ro ta t i ng mode wi th the r e s i s t i v e wal l (discussed above) 

might lead u l t ima te l y to such non- ro ta t ing modes with h igh ly sheared f lows, we 

have seen tha t the mode becomes qu i te s t rongly unstable below a small but 

f i n i t e c r i t i c a l r o ta t i on frequency oJ c r-jt» implying tha t the non- ro ta t ing s ta te 

might not ac tua l l y be reached. In any case, when plasma v i scos i t y is 

in t roduced, the physical s ign i f i cance of the non- ro ta t ing mode in a r o t a t i ng 

plasma is quest ionable. 

The in t roduc t ion of plasma v i scos i t y w i l l c l ea r l y reduce the rate at which 

ro ta t i on i s damped by increasing the i n e r t i a l forces opposing the magnetic 

torque. Moreover, in a to ro ida l plasma of low co l l i sona l i c y , the so-ca l led 

"bulk v i s cos i t y " w i l l play r. r o l e , since the plasma cannot ro ta te in the 

t o ro ida l d i r ec t i on past he l i ca l magnetic islands without in t roducing a 

component of r o ta t i on in the poloidal d i r ec t i on — a component that is s t rong ly 

damped by bulk v i s cos i t y . Nonetheless, the s imp l i f i ed analysis of the e f fec ts 

of r o ta t i on presented above has some appealing features . In p a r t i c u l a r , i t 

suggests tha t m = 2 modes may form two classes: ( i ) e f f e c t i v e l y s tab i l i zed 

ro ta t i ng modes, where a r e s i s t i v e vessel wall plays the ro le of a conducting 

s h e l l ; and ( i i ) t r u l y unstable modes, occurr ing e i t he r when the ro ta t i on 

frequency drops below a c r i t i c a l value, or when the wall is not close enough to 

provide s t a b i l i t y even i f pe r fec t l y conducting. 
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FIGURE CAPTIOUS 

Fig. 1 Illustration of "sawtooth" and "m = 2" tokamak discharges (from PLT); 
the "sawtooth" discharge has q(0) just below unity, leading to in = 1 
activity at the plasma center, but it is quiescent near the plasma 
edge; if q(0) rises above unity, strong "m = 2" activity near the edge 
leads to a major disruption. 

Fig. 2 Representative tokamak j(r) and q(r) profiles normalized to unity at r 
= 0. 

Fig. 3 Values of r 4' for representative current profiles plotted against 
q(0), for la; the m = 2 mode ar.d (b) the m = 3, n = 2 mode; a 
conducting wall is at r„/r = 2. 

Fig. 4 Illustration of sawtooth reconneetion according to the Kadomtsev 
model. Initial flux elements at r, and r, combine into the final flux 
element at r in such a way that the toroidal flux (area) of an element 
dy of helical flux is conserved. 

Fig. 5 Profiles (a) of \(r) and (b) of j (r), before and after sawtooth 
reconnection according to the "Kadomtsev" and "flat-q models," for the 
case of a parabolic initial current profile with i(0) = 1.15. 

Fig. 6 Values of r A' for (a) the ra = 2, n = 1 mode and (b) the m = 3, n = 2 
mode before and after sawtooth reconnection according to the "flat q 
model" for a "rounded" current profile. In the case of the m = 2 mode, 
two positions of the conducting wall rw/r are considered; the m = 3, n 
= 2 mode is insensitive to the position of the wall. 

Fig. 7 Same as Fig. 6 for the "flattened" current profile. 

Fig. 8 Current-density perturbations for a tearing mode in a tokamak; the 
current density is increased at the 0-point and decreased on the 
separatrix. Feedback must reinforce fhese naturally occurring 
perturbations. 

Fig. 9 Feedback current density j £ required to stabilize the m = 2 mode for 
(a) "rounded" and (b) "peaked" current profiles with q(a) = 3.0; jr£ is 
expressed as a. fraction of the initial local current density j ana is 
plotted as a function of the q(0)-value for various maximum island 
widths w_,_. max 
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10 (a) Values of <5W, and 6W, as a function of the position of the singular 
surface [q(r ) = 1] (from Ref. 9); (b) Values of the effective i'r3 for 
the m = 1 mode in the case of a strongly shaped cross section, 
triangularity Ej a = 0.5 (6 = 1.5) and elongation 5, = 0.5 {K = 2.0); 
(c) Feedback current density j « required to stabilize the m = 1 mode 
for a parabolic current profile; j - is expressed as a fraction of the 
initial local current density j ? 0 , and is plotted as a function of the 
q(0)-value, for various maximum permitted island widths W

m a x * 

11 Stability of higher order "fractional-m/n" tearing modes with singular 
surfaces falling in the region where qtr) < 1 for the "peaked" current 
profiles (with a conducting wall at r„/r = 2 to contribute to the 
stability of the m = 2 mode). Rather tnan A' itself, we plot the 
quantity SW = (r /r ) &Lr

Bt w n * c h i-s a measure of the magnetic energy 
available to an unstable tearing mode localized to r < r . 
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