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Summary 

Dispersion of a conservative solute which is introduced 

as a pulse in the recfiarge well of a two-well flow system is 

analyzed using the general theory fo r  longitudinal dispersion in 

nonuniform flow along streamlines. Results for the 

concentration variation at the pumping well are developed using 

numerical integration and are presented in the form of 

dimensionless type-curves which can be used to design and analyze 

tracer tests. 

Application of the results is illustrated by analyzing 

the preliminary tracer test run at boreholes DC7/8  on the HanforZ! 

site by Science Applications, Inc., a subcontractor to Rockwell - 
Hanford Operations, in December 1979. 
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1. GENERAL THEORY 

The objective of this analysis is to describe the tracer 

concentration which evolves in the pumping well of a two-well 

(pumping-recharge) flow system (see Figure 1) when an 

instantaneous pulse (slug) of conservative tracer is introduced 

in the recharge well. 

a homogeneous confined aquifer is used in conjunction with the 

general theoretical results of Gelhar and Collins (1971) for 

longitudinal dispersion in nonuniform flows. 

their general result for  the concentration (Equation 25) is 

The streamline pattern for steady flow in 

With a pulse input 

s = distance along streamline 

t = time 

O C =  longitudinal dispersivity 

Sa s‘ 

30 
Lint) = I d s /  [ UCs1l2 

g(t) = mean location of the pulse at time t 

u(s) = seepage velocity 

m = mass of tracer per net area of aquifer injected 

at s = so at ti’me t = 0 

Equation (1) is applied along each streamline identified by the 
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PUMPING RECHARGE 
UELL WELL 

FIGURE I .  STREAMLINE PATTERN FOR TWO-WELL FLOW 
SYSTEM WITH Q /Qp- 2/3. 

Q 

FIGURE 2 
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value of the stream function*: therefore the velocity u depends 

on* and as a result,T(s,P 1 andU(t,rt, 1. 

can be evaluated either analytically or graphically as described 

in the next section. The coefficient m/u(s,) in (1) is evaluated 

by noting that at the recharge well 

These flow integrals 

u(s* 1 = & / C 2 r r , n H )  
Q, = recharge rate 

rw = well radius 
.... 

n = effective porosity 

H = aquifer thickness 

m = M/2rrunH 

M = mass of tracer injected 

The concentration in the pumping well is found by 

calculating the flow-weighted concentration as the following 

integral : 

where @ = Qr/Q . In this integral the flow integrals z and k)  

depend on the stream function,p. 

2. EVALUATION OF FLOW INTEGRALS AND WELL CONCENTRATION 

For the case of equal recharge and discharge rates ( P  = 11, 

the integrals fo r  z and LO can be evaluated analytically from the 

velocity variation along a given streamline. The details of this 
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analysis are given in Appendix A: the results for r a n d  W a r e  

given by ( A 3 )  and ( A 4 )  expressed in dimensionless form as 

where G i s  the travel time to the pumping well. The well 

concentration is evaluated using these dimensionless forms and 

the variable of integration 'Y = %&/;ttl). 

half plane in Figure 1, the flow from the recharge well is 

h 

Then, for the upper 

A 
represented by the range O g y $ l  . Furthermore, the concentration 

will always be zero for the streamlines with > 1 because 
n 

lateral dispersion is neglected. Then, using ( 3 )  in ( 2 1 ,  

The integral in (4) was evaluated numerically using a and b from 

Appendix A; a listing of the computer program is included in 

Appendix C. 

For  the case of unequal flow? a n d u  were determined 

graphically from a flow net constructed for the case (3 = 2/3 as 

described in Appendix B. 
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. The limiting result for no dispersion in ( 4 )  is found by 

noting that, as E 3 0, 

where b ( x )  is the Dirac delta function. Changing the variable of 

integration to a(+), (4) becomes 

The function a(?) is simply the dimensionless travel time to the 

pumping well along a given streamline?; the general form of this 
A 

function is shown in Figure 2. The non-zero portion of ( 5 )  can 

be evaluated by taking 

4 

and $(TI is then determined by taking T = a(\y) and da/d-q\$ t 
h A 

where \VI is an' assigned value of y .  

3 .  RESULTS 

Numerical evaluation of the concentration in the pumping 

well as given by (4) was carried out using the computer program 

listed in Appendix C. Several runs were made to test the effects 

of model parameters and approximations. The results are listed 

in tabular form in Appendix D. 

Figure 3 shows a comparison of the graphically based 
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FIGURE 3 .  COMPARISON O F  EXACT AND GRAPHICAL 

FLOWNET C A L C U L A T I O N S .  

EQUAL FLOW QUI/ o/ 0 1 

E" 0.0s 

TAB. 

,- EXACT ------ G R A P H I C A L  
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results using m = 1 (Appendix B) and the exact result using the 

equations from Appendix A. The excellent agreement demonstrates 

the adequacy of the graphical approximation with m = 1 in (B2): 

that value was used in all subsequent calculations. Figure 4 

illustrates the effect of using the approximate form of ( 8 2 ) :  

some difference is observed at lower concentrations for the rising 

limb of the curve with the large value of G = 0.2. For smaller € 

the differences are generally smaller, as shown in Figure 3. The 

effects the increment & used to approxiinate the integral in (4) 
are illustrated in Figure 5. When = 0.01, the larger @= 0.05 
produces oscillations in the tail of the curve, but these are 

eliminated when A P =  0.01: for E = 0.2 the results are 

non-oscillatory when = 0.05. Generally the oscillations are 

eliminated if AylS E .  
A 

The overall results are summarized in Figures 6 and 7: 

the unequal flow case (Fig. 7 with p = 2/31 corresponds to the SA1 

tracer test of December 1979. These results show that the 

dispersion parametere=K/L affects the rising part of the curve 

and the peak but n o t  the t a i l -  This p o i n t  is further 

demonstrated by the behavior the non-dispersive solution using 

(5) and (AS) as shown in Figure 6 ,  This shows that a11 of the 

results approach the non-dispersive analytical result for large 

time,and further demonstrates the adequacy of the numerical 

procedure. Generally, the breakthrough curves are characterized 

by a steep rising limb and an elongated tail as shown in the 

linear plots of Figure 8. The log-log plots (Figure 6 and 7) are 

11 



SPBWI-T1-073 

FIGURE 4 .  COMPARISON OF EXACT CALCULATION WITH 
APPROXIMATION USING EO'. BZ. 

LUUHL I L U W  - 
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FIGURE 6 .  TYPE-CURVES FOR TWO-WELL PULSE INPUT TEST 
UITH -EQUAL FLOW. 

. I  

LUG. 

I 18 

T, = Q t / n  H Lz 
1 4  



SD-BW I-TI473 

FIGURE 7. TYPE-CURVE FOR TUO-WELL PULSE INPUT WHEN 
THE RECHARGE RATE IS TWO-THIRDS OF THE 
DISCHARGE RATE, Q. 
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1 I I 1 I I I I  

t t. 
! 

. 0  

. l  

DEG 

10. 



SD-BW I-TI-073 
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FIGURE 8 .  PULSE INPUT TYPE-CURVES PLOTTED WITH 
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convenient for estimating the dispersivity and effective 

porosity from tracer test data as illustrated in the following 

section. 

4. APPLICATION METHODOLOGY 

The procedure for interpretation of tracer test data 

using the results of the above analysis is illustrated by - 
analyzing the test conducted by Science Applications, Inc. 

- 

( S A I )  at DC7/8 in December, 1979. Since some of the 

conditions of that test were not fully defined, the fesults 
. 

of this interpretation are considered to be preliminary; this 

example is present primarily to illustrate the procedures 

which can be used to analyze such tests. 

The SA1 test was reanalyzed using the type curves in 

Figure 7. The flow rates for the test were estimated using the 

average rates implied for the period 15:13 - 23:OO in Table G4 (p. 

G-38, SA1 draft report): Q p  = 2.31 gpm (injection rate) and Q = 

3.42 gpm (pumping rate) or Qr/Q =&s 2/3. aased on these rates 

and estimates of the volume in the borehole flow conduits and 

connecting plumbing the following travel times to and from the 

test horizon were estimated: 

time down-in injection well = 153 min. 

time up in pumping well = 258 min. 

These times were subtracted from the observed times to give the 

actual elapsed time since the tracer entered the formation. 

A l s o  the elapsed time was corrected to correspond to a constant 

pumping rate of 3.42 gpm based of the actual metered volume in 

17 



Table G4. After these time corrections were made, the actual 

data points in Figure 21 ( S A 1  draft report) were plotted with 

the estimated background of 20 counts subtracted: the corrected 

data are shown in Figure 9, a log-log plot of the same scale 

(=E 46 7323 2x3 cycles) as the dimensionless type-curves in 

Figure 7 for p = 2/3. 

we find a reasonable fit for 6 in the range 0.02 to 0.05: using 

e =  0.035 = a / L  and L = 56 ft., the indicated longitudinal 

dispersivity is 

Overlaying the data on the type-curve, 

..- 

&=  0.035(56) = 1.96 ft. 

Matching the time scales in Figure 9, - 

T = 1 = Qt/nm2, t(hours) = 1.18 hrs 

yields the effective thickness 

nH = Qt/LL = 0.0105 ft. 

The data in Figure 9 seem to show some systematic 

departures from the theoretical type-curve. This could be a 

reflection of experimental ambiguities such as the following: 

I) The background concentration is n 't clearly 

determined and small changes in this level could 

drastically alter the l o w  concentration parts of the 

curve. 

2) Unobserved flow rate variations during the period 

that the tracer was passing the sensor would distort the 

shape the curve. 

3) Uncertainty about the volume in the connecting 

conduits could introduce errors in the travel time 

correction and alter'the shape of the curves. 

18 
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The differences in Figure 9 could also indica-te that the tested 

zone does not behave as a homogeneous, constant thickness 

aquifer. If other sources of errors were eliminated, departures 

on the tail of the curve would be diagnostic of that possibility 

because that part of the type-curves is determined solely by 

convection; i.e., the travel time distribution. 

Calculations for the SA1 test were also made using the 

approximate method developed in Appendix H of the SA1 draft 

report, From Figure 9 the peak time t =-I.f hrs and the time to 

rise from one-half of the peak is t = 0.45 hrs. Then using 

equation (15) of Appendix H with F = 0.202, G = 0.0488 ( p =  2/3) 

&= 1.52 ft. 

and from equation (14) with Q = 3.42 gpm, 

= 0.0103 ft. 2VL2 f nH= 

These results show good agreement with those from the t tpe-c 

approach and indicate that the approximate method in the SA1 

rve 

report is reliable.. Of course, the type curve method has the 

advantage that it uses the complete breakthrough curve. 

The type-curves of Figures-6 and 7 can also be used to 

design tracer tests: using estimates of e = & / L ,  the actual 

concentration level that will result from a given mass of tracer M 

can be determined in terms of the effective thickness nH and the 

20 
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well spacing L; i.e., cy = Mĉ/nHL'. 

5. COMMENTS AND RECOMMENDATIONS 

These results demonstrate the feasibility of the two-well 

tracer test with a pulse input as a method of determining 

effective porosity and dispersivity. This type of test has the 

advantage that the shape of the breakthrough curve is very 

sensitive to the dispersivity. This is in contrast to the more 

frequently used step input (Webster et al, 1970; Grove and 

Beetem, 1.971: Robson, 1974: Mercer and Gonzales, 1981) in which 

dispersion affects the shape of the curve only in the initial low 

.- - 

concentration portion of the curve. 

The type-curves developed here provide a simple method of 

designing and analyzing two-well pulse input tracer tests. 

The method of analysis used here presumes thatdlt is 

relatively small; results in Gelhar and Collins (1971) indicate 

that the method should be reasonably accurate forOC/L < 0.1. If 

the method is to be used for larger values of &/L, some 

comparative testing with numerical solutions is suggested. 

However, it should be recognized that, under those conditions, 

(large &/L) other factors such as displacement dependent 

dispersivity and non-Fickian effect (Gelhar et al, 1979) may 

complicate-the interpretation. A l s o ,  transverse dispersion is 

neglected in this analysis; this assumption is reasonable fo r  

small &/L because then the dispersion effect occurs primarily 

along the more direct streamlines for  which the fronts will be 

nearly perpendicular to the streamlines. For larger oC/L the 

2 1  
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dispersion effect along a wider range of streamlines becomes 

important; numerical testing would also be required in this case. 

When&/L is large, a finite difference or'finite element solution 

should be routine because a relatively coarse grid could be used. 

The type-curves for the pulse input can also be 

used to treat other inputs by convolution. In particular, this 

would apply to recirculating tests in which the pulse is routed 

through the aquifer several times. h i s  aspect is important in 

the Hanford tests because analysis of tTie'secondary peaks would 

provide a check on the borehole travel time. Some preliminary 

work has been done on numerical convolution of the pulse input 

results. 

of the Hanford data. 

It is recommended that this be developed for analysis 

2 2  
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APPENDIX A 
Z a n d W  for  the Equal Flow Case 

stre When 0 = Q p  it is easily shown that th mlines are 

circular arcs. In that case the flow is conveniently described in 

the polar coordinate system shown in Figure A-1. 

head h for steady flow in this system is 

The piezometric 

.- . 

7; = transmissivity 

r: = ( x  +t)' + YLr x = -R sin2 

rt = ( x  -A12 + yar y = R cosy- B 

and using the Darcy equation, seepage velocity along the 

streamline is 

After extensive algebraic manipulation, this reduces to 

Using this velocity in the travel time integral 

2 4  
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FIGURE A - I .  POLAR 
EOUAL 

Y 

COORDINATE SYSTEM FOR THE 
FLOW CASE. 
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When = # ,  (A2) gives the travel tiae to the pumping 11 1: 

Equation (A31 gives the dimensionless travel time between the 

wells as a function of+; this result is used for a in (4). 

Similarly, t h e m  flow integral is evaluated from (Al) as 

4 

I 

Here 7 indicates the position of the pulse along the streamline 

corresponding to # =rv . 
found by solving (A2) for 

iteratively using the program listed in Appendix C. 

the pulse for a given streamline has moved into the pumping well: 

in this case W (or b in (4)) was calculated from (A41 using f = 4. 

A - 
At a given time the position is 

= a  when 7‘ = t; this is done 

When > 6 

- 
If dispersion is neglected, the concentration is found 

from (5) using (A3) to find d6/&/cz=~ : 

26  
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A 
The concentration e is then found by assigning values of \c, 

between 0 and 1, calculating T = a from (A3) and d+/da from 
4 

(A51 

_ .  ...- 

27 
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APPENDIX B 
Graphical Evaluation of Z a n d U  

The flow integrals z and W can be determined from a 

graphical construction of the streamline pattern. This approach 

is necessary in the unequal flow case where the analytical 

description of the flow field is very complicated. The 

streamline pattern for Q,/Q = P = 2/3 (see Figure I) was 

constructed by standard superposition of the ray streamlines of 

the appropriate source and sink strength-.. If each streamtube has 

a flow Q, and width w ( s )  as a function of the distance along the 

centerline of the steamtube, s, the velocity is r 
A 

u(s) = Q /(n H w(s)) 

and then the flow integrals are expressed as 

These integrals were approximated by measuring the width of the  

streamtubes at intervals As along each of the stLeeamtubes and 

summing the appropriate quantities (wds or wf&). The integrals 

were evaluated for each streamtube for intervals in $‘of 0.1 at 

the pumping and well normalized as in ( 3 ) .  These data for  a(?) and 

b(9)  at the pumping well were then fit to polynomials of the form 

4 

h 

H=o . 

2 8  
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.. 
r\=0 

These expressions were then used in the integrations of 

find the concentration in the pumping well. 

only the value of b at the pumping well, bu. 

will increase with time as the pulse approaches the well along a 

given streamline: this behavior was represented in the form 

(4) to 

Note that (Bl) gives 

In general, 5 

where m is a positive exponent to be specified. 

and (B2) were then used in ( 4 )  to find e .  
a and b from (31) 

In order to evaluate the above graphical procedure, the 

flow net evaluation was done first for  the equal fiow case p =  1 
and the results were compared with the exact analytical approach 

in Appendix A. 

29  
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APPENDIX c 

L I S T I N G  OF FORTRAN PROGRAM FUR 
NUMERICAL I N T E G R A T I O N  OF E O U A T I O N  4. 

30 
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WELL. F O R .  156 
T h i s  proriram c a l c u l a t e s  t h e  c o n c e n t r a t i o n  ( C w )  of 
t r a c e r  ap e a r i n q  In  a w r l l  as d t l l r~c t lo i i  of t h e  t i m e  
e l a p s e d  s P nce the t r a c e r  was puiwed down another well. 
The user  is askeo t o  supply severa l  i n i t l a l l z i n q  arameters, 
and t h e  v a l u e s  o t  'I' ( t ime) d e s i r e d .  
e s l l o n  ( w h i c h  accounts f o r  dlsperslon effects) is lnput. 
~ R e r l ~  you a r e  a s k e d  t o  i n p u t  t h e  l a s t  value 
of p s l  and t h e  i n c r e i n o n t  O f  s i  t o  IISC. ( P s i  
hcis somethin  
coming from.! Usln 6 b l n a l l C r  b e l t d  p s l  can  he more 
a c c u r a t e 8  arid r ~ e i j n f t e l  t a k e s  lonqe r ,  (We arc' doproxiinating 
an i i i t e q r a l  h e r e r  so  iisY.\ri smdl l e r  s t e i ' s  tericls t o  t)e more  
accr i ra te .  Good rcsu l t , s  d~ c o t ~ t ~ 3 l r i e ~ i  I n  r c a s o n d ) l e  aaniint 
of  t lme w l t h  c l  s i  betweurr 0.05 and 0.2 (use s ! s n i l o r  dpsi 
f o r  smaller val;ues of eps i Ion, I I 
T h e  ou tput  of t h e  vrorrrarnr A t a b l e  of v a l u e s  of  lime (TI 
and concentratlon ( c w ) #  can b c  sent e i t h e r  t o  a f l l e  
( f o r  f u r t h e r  processing8 p l o t t i n g  e t c . )  or d i r e c t l y  t o  
t h e  l i n e  P r i n t e r .  
For each value  o t  T, a s e t  of va lues  for  the pardm9ter Y 
must be f o i i n d .  You can  choose f rom two  ineth ds: E x a c t '  
( e q u a l  f l o w  only!) whtch a n a ! y t i c ? l l  
f u n c t t o n  o t  p s i  and T I ;  and ~ i c c  8 Yr, which y t s  s e t  t o  
(T/a)wrm where m 1s a u s c l - s u p p l i e d  c o n s t d n t .  ( r is i ia l ly  1.0) 

F i r s t ,  t h e  &!l-PUrpOSe parameter 

t o  d o  wlth wha! d i r e c t i o n  t h e  t r a c e r  1 s  

detern!iies y ( a  

C H e x t ,  t h e  prograin asks how t o  e t  t h e  magic s e t s  ob val i les  
C A a n d  8 ,  used i n  the concen t r a? ion  integral. 
C f l o w  c a s e 0  t h e s e  can be found  d i r e c t l y  as a s i m p l e  anelytlcal 

f u n c t l o n  o f  p s i .  TI) iin a u a l  f l n w  ( ~ r o l ~ l e i i i s ,  hnwf=vorr t h e s e  C 
C va l l l e s  callnot be deter in  ncrl c X a C t l y ,  s o  yo11 i6ust s i i p p l y  l n s t e d d  
C f i v e  c o e t t i c i e n t s  f o r  a polynornlal dpprnrciniatiorl t o  t t l e  i i inc t ions ,  

For t h e  equal 

r 



Initialize u s e f u l  v a r i a b l e s  and open output files 
F I I J E S  U S E D !  

A.dat: A v a l u e s  
B . d a t :  R v a l u e s  
C w , da t t c a l c u l a t e d  Cws 
T.dnt:  T v a l u e s  JnPut  by user 
W.dat: teiiiyorary s torage  of Ws 

r e a l  l a s t r m  
d o u b l e  precision 1 
dlmcns t o i l  a(0:4 I ,E,,: 4 I 1 t laq(2) 
open(untt=3brfile= t . J a t  ;access=e3eqout.i a s t o r e  r e s u i t s  here 
o p e n ~ u n l t = 3 ~ , f ~ l e = ' c w . ~ a t  # a c c e s s =  seqout  1 i f o r  t a b l e  

p i  = 3 .1415926535f i9793  
innum = - J  - 1 c o u n t s  r1un:ber of Ts s u p p l i e d  

I 

w 
. .N 

I 

i I a' 
8 



C 

3 

4 
C 

C 
C 
C 

J 

0 

I *  ! 

Read l n  user-supplied Parameters 
wrlte(5,l) 
format(t5,'lnput epsilon: ' , $ I  
read(S,2) eps 
format(t6.4) 

f l n d  o u t  wnat range of ps i  v a l u e s  to use 

40 wrlte(5,131 
13 formiit(t5,'kJhere do yoy want the output to go?',/,tlO, 

1 (O=fllert=Prlnter): , $ I  

I u 

s t e p  evenly0 starting a t  stepsizell 
first = d ~ s l / 2  
number = (last-farsttdpsi)/dpsl t how many values o'f p s i  

O u t p i t ,  In t a b l e  form, can go e i t h e r  to a t i l e  or t o  t h e  
l l u e  ptlnter. Here we find out w r ~ i c h  i s  desired, and open 
t h a  appropriate d e v i c e  as unit 3 b .  

w 
w 

C 
C 
C 
C 
C 

ti0 
14  

i 

15 

C 

s o  
5 

1 
6 

read(Sr6)ians 
lt((lans,lt.O).or,(lans g t  1 ) )  qots 40 ! iqrr9re invnl!d response 
i f ( l a n s . e q . 0 )  open(unit=~8,fl e= t i ! l ~ l e t d a l  ,acc$ss= seqout') 
Lf[lans.eq.l) o p e n ~ u n l t ~ 3 8 , ~ e v l c e =  1pt  r a c c e ~ s =  seqout 1 

Y can be c a l c r i l a t c d  In two  ways: a nice, slnlple  method 
(using a user-specified fudqe tact -or) ;  or il more complex 
exact method (whtch  works on1 f o r  t h e  e q u a l  f low c a s e ) .  
Pind out  which method j S  leqUYr€!d dl'id Set f la t ) .  I f  t h e  
rrlce p t o c e s s  Is t o  be u s e d ,  r e a d  1 1 1  t h e  t u d q e  f a c t o r  now. 

w r 1 t e ( 5 ,14  1 
; o r r n d t ( t ~ , ' ~ x a c t  or ?Ice v a l u e s  tor y ? ' , / , t l o ,  

r e d d f 5 , f i l l y t l a y  e s e t  l y t l n c ) :  0 exact . ,  I nlcc 
1 f ~ I l y t l a ~ . l t , O ) . o r . ~ J ~ f ~ ~ q . ~ ~ ~ ~ ) )  g o t 0  84) ! tldd resi~orise 
i f  ( I  flay.eq.0)qoto 511 . e x a c t ,  no f u d y e  fdctor 
wr 1 teY5,tS; 
f o r m d t ( t 5 ,  l n p u t  fudtje f d c t o r  M: ' , $ )  
read(Sr2)rn 

(n=exact,l=nlcc): ,SI 

Flntl which v a l u e s  of a and b t o  use and s e t  f l a g  

w r l t e ( 5 , S )  
f o r m d t ( t i j , ' E x a c t  or'curve f i t  vCjitres tor cl?',/,tlO, 
redd( 5, fi 11 aos 
f orrnat I 1  1 
1 f ( ( I an s . I t . 0 1 . o c (lnns.~t.lll g o t o  5 0  !ignore lnvaltd response 
1 f ( 1 d 1 1  s . e q . O  1 c a 1 f A e x d c f nil lithe r f 1 r s 1; , dp s 4 , p 1 1 f 1 a c l (  1 1 ! c d 1 1 t h e  
i f ( 1 arts. cq .  1 1  c a l l  A t  i t  ( n t r m t e t ,  f l r s t  , d p s  I j f lacr( 1 1 0 a  1 !procedure  

[O=ex,3c I=flt): ,SI 



I f'l 

6 0  
7 

8 

C 
C 
C 

7 0  
9 

10 

C 
C 

C 

C 
C 

11 

wrlte(5,R) 
format(tSr'To Stop8 i n p u t  a n e g a t i v e  v a l u e  for t o )  

M A I N  LOOP: 
Keep c a l c u l a t i n g  u n t l l  a ne a t i v e  t Is i n p u t r  
storlno v a l u e s  n f  t and cw ?n d a t a  files 

wrlte(Sr91 
format(t5 't = '8$) 
read(S,lfi! t 
format(f21,t~j 
lnnum = innum t 1 1 increment counter 
Write(36rlOlt 1 w r i t e  t LO file 

as soon as a negative t J S  i n p u t  c a l l  a routine 
t o  p r i n t  ttle r e s u l t s  dncl terminate 

i f  ( t  1 t . O )  c a l l  o u t ~ r ~ t ~ e ~ s ~ d ~ s i ~ f l r s t ~ l a s t ~ ~ n n u m ~ l f l a g ~ a ~ b ~  
1 mriyffaq) 

qet  y values f o r  t h l s  t 
1 t  ( 1 y t l a g . e q . l ~  Ca11 Ynice(nomber,mrt) 
i f  ( l y f l a g . e q . 0 )  Call Y e x a c t ( f l r s t , d p s i 8 n u n ~ ~ e r ~ t , p i )  

llere we finally call the r o i l t i n e  t o  y e t  the 
nllmber we are a t t e r ,  

resul t  = Cw( t , d p s  1 , Tumber 8 PI 8 eps ) 
~ r i t e ( 3 7 ~ l O ) r e s u l t  x r l t e  Cw t o  f i l e  
w r l t e ( 5  1 1 )  r e s u l t  i and t e t m i n a \  
formst.(t~~,'cw - e r f 9 . 5 )  
g o t o  70 ! l o o p  Torever unt I 1  n e o a t i v e  t Is lnput- 
end : erin of main program 



C 

C 

2 

1 

Subroutine A e x a c t ( n u m b e r O f l r s t , d p s i r p i r l C 1 )  

Tnis routine c a l c u l a t e s  values for t h e  parameter a 
usinq an exact  equat ion .  The A s 8  one f o r  each value 
o f  p s i  used,  a t e  wri t ten  t o  t i l e  a .dat  l o r  use l a t e r  
In t h e  program, The  user speciftes whetner t h l s  routlne 
or the kipproximate v rsjon ' A f l t  1s t o  be I iset l .  N o t e  
t t lat  t h e  e x a c t  metho!  works ONLY f o r  equal f low problems. 

initialize variables and open o u t p u t  f i l e  
double prccislon p i  
open(uni t = 3 3  8 f i le='a.ddt ' ccess='seqoi i t '  1, t ,open datla f i l e  
i t 1  = 0 ! S e t  f l a  lndlcat fne .  e x a c t  iiiothod ' I  ' I 1  I t  

p s i  = f i r s t  ! i n t Y l a l ~ z e  p s i  I I 

l oop  through a l l  va lues  o f  p s i ,  c a l c u l d t i n g  arb a f o r  each 

do 1 1 = l r n u m b e r  1 how many values we need 
a = i ) f  * 1 / s i r i ( v l  * p s i ) w + % ) b  ( 1-0 i+ps I*(cos(pl nps1  ) I s  I n ( p I + p s i  1 )  I 
wrIte133, a ) a  1 write I t  to l h c  f l l c  
f or m a  t ( f 2 1 ,IO 1 
p s i  E p s i  t dpsi !irrcrernent ps1 
cont intie 
c l o s e ( u n l t = J 3 )  ! c lose  f i l e  
return 
end 

w 
v1 



C 
C 
C 
C 
C 

C 

Subroutine 0 e ~ ~ c t ( n u m b e r ~ l f l ~ f i ~ s t ~ ~ ~ s ~ ~ ~ i )  
€)exact  gets values f o r  b w i t h  an exact  equatlon. 
Bs are krltten to t h e  f l l e  Bodat  for later use. 
Flag ‘ l f l ’  is set so the  output r o u t i n e  knows that 
exact  b v a l u e s  Were used .  Remember, t h e  e x a c t  
method can be used o n l y  f o r  equal flow. 

d o u b l e  precision p h 1 , b t p l  
i f 1  = 0 4 s e t  f l a g :  ewac; values 
open (unit=3j,fJle=‘b,dat , t iCcesS=’~eqout ’ )  ! open b o d a t  

loop:  g e t  a b ;  w r i t e  I t  out  

1 corit l n u e  
c l o s i ( i ~ n i  t = 3 4 )  1 close o u t p u t  f i l e  b . d a t  
r e t u r n  
end 

w 
.m 



1 

C 
C 
C 
C 
C 
C 

C 
C 
C 

Subroutine A f i t ( n U m b e r r f i r S t r d P f i r i f l r a )  
T h i s  r o u t l n e , o  eps t h e  t l l e  a.dat a n d  c a l l s  
t h e  r o u t i n e  
f i t  u s i n a  u s e r - s u p p l i e d  coefficients. The f i v e  
c o e f f i c i e n t s  ?re passed back up t o  t h e  maln 
i n  t h e  a r r a y  
the  use o t  approxlmete v a l u e s .  

P f t  8 u h l c h  does a Polynomial c u r v e  
K O  ram 

a * ,  and r l a S  I f 1  is s e t  t o  I n d P c d f e  

d i r n e n s l o n  a 0 : 4 )  ! $ o e f f t $ l e i r t  a r r $ y  
open ( u n i t = 1 2 8  f i l e =  a , d n t  raCccss= S e q o u t ' )  I open o u t p u t  f i l e  
i t 1  = 1 I f l i + q  npproxlniatc  a v a l u e s  
c a l l  P i t t n r i m b e r , f i r s t , d p s l r a )  ! c d l l  rout tne  t o  getrerate As 
c l o s e ( u n l t = 3 2 )  ! c l ean  up 
r e t  u r 11 
e n d  

Subroutine B f i t ( n u m b e r , f i r s t , d p ~ i , l € l , b )  
T h i s  r o u t i n e  Is i d e n t i c a l  t o  A f f t 8  b u t  t h e  f i l e  b e d a t  
Is opened lngtead of a . d a t .  
t h e  a r r a y  b . Coeftlcients are r e t u r n e d  i n  

dimension b 0 :4 )  : arra  t o  h o l d  2 CoetficiTnts 
i f 1  = 1 . f l a g  approximafc k> v a l u e s  
c a l l  F ~ t ( n ~ i m b ~ r 8 f i r s t , d p s i , b )  ! q e t  I )  v a l u e s  
c l o s e ( u n i t = 3 2 )  
r e t u r n  
end 

o p c n ( , l n l t : 3 1 8 f i , e = ' b . d a Y '  B C C C S S =  S e q O l I t * )  , O U t p U t  t o  b .ddt  

jo 
l o  I 

' 0  
I 



s u b r o u t i n e  f l t ( n u m b e r ~ f l r S t ~ d p s ~ D C )  
F i t  reads i n  5 c o e f f i c i e n t s  and uses them t o  approxlmate 
e i t h e r  a or b, depending on whether i t  was c a l l e d  by A L i t  
or B f l t  (in t h e  f l r s t  cas(?, data  goes to e .dat r  in t h e  
secondr bodat). The v a r i a b l e  c is equivalent  to  c i t h c r  
a or b r  w h i c h e v e r  Is a p p r o p r i a t e .  

dlnenslon c(O:4) 1 a r r a v  o f  curve f i t  coefflclents 
do 10 1=0,4 ! g e t  them one a t  a t i m e  
write(5,l) 
f o r  ma t ( t 5 ' I n ~ u  t a coe t f 1 c 1 en t ' 1 

C 
C 
C 
C 
c 

1 
2 
10 

C 
C 
C. 

C 
C 

4 

C 
C 
C 

w 
03 

5 
3 

r e a d l S r 2 )  c(i) ! r e a d  orb4 in 
format(f8 4 )  
w r l t e ( 5 , 2 f  c ( 1 )  lwrlte I t  to t h e  terminal t o  confirm 

c a l c u l a t e  c and w r i t e  i t  t o  f i l e  
u n i t  32  has  been opened b s  o u r  c i l l ler  
as  the correct o u t p u t  f l i e  (a .dat  or h .dat )  

p s l  t f i r s t  ! Qo thIo\Jgh 611 p s i s  

temp = n 
d6 4 n o r 4  

. d o  3 1 = lrni imber 

t h e  coefficients are f o r  a p o l y n o i ~ ~ i a l  fit in 
psi squared 

the'n'itural log o f  t h e  data  was used t o  determine 
coerflcicntsr S O  ye rust t a k e  t h e  exponential of 
the  r e s u l t  

t e m  5: temp + c(n)+osi**(l*n) 

Psi = P S I  t dpSl 
continue 
r e t  u r n  
e n d  

i 



Subroutlne Ynice(nurnber,mrt) 
Here we calculate v va lues  w l t h  s l e a z y - b u t - n i c e  formula 
( u s l n  o n l y  a and a user-supplied fudge factor). Actuaflyr 
we rr(lte o u t  n o t  Y l t s e l f  brit a Close relative W (=h*y), 
The u v a l u e s  a r e  put in ( 9 U e s s  what?) w.dr7t. 

d e f i n e  varlrrbles and open use fu l  ddta files 

C 
C 
C 
C 

C 

2 

C 

w 
9 

t i d i l y  c l o s e  a l l  f l l e s . . .  
c 1 0 s  e ( t i n  i t = 3 3 
c lose (un1  t=34 
close(unlt=35 
r e t u r n  
end 

. 2' 



.. 'subroutine Y e x a c t ( f l r s t ~ d p s 1 ~ n u m b e r ~ t ~ p 1 )  

Thls routine gets exact values for and w )  
usihg'a rather messy eqsatlon tequar 1 low only). 
define v a r i a b l e s  and open flles 

d o u b l e  preciston p ? i r t e m ~ l ~ t e m p 2 ~ ~ ~ g a m m $  
opentunlt=33,file= . d a t  , access=  seqtn a values 
openfunlt=34, t 1 l e = ~ % . d n t ~ ~ a c : c e s s = ~ 6 e q i 1 ~ ~  1 b values 
o p e n ( u n i t = 3 5 , t i l e = * ~ . d a t ' ~ a ~ c e : ~ s = ~ ~ e q o u t *  ! p u t  Hs here 

i t 1  = 0 ! flag e x a c t  y values 
Do 1 1 = 1,number 1 loop t h r o u g h  all psis 
readt33,2)a 1 get a 
readf34,2)h ! and b 
format( 2 1 . 1 0 )  
p h i  = pf~(tlrrt-+(l-l)@d sl) I p h i  = ~ l * p s l  
if((t/a).gt.l.O)qoto 999 ! s p e c i a l  case, w = b 

invoke function to flnd gamma, used I n  
cdlculatlng Y ( w )  

999 G S = b  - 

1000 i f  lw.le.0.00?)w = 0.001 ! u ly thlnys happen if w = O 
wrlte(3Sr2)w write to w.da 

1 cont  lnue ! g e t  next w , 

F 
r e t u r n  
end 



C 

10 

1 

20  

Function Gappr(phi,a,t) 

double  reclsion gamma 
o l d f  = F/a 
O l d X  = 0 
x = 2 , o l d f  - 1 
iftabst~ldx-x).lt.O.oOOl) g o t o  20 1 close enough y e t ?  

returns an approximation t o  gamma 

... 
L 

*' 2 
'\ /. 

1 

Function Cw(t,dpsl,number,pl,eps) 

double precision temp8clplrWlaaa 
c = O  
o p c n ( u n l t = 3 3 , f l l e = * a . d a t ~ , a c c ~ s s = * S ~ q l n * ~  
n ~ e n ( u n i t = 3 ~ , f l l e = * h . ~ ~ t  t a c ~ e s s = * s e q i n ' )  
open (un1 t = 3 5 ,  f i l e t *  w . dat  , access= 'sec i i  I \ *  1 

ApDroXimate t h e  integral for t h e  concentration Cw 

do 1 i 
read(33 
redd(34 
read(35 
format . (  
l e n p  = 
c = c t  
cor) t 1 nu 
c u  = c 
r e t  u r n  
end 

Q m 
=r' 
I 

=! 
0 
U 
0 



C 
C 

utput p r i n t s  the results i n  a t a b l e 8  either P n a f l l e  ( t a b l e , d a t )  o f  on t h e  l i n e  prlntttr 
dimenston I t 1 3  ( 2 )  f l a  S f o r  a C b: e x a c t  or approx 
d imens ion  a ( 0 : 1 ,  ! i c o e 7 f i c 1 e n t s  
dlnensjon b ( O : J )  ! b coefficients 

C open f i l e s  U i t h  results 
c 1 o s  e ( un 1 t = 3 6 1 
close(unft=37) 
o~er~~unlt=~b,filer't.dat'~access=~~eqIn'~ 
dper i tunl  t = 3 7 ,  f 1 1  e=*cw.dat ,access= seqlr1° ) 

C I f  curve t i t  was used, Print coefficients 

C t e l l  how y was c a i c u i a t e d  

i f ( I v f  I d ? .  c g . 0  )wr 1 le( 3 q r  10 ,- 
10 f o r m a t ( t  O r  Exhct y ~ a l l i e s  # / / I  

i f  ( I y f  1 a q .  '9.1 ) u r  1 t e (  3 8 , 1 1  I t  
l i  formatlt O I  Approximate  Y v d l i i e ~ ,  IT is: ' 8 f 0 e 4 ! # / / )  

C P r l n t  header for t d l ) l e  

9 f 0 r m a t ( t 3 l , ' T ' ~ l 2 r ~ ' C w . r / )  
C read  In t and C w  froin t .dc - t  and CW.dat; 
C w r i t e  t h e n  o u t  t o g e t h e r  

w r t t e ( 3 B 8 9 I  
CJ 

cj do  2 = 1 8 l n i i u m  ! innurn = f i  of  Ts s u p p l i e d  
r e e d (  6 , Q ) t  1 g e t  t 
format f f %  I . 1 6 ;  
rend(31,4)cw . g e t  Crr ii wrlte(38,3)t,cw ! iiia)ce t a b l e  
f or rn<i t ( 2 5  x , f ti . 4,s x I f li , 4  1 

4 

3 
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epsilon = , 0 5 0 0  d p s l  = . 0 2 0 0  f l r s t  p s i  = ,0100 
b e t a  = 1.0000 
Exact  a v a l u e s  
E x a c t  b values 
E x a c t  y values , 

h 
C 

l a s t  p s i  a .9700 

Tab. 5 



v) 
* .  0 

I 

epsilon E 0 , 0 5 0 0  dPs1 = 0 , 0 2 0 0  f i r s t  p s i  = 0 ,o ino  l a s t  p s i  = 0 , 9 7 0 0  
b e t a  t 1.0000 
A coefflcients are: a0 = = 0.04RQ n,2,30 3.775b 3 . 3 0 1 6  -4 .9376 7 .0424  

6 ,7200  3.9700 - 7 . 3 1 2 0  13.3020 n caetflclents a t e :  
A p p r o x i m a t e  v values, b9n is: 1 . 0000  

Tab. 6 



epsilon e 0.0200 d P s l  L: 
A coef€lcients a r e s  
R coefficients a r e :  
Approximate  y values, Bh is: 

io = = 0 . 2 0 1  0 . 6 5 f  

1 

T 

0 . 0 2 0 0  first psi J 
0 3 . 3090 - 0 . 9 7 5 0  
0 4.9770 - 1  - 1 2 4 0  

1 .oooo 
unequal 

0.0100 

3.2250 
4 .b!iOO 

f low 

l a s t  P S I  = 
- t  ,3020 
- 1  - 4 5 2 0  

o , g i o o  

I 

Tab. 7 
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v1 
W 

e p s i l o n  Om1000 dpSi  t Om0200 f i r s t  p s l  = 0.0100 l a s t  p s 1  = 0,9300 

A coefficients are:  a. z' 0 ,2010  3 Q 3090 -0  , 9750 3 .2250 -1 ,3020 
R c o e f f i c i e n t s  a te :  bo - O,h510 4.9770 - 1 . 1 2 4 0  4.6SOO - 1 , 4 5 2 O  
Approximate v v a l u e s ,  m IS: l m o u o o  

T 
unequal f low 

1 

Tab. 9 
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epsilon 0 0,0100 d p s i  8 0 , 0 2 0 0  f i t s t  p s i  3 o.oion last 0 6 1  = 0.9700 

A coefficients are: = 0.2010 3,3090 -0.975n 3.2250 - t  ,3020 
-1,  t 2 4 0  4.6500 -1 ,4520 H coeffictents are: E O =  0 .6570  4.9710 

Approximate y v a l u e s ,  % 1 s :  1.0000 
fi unequal f low 

T C 

Tab. 13 



epsilon 0 0 , 2 0 0 0  d p s l  a 0 , 0 2 0 0  first p s l  = 0.0100 l a s t  p s i  3 0,9700 

A coefdlclents a r e $  ao = 0.2010 3.3900 -0,9750 3 0 2250 -1.3020 
B coefficients are: b = 0 , 6 5 7 0  9,3770 -1  1240 4 ,6560 -1,4520 Approximate y valuesl qn Is: 1 * 0 0 0 0  

unequal f low 
T ? 

on00 
0029 
0 4  O '  6 
0784 

1332 
1 5 3 3  
1683  
1 7 9 1  
18Gl 
1904 
1 9 3 4  
1957 
1 9 6 8  
1914 
1 8 1 4  
1 4 4 3  

0 7 9 0  
0 6 1 2  
u493 
( 1 4 1 3  
0 3 5 2  
0 3 0 8 
0 2 ' 1  1 
0 2 4 1  
0 2 1 8  
w e  
(1 1 6 7 
0 1 4 3  

10112 

1068 

I 
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