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ABSTRACT 

A s t r o n g  exchange  f i e l d ,  s u c h  a s  p roduced  by f e r r o m a g n , e t i c a l l y  . - 

a l i g n e d  i m p u r i t i e s  i n , a  m e t a l ,  w i l l  t e n d  t o  p o l - a r i z e  t h e  c o n d u c t i o n  

e l e c t r o n  s p i n s .  . I f  t h e , m e t a l  i s  a s u p e r c o n d u c t o r ,  t h i s  w i l l  happen  

on'ly if t h e  sp in -exchange  . f i e l d  i s  s u f f i c i e n t l y . s t r o n g  compared t o  

t h e  e n e r g y  gap.  When t h e , f i e l d  i s  s t r o n g  enough t o  b r e a k  many 

e l e c t r o n  p a i r s ,  t h e  s e l f - c o n s i s t e n t  g a p . e q u a t i o n  i s  m o d i f i e d . , a n d  a  

new t y p e  of  depaired.superconducting ground s t a t e  o c c u r s ,  I n  t h e  

i d e a l i z a t i o n  o f  a  s p a t i a l l y  u n i f o r m  exchange  f i e l d  w i t h  no s c a t t e r -  

i n g ,  i t  i s  found  t h a t  t h e  d e p a i r e d  s t a t e  h a s  a  s p a t i a l l y  d e p e n d e n t  

complex Gorkov f i e l d ,  c o r r e s p o n d i n g  t o  a  n o n - z e r o  p a i r i n g  momentum 

i n  t h e  BCS model.  The p r e s e n c e  of t h e  '"normal4' , e l e c t r o n s  f rom t h e  

b roken  p a i r s  r e d u c e s  t h e  t o t a l  c u r r e n t  t o - z e r o ,  g i v e s  t h e  d e p a i r e d  

s t a t e  some s p i n  p o l a r i z a t i o n ,  a n d . r e s u l t s  i n  a l m o s t  normal  Sommer- 

f e l d  s p e c i f i c  h e a t  and  s i n g l e - e l e c t r o n  t u n n e l i n g  c h a r a c t e r i s t i c s .  

The non-ze ro  v a l u e  o f  t h e  p a i r i n g  momentum a l s o  g i v e s  r i s e  t o  .an 

u n u s u a l  a n i s o t r o p i c  e l e c t r o d y n a m i c  b e h a v i o r  o f  t h e  s u p e r c o n d u c t o r ,  

a s  w e l l  a s  t o  a  d e g e n e r a t e  g round  s t a t e  and  l o w - l y i n g  c o l l e c t i v e  ex-  

c i t a t i o n s ,  i n  a c c o r d a n c e  w i t h  G o l d s t o n e q s  theorem.  The e f f e c t s  of  

s c a t t e r i q g  i n  an  a c t u a l  s u p e r c o n d u c t i n g  f e r r o m a g n e t i c  a l l o y  h a v e  

n o t  been  s t u d i e d  and may i n t e r f e r e  w i t h  e x p e r i m e n t a l  i n v e s t i g a t i o n  

o f  t h e  t h e o r e t i c a l  r e s u l t s  f o u n d  i n  t h i s  p a p e r  f o r  t h e  i d e a l i z e d  model,  



I. INTRODUCTION , ,  , : ,  -. . . .  . ' .  . 

Thqre  i s  e x p e r i m e n t a l ,  . . .  e v i d e n c e  o f  f e r r o m a g n e t i c  a l i g n m e n t  o f  .. . 

p a r a m a g n e t i c  i m p u r i t i . e s  when t h e y . a r e  i n . t h e  form 0 f . a  d i l u t e  s o l u -  

t i o n ,  d i s s o l v e d  i n  c e r t a i n  non -magne t i c  m e t a l s .  A t y p i c a l  example  

1 i s  t h e  r e c e n t l y  r e p o r t e d  f e r r o m a g n e t i s m  o f  0..8 p e r c e n t  o f  i r o n  

d i s s o l v e d  i n  g o l d ,  which  h a s  been  f o u n d  t o  e x h i b i t  a  C u r i e  t e m p e r a -  

t u r e  of  9' K e l v i n .  I n  some,  c a s e s ,  when t h e ,  h o s t  m e t a l  becomes a  

s u p e r c o n d u c t o r  a t  s u f f i c i e n t l y  l o w  t e m p e r a t u r e ,  t h e r e  i s  f u r t h e r  

e v i d e n c e  t h a t  t h e  f e r r o m a g n e t i c  a l i g n m e n t  p e r s i s t s  . a f t e r  t h e  o n s e t  

o f  s u p e r c o n d u c t i v i t y ;  e . g . ,  g a d o l i n i u m  d i s s o l v e d  i n  l an thanum.  29 3 

T h i s  s i t u a t i o n  r a i s e s  t h e  q u e s t i o n  o f  t h e  n a t u r e  o f  t h e  p e r t u r b e d  

s t a t e  o f  t h e  s u p e r c o n d u c t i n g  e l e c t r o n s ,  which  a r e  u n d e r  t h e  i n -  

f l u e n c e  o f  t h e  s t r o n g  exchange  f i e l d  e x e r t e d  on them by t h e  f e r r o -  

m a g n e t i c a l l y  a l i g n e d p a r a m a g n e t i c  i m p u r i t i e s .  The p u r p o s e  of  t h e  

p r e s e n t  p a p e r  i s  t o r e p o r t  a  new s o l u t i o n  t o  t h i s  p rob l em,  which  

l e a d s  t o  a  s t a t e  q u i t e  d i f f e r e n t  f rom t h e  c o n v e n t i o n a l  BCS g round  

4 s t a t e  o f  t h e  s u p e r c o n d u c t o r .  

Acco rd ing  t o  t h e  c o n v e n t i o ' n a l  p o i n t  o f  v i ew ,  t h e  exchange  f i e l d  

e x e r t e d  by t h e  f e r r o m a g n e t i c  i m p u r i t i e s  u p o n t h e  c o n d u c t i o n  e l e c t r o n  

s p i n s  i s  e i t h e r  t o o  weak t o  p r o d u c e  a  change  i n  t h e  BCS s t a t e ,  o r  i t  

p r o d u c e s  a  f i r s t - o r d e r  p h a s e  t r a n s i t i o n  t o  t h e  no rma l  s t a t e .  The 

s t r e n g t h  of  exchange ,  f i e l d  r e q u i r e d  t o  overcome t h e  e n e r g y  g a p  and  

f l i p  t h e  s p i n  o f  a  s u p e r c o n d u c t i n g  e l e c t r o n  i s  fl g r e a t e r  t h a n  

t h e  s t r e n g t h  a t  which  t h e  p h a s e  t r a n s i t i o n  o c c u r s P 5  But we s h a l l  

d e m o n s t r a t e  t h a t  a t  a  somewhat l o w e r  v a l u e  o f  s t r e n g t h ,  an  u n e x p e c t e d  

s o l u t i o n  -- of  t h e  p a i r i n q  e q u a t i o n s  e n t e r s .  Thus a  f i r s t - o r d e r  p h a s e  

t r a n s i t i o n  t a k e s  p l a c e  f rom t h e  BCS t o  t h i s  new p h a s e ,  t h e  " d e p a i r e d "  

s t a t e ,  which  s u b s e q u e n t l y  p a s s e s  c o n t i n u o u s l y  by a  s e c o n d - o r d e r  p h a s e  



t r a n s i t i o n  i n t o  t h e  normal s t a t e  a s  t h e  s t r e n g t h  of  t h e  exchange  
. . 

f i e l d  i s  i n c r e a s e d ,  , ,  . . . . . . . . .  . -  - . . .  . . . . . . .  

The new s o l u t i o n  c a n , b e , f o u n d _ o n l y  by s t u d y i n g  s i g n i f i c a n t  d e -  

p a r t u r e s  . . f rom t h e  BCS s o l u t i o n .  , S u c h ~ s i t u a t i o n s  a r e , s t u d i e d  i n  

S e c t i o n  I1 where t h e  gap  e q u a t i o n  i s . s o l v e d  f o r  t h e  c a s e  o f  a  r e i a -  

t i v e l y  l a r g e  number of  e l e , c t r o n  p a i r s  broken,, A doub ly  i n f i n i t e  

. m a n i f o l d  of  wave f u n c t i o n s  i s  f o u n d ,  depend ing  u p o n , t h e  a s s u m e d . '  

mean momentum of p a i r i n g , , , Q ,  and t h e  assumed v a l u e  of t h e  s t r e n g t h  

o f  exchange  f i e l d ,  HS I n  S e c t i o n  I11 a  s i n g l y  i n f i n i t e  f a m i l y  of 

s o l u t i o n s  of  t h e  g a p , . e q u a t i o n  i s  s e l e c t e d  which r e p r e s e n t s  t h e  

g round  s t a t e  s o l u t i o n s  i n ' t h e  p r e s e n c e  of a n . e x c h a n g e  f i e l d  of  . . 

v a r y i n g  s t r e n g t h  H. According  t o  Blochq 5  theorem,6  i n  o r d e r  t h a t  

t h e s e  s o l u t i o n s  s h o u l d  . r e p r e s e n t  t h e  ground s t a t e ,  t h e y  ,should ex -  

h i b i t  z e r o  c u r r e n t .  T h i s  i s  accompl i shed  by b a l a n c i n g , t h e  t o t a l  

c u r r e n t  of t h e  u n p a i r e d  e l e c t r o n s  a g a i n s t  t h e  s u p e r c u r r e n t  g e n e r a t e d  

b y . . t h e  non-ze ro  v a l u e  of  p a i r i n g  momentum, Q, T h i s  r e q u i r e m e n t  

p r o d u c e s  a  f u n c t i o n  Q ( H )  s o  t h a t ,  f o r  e v e r y  assumed v a l u e  of t h e  

exchange  f i e l d ,  t h e r e  i s  a  u n i q u e  v a l u e  of t h e  p a i r i n g  momentum. 

F o r  t h e s e .  z e r o - c u r r e n t  s o l u t i o n s  t h e  m a g n e t i z a t i o n  i s  c a l c u l a t e d  

and hence  t h e  f r e e  ene rgy  i n  t h e  ground s t a t e .  I n  S e c t i o n  I V  t h e  

p e c u l i a r  a n i s o t r o p i c  e l e c t r o d y n a m i c  p r o p e r t i e s  r e s u l t i n g  f rom . t h e  

n o n - v a n i s h i n g  p a i r i n g  momentum a r e  s t u d i e d .  I t  i s  found t h a t  a  

s u p e r c u r r e n t  o f  t h e  u s u a l  L o n d o n ' t y p e  f l o w s  i n  r e s p o n s e  t o  an  a p p l i e d  

v e c t o r  p o t e n t i a l  p a r a l l e l  t o  Q ,  b u t  t h a t  no s u p e r c u r r e n t  r e s u l t s  

f o r  a  weak v e c t o r  p o t e n t i a l  p e r p e n d i c u l a r  t o  Q,  I n  S e c t i o n  V i t '  

i s  d e m o n s t r a t e d  t h a t  t h e  p ' r e s e n c e ' o f  u n p a i r e d  "normale '  e l e c t r o n s  i n  

t h e  d e p a i r e d  s t a t e  c a u s e s  i t  t o  have  a  Sommerfeld s p e c i f i c  h e a t  and 

a  s i n g l e - e l e c t r o n  t u n n e l i n g  c h a r a c t e r i s t i c  p r a c t i c a l l y  i n d i s t i n g u i s h -  

a b l e  f rom t h o s e  of t h e  normal  s t a t e d  S e c t i o n  V I  c o n s t i t u t e s  a  b r i e f  

summary. t 



11. E F F E C T  O F  ELECTRON D E P A I R I N G  ON THE ENERGY GAP 

Thr .oughoi t  t h i s  p a p e r  t h e  a c t u a l  s y s t e m , u n d e r  c o n s i d e r a t i o n ,  

namely a  d i l u t e  s o l u t i o n  o f  p a r a m a g n e t i c  i m p u r i t i e s  d i s s o l v e d  i n  a  

m e t a l ,  w i l l  be  i d e a l i z e d  b y . a  c o n s t a n t ,  exchange  f i e l d  i n d e p e n d e n t  
,. . 

of  s p a c e  which a c t s  o n l y  upon t h e  e l e c t r o n  s p i n s .  I f  t h e  e n e r g y  

of s p l i t t i n g  o f  t h e .  c o n d u c t i o n  e l e c t r o n s  i n  t h e  p r e s e n c e  o f ,  t h i s  

exchange  f i e l d  i s  %Ao, where  A. i s  t h e  BCS e n e r g y  g a p  p a r a -  

m e t e r ,  t h e n  we can  wr i t e  t h e  H a m i l t o n i a n  f o r  o u r  model i n  t h e  fo rm,  

where  yo i s  t h e  u s u a l  Hami1tonia.n f o r  a  s u p e r c o n d u c t o r  i n  t h e  ab -  

s e n c e  of  an exchange  f i e l d ,  and  oi i s  t h e  o p e r a t o r  t1 f o r  t h e  

i - t h  e l e c t r o n ,  d e p e n d i n g  upon w h e t h e r  i t  i s  a l i g n e d  p a r a l l e l  ("up9' ) 

o r  a - n t i - p a r a l l e l  ("downg' ) ,  r e s p e c t i v e l y ,  r e l a t i v e  t o  t h e  exchange  

f i e l d ,  An a p p r o x i m a t e  e i g e n f u n c t i o n  o f  t h e  H a m i l t o n i a n  of E q .  (1) 

i s  o b v i o u s l y  t h e  u s u a l  BCS g round  s t a t e  wave f u n c t i o n ,  w i t h  t h e  as.- 

s o c i a t e d  e i g e n v a l u e  s i m p l y  t h e  s t a n d a r d  RCS g round  s t a t e  e n e r g y .  

T h i s  i s  t r u e  b e c a u s e  t h e  s econd  t e r m .  i n  t h e  r i g h t - h a n d  member i s  

p r o p o r t i o n a l  t o  t h e  t o r h p B n e n ' c ~ p a r a l L ~ 1 ,  . t o .  ,th.k.:f i e l . d . ~ o f ; , t h . e  : : t o $ a l  ' .... 

e l e c t r o n  spin..:ini-thei.'superconductor, w h i c h  o p e r a t o r  commutes w i t h  woe 
If  we w a n t  t o  f i n d  o t h e r  e i g e n f u n c t i o n s  o f  N, we may a t  f i r s t  

f r y  s t a t e s  of  s m a l l  t o t a l  s p i n ,  c o r r e s p o n d i n g  t o  t h e  b r e a k i n g  of ,  

o n l y  a  f e w  e l e c t r o n  p a i r s .  I f  t h e  number o f  e l e c t r o n  p a i r s  b roken  

i s  s m a l l  enough n o t  t o  a f f e c t  t h e  e n e r g y  g a p ,  t h e n  an  e n e r g y  o f  2Ao 

h a s  t o  be  expended  f o r  e a c h  p a i r  b r o k e n ,  w h i l e  t h e  r e o r i e n t a t i o n  o f  

t h e  e l e c t r o n  s p i n  g a i n s ,  a c c o r d i n g  t o  E q .  ( l ) ,  %Ao f o r  e a c h  p a i r  

b roken .  Thus ,  i t ' i s  n o t  p o s s i b l e  t o  f i n d  a  wave f u ' n c t i o n  o f  t h i s  

t y p e  c o r r e s p o n d i n g  t o  an  e n e r g y  l o w e r  t h a n  t h e  BCS g round  s t a t e  e n e r g y ,  



u n l e s s  H i s  g r e a t e r  t h a n  u n i t y . '  But i t  i s  e a s y  t o  e s t a b l i s h 5  t h a t  

t h e  normal  s t a t e ,  because  of i t s  r e s p o n s e  t o  t h e  a p p l i e d  exchange  

f i e l d ,  unde rgoes  s u f f i c i e n t  s p i n . o r i e n t a t i o n  t o  a c q u i r e  a  l o w e r  

f r e e  ene rgy  t h a n  t h e  BCS ground s t a t e  a l r e a d y  a t  a  v a l u e  o f  H = l/F 
Thus,  s t a t e s  of  s m a l l  s p i n  e x c i t a t i o n  r e l a t i v e  t o  t h e  BCS g round  

s t a t e  a r e  n e c e s s a r i l y  e x c i t e d  s t a t e s  of  t h e  s u p e r c o n d u c t o r .  I t  i s  

n e v e r t h e l e s s  u s e f u l ,  i n  o u r  s e a r c h  f o r  a l t e r n a t i v e  ground s t a t e  wave 

f u n c t i o n s ,  t o  c o n s i d e r  such  e x c i t e d  s t a t e s ,  and t o  imag ine  t h a t  t h e  

e x c e s s  s p i n ,  and h e ~ e e  t h e  number of y n p a i m d  e l ec t rons ,  becomes 

c o n t i n u a l l y  g r e a t e r .  E v e n t u a l l y  t h e  number o f  u n p a i r e d  e l e c t r o n s  

w i l l  be s u f f i c i e n t l y  l a r g e  t o  a f f e c t  t h e  e n e r g y  gap  a n d  t o  r e d u c e  it. 

N e v e r t h e l e s s  we s t i l l  w i l l  have  some p a i r i n g  t a k i n g  p l a c e  and some 
. . 

c o h e r e n c e  ene rgy .  The gap  e q u a t i o n  of  BCS w i l l  s t i l l  a p p l y  i n  e s -  

s e n t i a l l y  i t s  o r i g i n a l  form: 

where  

The p r ime  s i g n i f i e s  an  o m i s s i o n  from t h e  sum o v e r  k s p a c e ,  c o r r e s -  
/V 

pond ing  t o  t h e  b l o c k i n g  of  s t a t e s  by th,e p r e s e n c e  of u n p a i r e d  e l e c -  

t r o n s .  O t h e r w i s e  t h e  s t a n d a r d  n o t a t i o n  of  t h e  BCS p a p e r  i s  f o l l o w e d .  

The e f f e c t  of b lock ing7 '  i s  e x p r e s s e d  i n  t h e  second t e r m  of t h e  r i g h t -  

hand member o f  Eq. ( 2 )  w h e r e  t h e  'sum o v e r  momentum s p a c e  i s  t o  be 

c a r r i e d  o u t  o v e r  a l l  o f  t h e  e x c l u d e d  r e g i o n s  of  momentum s p a c e .  Such 

r e g i o n s  of  mdmentum s p a c e  a r e  ' p r e v e n t e d  by t h e  P a u l i  e x c l u s i o n  p r i n c i p l e  



from, p a r t i c i p a t i n g  i n  t h e  v i r t u a 1 , p a i r  s c a t t e r i n g  which g i v e s , , r i s e  

t o  t h e  e n e r g y  gap  A. Becaus.e . . of  t h e  b l o c k i n g  of  t h e s e  r e g i o n s ,  we 

f i n d ,  i n  , t h e  weak c o u p l i n g  l i m i t ,  (u>>A). t h e  f o l l o w i n g  s u p p r e s s i o n  
~. 
I of t h e  e n e r g y  gap: . 

I 

A - exp{- & C [ E k ( ~ ) l e l  1 q - e x c l  . , 

where t h e  dependence  of t h e  r i g h t - h a n d  member upon t h e  e n e r g y  gap  

h a s  been i n d i c a t e d  e x p l i c i t l y . .  (1n  a l l  o f  t h e  work i n  t h i s  p a p e r  

we r e s t r i c t  o u r s e l v e s  t o  t h e  , c a s e  of z e r o  t e m p e r a t u r e .  ) 

The most n a t u r a l  b l o c k i n g . c o n f i g u r a t i o n  migh t  be assumed t o  be 

one  which i s  s p h e r i c a l l y  ' symmetr ic  i n  momentum s p a c e ,  c o r r e s p o n d i n g  

t o  a u n i f o r m  d i s t r i b u t i o n  of u n p a i r e d  e l e c t r o n s j o f  down s p i n  a t  t h e  

s u r f a c e  o f  t h e  Fermi s e a .  More d e t a i l e d  e x a m i n a t i o n  r e v e a l s ,  how- 

e v e r ,  t h a t  such  e x c e s s  s p i n  s t a t e s  a r e  u n s t a b l e  and t h a t  t h e  s p h e r i -  

c a l  symmetry o f  t h e  b l o c k i n g  r e g i o n  can  be m o d i f i e d ,  l e a d i n g  t o  a  

l o w e r i n g  o f  t h e  e n e r g y  o f  t h e  sys tem.  A s  a  r e s u l t  t h e  u n p a i r e d  

e l e c t r o n s  t e n d  t o  c o n g r e g a t e  a t  one  p o r t i o n  o f  t h e . F e r m i  s u r f a c e .  

Hence i t  i s  n e c e s s a r y  t o  c o n s i d e r  a s y m m e t r i c a l  b l o c k i n g  r e g i o n s .  

These  g i v e  a  n e t  c u r r e n t  f l o w  f o r  t h e  u n p a i r e d  e l e c t r o n s .  I n  o r d e r  

t o  s a t i s f y  B l o c h q s  theorem it i s  c o n s e q u e n t l y  n e c e s s a r y  t o  have  an 

e q u a l  and o p p o s i t e  c u r r e n t  f l o w  f o r  t h e  s u p e r c o n d u c t i n g  e l e c t r o n  

p a i r s .  I n  t h i s  S e c t i o n  we f i n d  t h e  s o l u t i o n  f o r  t h e  g e n e r a l  c a s e  of 

non-ze ro  p a i r i n g  momentum and impose t h e  r e q u i r e m e n t  o f  e x a c t  can -  

c e l l a t i o n  of c u r r e n t  o n l y  i n  t h e  n e x t  ' S e c t i o n .  

S i n c e  i t  i s  o u r  g o a l  t o  f i n d  t h e  l o w e s t  e n e r g y  e i g e n v a l u e  a s -  

s o c i a t e d  w i t h  t h e  H a m i l t o n i a n  of  Eq. ( l ) ,  we impose t h e  r e q u i r e m e n t  

on t h e  b l o c k i n g  r e g i o n  t h a t  i t  be such  t h a t  no e l e m e n t a r y  e x c i t a t i o n s  

of. n e g a t i v e  e n e r g y  a r e  p o s s i b l e .  The q u a s i - p a r t i c l e  e n e r g y  a s s o c i a t e d  



. .  . . .  

w i t h  t h e  a d d i t i o n  o f  a  s i n g l e  p a r t i c l e  of wave number k, n o r m a l  

e n e r g y  c k ,  i n  t h e  p r e s e n t  m o d e l l e a d s  t o  an  e x c i t a . t i o n  e n e r g y  of - 
t h e  u s u a l  BCS q u a s i - p a r t i c l e  e n e r g y  pl.us a d d i t i o n a l . m a g n e t i c  a n d , ,  

1 k i n e t i c  e n e r g y  t e r m s  which a r e  such  t h a t  we o b t a i n  t h e  boundary of 

t h e  b l o c k i n g  r e g i o n  by t h e  f o l l o w i n g  fo rmula :  

A i s  t h e  p a i r i n g  momentum t i m e s  t h e  Fermi v e l o c i t y  and pk i s  
ry 

t h e  c o s i n e  o f  t h e  a n g l e  between t h e  p a i r i n g  momentum and F o r  

c o n v e n i e n c e  i n  t h e  a n a l y s i s ,  t h e  p a i r i n g  momentum h a s  a1s.o been 

measured i n  u n i t s  r e l a t i v e  t o  t h e  a c t u a l  gap  A ,  r a t h e r  t h a n  t h e  

u n p e r t u r b e d  gap  A o ,  r e s u l t i n g  i n  t h e  new p a r a m e t e r s  q = Q A o / ~  

and h  = H do/a, s ~ ~ h  a  b l o c k i f i g  i ;@gibn i s  i.iujfidfad by t h @  

shaded  p o r t i o n  of  F i g .  l ( a ) ,  which c o r r e s p o n d s  t o  t h e  r e g i o n  of  

momentum s p a c e  o c c u p i e d  w i t h  c e r t a i r i t y  by elec.l ;rons of  down s p i n .  

F i g u r e  l(b)shows ' t h e  r e g i o n  ( s h a d e d )  which i s  c o m p l e t e l y  v a c a n t  o f  

u p - s p i n  e l e c t r o n s  and which d o e s  n o t  p a r t i c i p a t e  i n  ' t h e  v i r t u a l ,  

p a i r  s c a t t e r i n g .  T h i s  i s  b e c a u s e  of t h e  b l o c k i n g  e f f e c t  of t h e  

down-spin e l e c t r o n s  a t  t h e  o p p o s i t e  s i d e  o f  t h e  Fermi s u r f a c e .  A s  

can  be s e e n  f rom F i g .  1 t h e  c a s e  of  v a n i s h i n g  normal  p a r t i c l e  e n e r g y ,  

r = 0 ,  g i v e s  t h e  i n t e r s e c t i o n  of  t h e  b l o c k i n g  boundary w i t h  t h e ' F e r m i  
'. ". s u r f a c e  and d e t e r m i n e s  t h e  a n g l e  sub tended  by t h e . b l o c k i n g  r e g i o n ,  

The p l u s  and minus s i g n s  r e f e r  t o  t h e  c a s e  of  up- and down-spin e l e c -  

t r o n s ,  r e s p e c t i v e l y .  E q u a t i o n  ( 6 )  a p p l i e s ,  of c o u r s e ,  o n l y  when t h e  

c u t - o f f  v a l u e s  o f  t h e  c o s i n e  of t h e  a n g l e  f a l l  w i t h i n  t h e  p h y s i c a l  



- ---  1 . :  j ,, -7-  

I r e g i o n  of - 1  + 1 F i g u r e  1 i s  drawn f o r  t h e  s p e c i a l  c a s e  t h a t  
Y - 
I 
I o n l y  u n p a i r e d  down-spin e l e c t r o n s  a r e  p r e s e n t  (1 t q-h 2 -1). . T h i s  

d e p a i r i n g  s i t u a t i o n  i n v o l v i n g  o n l y  a  s i n g l e  s p e c i e s  of e l e c t r o n  s p i n  

w i l l  be r e f e r r e d  t o  a s  t y p e  S,  w h i l e  t h e  c a s e  of q-h < -1. g i v e s  

down-spin e l e c t r o n s  e n c i r c l i n g  t h e  Fermi s e a  and w i l l  be r e f e r r e d  t o  

a s  t y p e  E b l o c k i n g .  I n  a d d i t i o n  t o  t h e s e  two c a s e s ,  we have  t h e  

s i t u a t i o n  of  d o u b l e  d e p a i r i n g ,  when an e x c e s s  of  u n p a i r e d  e l e c t r o n s  

of bo th  up- and d o w n - s p i n ' a p p e a r s  a t  t h e  s u r f a c e  o f  t h e  Fermi s e a .  

T h i s  o c c u r s  f o r  q-h > 1, and w i l l  be r e f e r r e d  t o  a s  t y p e  D d e p a i r i n g .  

T h i s  more c o m p l i c a t e d  t y p e  i s  i l l u s t r a t e d  i n  F i g .  2, where it i s  s e e n  

t h a t  t h e  b l o c k i n g  e f f e c t  o f  t h e  down-spin e l e c t r o n s  i s  augmented by 

t h e  f u r t h e r ' b l o c k i n g  produced by t h e  p r e s e n c e  of  a  s m a l l e r  number o f . .  

u n p a i r e d  u p - s p i n  e l e c t r o n s  on t h e  s a m e ' s i d e  of  t h e  Fermi s u r f a c e .  The 

r a n g e s  of  t h e  v a r i o u s  v a l u e s  of  p a i r i n g  momentum and exchange  f i e l d  

a r e  shown i n  F i g .  3 ,  where t h e  s t a b l e  BCS domain i n  t h e  l o w e r  l e f t -  

hand c o r n e r  c o r r e s p o n d s  t o  q+h < 1. -,~Fok::.i:q+Hh> L!irwe kiaceethe :.tMrge.,, 
! 
I 

d f  f  £le~erit..l.;hype'S ,::of!:-:dep.a5r.k,.ng d i s c u s s e d  ~ a h o v e i ~ : a ~ ~ ! ~ o ~ h u r r i ~ ~ ~ ? f r r - ; ~ : ~ h e  t h r e e  I 
i 

d i d f i e r e n t  i2 reg i6ns  -:of ::~.icjcl O ~ ~ ~ s & l j a r a t e a ; ~ b y  : the::dashed : l i n e s  o f  u n i t  s l o p e .  ! 
i 

The w i d t h  o f  t h e , b l o c k i n g  r e g i o n  in momentum s p a c e  i s  d e t e r m i n e d  

by s o l v i n g  f o r  t h e  s i n g l e - p a r t i c l e  e n e r g y  from Eq.  ( 5 ) :  

The i n t e g r a t i o n  o v e r  t h i s  t h i n  b l o c k i n g  r e g i o n  a t  t h e  s u r f a c e  of t h e  

Fermi s p h e r e  g i v e s  t h e  r e s u l t  

e x c l  



i 
~ The f u n c t i o n  a p p e a r i n g  h e r e  i s  d e f i n e d  f o r  p o s i t i v e  v a l u e s  of  t h e  
I 

1 argument  g r e a t e r  t h a n  u n i t y  a s  

. . 

F o r  1x1 < 1 i t  v a n i s h e s ,  w h i l e  f o r  n e g a t i v e  v a l u e s ,  we d e f i n e  

~ ( x )  t o  be an odd f u n c t i o n  of  x: G ( x ) =  -G&x) .  

I t  i s  a s t r a i g h t f o r w a r d  m a t t e r  t o  employ Eq. ( 8 )  t o  e v a l u a t e  

t h e  gap f o r  v a r i o u s  assumed v a l u e s  of q and h. Such a  c a l c u l a -  

t i o n  y i e l d s  t h e  l i n e s  of e o n s t a n t  A shown i n  F i g .  3 ,  With.. 

t h e  r e s u l t s  of  t h i s  c a l c u l a t i o n  we can  now m u l t i p l y  t h e  v a l u e s  of  

q  and h  by d o  t o  o b t a i n  Q and H, r e s p e c t i v e l y .  T h i s  

t r a n s f o r m a t i o n  maps t h e  l i n e s  of  c o n s t a n t  A a s  shown i n  F i g .  

4. . These  l i n e s  i n t e r c e p t  t h e  C a r t e s i a n  a x e s  of F i g s .  3 . a n d  

4 a t  r i g h t  a n g l e s .  E q u a t i o n  ( 8 )  g r e a t l y  s i m p l i f i e s  a l o n g  t h e  

C a r t e s i a n  a x e s  a n d - . r e d u c e s  a l o n g  H = 0  t o  t h e  gap  equat-ion f o r  

1 a r g e  s u p e r c u r r e n t s  d e r i v e d  by ~ o ~ e r s ,  ~ a r d e e n ~  and Pa rmen te r .  1 0  ' 

Along t h e  Q = 0  a x i s ,  Eq. i:! (8~);ireduces~'to::~theogap~,equatlon.~ ...' ~ ; ; i  

f ound  by Sarma. l1 The p r e s e n t  work e x t e n d s  t h e s e  s o l u t i o n s  away 
. . 

f rom t h e  c o o r d i n a t e  a x e s  and o u t  i n t o  t h e  H - Q p l a n e .  A s  ex-  

h i b i t e d  i n  Appendix I ,  s i m p l i f i e d ~ . e x p r e s s i o n s  can  be e x t r a c t e d  

f rom Eq. ( 8 )  f o r  t h e , b e h a v i o r  of  t h e  c o n s t a n t  gap l i n e s  i n  t h e  

v i c i n i t y  o f  t h e  axes .  C l o s e  t o  t h e  H = 0  and Q = 0 a x e s  t h e s e  

l i n e s  have  t h e  s h a p e  of  p a r a b o l a s  which bend toward  and away f rom 

t h e  o r i g i n ,  r e s p e c t i v e l y .  The same i s  t r u e  i n  t h e  h  - q  d iag ram,  

a s  shown by t h e  dashed  l i n e s  i n  F i g .  3. 

The p o i n t s  i n f i n i t e l y  removed from t h e  o r i g i n  i n  F i g .  3 have  
, . 

been b r o u g h t  i n  F i g .  4 t o  t h e  cu rve .  
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I t  i s  a l o n g  t h i s  z e r o - g a p  l i n e  t h a t  t h e  s o l u t i o n s  f o u n d  h e r e  by 

b l o c k i n g  p a s s  c o n t i n u d u s l y  i n t o  t h e  n 0 r m a 1 , ~ r o u n d - s t a t e  wave f u n c -  

t i o n .  A s  e x p e c t e d  f o r  a  s e c o n d - o r d e r  t r a n s i t i o n ,  i t  i s , s h o w n  i n  

'Appendix I1 t h a t  i n  t h e  v i c i n i t y  o f  t h e  z e r o - g a p  l i n e  t h e  gap  i s  

p r o p o r t i o n a l  t o  t h e  s q u a r e  r o o t  o f  t h e  d i s t a n c e  i n  t h e .  H - Q 

p l a n e  f r o m  t h e  z e r o - g a p  l i n e .  I t  w i l l  be  n o t e d  t h a t  t h e  r e g i o n  of  

d e p a i r i n g  f o l d s  back upon i t s e l f  a l o n g  t h e  c u r v e  
\ 

l a b e l e d  f  i n  F i g s .  3 and 4. I n  F i g .  4 t h i s  c u r v e  i s  a n  e n v e l o p e  

o f  t h e  c o n s t a n t  g a p  c u r v e s  and  becomes a  bounda ry  f o r  t h e  d e p a i r i n g  

s o l u t i o n s  i n  t h e  Q < H p o r t i o n .  ' The r e g i o n  be tween  t h i s  f o l d i n g  

c u r v e  and  t h e  z e r o - g a p  c u r v e  c o n t a i n s  two d e p a i r i n g  s o l u t i o n s  f o r  

e v e r y  v a l u e  of Q and  H. Thus t h e r e  a r e  . two s h e e t s  o f  s o l u t i o n s ,  

which  j o i n  a l o n g  t h e  f o l d i n g  c u r v e .  The' f i r s t  o f  t h e s e ,  t h e  " p h y s i -  

c a l  s h e e t , "  i s  c o n t i g u o u s  t o  t h e  BCS domain and  i s  a c c e s s i b l e  by 

c o n t i n u o u s  v a r i a t i o n  o f  H and  Q away f r o m  z e r o .  On t h e  o t h e r  

h a n d ,  t h e  s e c o n d ,  o r  " u n p h y s i c a l  shee t1 '  i s  i n a c c e s s i b l e  t o  e x p e r i -  

m e n t a l  o b s e r v a t i o n ,  a s  i t  c a n n o t  be  r e a c h e d  by c o n t i n u o u s  v a r i a t i o n s  

of  Q and  H. I t  may be n o t e d  t h a t  t y p e  E b l o c k i n g  o n l y  g i v e s  s o -  

l u t i o n s  on t h e  u n p h y s i c a l  s h e e t ,  and  i n  p a r t i c u l a r ,  t h a t  t h e  symmet r i -  

c a l  d e p a i r i n g  s o l u t i o n s ,  l y i n g  a l o n g  t h e  l i n e  Q = 0, a r e  a  bounda ry  

o f  t h e  u n p h y s i c a l  s h e e t .  T h u s . w e  s e e  t h a t  t h e y  mus t  be  r e j e c t e d  n o t  

o n l y  b e c a u s e  o f  t h e i r  i n s t a b i l i t y  w i t h  r e s p e c t , t o  p e r t u r b a t i o n s  a s  I 
d i s c u s s e d  b e f o r e  b u t  a l s o  b e c a u s e  o f  t h e i r  l a c k  o f  a c c e s s i b i l i t y ,  1 
l y i n g  a s  t h e y  d o  on t h e  u n p h y s i c a l  s h e e t .  
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In .  t h e  above  s e c t i o n  we h a v e  f o u n d  a , l a r g e  v a r i e t y  o f  s o l u t i o n s  

t o  t h e  p a i r i n g  e q u a t i o n . ,  Most  o f . t h e s e  c o r r e s p o n d  t o  some f o r m  o f  

e x c i t e d  s t a t e  o f  t h e  s y s t e m  and  a r e  n o t  o f  i n t e r e s t ' t o  u s  h e r e .  Our  

o b j e c t i v e  i s  t o  f i n d  g r o u n d - s t a t e  e i g e n v a l u e s  o f  t h e  H a m i l t o n i a n  of  

Eq. (1). To g u i d e  u s  i n  t h e  s e a r c h  f o r  g r o u n d - s t a t e  s o l u t i o n s ,  we 

r e l y  upon ~ l o c - h ' s  t h e o r e m  wh ich  r e q u i r e s  t h a t  t h e  l o w e s t  e n e r g y  s o -  

l u t i o n  s h o u l d  h a v e  z e r o  c u r r e n t .  A l lowing  f o r  t h e  c h a r g e - t o - m a s s  

z a t i o  of  t h e  elgstxsn, i t  will he convenient f o r  us ts discuss G U T -  

r e n t  i n  t e r m s  o f  momentum d e n s i t y .  T h e r e f o r e ,  we now w i s h  t o  s e l e c t  

o u t  o f  a l l  t h e  s o l u t i o n s  c o r r e s p o n d i n g  . t o  a r b i t r a r y  p o i n t s  i n  t h e  

H - Q p l a n e  o f  F i g .  4 ,  t h o s e  s o l u t i o n s  which  h a v e  v a n i s h i n g  t o t a l  

n e t  momentum. But we h a v e  s e e n , t h a t  t h e  u n p a i r e d  e l e c t r o n s  assume 

a n  asyrnrnetr-ic d i s t r i b u t i o n  a t  t h e  Fermi  s u r f a c e ,  which  r e s u l t s  i n  a  

n e t  t o t a l  momentum f o r  them. T h i s  momentum c a n  e a s i l y  be  c a l c u l a t e d  

by i n t e g r a t i n g  o v e r  t h e  r e g i o n s  shown j.n F i g s .  1 an'd 2 ( a l l o w i n g  f o r  

t h e  n e c e s s a r y  f a c t o r  o f  p f o r  t h e  component o f  momentum i n  t h e  

d i r e c t i o n  of t h e  p a i r i n g  momentum) t o  g i v e ,  t h e  f o l l o w i n g  e x p r e s s i o n  

f o r  t h e  t o t a l  momentum d e n s i t y  o f  t h e  u n p a i r e d  o r  "normal"  e l e c t r o n s :  

whe re  q  2 h  h a s  been  a b b r e v i a t e d  by 5,. The f u n c t i o n s  wh ich  h a v e  
- 

been  i n t r o d u c e d  i n  Eq. ( 1 2 )  a r e  d e f i n e d  a s  f o l l o w s :  



and 

p r o v i d e d  x  > 1. y ( x )  and b ( x )  v a n i s h  f o r  1x1 < 1 .  B e s i d e s  t h i s  

t o t a l  momentum of t h e  normal  e l e c t r o n s ,  .we have  a  s u p e r c u r r e n t  

momentum d e n s i t y  r e s u l t i n g  from t h e  common momentum o f . p a i r i n g ,  q , ,  

which g i v e s  a  t o t a l  v a l u e  t o  t h e  e n t i r e  sys t em of  p a i r e d  e l e c t r o n s  of  

B loch ' s  theorem requi r ' e ' s  t h a t  P  = Pn + PS s h o u l d  v a n i s h  f o r  

t h e  ground s t a t e .  T h i s  l e a d s  t o  t h e  f o l l o w i n g  e q u a t i o n  f o r  q :  

I n  a c t u a l i t y ,  r+ and r- a l s o  depend upon q s o  t h a t  Eq. ( 1 6 )  

i s  d i f f i c u l t  t o  so lve '  i n  t h e  g e n e r a l  c a s e .  . F o r  t h e  c a s e  of  r < 1, 
! 

however ,  t h e  dependence  upon r.- d i s a p p e a r s  and it i s  p o s s i b l e  t o  I 

a s s i g n  a  f i x e d  v a l u e  t o  t h e  v a r i a b l e  r+ and t o  s o l v e  f o r  t h e  

c o r r e s p o n d i n g  v a l u e ;  of q by t h e  s t a n d a r d  f o r m u l a  f o r  t h e  r o o t s  1 
of a  c u b i c  e q u a t i o n ,  T h i s  p r o c e d u r e  a p p l i e s  t o  t h e  r e g i o n  S of I 
F i g .  3 .   h he s o l u t i o n  of  Eq. ( 1 6 )  f o r  t y p e  D b l o c k i n g  i s  more com- I 
p l i c a t e d ,  b u t  i s  f a c i l i t a t e d  by a p p r o x i m a t i o n s  which a r e  p e r m i t t e d  

f o r  t h e  r e l a t i v e l y  l a r g e  v a l u e s  of r+ which o c c u r  f o r  t h i s  c a s e .  
- 

The r e s u l t s  of  n u m e r i c a l  computa t ion  a r e  r e p r e s e n t e d  by t h e  P = 0 

c u r v e  shown i n  F i g s .  3 and 4. B l o c h q s  theorem i s  s a t i s f i e d . o n l y  by 
. . 

s o l u t i o n s  which f a l l  a l o n g  t h i s  l i n e .  p o i n t s  which f a l i  o f f  t h e  
i 

l i n e  c a n  t h e r e f o r e  n o t  r e p r e s e n t  g r o u n d - s t a t e  e n e r g y  e i g e n v a l u e s  
, 

of  t h e  H a m i l t o n i a n  of Eq. (1). I t  i s  of.  i n t e r e s t  t o  n o t e  t h a t  t h e  
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Q  f 0  p o r t i o n  o f .  t h e  , P = 0  c u r v e  . l i e s  e n t i r e l y  o n  t h e  p h y ~ i c a l  

s h e e t ,  b u t  t h a t  i t  e x h i b i t s  a  minimum i n . t h e  H = , Q  p l a n e  a t  

Q = Qm = 0 .69  and H = Hm = 0.63. F o r  f i e l d  v a l u e s  H < Hm t h e r e  

a r e  no ' d e p a i r e d , s o l u t i o n s  s a t i s f y i n g  B l o c h q s  theorem,  and hence  t h e  

BCS s t a t e  i s  t h e  o n l y  g r o u n d , s t a t e  , p o s s i b l e .  ,, . . .  

I t , i s  o f  i n t e r e s t  t o  l o c a t e  t h e  i n t e r s e c t i o n  of  t h e  P = , O  

and A = 0  c u r v e s .  I n  o t h e r  words ,  we want t o  f i n d  t h e  v a l u e s  of 

th.e p a r a m e t e r s  Q and H a t  which t h e  gap  v a n i s h e s ,  .always keep-  

i n g  t h e  c G r r e n t  z e r o .  Thi ,s  i s  e a s i l y  found  f rom t h e  a s y m p t o t i c  

e x p r e s s i o - n s  f o r  t h e  f u ? c t i o n s  j ( r + )  and ( r  The r e s u l t  i s  - - 
t h a t  t h e  a s y m p t o t i c  s l o p e  i n  t h e  h  - q  p l a n e  i s  d e t e r m i n e d  by 

c o t h  (q /h)  = q/h 

h/q - 0.833 

I n  t h e  H = Q  p l a n e  ( r i g .  49 t h i s  i n t e r s e c t i o n  i s  t h e  maximum H 

p o i n t  a l o n g  t h e  z e r o  gap  l i n e ,  a s  r e q u i r e d  by a  s i m p l e  symmetry 

c o n s i d e r a t i o n .  Deno t ing  t h e  c o o r d i n a t e s  by QM and HM, we f i n d  

from combining Eq. ( 1 0 )  w i t h  Eq. (17)  t h a t  Q;= H~ M = 1/4. Eq. (18) 

g i v e s  H N ( Q ~  = 0.833,  s o  t h a t  (QM,  H ~ )  = (0.904,  0 .753) .  I n  t h e  

v i c i n i t y  of  t h i s  p o i n t ,  t h e  r e g i o n  t o  t h e  r i g h t  of  t h e  z e r o  c u r r e n t  

l i n e  co r re spon 'ds  t o  a  n e t  p o s i t i v e  c u r r e n t  and t h e  r e g i o n  t o  t h e  

l e f t ,  a  n e g a t i v e  c u r r e n t .  

B l o c h l s  theorem i s  a  n e c e s s a r y  b u t  n o t  s u f f i c i e n t  c o n d i t i o n ,  

1 f o r  t h e  l o w e s t  e n e r g y  e i g e n v a l u e .  I t  g u a r a n t e e s  o n l y  t h a t  t h e  

e n e r g y  i s  an extremum r e l a t i v e . t o  s m a l l  changes  of  t h e  p a i r i n g  momen- 

tum f o r  a  fTxed v a l u e  of f i e l d  H. Thus t h e  z e r o  c u r r e n t  r e q u i r e m e n t  
. ,. 



< '  

can  l e a d  t o  u n s t ' a b l e  a s  w e l l  a s  s t a b l e  s o l u t i o n s .  T h i s  o c c u r s  a l o n g  . . 

t h e  boundary. of  t h e  u n p h y s i c a l  s h e e t  (Q = 0  and 0.5 < H < 1 . 0 ) ~  

. a s  a l r e a d y  d i s c u s s e d  above i n  S e c t i o n  11, and a l s o  a l o n g  t h e  

:: .-  . 0 < 9 ,  < Qm p o r t i o n  of t h e  P = 0  l i n e .  Such s o l u t i o n s  a r e  u n s t a b l e  

: w i t h  r e s p e c t  t o  a c c e l e r a t i o n  of  t h e  s u p e r c u r r e n t ,  and do n o t  come 

. i n t o  c o n s i d e r a t i o n : h e r e .  I t  i s  e v i d e n t  f rom t h e  dependence  o f  t h e ,  

e n e r g y  on t h e  s q u a r e  of  t h e  c u r r e n t  t h a t  a l l  o f  t h e  p o i n t s  l y i n g  

a l o n g  t h e  Qm C Q < QM p o r t i o n  of  t h e  z e r o  c u r r e n t  l i n k  c o r r e s p o n d  

t o  s o l u t i o n s  which a r e  l o c a l l y  s t a b l e .  But f u r t h e r  i n v e s t i g a t i o n  i s  

r e q u i r e d  t o  e s t a b l i s h  t h e i r  a c t u a l  g r o s s  s t a b i l i t y  i n  compar ison  t o  

t h e  o t h e r  p o s s i b l e  z e r o  c u r r e n t  e i g e n f u n c t i o n s  of Eq .  ( l ) ,  v i z . ,  t h e  

BCS s t a t e  and t h e  normal  s t a t e .  

F o r  t h e  p u r p o s e  of  comparing t h e  e n e r g i e s  o f  d i f f e r e n t  z e r o  

c u r r e n t  s o l u t i o n s  i t  i s  u s e f u l ,  i n s t e a d  of summing up t h e  v a r i o u s  

c o n t r i b u t i o n s  t o  t h e  t o t a l  e n e r g y ,  t o  make u s e  of  t h e  f o l l o w i n g  

d i f f e r e n t i a l  r e l a t i o n s h i p  between t h e  e x p e c t a t i o n  v a l u e  of  t h e  

enexgy i r l  a  g i v e n  s t a t e  c h a r a c t e r i z e d  by exchange  f i e l d  H ,  and 

t h e  m a g n e t i z a t i o n  which i s  p r e s e n t  i n  t h a t  s t a t e :  

where Q i s  t h e  volume of  t h e  sys tem.  ~ - l<%> can be i d e n t i f i e d  
. . 

w i t h  t h e  f r e e  e n e r g y  d e n s i t y  , F. T.hus Eq .  ( 1 9 )  i s  e q u i v a l e n t .  t o  

t h e  u s u a l  i n t e g r a l  f o r m u l a  f o r  t h e  change i n  f r e e  e n e r g y  upon. 

p a s s i n g  between two d i f f e r e n t  s t a t e s ,  1 and 2: 

The m a g n e t i z a t i o n  i s  de ' f ined  by t h e  e x p e c t a t i o r ,  v a l u e  of  t h e  t o t a l  

component o f  t h e  e l e c t r o n ' s p i n  i n  t h e  d i r e c t i o n  of  t h e  exchange  f i e l d :  



With t h i s  d e f i n i t i o n  of M t h e  a c t u a l  n u m e r i c a l  v a l u e  can  be 

c a l c u l a t e d  d i r e c t l y  by i n t e g r a t i n g  o v e r  t h e  d e p a i r i n g  r e g i o n s ,  

w i t h  t h e  r e s u l t  

1 

T h i s  r e s u l t  i s  p l o t t e d  a s  t h e  c u r v e d  l i n e  i n  F i g .  5 ,  where t h e  

z e r o  c u r r e n t  l i n e  h a s  been u s e d ' t o  e l i m i n a t e  q  and i t  w i l l  be 

s e e n  t h a t  f o r  Hm C H C HM t h e r e  a r e  two i n t e r s e c t i o n s  of t h e  

vertical H = c o n s t a n t  l i n e  w i t h  t h e  m a g n e t i z a t i o n  c u r v e ,  and  

h e n c e  two d i f f e r e n t  m a g n e t i z a t i o n s  p o s s i b l e .  These  c o r r e s p o n d  

t o  t h e  two i n t e r s e c t i o n s  w i t h  t h e  z e r o  c u r r e n t  l i n e  i n  F i g .  4. 

A s  a l r e a d y  d i s c u s s e d ,  onl'y t h e  u p p e r  i n t e r s e c t i o n  i s  l o c a l l y  

s t a b l e .  From Eq. (20)  we s e e  t h a t  it  i s  a l s o  s t a b l e  r e l a t i v e  t o  

t h e  normal  s t a t e ,  whose m a g n e t i z a t i o n  c u r v e  i s ' t h e  s t r a i g h t  l i n e  

p a s s i n g  t h r o u g h  t h e  o r i g i n .  It r e m a i n s ,  however ,  t o  i n v e s t i g a t e  

t h e  s t a b i l i t y  of t h i s  s o l u t i o n  r e l a t i v e  t o  t h e  BCS s t a t e .  T h i s  

problem i s  i l l u s t r a t e d  i n  F i g .  5 by t h e  a r e a s  e n c l o s e d  by t h e  

m a g n e t i z a t i o n  c u r v e  and s h a d e d , h o r i z o n t a l l y .  When t h e  v a l u e  of  

'H i s  such  t h a t  a r e a  A i s  e q u a l  t o  a r e a  B, t hen ;  a c c o r d i n g  t o  

Maxwell '  s 1 2 r u l e  a p p l i e d  t o  Eq. ( 2 0 ) ,  t h e  e n e r g i e s  of  t h e  BCS and 

t h e  d e p a i r e d  s t a t e s  a r e  p r e c i s e l y  e q u a l .  F o r  s m a l l e r  v a l u e s  of  

H t h e  BCS s t a t ' e  - i s  t h e  e n e r g e t i c a l l y  more f a v o r a b l e  one ,  w h i l e  

f o r  l a r g e r  v a l u e s  of  H a r e a  B grows and a r e a  A s h r i n k s ,  i n c r e a s -  

i n g  t h e  s t a b i l i t y  of  t h e  d e p a i r e d  r e l a t i v e  t o  t h e  BCS s t a t e .  

The a c t u a l  computa t ion  of  t h e  r e l a t i v e  s t a b i l i t y  of  t h e  d e -  

p a i r e d  s t a t e  i s  f a c i l i t a t e d  by t h e  knowledge t h a t  t h e  f r e e  e n e r g i e s  

of t h e  BCS and normal  s t a t e s  a r e  p r e t i s e l y  e q u a l  a t  H = l/@ 

F o r  t h e  v e r t i c a l  L i n e . l a b e l e d  WEAK i n  F i g .  5,  w i t h  t h i s  v a l u e  of 



H,. t h e  a r e a s  A and C  sum e x a c t l y  t q  a r e a . B .  ,For  t h i s  v a l u e  of  H, 

t h e  d e p a i r e d  s t a t e  i s  more s t a b l e  t h a n  bo th  t h e  ,BCS and normal  

s t a t e s , b y  t h e  a r e a  C. Thus t h e  f i e l d  a t  which t h e  f i r s t  o r d e r  

t r a n s i t i o n  f rom t h e  BCS t o  t h e  d e p a i r e d  p h a s e  o c c u r s  i s  s l i g h t l y  

l e s s  t h a n  l/F and i s  g i v e n  a p p r o x i m a t e l y  b y .  
. * 

N e g l e c t i n g  t h i s  s m a l l  d i f f e r e n c e ,  we e x p e c t  t h e  d e p a i r e d  s t a t e  t o  

be t h e  a c t u a l  ground s t a t e  of t h e  sys t em i n  t h e  r a n g e  0 .71  I H, 5 0.76. 

Over t h i s  r a n g e  o f  s t a b i l i t y ,  t h e  s q u a r e  of t h e  gap  v a r i e s  r o u g h l y  

l i n e a r l y  w i t h  f i e l d ,  a s  1 - H/H ' ( s e e  Appendix I)? T h i s  i s  n  

shown i n  F i g S  6 by t h e  dashed  p a r a b o l a  and can  be compared w i t h  t h e  

s o l i d  c u r v e  ( l a b e l e d  "WEAK")  which e x h i b i t s  t h e  e x a c t  v a r i a t i o n  of 

d b 0  v s .  H. The gap  d e c r e a s e s  f rom t h e  v a l u e  0.23 A. a t  H = 0.71 

t o  z e r o  a t  H = HM, where i t  h a s  i n f i n i t e  s l o p e  and t h e  second-  

o r d e r  t r a n s i t i o n  ' t o  t h e  normal  s t a t e  o c c u r s .  

The b e h a v i o r  o f  t h e  f r e e  e n e r g y  o v e r  t h i s  r a n g e  i s  shown by t h e  

c u r v e ,  l a b e l e d  "WEAKn, i n  F i g .  7 ,  where  i in u n i t s  of. t h e  BCS con-  

d e n s a t i o n  e n e r g y )  i s  p l o t t e d  vs .  H. A s  n o t e d  above ,  t h e  m a g n e t i z a t i o n  

i n  t h e  d e p a i r e d  s t a t e  i s  o n l y  s l i g h t l y  l e s s  t h a n  t h a t  i n  t h e  normal  

s t a t e .  C o n s e q u e n t l y , ' t h e  f r e e  e n e r g y  i s  a l s o  o n l y  s l i g h t l y  lower - -  

b y ' a  few t e n t h s  o f  'a p e r c e n t  of  t h e  BCS c o n d e n s a t i o n  ene rgy .  A s  we 

w i l l  d e m o n s t r a t e  i m m e d i a t e l y ,  t h i s  i s  g r e a t l y  i n c r e a s e d  by t h e  ex -  

change  i n t e r a c t i o n  of  t h e  normal  e l e c t r o n s  among t h e m s e l v e s .  But 

even  w i t h o u t  t h i s  e f f e c t ,  one  s h o u l d  n o t  suppose  t h a t  t h e  d e p a i r e d  

s t a t e  c o u l d  e a s i l y  be  s p o i l e d  .by a  s l i g h t  i n c r e a s e  i n  t e m p e r a t u r e  

above a b s o l u t e  z e r o .  Al though t h e  d e t a i l e d  t e m p e r a t u r e  dependence  

o f  t h e  model r e m a i n s  t o ' b e  i n v e s t i g a t e d  ( e x c e p t  f o r  t h e  H = 0  and 
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Q , = - 0  l i n e s  s t u d i e d ,  i n  r e f e r e n c e s , .  9 and 11, r e s p e c t i v e l ' y ) ,  o n g  

s h o u l d  e x p e c t t h a t  t h e  magni tude  of  t h e  e n e r g y  gap  s h o u l d  d e t e r m i n e  I 

t h e  t r a n s i t i o n  t e m p e r a t u r e . ,  , . . . . . . . . . . . . . . . . . 

A f u r t h ' e r  f e a t u r e  o f , , t h e , f r e e  e n e r g y  shown, i n  F ig .  7 i s  t h e  

c u s p  a r i s i n g  f rom t h e  d o u b l e - v a l u e d  n a t u r e  of  M v s .  H and f rom 

t h e  i n f i n i t e  s l o p e  i n  F i g .  5 a t  H = H,. The l o c a l l y  u n s t a b l e  d e -  

p a i r i n g  s o l u t i o n s ,  a l r e a d y  r e j e c t e d  above ,  l i e  beyond t h e  c u s p  i n  

F ig .  7. 

I n  t h e  above  work t h e  i n t e r a c t i o n  between a  p a i r  of  e l e c t r o n s  

h a s  been i n c l u d e d ,  b u t  t h e  i n t e r a c t i o n  of u n p a i r e d  e l e c t r o n s  ne -  

g l e c t e d .  The same p o t e n t i a 1 , w h i c h  p r o d u c e s  s c a t t e r i n g  between 

p a i r s  of e l e c t r o n s  and l e a d s  t o  t h e  e s t a b l i s h m e n t  o f  t h e . e n e r g y ,  

gap  w i l l  a l s o  g i v e  exchange  s c a t t e r i n g  between any two fiorma-l e l e c -  

t r o n s  and t h e r e b y  modify t h e  e n e r g y  of t h e  d e p a i r e d  s t a t e .  T h i s  

e f f e c t  d e c r e a s e s  t h e  s t a b i 1 , i t y  of t h e  d e p a i r e d  s t a t e  r e l a t i v e  t o  t h e  

BCS s t a t e ,  b u t  i t s  e f f e c t  on t h e  normal  s t a t e  i s  even g r e a t e r ,  be-  

c a u s e  of  t h e  l a r g e r  m a g n e t i z a t i o n .  The e f f e c t  of  t h e  i n t e r a c t i o n  

on t h e  s p i n  s u s c e p t i b i l i t y  i s  a l r e a d y  w e l l  known i n  non-superconduc t -  

i n g  m e t a l s .  F o r  t h e  r e p u l s i v e  Coulomb p o t e n t i a l  t h i s  i s  t h e  u s u a l  

exchange  s c a t t e r i n g  which f a v o r s  f e r r o m a g n e t i s m ,  and f o r  p a r a m a g n e t i c  

m e t a l s  t e n d s  t o  i n c r e a s e  t h e  p a r a m a g n e t i c  s p i n  s u s c e p t i b i l i t y .  I t  i s  

an e f f e c t  which i s  i n c l u d e d  by i n  h i s  d i s c u s s i o n  of  t h e  

q u a s i - p a r t i c l e  t r e a t m e n t  of  t h e  s p i n  s u s c e p t i b i l i t y  o f  a  Fermi l i q u i d , )  

and h a s  a l s o  been d i s c u s s e d  f rom a  somewhat d i f f e r e n t  p o i n t  of  v iew 

14 by one  of  t h e  p r e s e n t  a u t h o r s  . A u s e f u l  p i c t u r e  . f o r  t h i s  e f f e c t  i s  

t h a t  of t h e  molecdla.Jj field9.1.r:!,the. '  b a d i s  t h e  ;. : ; ~ e i ' s $ j i t h & o ~ ~ : . ,  ;,i!?r;~.;: 

o f  f e r romagne t i sm.  I n ,  t h e  p r e s e n t  c a s e  of i n t e r e s t ,  because  of t h e  

a t t r a c t i v e  s h o r t - r a n g e  p o t e n t i a l  of  t h e  BCS t h e o r y  t h e  mole 'cu lar  



field,is opposite in sign relative to its usu.al direction and is- 

"nf avorable the polarization of 15 electrons . .subtracts from 

'the actual external exchangefie1.d applied to the.sample, Hex. 

Thus the net magnetic field which effectively serves to act on 

any given electron spin is 

This relationship between the effective forcing field, Heff 

and the response to it, M, is similar to that already familiar 

in electronic circuitry. There the signal applied to a circuit 

element in series with a load impedance is reduced by the current 

flowing through the load, in proportion to its impedance. If the 

response of the circuit element is known for any value of the net 

effective input, then simple construction of the "load line" 

a graph of current vs. input leads to a self-consistent determina- 

tion of both the net.effective input and the output for.any given 

16 value of applied,signal . In the present .case, the load-line is 

a straight line of slope -~/Nv drawn on Fig. 5. The intercept 

with the abscissa axis is Hex. For any given value of. the inter- 

cept, the load line is completely determined, once the value of 

NV has been specified for the material of interest. In the weak 

coupling limit, NV -+ 0, the load line becomes the vertical line 

of constant applied H, already discussed in connection with Fig. 5. 

For stronger coupling, however, the finite slope of the load line 

has important consequences. First of all, it should be noticed 

that for a given value of Hex, the normal magnetization is reduced 

by the factor 1 + NV. Consequently the value of the external field 

at which the gap in the depaired state passes to zero is increased 
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by t h i s  same f a c t o r ,  g i v i n g  

T h i s  s i t u a t i o n  i s  i l l u s t r a t e d  i n  F i g .  5 by t h e  d a s h e d  l o a d  l i n e .  

A f u r t h e r  f i e l d , s t r e n g t h . o f  i n t e r e s t  i s  t h e  v a l u e  f o r  which  t h e  . . . .  

BCS and  normal  s t a t e s  h a v e  e q u a l  f r e e  e n e r g y .  I n  t h e  weak c o u p l i n g  

l i m i t  t h i s  i s  1 Because o f  t h e  s u p p r e s s i o n  o f  t h e  normal  

s t a t e  s u s c e p t i b i l i t y ,  t h i s  f i e l d  i s  i n c r e a s e d  by t h e  f a c t o r  

(1 + NV)1/2. The a r e a s  e n c l o s e d  between t h e  l o a d  l i n e  c o r r e s p o n d -  

i n g  t o  t h i s  v a l u e  of  Hex  and ' t h e  m a g n e t i z a t i o n .  c u r v e  a r e  shown 

w i t h  v e r t i c a l  s h a d i n g .  Areas  A and C  sum e x a c t l y  t o  a r e a  -B. A s  

d i s c u s s e d  above  i n  c o n n e c t i o n  w i t h  Eq. ( 2 3 ) ,  t h e  v a l u e  of  Hex d e -  

f i n e d  i n  t h i s  way i s  o n l y  s l i g h t l y  g r e a t e r  t h a n  t h e  v a l u e  a t  which  

t h e  f i r s t - o r d e r  p h a s e  t r a n s i t i o n  o c c u r s  be tween  t h e  BCS and  d e p a i r e d  
P 

s t a t e s .  Because  of  t h e  s t r o n g e r  dependence  of  H on NV, i t  i s  

e v i d e n t  t h a t  t h e  r a n g e  o f s t a b i l i t y  o f  t h e  depa i r id  s t a t e  i s i n -  

c r e a s e d  by s t r o n g  c o u p l i n g .  A s  a n u m e r i c a l  i l l u s t r a t i o n ,  NV = 1/2 

may be  chosen  t o  r e p r e s e n t  t h e  s t r o n g e s t  c o u p l i n g  c a s e  e n c o u n t e r e d  
v 

among t h e  s u p e r c o n d u c t o r s .  T h i s  g i v e s  HM = 1.13, w h i l e  t h e  

e q u a l i t y  o f  t h e  BCS and  normal  s t a t e  f r e e  e n e r g i e s  o c c u r s  a t  

Hex = 0.87. A p p l i c a t i o n  o f  Eq. ( 2 3 )  y i e l d s  a s l i g h t l y  l o w e r  v a l u e  

f o r  t h e . . f i r s t - o r d e r  t r a n s i . t i o n  t o  t h e  d e p a i r e d  s t a t e ,  l e a d i n g  t o .  

s t a b i l i t y  o f  t h e  d e p a i r e d  s t a t e  i n  t h e  f o l l o w i n g  r a n g e  

T h i s  i s  a  r a n g e  o f  s t a b i l i t y  of  a b o u t  30 p e r c e n t .  The s m a l l e s t  I 
v a l u e  o f  e x t e r n a l  f i e l d  f o r  w h i c h . a  d e p a i r e d  s o l u t i o n  e x i s t s  a t  I 
a l l  i s  f o u n d  b y . s h i f t i n g  t h e  l o a d  l i n e  o f  F i g .  5 t o  t h e  . l e f t  u n t i l  



. . - .  

i t  becomes t a n g e n t  t o  t h e  m a g n e t i z a t i o n  c u r v e .  T h i s  y i e l d s  

i I 

Hm = 0..79. Thus i t  i s  s e e n  t h a t  f o r  s t r o n g  c o u p l i n g  t h e  e f f e c t  
'I . . . . 

I of  exchange between t h e  d e p a i r e d  e l e c t r o n s ' i s  t o  make most o f . t h e  
I 

l o c a l l y  s t a b l e  . . d e p a i r e d  s o l u t i o n s , s t a b l e  a l s o - r e l a t i v e  t o  t h e  BCS 
I 

s t a t e .  The r a n g e  of  s t a b i l i t y  c o v e r s  a l m o s t  t h e  e n t i r e  r a n g e  of  

a v a i l a b l e  s o l u t i o n s .  T h i s  s i t u a t i o n  i s  i l l u s t r a t e d  i n . F i g .  7 by 

t h e  c u r v e  l a b e l e d  ''STRONG" f . o r _ w h i c h  t h e  f r e e  e n e r g y  i s  g r e a t e r  . . 

t h a n  t h a t  of t h e  BCS s t a t e  o n l y  o v e r  a  s m a l l  v i c i n i t y  c l o s e .  t o  

t h e  cusp .  F i g u r e  6 shows t h e  d e c r e a s e  ("STRONG". c u r v e )  of t h e  . 
0 

gap  a s  a  f u n c t i o n  of  Hex . .  
f rom 0.6A0 t o  z e r o a t  HMe Near  

? 

HM t h e  p a r a b o l i c  v a r i a t i o n  d i s c u s s e d  above i s  a  good approxima-  

t i o n '  ( d a s h e d  c u r v e ) .  : 



IV. ELECTROMAGNETIC PROPERTIES . . . .  . .  , .. , . . . . 

.. . The response' of the depaired ground state of the supercqndyctor 

to an a p p l , i e d , e l e c t r o m a g n e t i c  field is easily obtained as an exten- 

sion of the above,work if y e  limit our attention to,the case of 

small perturbations., For this,case we,may' expand the total momentum 

of the electrons, including both the coherent pairs,and the normal , 

electrons, as a power 'series in the deviation in the H, -. Q plane 

from the P = 0 line determined in the previous,section. For small 

perturbations we may neglect all terms in the Taylor,series expansion 

except the first-order terms, .for . . which the expansion reduces simply to 

Let Qo be the value of the pairing momentum which identifies the 

zero current depaired state for some particular value of Hex. Thus 

the infinitesimal change dQ. can be written as a deviation of the 

pairing' momentum away from its ground state value, or Q - Qo. As 

the load line considerations which led to Eq. (24)' still apply for 

current-carrying .s.tat.es., we may differentiate Eq. (24), keeping 

Hex fixed and neglecting the subscript on Heif. This gives us the 

following relationship between- the differential changes in the pair- 

ing momentum and in the net effective exchange field: . . 

Elimination of dH from Eqs.' (27) and (28) yields . , a simple linear 

relationship between dQ = Q - Qo and the current J, which is I 
proportional to dP: 
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Thi 's  e q u a t i o n  s e r v e s .  t o  d e f i n e  t h e  q u a n t i t y  x - ~ .  I n  t h e  weak 
. . . . . .  

- 2  c o u p l i n g  l i m i t ,  dH = 0, and , i s . s i m p l y  p r o p o r t i o n a l  t o  
. . 

-:2 
a ~ / a ~ .  , A  h a s  t h e ,  d i m e n s i o n s  . . o f  t h e  r e c i p r o c a l  p f  t h e  g q u a r e  

o f  a  p a n e t r a t i o n  d e p t h ,  and  t h e r e f p r e  t h e  r e s u l t  o f  c o m p u t a t i o n  

i s  p l o t t e d  i n  Fi.g. 8 . a s  t h e  r a t i o  o f  x - ~ ,  , t o  t h e  r e c i p r o c a l  o f  

t h e  s q u a r e  of t h e  London p e n e t r a t i o n  d e p t h ,  

c  i s  t h e  v e l o c i t y  o f  l i g h t ,  e  and m t h e  e l e c t r o n  c h a r g e  and 

mass ,  and n  t h e  d e n s i t y  o f  c o n d u c t i o n  e l e c t r o n s .  T h e  c u r v e  

l a b e l e d  WEAK i n  F i g .  8 r e p r e s e n t s  t h e  r e s u l t o f  s u c h  a  computa-  

t i o n ,  w h i l e  t h e  c u r v e  l a b e l e d  STRONG h a s  been  d e t e r m i n e d  o n l y  
1 

n e a r  t h e  u p p e r  end p o i n t , .  HM. E x a c t  d e t e r m i n a t i o n o f  t h e  com- 

p l e t e  c u r v e  would r e q u i r e  t h e  e v a l u a t i o n  o f  a l l  f o u r  o f  t h e , p a r -  

t i a l  d e r i v a t i v e s  o c c u r r i n g  i n  Eqs. ( 2 7 )  and ( 2 8 ) ,  which  c o u l d  be 

c a r r i e d  o u t  i n  a  s t r a i g h t f o r w a r d  manner. .. 

Thus we s e e - t h a t  t h e r e  i s  a one- to-one ,  c o r r e s p o n d e n c e  be-  

tween t h e  v a l u e  and  d i r e c t i o n  .of  t h e  p a i r i n g  momentum, 4 a n d  

J, t h e  n e t  c u r r e n t  which  f l o w s  i n  t h e  d e p a i r e d  s u p e r c ' o n d u c t o r ,  

A s  e v i d e n t  i n  F i g .  8 ,  t h e  p r o p o r t i o n a l i t y  c o n s t a n t  i s  r e d u c e d  

r o u g h l y  by a  f a c t o r  of two compared t o  t h e  s u p e r c o n d u c t o r  i n  t h e  

a b s e n c e  o f  s p i n - e x c h a n g e  f i e l d ,  b e c a u s e  o f  t h e  r e s p o n s e  of  t h e  

no rma l  e l e c t r o n s .  We may now a s k  t h e  q u e s t i o n ,  "Suppose  t h a t  a  

u n i , f o r m  c u r r e n t  J i s  f l o w i n g  i n  t h e  d e p a i r e d  s u p e r c o n d u c t o r ,  

w h a t  w i l l  now be , t h e  e f f e c t  o f  a  p e r t u r b i n g  v e c t o r  p o t e n t i a l ? "  

T h i s  q u e s t i o n  c a n  be  e a s i l y  answered  by n o t i n g  t h a t  t h e  p r e s e n c e  

o f  a  weak v e c t o r p o t e n t i a l  can  be  a l t e r n a t i v e l y  d e s c r i b e d  by an  

e q u i v a l e n t  change  i n  t h e  v e c t o r  momentum of  p a i r i n g  a c c o r d i n g  t o  



t h e  r e l a , t i o n  

. . where  . v F  i s  t h e  Ferm.i v e l o c i t y .  I t  is. c n v e n i e n t  t o  . r e s d v e  t h e  

p e r t u r b i n g  v e c t o r  p o t e n t i , a l  i n t o  . . .  c o m p o n e n t s , p a r a l l e l  and p e r p e n d i -  

c u l a r  t o  t h e  c u r r e n t .  The p a r a l l e l  componen t  , A1 1 , , l e a d s  , s i m p l y  

t o  a n  i n c r e m e n t  o f  , t h e  c u r r e n t  , i n ,  the '  ,same d i r e c t i o n ,  J ~ I Y  . . .  i n d e -  

p e n d e n t  o f  t h e  m a g n i t u d e  o f  t h e  c u r r e n t  wh ich  was a l r e a d y  p r e s e n t :  

. . . . .  . . .  . . 

T h i s  e q u a t i o n  i s  of  t h e  same fo rm a s  London ' s  e q u a t i o n  f o r  t h e  c u r -  

r e n t  wh ich  f l o w s  i n  a n  o r d i n a r y  s u p e r c o n d u c t o r  i n  r e s p o n s e  t o  an  

a p p l i e d  v e c t o r  p o t e n t i a l .  Thus.  t h e p a r a m e t e r  A , ,  i n t r o d u c e d  a b o v e ,  

c a n  be  i d e n t i f i e d  a s  t h e p e n e t r a t i o n  d e p t h  f o r  t h e  s c r e e n i n g  o f  s u c h  
. . 

a  d i s t u r b a n c e  by t h e  s u p e r c o n d u c t o r .  . . .  

The , r e s p o n s e  o f  t h e  d e p a i r e d  s t a t ' e  t o  t h e  p e r p e n d i c u l a r  com- 

p o n e n t  o f  t h e  v e c t o r  p o t e n t i a l  i s ,  however ,  q u i t e  d i f f e r e n t .  He re  

a  s m a l l  p e r p e n d i c u l a r  component  s e r v e s  o n l y  t o  r o t a t e  t h e  d i r e c t i o n  

o f  t h e  p a i r i n g  momentum, by a n  a n g l e  e q u a l  t o  t h e  r a t i o  o f  ~ A ~ / c  

t o  t h e  q u a n t i t y  Q ~ A , / V ~ .  A c c o r d i n g  t o  Eq. (31) a  s m a l l  p e r p e n d i -  

c u l a r  v e c t o r  p o t e n t i a l  d o e s  n o t - a l t e r  t h e  m a g n i t u d e  of  t h e  p a i r i n g  

momentum, and  t h u s  s e r v e s  o n l y  t o p r o d u c e  a  p e r p e n d i c u l a r  component  

o f  c u r r e n t  p r o p o r t i o n a l  t o . t h e  a n g l e  o f  r o t a t i o n  and t o  t h e . c u r r e n t  

a l r e a d y  p r e s e n t :  

The r e l a t i o n s h i p  e x p r e s s e d  by Eq. (33)  c a n  be  more r e a d i l y  u n d e r s t o o d  

by s u b s t i t u t i n g  f o r  t h e  o r i g i n a l  c u r r e n t  f rom Eq. ( 2 9 ) ,  t o  g i v e  t h e  



following. ,relationship . . ,between. the perturbing vector potential and 

the current which flows in response to it: ' 

I This is simi1,ar to the ,relation.ship ,discussed .above:.f or. Eq,.  (.32.).,, 

I except now that the penetration depth is clearly curr'ent dependent; 

I and is given by the expression 

where the quantity 9-Q0 can be expressedin,terms of J if pre-. 

ferred. It will be noted that only positive values o f  9-Q0 

give stability,of the.system with,respect to perpendicular dis- 

turbances (instability is formally expressed by an imaginary value 

.f,or the penetration depth),. It should further, be, noted that as the 

current flowi'ng through the sample is allowed to become,vanishingly 

small, the screening of., the perpendicular component,of the vector 

potential becomes progressively weaker, and corresponds to a pene- 

tration depth which approaches infinity. It is important to keep-in mind, 

h o ~ e v e . ~ ,  that this conclusion holds only for small perturbations .. . 

and 'that the electrodynamic properties are consi.derably more can- 

plicated if this restriction is not satisfied. 



V. Q U A S I - P A R T ~ C L E  SPECTRUM . , . . . . . . . 

The e n e r g y  r e q u i r e d .  , t o ,  add  a n ,  e l e c t r o n . ,  t o  t h e  d e p a i r e d  s t a t e  . . 

i s  ea . s i ly :  c a l c u l a t e d  a l o n g . ,  t h e  l i n e s .  e x p l a i n e d - . i . n  t h e  BCS . p a p e r w  ,. 

I n - t h e  p r e s e n t  problem.speci~l,attention mus t  be  p a i d  t o . , t h e  P a u l i  

e x c l u s i o n  p r i n c i p l e ,  which  p r e v e n t s  . . .. . t h e  . . a d d i t i o n  of  .a p , a r t i c l e  t o  

a  momentum s t a t e  i n  t h e - b l o c k i n g  r e g i o n .  On t h e . o t h e r  h a n d . w e  

g e t  two t y p e s  of  , e x c i t a t i o n  when we a d d . a n  , e l e c t r o n .  t o , . o n e  , o f  t h e  

v a c a n t  r e g i o n s ,  i n  . F i g s . ,  .l o r  2. T h e s e  c o r r e s p o n d .  t o  . - t h e  p r o d u c t i o n  

o f  a  bound p a i r  o r  o f a n  e x c i t e d  p a i r .  P a y i n g . a t t e n t i o n  t o , ' s u c h  

d e t a i l s ,  one  r e a d i l y  e s t a b l i s h e s  t h a t  f o r  every,momentum ,k9 

t h e r e  e x i s t s  a  q u a s i - p a r t i c l e  e x c i t a t i o n  o f  e n e r g y  g i v e n  by t h e  

a b s o l u t e  v a l u e  o f  t h e  r i g h t - h a n d  member o f  Eq. (5)..   he d e ~ a i r e d  

s t a t e  c l e a r l y  h a s  a r b i t r a r , i l y  l o w - l y i n g  q u a s i - p a r t i c l e  e x c i t a t i o n s ,  

a s  i s  s e e n  f r o m  t h e  f a c t  t h a t  a l o n g  t h e  bounda ry  o f  . t h e  b l o c k i n g  . I ,  . 

r e g i o n ,  ~ q .  ( 5 )  h o l d s .  F o r  a  g i v e n  v a l u e  of  p k 9 , .  F i g .  9 i l l u s -  
N 

t r a t e s  t h e  r e l a t i o n s h i p  be tween  t h e  BC? q u a s i - p a r t i c l e  . . .  e n e r g y  E k 
and  t h e  a c t u a l  q u a s i ' - p a r t i c l e  e x c i t a t i o n  e n e r g i e s ,  4 and  E 

9 
a s s o c i a t e d  w i t h  t h e  a d d i t i o n  o f  a  down-spin e l e c t r o n  of momentum 

and  a n  u p - s p i n  e l e c t r o n  o f  momentum -k9 r e s p e c t i v e l y .  . I t  

w i l l  be  n o t e d '  t h a t  t h i s  i s  t h e  u s u a l  r e l a t i o n s h i p  of t h e  BCS 

t h e o r y  e x c e p t  f o r  a  s h i f t  i n  t h e  z e r o  o f  ene rgy ' ,  a s  shown, by t h e  

s o l i d  l i n e  drawn a c r o s s  t h e  g r a p h  a t  t h e  p o s i t i v e  e n e r g y  ( H - ~ Q ) A ~ .  

The e n e r g y  f o r  t h e  a d d i t i o n  o f  a  down-sp in  e l e c t r o n  i s  measu red  

upwards  f r o m  t h i s  v a l u e ,  w h i l e  t h e  e n e r g y  f o r  t h e  a d d i t i o n  of an  

u p - s p i n  e 1 e c t r o n . i ~  measu red  down f r o m  t h i s  v a l u e .  D i f f e r e n t i a t i o n  

of  t h e s e  c u r v e s  w i t h  r e s p e c t  t o  E  f o r  a  f i x e d  v a l u e  of  g i v e s  

t h e  c u s t o m a r y  BCS d e n s i t y  o f  s t a t e  v a r i a t i o n  shown i n  F i g .  1 0 ,  b u t  

a g a i n  w i t h  a  s h i f t e d  e n e r g y  o r i g i n .  The d e n s i t y  o f  s t a t e s  f o r  



down-sp in  a d d i t i o n s  i s  - ,shown,  t o ,  t h e  r i g h t  - . o f ,  t h e  .heavy . v e r t i c a l  ,ll,ne, 

1 w h i l e  up-spi ,n  e x c i t a t i o n s ,  , have  + h e ,  d e n s i t y  .of  s t a t e s  p e r ,  ,ur i , i t  e n e r g y  

I shown t o  t h e  l e f t  o f  t h e , h e a v y  v e r t i c a l  l i n e .  . A l l  o f , , t h e  e x c i t a - ,  

I .  t i o n s , a r e  o f  c o u r s e  p o , s i t i v e  e n e r g y , ,  a s  a l r e a d y . . g u a r a n t e e d  by t h e .  , .  
P 

c o n d i t i o n  i n t r o d u c e d  , i n  .Sec tLon ,  I1 t h a t ,  'no n e g a t i v e ,  e n e r g y  e x c i t a t i o n s  

s h o u l d  be  p o s s i b l e  i n  t h e  d e p a i r e d  g round  s t a t e .  . , . T h e  a c t u a l  t o t a l .  

d e n s i t y  o f  s t a t e s  f o r  t h e  a d d i t i o n  of  a  p a r t i c l e  t o  t h e  d e p a i r e d  

s t a t e  i s  f o u n d  by s u p e r p o s i n g  . t h e  p o r t i o n  .o f  .F?g. .lo ' t o  t h e  , r i g h , t  and 

l e f t  . . o f  t h e  heavy  v e r t i c a l  l i n e  and  i n t e g r a t i n g  o v e r  a l l  t h e .  v a l u e s  

of  p. T h i s  h a s  been  done  f o r  a  few s p e c i . a l .  c a s e s .  F i g u r e  '11 'sh:ows 

t h e  d e n s i t y  o f  s t a t e s  c u r v e  f o r  H = 0 . 6 4 ,  Q = 0 . 7 5 ,  ,A = 0 . 5 0  Ao, 

a  c a s e  a t t a i n a b l e  w i t h  s t r o n g  c o u p l i n g  n e a r  t h e  l o w e r  end of t h e  

s t a b i l i t y  r a n g e .  , I t  w i l l  be  n o t e d  t h a t  t h e  d e n s i t y  o f  s t a t e s  i s  

q u a l i t a t i v e l y  q u i t e  s i m i l a r  t o  t h e  c o n s t a n t  d e n s i t y  o f  s t a t e s  e x -  

h i b i t e d  by a  no rma l  conduc . to r ,  a l t h o u g h  some s t r u c t u r e  i s  i n , e v i -  

d e n c e  i n  F i g .  11. F o r  s t r o n g e r  exchange  f i e l d s ,  t h e  s t r u c t u r e  i s  

l e s s  p ronounced  and  t h e  d e n s i t y  o f  s t a t e s  c u r v e  p a s s e s  c o n t i n u o u s l y  

i n t o  t h e  c o n s t a n t  normal  d e n s i t y  o f  s t a t e s  ( d a s h e d  1 in .e  i n  F i g .  11) 

a s  t h e  g a p  d e c r e a s e s .  

I t  f o l l o w s  f r o m  t h e  e x i s t e n c e  of  l o w - l y i n g  q u a s i - p a r t i c l e  e x -  

c i t a t i o n s  t h a t  t h e  d e p a i r e d  s t a t e  s h o u l d  e x h i b i t  a  Sommerfeld  t y p e  

s p e c i f i c  h e a t  l i n e a r  i n  t e m p e r a t u r e . .  .The  Sommerfeld  'd f o r  t h e  d e -  

p a i r e d  s t a t e  i s  p r o p o r t i o n a l  t o  t h e  z e r o - e n e r g y  v a l u e  o f  t h e  d e n s i t y  

o f  s t a t e s  c u r v e  f o r  q u a s i - p a r t i c l e  e x c i t ' a t i o n s .  F o r  t h e  c a s e  shown 

i n  F i g .  11, t h i s  i s  o n l y  f o u r t e e n  p e r c e n t  be low t h e  normal  v a l u e ,  

and  a p p r o a c h e s  t h e  no rma l  v a l u e  r a p i d l y  a s  t h e  g a p  d e c r e a s e s .  Nor- 

mal s t a t e  b e h a v i o r  i n  t u n n e l i n g  and  i n  t h e  s p e c i f i c  h e a t  c a n  be  e x -  

p e c t e d  g e n e r a l l y  t o  s e t  i n  wheneve r  a  mechanism e x i s t s  i n  a  s u p e r -  

c o n d u c t o r  f o r  b r e a k i n g  t h e  e l e c t r o n  p a i r s .  The s p e c i f i c  mechanism 



. . . . . . .  . . .  .. . . .  , 

s t u d i e d  i r ,  t h i s  p a p e r , ,  t h a t  , o f  a  u n i f o r m  s p i n - e x c h a n g e  f l l d ,  i-,s,;,  , 

by no means t h e  o n l y , , p o s . s i b l e ~ o n e  . . , ,  The o p p o s i t e , , s i t u a t i o n ,  $0 t h a t  

s t u d i e d  , h e r e , .  that.of,randomly_oriented a n d , , d i s t r i b u t e d  i m p u r i t y  

s p i n s ,  h a s  been  i n v e s t i g a t e d  by A b r i k o s q v  and  ~ q r '  kov17-:with 

somewhat s i m i l a r  r e s u l t s .  They f o u n d  t h a t  a t  an  i m p u r i t y  concen -  

t r a t i o n  o f  n i n e t y  p e r c e n t  o f  t h a t  r e q u i r e d  t o  r e d u c e  t h e  g a p  t o  

z e r o ,  new p r o p e r t i e s . a p p e a r  b e c a u s e  of  t h e - p r e s e n c e  o f , n q r m a l  

e l e c t r o n s .  Normal t u n n e l i n g  b e h a v i o r  o f  t h e  e x p e c t e d  s o r t  h a s  

18 been o b s e ~ v e d  by Reif and Weoaf f e z  v a r i o u s  d i l u t e  s o l u t i s n s  

(e . 'g . ,  i r o n  i n  i n d i u m ) ,  b u t  i t  i s  n o t  knowr, w h e t h e r  o r  n o t  t h e i r  

f e r r o m a g n e t i c  i m p u r i t i e s  a r e  o r d e r e d .  I f  n o t ,  t h e n  t h e  A b r i k o s o v -  

Gorkov t h e o r y  would  seem t o  a p p l y ,  b u t  i f  t h e y  a r e  o r d e r e d ,  t h e  

a p p r o a c h  d e v e l o p e d  i n  t h i s  p a p e r  m i g h t  b e . m o r e  r e l e v a n t .  
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The p r o b l e m . o f  a s t r o n g  , e x c h a n g e  . . f i e l d  a c t i n g  on . t h e  e l e c t r o n  

s p i n s ,  ..i.n. a  , s u p e r c o n ~ d u c t o r ,  . h a s .  been  , s t u d i e d  i n .  t h e  - i d e a l  c a s e  , o f  .?. . 

u n i f o r m  . f i e l d  i n  . t h e  - absence . ,  o f  ' s c a t t e r i n g  p r o c e s s e s , .  -It h a s  been  

1 f o u n d  t h a t  a  q u a l i t a t i v e l y  new d e p a j r e d  s t a t e , ' w i t h  u n u s u a l , , p r o p e r -  
I 
I 
I t i e s  e x i s t s  o v e r  a  f i n i t e  r a n g e , o f  t h e ' s t r e n g t h  o f - t h e  exchang 'e  . .  8 

I . . 
I '  
I 

1 f i e l d .  A s  t h e  exchange  f i e l d  i n c r e a s e s , , t h e  e n e r g y  g a p  o f  t h e  d e -  

p a i r e d  s t a t e  d e c r e a s e s  and p a s s , e s  c o r i t i n u o u s l y  t o  : t h e  no rma l  s t a t e . '  

I n  c o n t r a s t  t o  t h e  c o m p l e t e l y  p a i r e d . B C S  s t a t e ;  t h e  d e p a i r e d  s t a t e  

e x h i b i t s  s p i n  m a g n e t i z a t i o n ,  a l m o s t  no rma l  t u n n e l i n g  and s p e c i f i c  

h e a t ,  and  a n  absence '  o f  s u p e r c u r r e n t  f o r  weak v e c t o r  p o t e n t i a l s  

p e . r p e n d i c u l a r  t o  t h e  p a i r i n g  mome~tum. I t  i s , t h i s  l a s t  f e a t u r e  

which  i s  t h e  mos t  s t r i K i n g  and  which  c a n  be  e x p e c t e d  t o  be  t h e  

mos t  d i f f i c u l t  t o  o b s e r v e  e x p e r i m e n t a l l y .  T h i s  i s  b e c a u s e  s c a t t e r -  

i n g  i n  a n  a c t u a l  s ample  w i l l  t e n d  t o  i n v a 1 i d a t . e  t h e  above  t r e a t m e n t  

b a s e d  on p l a n e  wave s i n g l e - p a r t i c l e  s t a t e s ,  i n s o f a r  a s  t h e  momentum 

r e l a x a t i o n  r a t e  i n  t h e  no rma l  s t a t e  i s  g r e a t e r  t h a n  t h e  e n e r g y  gap .  

F o r  s h o r t  mean f r e e  p a t h ,  a l l  a n i s o t r o p y  i n  momentum s p a c e  s h o u l d  

v a n i s h ,  and t h e  e f f e c t  o f  t h e  u n i f o r m  exchange  f i e l d  c a n  be  e x p e c t e d  

t o  be  q u i t e  d i f f e r e n t  f rom t h a t  found  above: T a k i n g  i n t o  a c c o u n t  

momentum and s p i n  r e l a x a t i o n  i n  t h e  p r e s e n t  model r e m a i n s  a  p rob lem 

f o r  t h e  f u t u r e .  

I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  i d e a l i z e d  model s t u d i e d  above  

y i e l d s  a  h i g h l y  d e g e n e r a t e  g r o u n d  s t a t e ,  c h a r a c t e r i z e d  by t h e  d i r e c -  

t i o n  o f t h e  p a i r i n g  momentum, o r  a l t e r n a t i v e l y ,  by t h e  wave number 

o f  t h e  s i n u s o i d a l  s p a t i a l  d e p e n d e n c e  o f  t h e  Gorkov f u n c t i o n .  

  old stone' s theorem19 r e q u i r e s  t h A t  . t h e r e  mus t  e x i s t  l o w - l y i n g < - c o l l e c -  

t i v e : e x c i t a t i o n s  of  t h e  sys t em.  The n a t u r e  of  t h e s e  i n  t h e  p r e s e n t  



model. , h a s  - n o t  ,been  i n v e s t i g a t e d . ,  . I t - _ s h o g l d .  a l s o  be ,  , n o t e d  t h a t .  t h e  

p e r t u r b i n g . f i , e l d  a c t i n g  upon..the,.superconducting.electrqn s p i n s  . i n  

t h e  m o d e 1 , t r e a t e d  above c a n . b e a n . o r d i n a r y  m a g n e t i . c , f i e l d  r a t h e r  

t h a n  an. exchange  f i e l d , p r o y i d e d  t h a t ,  t h e  , o r b i t a l ,  e f f e c t s  o f  t h e  . 

m a g n e t i c  f i e l d . c a n , . b e  , n e g l e c t e d ,  - T h u s , . t h e  r e s u l t s . f o u n d  h e r e  e x -  

t e n d  somewhat t h e  h i g h - f i e l d  , l i m i t  o f  superconductivity,discus~ed * 

15 by C l o g s t o n  S i m i l a r l y ,  t h e  t e m p e r a t u r e  dependence  o f  t h e , m o d e l  

(which  h a s  n o t  y e t  been s t u d i e d ) , m i g h t  be r e l e v a n t  t o  t h e  h i g h -  

20 f i e l d  e f f e s t s  investigated i n  t i n  by K n i g h t  and Androes - 



APPENDIX I. SIMPLIFIED GAP EQUATION 
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. . E q u a t i o n  ( 8 )  . . d e t e r m i n e s  t h e  e n e r g y , g a p  A . . f o r . a n y  c h o i c e  of 

q  and h ,  c o r r e s p o n d i n g  t o  a n  a r b i t r a r y  p o i n t  i n  t h e  h . - . , q  

I p l a n e .  I t  i s , u s e f u l  t o  note , , ,  howeve r ,  t h a t  c o n s i d e r a b l e , s i m p l i f i -  

c a t i o n  r e s u l t s  when o n e  of  t h e  v a r i a b l e s  i s  sma.11, c o r r e s p o n d i n g  

t o  t h e  two s t r i p s  i n  t h e , . q u a r t e r , p l a n e  a l o n g  t h e  , two  ax,es .  To 

I 

1 f i n d  t h e  dependence  o f  t h e  g a p  t o  s econd  o r d e r  i n  t h e  s m a l l  quan-  
I 

t i t y ,  we w i l l  n eed  t h e  f i r s t  t h r e e  d e r i v a t i v e s  o f  t h e . f u n c t i o n  ~ ( x ) ,  

d e f i n e d  by Eq. ( 9 ) ,  These  a r e  

v - 1 G .  ( x )  = cosh  x ,  ( 3 6  ) 

-1/2 
G:' ( x )  = ( x 2 - 1 )  9 

. . 

as suming  x  > 1. T a y l o r ' s  s e r i e s  e x p a n s i o n s  i n  powers  o f  h  and 

q  a r e  i m m e d i a t e l y  f o u n d  t o  b e ,  

and  

r e s p e c t i v . e l y .  . Thus ,  s m a l l  e x c u r s i o n s  f r o m  t h e  h  = 0 a x i s  r e d u c e  

t h e  g a p  w h i l e  s m a l l  d e v i a t i o n s  f r o m  t h e  q  = 0 a x i s  i n c r e a s e  it. 

 h he mapping i n t o  t h e  Ha9 p l a n e  shown i n  F i g .  4 c h a n g e s ,  howeve r ,  

t h i s  l a s t  f e a t u r e . )  F o r  h  = 0 ,  Eq. ( 3 9 )  becomes 



. ,. . . . . . .  . . . . . . . . . . . . . , . . .  . . . . . .. - . - . 

8 t h e  g a p  , e q u a t i o n  . f o r .  l a r g e  s u p e r c u r r e n t s  . , d e r i v e d  by, Rogers..,. . . ,.. 

~ a r d e e n ~ ,  and p a r m e n t e r l 0 .  F o r  q  = 0 ,  Eq. ( 4 0 )  c a n  be f u r t h e r  

s i m p l i f i e d  t o  

and  

'. . , . 
.I I 1, I-. ... f o r  l::10;;5 E.:.HTl<.:k;O"' &s:i:.f ourad lbpn:~arm&;.t -.fir z e r o  tempe,ra t u r e .  

The b e h a v i o r  o f  t h e  c o n s t a n t  g a p  c u r v e s  i n  t h e . ,  h  - , q  p l a n e ,  . . 

i s  r e a d i l y  o b t a i n e d  f rom Eqs.  (39)  a n d .  (40) :  L e t  t h e  gap  ,=  A c u r v e  . .  . 

c u t  t h e  a x e s  a t  qd  a n d  ha. S u b s t i t u t i n g  Eq. ( 4 1 )  ( w r i t t e n  now i n  

t e r m s  o f  qA)  i n t o  Eq. (39) y i e l d s  

a p a r a b o l a  no rma l  t o  t h e  h  = 0' a x i s  and c u r v e d . t o w a r d  t h e  q  = 0 

a x i s .  S i m i l a r l y ,  s u b s t i t u t i o n  of  Eq. ( 4 2 )  ( w i t h  h  w r i t t e n  a s  
) 

g i v e s  

a  p a r a b o l a  no rma l  t o  t h e  q  = 0  a x i s  and c u r v e d  away f rom t h e  

h  = 0  a x i s .  T h e s e  p a r a b o l a s  a r e  shown a s  d a s h e d  c u r v e s  i n  F i g .  3. 

A s  t h e  mapping o f  F i g .  3 o n t o  F i g .  4  i s  s i m p l y  a  chan'g'e of s c a l e  by 

A A 0 ,  t h e  b e h a v i o r  o f  t h e  c o n s t a n t  g a p  l i n e s  i n  t h e  v i c i n i t y  o f  

t h e  H = 0  and  ' Q  = 0 a x e s  i s  a l s o  t h a t  o f  p a r a b o l a s .  



APPENDIX 11. SECOND ORDER PHASE TRANSITION 

. . 1.t i s  of  . i n t e r e s t  t o  s t u d y  t h e  m a n n e r - i n  . , which ,  t he . ,  e n e r g y  g a p  

v a n i s h e s .  a s .  t h e  z e r o .  g a p , l i n e . , .  Eq. (l.~),, i s  appr .oached . . i n  F i g .  4!.- 

I n s e r t i o n  o f  t h e  a s y m p t o t i c  . e x p r e s s i o n  f o r  G ( X ~  f o r  l a r g e  v a l u e s  

of x i n t o  Eq. ( 8 )  g i v e s  
. . . . 

. . . . . .  . . 

and  

whe re  

AS s e t t i n g  & = 0  g i v e s :  Eq. ( l o ) ,  we c a n  w r i t e  

where  AH i s  t h e  v e r t i c a l  d i s t a n c e  f r o m  t h e  zero-gap ,  l i n e  i n  F i g ,  4. 

S u b s t i t u t e d  i n t o  Eq. ( 4 7 ) ,  t h i s  g i v e s  t h e  l i n e a r  v a r i a t i o n  o f  t h e  
. . 

s q u a r e  o f  t h e  g a p  w i t h  AH ... i n  t h e  v i c i n i t y  o f  t h e  p h a s e  bounda ry .  

A t  t h e  i n t e r s e c t i o n  o f  t h e  z e r o  c u r r e n t '  and  z e r o  g a p  l i n e . s ,  

2 2 =  4 ( Q  -H ) 1, s o  t h a t  Eqs. ( 4 9 )  and  ( 4 7 )  r e .duce . ' t o  

a s  a l r e a d y  s t a t e d  i n  t h e  t e x t ,  and  a s  shown by t h e  d a s h e d  p a r a b o l a s  
! 

i n  F i g .  6. ~ 
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FIGURE CAPTIONS 

duced, ,  by . t h e  sp in -exchange  f i e l d  and. .by. . t h e  s h i f t  

of t h e  Fer_r?i.*sphlere t o  t h e  r i g h t , . .  .The  h e a v i l y ,  

shaded p o r t i o n . .  o f  F i  GI... 1 ( a ) .  i s e c c u p i e d  w i t h .  . . .  . -  

c e r t a i n t y  by down-spin e l e c t r o n s  ,whic.h a r e  s t a b i -  

l i z e d  by t h e  exchange  f i e l d .  ,. The , G a l i l e a n  , t r a n s -  

f o r m a t i o n  c a u s e s  . . t h e m , , t o  a s sume .an  asymmetr ic  

d i s t r i b u t i o n  a t  t h e  Fermi s u r f a c e ,  - , T h e , s h a d e d  

p o r t i o n  o f  F i g .  l ( b )  i s ,  c o m p l e t e l y  v a c a n t  of  up- 

s p i n  e l e c t r o n s .  The r e m a i n i n g  r e g i o n s , o f  t h e  

r e g i o n s  a r e  a v a i l a b l e ,  .f o r  p a i r i n g ,  , But because  

o f  t h e  r e d u c t i o n  i n  phase'  s p a c e ,  t h e  e n e r g y  gap  

i s  d e c r e a s e d .  
. . .  

F i g u r e  2. Type D . ( d o u b l e )  d e p a i r i n g ,  i n  momentum space, .  

H e r e ' t h e  s h i f t  o f  t h e  F e r m i , s p h e r e  t o  t h e  r i g h t  

i s  s u f f i c i e n t l y  g r e a t e r  t h a n ,  . . t h a t , - i n  F ig .  1 t h a t  

u n p a i r e d  u p - s p i n  e l e c t r o n s  a r e  a l s o  s t a b i l i z e d ,  

a s  shown by t h e  h e a v i l y  shaded r e g i o n  of  F ig .  

2 ( b ) .  T h i s  r e q u i r e s  a  c o r r e s p o n d i n g  c o m p l e t e l y  

v a c a n t  r e g i o n  f o r  down-spin e l e c t r o n s  ( l i g h t l y  

shaded  i n  F i g .  2 ( a )  ), The r e s i d u a l  ph'ase s p a c e  

f o r  p a i r i n g '  i s  l e s s  t h a n  i n  F i g .  1, g i v i n g  a  f u r -  

t h e r  d e c r e a s e  i n  t h e  e n e r g y  gap.  



F i g u r e  3. C o n t o u r s  . . .  o f  e q u a l  . - . . . . . . . .  e n e r g y  - g a p  A f o r  a n  i d e a l , , B C S  . . . . . . . . . . . .  

s u p e r c o n d u c t o r  s u b j e c t e d ,  . . . .  t o  - a  . -  s t r o n g ,  s p i n - e x c h a n g e  

f i e l d . .  h.,. - m e a s u r e d  i n .  u n i t s  . o f  t h e  gap .  .Ao.  .-,.is 

. . . .  t h e . . u n ~ e r - t u r b e c l . .  I '  BClS g a p  f o r -  h .  = 0,. q  , . i s  .the..  

p a i r i n g .  ,momentum (i. e .  , s h i f t ,  .o f  t h e  Fermi  s p h e r e  

shown i n  F i g s .  1 ,and 2 ) ,  i n ' '  u n i t s  o f  , , t h e  gap , .  d i -  
,.?, 

v i d e d  by t h e  Fermi  v e l o c i t y .  Reg ions '  o f  t y p e  E 

( e n c i r c l i n g ) ,  ... t y p e  S ( s i n g l e - . - s e e  F i g .  l), a n d  t y p e  D' 
. . 

( d o u b l e - - s e e  F i g . 2 )  d e p a i r i n g  a r e  s e p a r a t e d  by 

t h e  d a s h e d  s t r a i g h t ' l i n e s .  The f o l d i n g  l i n e -  f  

s e p a r a t e s  t h e  u n p h y s i c a l  ( a b o v e )  f rom t h e  p h y s i c a l  

( b e l o w )  r e g i o n s  and  maps i n t o  the::boundary.-in..Fig,. 4. 

The z e r o - c u r r e n t . l i n e ,  P = 0 ,  c o r r e s p o n d s  t o , '  , 

s o l u t i o n s  of  t h e  g a p  e q u a t i o n , f o r  which t h e  t o t a l  

. . momentum of  t h e  u n p a i r e d  e l e c t r o n s , c a n c e l s  . . t h a t  of 

t h e  p a . i r s . ,  The d a s h e d  p a r a b o l a s  r e p r e s e n t  t h e  a p -  
. . 

p r o x i m a t e  g a p  e x p r e s s i o n s  d e r i v e d  i n  Appendix I .  

F i g u r e  4. C o n t o u r s  o f  e q u a l  e n e r g y  g a p  A f o r  an '  i d e a l  BCS 

s u p e r c o n d u c t o r  s u b j e c t e d  t o  a  s t r o n g  s p i n - e x c h a n g e  

f i e l d  H, measu red  i n  u n i t s  o f  t h e  . z e r o - f i e l d  

g a p  A,. Q = (A/Ao)s ,  s o  t h a t  t h i s  i s  a  mapping 

of F i g .  3 i n  wh ich  t h e  d i s t a n c e  o f  e v e r y  p o i n t  f rom 

t h e  o r i g i n  o f  F i g .  3 i s  r e d u c e d  b y .  t h e  f a c t o r  . d d o .  

The u n p h y s i c a l  s h e e t  ' i s  shown sha-ded and  j o i n s  t h e  

u n d e r l y i n g  p h y s i c a l  s h e e t  o n l y  a l o n g  t h e  f o l d i n g  



boundary  f .  P o i n t s  i n f i n i t e l y  d i s t a n t  i n  F i g .  3 

a r e  mapped i n t o  t h e  z e r o - g a p  l i n e ,  d ~ ,  = 9, a  

p o r t i o n  o f  which  f o r m s  a  bounda ry  o f  t h e  u n p h y s i c a l  

s h e e t .  The s p h e r i c a l l y  symmet r i c  d e p a i r e d  s o l u t i o n s  

(Q = 0 )  a l s o  c o n s t i t u t e  a  bounda ry  o f  t h e  u n p h y s i -  
. . 

c a l  s h e e t .  The z e r o - c u r r e n t  l i n e ,  P = 0 ,  l i e s  

e n t i r e l y  on t h e  p h y s i c a l  s h e e t  and  makes a  n o r m a i  

i n t e r s e c t i o n  w i t h  t h e  z e r o - g a p  l i n e  a t  i t s  p o i n t  o f  

maximum H ( H ~  = 0 . 7 5 5 ) .  I t s  l o c a l  s t a b i l i t y  p o r -  

t i o n s  a r e  above  t h e  p o i n t s  W and  S  f o r  weak and  

s t r o n g  c o u p l i n g ;  r e s p e c t i v e l y .  

F i g u r e  5. M a g n e t i z a t i o n  of  t h e  z e r o - c u r r e n t  d e p a i r e d  s t a t e s  

i n  u n i t s  o f  NAo ( d e n s i t y  o f . s t a t e s  t i m e s  z e r o -  

f i e l d  g a p )  v s .  . H  ( s p i n - e x c h a n g e  f i e l d  i n  u n i t s  o f  

A ) .  M = 0  i n  t h e  BCS s t a t e ,  w h i l e  t h e  s t r a i g h t  

l i n e  ( n )  g i v e s .  t h e  no rma l  s t a t e  m a g n e t i z a t i o n .  

The e f f e c t  o f  H upon t h e  f r e e  e n e r g y  i s  p r o p o r -  

t i o n a l  t o  t h e  a r e a  u n d e r  t h e  m a g n e t i z a t i o n ' c u r v e .  

F o r  t h e  v e r t i c a l  l i n e  o f  F i g .  5 ( a )  a t  H = l/)T;r) 

t h e . n o r m a 1  and BCS f r e e  e n e r g i e s  a r e  e q u a l  f o r  

weak c o u p l i n g .  The d e p a i r e d  s t a t e  h a s  l o w e r  f r e e  

e n e r g y  and  i s  s t a b l e  f o r  a l l  h i g h e r  f i e l d s  l e s s  

t h a n  HM = 0 . 7 5 5 .  S e e  t e x t  f o r  d i s c u s s i o n  of  t h e  

s l a n t i n g  l o a d  l i n e s  of F i g .  5 ( b )  p e r t a i n i n g  t o  

s t r o n g  c o u p l i n g .  



F i g u r e  6.  Energy  g a p  vs .  s p i n - e x c h a n g e  f i e l d ,  i n  u n i t s  o f  

t h e  z e r o - f i e l d  g a p ,  f o r  weak and s t r o n g  c o u p l i n g .  

Exchange be tween  t h e  p o l a r i z e d  e - i e c t r o n s  i s  un-  

f a v o r a b l e  t o  t h e  no rma l  s t a t e  an'd g i v e s  ' a  d e p a i r e d  

s t a t e  s t a b i l i t y  r a n g e  o f  t h i r t y  p e r c e n t  f o r  s t r o n g  

c o u p l i n g .  The s t a b i l i t y  r a n g e  f o r  weak c o u p l i n g  

i s  o n l y  e i g h t  p e r c e n t .  The d a s h e d  p a r a b o l a s  r e p r e -  

s e n t  t h e  a p p r o x i m a t e  gap  e x p r e s s i o n  d e r i v e d  i n  Ap- 

p e n d i x  11. , The v e r t i c a l  l i n e s  w i t h  a r rows-  i n d i c a t e  

t h e  f i r s t - o r d e r  p h a s e  t r a n s i t i o n s  which  o c c u r  f rom 

t h e  BCS t o  t h e  d e p a i r e d  s t a t e  f o r  weak and f o r  

s t r o n g  c o u p l i n g .  

F i g u r e  7. F r e e  e n e r g y  F r e l a t i v e  t o  z e r o ' - f i e l d  no rma l  

s t a t e ,  i n  u n i t s  o f  t h e  BCS c o n d e n s a t i o n  e n e r g y  

f o r  weak and s t r o n g  c o u p l i n g .  Hex E ~ ~ ~ 9 ,  . i s  t h e  

e x t e r n a l  s p i n - e x c h a n g e  f i e l d  a p p l i e d  t o  t h e  e l e c -  

t r o n s .  The BCS s t a t e  h a s  no f i e l d  d e p e n d e n c e ,  

w h i l e  t h e  no rma l  s t a t e  d e p e n d e n t e  i s  shown by t h e  

d a s h e d  p a r a b o l a s  ( l a b e l e d  n ) .  The s t a b i l i t y  o f  

t h e  d e p a i r e d  s t a t e  i s  o n l y  a  f r a c t i o n  o f  a  p e r c e n t  

of EBCS, b u t  i s  i n c r e a s e d  by an  o r d e r  o f  magni-  

t u d e  by s t r o n g  c o u p l i n g .  The s e c o n d - o r d e r  p h a s e  
0 

t r a n s i t i o n  a t  t h e  u p p e r  f i e l d  ( H ~  and  H ~ )  i s  

r e p r e s e n t e d  by t h e  t a n g e n c y  o f  t h e  s o l i d  and  

d a s h e d  c u r v e s .  
. . 



F i g u r e  8. R a t i o  of  t h e  s t r e n g t h s  of  t h e  London- s u p e r c u r r e n t  

i n  t h e  d e p a i r e d  and  BCS s t a t e s  v s .  s p i n - e x c h a n g e  

f i e l d .  hL i s  t h e  London p e n e t r a t i o n  d e p t h  and  

?, t h e  p e n e t r a t i o n  d e p t h  f o r  a  weak v e c t o r  p o t e n -  

t i a l  a p p l i e d  p a r a l l e l  t o  t h e  p a i r i n g  momentum. 

Only  t h e  u p p e r  p o r t i o n  of t h e . s t r . o n g  c o u p l i n g  

c u r v e  h a s  been d e t e r m i n e d  e x a c t l y .  The v e r t i c a l  

l i n e s  w i t h  a r r o w s  i n d i i c a t e  t h e  f i r s t - o r d e r  p h a s e  

' t r a n s i t i o n s  which  o c c u r  f rom t h e  BCS t o  t h e  d e -  

p a i r e d  s t a t e  f o r  weak and f o r  s t r o n g  c o u p l i n g .  

F i g u r e  9. Q u a s i - p a r t i c l e  e n e r g i e s  i n  t h e  d e p a i r e d  s t a t e  E 

v s .  no rma l  s t a t e  s i n g l e - e l e c t r o n  e n e r g y  . The 

z e r o - e n e r g y  r e f e r e n c e  l e v e l  f o r  t h e  u s u a l  BCS . . 

c u r v e  h a s  been  s h i f t e d  by t h e  e n e r g y . '  Eo = A. (H-pQ) 

t o  t h e  heavy  h o r i z o n t a l  l i n e .  A o H  i s  t h e  s p i n -  

exchange  e n e r g y ,  AOQ t h e  p a i r i n g  momentum times 
. "  

Fermi  v e l o c i t y ,  and  Lo t h e  B C S e n e r g y  gap .  i s  

t h e  c o s i n e  o f  t h e  a n g l e  be tween  t h e  p a i r i n g ' m o m e n -  

tum and  s i n g l e - p a r t i c l e  momentum, w h i l e  A i s  t h e  

a c t u a l  g a p  i n  t h e  d e p a i r e d  s t a t e .  The e n e r g i e s  

r e q u i r e d  t o  add a  down-sp in  (E+ = E - E ~ ) '  o r  up-  

s p i n  (E+  = Eo - E )  e l e c t r o n  a r e  g i v e n  by t h e  d i s -  

t a n c e s  f rom t h e  l i n e  E = Eo u p  o r  down, r e s p e c -  

t i v e l y ,  t o  t h e  h y p e r b o l a .  .The i n t e r s e c t i o n s  of t h i s  

l i n e  w i t h  t h e  h y p e r b o l a  d e t e r m i n e  t h e  z e r o - e n e r g y  

q u a s i - p a r t i c l e  e x c i t a t i o n s  o f  t h e  sys t em.  
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. . . .  . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . - .  

F i g u r e  1 0 .  D e n s i t y . , , o f .  , s t a t e s  p e r  u n i t  e n e r g y  f o r  t h e  quasi .- .  

' p a r t i c l e  e x c i t a t i o n s ,  f o r m e d  by, a d d i n g  a  down-sp in  
. . .  . . .  

! I 
( E l  = . . S . , - . E o Z  0 )  o < a n  u p - s p i n  ( E  = E - E , >  0 )  

v . . .  'P . .". .... 

e l e c t r o n _ t o , t h e  d e p , a i r e d  , s t a t e , , f o r  a . . p a r t i c u l a r  .- 

p o , r t i o n  o f  . t h e  f e r m i  ~ , ~ h e r e ,  N o t a t i o n  i s  t h e .  , .  

same a s  , i n , , F i g .  9. ,The  s t a t e  . d e n s i t y  f o r  z e r o .  e x - I  ... 

c i t a t i o n  e n e r g y  i s  g i v e n  by t h e  i n t e r s e c t i o n  o f  t h e  

heavy  v e r t i c a l  l i n e  a t  E = Eo w i t h  t h e  BCS c u r v e .  
. . .  . . . . .  

F i g u r e  11. T o t a l  d e n s i t y  o f  s t a t e s  p e r  u n i t  e n e r g y  v s .  q u a s i -  

p a r t i c l e  e n e r g y  Eqep  i n  u n i t s  o f  t h e  z e r o - f i e l d  

g a p  A o ,  f o r  t h e  d e p a i r e d  s t a t e  w i t h  e n e r g y  g a p  

0.5 A,. '' The d e n s i t y  o f  s t a t e s  shown i n  F i g .  1 0  

h a s  been summed o v e r  b o t h  s p i n s  a n d , o v e r  a l l  p o r -  

t i o n s  o f  t h e  Fermi  s p h e r e .  The d a s h e d  l i n e  r e p r e -  

s e n t s  t h e  no rma l  d e n s i t y  , o f  , s t a t e s .  The s t r u c t u r e  

i n  t h e  d e p a i r ' e d  s t a t e ,  which  would  be  o b s e r v a b l e  

i n  t u n n e l i n g  e x p e r i m e n t s ,  d i s a p p e a r s  a s  t h e  e x -  

c h a n g e  f i e l d  i s  i n c r e a s e d  and  t h e  g a p  d ' e c r e a s e s .  

Because  o f  t h e  d e n s i t y  - o f  l o w - l y i n g  q u a s i - p a r t i c l e  

s t a t e s ,  t h e  d e p a i r e d  s u p e r c o n d u c t i n g  s t a t e  e , x h i b i t s  

a  Sommerfeld  s p e c i f i c  h e a t  a l m o s t  a s  l a r g e  a s  i n  

t h e  no rma l  s t a t e .  The c a l c u l a t i o n  a s sumes  t h a t  t h e  
I . L.,. .... . . 

t u n n e l i n g  m a t r i x  c l e m e n t  d o e s  n o t  depend  upon t h e  ...... 

d i r e c t i o n  of  t h e  q u a s i - p a r t i c l e  momentum ( d i f f u s e  

s u r f a c e  c o n d i t i o n ) .  
. ,-, 
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