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ABSTRACT

‘ Research efforts were concentrated on two main topics. One was to
obtain a fit bethen single-mode nonlinear s;turation theory and experimental
.‘observations on the PR-6 mirror device. A model of this experiment yields
- good agreement between predictisns of the time variation of the fluctuating
potgﬁtial level, the floating potential, the mode wavelength and mode
frequency, and observations. The second topic concerﬂed single-mode Landau
damping. The previous results of O-Neil-Morales were confirmed, but in much

simpler form with no multiple sums. No longer-time corrections of any

significant size were uncovered.
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INTl#OISUCTION’

During the past year, the major reéeérch effort concentrated on fitting
the experimental obsérvafions on the PR§6 mirror experiment by a single-mode
nonlinear‘saturatién theory. This attempt has been 1axgely successful and
is now virtﬁally complete. A journal'articlé which gives the detailé is.in
preparatibn..

A secord topic concerned the long-time behavior of the O'Neil-Morales
soiutisn for nonlinear damping of a single electrostatic wave, or what is

essentially equivalent, the saturation by electrdn trapping of a single

" unstable mode. . During the course of this investigation, we found that the

O'Neil-Morales results could be obtained in much simpler form, with no
multiple sums over Fourier contributions. This work has be;n accepted for
publication by the Physiés of Fluids. and will appear in the September issue.
Our studies of the longer time behavior were done in considerable detail,
but we have not found-any’nonresonantAnonlinear process which is of significant
size. For thebmoment;'this work is being set aside, and we will concentrate
instead on a studonf singie—mode time asymptotic limits for parametric
inst;bilitiés in plasma. This should be of interest for interpretation of
recent microwave experiments, and has-direct relevance to plasma'heating
proposals.

Finally, work is underway on extending the single-mode nonlinear theary
of the DCLC instability to the'finite—beta regime. Such an extension is
necessary if 6he.isAto gttempt to model the experiments carried out on the
2XIIB device at Livermore.

Some details of the two main topics follow:

1. Fitting the PR-6 observations with a single-mode nonlinear theory.



In the previous annual report, we described completion of the analysis
of the DCLC instability in a nﬁrrér machine, using a model (Model I) which
was verf unphysical (no sources or mirror losses). While there is no
relation between this model and any laboratory miiror'dev;ce, we did find
remarkably satisfactory agreement with simulation'studies, although some
une#plained.diScfepancies ;till persist. This work was published in
Phys. Fluiﬂs;l together with the acc;mpanying simulation paper by Cohen
and Mafon.2

" Now we have completed the analysis of a new model (Model II).which does
include pgrticles sources and mirror losses, and we find good agreement with
the observations on PR—6.3 The nonlinear method itself is quite similar to
that in Model I. In fact, the preéence of sources and losses had a
negligible effect on the linear stability boundary curves. The second order
potential effect waé totally different. »The induced potential is positive,
and much larger than the negative potential determined in Model I. This is
gntirely-as expected, of course, since enhanced scattering of electrons out
6f the loss cone creates a large poéitive potential reaction. The third
order adjoints are'véry similar to those obtained in Model I. The final
analytic.satu;ation conditions are guite different, having complex
coefficients .which enable us to solve fér the nonlinear frequency shift as
well as the éaturated level of oscillation.

To fit the PR-6 data, we then assumed that the equilibrium is in the
fof_m of a sul;t;acted Ma'xwel'lian, | |
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with a fixed v;' but with a time-varying "hole" coefficient A. Let t=0



denote the time at which the instability begins. Read the value of the
density at that time, ni} and t;ke a fixed typical magnetic field value
(B=10KG) to obtain an initial value 6f (QP/Q)i. Fix the density scale €

as the reciprocal of the plasma radius [€=(50m)-l=0.2 cm-l] and choose

an initial ion temperature T+i to obtain both (&:a)i and Mv;. This
locates an initial point for the plasma on the stability déagram in wp/Q"
€a space. Choose »Ai such that the neutral stability curve passes through
this point. This also determines the initial values of the wavenumber ki
and frequency wi.

To advance in time, we use an energy argument due to Marx,4 which
enables us to find E;(t), which is then related to Xz(t)[ﬁ;=T+i(A2+3/2)].
The only "fudge—factér" in the entire argumént is the'assumpﬁion that
(l/n)(dn;/dt)=—p\')‘s where vs is the classical Spitzef drag and p is
adjusted to ‘give a best fit. We reﬁuire a p=10 which is .in general
agreement with the observation of Kanaev and Yushmanov on fhe observed density
decay rate.

Once we know how to advance A, n, T+, T_ in time, we then know where
the plasma is on the stability diagram relative to the neutral stabili£y
curve. 'This thén yields the nonlinearly saturated values of the fluctuating
potential, the floating poteﬁtial aﬁd the nonlinear'frequency shift, as.well .
as the instantaneous value of the dominant-mode's frequency and wavelength.

The ?esults show‘good.agreement with the behavior observed in Ref. 3.
The rise in fioating potential and fluctﬁating potential is close to that
observed. The mode wavelength is of the right order of maénitude and
increases in time, as observed. The frequency is not far froﬁ 6bservation.

The best fit is for T+;;400 ev which is considerably higher than that



quoted in Ref. 3. However, some recent measurements by Kanaev5 indicating
fhe presence of cold gas until juét befére onset of the instability, also
make it.plausible that the actual ion energy may be considerably higher
than i50 ev. Improved models which wouid_give a more natural fit to the
density decay, as well, and might make .the use of our single "fudge-factor"
unnecessary aré known to us. It is not clear if the effort required to
éxtend the previous calculation would. be worthwﬁile, however.

"Details are in a mgnuscript being prepared for submission to Physics

of Fluids, and in the Ph:D. thesis of Richard C. Myer.

2. Simplified Form of the O'Neil-Morales Trapping Solution.

6.7 expansion method for determin-

We have carried out the O'Neil-Morales
ing the time behavior of single mode. Landau damping.  Their method relates
the complex nbnlinear frequency shift to an integral of the difference
between the nonlinear and linear distribution functions, taken over those
velocities in the immediate vicinity of the phase velocity of the wave
(resonant region) . We found that it was possible to carry out some of the
integrals directly, without having to resoft tq Fourier expansions.

This then enabled us to express the final answer in a closed ana;ytic farm
which requires only a single integral. The results in Refs. 6 and 7
required the per formance of one or two multipie sums in addition to the same
integral. Thus, our form of the result is much more amenable to numerical
“‘evaluatioﬁ of analytic consideration. The result just described has been
accepted for publication8 and will appear in the September issue of Physics

of Fluids. A preprint is attached to this report.

We also spent considerable time evaluating the non-resonant contributions



to the nonlinear frequency shift. It was known that these contributions

were linear in nature until a time tl53(pr)T. Here T is the trapping

time and Qp, the plasma frequency. Since Q§t>> 1, tl>>'T. We had
hoped that the onset of nonlinear behavior of the numerically superior
nonresonant electrons might change the character of the solution for.times
>
t_.tl.

significance. We may return to these effects, later, but for now are

As far as we can determine, the effects are much too small to be of
suspending further work on the problem.

3. Personnel

FACULTY -

Albert Simon (MAS .and Physics) - Dr. Simon has ‘devoted 20% of his time to
this project during the academic year, and full time for one and one-half
summer months. He superviséd three graduate students, Richard C. Myer,

Thierry DeWandre and Robert Ferraro. ' X

GRADUATE RESEARCH ASSISTANTS -

(A_a) Richard C Myer (MAS Department) - Mr. Myer, who completed his under-
'gréduate studieé at Stony Brook, haé virtually completed his dissertation

on the nonlinear saturation 6f the drift cyclotron loss-cone instability.

He accepted a position as a plasma physicist at TRW in Los Angeles and .is
there now.

(b) Thierry'beWandre~(MASiDépartment) - M:‘ DeWandfé, Qho completed his
undefgraduate and master's level studies at tﬁe CatholiC'ﬁﬁiversity of
Louvain, Belgium, .is now beginning his fourth year a£ Rochester.l He is

now workipg.oﬁ the applicatién of nonlinear saturation theories to parametric

instabilities in plasma.



(c) Robert D. Ferraro (Physics Department) - Mr. Ferraro, who completed
his undergraduate studies at Corneil, is beginning his third year of graduate

studies. He is working on the extension of the DCLC theory to the finite-

beta regime and comparison with 2XIIB.
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Time behavior of Nonlinear Plasma Oscillafions

Thierry Dewandre and Albert Simon
Department of Méchanica] and Aerospace Sciences,
- University of Rochester, Rochester, New York 14627 .

(Received

 We analyze the time behavior of a single weakly damped electron
mode. We obtain analytic expressions for the time-dependent mode .
damping and frequency shift equivalent to those of 0'Neil and Morales

and 0'Neil, but in much simpler form since there are no sums.

_ PACS numbers: 52



The classic papers of O'Neil] and Morales and'O'Neﬂ2 correctly
predict the time behavior of a single weakly damped mode for times of
order T, where T is the trapping time. For times beyond this range, their
calculation must be extended to higher order terms in (pr)'] to include
nonlinear behavior of nonresonant e]ectroné. We exclude "sideband -

-effects" by restrictive boundary conditions. th]e studying these higher
order terms, we have obtained greatly simp]ified forms of the existing
results for the time behavior of the single.mode damping and. frequency
shift. These expressions, since they contain no sums, may cbnsfitute a
more useful analytic descriﬁtion of the time behavior than has been
avai]ab]e previously, even for t = t. Similar expressioné can readily
be obtained for the higher order terms.

Consider a sing]é electron wave in a collisionless plasma with
fixed ion;, in the limit Wy T >> 1 and Yo T <<1. The complex wave-frequency
follows by using the "subtraction method" of Morales and O‘Neilz, which
,ré]ates the difference between nonlinear and 1iﬁear frequencies, Sw(t) =

(w - wz), to the difference between nonlinear and linear distribution

functions (f - fl). Thus

- A2
Sw(t) = i 4TTEU (%(% )'] J dv I 9)\)1 e -1kx [f(xsv,t) - fl(X,V,t)].(]) ‘

KE, g e ix/2

For t < 1, the region where f(x,v,t) différs,éignificant]y from fl(x,v,t)

is cohfined to the neighborhood.of the linear phase ve]ocjty vp. Hence,

one may expand_(f‘- fz) around v, and keep only the lowest order terms.

The integration is performed by changing variables, from (x,v) to (&,k)

[see Ref. 1, Eqs. (14) aﬁd 15)], and then, for K2< 1, to the variables (u,k)

where



2 -1/2 | (2)

du=dg (1 -« sinzab

The integrals in u-space may then be carried out direct1y3. A similar
‘transform is used for k2> 1. |
To lowest order in (w r)_], we -find the damping coefficient y(t),

y(t) = Im sll) * Yy

1
2
= (64/m Ty [ dk {K_S[(K-E) cniz) _ gz(z) 942 ]
o sn~(z)

where z =(t/k1), y = (t/1), v, = (7/2) w, (wp/k)2 (3f0/3V)V=vp.
" Here, Y is the linear Landau daﬁping; sn, cn, and dn are Jacobian elliptic
functions; K and E are the complete elliptic integrals of the first and
second kind, respectively, and Z is Jacobj's zeta functionq. The modulus
of these functions is K. This damping coefficient expression is-entirely
equ%va]ent to the original 0'Neil result, but in much simpler form since

there is no sum. We also find

t.
[ vy e

-
P o)
+
S
1L

< Le- K dn(z) + %%%%%-KZ(Z)]

N
A ‘

+ [E- (1-K2tK2cn(y)) K + gg(y) KZ(y)] (4)



The asymptotic result -

0

D) = (64/m) ¥y T [ di {K"‘ E - +E[E+ (.<2-1)K]§ (5)

follows readily and is identical to that of 0'Neil. It may be obtained
by isolating the secular term of the integral J r(t')dt'. The first
part of the y(t), T(t), and I'(») integrals represents the untrapped electron con-

tribution while the second part represents that of the trapped electrons.

To second order, we find the frequency shift

Re alt) = -(8/m0) (@ 10 (r/P) ey

X f d¢ %K_4 [4E - (8-K2) K + Q(é) K'ZJ
! _

sk [4E - 4(1+%) K+ K+ Q ()] , - (6)
where Q(u) = 8 sn"2u [K - E - KzZ(u) cn(u) dn(u) sn” ()] . o)

Again, this must be entirely equivalent to the Morales - 0'Neil result,

but in much simpler form since now there are no multiple sums. We also
find
t

[ re @ enyae = -(a/m) (g /0% (GPryav®)
0o

=V
V'

] |
X J dk {.{4 (t [2(e-K) + «* K1 (%K)7T + R(2) K")

otk [(tA(ZE-K)z - R(y)j}, | | (8)
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2
where  R(u) = 4t [EZ(u) - (K-E) cn(:n Sn 4l o4 KZ(u)‘Eﬂ7%E% ] (9)
. A sn“(u

The asymptotic shift

Re 6620 (t » =) = (8/71) (wp/k)3 (azfo/avz)v

P

) 1 . 2,2 2
[ {[z&a-p e (_ZEL} o)

Kk K * K
o

is identical to the Moré]es - 0'Neil result. Again, the first part of
the integrals in Egs. (6), (8) and (10) represents the untrapped electron
Fontribution while the second part represents the trapped electron contri-
Bdtion. |
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