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1/f NOISE: DIFFUSIVE SYSTEMS AND MUSIC
Richard Frederick Voss
Inorganic Materials Research Division, Lawrence Berkeley Laboratory
and Department of Physics; University of California
Berkeley, California 94720
ABSTRACT
Measurements of the 1/f voltage noise in continuous metal films
are reported. At room temperature, samples of pure metals and bismuth
(with a carrier density smaller by 105) of similar volume had com-
parable noise. The power spectrum, Sv(f) o Vz/QfY, where V is the
mean voltage across the sample, Q@ is the sample volume, and
105 ¥ £ T1.4. Sv(f)/\72 was reduced as the temperature was lowered.
Manganin, with a temperature coefficient of resistance (B) close to
zero, had no discernible noise. These results suggest that the noise
arises from equilibrium temperature fluctuations modulating the
resistance to give Sv(f) a VZBZkBTZ/CV, where CV is the total heat
capacity of the sample. The noise was spatially correlated over a

length A(f) ~ (D/f)/2

, where D is the thermal diffusivity, implying
that the fluctuations obey a diffusion equation. The usual theoretical
treatment of spatially uncorrelated fluctuations gives a spectrum

that flattens at low frequencies and has an f-3/2

high frequency limit.
These calculated spectra are verified experimentally for number
fluctuations of independent particles undergoing Brownian motion but
do not explain the 1/f spectrum. However, the empirical inclusion of
an explicit 1/f region and appropriate normalization lead to

s, (F)/T « 8%;T2/C,[3+2 Tn (2/w)1f, where & is the Tength and w is

the width of the film, in excellent acreement with the measured noise.



-vi-

If the fluctuations are assumed to be spatially correlated, the
diffusion equation can yield an extended 1/f region in the power
spectrum. The temperature response of a sample to delta and step
function power inputs is shown to have the same shape as the auto-
correlation function for uncorrelated and correlated temperature
fluctuations respectively. The spectrum obtained from the cosine
transform of the measured step function response is in excellent
agreement with the measured 1/f voltage noise spectrum. Spatially
correlated equilibrium temperature fluctuations are not the dominant
source of 1/f noise in semiconductors and metal films. However, the
agreement between the low frequency spectrum of fluctuations in the
mean square Johnson noise voltage and the resistance fluctuation
spectrum measured in the presence of a current demonstrates that in
these systems the 1/f noise is also due to equilibrium resistance
fluctuations. The 1/f spectrum is not limited to "physical systems".
Loudness fluctuations in music and speech and pitch fluctuations in
music also show the 1/f behavior. 1/f noise sources, consequently,

are demonstrated to be the natural choice for stochastic composition.



"How is't with me, when every noise appals me?"
William Shakespeare, Macbeth

"One man's noise is another man's signal."

Sir Edward Bullard
I. INTRODUCTION

1/f noise has been shown to be the dominant form of low frequency
noise in most physical systems. Although numerous theories have been
advanced to explain this ubiquitous phenomenon, they have generally
proven unsatisfactory. We report here some of our research on the
subject of 1/f noise, primarily in continuous metal films. Our choice
of metal films as a system to study was dictated by our belief that the
simplest system in which the physical processes were well understood
offered the best opportunity for determining the physical origin of
the 1/f noise.

Our initial experiments set the direction of our theoretical
ideas, which in turn guided further experiments. In general we follow
here this chronological progression, and provide below a summary of
the logical development.

Hooge and Hoppenbrouwers] have measured the 1/f noise voltage
generated in continuous gold films (with physical properties close
to bulk values) in the presence of a steady current. They found that
the noise power spectrum,SV(f), for samples at room temperature could be
expressed by the empirical formula

Syf) o3 i
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In Eq. (1), Nc is the number of charge carriers in the sample, f is
the frequency, and V is the average voltage across the sample. This
dependence on V is universally found in resistive systems. The 1/f
noise is, consequently, often considered as arising from resistance
fluctuations that generate a fluctuating voltage in the presence of
a constant current.2 Hooge and Hoppenbrouwers]pointed out that the
inverse volume dependence for samples of the same material implied
by Eq. (1.1) was strong evidence for believing that the 1/f noise is
a bulk effect rather than a surface effect in metal films. They
found that the noise was still present when the samples were immersed
directly in liquid nitrogen or liquid helium, and concluded that

Sv(f) had a temperature dependence no stronger than T]/Z.

S studied very thin metal films which

Williams and co-workers
no longer have bulk properties, and in which electrical condition
is probably partially via a hopping process. Such films exhibit much
more noise than is predicted by Eq. (1.1).

Hooge5 has examined measurements of 1/f noise in semiconductors,
and has found that, with a few notable exceptions, Sv(f) was again
quite well expressed by Eq. (1.1). Agreement with this formula was
also found in single-crystal III-V compounds by Vandamme.6 Both
results imply that 1/f noise in semiconductors is a bulk effect.
Hooge, who studied noise in ionic cel]s,7 and K]einpennig,8 who
studied noise in the thermoelectric emf of intrinsic and extrinsic
semiconductors, both concluded that the noise arises from fluctuations

in carrier mobility. However, the view that 1/f noise in semiconductors

is a bulk effect arising from mobility fluctuations is not universally



held. Mcwhorter's9 theory suggests that 1/f noise arises from
surface traps with an appropriate distribution of trapping times
that generate noise by inducing fluctuations in the number of carriers.
This theory has considerable experimental support.]o_]z However,
it is possible that, in general, the 1/f noise in semiconductors
arises from both bulk and surface effects.
In Section II, we report our own measurements on 1/f noise in
thin films made of a variety of materials. Initial results were

13 We found general agreement with Eq. (1.1), with

reported earlier.
two important exceptions. First, Bi, a semimetal with a carrier

density about 105 smaller than gold, exhibited about the same 1/f

noise for similar sized samples. Second, manganin, an alloy with

a temperature coefficient of resistance close to zero, showed no
observable 1/f noise. The absence of 1/f noise in manganin indicated
that the 1/f noise in metal films could be caused by temperature fluctu-
ations that modulate the sample resistance, R, and agenerate voltage
fluctuations in the presence of a steady current, I. Thus, we expect

2 2, 5242

S, (f) = 1°(3R/3T)% (AT) 7282 ¢(aT)?), where 8 = (1/R) dR/dT, and

)2

)
((AT)®) is the mean square temperature fluctuation. The similarity

of the 1/f noise in Bi and other metals suggests that Sv(f)/\72 =g ]
(where Q is the sample volume), not N;]; and, consequently, that the
temperature fluctuations may be those of an equilibrium system. In
thermal equilibrium, ((AT)2> = kBTZ/CV, where CV is the heat capacity
of the sample. At room temperature, CV ~ 3NkB, where N is the number

of atoms in the sample, and Sv(f) « V282T2/3N.
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Energy fluctuations (AE = CVAT) are expected to obey a diffusion
equation, and in Section III we describe the spectrum of such fluctua-
tions in a small subvolume of a uniform medium, assuming the fluctuations
to be uncorrelated in space. This system has been extensively studied

14 The diffusion model was rejected as an explanation for

in the past.
1/f noise because, in this system, it fails to predict a 1/f power
spectrum over many decades of 1’r*equency,]5 and because it seriously
underestimates the noise in semiconductors. However, the experimental
configuration involving a metal film on a glass substrate is a poor
approximation of the uniform medium for which the spectra are calculated.
If an explicit 1/f region is empirically included in the spectrum, and

(oo}

the spectrum normalized by setting (AT)?) = kyT9/Cy = [ S_(f) df, the
(@]
calculated noise is in excellent agreement with the data.
The diffusion theory introduces a frequency-dependent correlation

/2 here D is the thermal diffusivity. A(f) is

length A(f) = (D/f)
roughly the length over which a fluctuation at frequency f is correlated.
Frequency-dependent correlation is thus an identifying characteristic
of fluctuations in a diffusive medium. In Section IV, we describe an
experiment on Bi samples in which the noise across two sections becomes
more correlated in the predicted manner as the frequency is lowered.

The absence of 1/f noise in manganin, the dependence of Sv(f) on

2BZ/N, and the observation of frequency-dependent spatial correlation

V
for the 1/f noise provide overwhelming experimental evidence that

equilibrium temperature fluctuations are the physical origin of 1/f
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noise in metal films. Moreover, the introduction of an explicit 1/f
region in the spectrum enables us to make quantitative predictions

of the 1/f noise in excellent agreement with experiment. The manner
in which the temperature fluctuations produce the 1/f spectrum is,
however, an open question. One possibility is that the non-uniform
nature of the experimental system modifies the simple diffusion theory
to produce a 1/f spectrum. Indeed, experiments]6 on the 1/f noise in
Sn films at the superconducting transition have shown that a change

in the thermal coupling between the film and the substrate can
dramatically affect the spectrum. Another possibility is that the
temperature fluctuations have some spatial correlation. In Section V,
we show that spatial correlation of the temperature fluctuations can
produce a spectrum with an extended 1/f region.

Fluctuation spectra are calculated on the assumption that the
fluctuations are on the average governed by the same decay laws (in
this case, the diffusion equation) as macroscopic perturbations.]7
In Section VI, we show that the temperature response of a subvolume
of a diffusive system to a delta function power input uniform over the
subvolume has the same shape as the autocorrelation function for
uncorrelated temperature fluctuations. On the other hand, the response
to a step function in power corresponds to the autocorrelation function
for correlated temperature fluctuations. We then describe an experiment
in which we measure the temperature response of a small Au film to
delta function and step function power inputs. The cosine transforms
of the responses yield power spectra that are compared with

the measured noise power spectrum. The spectrum obtained
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from the delta function is similar to that calculated for uncorrelated
fluctuations, flattening at low frequencies, and is unlike the

~ measured noise spectrum. The spectrum obtained from the step function,
however, is not only 1/f over many decades, but, when appropriately
normalized, has a magnitude and shape in excellent agreement with the
measured noise power spectrum.

In Section VII, we briefly summarize measurements on superconduct-
ing films at the tr‘ansition]6 and Josephson junctions]8 that strongly
suggest that the 1/f noise in these systems is also due to equilibrium
temperature fluctuations. However, although equilibrium temperature
fluctuations should generate noise in all systems (except those for
which B = 0), they may not be the dominant noise source. For example,
the 1/f noise in semiconductors and discontinuous metal films is too
large to be explained by temperature fluctuations, and lacks the
spatial correlation characteristic of a diffusive process. However,
we show in Section VIII that the 1/f noise in these systems is due
to equilibrium resistance functions. The measured low frequency
spectrum (appropriately normalized) of fluctuations in the mean
square Johnson noise voltage across these samples is 1/f, and is in
excellent agreement with the resistance fluctuation spectrum obtained
in the presence of a current.

The disagreement between Sv(f)/\72 measured for metal films and
the calculated ST(f) for uncorrelated temperature fluctuations
suggests that we examine the spectra from other diffusive systems.

In Section IX we describe a series of light scattering experiments

which verify the calculations of Section III for independent particles

undergoing Brownian motion.



In Section X we show that 1/f noise is not limited to "physical
systems". Loudness fluctuations in music and speech and pitch
fluctuations in music also have the 1/f spectrum. Moreover, we
describe the use of a 1/f noise source in a stochastic algorithm to
generate a very agreeable form of "1/f music".

Section XI contains our concluding discussion.
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"It is a capital mistake to theorize before one has data."
Sir Arthur Conan Doyle,
The Adventures of Sherlock Holmes

IT. MEASUREMENTS OF 1/f NOISE IN METAL FILMS

We have measured the spectrum of current-induced 1/f voltage
noise in small samples of evaporated or sputtered metal films on
glass substrates. Our films were 2508 to 20008 thick, and had
resistivities close to bulk values. Each film was cut with a diamond
knife in a micromanipulator to produce a small bridge or necked down
region of typical dimensions 10 umx100 um with large areas of metal
at either end suitable for contacts. Two variations of the sample
geometry are shown in Figs. 1(a) and 2(a). Four pressed indium
contacts were placed on each sample and the contacts were checked
for excessive resistance. A current source, consisting of a bank
of batteries and a large wirewound resistor (which exhibited no 1/f
noise) of resfstance RO > R (R is the sample resistance), was connected
to two of the contacts. The other two contacts were used as voltage
leads. The average voltage across the sample, V, ranged from 0.2 to
2V. The high resistance current source and the four-terminal con-
figuration were necessary to eliminate contact 1/f noise at the current
carrying contacts. The current and voltage Teads were often reversed
to further assure the absence of contact noise. Moreover, the sample
was replaced by a wirewound resistor of the same resistance to insure
that no significant noise arose from the current source.

The sample, current supply, and battery-operated preamplifier were

placed in an electrically screened room to reduce pickup of external
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noise. In some cases, the samples were also placed in a vacuum with
no change of the measured noise spectrum. For the high resistance
Bi samples (R ~ 1KR), the voltage leads were ac coupled directly to
a PAR113 preamplifier. To improve the sample noise to preamplifier
noise ratio for the low resistance samples (R < 100%) it was necessary
to provide a better impedance match. These samples were either
transformer coupled to the PAR113 or ac coupled through a large
capacitor to a Keithley 824 preamplifier. Correction to the spectrum
was made for the transformer response or the low frequency amplifier
roll-off. In some cases, the sample was used as one arm of a
Wheatstone bridge to allow dc coupling to the preamplifier. Although
such an arrangement is a three-terminal measurement and more susceptible
to contact noise, by cutting two symmetric arms from the same continuous
film, the bridge arrangement could be made insensitive to contact noise.
The voltage noise spectrum was measured by an interfaced PDP-11
computer. The preamplifier output was filtered to eliminate unwanted
high frequencies and was fed to a 1 MHz voltage-to-frequency converter.
The converter, in turn, drove an internal counter in the computer.
An external oscillator of frequency fo generated an interrupt in the
computer every " 1/f0. On the first interrupt, the counter was
cleared and started. On successive interrupts, the counter was read,
cleared and restarted. This arrangement provided a highly accurate
analog-to-digital converter (up to 24 bits) with automatic averaging
over T . Successive counts stored in the computer thus provided a
digital record of the noise. Once 1024 points had been accumulated,

a Fast Fourier Transform was used to calculate the 512 sine and 512
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cosine transforms of the data. These values were squared and added

to an accumulating array of 512 frequency points. The entire process
was repeated at Teast 40 times to provide an average measure of the
noise spectrum in the frequency range f0/1024 to f0/2. By changing

fo’ the spectrum could be measured over any desired range, although
the digitizing electronics and interrupt delays gave an upper frequency
limit of about 10 kHz.

The spectrum, S(f), was measured with an average voltace, V,
across the sample. The backaround spectrum, So(f), was then measured
with zero average voltage across the sample and included contributions
from both external pickup and amplifier noise. The difference,

Sv(f), between S(f) and So(f) was thus the current induced voltage
noise in the sample. These measured spectra for a typical Bi

sample (R ~ 400Q) coupled directly to a PAR113 preamplifier are shown
in Fig. 1. The increasing steepness of the spectrum below 1 Hz was
found in most samples and was probably due to a gradual deterioration
of the sample caused by the high current densities (~106 Acm'z).

With the FFT method of measuring the spectrum a slow monotonic drift
generates a 1/f2 spectrum. This effect can be eliminated if the
cosine transforms alone are used.

Figure 2 shows the measured spectra for a Au sample coupled through
a large capacitor to a Keithley 824 preamplifier. In this case, it
was necessary to correct for the low frequency roll-off of the
amplifier and capacitor as well as to subtract out the background
to obtain Sv(f). In Figs. 1 and 2, the corrected spectra show a

behavior close to 1/f.
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Similar measurements were made on a wide variety of samples of
different materials. We found S,(f) « 72/f", where 1.0 < v < 1.4.
By varying sample size, it was possible to show that Sv(f) was roughly
proportional to &, the sample volume. Otherwise identical samples
often showed noise spectra whose magnitude differed by up to a factor
of 3. This irreproducibility between different samples and our
inability to change © over a wide range while still observing the
1/f noise made a more accurate determination of the Q dependence
impossible. A summary of the measured noise spectra for various
samples (typically, 10 pmx120 umX1OOOK) of different materials,
including metals and a semimetal (Bi),is shown in Table I. The measured
temperature coefficient of resistivity, B8, is also shown for each of
the metal films.

Hooge and Hoppenbrouwer‘s1 reported no consistent variation of the
1/f noise in their Au films when immersed directly in liquid N2 or
liquid He. These measurements, however, may not be indicative of
the temperature dependence of Sv(f)/Vz. We found that placing the
samples directly in the liquids caused the spectrum to become steeper
than 1/f and to be dominated by bubbling in the liquid. Moreover,
at all temperatures, the high current densities (up to 106 Acm'z)
and high levels of power dissipation (up to 1 kwcm-z) necessary
to observe the 1/f noise caused the film to operate much above ambient
temperature. In the case of some "room temperature" metal films,
the departure of the I-V characteristics from linearity together
with the known value of B showed that the sample was as much as 40°C

above room temperature. The non-linearity of the I-V characteristic



Table 1I.

~17=

The measured temperature coefficient of resistance for

several materials and the measured and calculated noise power
at 10 Hz (measured Sv(f)/V differs by 2/m from previous table

in Ref.

13 because of recalibration).

Sv(f)/V2 Measured Sv(f)/\72 Calculated

Measured B at 10 Hz at 10 Hz
Material (K']) (10_]6 ]) (10_]6 Hz'])
Cu 0.0038 6.4 16.00
Ag 0.0035 6.4 2.00
Au 0.0012 0.6 0.76
Sn 0.0036 7 7.7
Bi -0.0029 13.0 9.3
Manganin  |g|<107% <7x1073 <3.5x1073
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at high currents due to heating is shown in Fig. 3 for the Au film
whose noise spectrum is shown in Fig. 2. The heating causes an increase
in resistance at high currents. The somewhat amorphous nature of our

Bi films caused a negative temperature coefficient of resistivity. The
Bi films, consequently, exhibited I-V characteristics which curved
toward Tower resistance at high currents.

In order to get some indication of the temperature dependence of
Sv(f)/V2 it was necessary to place the samples in a vacuum can and to
isolate them from temperature fluctuations in the 1liquid bath by a long
thermal time constant. We found that Sv(f)/V2 for both Au and Bi samples
decreased by about an order of magnitude in going from room temperature
to a liquid N, bath, but that Sv(f)/V2 did not change further in going
to a liquid He bath. In all cases, however, the presence of heating
non-linearities indicated that the samples were much above the bath
temperature. In liquid N2 and liquid He baths, we were unable to make
an accurate measurement of 3 and determine the actual temperature of
the samples. Although we can say that with careful measurement
Sv(f)/V2 is found to decrease as the temperature is lowered we can make
no quantitative statement about the temperature dependence.

The dependence of Sv(f) of VZ suggests that the 1/f noise may be
caused by resistance fluctuations. The measurements summarized in
Table I provide important clues as to the nature of 1/f noise in
continuous metal films. The absence of detectable 1/f noise in manganin
with B ® 0 indicates that temperature fluctuations generate the 1/f
noise. The similarity of the spectra from Bi (8 < 0) and the metals

(B > 0) indicates that thermal feedback, in which a resistance fluctuation
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changes the power dissipated in its neighborhood thereby raising or
lowering the Tocal temperature, do not play a role. The observation
that Bi, with a carrier density 105 smaller than metals, has roughly
the same relative noise spectrum suggests that the size effect is not
N;], as suggested by Hooge and Hoppenbrouwers.] However, both our

measurements and those of Hooge and Hoppenbrouwers] on Au are consistent

with sv(f)/\'/2 L

In thermal equilibrium a body of total heat
capacity CV = ch has a mean square temperature fluctuation
((AT)2> = kBTz/CV. Thus, the absence of the 1/f noise in manganin,

the scaling of Sv(f)/V2 as 1/9, and the fact that S (f)/\72 decreases

)
with decreasing temperature are all consistent with the idea that the
1/f noise voltage in continuous metal films supplied with a steady

current is due to equilibrium temperature fluctuations modulating the

resistance.



-15-

"Facts are stubborn things; whatever may be our wishes, our
inclinations, or the dictates of our passions, they cannot
alter the state of facts and evidence."
John Adams, Defense of the British soldiers
on trial for the Boston Massacre
ITI. FLUCTUATION SPECTRA FOR DIFFUSIVE SYSTEMS
A temperature fluctuation, AT, in a resistor of resistance, R,
and temperature coefficient of resistivity, 8 = (1/R) 3R/3T, will be
observed as a voltage fluctuation, AV = IRBAT, in the presence of

a constant current, I. The voltage fluctuation spectrum, Sv(f), is

then related to the temperature fluctuation spectrum, ST(f), by

Sy(f) = VoBTs.(f) (3.1)

where V = IR is the average voltage across the resistor. If the tempera-
ture fluctuations are due to equilibrium exchange of energy between

the resistor and its environment, ST(f) S kBTz/CV, where CV is the
total heat capacity of the resistor. In this case Sv(f) « VZBZkBTZ/CV,
which predicts the observed behavior of the 1/f noise in metal films.
It is necessary, however, to determine whether or not the idea of
equilibrium temperature fluctuations can account for both the

observed magnitude of the 1/f noise and the 1/f spectrum. In this
section, we shall use a Langevin-type approach to calculate ST(f)

for a system characterized by a single correlation time, and for
uniform diffusive systems. Although many of the results have been

14,15,19-24 neither the generalized three-

previously derived,
dimensional spectra nor the frequency-dependent spatial correlation

length, A(w) « (D/w)]/z, have been emphasized. Our simple physical
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derivation, which stresses the importance of A(w) in determining the
shape of the spectra, not only provides the basis for our latter experi-
ments, but also introduces methods that can easiiy be extended to the
case of correlated fluctuations discussed in Section V.

We begin by considering the system shown in Fig. 4(a). A mass
of total heat capacity, C, is coupled via a thermal conductance, G,
to a heat reservoir at temperature To' Macroscopic deviations in T

will obey the decay equation

In the Langevin approach25 equilibrium fluctuations are also assumed
to obey Eq. (3.2). The stochastic nature of the fluctuations is
introduced by adding a "random driving term", F(t), to the right-hand
side of Eq. (3.2). F(t) is assumed to have zero average and to be
uncorrelated in time ((F(t) F(t + 1)) = ng(r)) for the time scales
in which we are interested. Physically, F(t) represents the random
exchange of energy between the mass and the reservoid through the
thermal conductance. The equilibrium temperature fluctuations thus

obey the equation:

dT/dt = -(T - To)/ro + F(t)/C (3:3)
where P C/G is the time constant for decay of a given fluctuation.
We wish to calculate the spectrum for temperature fluctuations,
Splw) = (| T(w) |2, where

T(w) = (2m)7'/% J.(T(t) - T) et gt



.

From Eq. (3.3), T(w) = Fu)/Cl1/7, + iu] and Sp(w) = Sc(w)/c?[1/72 + W71,
The Wiener-Khintchine relations

cx(r) = el xit -+ )y = ~/. Sx(w) coswtdw (3.4a)

and
, .9 }

Sx(w) = o .[. CX(T) coswrdt (3.4D)
that connect the autocorrelation function, CX(T), of a fluctuating
quantity, x, with its spectrum, Sx(f), may be used to calculate
SF(w) from (F(t) F(t + 1)) = ng(r). Since F(t) 1is uncorrelated in
time, SF(u) = F§/2n is "white" (independent of frequency). Thus,

9 9. .
ST(M) = Fé/?HCZ(TUZ + wz) Fg may be determined from the normalization
condition (£y. (3.4a)) that

e{0) = «(aT)%> = k. T?/C = S (i) - s

T B T
. 2 . 2
We find that F~ = 2k, T G and
0 B
S.(w) = k T2/7rG[1 + wz‘tz] (3.5)
I B 0 ’ =

ST(m) is the usual Lorentzian spectrum characteristic of prccesses

. . . . 25 : . .
with a single correlation time, T, This spectrum is obviously not

1/f. In fact, the 1/f spectrum can only arise from physical processes
characterized by the appropriate distributicn of corre}ation times.
One precess with a distribution of correiation times is diffusion,

which, morecver, reprecents a beotier approximation to the heat flow

in the metal samples.
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With a siniple extension of this single correlation time system,
ore may approach a l-dinensional diffusion system. Figure 4(b) shows
& string of equai masses of heat capacity C connected by thermal
conductances, G. The temperature of the nth mass obeys the Langevin

equation:

CdTn/dt B G(Tn+] + T - 2Tn)'+ F F

n-1 nt1/2 = "'n-1/2

Each of the random driving terms Fn+1/2 is independent of the others.
If we assune that each of the masses is separated by a distance 20,
we may deiine ¢ = C/&‘,o as the heat capacity per unit length and

g = GRO as the thermal conductivity. In the Tlimit 20 + 0, T becomes
a continuous function of position and time, T = T(x,t), and cbeys

the diffusion equation:

(3.6)

? =
3T/3t = Da’T/ox% + ¢ VaF/ox (3.7)

where D = g/c is the thermal diffusivity and F(x,t) obeys the
relation (F{x,t) F(x + s,t + 7)) = 2nF§6(s)6(x). The quantity of
interest is now the spatial average of the temperature, T(t), over

the length 28 from x = -2 to x = &:

2
T(t) = zlf LRG0 0 I et o
= ;

8)

T{x,t) may be defined in terms of its space and time Fourier transforin:

T(x,t) = ;v J dk] due F¥a - Yolee, 43, (3.9)



From Eq. (3.7) we find
TR RS U TS VA ) LT N (3.10)

Since from Iq. (3.8),

w) = ‘gf T(x,w) dx
-2
using Eq. (3.¢) we have
fw) = (zw)’]/z.f EJE%&~ T(k,w) dk . (3.11)

The frequency spectrum is defined by ST(w) = (T(w) T (w)). The
uncorrelated nature of F in space and time inplies that it has a

whnite spectrun in « space and k space. We thus set

(F(k,w) F*(k',m)) = Fga(k - k')/2w so that ST(m) reduces to
2 o
F - 2
e (3.12)
(27)°¢ k™% Uk +w

. 2 . . . o
Once again Fo may be determined from the normalization condition

(e8]

((AT)2> = kBTz/ZQ(; =f ST(w) dw
5
We find F; = ZkBng. ST(u) may ncw be explicitly integrated to give
Tan e Py 3
S;(w) = sy [V - e “(sin0 + cost)] , (3.43)
4/25.ciw”
1 o * - ]/‘? oo 2 > - P e g Vo
. where 0 = (w/mu) , and wy = D/2%" is the natural frequency cdefined
by the problem. Sp(w) - k. 7o/2vE 2% for w < v, and
D
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for w > w .
i 0

S (w) » k0" 2/4/208%cu
As a check on the formalisin one may obtain from Eq. (3.10) the

space-time correlation function, c(s,t) = AT(x + s,t + 1) AT(x,t)),

T

crls,t) = {kHTz/c(4ﬂDI)!/2] exp(-s2/4Dt) ) (3.14)

r)
wnich is the familiar result for 1-dimensional diffusior procasses.L7

The physical insight into the connection between diffusion and the
1/f-1ike specirum, nowever, cones from a calculation of the frequency-
*

dependent correlation functicn, cT(s,m) = (T(x + s,w) T (%,w)). For

the 1-dimensicnal case we obtain from Eq. (3.10)

2 .
ko T cos[(n/4) + Isl/x] e
b e e IS/ (3.15)

(s,w) = Sl T Ay ’

T Zncd

where A({w) = (ZD/m)V2 is the w-depencent correlation lengtl and is
a measure of the average spatial extent of a fluctuatien at frequency
w. A Tow w fluctuation effectively samples F(x,t) over a larce coherent
voiume giving a large amplitude.

When w < Wy AMw) > 22 and the fluctustions become correlated

across the entire length. In this case ST(m) can also be expressed

05 :
J f ZE CT(X] == xzam) . (3.]6)

Since cT(s,m) is independent of s as w - 0, ST(m) - cT(O,m) as w -~ 0

as

leading to the same Tow w limit as that obtained from Eg. (3.13).
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In the high = region (w uo) Aw) < 28. Although 2£ may be divided
into many correlated regions each of length A only the two end regions can
fluctuate independently of the others. Energy exchange between any of the
internal Tengths cannot change T(t). The behavior is then best understood
in terms of 1-dimensional cnergy flow across the boundaries. The energy
fiow, j(x,t), obeys the equation, J = -goT/3x - F(x,t). Froum Eq. (3.10),
jlk,w) = imF(k,m)/[Dk2 - iw]. If E(t) represents the total energy on one
side of the boundery at x = 2 and we consider only flow across this

signal boundary, then dE(t)/dt = j(2,t), and
R R R 1 S
E(w) = -i(2%) w exp(ike) j(k,w) dk

Thus,

F& k
(lE(u))lz) = -.__C.‘_.\ [ ._._.ql(___. = _Z_.B_ el (3']7)

—~
n
—
~no
| NS
(e
N
P
e
¥
N
no
&
=
SRS
'\)I
=
E
w
S~
~no

for energy fiuctuations due to flow across a single boundary. For

w > wy the flows across the two ends are independent; and, since

2

AT = aE/25c, So(w) = 2¢|E(w)|?y/a2%c? = kT2/avZncw™? as before.

[
This formalism may readily be extended to m dimensions.

T(x,t) obeys the Langevin diffusion equation

L = 07T b iFfe (3.18)

Aie WA WA

where (F(x + s,t + 1):F(x,t)) = (ZH)mFSG(i) §(r). If T(t) is the

spatially averaeged tenperature of @ box of volume © = émkl ... L _1in

m-dimensions, tien

' r2 { m, 2 m sin’k. 0.
Brta) = e ?]“? g ~aq15i-~? —--31";- ; 13.19)
(2a)Y" ¢ J Dk ¥ S §= jifr e
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The requirement that (( AT = | S ) dw gives F2 = 2kBT29. Although
we have been unable to determine a general analytic expression for
ST(w), we can determine its limiting forms from the behavior of the
appropriate w-dependent correlation function, which retains its

dependence on exp(-|s|/A) in all dimensions. Thus, in 2 dimensions

crlsow) =(kgTo/2mDc) ker(v2Z|gl/n) . (3.20)

where CT(E’w) - (kBTz/anDc) In(v2)/|s|) for |s| < X and

crlsw) ~ |{;5{|"]/2 exp(-v2|g|/1) for |g| > A. In 3 dimensions

kBT2 g
c(ssw) = ——— cos(|g]/A) e
41°Dc|s |

SN (3.21)
For a regular 3 dimensional volume of lengths E] > 22 > 23

the three natural frequencies, w; = D/ZR?, separate the spectrum into

four regions. In the frequency region w > Wy >Wy the lengths 11 and 22

may be considered infinite and the spectrum becomes 1-dimensional

with temperature fluctuations only due to energy flow in the X3

-3/2 N

direction. Thus as calculated above ST(w) @ for w > wq and

ST(w) « w-]/z

with temperature fluctuations only due to energy flow in the X and

for W < < ws- If w> Wy s the spectrum Tooks 2-dimensional

X3 directions. The low frequency limit of the 2-dimensional spectrum

may be calculated from Eq. (3.20) and the observation that

ST(w) = Q_Z‘!; d)&’g dx ' CT('& - %' W) 3 (3.22)
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From the Timiting form of Eq. (3.20) as w > 0 it can be seen that

ST(w) = [const + In(1/w)] for wy Cw < w2.24 For w < Wy ST(m) is
determined from the low frequency limit of the 3-dimensional

cT(s,w) (Eq. (3.21)) and Eq. (3.22). Thus, for w < wy s ST(w) o« const.]4
The behavior of ST(w) for the four regions of the spectrum of a
regular 3-dimensional volume are shown in Fig. 5(a). The w /2
behavior at high w for all dimensionalities is characteristic of
diffusive flow across a sharp boundary.23 When X is < any length
2%; only the outer shell of an arbitrary volume, ©, can fluctuate
independently of the remainder and then only by local 1-dimensional

flow across the boundary. A generalization of Eq. (3.17) gives

3/2ﬂ92cw3/2

Sp(w) ~ kBTZA/Z e (3.23)

where A is the total surface area of Q. If, on the other hand, the
boundary is not sharp but has a finite width, w, ST(w) varies as w2
for w > D/w2.

As discussed in Section IX these calculated spectra for diffusive
systems have been verified experimentally by a direct measurement of
the spectra. However, unlike the measured Sv(f) for metal films
shown in Figs. 1 and 2, Fig. 5(a) does not show an extended region
of 1/f behavior. Fiqure 5(a) was calculated for temperature
fluctuations in a regular subvolume of a uniform medium. On the
other hand, the experimental system of metal film on glass substrate
does not present a uniform medium for heat conduction. We expect
diffusive flow along the film to dominate the heat conduction creating

primarily a 2-dimensional system; but with some effects due to coupling
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to the substrate. The importance of coupling to the substrate on
the spectrum has, in fact, been demonstrated for superconducting

films at TC.]6

It 1is also possible that path switching effects,
in which a temperature configuration that does not change T(t) does
change R, (AV # VBAT) may play a role. However, at the frequencies
measured A is large enough that temperature fluctuations are expected
to be correlated across the cross section of the strip, hence
AV = VBAT.

If we assume that the temperature fluctuations in the metal
films obey a diffusion equation, but that the complex nature of the
system introduces an explicit 1/f region into the spectrum at inter-
mediate frequencies, we may form a model spectrum that will allow
quantitative comparison of the measured noise with that predicted
from temperature fluctuations. Since the thermal conductivity of
the film is so much higher than the substrate, we expect the high
frequency behavior to be 2-dimensional while at low enough frequencies
the spectrum must become 3-dimensional and independent of frequency.
This simple model spectrum is illustrated in Fig. 5(b). The limits
of the 1/f region are defined by the natural frequencies of the
film, D/HZZ and D/Trw2 where 2 and w are the length and width of the
film. The high and low frequency 1imits are taken to be diffusion-like:

3/2 2

Se(f) = for f > D/mw? and S(f) = const for f < D/me". The

T
normalization condition

(aT)?) = kBTZ/cV =j S;(f) df
]
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then determines the magnitude cf the spectrum. In the 1/f region

.

s, (F)/T = 8%, T2/C,[3 + 2 In(a/w)] £, (3.24)

independent of D. The term 1n(%2/w) makes Eq. (3.24) extremely
insensitive to changes in the limits of the 1/f region. For metals
at room temperature CV ~ 3NkB where N is the total number of atoms
in the sample, and

£) = V2R2T2/3N[3 + 2 In(a/w)] F . (3.25)

For the samples of Hooge and Hoppenbrouwers,] Eq. (3.25) predicts

S f)/\72 ~ 3.GX1O-3/Nf which is within a factor of two of their

it
experimental results (Eq. (1.1)) if we replace NC by N. The last
column of Table I shows the calculated values of ST(f) from Eq. (3.25)
for our samples. The agreement is excellent.

Although the calculated ST(w) for simple uniform diffusive media
do not have an explicit 1/f region, the assumption of such a 1/f
region in ST(f) for the complex experimental systems allows a

quantitave prediction of the 1/f noise in excellent agreement with

experiment.
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"But the main thing is, does it hold good measure?"
Robert Browning
IV. MEASUREMENT OF SPATIAL CORRELATION OF 1/f NOISE
The usual diffusion theory does not provide an explanation for
the 1/f spectrum, it does, however, suggest an important experimental
test of the correctness of a diffusion mechanism. Fluctuations in
a diffusive medium are characterized by the frequency-dependent

]/2. Thus, the temperature fluctuations

correlation length, A(f) = (D/uf)
of two regions separated by a length 2 should be independent if

2 > A(f), and correlated if & < A(f). The extent of the correlation
depends on the dimensionality of the diffusion process and the exact
geometry of the two regions.

Figure 6(a) shows the experimental configuration for an experiment
designed to measure the frequency dependence of the correlation of the
1/f noise from two regions of a single Bi film. A Bi film of
thickness ]OOOK was cut to form two strips each of length £ and
width 12 um. Separate batteries and large resistances RO were used
to supply a constant current to each strip and prevent any correlation
via a common power supply. The two noise voltages V](t) and Vz(t) were
separately amplified with PAR113 preamplifiers and the spectrum of
their sum or difference measured with the PDP-11 as described in
Section II. If S+(f) is the spectrum of [V](t) + V2(t)] and S_(f)
is the spectrum of [V](t) - V2(t)], the fractional correlation

between the strips, C(f), is given by

C(f) = [S,(f) - S_(/[S,(f) +sS_(f)]. . (4.1)



~
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When V](t) and Vz(t) are independent, S+(f) = S (f) and C(f) = 0.
When the two strips are completely correlated V](t) = Vz(t),
S (f) = 0, and C(f) = 1. For temperature fluctuations at high
f, AM(f) < & and C(f) - 0, while at low f, A(f) > 2 and C(f) - const.
The change from correlated to uncorrelated behavior occurs when
A(f) = . Experimental results for two different values of 2 are
shown in Fig. 6(b). The condition A(f) = 1 corresponds to f = 0.13 Hz
for £ =7.5mm, and f = 1.2 Hz for £ = 2.5 mm (with D = 0.2 cmzsec-]),
in good agreement with the frequencies at which C(f) changes rapidly.
As £ is increased, the low frequency limit of C(f) decreases because
a fluctuation in on2 strip has an increasing probability of decaying
without influencing the cther strip. For £ much greate¢ than 7.5 mmn,
it became increasingly difficult to observe any correlation. Since
we could not measure S+(f) and S_(f) simultaneously, we often observed
errors due to slow changes with time of S(f). Depending upon whether
we measured S (f) or S_(f) first, a slow change would appear either
as a positive or negative offset to C(f), as in the 2 = 2.5 mn casel
in Fig. G(b).

These measurements of the frequency-dependent spatial correlation
of the 1/f noise in metal films and the observation that the change
from uvncorretated to correlated behavior occurs at a frequency

predicted by the thermal diffusivity provide strong experimental

evidence that the 1/f noise arices from a thermal diffyision mechanism.
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"A thing may look evil in theory, and yet be in practice excellent."
Edmund Burke
V. SPATIALLY CORRELATED FLUCTUATIONS

The absence of 1/f noise in manganin, the scaling of Sv(f)/V2 as
1/Q, the general decrease of Sv(f) with temperature, the observed
frequency-dependent spatial correlation, and the ability of temperature
fluctuations to correctly predict the absolute magnitude of Sv(f)

(with an assumed 1/f spectrum for ST(f)) provide overwhelming evidence
that the 1/f noise in metal films is due to equilibrium temperature
fluctuations modulating the film resistance. Yet, the inability of
the usual diffusion theory as outlined above to yield a 1/f spectrum
suggests a reexamination of the theory.

In Section III we presented a physically simple derivation of the
spectrum of temperature fluctuations in infinite, uniform, diffusive
media. The results have been verified experimentally for independent
particles undergoing Brownian motion. As mentioned in Section III,
it is possible that the non-uniform nature of a metal film on a glass
substrate is responsible for the 1/f spectrum. However, more
sophisticated models of the experimental configuration (for example,

a diffusive medium coupled to a constant temperature substrate, or

two coupled diffusive media) were unsuccessful in generating a

1/f spectrum. In most cases the increasing complexity of the models
only brought in more low-frequency flattening. The measured spectra
correspond to the frequency range f < f3 in Fig. 5(a) and, consequently,

~1/2

would be expected to vary as <f Any coupling to a substrate could

only be expected to cause a temperature fluctuation to decay more
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rapidly and further flatten the spectrum. The measured spectra,
on the other hand, have a 1/f behavior down to freauencies as low as
f1/1000.

The calculated diffusion spectra of Section III assume that the
fluctuations are spatially uncorrelated:

<AT(5'+\§,t) AT(ﬁ,t)> = c (5) « §(s). A spatial correlation of the

0
temperature fluctuations, co(a) # 8(s), could drastically alter the

2
shape of ST(f); and, as suggested by Lundstrom, McQueen and K]ason,28 in
certain cases give an explicit 1/f region. Such spatial correlation
would occur if the free energy of a given temperature configuration
is non-local and contains higher order terms such as (VT)Z. A familiar
example of this effect is the large correlation length of density

2 "
9 The presence of a term such as

fluctuations at a critical point.
(VT)2 implies that configurations with slow spatial variations require
a smaller free energy and, consequently, have a greater probability of
occurring than configurations with rapid spatial variations.

More explicitly, if ?(t) is the spatially averaged temperature

over some arbitrary volume @, then

T(t) = [ T(xt) &% = | B" (k) T(k,t) *k (5.1)
[ i - _
where :
B(g) = (2n)’”2f e 9% 3% . (5.2)
Q

Thus, the autocorrelation function CT(T) = (T(t) T(t + 1)) has the form

e () f B2 (T(k,t) T (k,t + 7)) dk (5.3)
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Because the temperature fluctuations obey a diffusion equation,

2
* =
Tlkot) T (kot + 1)) = ([T(k)[%) e DK T
where <|T(5)|2> is the mean square amplitude of temperature fluctuations

of wavevector k. By Eq. (3.4b) the spectrum then has the form

18(k)|% 0k ¢|T(k)|%> dk
S1lw) = J. -

02kt + ,°

(5.4)

(|T(5)|2> is related to c_(s) by the spatial Wiener-khintchine relation

(o}

.

<|T(5)12> = (2m)73 Jﬂco(g) e " d’s

For uncorrelated temperature fluctuations, co(é) « §(s) and

<]T(§)|2> = cost. Moreover, for a regular volume of sides 22,

1=t oy

B(k) = sin(kli)/ki :

1

1l

i

and Eq. (5.4) reproduces Eq. (3.19) for ST(w).
If, however, the (VT)2 term dominates the free energy we find

<|T(5)|2) o« 1/k2, c (s) « ]/L&[, and

OVM
o f 1B(k) | ¢k il
S+(w) = R g 5.5
T Dzk4 b m2

We now show that it is possible to treat these spatially correlated
fluctuations in the Langevin formalism by replacing the y-F term in

Eq. (3.18) by a random source, F(é,t), to give

aT/at = DVET + F(x,t)/c . (5.6)



"

F(é,t) is assumed to be uncorrelated in space and time,

(FLX + 8.0 + 1) Fixit)? = (ZW)mFgﬁ(é)é(T). F(x,t) is a random source

which adds or substracts energy from the diffusive system. The y-F

term (Eq. (3.18)), on the other hand, represents a random flow of
energy within the diffusive system.

As with Eq. (3.18) we may determine the spectrum of the spatially

m

averaged temperature of a box of volume Q@ = 2 1] - Qm in m-dimensions.
Thus:
T(k,w) = F(ij,w)/c[Dk2 - iw] , (5.7)
and
Fg J‘ ™ m sinzkili
ST(w) = (21r)m+.]? D2k4 N wz ]_I;Ii k?é - (5.8)

A comparison of Eqs. (5.4) and (5.8) shows that the introduction of
F(é,t) is equivalent to (|T(h)[2) o k'z. The normalization condition,

0o

((AT)Z) =f ST(w) dw s

cannot be applied unless m 2 3 since for one and two dimensions JST(w) dw
diverges.
The general behavior of the spectrum can be determined from the

three dimensional frequency dependent correlation function,

&
Fo cosLn/) + I/ 5y

cr(s,w) = &
T Ten2p /2 112




-32-

where, as before, A(w) = (2D/w)]/2. In the 1limit w = 0

(A(w) > [s]), CT(§,w) «w /2. Because F(x,t) is an external

source, each correlated region may be considered as fluctuating
independently of the other correlated volumes with a spectrum
5. (w) = w /% from Eq. (5.9).

If @, the volume of interest, consists of N independent
correlated volumes, ST(w) « Sc(w)/N. Thus, when w > w3 AMw) < %

and Q is composed of N = Q/A3(m) independent volumes:

2

Sifulie's fo) P olniew ™ ) Ao ) (5.10a)

T C 3
When w, < w < wg, 2, > AMw) > %55 and Q is composed of N = Qlﬁz/xz
independent volumes:

2 -3/2

Sp(w) « S_(0) A°(w)/%L, = / (0 <w <wy)  (5.10b)
when W, < < W s l] > AMw) > 22, and Q is composed of N = Q]/x(w)
independent volumes:

Sp(w) = S_(w) A(w)/%y = o (0 €w<w,)  (5.10c)
and, for w < o all of @ is correlated:

ST(w) « Sc(w) o« w-]/z ; (w < w]) (5.10d)

The shape of S (f) for this type of spatially correlated temperature

o
fluctuation is shown in Fig. 7. Not only does ST(f) contain an
explicit 1/f region, but this region corresponds to the Tow frequency

limit of a two dimensionai system and matches the frequency range

over which the metal films are observed to have the 1/f spectrum. In

2

fact, if we assume that ((AT)") = T2/3N, we find
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Sv(f) 62T2
e ’ (5.11)
? IN[G - d/w + 2 In(O/W)T

where d is the film thickness. This result differs from our earlier
model spectrum, Eq. (3.25), only by a factor close to unity.

Although the introduction of spatially correlated fluctuations
provides a means of achieving the 1/f spectrum for simple diffusive
systems, the theoretical justification of the spatial correlation
in the case of equilibrium temperature fluctuations poses new problems:
notably the physical origin of the correlations, and the proper
normalization of the spectrum. Moreover, it remains to be demonstrated
that the correlated temperature fluctuations can produce the 1/f
spectrum for the thermally inhomogeneous experimental systems.

It is interesting to note that when treated by the Langevin method
(the association of an uncorrelated random source, F(t), with each
thermal conductance), a diffusive system coupled to a substrate at
constant temperature, To’ via a thermal conductance, G, may be treated
by an F](épt) term representing exchange of energy with the substrate.
In this case,

caT/dt = gV°T + §+F - G(T - T)) + F,(x,t) . (5.12)

YN

It can be shown, however, that the frequency region in which F](épt)
dominates V-f corresponds to the region in which the -GT decay term

dominates gVZT and the spectrum never achieves a 1/f behavior.
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"The energies of our system will decay, ...
Arthur James Balfour,
The Foundations of Belief

"... by a gentle decay." :
Walter Pope, The 01d Man's Wish

VI. AUTOCORRELATION FUNCTIONS FROM DECAY MEASUREMENTS

The theoretical calculations of Sections III and V, as all such
theoretical calculations, are based on the assumption that the
spontaneously occurring fluctuations in equilibrium on the average
obey the same decay law as small non-equilibrium macroscopic perturbations
of the system.]7 The autocorrelation function for temperature
fluctuations, CT(T), thus reflects the average manner in which a
temperature fluctuation decays in time. By perturbing the temperature
of the experinental system and measuring its response, we are able to
measure CT(T). The cosine transform (Eq. (3.4b)) of CT(T) gives
ST(w).

This procedure will be illustrated for the simple system shown
in Fig. 4(a), and described by Eq. (3.2). If the temperature at

t = 0 is raised AT above T0 the decay for t > 0 will proceed

according to
T(t) = T, .+ WTe- " T0 o e (6.1)

-t/T
Thus, CT(T) « e % for t>0. Since CT(T) is symmetric about t = 0,

the normalization condition cT(O) = <(AT)2> = kBTz/C implies

cr(t) = (kgT/C) exp(-ltl/x,) (6.2)
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which gives the same ST(m) as Eq. (3.5). Thus, the response of the
system to a temperature perturbation determines the shape of the

((AT)2>, determines

spectrum while the normalization condition, CT(O)
the magnitude.

This procedure is not so straightforward for extended media
described by a diffusion equation. In this case, we are interested

in the spatially averaged temperature of some volume Q,

T(t) EfT(ag,t) dxe (6.3)
Q
It is obvious that a given perturbation AT in T(t) could occur for an

infinite variety of perturbation distributions, AT(é,t), each of which
might have a different decay in time. We must determine which
perturbation distribution corresponds to the desired spectrum. In

the simplest distribution, the temperature of Q is uniformly raised

a height AT above the surroundings at t = 0. This is accomplished

by dissipating the power, P(t) = cATS(t), uniformly throughout Q.

The decay equation then becomes

3T/at = DVAT + ATS(t) B(x) (6.4)

where B(&) =1 if X is in Q and B(é) = 0 otherwise. Introducing

= (zn)'1/2fT(3§,t) e KX 3,

n—‘
—
=~
-
(o
~
i

we find

2
aTB(k) e 2Kt (t>0) (6.5)

Wy

=
i~
Y
g
1"
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where
(k) = ()2 [ B & K o
Now, since
T(e) = f 80 Tt > = [ 8709 (k.0 o (6.6)

we find from Eq. (6.5) that

2
T(t) = AT fIB(Lg)IZ ginait oy 6o (6.7)

The cosine transform of Eq. (6.7) determines the shape of the spectrum:

R pk?|B(k)|% dk

ST(w) G'.f T(t) coswtdt « AT J. 57 5 (6.8)

Dk +w
0

For a regular Q of sides 221, 222, 223,

IB(k)Iza II sinz(kizi)/kf :

i=1

and we see that Eq. (6.8) predicts the same shape for the spectrum as
Eq. (3.19) for uncorrelated fluctuations. This is not surprising.
For uncorrelated fluctuations the average manner in which a fluctuation
AT in T(t) occurs is by a uniform distribution of temperature over Q.
The importance of this result, however, is that it gives an experimental
method of determining the shape of ST(w) for uncorrelated temperature
fluctuations in an arbitrary volume with arbitrary coupling.

Another important result comes from a consideration of the

temperature response of @ to a step function input of dissipated power,



(3
~J

P(t) = p

In this case

oe(t) B(ﬁ), where 8(t) = 0 for t < 0 and 9(t) = 1 for t > 0.

s

3T/at = DV°T + pOC(t) B(x)/c . (6.9)
and
—Dkzt 2
T(kst) = (1 - e ) poB(ﬁ)/Dk C ) (6.10)
Thus, we find that
TR, » 2 DK%ty 13, ) 2
Tty = 2 [ a2 (0 - e K okl (6.11)

The cosine transform of Eq. (6.11) shows that

| 18(k)1% a3 .
Splw) « -2 | ——Sp—s G
T & J) D—k4 4w z

whicn has the same shape as ST(f) for correlated temperature
fiuctuations given by Eq. (5.5). The response of an arbitrary volume
to a step function input of pover thus determines the shape of the
spectrum for correlated temperature fluctuations.

Figures 8 and 9 show the response of the same Au sample used in
Figs. 2 and 3 to delta function and step function power inputs. The
sanple was one arm of a Wheatstone bridge. The other three arms
consisted of wivewound rcsistors with a zero temperature coefficient
of resistivity. At t = 0, a 1 kHz ac current was applied to the
bridge. As the Au film became hot, the bridge bccame;hnbalanced.

The PDP-11 was used as a digital lockin detlector to measure the voltage
response ¢f the bridge as a function of time. In this way, the decay

of the sanple temperature was determined. Etach decay was averaged
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over many repetitions. The ac current provided the heating as well as
the bias for measuring the temperature response. This method had the
advantage that the necked-down areas of the film, which contributed
the most noise, also were weighted the most heavily in the temperature
response. The delta function response was determined from the
derivative of the step function response. Direct delta function

(very narrow pulse) response measurements gave similar results.

Figure 8 shows the temperature response T(t) to a delta function
power input on three different time scales. The decay is essentially
complete by a few hundredths of a second. Figure 9, on the other hand,
shows T(t) for a step function input of power. The decay is much
slower and appears to have appreciable contributions on all time
scales. Figure 10 shows the cosine transform of these decays over
many decades of frequency. The decay was assumed to give the shape
)2

of CT(T) and was normalized to T(0) = ¢(AT) )= 82T2/3N to allow

comparison with S(f) = Sv(f)/VZ.

The dotted line shows the expected
S(f) for uncorrelated temperature fluctuations. As predicted
theoretically, S(f) is 1/f-1ike for higher frequencies, but flattens
rapidly for low frequencies. In this case, the low frequench cutoff,

f1 = D/m2 ~ 80 Hz, also corresponds to the measured change in behavior.
The solid line, however, shows the expected S(f) for correlated
fluctuations. This spectrum shows the 1/f behavior down to the

lowest frequencies measured. The squares in Fig. 10 show the measured
relative noise spectrum for the same sample. The normalized cosine

transform of the measured step function response, which contains no

fitted parameters, provides an excellent reproduction of the measured
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noise spectrum both in shape and magnitude. The observation that the
cosine transform of the step function response retains its 1/f
behavior down to 10-2 Hz implies that even on these long time scales
the heat conduction is preferentially two dimensional. Similar
experiments on Bi films (B <0) also show that the cosine transform
of the step function response matches the measured noise spectrum,
indicating, in addition, that feedback effects are not important in
measuring the decay.

We have shown experimentally that correlated temperature
fluctuations in the complex experimental systems of metal films on
glass substrates can, in fact, produce the measured 1/f spectrum.
Moreover, we have shown that the usual assumption of uncorrelated
fluctuations does not produce the measured 1/f spectrum for these
samples. The assumption of correlated equilibrium temperature
fluctuations in a diffusive medium together with the normalization
<[AT|2> = kBTZ/CV are, thus, sufficient to predict all the measured

characteristics of 1/f noise in continuous metal films.
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“"Then, farewell, heat and welcome, frost!"
William Shakespeare,The Merchant of Venice

VII. THERMAL FLUCTUATIONS IN OTHER SYSTEMS
It was not possible to test in detail the dependence of SV/V2
(Eq. (3.24)) on R, B, and T using the metal films. However, Clark
and Hsiang]6 measured the 1/f noise in Sn films at the superconducting
transition, where B is larger than at room temperature by a factor
of about ]05. In the first series of experiments, the Sn was evaporated
directly onto a glass substrate. The main conclusions were:
(i) SV/V2 = 1/Q (for a factor of 30 variation in Q);
(i1) SV S 82 (for a factor of 30 variation in 82);
(iii) Sy = 72 (for a factor of 500 variation in VZ);
(iv) the noise showed the expected spatial correlation;

(v) the magnitude of the noise was well represented by
Eq. (3.24), thus verifying the dependence of Sy on T.

Equation (3.24) thus correctly predicts the measured 1/f noise in Sn
both at 4K and 300K. In the subsequent experiments the Sn evaporation
was preceded by a thin underlay of Al, that greatly enhanced the
thermal coupling of the film to the substrate. Not only did the
observed spectrum flatten at Tow frequencies to become white, but the
degree of spatial correlation of the 1/f noise was appreciably reduced.
As the coupling to the substrate increased a given temperature
fluctuation in one section of the fiilm could decay more rapidly by
heat flow into the substrate and, consequently, was less likely to
influence the neighboring sections. These results add strong support

to the diffusion theory.
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Clarke and Hawkins]8 measured the 1/f noise in Josephson tunnel
junctions that were resistively shunted to eliminate hysteresis in the
current-voltage characteristic. The noise was measured by passing a
constant current, I, greater than the critical current, Ic, through
the junction and measuring the voltage fluctuations with a super-
conducting voltmeter. If the noise is assumed to be due to
equilibrium temperature fluctuations modulating Ic’ a suitable modifi-
cation of Eq. (3.24) leads to the following result for the noise

power spectrum:

2 2. =2
(aV/aIC)I(aIC/BT) ko T

B
. (7.1)
3Cvf

5y(f) =

v
Cv is the heat capacity of a volume given by the product of the junction
area and a superconducting coherence length. The dependence of

Sv(f) on (aV/aIC)I and (aIC/BT) was experimentally verified. In
addition, the magnitude of the noise was accurately predicted by

Eq. (7.1).

30 have studied the Tow frequency noise in

Weissman and Feher
electrolytes in the presence of a current. Their system consisted
of a capilliary tube connecting two large reservoirs. SV/V2 was
proportional to 82 and was quantitatively predicted by the 3-dimensional
diffusion model (Eq. (3.19)). Presumably the thermal conductivities
of the solution and the glass capilliary were comparable and the

boundary resistance between them not too large, so that the system

was reasonably thermally homogeneous.
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Thus, there are several different systems in which strong
evidence exists for a thermal diffusion model of 1/f noise. However,
in a series of experiments on semiconductors, we found no evidence
for this model; In evaporated films of InSb we found that the noise
was typically three orders of magnitude larger than that predicted
by Eq. (3.25), and that there was no spatial correlation of the noise
on a scale of a few mm at frequencies down to 1O°3 Hz. We also found
that the 1/f noise in very thin (~1OOK) discontinuous metal fﬂms3’4
was much larger than predicted by Eq. (3.25). In these systems, the
noise due to thermal diffusion presumably exists, but is completely
dominated by another mechanism. The lack of spatial correlation
indicates that, if diffusive in nature, this additional mechanism
must be characterized by D < 10-5 cmzsec-]. However, we were able

to show that the 1/f noise in semiconductors and very thin metal films

is also an equilibrium process.
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"This humour of passive resistance ..
Sir Walter Scott, Ivanhoe

VITI. EQUILIBRIUM MEASUREMENTS OF 1/f NOISE FROM
RESISTANCE FLUCTUATIONS

We have observed a 1/f-1ike power spectrum for low frequency
fluctuations of the mean square Johnson noise voltage across a very
small sample of semiconductor or discontinuous metal film in thermal
equilibrium. The 1/f spectrum is shown to be due to resistance
fluctuations in the sample, and closely matches the resistance
fluctuation spectrum obtained by passing a current through the sample.

Consider a resistance, R, of total heat capacity, Cv, shunted
by a capacitance, ¢, and in thermal contact with reservoir at temperature
To' The voltage across the capacitor, V(t), represents a single
degree of freedom that can exchange energy with the resistor via
the charge carriers in the resistor. The exchange takes place on
time scales of order T = RC. In thermal equilibrium the average
energy of the capacitor, <EC) = %—C(VZ) = %.kBTo' These voltage
fluctuations (Johnson noise) are limited to a bandwidth of 1/4t, and
consequently have a spectrum of the form Sv(f) = 4kBToR/[1 + 4w2f212 :
If the resistor is assumed to exchange energy with the reservoir on a
time scale of order Tp that is much greater than t, the capacitor
is able to reach equilibrium with the internal degrees of freedom of
the resistor before the internal energy of the resistor can change.
The temperature of the capacitor is then the same as the temperature
of the resistor. V2(t), like V(t), is a rapidly fluctuating quantity

in time due to this exchange of energy between the resistor and

capacitor. However, the average of V2(t) over a time, 6, such that
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T<€0<T1 (V2(t)> = kBT/C (T is now the instantaneous temperature

R’ 0
of the resistor), is sensitive to slow energy or temperature
fluctuations in the resistor on time scales Tp Or longer.
Experimentally, the Johnson noise voltage, V(t), is passed
through a filter with a bandpass from fo to f], squared, and averaged

over a time 6 > 1/f0 to give P(t), a slowly varying signal proportional

to the Johnson noise power in the bandwidth fo to f]. Thus ,

P(t) ~ 4kgTR ff] df/ (1 + an’foe%) + P (1) (8.1)
fo

where Po(t) represents the fluctuations in P(t) due to the rapid
exchange of energy between capacitor and resistor. Because this
exchange is so rapid, Po(t) has a spectrum, SP (f), that is independent
of f for the low frequencies in which we are igterested. SP may
be reduced by increasing the bandwidth or by moving the bandaidth to
higher frequencies, but in practice Po(t) severely limits the accuracy
of measurements of P(t).

If the bandwidth in Eq. (8.1) is either totally above or totally
below the knee at 1/2nt, P(t) is sensitive to slow resistance as well
as temperature fluctuations. These resistance fluctuations, AR, may be
driven by temperature fluctuations with a spectrum ST(f) so that
AR = RBAT; or be temperature independent fluctuations, ARO, with a
spectrum Sp (f) (such as number or mobility fluctuations of the charge
carriers). 0Thus, from Eq. (8.1), AP(t)/P = (1tBT0)AT/T0+AR0/§+PO(t)/ﬁ,

and the relative power spectrum for fluctuations in P(t) is of the

form
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vhere the plus sign corresponds Lo fo < f] < 1/2n1t, and the minus sign
corresponds to f] > fo > 1/2nt. 1If, however, most of the noise

power and the knee frequency, 1/Zwt, are included in the bandwidth

Ll s fo <€ 1/251 <€ f]), from Eq. (8.1) we find P(t) = kBT/C 4 Po(t)
and S,(£)/P% = S_(F)/T2 + 5, /P°. In this Vimit, P(t) is not sensitive
to resistance fluctuations. 0Thus, with an appropriate choice of
bandwidth, the Tcw frequency spectrumrof P(t) is an equilibrium
measurement of ST(f) or SR (f) provided the temperature or resistance

0
fluctuations are large enough to dominate S

p -
Cuyr initial measurements were on evaporgted InSb films with a

thickness of 10008 and a resistivity of about 1 S cm. As indicated

in section VIl, we expected to observe only the resistance fluctuations

ARO(t). In order to make the relative resistance fluctuation spectrum,

SR (f)/ﬁz, large enough to dominate SP /52, the samples werc made as

(¢ 0
small as possible. The resistance of a strip of I[nSb was monitored

while the strip was cut transversely with a diamond knife until
only a small bridge containing typically about ]06 atoms remained.
In ithe presence of a direct current, I, the relative power spectrum

(F)/7% = s, (F)/R%. The

V
0
solid Yine in Fig. 11 shows S(f) for a 20 MQ bridce of InSb measured

of the voltage fluctuations is S(f) = S

with 2 direct current. The spectrum was remeasured using an ac

technique in which a square wave current vas applied to the sample,
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and the PDP-11 was used as a digital lock-in detector to measure

the spectrum of the amplitude fluctuations of the induced voltage.

The relative spectrum is plotted with open circles in Fig. 11. In

a third technique the current was supplied as a series of pulses

to reduce the power dissipated in the sample. The relative spectrum

is shown in Fig. 11 as open triangles. A1l three techniques measure
the resistance spectrum, SRo(f)/ﬁz. The agreement of the three spectra
demonstrates that neither a direct current nor a constant dissipation
of power is the cause of the 1/f spectrum.

For the measurement of P(t), the sample was capacitively coupled
to a preamplifier to prevent any leakage current flowing through the
sample. The input capacitance produced a knee frequency,
1/2nRC =~ 500 Hz, in the Johnson noise spectrum. After amplification
the noise was filtered with a 10 kHz to 300 kHz bandpass filter,
squared with an analog multiplier, and filtered to remove frequencies
above the digitizing frequency. Since the bandpass is above the knee
frequency the calculated relative spectrum of this signal is given
by Eq. (8.2) (with the minus sign), while the measured relative
spectrum is shown as the open squares in Fig. 11. The white spectrum
above 1 Hz represents SP /52. The 1/f spectrum below 1 Hz closely
matches the current-biasgd measurements. To insure that the 1/f
spectrum was generated by fluctuations in the sample rather than by
spurious effects from our electronics, the InSb was replaced by a
metal film resistor (which did not exhibit 1/f noise) of the same
resistance. This relative spectrum is shown dotted in Fig. 11. The

spectrum is white down to the lTowest frequency measured, and represents

only the term S, /52.
0
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We have made similar measurements on metal films. The three current-
biased techniques gave identical relative spectra for continuous
metal films in which the resistance fluctuations are temperature
induced, confirming that the current serves oniy as a probe of the
equilibrium fluctuations. However, we were unable to make these
films small enough for SR(f)/ﬁ2 to dominate S /?2 at frequencies
down to 10-3 Hz. We therefore used very thin ?<100ﬁ) films in which
teinperature induced fluctuations are not dominant. In Fig. 12, the
continuous curve is the relative spectrum of a very thin Nb film
(R = 200 k) measured with an ac current bias. The open squares
are a Johnson noise measurement with a bandwidth of 100 kHz to
200 kHz, above the knee frequency of 40 kHz. The agreement below

1072

Hz is excellent. The dotled spectrum was obtained from the

same sampie using a bandwidth of 5 kHz te 200 kHz, which includes

the knee frequency and most of the Johnson noise power. Alihough the
Tow frequency spectrum is substantially reduced (as expected when
P(t) is no longer sensitive to resistance fluctuations), it is still
above the background spectrum of a large metal film resistor. This
residual noice is possibly due to the temperature fluctuation term

ST(f)/Ts. Indeed, the assumption of a 1/f spectrum for S..(f)

|
(Fig. 5(b)) for a sanple of 106 atoms yiclds.

2 il +1]
ST(f)/TO 3x1077/f Hz :

a value that is consistent with the obsarved spectrum.
It was sometimes necessary to use the digital lockin technique to
eliminate drifis in the enaloj multiplier zero offset. The awplifier

output was groted on and off to provide a muitiplier oulput consisting
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of equal perioas of offset and offset plus squared signal. These periods
were digitized and the offset subtracted within the computer before
analyzing the spectrum

Our results strongly suagest that 1/f noise in semiconductors and
discontinuous metal films arises from equilibrium resistance

fluctuations. Current-biased measurements probe these resistance

fiuctuations, but in no way generate them. This idea is consistent
with several current theories of 1/f ncise that propose various
mechanisms for the resistance fluctuations, for example: the
Mcwhorter9 theory for semiconductors, carrier mobility fluctuations
in semiconductions and ionic so'lutions,7’8 and the temperature
fluctuation model. Our results are obviously inconsistent with
theories that invelve non-equilibrium processes. ror example:
turbulence th«zories,31 theories that require a long term steady
current or power,33 and theories involving thermal feedback via the

heat generated by an external current.
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“The thing to do is to supply light and not heat."
Woodrow Wilson,
Speech in Pittsburg 1/29/1916
IX. NUMBER FLUCTUATION SPECTRA FROM LIGHT SCATTERING

The calculated spectra of Sections III and V apply to any quantity
governed by a diffusion equation. The disagreement, however, between
the measured Sv(f)/\72 for metal films and the expected ST(f) for
uncorrelated temperature fluctuations (Fig. 5(a)) suggests that we
examine a different diffusive system. Perhaps the simplest and most
extensively studied diffusive system is that of independent particles
undergoing Brownian motion. The intensity of light scattered from a
solution of these particles is sensitive to the number of particles
in the illuminated region. To our knowledge, however, light scattering
(or any other technique) has not been previously used to verify the
theoretical spectrum (Fig. 5(a)) by a direct spectral measurement.
Although 1ight scattering is a common technique, number fluctuations
are generally dominated by interference effects.

The intensity fluctuations of monochromatic coherent 1ight
scattered by a suspension of independent particles undergoing Brownian
motion have been used to measure the diffusion constant, D, of the
particles.33 Similar methods have also been used to gain information

34 Two closely related experi-

about the motion of motile organisms.
mental techniques have been developed, namely heterodyne and homodyne
detection. In the heterodyne experiment, first performed by

Cummins et a1.,35 light scattered by the particles is mixed with Tight

of constant phase from the same source, which acts as a local oscillator.
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Interference between the constant phase component and the light scattered
by each independent particle gives rise to intensity fluctuations.

The heterodyne spectrum is, therefore, proportional to (N), the average
number of illuminated particles. In the homodyne experiment, first
performed by Ford and Benedek,36 only light scattered from the particles
is detected. The intensity fluctuations arise from interference between
the 1ight scattered by pairs of particles: as one particle moves
relative to another, the phase difference of their electric fields at

the detector varies. The fluctuation spectrum is thus proportional to
the number of pairs of illuminated particles, (N)Z. Both of these
interference effects depend on the coherent nature of the incident light.
The heterodyne and homodyne experiments may be considered as an elastic

scattering of light from wavevector k to k by Ng> @ density fluctuation

' v

of wavevector K = k - k. The autocorrelation function for the intensity

then depends on the average manner in which Ny decays in time. For
w 2
(t)) = (n S

2

independent particles undergoing Brownian motion <(n o)

K
The fluctuations thus are correlated over a time rcmz 1/DK By
measuring T OF the shape of the spectrum, SI(f) « TC/[] + (2nrcf)2],
one is able to determine D.

More recently, Schaefer and Berne37 studied suspensions of
polystyrene spheres in water when the average number of particles, (N),
in the illuminated volume, Qi’ was very small. In this Timit, the
relative fluctuations in the number of particles become significant,
and introduce additional intensity fluctuations in the scattered

light. These additional fluctuations are not an interference effect

but arise because the intensity of the scattered light is sensitive
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to the number of particles in Qi' Number fluctuations have also been
observed by the fluorescence of individual partic]es.38 The correlation
time for the number fluctuations is of order QZ/D, where is the
smallest dimension of Qi’ and is usually much greater than 1/DK2.
Schaefer and Berne showed that the number fluctuations may be observed
as a slowly varying excess background in the homodyne autocorrelation
function. They were able to subtract out the contribution of the
number fluctuations, and thus recover the usual homodyne autocorrelation
function. The number fluctuations had a detectable effect for
N> < 10
We describe here a series of homodyne experiments in which laser
light was scattered by a suspension of polystyrene spheres in water.
The spectra of the intensity fluctuations of the scattered light were

measured from SX10_4 Hz to SX1O3 Hz. The spectra show clearly both the

homodyne Lorentzian and the §-3/2

behavior of SN(f). Provided (N)

is not too small, the two spectra can easily be separated. Spectra
were also obtained with a white 1ight source; 1in this case, the
interference Lorentzian was absent, and only SN(f) was observed. The
observed spectra are in excellent quantitative agreement with the
theoretical predictions.

Light of wavevector k illuminates a small subvolume, Qi’ of a
cell of total volume @ containing a suspension of M particles. Each
of the illuminated particles scatters the light elastically with a
phase that varies in time due to the particle motion. We wish to

calculate the intensity fluctuation spectrum for light scattered

with wavevector\& into the detector. We assume initially that the
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light is coherent over the area of the detector and that the electric

field is of the form
M ;
Efth =B £ S Bl e Shae . W (9.1)

50 is the constant phase heterodyne component, and K = k - k is the

scattering wavevector. B(Sj) = ] if‘xj is in Q5 while B(xj) =0
*

otherwise. The intensity of the light, I(t) = g(t)-g (t), is given by

I(t) = €S + 28+E, 3 B(x;) cosk-y; + 8° % B(x,) B(r

Jk (9.2)

The positive frequency spectrum of the intensity fluctuations is given

by the cosine transform of the autocorrelation function (Eq. 3.4b),

[ee]

SI(f) = 4.]‘ £ 10} Il{t)-> costZnft) dt ! (9.3)

(0]
We assume that the motion of each of the particles is independent, that
2 is large enough that we may neglect any effects due to its boundaries,

1

and that [K| > & where & is the smallest dimensions of 2, This

last assumption is equivalent to setting B(K) = 0, where B(q) is the

"k

spatial Fourier transform of B(&). In other words,

1

i

B(q) = (2“)—]/2 Jﬁ B(r) e' 47X d3r =0 for |q| » &
Q

(I(0) I(t)> involves the average of the product of two terms similar to
Eq. (9.2), one at t = 0 and one at t = t. Because of our assumption
that B(&) = 0, cross terms of the form (B(E) cosK+r) vanish. Since
each particle is independent, terms containing more than one index

factor into the product of averages for each index. Thus, for example,
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1503 “1Kky
= (B(ﬁj) e J)(B(g:k) e = 3= 0 for

j # k, and (B) = Qi/Q for j = k. <(I(0) I(t)) thus simplifies to

3 £nd

(I(O) I(T)) = EO 1z 28 E0<N) + 4(§‘§0)2 E <B(Y;J) B(\rQ,) COS}S.\YJCOS_{(\'.r )

+ g E ®(r,) B

Jkem

~ R

B Uit et )

r'—/ a0 w
w tw ok . L= mey

where (N) = MQi/Q. The indices j and k refer to t = 0, while £ and m

refer to t = t. The third term in Eq. (9.4) is zero for j # %

There are M terms for which j = 2 so that the third term becomes

)2

. M <B[r )]

G

where

Q

2

B[r( )] cos&-g(o) cosﬁag(r)>

= Z(E’Eo)z MLF, (K,T) + F_(K,T)T

=AW

A

= l-.[ d3r J- d r 8(5) B(r ) e1ﬁ (5 3/) P(r,olx sT)

P(E,O r ,T) d3r is the probability that a particle at r at t =0

will be in d3r abouthn

at t = t. The last term in Eq. (9.4) reduces

in a similar manner. In one index is different from the other three

the average will be zero.

There are thus only four possibilities

for nonzero averages: the M terms where j = k = & = m for which the

last term reduces to

4

2

the M~ - M terms where J =

¥ (M - )

B'M <B[5(0

)1 BL(r()]> = 8MF_(0,1)

k and 2 = m, but j # 2 for which

®[r;(0) Blr,(1)]> = st 2 - my?

(9.4)

(9.5)
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the M2 - M terms where j = 2 and k = m but j # k for which

g (M - M) <BLx(0)] BLg(x)] N LE@I(TIDZ L b2y £2(k 1)

and the M2 - M terms where j=mand k = 2, but j # k for which

g% - M) BLr(0)] BLy(r)] " LE(O(TI]2 g
Thus, for M > 1

1(0) 1(1)> = B + 26%E2N) + 2(B-E_)? MLF,(K,1) (9.6)

MF_(0,7) + 80 + gMLFE(K, 1) + FE(K,T)]

wv

+F_(K,1)] + 8°

It remains to evaluate F+(§,T). In the usual diffusion approximation27
1

' 2
P(r,0lr ,v) = (ambr) /2 ¢~ -x)7/40T (9.7)

£y in Eq. (9.5), we

By introducing the relative coordinate‘3
have (9.8)

Flk,t) = 0 (am0e) 2 | a3r [ a3sB(r) B(r +5) e215°5 '\,
i WY W w wvY
Q Q

In terms of the spatial transform, B(q),

v/

Fo(KoT) = 9'1_f d°qB(-q) B(q + k) e DT (g9

X WY W

Since B(q) = 0, for |q| 2 K, we have

2 2
F (K,T) ~ Q'1e‘DK Tf d3q|B(vq~)|2 = e"DK TQ_i/Q s
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and
A .3 2 -Dg°r
F_(0,1) =a " | d7q|B(g)[" e

(I(0) I(t)> then takes the form

2
(N)e-DK T,

2
vl S PT T R

(I(0) I(t)> = const + 2(8-E0)2

+ gt

where (SN(0) SN(t)> = MF _(0,t) is the autocorrelation function for
number fluctuations in Qi due to diffusion of the particles.
F_(0,T) is the probability that a particle in Q; at t = 0 will also
be in Qi at t = 1. 1 - F (0,1) is the probability after-effect
factor of Chandrasekhar.27

Substitution of Eq. (9.10) in Eq. (9.3) gives the frequency

spectrum. Apart from zero-frequency components, we find

2 2
8(B Eo) (N)DK 882<N>ZDK2

S.(f) = +
I 02k* + (2nF)%  aD%K* + (2nf

2 ghs ()

where

ZZE3
4MJ 18(q) |°Dg’d’

Sy (f) = &
N @ | 025+ (2nf)?

is the spectrum for number fluctuations which has the same shape as
ST(f) for uncorrelated temperature fluctuations (Eq. (3.19)). The
first term in Eq. (9.11), the heterodyne Lorentzian, and the second
term, the homodyne Lorentzian, depend on the coherent nature of the
light in producing interference fluctuations. SN(f), on the other

hand, which is independent of K, does not depend on coherence, but

(9.10)

(9.11)

{(9912)
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rather on the shape of Qi‘ The general behavior of SN(f) is the
same as ST(f) shown in Fig. 5(a) for uncorrelated temperature
fluctuations. Renormalizing Eq. (3.23) for number fluctuations,
we find the high frequency 1imit of SN(f):

Map /2

S () > —wrs (f >> f
N 29n3/2f3/2

3)

(9.13)

Although we initially assumed that the scattered light was coherent

over the area of the detector, Adet’ this assumption is usually not

valid experimentally. In most cases, the coherence area at the

detector, Acoh’ is less than Adet' Acoh depends on the experimental

configuration. Cummins and Swinney] show that ACoh ~ AZRZ/A' where A

is the wavelength of the light, R is the distance from Qi to the

detector, and A' is the apparent area of Qi as seen by the detector.
For the interference effects each ACoh fluctuates independently and
the spectrum is proportional to AdetAcoh' As shown in Eq. (9.12),

however, the number fluctuations do not depend on K and the spectrum

is, therefore, proportional to Aget'

Interference and number fluctuations are best observed together

in a homodyne experiment, for which EO + 0. In this case, from
Eqs. (9.11) and (9.12), the relative spectrum for a finite area

detector

2 9493
STUF) " BDIGA . A, . .[ IB(q)|“Dq“d’q

= +
T2 4D2K4 - (2ﬂf)2 MQ? qu4 + (2ﬂf)2

(9.14)
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where I = <N)B2

Adet is the average intensity. THe position of the
half-width of the Lorentzian, f1/2 = DKZ/W, allows one to determine
the diffusion constant, D. The low frequency limit of the Lorentzian,
2Acoh/AdetDK2 = ZAcoh/ﬂfl/ZAdet’ then allows one to determine ACoh

¥ Adet is known. The Lorentzian is expected to be on top of a
"background" spectrum due to number fluctuations. For small enough

Qi or low enough densities, Ny = M/Q, the number fluctuations may
dominate the Lorentzian. The high frequency limit of the relative

number fluctuations from Eq. (9.13)

2.3/2.3/2

s (£)/12 » D]/ZA/ZnOQ].Tr ) (9.15)

I

allows one to determine o if D and Q, are known.

In our experiment, 1ight from a helium-neon laser (A = 6328&)
with a beam diameter of 1.7 mm passed through a small aperture of
diameter 0.45 mm, and was focused by a microscope objective lens
onto a thin closed cell containing a suspension of polystyrene
spheres in distilled water. Light scattered through an angle 6
passed through an aperture of area Adet at a distance R from the cell
and was incident on a photomultiplier 3 cm behind the aperture.

Stray light was minimized to make the heterodyne components negligible.
The spectrum of the photomultiplier output was measured with the PDP-11
as described in Section II.

Our arrangement of passing the laser light through an aperture

and focusing it onto the sample cell produced an illuminant cylindrical

volume, Qi’ of length 20 = 1.5 mm with sharp boundaries and illumination

uniform to within 10%. The diameter of the cylinder, d, could be
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varied by changing the beam focus. The minimum beam diameter was

10 =+ 2 um. * Since the particles could neither enter nor leave Qi

via the ends of the cylinder, we expect the shape of the number
fluctuations spectrum, SN(f), to be as shown in Fig. 5(a) with f] > 0,

3/2

and f, = f3 ~ D/md2. In other words, we expect SN(f) o T for

2
( B D/Trd2 with a gradual flattening of the spectrum as f is lowered
below D/wdz. From Eq. (9.15) for a cylindrical 2 the high frequency

1imit of the number fluctuation contribution is

where L M/Q is the particle concentration. Since the knee for the
number fluctuations D/ndz, is at a much lower frequency than the knee
for the interference Lorentzian, DKz/n, the number fluctuations will

f"3/2

have an behavior in the region in which the Lorentzian is

usually observed.

Figure 13 shows SI(f)/T2 for a homodyne experiment on spheres
of radius g i 6308 with 6 = 50°, d = 10 ymy, R = 4 cm, and 5 SXIO]]
The value of n, was estimated from information supplied by the manu-
facturer (Dow Chemical Company) of the polystyrene spheres and our
known dilution. Because of settling of the particles and evaporation
of solvent we believe the value to be accurate only to within a factor

2

of 2. In Fig. 13(a) A = 0.009 cm~, and the spectrum is the usual

det
homodyne Lorentzian. From the position of the half-width, f]/z = DKZ/n,
we may measure D. Here K = 4mnsin %—6'/A, where n is the index of
refraction of the solvent, A is the vacuum wavelength of the light,

and 6' is the angle through which the 1ight is scattered in the

cm. .
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suspension. Using Snell's law to correct for refraction at the water-
glass-air interface, we find that 8 = 50° corresponds to 6' = 37.2°
inside the cell. Using the value of f”2 = 85 Hz from Fig. 13(a),
we find D = 4.ZX]O_8 cm2/sec. This is in good agreement with the
value of D = 3.73><1O—8 cmz/sec calculated from the Einstein-Stokes
relation, D = kBT/6nnro, at room temperature.

In Fig. 13(b) Adet was increased by a factor of 77 to 0.7 cm2 and
the Tow frequency lTimit of the Lorentzian was reduced by a factor of

65 demonstrating the effect of Acoh/A in determining the absolute

det
magnitude of the homodyne spectrum. From the low frequency limit,
: 2h i - -6 ,,_-1 :
we find 2Acoh/AdetDK = 2Acoh/Adet"f1/2 1.7x10 ~ Hz ', and estimate

Acoh = 1.6x10'4 cm2 at the aperture. This compares with a value of
Acoh = 4.OX]O—4 cm2 calculated from the empirical formula,
Acoh = AZRZ/A', where A' is the apparent area of Qi as seen from

the aperture. A is taken as the wavelength in the solvent, and
correction was made to A' for the water-glass-air interface. The
number fluctuation contribution is unaffected by the change in Adet
and, therefore, becomes more apparent at the low frequency end of
the spectrum in Fig. 13(b).

Figure 14 shows the effect of changing particle concentration
for a given experimental configuration with Ty = 6303, 6 = 50°,
d =10 pym, and Adet = 0.7 cm2. R was reduced to 3 cm in order to
make the number fluctuations more apparent by decreasing ACoh and
further suppressing the Lorentzian below that in Fig. 13(b). For

a given value of Qi’ we see from Eq. (9.14) that the relative inter-

ference fluctuations are independent of o while the number fluctuations
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are proportional to n;]. In Fig. 14(b) N, is estimated to be SX1O]] cm

At the lower frequencies, the number fluctuation spectrum varying as

-3/2

£ becomes apparent. In Fig. 14(a) the suspension was diluted by

a factor of 500 to give an estimated n_ of 107 em™3.

The number
fluctuations are observed to increase by a factor of about 750 to
dominate the Lorentzian. A shoulder due to the Lorentzian is, however,
still visible above 1 Hz. As in Fig. 5(a), as the frequency is
lowered, there is an evventual flattening of the spectrum. The

© ST A e n

frequency below which this is expected, D/nd
excellent agreement with experiment. As noted above, if D is known
(say from the Lorentzian half-width) the absolute magnitude of the
high frequency behavior of the number fluctuations can be used to
measure n . Using our measured value of D = 4.ZX10°8 cmz/sec and

2 3 1

Eq. (19), we find that for Fig. 14(a) SI(f)/T B o0%10 S My et

8 3

1.0 Hz, and thus nm = 6.6x10° cm ~, where N is the measured con-

centration from S (f). In Fig. 14(b) S/(f)/1° = 1.3x107% Hz™' at

1.0 Hz, and we find : e 4.7XIO]] cm-3. Both of these values are

within the Timits of our estimated Ny The flattening of the spectra

in Fig. 14(a) and (b) above 1 kHz is due to shot noise in the photo-

multiplier. Using our values of n.» We find that in Fig. 14(a)

(N) = 77, while in Fig. 14(b) <) = 5.5x10°.
For comparison, Fig. 14(c) shows the relative intensity spectrum

for the laser used, measured by replacing the sample cell by ground

glass. The laser was not stabilized and the fluctuations were due

primarily to a drift in the output intensity, which gives a f—2 spectrum

with our measurement technique. The laser intensity fluctuations were

-3
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orders of magnitude below the number and interference fluctuations.
With an intensity stabilized laser it should be possible to see
number fluctuations with (N) much greater than 105.

Figure 15 shows the effect of changing 0., with r_ = 6304,
§.= BH°. Adet = 0.7 cm2, R =3 cm, and n, estimated to be 109 cm-3.
Figure 15(a) reproduces Fig. 14(a) with d = 10 um. In Fig. 15(b) the
beam was defocused to give a larger Qi' In addition to decreasing
the relative number fluctuations and moving the knee to a Tower
frequency, the increase in Qi reduces ACoh and suppresses the
Lorentzian. In Fig. 15(b) the spectrum is close to f'3/2 over five
decades while no definite knee or Lorentzian is apparent. Again,
the high frequency flattening is due to photomultiplier shot noise.
Although we could not make a direct measurement, the value of d
in Fig. 15(b) can be determined from Eq. (9.16) and the ratio of the
£73/2 regions in Fig. 15(a) and Fig. 15(b). We find d = 120 um

> Mz. which 3¢

below the Towest frequency measured. In Fig. 15(b) (N) = 1.1X104.

and predict that the knee should occur at D/wd2 = 9x10°~

Figure 16 shows a similar set of experiments on larger spheres,

with r_ = 6500k, 6 = 30°, A, = 0.7 cn?, and R = 6 cm. In Fig. 16(c)

8

we estimate T 5x10 cm'3. A large Qi was used and only the

interference Lorentzian was observed. As with Fig. 13(a) we use the

half-width of the Lorentzian, f]/2 = 2 Hz, to determine

9

D = 2.5x10° cmz/sec. This compares with a value of D = 3.62x107° cmz/sec

from the Einstein-Stokes relation. In Fig. 16(b) d was reduced to 10 pm
and the number fluctuation spectrum became visible at the low frequency

end of the Lorentzian. From Eq. (9.16) and SI(f)/T2 = 0.10 Hz'1 at



9 3. In Fig. 16(a) the suspension was

diluted by a facter of 50 to give an estimated B * 107 cm"3, and

102 Hz we find n = 1.5x10

the number fiuctuations increascd relative to the Lorentzian. Using

| AR s

Sl(f)/TZ = 3.2 42V at 10 3

Hz and Eq. (9.16) we find n_ = A TR0 a2

In Fig. 16(a) and Fig. 16(b) a knee is expected at a frequency of

D/T.d2 = 8x10™% Hz. Although the lowest few points of Fig. 16(a) show

some decrease which may be the start of the knee, the lowest points
are unreliable due to a noticeable settling of the larger spheres
over the time span of the experiment.\
In the forward direction the approximation lﬁl > 1/% breaks dowan.
As the main beam is detected by the photomultiplier the heterodyne
fluctuations deminate the spectrum. Figure 17(a) sho&s the spectrum from

an experiment in the forward direction in which the main beam is

2

detected, with r = 63cR, 6 = 0°, A, . = 0.7 cm“, R = 10 cm and n,

det
estimated to be SX1O1] cm'3. If ore assumes that K is exactly zero

in the forward direction, there is no first order phase change when a
particle moves, and we see from Eq. (9.12) that the interference terms
have no finite frequency contribution. One would then expect to

observe only nuinber fluctuations and a spectrum like Fig. 14(a). Although

2

the spectrum of Fig. 17(a), has a knee at 10 ° Hz, it is wuch sharper

than the knee in Fig. 14(a), and the behavior between 10-2 Hz and 10 Hz

-3/2

is steeper tnan f We conclude that the fluctuatiops are due to

heterodyne 1nterference with a distribution of small K values. From
the pusition of the knee at 1072 Hz we estimate that K| < 102 em™. A
rough estimate of the range of 6's included due to the finite Adp

gives {K] < 4x10° eV,

t
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The number fluctuations are not an interference effect. It
should, therefore, be possible to observe the number fluctuation
spectrum with white or incoherent light. Figures 17(b), 17(c) and
17(d) show the spectra obtained from several experiments in which

the Tight source was a dc powered incandescent bulb. In Fig. 17(b),

3

r = 65008, 0 = 45°, A.. = 0.7 cm?, n, is estimated to be BEAEy A

0 det
and R = 1 cm. Qi was determined by a slit 130 umx10 pm immediately

in front of the sample cell rather than by a focused beam. Although

the photomultiplier shot noise is more apparent, there is no interference

3/2 number fluctuation spectrum is quite clear.

9

Lorentzian and the f_

cmz/sec, we determine
3/2

Using Eq. (9.15) and our measured D = 2.5x10"

3

from the magnitude of the f~ region. In Fig. 17(c),

ro = 630k, 6 = 50°, A, = 0.7 Gl n, = o s g e STE .,

n = 2.3x10° cm”

The microscope objective lens was used to focus an image of the
bulk filament in the cell, and so produce an Qi of irregular shape

for which no numerical calculations could be made. However, as

expected, the spectrum is still proportional to f-3/2 since the

dimensions of Q; were greater than (D/f)]/z. In Fig. 17(d), B 6308,
o ae _ 2 - 11 -3 - :

6 = 0°, Adet = 0.7 cm, Ny 2x10°" cm ¥, and R = 1 cm. Qi was again

determined by a s1it of dimensions 2 mmx20 um immediately in front

3/2

of the cell. Although the f~ behavior is apparent its magnitude

cannot in general be used to determine N from Eq. (9.15) as it was
in Fig. 17(b). Since we are observing the main beam, I # <N>82Adet.

It is, however, sufficient to adopt a simple model in which

-No/4

I = Ioe , where I is the transmitted intensity, Io is the incident
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intensity, N is the number of particles in the beam, ¢ is the cross

section for scattering out of the beam, and A is the beam area. In

this case S;(f)/1° = [In(I/1)]°. Here, I /I ~2, and we find

i 1.2x10"! em™3.  1In Fig. 17(d), (N) = 8x10%. The increased

intensity stability of the bulb over the laser and the absence of

interference fluctuations allow one to easily observe the number

fluctuations even when (N) > 106.
We have shown that for monochromatic Tight scattered by a suspension

of independent particles the intensity fluctuation spectrum contains

SN(f) in addition to the usual homodyne and heterodyne Lorentzian.

A1l three terms arise in a unified manner from P(S,OLE',T). By

measuring the homodyne fluctuation spectrum for light scattered from

a suspension of polystyrene spheres down to frequencies as low as

SX10_4 Hz, we have been able to verify the calculated SN(f) for

independent particles undergoing Brownian motion. We have experi-

mentally demonstrated that the effects of varying Adet’ A

b n 3
cohi’ o
Qi’ and D on the relative magnitudes of the interference and number
fluctuation spectra are in excellent agreement with theory. The
position of the half-width of the Lorentzian allows us to determine
D. The theory predicts a gradual flattening of SN(f) as f is lowered
below D/ﬂdz. The knee is observed experimentaliy at the predicted
frequency. Knowing D and Qi we are also able to determine N from

the £ 3/2

limit of SN(f). This value of N is in good agreement
with our estimate based on the manufacturer's data. With an
unstabilized laser SN(f) was easily discernible, and, consequently,

a measurement of n, was possible, even for (N) as high as 5.5X1O4.
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SN(f) was also apparent with an incandescent bulb as the Tight source.
In this case, the interference fluctuations were absent and the
increased stability of the bulb over the lTaser allowed a measurement

of n,s even when (N) = 8X106.
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“There is no music in Nature, neither melody nor harmony.
Music is the creation of man." :
Rev. Hugh Reginald, Music and Morals

“"There's music in the sighing of a reed;
There's music in the gushing of a rill;
There's music in all things, if men had ears;
Their earth is but an echo of the spheres."

Lord Byron, Don Juan

X. 1/f NOISE IN MUSIC: MUSIC FROM 1/f NOISE

Much of the interest in 1/f noise is due to the presence of the
1/f behavior as the low frequency 1imit to the power spectrum of
most measured quantities coupled with its absence from most theoretical
calculations. Even the voltage fluctuations across nerve membranes39
and long term geological or hydrological records40 exhibit the 1/f
spectrum. For example, Fig. 18 shows the power spectrum of the flood
levels of the river Nile. The 1/f behavior extends to frequencies
as low as 3X1O-]] Hz. In this section we present measurements on
quantities associated with music and speech and show that these,
too, have the 1/f spectrum. To conclude, we describe how a "1/f
noise" may be used to make "1/f music".

Many fluctuating quantities, V(t), may be characterized by a
single correlation time, Ty In such a case, V(t) is correlated
with V(t + 1) for |T| < Tos and is independent of V(t + 1) for
Ix] » Teo For this case, Sv(f) is "white" (independent of frequency)
in the frequency range corresponding to time scales over which V(t)
is uncorrelated (f < 1/2nTC); and is a rapidly decreasina function of
frequency, usually ]/fz, in the frequency range over which V(t) is

correlated (f > 1/2ﬂrc). A quantity with a 1/f power spectrum cannot,

therefore, be characterized by a single correlation time. In fact,
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the 1/f power spectrum implies some correlation in V(t) over all time
scales corresponding to the frequency range for which Sv(f) sl

In general, a negative slope for Sv(f) implies some degree of correlation
in V(t) over time scales of roughly 1/2nf. A steep slope implies a
higher degree of correlation than a shallow slope. Thus, a quantity

with a ]/f2 power spectrum is highly correlated.

Figure 19 shows samples of white, 1/f, and l/f2 noise. Each
fluctuating quantity was scaled to cover the same vertical range.

The white noise has the most random appearance and shows rapid
uncorrelated changes. The 1/f2 noise is the most correlated showing
only slow changes. The 1/f noise is intermediate, showing structure
on all time scales. It is interesting to note that, although simple
computer algorithms exist for a white or 1/f2 noise source over
“arbitrarily long time scales, no such algorithm exists to produce

1/f noise. This inability to produce a generating algorithm is
related to our incomplete theoretical understanding of 1/f noise.
Nature, however, has no such problem: any semiconductor, for example,
provides a convenient source of 1/f noise.

In our measurements on music and speech, the fluctuating quantity
of interest was converted to a voltage whose power spectrum was
measured by the PDP-11 computer. The most familiar fluctuating
quantity associated with music is the audio signal, V(t), such as
the voltage used to drive a speaker system. Figure 20(a) shows a
Tinear-linear plot of the power spectrum, Sv(f), of the audio signal
from J. S. Bach's 1St Brandenburg Concerto (Angel SB-3787) averaged

over the entire concerto. The spectrum consists of a series of sharp



peaks in the frequency range 100 Hz to 2 kHz corresponding to tne
individual notes in the concerto and, of course, is far from 1/f.
Although this spectrum contains much useful information, our primary
interest is in more slowly varying quantities.

One such quantity is the loudness of the music. The audio
signal, V(t), was amplified and passed through a bandpass filter in
the range 100 Hz to 10 kHz. The filter output was squared and the
audio frequencies filtered off to give a slowly varying signal,

Vz(t), proporticnal to the instantaneous Toudness of the music.

The power spectrum of the loudness fluctuations of tne 1St Brandenburg
Concerto, S 2(f), averaged over the entire concerto is shown in

Fig. 20(b).V On this linear-linear plot, the loudness fluctuations
appear as a peak close to zero frequency.

Figure 21 is the loc-Tog plot of the same spectra as in Fig. 20.
In Fig. 21(a), the power spectrum of the audio sicnal, Sv(f), is
distributed over the audio range. In Fig. 21(b), however, the loudress

fluctuation spectrum, S z(f), shows the 1/f behavior below 1 Hz. The

neaks between 1 Hz and ¥0 Hz are due to the rhythmic structure of the music.
Figure 22(a) shows the power spectrum of loudness fluctuations for

a recording of Scott Joplin piano rags (Nonsuch H-71248) averaged

over the entire recording. Aithough this music has a more pronounced

metric structure than the Brandenburg Concerto, and, consequently,

has more structure in the spectrum between 1 Hz and 10.Hz, the spectrum
F

below 1 Hz is still 1/7-1ike.
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In order to measure S 2(f) down to even lower frequencies an
audio signal of greater duXation than a single record is needed,
for example, that from a radio station. The audio signal from an AM
radio was filtered and squared. S 2(f) vas averaged over approximately
12 hr, and thus included many musiXa] selections as well as announcements
and commercials. Figures 22(b) through (d) show the loudness fluctuation
spectra for three radio stations characterized by different motifs.
Figure 4(b) shows S 2(f) for a classical station. The spectrum exhibits
a smooth 1/f dependche. Figure 22(c) shows S 2(f) for a rock station.
The spectrum is 1/f-1ike above ZX1O'3 Hz, and ¥1attens for Tower
frequencies, indicating that the correlation of the loudness fluctu-
ations does not extend over time scales longer than a single selection,

roughly 100 sec. Figure 22(d) shows S 2(f) for a news and talk

)
station, and is representative of S 2(f) for speech. Once again the
Vv
spectrum is 1/f-like. In Fig. 22(b) and Fig. 22(d), S 2(f) remains

Vv
1/f-1ike down to the lowest frequency measured, SX1O-4 Hz, implying

correlations over time scales of at least 5 min. In the case of
classical music this time is less than the average length of each
composition.

Another slowly varying quantity in speech and music is the
instantaneous pitch. A convenient means of measuring the pitch is
by the rate, Z, of zero crossings of the audio signal, V(t). Thus
an audio signal of low pitch will have few zero crossings per
second and a small Z, while a high pitched signal will have a high
Z. For the case of music, Z(t) roughly follows the pitch content.

Figure 23 shows the power spectra of the rate of zero crossings,
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Sz(f), for four radio stations averaged over approximately 12 hr.
Figure 23(a) shows Sz(f) for a classical station. The power spectrum
is closely 1/f above 4x10™% Hz. Figures 23(b) and (c) show Sz(f)
for a jazz and blues station and a rock station. Here the spectrum
is 1/f-1ike down to frequencies corresponding to the average selection
length, and is flat at lower frequencies.  Figure 23(d), however,
which shows Sz(f) for a news and talk station, exhibits a quite
different spectrum. The spectrum is that of a quantity characterized
by two correlation times: The average length of an individual speech
sound, roughly 0.1 sec, and the average length of time for which a
given announcer talks, about 100 sec. For most musical selections
the pitch content has correlations that extend over a large range of
time scales, and has a 1/f power spectrum. For normal English speech,
on the other hand, the pitches of the individual speech sounds are
unrelated. As a result, the power spectrum is "white" for frequencies
less than about 3 Hz, and falls as l/f2 for £ 23z, In fact; in
Figs. 23(a) through (c), one observes shoulders at about 3 Hz
corresponding to speech averaged in with the music. The prominence
of this shoulder increases as the vocal content of the music increases,
or as the commercial interruptions become more frequent.

The 1/f spectrum for quantities associated with music and
speech is, perhaps, not so surprising. We speculate that measures
of "intelligent" behavior should show a 1/f-1ike power spectrum.
Whereas a quantity with a white power spectrum is uncorrelated with
its past, and a quantity with a l/f2 power spectrum depends very

strongly on its past, a quantity with a 1/f power spectrum has an



"5

intermediate behavior, with some correlation on all time scales, yet
not depending too strangly on its past. Human communication is one
example where correlations extend over various time scales. In
music much of the communication is directly by the pitch content
which exhibits a 1/f spectrum. In English speech, on the other hand,
The communication is not directly related to the pitch of the
individual sounds. The ideas communicated may have long time
correlations even though the pitches of successive sounds are
unrelated.

The observation of 1/f power spectra for the loudness and pitch
fluctuations in music has implications for stochastic music com-
position. In the past, stochastic compositions have been based on
a random number generator (white noise source) which is uncorrelated
in time. In the simplest case the white ndise source can be used
to determine the pitch and duration (quantized in some standard
manner) of successive notes. The resulting music is and sounds
structureless. (Figure 24 shows an example of this "white music" which
we have produced using a white noise source.) Most work on stochastic
composition has been concerned with ways of adding the time structure
that the random number generator could not provide. Low level
Markov processes (in which the probability of a given note depends
on its immediate predecessors) were able to impose some local
structure but lacked long time correlations. Attempts at increasing
the number of preceeding notes on which the given note depended gave
increasingly repetitious results rather than interesting long term

structure.41 By adding rejection rules for the random choices
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(a trial note is rejected if it violates one of the rules), Hiller
and Isaacson were also able to obtain local structure but no long
term corr‘elations.42 J. C. Tenney has developed an algorithm that
introduces long term structure by slowly varying the distribution of

i Thus, although

random numbers from which the notes were selected.
it has been possibly to impose some structure on a specific time

scale, the stochastic music has been unable to match the correlations
and structure found in music over a wide range of time scales.

The natural means of adding this structure is with the use of a
1/f noise source rather than by imposing constraints upon a white
noise soﬁrce. The 1/f noise source itself has the same time
correlations as we have measured in various types of music. To
illustrate this process at an elementary level, we present short
typical selections composed by white, 1/f, and ]/f2 noise.

In each case a physical noise source was used to produce a
fluctuating voltage of the desired spectrum. The voltage was sampled
and digitized by the PDP-11 computer to produce a series of random
numbers stored in the computer whose power spectrum was the same as
that of the noise source. The series was then scaled so that successive
numbers determined the pitch of successive notes over a two octave
range. A high number specified a high pitch and vice versa. This
process was then repeated to produce an independent series of stored

random numbers whose value corresponded to the duration of successive

notes.
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The PDP-11 was then used to "perform" the stochastic composition
by controlling a single amplitude modulated voltage controlled
oscillator. The computer was also used to put the stochastic
compositions in more conventional form. Samples of these computer
"scores" are shown in Figs. 24 through 26. Accidentals apply only
to the notes they precede. In Fig. 24 a white noise source was
used to determine pitch and duration. In Fig. 25 a 1/f noise source
was used, while in Fig. 26 a 1/f2 noise source was used. Although
Figs. 24 through 26 are not intended as complete formal compositions,
they are representative of the types of correlation that can be
achieved when the three types of noise sources of Fig. 1 are used to
control various musical parameters. In each case the noise sources
were "Gaussian" implying that values near the mean were more likely
than extreme values.

Our 1/f music was judged by most listeners to be far more
pleasing than either the white music (which was "too random") or the
scale-Tike 1/f2 music (which was "too correlated"). Indeed the surprising
sophistication of the 1/f music (which was close to being "just
right") suggests that the 1/f noise source is an excellent method
of adding time correlations.

There is, however, more to music than 1/f noise. Although our
simple algorithms were sufficient to demonstrate the superiority of
a 1/f noise source over a white noise source in stochastic composition,
the variation of only two parameters (pitch and duration of the notes
of a single voice) can, at best, produce only a very simple form of

music. More structure is needed, not all of which can be provided by
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1/f noise sources. We improved on this elementary composition by

using two voices that were either independent or partially correlated
(notes having the same duration but independent pitches or vice versa),
and by varying the overall Toudness with an additional 1/f noise
source. We added more structure to the music by introducing either

a simple, constant rhythm, or a variable rhythm determined by another
1/f noise source. The use of 1/f noise sources on various structural
levels (from the characterization of individual notes to that of
entire movements) coupled with external constraints (for example,
rhythm or the rejection rules of Hiller) offers promising possibilities

for stochastic composition.



"What is that noise?"

William Shakespeare,Macbeth

"He who loves noise must buy a pig."

Spanish Proverb

XI. CONCLUSIONS

We have shown that 1/f noise in metal and semiconductor films
is an equilibrium process. For continuous metal films the absence
of 1/f noise in manganin; the scaling of Sv(f) as VZ/Q for different
materials; the general decrease of Sv(f)/\72 with decreasing temperature;
the observation of frequency-dependent spatial correlation for the
1/f noise; the agreement of ac, dc and pulsed current resistance
fluctuation spectra; and the ability of equilibrium temperature
fluctuations to accurately predict the magnitude of the 1/f noise
(with an assumed 1/f spectrum for ST(f)) indicate that equilibrium
temperature fluctuations modulating the resistance are the physical
origin of the 1/f noise. The same mechanism also accounts for the
1/f noise in metal films at the superconducting transition and in
Josephson junctions.

Although temperature fluctuations are expected to obey a diffusion
equation, the usual calculated spectra for uniform diffusive systems,
in which the fluctuations are spatially uncorrelated, do not give a
1/f spectrum. These theoretical spectra have, however, been verified
experimentally for number fluctuations of independent particles under-
going Brownian motion. Attempts at more accurate models of the complex
experimental configuration (in which the diffusive medium is coupled

to a substrate) only flatten the spectrum further at low frequencies.
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Moreover, we have demonstrated experimentally for the metal films
(by a measurement for the shape of the autocorrelation function from
the temperature response to a delta function power input) that
uncorrelated tempefature fluctuations do not produce the 1/f spectrum.
On the other hand, we have shown both theoretically and
experimentally (by the temperature response to a step function of
power) that spatially correlated temperature fluctuations can, in fact,
account for the 1/f spectrum in the frequency range in which it is
observed. The physical origin of the spatially correlated temperature
fluctuations remains an unsolved problem. Another possible difficulty
is the proper normalization of the spectrum for correlated fluctuations.

2) = kBTz/CV to normalize the spectrum for

However, the use of ((AT)
correlated fluctuations does lead to a result in excellent agreement
with the experimental measurements.

A different physical mechanism for the 1/f noise dominates in
semiconductors and discontinuous metal films: the observed noise
is much larger than predicted by the theory, and is not spatially
correlated. The agreement of the low frequency resistance fluctuation
spectrum obtained from Johnson noise measurements with that obtained
from current biased measurements shows, however, that even in these
systems the 1/f noise is due to equilibrium resistance fluctuations.

The 1/f spectrum is not limited to physical systems. The same
correlations on all time scales that yield the 1/f spectrum for many
physical quantities are also found in various measures of human behavior.
The loudness fluctuations of music and speech and the pitch fluctuations

in music also have the 1/f behavior. Perhaps this accounts for some

of the fascination of the 1/f noise problem.
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FIGURE CAPTIONS

(a) Sample configuration for Bi film noise measurement.
(b) Measured spectrum, V = 0.9V (e); background spectrum,
V = 0.0V (0); and Sv(f), noise-background (———).
(a) Sample configuration for Au noise measurement.
(b) Measured spectrum, V = 0.81V (e); background spectrum
V =0.0V (0); and Sv(f) corrected for amplifier and capacitor
frequency response.
Nonlinearity of I-V characteristic caused by heating of Au
sample of Fig. 2.
(a) Simple system of heat capacity, C, coupled to reservoir
at temperature T0 by thermal conductance, G. (b) String of
these simple systems which approximate a 1-dimensional
diffusive system.
(a) ST(f) for spatially uncorrelated temperature fluctuations

2

of a box 2£1X212X223. fi = wi/Zﬂ = D/4n21. (b) Model ST(

3
for a metal film on glass substrate. f, = D/ml“, where % is

f)

the length of the film, and f2 = D/nwz, where w is the width

of the film.

(a) Experimental configuration for correlation measurement.
(b) Fractional correlation for two samples.

ST(f) for spatially correlated temperature fluctuations of a
box 20,%2L,x2%,. . = D/dngl

Temperature response of Au sample of Fig. 2 to delta function

of applied power.
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Fig. 9. Temperature response of Au sample of Fig. 2 to step function
of aprlied power.

Fig. 10. S(t) from cosine transform of temperature response to delta
functior (---) and step function (-——) of applied power from
Figs. 7 and 8 normalized to T(o) = 82T2/3N; and measured noise
spactrum Si(f) = Sv(f)/Vz‘(D).

Fig. 11. InSb bridge: Sv(f)/\72 using dc bias (——), ac bias (o),

pulsed current bias (A); Johnson noise measurement, Sp(f)/??(ﬂ).

Backaground Sp(f)/P‘ from metal film resistor (---).

Fig. 12. Nb bridge: Sv(f)/VZ using ac bias (—-); Sp(f)/ﬁ2 1) T
Sp(f)/P including knee frequency (---).
Fig. 13. Effect of changing ﬁdet cn Sl(f)/T2 for light scattered from a

1

suspension of poiystvrene spheres with Lt 630&, 6 = 50°,

Ml o (a) A

d =10 ym, R = 4 cm anrd N, ~ 5x10 0.009 cmz;

det

,
(b) A = 0.7 cm”.

det
Fig. 14. Effect of changing n_ on S (f)/I° with r_ = 630%, & = 50°,

Q - :
b 0.7 cmz, and r = 3 cm. (a) B 107 cm 3 and
Ny =:77: 4b) B 5X10]] cm_3 and (N) = 5.5X104. (c) Laser

d =10 um, A

intensity fluctuation spectrum.

Fig. 15. Effect of changing & on S (f)/1" with r_ = G630k, 8 = 50°,
Adct = 0.7 cmz, R =3 cm, e ]09 cm—3. (a) d = 10 um (reproduces
Fig. 2{a}); (b) d = 120 un.

Fig. 16. Measurad SI(f),’T2 for larger spheres with ry * 65003, 9 = 39°
Adet e 0.7 cmz, R=26ci. (a) Ny = 107 S and d = 10 pm;

(b) i SX108 cm~3 and d = 10 piny (c) Ny~ 5N108 cm“3, and

Y

d areatly enlarged.



Fig.

Fig.

Fig.
Fig.

Fig.

Fig.

Fig.

17.

19
20.

V) I8

i

£8%

B3

(a) (Right-hand scale) Measured SI(f)/T2 for laser light

scattered in the forward direction with e 630&, Bz 0%
2 11

Adet = 0.7 cm~, R =10 cm, and A Gl -, Ahs le)i angAd).
(left-hand scale) SI(f)/T2 observed with a white Tight source.
2 i o e 2 8 8 -3

I 65008, 0 = 45°, B = 0.7 a0 St = S10 tam %
R=1 cm, Qi determined by a slit 130 umx10 um and

_ 3, - 2 . En® _ 2 _
(N) = 5x10%; (c) ro 630A, 6 = 50°, Adet 0.7 cm, r = 6 cm,
and ng =~ ZX10]] cm-], and Qj determined by a focused image of

1 o - - o - 2
the filament; (d) s 630&, 6 = 0°, Adet 0.7 cm®,
r~1cm, o ZX1O]] cm-3, Q, determined by a slit
6

20 ymx2 mm, and (N) = 8x10".
Power spectrum of flood levels of the river Nile. (Data from
Omar Toussoun, Mémoires 1'Institut Egypte 8-10, (1925)).
Samples of white, 1/f, and 1/f2 noise.

Bach's 1St Brandenburg Concerto (linear scales): (a) power
spectrum of audio signal, Sv(f) vs f; (b) power spectrum of
loudness fluctuations, S 2(f) vs f.

Bach's 1St Brandenburg Ccherto (log scales): (a) Sv(f) vs f;
(b) sz(f) vs f.

Loudness fluctuation spectra, S 2(f) vs f for: (a) Scott Joplin
piano rags; (b) classical radiovstation; (c) rock station;

(d) news and talk station.

Power spectra of pitch fluctuations, Sz(f) vs f, for four radio

stations: (a) classical; (b) jazz and blues; (c) rock;

(d) news and talk.
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Fig. 24. Pitch and duration determined by a white noise source.
Fig. 25. Pitch and duration determined by a 1/f noise source.

Fig. 26. Pitch and duration determined by a 1/f2 noise source.
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United States Government. Neither the United States nor the United
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their employees, nor any of their contractors, subcontractors, or
their employees, makes any warranty, express or implied, or assumes
any legal liability or responsibility for the accuracy, completeness
or usefulness of any information, apparatus, product or process
disclosed, or represents that its use would not infringe privately
owned rights.
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