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THE SOLAR WIND GEOMAGNETIC FIELD BOUNDARY 

David B. Beard* 
National Aeronautics and Space Administration 

Goddard Space Flight Center 
Greenbelt, Maryland 

ABSTRACT 

The theory of the boundary of the cavity surrounding a magnetic· 

dipol~ immers~d in a steadilY !lowing stream of plasma is reviewed, 

and the various resUlts compared with satellite observations of the 

termination <?f the geomagnetic field.· The shape on the solar side 

is roughly hemispherical with some theoretical uncertainty ~er th~.' · . 

polesj the shape on the antisolar side is probably raindrop shaped 

but depends critically on the direction and relative magnitude of 

. ·~ .. 

the interplanetary magnetic field:and possible non-adiabatic processes 

such as shock phenomena. 

-

*on leave from University of California, Davis, for the summer 
as a National AcSde~ of Sciences--National Research Council Senior 
Resident Research Associate (summer 1963) • 
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mTRODUCTION 

The correlation between solar flares and subsequent magnetic storms 

observed on the surface of the earth first led Chapman and Ferraro 

(1931, 1932, 1933, 1940, and Ferraro 1952] thirt,y years ago, to consider 

the interaction between the geomagnetic field and a sheet of plasma 

elllB.Ilating from the sun. Chapman [1962, 1963] has written an exemplary 

review of this pioneer uork and its subsequent development. It was 

immediately recognized that the diamagnetic behavior of the solar plasma 

would exclude ·the geomagnetic field by means of electric currents on the 

surface of the plasma and that the geomagnetic field would be compressed 

and limited to a sharply defined volume from which the solar plasma 

was excluded. Later Bierman [1951] pointed out that the appearance 

of comet tails could not be explained by solar light pressure as pre­

viOusly thought and instead required the constant presence qf a steadily 

streaming solar plasma. The suggestion of a constant plasma stream 

emanating from the sun received valuable theoretical corroboration 

from Parker [1958] who suggested the term "solar wind" and has recently 

been conclusively demonstrated by satellite experiments [Freeman, 

-------------------------------------------------------------------------L'--~ 
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Van Allen, and Cahill 1963, and Neugebauer and Snyder 1962]. /\Dungey, -

[1958] who bas contributed llD.lCh further insight into the problem, in 

particular shoved that if an electric field were present at the boun-

dary due to charge separation resulting from the difference in momentum 

between the positive ions and electrons, the boundary l~er would be 

ilifini te simal 1 y thin. 

A calculation of the exact shape of the boundary surface remained 

of the magnetic field at the surface. That is, the calculation of the 

boundary shape required a knowledge of the magnetic field result~ from 

the electric currents in the boundary surface which in turn could not be 

calculated until the boundary shape was determined. Recently several 

independent approximate numerical calculations [Beard 1960, 1962, 

Midgley and Davis 1962, and Slutz 1962] have surmounted this difficulty 

and resulted in a boundary shape which is particularly well understood 

on the solar side of the earth. It is in the inherent nature of the 

approximations that the polar regions are only roughly correct at this 

time. The boundary shape on the anti solar side of the earth depends 

critically on the theoretically not as yet well-understood effect of an 

interplanetary magnetic field and the random (thermal) energy of the 

particles in the solar stream. Thus the antisola.r shape of. the boundary 

is ·only qualitatively understood at the present time .• 

· ran .. ,.... tt . • , d:;::.J._:u_:;z __ t.J:n;_ •. -. 
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THE PHYSICS OF TEE BOUNDMrf. LAYER 

THE THICKNESS OF THE BOUNDARY LAYER 

Fig.· 1 illustrates representative naive trajectories of charged par-

ticles incident perpendicularly on a magnetic field confined within a 

cylinder whose axis is parallel to the magnetic field. The posit~ve ions 

will penetrate more deeply than the electrons into the boundary layer 

because of their greater momentum. The resulting charge separation will 

create an electric field perpendicular to the surface and directed 

outwards. The electric field exists only in the boundary l~er and 

creates a total potential difference equal to the kinetic energy of 

the stream of positive ions causing it1 divided by the electric charge 

on the ions. As a result the incident ions are decelerated in the 

electric field and reflected from the innermost boundary towards the 

outer layer of negative charge. That is 1 the ions are reflected pri-

marily by the electric field. On the other hand, the electrons are 

accelerated by the elec.tric field to a maxiim.un kinetic energy equal to 

the original kinetic energy of the tons in the stream and are deflected 

by the magnetic field in the boundary. The velocit,y of the electrons 

parallel to the boundary layer greatly exceeds that of the ions 1 and 

the electrical current in the boundary is generated by the flow of 

electrons. Grad [1961], Paskievici1 Sestero1 and Weitzner [1962] 1 and 

MacMahon have examined the orbits of charges in the boundary layer in 

detail, but it is enough for our purposes to adapt Du,pgey•s [1958] 

and Rosenbluth's [1957] calculation of the magnetic field in the 
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boundary jBeard 19601 and to show that it decreases in an infinitesimal 

distance. The actual trajectories as computed by MacMahon (private 

.. ') communication) are illustrated in Fig. 2. 

Let the z axis be antiparallel to the magnetic field interior and 

parailel to the surface and the y axis of a right handed coordinate 

system be in the plane of the surface, then the particle.equations of 

motion will be 

··:: . 
mx = eE(x) + (e/c)By (l) 

. 
my = - (e/c)Bx ( 2) 

:. 

'! 
·,' 

'.' 
X X = ~ E(x)~ + ~Bv X m me oy 

e
2 

l 0 rr ']2
" 22Mxl Bdx X 

me L -cr 

(4) 

where v and v are the initial velocity components of the plasma stream 
ox oy 

at negatively infinite x. 

· .. •, 
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The particle densit,y is given by 

where N is the field-free space particle densit,y. Charge neutralit,y must 
0 

occur to a high degree of approx:Lma.tion if the electrical potential energy. 

of the particles is not to exceed the initial kinetic energy of the ions. 

Hence the x component of the ion and electron velocities must be equal. 

Since the initial ion and electron velocities are equal, equating Eq. 4 

for the electron and ion velocities and neglecting terms of order me/mi 

we obtain 

j'X ' Edx 
-ClO 

where the subscripts i and e are used for ion and electron respectively. 

Eq. 6 amounts to requir1ng the electrons to follow the ions into the 

boundary to prevent charg~ separation and yields the integral over E 

(the loss in potential energy of the electrons) required for the elec-

trons• increase in kinetic energy in penetrating more deeply into the 

magnetic field than they would penetrate in the absence of an electric 

field. 

(6) 

' 

~----=-~-=~~~-=~~~~~----~~~~~~~-~---~---~-~--~--~-~-~--====~------~~+m~~ I ·--~ 
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Substituting Eq. 6 into Eq. 4, one obtains the x component of the 

ion velocity which is equal to the same component of the electron velocity 

The surface current and field~ be related by Maxwell's equation 

·Curl B = ~ = 4nj = - 4TT (2N v /v )(ejc)v ox o ox ix. ey 

in which the ion contribution to the current has been neglected since 

vi << ve. Substituti.Dg Eq. · 4 and 1 into Eq. 8 we obtain 

-- 8nN (e/c) [v - (e/m c) siX·Bdx'] o oy e -co . 

2 8TTN e2 
,a:1!_ 0 B-0 
~2 mec2 

(7) 

(8) 

(9) 

(10) 
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where x = (m c J8nN e ) = ~/Ji(m, and x is negative and measured from o e o . o 

the deepest edge of the layer of positive charge. Eq. 9 may be solved 

exactly-, but the extremely cumbersome result is required only for 

- x << x
0

• The importance of the result we have obtained is that the 

few ions per cc in the solar plasma· will cause the boundary 18¥er .to be 

of the order of a kilometer thick and hence of negligible thickness. 

At one time it was pointed out to me by E. N. Parker that the fore-

going calculation has neglected the contribution made by the high electrical 

conductivity. along the magnetic lines of force. The magnetic lines of 

force in the boundary layer are grounded· in the earth's ionosphere. 

Electrons are free to move in and out of this infinite reservoir c! 

charge and in time will ground the boundary layer so ·i;b.at no electric 

field will. exist in a steady state problem in which no change occurs :i.n 

the pressure of the solar wind. In this case the protons, not the electrons, 

will cause the surface current because of their larger radius of eurvaM 

ture in the boundary layer. The thickness of the boundary layer in this 

case will clearly be related to the radius of the ion cyclotron orbits 

in the magnetic field of the boundary layer. The magnetic field is given 

by the integral of the cUITent density over the depth of the boundary • 

If the ions moved in a constant magnetic field, the ions position measured 

from .their point of deepest penetration is given for 0 < x < r by 

x = r (1 - cosa), y = r sine 

where r is the ion cyclotron radius and a is the phase of their orbit 

measured from_ the point of deepest penetration. The current density is 

given by 

J = N(e/c) v = N {e/c) (v/v ) v 
y 0 X Y 
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where v is the stream velocity, Taking the time derivatives of x andy 

we find 
2 .!. 

J = eN (v/c)(l - x/r)/(2x/r - x /r2) 2 

0 

For a plane current distribution for 0 < x < r: 

. . :·: .... 

i ,'::.i. This crude estimate yields the result that 8~ of the magnetic field due 

to .the surface current is experienced vithin half the ion eyeiotron ~adius 

from the innermost edge of the boundary. Since r < 4o km for .any· reason-

able.values of the solar wind, the surface layer is of the order of 10 km 

thiCk, again infinitesima.lly thin. compared with the radius of curvature of 

the surface. 

. -: ·. PRESSURE BALANCE AT THE BOUNDARY 

In either case of .boundary electric field or no boundary electric 

field, it is easy .to show that specular reflection must occur for the par-

ticles incident. on a steady state smooth surface. If the electric field 

perpendicular to the surface and the magnetic field tangential to the 

surface are ~etric about a plane perpendicular to the .particle's orbit 

at the point of deepest penetration, then the exit path of the. particle 

from the surface must be the mirror image of its incident. path. Thus 

the angle of incidence of the stream velo~ity vector with the normal 

vector to the surface is equal to the angle of reflection of the particle 

(11) 

emerging from the· surface boundary. The total momentum cbange of a particle 

.,;. * IP.- . .,. OJ , ,.¥ '",% 5. ~ J ·.~. 
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reflected from the surface is thus equal to 2 mv cos W where mv is the 

particle's momentum and w is the angle of incidenceo (If the surface is 

moving, v. is the relative velocity of the particle and surfaceo) The -
number of particles striking the surface per second per unit area is 

Nv cos w where N is the density of particles in the solar wind. Therefore · 

the total pressure of the particles perpendicular to the surface is given 

by 

where m is the mass of the ions since the pressure of the electrons is 

negligible • 

A conducting fluid moving in electric and magnetic fields will exper­

ience forces expressed by familiar magnetohydro~namic equations [Spitzer,· 

1956] 

grad p = j x B/c --"""' 
where j is the electrical current density in the fluid. Eq. 13 may be 

rewritten for the magnetosphere boundary in which j, B, and grad p are 
"'\..- -'Z-'-

mutually perpendicular as 

Maxwell's equation, 

curl B = 411 j/c 
~ -

may be substituted into Eq. 13 to obtain 

grad p = (l/4TI)(B • grad)B 
""" ~ 

(l/8TI) grad B2 

The change in the magnetic field in the direction of the magnetic field 

.is negligible compared to the change in the field perpendicular to the 

boundary in the direction of p. Therefore the first term may be neglected 
"!A. 

(12) 

(13) 

(13') 

(14) 
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and the equation integrated to yield the well-known diamagnetic approxi-

ma tion in magnetoeydrodynamics 

p + B2j8n = constant 

Lett1Dg the constant be the free space value of the stream pressure, 

p = ~~ p = ~ cos2 v, we obtain the pressure equation relatiDg 
0 

the particle pressure outside the boundary to the magnetic pressure 

inside the boundary. This equation determines the surface. 

Since the normal component of B is continuous across the surface and 
.,,:.1.. • 

must be zero outside the surface, the magnetic field interior and close to 

the surface is everywhere tangential to the surface. Therefore Eq. 15' 

may be rewritten as 

,. 
In x Bl 

. ·~-<s N'J • .. , '·· 
= -

.!. ,. 
(8T'Ip )~ ns 

0 ..... 
• v 

/tt.• ,. 
where n is the unit normal to the surface and v is the unit vector in the 

"""s ,. ,. 
direction of the stream velocit.y. Since n • v must be negative everywhere ,.,.s ,;>A4 

on the surface in order for the outside of the surface to be exposed to the 

solar stream, the minus sigh appears in Eq. 16. 

The surface is defined by a function F(r, e, ~) = constant. Let the 

constant be zero and the function be 

F(r, e, ~) = r - R(e, ~) = o 

then the normal to the surface is written 

,. ... 
~ =grad Fjlgrad Fl = a(r -!OR 9 

"'""'s ,.,. r ae ,... 

"< - ,.. • • .. ' •• ~. 

(15) 

(15 I) 

(16) 

(17) 

(18) 
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where 

In a polar coordinate system where the dipole is opposite. to the · 

direction of the polar axis and the velocit,y vector of the incoming stream 

makes an angle ~ with the magnetic equatorial plane, see Fig. 31 v is 

written 

A A 

v = - (case sinX + cost sinecosX)r 
"""'- ...... 

A 

(cos~ case cosA sine sinA)e 

+ sint cosA t 
·V\.· 

Therefore · 

n 
"'' s 

· ~ = a[- cost sine cosA - case sinX 

+ (cost case cosA - sine sicA) ~ ~ 
r ae 

- sint cos A 1 OR J 
r sine at 

When the wind is perpendicular to the dipole, A = 0 1 and (20) assumes a 

simpler form 

- n .... s 

A 

{ 1 OR sint ORJ . ! = cost sine - cost cosa r 39 + r sine at 

(N. B. A is positive during summer in the Northern hemisphere and t is 

measured here from the subsolar line rather than from the "twilight" 

line as in Beard (l96o].) 

• •· ... ~ ,''L 

(19) 

(20) 

(20') 
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APPROXIMATE METHODS FOR CALCULATmG THE SURFACE 

THE METHOD OF THE SELF-CONSISTENT FIELD 

Eq. 16 is incomplete in that we have no analytical expression to use 

for B. Hence the surface cannot be found from this' equation until B is ,_ 
""" 

known. Unfortunately, the magnetic field due to the surface currents 

cannot be computed until the surface is known. A way out of this impasse 

is to assume a reasonable value for the magnetic field in Eq. 16 [Beard 

use the calculated surface to compute new values of B. From these new 
..c.<-

values of B calculate by a reiterative process better and better surfaces ........ 

until a surface is obtained which yields a total magnetic field outside 

the surface less than or equal to the error in the numerical integration 

of the magnetic field inside the surface due to surface currents. 

A reasonable value for the first approximation magnetic field is sug-

gested by consideration-of the thickness of the surface layer compared 

with the radius of curvature of the surface. The surface is very nearly 

a plane as far as points local to a particular surface point are concerned. 

If the surface were a plane, the'field due to the surface currents would 

be equal and opposite on both sides of the surface. Since the field out-

side is zero, the plane surface current field would be equal and opposite 

to the geomagnetic field outside the surface and must therefore exactly 

double the tangential component of the geomagnetic field inside the surface. 

The geomagnetic field is given by 

M A 

B = - - ( 2cose r + sin9 e) 
"""S r3 ......... -to-

( 2l.) 

,•, # ~ <-• ' •' "' ..,,., ' ' ' o ' A.~,' ' ' ' ' ' '•' ,,, ... •' ' ' ' '"' ' < ·~ •'' ' •, •••' ... '~-=.·-~-
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Ferraro [196o] has suggested that the :first approximation may be improved 

by multiplying the tangential component o:f' the geomagnetic :f'i~ld by a :factor 

2:f' rather than 2. Only the scale, not the shape;, of the surface is a:f':f'ected 

by this change. Unfortunately the value o:f' :f' cannot be computed except 

on the wa;y to a higher order approximation. The· value of f has been found 

to be reasonably close to 1 1 as expected, when the second order calculation 

When Eq. 181 201 and twice ·21 are substituted into Eq. 16 a first 

approximation surface may be computed. A solution o:f' Eq_. 16 may not exist, 

however 1 for all angles, · a and ~, if the correct value of B is· not used. 
. . ~ 

In this case, to obtain a corrected magnetic field from a previous approxi-

mation surface, the surface must be arbitrarily constructed :f'or values of 

a and t for which no solution exists in the previous approximation. A 

further approximation which enables more of the first approximation sur­

face to be calculated .than is possible using Eq. 16, is to assume that all 

components other than the t component of n ~ B are zero. [Davis and Beard ""'-- ...... s I;V/ .<+' 

1962] This approximation gives. an exact_ expression only in the meridian 

and equatorial planes and on the surface of a sphere (which fortunately 

the sunlit surface resembles). Using this approximation ve construct a 

unit vector P parallel to B inside the surface • ...,..__ ......... 

,. ,. ,. ldR'"' ... 
P = k( t x. n ) = - b' (-- r + a) 

.-v"-- -.. /V.( -s r d9 ...,.. ....... 

vhere 

i,. . ·y:s·-·· t c: ; . .!4 .• .Cl;._4 ~ > ... ,, ' . .J ---· -·-. 

: ...... 
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"" "" b'M ( 2 dR) In :x B I ,.... ~ · B = 2 - sine + cose - -
ttvS .~ · . ...... r3 r de 

In the meridian plane dR = o, Eq. 22 is exact, and the equation re-
. d~ 

sulting f'rom substituting Eqs. 20' and 22 into 16 ~ssumes a particularly 

sim,pl.e f'orm · 

2M 1 
1 [sine + cose 2 dRJ = sine - cose 1 dR 

(STip· )?. '?' r de r de 
0 

Let 

and let r be measured in units pf' R , then.Eq. 23 becomes 
0 

dR = r tane r3 - l 
d9 3 

r + 2· 

whose solution is 

r=l 

or 

. 
where the constant r occurring in the integration constant is the value of' 

0 . 

r at e = o. Eq. 26 yields a surface f'or which r is either zero or infinite 
0 

at the equator ( e = 90 ) and with inf'ini te slope. Eq. 25 1 f'or a circle, 

yields & much more acceptable surface. 

(22) 

(23) 

(24) 

(25) 

(26) 
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At the pole (e = O), n · v = o, and the field B and current j change 
liAS ,tA ~ · ......., 

direction. Since B changes direction, the right band side of Eq. 22 
"'!A- . 

becomes ·negative and of wrong sign since it represents the absolute value 

of I~ ~ B I . Multiplying the right b.a.nd side of Eq. 22 by - l and using 
N~.S ~. _.. 

it in Eq. 16 we obtain the equation for the meridian plane on the antisolar 

side: 

dR = r tane r3 + l 
de 3 

r - 2 

whose solution is 

kr3 
3 

= r cose 
l + r 

Spreiter and Briggs [1962] have made IIlBJlY illuminating graphs of Eqs." 25, 

26, and 28. 
0 

Eq. 28 does not co,nnect vi th r = l at a = 0 • A surface solution 

does not exist in first-approximation near the pole on the antisolar side • 

. Beard. [1960] attempted a different problem beyond and near the pole by 

treating the perpendicular component of the field. The resulting solution 

had the advantage of necessarily having the slope of the surface vary 

continuously. Spreiter and Briggs [1962] extended the antisolar solution 

over to the solar side until it intersected the daylight solution at· 
0 

9 = 19.1 • This procedure leads to difficulty in higher approximation, 

and the non-continuous slope yields an infinite magnetic field component 

perpendicular to the surface, but it places the null point (where 
A 

n • v = 0) on the solar side where it should be. A thlrd procedure 
. ...,.....s ~· 

(27) 

(28) 
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may be based on a private observation of Leverett Davis that the point at 

infinity in the meridian plane must be at twice the height of the null point 

because of cUrrent conservation. Setting k = 2 in Eq. 28, let Eq. 28 
0 0 

represent the solution for 30 < e < 90 and interpolate by a simple 
0 

power series for 0 < 9 < 30 so that the solution and its derivative 
0 0 

match at e = 0 and 30 • 

0 
t = 180 3/2 2 

r = 1 + 0.005359 + 0.0002229 0 

o < e < 30 

The various firs'!; approximation surfaces are illustrated in Fig. 4. 

tff If Eqs. 20 and 22 are substituted in Eq. 16, the surface differential 

equations in the meridian plane for A ~ 0 are 

dR = r r3s._in( e + A) =t= sine 

de r3cos(9 +A) ± 2cos9 ' 

dR _ z.3sin( e A)_:-t sine 
dq - r 3 ' 

' r cos(e - A) =t= 2cose 

0 

t = 0 

0 

& = 180 

Where tbe upper signs are to be used on the solar side of the null 

point and the lower signs on the antisolar side. Chapman [1963] has 

obtained the solutions · 

and similarly for 24" and 27" • 

• . • . . .~ ........ . .. . '¥. - • " ., •. ,..~ -- • 

( 24"' 27") 
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Spreiter and Briggs [1962] have done a rather complete job of calculating 

the meridian plane first approximation solution for A ~ 0 and these 

solutions are illustrated in Fig. 5· 

The solution in the equatorial plane mAY be obtained by numerically 

solving Eq. 16 using Eq. 20' 

( l 2 ) l ( .dR . 2 
\. b' ~ sin ~ 2 d~ ) 

r r 

1 dR 1 2 
2sin~ cos~ - d~ + ~ - cos ~ = 0 

r r 

In cylindrical aoordtnatea with the z axia ~allel to the wind vcloci~ 

the surface equation in ~he e'quatorial plane takes. ·an especially simple 

form 

The· solution in the equatorial plane is illustrated in Fig. 6 and tabulated 

in Table 1 • 

(29) 
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For regions on the surface other than the planes of summetry Eqs. 20 

and 22 {or the exact expression for n x B) may be substituted in Eq. 16 
· ~s"" ·'~-"~ 

which may be solved on a machine computer by Newton's Method (finding a 

value of r and its derivatives for which the equation is satisfied) as 

Mead C1962] bas done or the resulting differential equation in ~ may be 

solved by a series expansion in powers of t on the solar side. [Beard 19601 

The series expansion method requires successively computing a surface 

assuming dE = 0, then using values of dE :from the first computed surface 
de · de 

tO deduce a second surface and so on until insignificant change.s occur 

between successiveiy computed surfaces. Using the approximation(22) 

coefficients are obtained [Beard 1960] as a function of e for the series 

expansion in ~ 

where t is expressed in radians. The coefficients are listed in table 2 

and the surface is illustrated topographically. in Fig. 6. 

Having obtained a first order approximation surface one is now able 

to integrate aver the surface and obtain the correction to the magnetic 

field due to the curvature of the surface which was assumed to be a plane 

I 
in first order. The current density on the surface is given by Eq. 13 1 

where it will be remembered that n is in the direction of grad p, and by ..... s ,.. ,. 
Eq. 16 the current density magnitude is proportional to ~s • ;::_ We are 

then able to numerically compute the magnetic field due to the surface 

(30) 
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currents by Laplace's equation 

.~. = J ilf ds 
cr 

where r is the vector from·the point B is evaluated at to the infinites-

imal surface element ds. This integral, which is computed for a spot 

on the surface, has a surface singularity where r = 0. Since the surface 

is infinitesimally thin, it matters how the singularity is treated. The 

result of the integration depends on whether we are on .the outside, the 

inside, or at the center of the surface at the singularity (three points 

essentially coincident). Since we want only the correction to our first 

order approximation the center point is chosen at the singularit~, the 

total field being had by again adding the planer field. The intensity 

of the current in terms of M and R 3 is determined by setting the planer 
0 

magnetic field at the subsolar point, 2nJ /c, equal to the geomagnetic 
0 . 

field at that point, M/R 3. 
0 

Eq. 16 now becomes 

• v ...... 

where ·~p.t is the planer .field and .. ~s<;. is the surface correcti~n 

B 
1 

is necessarily perpendicular to n and equal to ¥ 8nP ) ~ n 
~~~ -s o -s 

magnitude because of the definition of·J and R. Therefore 
0 0 

,. 

(2nP ) ~ n 
0 VoS = - • v 

"''' 

field. 

. v in ·., 

(31) 
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A more rigorous derivation of Eq. 32 is to note that B outside the. 
-J•.p.(,O 

surface is equal but opposite to ~p.f. inside the surface and tba.t the 

total B.outside the surface is zero. Thus, using the value of' B 
p.t 

inside the surface, B outside the surface is 

B =-B +B +B =0 
"""'T ""''p.t. <·. g '"'"'sc 

and Eq. 32 follows. 

Letting subscripts r and e refer to r and e components, the meridian 

plane equation, Eq. 23, becomes for r in units of' R [Beard 1962, Beard 
0 . 

& Jenkins l962aJ. 

.!. [sin 9 + cose _g ~] + B + B 1 OR 
3 . ' r o9 sc a scr r o9 

r . " 

dR 

- sine + cose ! OR = o 
r c9 

- =r de tane 
3 

r [l - B /cosG1 scr 

- l 

+ .2 

' . 

The definition of' R
0 

remains the same but the altitude of' the sub­

solar point, which is found from equating the numerator in 33 to zero, 

becomes 

- ( )-l/3 
. r90 - l + Bsce . 

The result of the higher order approximations is to raise the subsolar 

point imperceptibly and to lower the neutral point where n • v = 0. 
. '-'\. s ... -1 .. 

0 
The neutral point is moved forward on the order of' 20 from the pole. 

·This is very·close to the value Spreiter and Briggs obtained by arbi-

trarily extending the ·antisolar solution to the solar side. 

(33) 

(34) 
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The equation of a straight line parallel to the solar wind stream 

velocity is 

whose derivative is 

r = a sece 

~ = r tane 
de 

Referring back to Eq. 33 we find that the null point occurs at the angle 

where the coefficient of r tanS in Eq. 33 is l [Beard 1962, Beard & 

Jenkins 1962&] 1 ~hat 1s1 where 

B csce + B sece = 3jr3 
see scr 

At the null point the planer field and the current change sign so that 

the equation in the meridian plane for 9 less than the null point becomes 

.dr _ tane r3[Bsce csce - l] - l 
d9 - r 3 

r [- Bscr sece - l] + 2 

Another way of seeing.Eq. 35 is to note that the total Bin Eq. 32 
·f. .... 

A A 

reverses sign at the point where n • v = 0 1 and therefore we again . ~~s ~~ . 

multiply the right hand side of' 22 by - l as we did in obtaining Eq. Z7. 
A 

At the pole _B
89 

and the unit ·vector-~~ both change direction together 

so that .Bge maintains the same sign; all rEidial components and the unit 
·A 

vector .: maintain the same direction; the component of ~sc · in the new 
A 

direction of' 91 however, does change sign •. Therefore, for¢·= 180: 

Eq. 35 is replaced by 

dr r3[Bsce csce + l] + 1 
d = r tans 3 9 r [B

8
cr sece + l] - 2 

(35) 

(36) 
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While the equatorial regions are imperceptibly altered in higher order 

approximation, the polar region is significantly altered. This should be 

expected, for the approximation of ignoring all but local surface currents · 

in the surface should be expected to be poor where the local surface 

current is zero or where the radius of the surface curvature becomes 

small. Midgley and Davis [1962] show, as described below, that for an 

isotropic plasma the polar region is only poorly described in first 

approximation by this method. It is only in second approximation 

that aoytb.ing nearly as good as their results is obtained. On the 

other hand a two dimensional solar wind problem appears more amenable 

to this approximation, perhaps because the surface current is zero in 

the polar region where the surface curvature is greatest. Dungey, . 

[1961], Hurley, [1961], and Zhigulev and Romishevskii [1959] have solved 

this problem exactly and their result is compared with the first 

approximation solution. in Fig. 1· 

The self-consistent field method is presently being used to compute 

the surface by means of a high-speed computer [Mead 1962]. No high-

speed computer results for the entire surface have yet been published 

using this method. 

THE MJLTIPOLE FIELD EXPANSION OF M:IDGLEY AND DAVIS 

Midgley and Davis [1962] have worked with the boundary condition 

that the magnetic field in the plasma region must be identically zero. 

In treating.the case of a uniform plasma pressure surrounding a mag-

.netic dipole they represented the surface by a polynomial expansion 
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in even powers of latitude angle cr .• 

The coefficients were then determined by requiring the multipole moments 

of the magnetic' field resulting from such a surface to vanish in all 

lower orders higher than the dipole moment. The vector potential at a 

point .. f.2 outside the surface is given by: an integral over the surface 

current 

A(r ) = j' .. J(t:)ds 
....... c-.. 2 I I r 2 - r .... .... 

-~·.may be expanded in Legendre polynomials which after integration become 

where 
1 

(R 1
)
3 = M(811p )~ 

0 0 

and 

S 
TT/2 n+lf 2 c d . ··.~ I 

~ = -TT/2p LP + . ~) J Pn (sina) coso. do. 

Only odd numbered n are permitted from syDIIIletry considerations. The 

In_ are numericilly computed., and the cs are adjusted so that all In up 

to n = 15 are zero except I 11 the dipole term •. The vector potential 
I -2 

of a dipole is M(R
0 

) P1 (sin~) and therefore in order for the sur-

face current field to cancel the geomagnetic dipole at all r 2 > p1 I1 = 4 

.. 

. (37) 

' . . 

(38) 

(39) 

(4o) 
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and thus C is determined. The coefficients in Eq. 36 are listed in 

Table 3, and the result is illustrated in Fig. 8. 

Midgley and Davis thus obtained an exce:ptionally good a:pproximate 

solution to the :particular :problem of a dipole immersed in a :plasma 

exerting uniform :pressure. They tested their solution along with the 

first a:pproximation to the self-consistent field method also illustrated 

in Fig. 8 by computing the ratio of the net field from the surface to 

the di:pole field along the equator and the :polar axis which are presented 

in Table 4. As can be seen from the table their solution is a significant 

improvement on the. first a:pproximation to the self-consistent field method. 

This :problem, however, seems to be an es:pecially tough test for the 

first a:pproximation to the self-consistent field method in that the 

surface currents at the :poles are very large (where the radius of curva-

ture is very small). 

The extension of the multi:pole expansion method of Midgley and 

Davis to the solar wind problem is very much more complicated not 

only because of requiring the vector :potential to be expanded in 

associated s:pherical harmonics.rather than Legendre :polynomials but 

because the surface current is not constant in this problem. By · 

using a generalized Newton's method a surface has been obtained by 

them for which the lower undesired moments were made zero. Their 

results which will a:p:pear in the Journal of Geophysical Research are 

illustrated in Fig. 9 and 10. The magnetic ratios outside the surface 

are very much inferior (that is1 larger) to the sim:pler :problem they 

solved1 being t,ypically 1-1~ • 
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THE FREE SURFACE SOLUTION OF SLUTZ 

Slutz [1962] attacked the uniform plasma pressure problem at the 

same time as Midgley and Davis by a different technique. . He used a 

method developed for l:l;ydrodynam.ic problems by Treffitz cA. 1916] 

in finding a surface free to move in seeking equilibrium between pres-

sures on its two sides. He described the magnetic field interior to 

the surface by a scalar ;potential 

B = - grad t1J 
·~ r 

I:f' Eq. 41 is integrated along a meridian line and the magnetic pres-

sure interior to the surface is equated to the particle pressure outside, 

the result is 

crms ta:n t il.nd 
since-~ is/\tangential to the surface. Using Green's Theorem for the 

potential at any interior point 

t = M cos a + 1 ·s [! M I 
r2 4n s r on s 

where the first term is the dipole source. term inside the surface, r 

is the distance from t to the surface ;point s 1 and n is in the outward 

normal direction to the surface. Since B is tangential to the sur-

face the first term in the integrand is zero, and by definition of the 

solid angle 

..Q..(!.)ds=-do on r 

.. - '.... . ....._ . ;··.~---: ,..-,.·- ..... 

(41) 

(42) 

(43) 
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A cusp appears over the magnetic pole and this created a diffi-

culty in integrating Eq. 43 as t is caused to approach the surface 

· which ·was surmounted in the following way. Surround t with a sphere 

of radius e (which approaches zero in the limit). Separate the inte­

gral into that part of the surface outside the sphere S
1 

and that part 
II 

of the surface S inside the sphere. As t approaches infinitesimally 
II 

· close to the surface and e ... 0, 1!1 may be taken outside the S integral 

as it is constant 1n thie W:l.nitesimal reg1o;p,. Therefore 

We final Jy obtain 

M cose + l I ~dO - l V I d(). = 0 
2 4fT I 4; I 

r S S 

If' all distances are put in units of R
0 

1 = (M/fiTIP
0

) -l/3 Eq. 4l 

and 44 become 

cos e + l J tdo - 1:: ~ J do = o 
r 2 4n S 1 ~n S 1 

* = ' 

(44) 

( 45) 

(46) 
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The surface was divided into areas subtending equal arcs at the 

origin and Eqs. 45 and 46 solved by averaging the potential over these 

areas. If an arbitrary· surface shape is assumed Eq. 46 will yield the 

potential at points along the meridian which may then be substituted 

into Eq. 45 as a test of how good a surface shape was assumed. The 

process was made to converge to a satisfactory surface by a steepest 

descent method in that the changes in Eq. 45 were studied as the assumed 

surface points were varied. A surface was obtained which differed from 

Midgley and Davis ' solution by as little as 11 at the pole and only 3~ 

at the equator. .Slutz has also applied his method to the solar wind 

problem but it was necessary for him to limit the surface on the anti-

solar side by adding a small uniform plasma. pressure. His present 

result, which is less accurate than his uniform plasma pressure result, 

is illustrated in Fig. 11. 

THE SCALE OF THE BOUNDARY 

All of the theoretical determinations of the boundary concern the 

shape which is independent of the relative magnitudes of particle pres-

sure and dipole moment. The size of the magnetosphere is all in terms 

of R = (2M/~)1/3 . For the plasma. values measured by Mariner II 
0 0 

[Neugebauer and Snyder 1962] N- 4 protons/cc
1
v- 6.107 ems/sec and 

M = 8.o6 · 1025 emu, R
0 

is 10 earth radii. Variations in the solar 

wind, however, will cause the surface to increase to twelve earth radii 

or instead decrease to eight earth radii during a. mild magnetic storm 
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in which the solar wind pressure will double [Cahill 1962]. The sur-

face radius at the subsolar point will decrease to five earth radii 

for an exceptional storm in which the particle pressure rises an order 

of magnitude~ As suggested initially ·by Chapman and Ferraro (193l], 

commented on by Midgley and Davis [1962], and calculated by Beard and 

Jenkins [1962b] in estimating the magne~ic effects of magnetospheric 

currents, such changes in scale of the magnetosphere would result in 
J 

observed sudden commencement enhancement of the surface geomagnetic 

field.. 

Slutz [l962].and others have drawn attention to the increase in 

scale that would be produced by ring currents of trapped radiation 

belts. This effect has been calculated using a rough model by Spreiter 

and Alkene [1962] who s}low that .reasonable ring currents enhancement, 

which woulo. occur during a magnetic storm, could increase the scale . 

a few earth radii. 

The Explorer 10, 12, and 14 determinations of the geomagnetic field 

[Heppner, Ness, Scearce and Spillman 1963, Cahill and Amazeen 1963] 

and trapped radiation [Bonetti et al., 1963, Freeman et al., 1963, 

and Frank, Van Allen, and Macagno 1963] are the best observations of 

the magnitude of the pressure of the solar wind attainable. Cahill and 

others observed the boundary to fluctuate around 10 earth radii from 8 

to 12 earth radii near the subsolar point where the boundary was recog-

nized as a sudden change in direction and usually decrease in magnitude 

of the observed magnetic field. Heppner and others observed a similar 
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change at 22 earth radii and about 4o from the antisolar line which 

is the calculated position of the boundary surface when the subsolar 

radius is 10 earth radii~ They also observed occasional regions of 

fairly constant magnetic field at greater distances which might be 

caused by shock disturbances discussed in the following but are more 

apt to be caused by clumps of compres·sed interplanetary magnetic field. 

The trapped particle flux observed on Explorer XII dropped abruptly 

to zero within sixty km at the same position as Cahill observed abrupt 

changes in the magnetic field • 

THE EFFECT OF THE INTERPLANETARY MAGNETIC FIELD 

The previous conditions of a zero temperature wind incident on 

the geomagnetic field will create an infinite cylindrical hollow on 

the downstream side; but these conditions are unrealistic. A finite 

temperature or, in particular, an interplanetary magnetic field will 

severely modity this picture on the downstream side of the earth and 

will cause the hollow to be closed there at a finite distance from the 

earth. 

The Pioneer and Mariner satellites have established the existence 

of an interplanetary magnetic field of approximately 5y during quiet 

conditions [Coleman, Davis and Sonett 1960, Sonett, Judge, Sims and 

Kelso 1960, Neugebauer and Snyder 1962]. Zhigulev [1959]~ Dessler 

[1962], Kellogg [1962], Gold [1959], Axford [1962] and Spreiter and 

Jones [1963] have suggested that the interplanetary magnetic field 

could create conditions for a shock wave beyond the outer boundary of 

- { -· •f ,... .' . ,.J.U ..• 0 ,PJ • >f.-
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the geomagnetic field. The evidence for such a shock structure is 

very tentative at the present time. Cahill and Amazeen [1963] in 

particular, have obtained magnetic records on Explorer 12 illustrated 

in Fig. 12. As can be seen in the figure the magnetic field becomes 

very irregular beyond the magnetosphere and changes abruptly in ave-

rage direction. Whether the fluctuations are evidence of shock 

structure or result from compressed observed inhomogeneities in the 

interplanetary medium cannot be ascertained. In any case there exists 

the observational data that the magnetic field exterior to the boundary 

is almost an orde+ of magnitude greater on tlie average than the inter-

planetary value of 5v· 

Frank, Freeman, and Van Allen [1963] observed a region approxi..; 

mately 12,000 km thick just beyond the magnetosphere where there was 

an omnidirectional flux of 1010 electrons/cm2sec having an energy 

between 1 and 10 kev. ·This corresponds to an electron density of 

6-2 electrons/cc. They have suggested that this high energy electron 

flux is evidence of a thermalized plasma which is part of a shock 

structure. It could also result from clumps of plasma being energized 

by compression against the surface of the magnetosphere. Electrons 

would have the observed energy while in the charge separated boundary 

layer surrounding these small clumps. 

The theoretical justification for believing a shock structure 

exists in the absence of collisions between the particles is that the 

~adius of the cyclotron orbits of the particles in the interplanetary 
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field are negligible compared with the dimensions of the surface. These 

considerations are believed to replace those of mean free path, and 

that in this way particles reflected from the surface will interfere with 

the incident particles and thus create conditions for a shock. Conditions 

in a magnetized plasma, however, are quite different from those in 

ordinary hydrodynamics. Cyclotron motion is essentially two dimensional 

and more important is a well ordered motion. It is not at all clear 

how well the conditions for ordinary shock waves are met in a magnetized 

plasma. 

In the abse~ce of a well developed theory of shock structure at 

the magnetosphere boundar,y, ap~al has been made to the magnetohydro­

dynamic collisionless shock model of Auer, Hurwitz, and Kilb [1962]. 

In this model an infinite sheet of magnetized plasma suddenly has an 

electric field {oppositely directed on the two sides of the sheet) 

imposed on the surface :parallel to the surface but perpendicular to 

the magnetic field. The plasma is permitted to move only perpendi-

cular to the boundary and currents flow only parallel to the electric 

field. The comparison to the magnetosphere is suggestive but indef-

ini te. Kellogg has described the shock wave that would be formed for 

.an ordinary gas in the hope that it might be some guide to the real 

situation. Spreiter and Jones slightly improved Kellogg's earlier 

description by using the actual shape of the magnetosphere as an 

obstacle to the solar wind, and their result is illustrated in Fig. 13. 
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The central fact to be kept in mind in considering the problem 

is that the interplanetary magnetic field and the thermal motion of 

the particles exert a pressure two orders of magnitude less than the 

I pressure exerted as a result of the stream velocity. The overwhelming 

pressure of the wind compresses the feeble interplanetary field tight 

against any obstacle such as the magnetosphere. Magnetic nux will 

be conserved. Since the field will be limited to a maximum value 

found by equating magnetic and solar wind pressures, conservation of 

flux fUrnishes a means of estimating the compressed boundary layer 

(Beard 1963]. For example, if the field were in the direction of the 

wind the interplanetary field lines would be deflected smoothly and 

· ·symmetrically around the magnetosphere as illustrated in Fig. 14. 

Conservation of magnetic flux requires that the thickness of the 

boundary layer, t, at a radius from the subsolar line, r, be given 

by 

and thus 

·where Bi is the interplanetary field and Be is the compressed field. 

If the interplanetary field is. aligned somewhat perpendicularly 

to the solar wind velocity so that the field is borne along in the 

. wind, the field would be compressed against the magnetopause as before 

and slip around the sides of the magnetopause with the tangential 

velocity of the reflected particles. In the case of a spherical 

(47) 
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magnetosphere surface of radius R whose dipole axis is parallel to 

the incident trapped field, the amount of flux incident on a projected 

equatorial·area of unit height and length parallel to the equator, y, 

is B yV = B VRsin9 where 9 is measured from the wind direction with 
i i . 

the dipole taken as origin. The amount of flux leaving this volume 

at the edge of the magnetosphere is BctVsin9 so that 

In either case t will be of the order of a few earth radii depending 

on the fraction of the maximum possible value, B is. (A blob of pure c 

field will be compressed to maximum B , but if it contains plasma the 
c 

B will be less). However, Eq. 48 states' that the boundary layer 
c 

will decrease slowly away from the su~solar point in a direction per-

pendicular to the field while Eq. 47 states that the boundary leyer 

· will increase from zero thickness as one moves away from the subsolar. 

point. 

The interplanetary medium is far from homogeneous. Blobs of 

plasma. are kept intact (prevented from diffusing) by magnetic fields 

which are maintained by the surface currents on the plasma. As 

expected, the thermal pressure of the plasma as reported by Mariner II 

is about equal to the interplanetary magnetic field pressure. When 

this. inhomogeneous me.dium is compressed against the .magnetopause 

fluctuations of the magnetic field in magnitude and direction as a 

function of distance will result. Whether this is the cause of the 

(48) 



.:~ 

I. 

I 

- 33 -

observed fluctuations as illustrated in Fig. 12 cannot be determined 

until the spatial extent of the inhomogeneities is better known but 

the i.n.J:lomogeneities would have to be as small as of .the order of an 

earth radius to furnish a suitable explanation. While the direction 

of the magnetic field would oscillate due to the surface currents on 

the plasma blobs, the average direction would be tangential to the 

magnetopause and in general entirely unrelated to the direction of the 

geomagnetic field. · Compression of the plasma blobs and the charge 

separation electric fields on their surface would create energetic 

electrons 1n the compressed layer difficult to distinguish in ·origin 

from shock induced energetic electrons. One prime effect of any non-

adiabatic process such as shock phenomenon will be to increase the 

ratio of thermal (sidew~s) particle pressure to magnetic pressure in 

the layer beyond the magnetosphere over the value of the ratio 1n 

interplanetary space. Thus non-adiabatic processes will expand the 

layer over that expected from free space val~es of particle thermal 

pressure to magnetic pressure. 
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The theoretical shape of the termination of the geomagnetic field 

is well understood on the solar side of the earth except for a small 

region near the magnetic poles. This successful. .understanding is pos-

sible because of the overwhelming dominance of the pressure of the solar 

wind. On the antisolar side of the earth, however, the effect of the 

pressure of the solar wind is very much changed by the thermal properties 

of the plasma. after it has passed over the solar-side surface of the 

magnetosphere and particularly by the presence of an inhomogeneous 

· interplanetary magnetic field. The antisolar surface of the magneto-

sphere will close quite possibly in a long tear-drop shaped tail, but 

the exact details of this surface have yet to be found. 

On the solar side three entirely different methods of approxima-

tion have been found whose results differ little between themselves 

· except in the polar region where none of the approximations have yet 

yielded a precise and reliable result. The results of the approxima­

tions ere ill us tra ted in Figs • 4, 5, 6, 9, 10, and 11. The scale of the 

surface (about 10 * 2 earth radii ·at the subsolar point) is in good 

agreement with satellite determinations of the energy density of the 

1 

solar wind, r 3 = 2M/(32nu)2 where M is the geomagnetic dipole moment 
. 0 

and u is the energy densi w. of the solar wind. N l.m v2 
, o2 P 
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TABLE 1 

r of the plasma sheath surface in units of R and lr cos~! as a 
0 

function of ~ 1 the longitudinal position in the equatorial plane 
0 0 

of the earth's magnetic dipole; 90 $ ~ ~ 180 corresponds to the 
2 2 1/6 

night side of the earth. R = (M /8nN m.v) 
0 0 ~ 

~ 0 15 30 45 60 90 120 150 180 

r 1.00 1.01 1.03 1.07 1.13 1.34 1.84 3-47 00 

lr sin~ I 0 0.26 0.52 0.76 0.98 1.34 1.60 1.74 1.78 
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TABLE 2 

Values of a and S ~s a function of e, the latitude angle, where 

a and S are the coefficients in a series expansion of .r of the plasma 

sheath surface as a function of ~, the longitudinal angle from the 

plane containing the earth's dipole and the earth-sun line; r = 1 

+ a~2 + S ~4 in units of R = ( ,.2in N m. v2 ) l/6, and ~ is expressed in o J.vyo o J. 

radians. 

e 

0.104 0.102 0.096 

0.011 O.Oll 0.010 

o.o86 

0.008 

0.068 

0.007 

0.031 

o.oo4 



TABLE 3 

Coefficients in the Equation for the Surface Using the Moment Technique 

c = 1.41395 c = -0.000200 
4 

' cl = 0.120039 cs = 0.000597 ,• 

c2 = 0.004180 cs = -0.000326 

c3 = 0.001o85 c = 0.000094 
7 

, r 

' . ·~ 
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.r 

Distance 

from the 

Surface, 

Fraction of 

Equatorial 

Radius 

0.04 

o.os 

0.16 . 

0.32 

0.64 

1.28 

2.56 

5.12 

10.24 

TABLE 4 

Ratio of Net Field to Dipole Field X 105 

Moment Surface Se;Lf-consistent 
First Approximation 

In the In the 

On the Equa- On the Equa-

Polar torial Polar torial 

AXis Plane Axis Plane 

-905 -0.4 -61078 7126 

-222 +0.2 -42966 6721_ 

':"23 0.6 -27676 5997 

-2.7 0.5 -15913 4844 

-0.9 0.5 -7947 3324 

-0.2 0.2 -3378 1817 

-0.1 0.3 -1222 773 

-0.0 0.5 -386 267 

0.2 o.o -110 81 

• ><·r' '•'"' '·"'' • ·. ··:'•' 
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FIGURE CAPTIONS 

Fig. l. Naive charged particle trajectories in the e~uatorial plane 

for particles incident from the left on a current sheath surrounding 

a dipole pointed into the paper (field out of paper at boundary). 

Solid lines trace the paths of positive ions~ dashed lines trace elec-

tron paths. 

Fig. 2a, b. Charged particle trajectories in a boundary layer between 

a plasma and a magnetic field as computed by MacMahon. 

Fig. 3· 

M is the 
"(((" 

vector. 

Coordinate system used in self-consistent field calculations. 

geomagnetic dipole and v·is the solar wind stream velocity 
\<>" 

The dashed vector is the projection of v on the magnetic 
YY> 

e~uatorial plane and A is the geomagnetic latitude position of the 
I 

sun. 

Fig. 4. The intersection of the magnetosphere boundary with the meri-

dain plane for A = 0 using the self-consistent field computational 

method in first approximation. The solid line is for the changed 

polar boundary condition. The long dashed line is the continuation 

of the antisolar solution. The short dashed line is for a smooth fit 

between ·subsolar and antisolar solutions. All solutions presented 

are for a zero temperature solar plasma containing no magnetic field. 

A more realistic antisolar shape would be a rain-dropped tail· joining 

these solutions near the pole and intersecting the axis at between 

3-10. 

Fig. 5. The intersection of the magnetosphere boundary with the meri-

· dian.plane for solar wind velocities not perpendicular to the dipole 

i._....,....,......,.,.......,.....__,_,.,,.......,....:---__,....,,.._...,...,.,,..,., ... -. ,.,...,. ',,...., ..,.,._,...,..,.,..,__...,.._.,...._,...._...,....,.....,..,..,.....,,......._...,.._,.,._,.. 
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axis as calculated by S!JTeiter and Briggs in first approximation. 

Fig. 6. Contours of the magnetosphere boundary on the solar side. 

View shown is looking down on the pole and the contours are shown 

for various polar angles. The intersection of the magnetosphere 

with the equatorial plane is presented for the antisolar side as 

well (zero temperature, no interplanetary IDagnetic field). 

Fig. 7. ·Exact and approximate cavity surfaces for a line dipole 

in a zero temperature plasma stream. The exact surface is presented 

as a solid line; the first approximation of the self-consistent 

field method is indicated by the dashed line. 

Fig. 8. First quadrant of the cross-section of the boundary between 

an isotropic plasma exerting uniform particle pressure and a dipole 

magnetic field. The solid line is for Midgley and Davis' solution 

using their moment method; the dashed curve is for their first 

approximation surface using the self-consistent field method. 

Fig. 9. Pictorial view of the magnetosphere boundary as computed 

by Midgley and Davis using a moment technique. Earth' s dipole is 

along y axis and the solar wind is moving in the - z direction. 
(urfer ha..lf Of fiqvre) (foo:JeY half) 

Fig. 10. Cross-sections in the moon meridian/\and equatorialAplanes 

for the magnetosphere boundary surfaces calculated by the first approx-

imation to the self-consistent field and Midgley and Davis' moment 

technique. The solid line is the self-consistent field surface; the 

dashed line a "smoothed" Midgley and Davis surface; the dotted portion 

is Midgley and Davis' surface before "smoothing." 
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Fig. 11. Cross-sections in the moon meridian of the magnetosphere 

boundary as computed by Slutz 1 "free surface" method.' A small con-

stant static pressure has been added to the solar wind pressure. 

Fig. 1'2. Explorer 12 magnetometer observations on Sept. 30 as reported 

by Cahill and Amazeen showing total intensity, F, and angular orien-

ta tion a, and *. The solid smooth line is the predicted intensity in 

the absence of a solar plasma. 

Fig. 13. Traces of magnetosphere boundary and suggested ordinary gas 

hydrodynamic shock for a solar wind with a stream velocity of 600 km/sec, 

N
0 

= 2.5 protonsfcc~ B = 5 gamma and Alfven Mach number 8.71 after 

Spreiter and Jone~ [1963]. 

Fig. 14. Illustration of magnetic flux conservation at the surface 

of the magnetosphere in the equatorial plane. Light solid lines indi-

cate magnetic lines initially filling a circular area of radius, r, 

compressed within a thickness, t, against the surface of the magneto-

sphere. Earth 1 s dipole position is indicate·d by a large dot on the 

axis. 
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