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BOUNDARY VALUE PROBLEMS IN PLASMA OSCILLATIONS:
THE PLASMA CAPACITOR

_ABSTRACT

A normal mode treatment is proposed for the solution of boundary
value problems in plasma oscillations. The plasma distribution func-

- tion and electric field are expanded in terms of thé solutions of the

coupled Vlasov and Maxwell equationsl ‘These normal mode solutions are
.sémewhat unusual in thatithey are .singular functions of the velocity
variable, and, in fact, the expansion theorem is proved by means of a
direct solution of an associated singular integral equation. As an
jES application of the method we :obtain the impedancg.of aiplasma-fi;ied

N o parallel plate condenser.




" first recognized by van -KAMPEN (1955) who constructed a set of fixed-

' I. INTRODUCTION

1

,fA'full& ionized plasma can éuppqrt.several different kinds of oscilla-
tions. The litérature on the subject is extensive, and‘the problems which
arise are treated_using a wide variety of plasma models.

In this paper we present a method for solving boundary value prob-
lems occurring.whgn:the plasma is described by the Vlasov "collisionless"
Boltzm;nn" equation. The method involves an expansion in the normal
modes of the coupled system of the Vliasov equation and the electromagf
netic field equations. (In theAexample-of longitudinal oséillations
treatéd here; only Poisson's equatign.among the electromagnetic field
equations i; required.) |

In terms of the formal manipulations invoived( our treatment is
completely straightforward, identical with the normal mode treatment
of more familiar types of boundary value problems. However, the nor-

mal modes themselyes are singular functions, reflecting the singular

nature of the streaming operator in the transport equatién. This was

wave-number modes for the solution of the initial value problem. CASE
(1960) applied the singular normal mode decomposition to boundary value

problems in neutron transport,theory, and our treatment parallels his

to an extent. S >
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In Sectién II wezconstruct the normal modes for fixed-frequency
oscillations. It is seen that the eigenvalue spectrum sepafates into
three parts: .a pair of discrete imaginary values, a continwmincluding
the entire real axis, and the foint'at.infinity. In Section III we
éonsﬁruct adjoint modes which, together with the original normal modes,
form a biorthogonal set. In Section IV we prove a completeness theorem
for éheinormallmodes by directly solving the singular integral'equation
implied by the normal mode .expansion of an arbitfary functioﬁ. It is
showﬁ‘that the solﬁtion may always be written in terms of the characterQ
istic function A(v) which has the property that it is analytic in the
complex plane cut along the set points of the .continuous spectrum and
vanishes only at the .discrete eigenvaiues. In_SectiQns V.and VI we
appo the<mefhod to the.calculation of the electric .field within a
plasma—filléd capacitor and observe the interesting occurrence of the
vhenomenon of Laﬁdau damping,governing,the resistive impedance of such

a device.




II. NORMAL MODES FOR LONGITUDINAL OSCILLATIONS

We consider the problem of obtaining the electric field within a

'. plasma-filled plate condenser‘upon which as e.m.f. of frequency w is

imposed. By virtue of the symmetry of the probleﬂ}the electric field
lies in the x-direction’(éee Figure I). and only the x-component of the
velocity plays -a role. The coupled one-dimensional Vlasov and Poisson

equations are

;S_f(x su,t) + ua - ﬁEE(X;t)faﬁgl o (1)
a i o . A . |
-a-;(-E(x,t) - ‘hﬁe\[w f.du : | - (2)

The original Vlasov equation has been linearized about -its equilibrium so-

lution
Flxut) - mr(w + xut) - (3)

where n is the .electron density and F(u) is a one-dimensional Maxwellian
at temperature 6/k.

In order to emphasize'the dependence .of the .solution on the charac-

‘teristic Plasma parameters, we.convert to the non-dimensional length,

time and velocity variables

t' = tw u' = - | (4)




S 1

!
i

where . the Debye length AD.and plasme -period w;; are given&by

2. _ e 2 _ lLgne®
>‘1) = lnneZ % = m (5)

In addition, the frequency of the impressed field is measured in units of

RE— o (6)

Equations (1,2) may then be written entirely in terms of non-dimensional

quantities

of' e of _ -l dF'(ul)g, , (7

ot ox' bx du'!
bﬁ _ Lt f fl(ul’tl)du:l : ] (8)
ox' L o C ’
Fr(u) L i ew'%/2

(Maxwell-Boltzmann) (9)

Henceforth we drop tﬁe primes.
The system will hdve!time.dependence e-i(lth where we will prescribe
wherever necessary that‘w'has a smgll positive.iﬁaginary part. This will
yield thé solution resulting from an applied foltage which has been turned
on gradually from its zero value at ;ong times in the pﬁst. M-, N

It turns out moré:convehient to write the.coupled equations as a sin-

gle matrix equation

o -1l dF
fu o §_ f _ 1w vl f \ .
. ax =0 0 (10)
o 1/ E h{/‘ 0, E
5.
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or, symbolically,
P'a'y= By (11)
where ¥ is the “state vector" - . ,
£ y
1 = 12
v (f) (12)

We immediately obtain three different types of normal mode solutions, the

~first two with’ekpbneﬁtial space.dependence,'the third spatially inde-

pendent.

Class I

Discrete-Modes .

£, = Zi_.92292 | . (13)

The eigenvalues v

; &8Te the zeroes of the characteristic function A(v) -

AMy) = 1 -;23 | szggdv‘ B (15)

A(v). is analytic,in.the'compléx v-plane : cut along the entire.réal axis,

and tends to-a constant .value .for large |v|

*Aeo) = 1 - (16)

i
o=

For Maxwellian F(u), it is.easy to show.that when w > 1 there are no dis-




crete Vy; when w < l, there are two: 'vi - :I:iv , with v real and '

positive. The value of the': vdiscrete root Vo is shown in Fig-

ure II.

Class II

Contimium Modes

= wvei‘“"/ V) (all real v) .
r, = X piEdn, x(v)a(a-v;' o an
B, - v | e

Here, the f, are singular functions. b(u-v)_ iAs, the Dirac delta function
and the 6) indicates the principal value prescription in integrals involv-

ing the sin‘gu'l.ar denominator. Myv) is given by
Ay =12 O’f /L -;- (& (v)+8" ()] (19)

~ where A (v) 1lim A(viie) are the boundary values of A(v) as v approaches
0 .

the cut from sbove and below respectively. . For future reference we note

also that .

vé dev) ' '
2ni— o2 d : (20)

'A+(1_/) - A7 ()




Class III

Charge-Free .

mode

e T A R

(T =

folu)

(spatially independent)

r .

, (.

o (e2)
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III. THE ADJOINT EQUATION AND ORTHOGONALITY RELATIONS

For every solution of equation (11) there is a solution (with the

same value of v) to the.corresponding adjeint equation

(23)

a\.l”;, 'YT T

dy is & two-component row vector. The collection of normal modeS_Wv

and adjoint modes VI form a biorthogonal set.
Define a ."scalar product” between normal modes and adjoint modes

according to ) : ®

) = fme(u)f(u)du + ETE . | (2w

T

We then construct the oberator HTvso that for any ¥,V

(@HJ) - ” N

(wT

We find

Iﬁi

: | iw Jr :
\ 4t 0

* Again, the{solut;ons to the adjoint equation fallAintélthieé classes: -

.Class I

Discrete modes -

) = 2 BC)
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T ivy
L= = 28
Eyq b . (28)

As before, the eigenvalues v;. are Jjust the zeroes of A(v%.

Class II
Contiﬁuum Modes (all real v) | Ax~°
fI(u) = -Z—;P;%-;+ J(u)ﬁ(u-v)-. - (29)
Ej- ﬁ"Eii | : 1 4(50)
with
XT(V) () N v ' (31)
A - dF(v)/av L ~

Class III

Charge-free mode

£l = 2 (32).
EI =1 ) o (33)

The orthogonality relations follow immediately from the defini-

. tion (25) of HT.' In fact, if
Awyg ' :
;_wa = HWV . (3&)
f,—“‘VI'F = wI.HT ) T (39)

vl

Then, by taking the .scalar product of (34) and (35) with \yT and
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v, respectively and applying (25) wé obtain
o, ] evy) = 2T en) | (36)
V' v' _V Y vv:,‘yy ‘ 3
or
ol = 0 vEw 6D

This is the orthogonality relgtion for the modes of Class I and II.

To make matters complete, one .needs only note :that
Hyo . = wIHT =0 (38)
and .apply the same considérafions-tq.obtain'

Whev) = whew) =0 o

S1l
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IV. THE COMPLETENESS THEOREM

- The orthogonality relations provide a convenient means for per-
forming expansions iﬂ perﬁs of.the-ﬁv. In this sectign we prove that
the (wv] form a.complete set: .i.e., that such expgpsions can actu-
ally be performed.

First let .us note the form that. this hypothétical4expansion must

take. We have

No= () - (1 j-;) - Ae) (10)
T _v o MrTuar/a
Moo= (vfyy) = e (uv)E®
) v 2 2 ‘ ((ul)
=_-l’§§~_" =-—j‘2-—3-1r_'i4A(oo)
@ v Ve Yy o ‘
Moreover, for the continuum modes
'(“_'I"va) = N(v)s(v-v') (42)
and we find ) o
T - 2
po) =+ [ em]®
Nv) = —— =y (43)
L dv-
»This‘may_also be written in terms of A(v) by the .use.of equations
(19) -and (20). |
1 _ _o? 1 1 -
CN(w) . 2ndv® [Af(v) Af(v)] ‘hh)

12
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Therefore, if we assume.that~a.véctorqy‘has the .expansion

_ . o
‘ ’(\I[‘: Ay, + 2 Ay +f A(v)y,dv (45)
the coefficients will be determined  immediately from‘the.orthogonality

relations:

'-r T . ‘, .
PR 1.4 RV (11 VS S 1 A Y

° ) Ny . N(v)

To prove that the expansion is valid we need the following theorem:

00

Completenéss‘Theérem. Any vegtorqp?withy/‘ f(u)du < » may be expanded

=00

in terms of the {y,].

Proof of the Theorem:
_We have already shows that the expansion coefficients (if.they
exist) are given by (46). Now let Q@?'be.an.arbitrary vector. 1t V'

/
can be expanded in terms of the.{vv], then V' defined by

_with the A's given by (46), can be .expanded in terms .of the .continuum

modes alone:

/ Nt C ' -
W= [ kg T s)
: - ‘
/ .
(!f is orthogonal to the adjoint modes of Classes I and III, but is
otherwise arbitrary. Written componentwise this leads to the pair.of

integral equations fpr.A(v)

. 13 '
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gv

o - - L S q:f v Atv)dv + A(w)A(u) (49)
E' = E—:; fva(.v)dv . ‘ (50)

C -0l .

We prove the theorem by obtaining the.solution A(v) explicitly. Mul-

tiplying (50) by % 4F ¢nd adding to (49), we obtain:

nw -du
[f'(u) + _@E] Pf V—‘(\-ﬂ)EZ + uA(u)A(u)

a)2 du (51)

Now define the function (] (v) according to

Ay = f —il*ld—“ (52)

eni
If A(v), the solution to (49) -and (50) actually exists, then (A (v)
will b'e.a‘malytic..in the complex plane .cut -along the real axis and
‘ vanish for large |v| at.least as fast :as [v]™. The ..boundary values

ai('v) are related by
AH(v) - A°(v) = va(v) (53)

O+ () = & (Pf M (g

Conversely; if a(v) possessing the .required analyticity properties
can be .found, then A(v) will exist and be given by (53).
By the use of the relations (19-20) and (53-5&)' equation (51) 4

simplifies to

2 {1\

s[ow 28 | M@t W) - SE) G

[

1L

TSI o N RS
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Now consider the function K(v) defined by

' 0ty i'dF du_,
k) = = [ 1w +u'_vE’w°UE.udu 8

2ri

K(v) is constructed so that -the difference Kt (v)-K (v) is equal to

the left hand side of (55). ‘Hence

RYOHCER SO RN DY T OREA (57)

i.e., the function A(v)(A(v)-K(v), analytic in the cut plane, is also
continuous across the cut. This means that A(V)A (v)-K(v) is an en-
tire function and since K(v) and (4 (v) both must vanish for large |v|,

it follows from Liouville's theorem that

AVIA(Y) - K(v) = O (58
A = 25 (59)

.We must examine the function (A(v) to see if it has the properties.it

was assumed to have. In particular (4 (v) is analytic in the cut

plane f,except possib_ly. at :the points v, where the denominator.vanishes.

i

Thus, for (51) to possess.a solution it .is necessary and sufficient

that

X(v,) = 0 | " (60)

But we .have already insured that this condition be fulfilled by re-

15




quiring thathf'be orthogonal to the discrete adjoint modes. In fact

K(vi)vis easily found to be given by

2 ,
w 1 T !
K(y) = .-V—fmwi,mfﬂh 0 (61)
Finally we must show that the A(v) obtained as a solution of equation
y
(51) actually satisfies (50). Since
[} . : . .
vA(vlay = - lim 2riz(A(z) - . (62)
Yoo |z|.-m

this last requirement becomes
by 1 ® i dF/du :
E' = ;—u;mf [f'(u)& -—lmg—E']gdu | (63)
which becomes, on rearranging
, T [ ,>
(WO,F’Y)= 0 - : (6k)

. - ]
But this is just -the last condition that we :placed on the function nir
at the start.

This completes.the proof of the theorem.

16
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'V." SOLUTION FOR THE PLASMA CAPACITOR S

So far, everything has been quite general. We have exhibitéd
a comp;ete set of normal modes for longitud;nal plasma oscillgtions.
'The solution ﬁo 8 gifen problem is obtained via the normal MOde,é§—
pansion in much thé.Same manner as the solution to moré familiar‘ ¢
.(i.e., non#ingular),boundary‘value problems. Ongfexpands the state
funétidn of’the~s&stem in terms of the normal hodes.and appliesrthe
boqndary conditicné to determine the expansion coefficients,tusuélly
with the.hélp of orthogonality relations obeyed by the normal modes.
Now we apply the method to a specific problem: |

Ve aséume the plasma to be uniformly distributed between two

“infinite, perfectly reflecting walls, i.e., a plasma capacitor

(see Figure I). This is the problem treated by WEISSGLAS: (1962)
by means of a moreAeléﬂoraté scheme. Befo;e commenting on‘WEISS;
GLAS' treatment,-letlus obtain the complete solution via the nor-
mal mode expaﬁsion.

'Tﬁe assu;p#ion that -.electrons are speculgrly reflected at

i each plate (x = * L/2) implies the boundary condition

f(u, * L/2)

£(-u,  L/2) 7 (652)

‘ This is sufficient to obtain the entire state function in terms of

the electric field across the plates. Write:

17
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Ayt

~

) o _ bad 1 i
TLF = 'Aowo.+.A+eaM/v°¢+ +Ae wm/voW;fjp A(v)e wx/vwvdv (66)

-

AN are the two zeroes of the characteristi.c' function A{v). It is
undersfood that the terms with ' and y_ are to I;e included only when
w < 1l. Now.we make:izse of :the symm;:try properties of ‘the normal modes:

/.

| £,(-u) = £_,(u) : (67)
Continuum e
| B = -E_, (68)
| £,(u) = £_(uw) (69)
" - Discrete .
E, = -E_ (70)
Charge-free S f(w) = -f (-u), | (71)
So that conditioh‘(65st) becomes
B f_(u) +‘]§+fT(.u) + B f (u) +f B(v)f (wdv = O o (12)
‘Where
By = 2a,
B, =1 [A+e‘”L/ 2o _ p gl 2"0] (73) -
iaL/2v _ A(_V)871¢L/2y "

-B(v) =A(v)e

'AMoreovexf,'we see from (68) and (70)

'BE; + B,E, * B.E_ +f B(V)Edv = 2E(L/2) (74)

-00

R

Hence the B's are- just :the coefficients in the expansion of the vector

18 CoeL ..m,f
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0

,¢=

2E(L/2) - (75)

and may be obtained immediately from the orthogonality relations.

E.g. ,
gvT,G@) EI | .

B, = X2 = 2B(L/2)— « (76)
© . NO ' i’ 'NO ’

and similariy fdr the .rest.

Applying the same considerations to the plate at x =,-L/2 and

combining, we obtain the values for all the expansion coefficients

a, = EL2) e = Hepe) (71
AW = B2 o (é o (78)
, V.
. E;r "
= i 1 - v
Ax E(L/e)N.i o (BT . (79)

Yo .2

These results substituted into .Bquation (66) yield the complete for-

mal solution to the problem.

19




VI. ANALYSIS OF THE SOLUTION

Just as in the completeness proof of Section IV we shall rely -
heévily on the analyticity propérties,of the characteriétic function
A(v) in order to place our solution in a form suitable for computa-
tion. : We ,aré able to do this.since al‘l the N's.of equations (ho-u#)
are simpie functions of’A(f) agd its.boupdaryAvalues of A?(v).

Consider ‘the expression (66) for the electric field between the

plgtes
2 ax/ v, 2 —ax/ v
EB(x) = E(L/2)< == - (vo/w) _ e / ° _(vo/w)” e /vo
R 2 fux/v ) ' - A . (80)

-

Since, from (l4k4)

(v/w? _ 2 -;[?l 1]' . 1[,.1' ; 1J (81)

N(v) oni v. A (V) -Aéni.; A (v)

thé integrand in (80) may be broken up into -two terms which may. be .ana-
lytically continued inﬁb‘the dpper and lower half planes respectively.

Thus:the;integral-term'in (80) is given by

N Slax/ 9
» & o 2:lri 'j;lco:a(;c:‘ [A,(%f)_f ‘l] %

| T " (82)
| o | T aylu";['caciué é) [A](-v) ) l] %2

.20




The curves Cl and Cz (see Figure III) are each semicircles of ra,dius R
along w1th small circles about the singularities of the integrand in =
the uppef and lover half planes respectiveLy. These»singularities lie

at

L ' ‘ wL :
Vo= dv, end Tar B =O0L2e. o (83)

"in the upper half plane and:

-l

' qd — =0,1,2... 84
o (2n+l)x Y - e

<
1
1

[y

<

®
[=]
|

in the lower haIf pls.ne° It isAessin seen from.equstios (k1) that
the residue.contriputions from the poles at iivo identically cansel
the second snd.third.terms in (80). .The integrals along the.Isrge |
semicircles yield a contribution of. [1-1/A(»)] which combines with the

first term in (80). This, together with the: contributions from the

infinite sequence of poles.:close to fhe-réalnaxis’yields’

X Ly ;
E(x) = E(L/2) 1 + L1 Z [;&rla_i"_—){'-“l]cos(nnx/l._)
\nnt/ - '
1,35... I (85)

It should be mentioned that .for low frequencies this representa-
tion is inconﬁenient'since.the.series converges too slowly° Returning
then to the original form (80). of. the solution, we find that when

< 3/L the contribution from the discrete modes dominates. This is

Vo

of the form -cosh [v s] //;bsh [97 %] and represehts'a field which
0 o . 1]
falls off practicall& to zero in a short distance from the plates. The




.shielding length v, /@ is shown in Figure II and is seen to be a slowly

vaerying function of w, except as w + 1.
Theuimpedanceﬂz of,thé.capacitor.is found from Ohm's law
L 'L/2 - , |
W = f E(x)dx (86)
-L/2 ~ - :

But frém (85)

fL/?E(x)dx. . E(L/a) L -3—2- Z —:l—wL)-

“L/2 G A (,,-;,- (87)

and J is given by the displacement .current .at thé.platgs since .there

'is no4electron'transport‘across the .boundary of . the plasma

g _ iw - . _
R = 'lm.E'(L/E’) _ | (88)

A is the area of the plates. Hence

1aC, €err : .
with
A v 4 . :
Co = —
0 = | - (50)

the capacitance of condenser without the plasma, and with

I

3 o . : v ‘8 1 1 -:l . ' (91)
3 . Cerr T :lt_2 Z E A"i@i = - '
3 g n n= ’ \
. L . . l,},s.:.
£ ' the effective dielectric coefficient.




Another way to interpret these results is to regard the plasma

capacitor'as a series array of separate devices, each with.impedanée-

~

.1 8 1 ‘
Zn = iwCo 2 n2 Af*'(a_)L) = 1,35 (92)

ni

For most frequencies, 2 = ZZn will be purely reactive.since

b

Im<g;<< Re A'. Typically, L~10" and  we will almost always be able to

approximate A" by A(») to obtain the familiar result:

. 1 o .
2 = ;wCo.ET——Tr_ | (93)

However, at -the 'resonant” frequencies for which -
P : S8 Wp '

-RéAf(%?%) =0 . | (94)

| The impedance takes on a.significant;resiétive component -and fhe.capa-

- citor becomes a dissipative‘device;. This is effectively WEISSGLAS' ex- -

planation.

The interesting point .is that .the .resonant frequencies are just

those frequencies for which, in- LANDAU'S (1946) theory, a ;ongitudinal

wave with wave:léngth given by

)&1 = .n=l,3,5..o . (95) '

can propagate. FUrthermoré, the rate of absorption at a resonance is
just given by the .damping -decrement in the .LANDAU theory.
It is worthwhile .to reassert that there .should befho objection to

the . procedure .of solving the .collisionless equation by the device of

‘23
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assumihg that @ has a positive imaginary part which is ‘later allowed
to tend to zero. This is, in actuality, a réasonable representation

of the time dependence of a system which builds up to its steady

state ~e 10t Gyer a"long period of time. WEISSGLAS' objection that

there is actually no steady étate.for'the.collision;ess equation is

quite correct. In fagtAif one‘uses,equation;(77-79) téﬂobtain the'
actuﬁl distribution function f(u), it turns out that the résult is
singular at preéisely the.yélocities ai/nn with wﬁich an éléctron may
mgke a round trip in én»édd number of periodé. In the.collisionless
theéory of DAWSQN (1961),,the‘distribution function in the neighborhood
of these velocities does, in fact; increasexwithout'bound. This is
simply an illuétration»of the fact that Laﬁdau damping can serve as

a mechanism td transfer elgctric.energy in@o particle motions within

the framework of .the .collisionless theory in vhich no entropy increese

can take place. Hence some truly dissipative .mechanism must be pres-

ent in addition.  However, this does not,in?alidéte.the solution, but

only places limits on its validity: namely that the collisional mech-

© anism tﬁat randomizes the glectronsgthat:are.buncﬁed4into beams via.

.the Landau damping process must .be strong enough to forestall the vio-

lationlof the'lineafization assumption. This is not a severe restric-
tion.' Morgo&er,Athe,admissable.collsional mechgnism’is:quité'arbitrary,
and does not need.to take on the phenomenological form pre;cribed.py
WEISSGLAS. .In any évent,,it is interesting that'the~re$istive proper-~

ties of the plasma capacitof.should.ﬁe governed by the non-dissipative

process of Landau damping.
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- FOOTNOTE

1. In problems involving prppagatiohfof transverse waves, the full set
of Maxwell's eduations is required.<lﬂbwever,'the treatment is iden-

tical in its essentials.
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Corrections and Additions to

W EROONDARY WLy V\h&tuﬂ* IN #Lizwy Dt B A@a-
-THE PLASMA CAPACITORY

. | by Fred C. Shure

I3
o 0

Insert near the. top of page 7, after the sentence ending
with the words "Flgure IIr. ,’. Lo

[;-' The phys1ca1 signxflcance ‘0of these discrete modes Wll{]
b ] .

e discussed in Section VI, .

Add to end of Section II
—_ ,
] These "fixed - frequency" modes play the same role as
the "fixed-wave-number" modes constructed by Van Kampen.
The necessity for presenting E and g as a two component
quantity in our treatment originates im the fact that in
the problem of forced oscillations the electric field satis-

'

fies a 2" order differential equation in the space variabl
and it 1is necessary to specify both E and %f Le ‘mefgdu)

X0 . In the initial value problem the field satisfies a
15t order differential equation in time and one needs work

only with the perturbed distribution g, since the electric

field is related to it simply by E ?_’Ee 5“
, Y ’

R

d

On page 17 the second sentence in the second paragraph should

‘read: {.f¥”??ﬂ, A ;“W;»__';"i~v

U

method, ‘J:ﬁTAi_]' . “ﬂffi'.f "c?"j
. NN ‘f-t’i - .5?;“'._{,.-.,','._:’ ".r
Add to end of paper. ¥ )

~  This is the‘problem.fieeteddbijEISSGtAs by an alternative

The author would like to thank K M. Case for his helpful

and stimulating comments.a . , ;f:”‘ ’
.- ’ N #: :‘ ’ ,.ja_
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