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BOUNDARY VALUE PROBLEM> IN PlASMA. OSCILLATIONS: 

THE PLASMA. CAPACITOR 

.AESTRACT 

A normal mode tr~atment is proposed for the solution of boundary .. · .. · .. 

value problems in plasma oscillations. The. plasma distribution func-

tion and electric field are.expanded in terms of the solutions of the 

coupled Vlasov and Maxwell equations. These normal mode solutions are 

.somewhat unusual in that they are singular functions of the velocity 

variable, and, in fact, the expansion theorem is proved by means of a 

direct solution of an associated singular integral equation. As an 

application of the method we obtain the impedance .of a plasma-filled 

parallel plate condenser. 
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I. INTRODUCTION 

A fully ionized plasma can support .several different kinds of oscilla-

tions. The literature on the subject is extensive, and the problems which 

arise are treated using a .wide variety of plasma models. 

In this paper we present a method for solving·boundary value prob-

lems occurring when ·the plasma is described by the Vlasov "collisionless" 

Boltzmann" equation. The method involves an expansion in the normal 

modes of the coupled system of the Vlasov equation and the electromag-

netic field equations. (In the example of longitudinal oscillations 

treated here; only Poisson's equation among the electromagnetic field 

equations is requir~d.) 

In terms of the formal manipulations involved, our treatment is 

completely straightforward, identical with the normal mode treatment 

of more familiar types of boundary value problems. However, the nor-

mal modes themselyes are singular functions, reflecting the singular 

nature of the streaming operator in the transport equation. This was 

· first .recognized _by van KAMPEN (1955) who constructed a set of fixed-

wave-number modes for the solution of.the initial value problem. CASE 

(1960) applie.d .the singular normal mode decomposition to boundary value 

problems in neutron transport. theory, and.our treatment parallels his 

to an extent. . . 
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In Section II we construct the normal modes fOr fixed-frequency 

oscillations. It is seen tha~ -the eigenvalue spectrum separates into 

three parts: . a pair of discrete imaginary values, a_continwmjncluding 

the entire real axis, and the point ·at .infinity. In Section III we 

construct adjoint modes which, together with the original normal modes, 

form a biorthogonal set. In Section IV we prove a completeness theorem 

for the normal.modes by directly solving the singular integral equation· 

implied by the normal mode expansion of an arbitrary function. It .is 

shown that the solution may always be written in terms of the character-

istic .function A(v) which has the property that it is analYtic in the 

complex plane cut .along the set points of the .continuous spectrum and 

vanishes only at the discrete eigenvalues. In Sections V.and VI we 
·!'·' 

apply the method to the calculation of the electric field within a 

plasma-filled capacitor and.observe .the interesting occurrence .of the 

phenomenon of Landau damping governing.the resistive impedance of such 

a. device. 

3 
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II. NORMAL MODES FOR LONGITUDINAL OSCILLATIONS 

We consider the problem of obtaining the electric field within a 

plasma-filled plate condenser upon which as e.m.f. of frequency w is 

imposed. B,y virtue of the symmetry of the problentthe electric field 

lies in the x-direction· (see Figure I). and only the x-component of the 

velocity plays.a role. The coupled one-dimensional Vlasov and Poisson 

equations are 

~E(x,t) 
dX 

_ neE(x,t)dF(u) 
m .du 

·oo 

= 41te J f .du 
-oo 

(1) 

(2) 

The original Vlasov equation has been linearized about its equilibrium so-

lution 

'J(x,u,t) = nF(u) + f(x,u,t) (3) 

where n is the electron density and F(u) is a one-dimensional Maxwellian 

at temperature 8/k. 

In order to emphasize the dependence.of the .solution on the charac-

·teristic plasma parameters,. we.convert to.the non-dimensional length, 

time and velocity variables 

x' t' = ·tiD p 

4 

u '· = (4) 
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-a. 
where. the Debye length ;>... .and plasma ·period c.o · are ~iven by 

.D p 

= 
'2 4rcne 

m 
(5) 

In addition, the frequency of the impressed field is measured in units of 

(6) 

Equations (1,2) may then be written entirely in terms of non-dimensional 

quantities 

of' + u' of' 
. ot' ox' 

= -1 d.F'(u')E' 
4rc du' 

oE' 
ox' 

= 41C . f 00 f I ( U I 1 t I ) d~ I 
-oo 

F' (u ') .,· 1 -u '
2 /2 - ·e 

.[2; 
(~ell-Boltzmann) 

Henceforth we drop the primes. 

(7) 

(8) 

(9) 

-ioot The system will have. time dependence e where we will prescrib~ 

wherever necessary that'c.o has a small positive.imaginary part. This will 

yield the ·solution resulting from an applfed voltage which has been turned 

on gradually from its zero value at long times in the past. · 

It turns.out more convenient to write the c9upled .equations as a .sin-

gle·matrix .equation 

(10) 
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or, ·symbolically, 

f~ = H~ 
dX 

(11) 

where V! is the "state vector" 

~ = (!) (12) 

We immediately obtain three different .types of normal mode solutions, the 

first two with expOnential space .dependence, the third spatially inde-

pendent. 

Class I 

Discrete . M:>des . 

( 'V(' . = Vi e icmc/ ~ i ) 
. . . 

) . 

fi = 
Vi

2 dF/du 
ro2 u-vi 

(13) 

Ei = 4:n:Vi 

iro (14) 

The eigenvalues V.i are :the zeroes.of the characteristic fUnction.A(v) · 

A( v). = 1 - .v2 ·JoodF/dudv 
... (.l)2 u-.v . 

-09 

(15) 

A(v) is analytic. in the complex v-plane: cut along·the entire.real axis, 

and tends to.a constant.value.for large lvl 

" A(oo) 1 1 -c.oa (16) 

For Maxwellian F'(u), it .is.easy to show.that when ro > 1 there are no dis-

6 



:· .. :. 

_, 

. t V ' when ID < l. there are two: ere e i' , v± • *iv 1 with v0 real and 
. 0 

positive. The value of· the: discrete root v0 is shown in Fig-

ure II. 

Class II 

Continuum M:>des 

I 

·(all real v) 

= v
2 ~ ~/du + h(v)8(u-v) 

m2 V u-v 
(17) 

(18) 

Here, the fv are singular functions. 8(u-v). i.s. the Dirac delta :f'unction 

and the ~ indicates the principal vaiue prescription in integrals involv-

ing the sin'gular denominator. h(V) is g::i..ven by 

h(V) 
l. + -
2 

[A (v)+A (v)] (19) 

+ 
where A-(v) =.lim A(v±i€) are the boundary values of A(v) as v approaches 

€+() 

the cut from above and below respectively •. For future. reference we note 

also that . 

(20) 



I 
i 

t 

I 
I 

.. i 

.Class III 

Charge-Free .mode 

. . 

8 

!'-l ,iii • l< c; 

=. dF/du 
47tiiD 

(spatially independent) 

; 
. ,f 

. (21) . 

(22) 
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III. THE ADJOINT EQUATION AND ORTHOGONALITY RELATIONS 

For every solution of.equation {11) there is a solution {with the 

same value of v) to the.corresponding adj~int equation 

{23) 

~t is a two-component row vector. The collection of normal modes.vv 

and adjoint modes w!. form a biorthogonal set. 

Define a nscalar -product" between normal .modes and adjoint modes 

according to 

We then construct the operator Ht so that for.any w,wt 

We find 

r t ·· t t · 
. ( 'hHw ) . = { W H , W) 

.{24) 

(25) 

(26) 

Again, the solutions to the adjoint equation fall.into ·three classes: . 

. Class I 

Discrete modes · 

(27) 

9 



As before, the eigenvalues vi' are just the zeroes of A(v). 
( 

Class. II 

Contfnuum Modes (all .real v) 

.. 

with 

= :\( v) 
· dF(v)/dv 

Class III 

Charge-free mode 

(28) 

(29) 

(30) 

(31) 

(32) . 

(33) 

The orthogonality relations follow immediately from the de~ini-

t tion (25) of H • In fact, if 

(34) 

(35) 

Then, by taking the .scalar product of (34) and (35) with ,r. and 

.10 



~v respectively and applying (25) we obtain 

(36) 

or 

(37) 

This is the orthogonality rel~tion for the. modes of Class I and II. 

To make matters complet.e, one .needs only note :that 

(38) 

and.apply the .same considerations -to obtain 

. I (39). 

I 
f 
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IV. THE COMPLETENESS THEOREM 

The orthogonality relations provide a convenient means for per-

forming expansions in terms o:f. the -~v· In this sectiqn we prove that 

the (w.} form a .complete set: i.e., that .such expansions can actu-
v ~ 

ally be performed . 

. First let -us note the form ·that -this hypothetical expansion must 

take. We have 

= . (1 ·_ L) = t.(oc;~) 
. . . m2 

t .vf · v1J
00

u dF/du 
Ni = (vi'Fvi) = m2 1 + ~ (u-vi) 2 du 

-oo 

= - d dA 
vi2 r- v/ A(~)J = 

m2 dv v = vi 
m2 

Moreover, for the continuum modes 

and we find 
. '-. 

N(v) -
~(vl] 2 + [~~ dFi~) ril 

. r dF(v)]. 
[ dv· 

This may. also be .written in terms of A(v). by the .use.=of equations 

(19). and (20). 

1 -N(.v.) 

12 

(40) 

( (41) 

(42) 

(43) 

(44) 



Ther~fore, if we assume .that ·a.vector~has the.expansion 

(45) 

the coefficients will be determined· immediately from the-orthogonality 

relations: 

<wte"n 
No 

= A(v) 

. t 
= . ('fvz e'l0 ( 46) 

N(v) 

To prove that.the expansion is valid we need.the following theorem: 

Completeness Theorem. Any vec.tor~with Joo f(u)du < oo may be expanded 
-oo 

in terms of the . ( 11rv). 

Proof of the Theorem: 

.We have .already shows that the expansion coefficients (if.they 

exist) are given by (46). Now let~ be .an.arbitrary v·ector. If "'/!' 
I 

can be expanded in term~ of. the . ( 1jr 'V), then -~ defined by 

''\](' = '\f..- A "' - LAi1jri. 
0 0 i 

(47)· 

. with the A's given by ( 46), can be .expanded in. terms .of. the . continuum 

modes alone: 

·- (48) 

I . 

":J!' is orthogonal.to the adjoint modes. of Classes I and .III, but is 

otherwise arbitrary. Written componentwise .this leads to the pair. of 

integral equations for.A(v) 

13 
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f' (u) (49) 

E' = ~ vA(.v)dv 4 fOCI 
iw -oo. 

(50) 

We prove the_ theorem by obtaining the.solution A(v) explicitly. MUl-

tiplying (50) by _L dF and adding to (49), we obtain: 
41Cw .du 

.u [f'(u) + .i dF/dut] =; _ ~ dF(u) rj
00

vA(~)dv + uA(u)A.(u) 
41Cw ; (1)2 du -oo V u (51) 

Now define the function Q ( v) according to 

C{(v) · = ...Ljoo uA(u)~u · 
21Ci _

00
. u-v 

(52) 

If A(v), the solution to (49) and (50) actually exists,. then Gt (v) 

will be .analytic in the complex plane cut -along the real axis ~d 

· vanish for large I vI at. ·least as fast -as I v ~-~. The . boundary values 

(A±(v) are related.by 

(A+( v) - (it-( v) = vA( v) (53) 

a +(v) + a -(v) -. L f>roo ~(u)du-
1Ci J · u-v . 
. -!JO 

Conversely;:,if (i((v) possessing the .required .analyticity pro~rties 

can be found, _then A( v). will exist and .be given by (53). 

By. the use of the relations (19-20) and (53-54) equation (51) 

simplifies to 

14 
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Now consider the function K(v) defined by 

K(v) f
mf'(u) + i,dF/d~, 

= ....l... . · 41tw udu 
21ti u-v · 

. (56) 
-co 

K(v) is constructed so .that -the difference K+(v)-K-(v) is equal to 

the left hand side of (55). ·Hence 

(57) 

i.e .. , the function A( v) (i\ ( v) -K( v) , analytic. in ·the cut plane 1 is also 

continuous across the :cut. This means that A(v)~(v)-K(v) is an en-

tire .function and since K(v) and V{ (v) both must vanish. for large lvl, 

it follows from Liouville's theorem that 

.1).( v) (A ( v) K(v) = 0 (58) 

or 

(A (v) -~ = (59) 
A(v) 

-We must examine the function ~(v) to see .if it has the properties.it 

was assumed .to have. In particular (A (v) ·is analytic in the cut 

plane excep~ possibly. at the points vi where the denominator.. vanishes. 

Thus, for (51). to posses~.a solution it-is necessary and sufficient 

that 

·.(6o) 

But we.have already insured that this condition be fulfilled by re-

15 



. I, 
: ,, ~uiring that1ft be orthogonal to the discrete adjoint modes. 

K( v.) ·is easily found to be given by 
l. 

K( vi) 

In fact 

(61) 

Finally we must show_ that the A(v) obtained as a solution of equation 
,/ 

(51) actually satisfies (50). Since 

Joo vA( v)d~ = 
·-oo 

- lim 21fizG\(z) 
lz\~ 

(62) 

this last requirement becomes 

E' 41f 1 Joo [ i di/du J = -:- ""i:T:::'r' f 1 ( u) + · E 1 11du 
l.W A\ 00 J . 41fW • 

-oo 

(63) 

which be.comes, on rearranging 

(64) 

. I 
But this is just -the la~t .condition that we :placed on.the function "if 
at the start. 

This completes the ~roof of the theorem. 

16 
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V. SOLUTION FOR THE PLASMA CAPACITOR 

.So far, everything has been quite general. We have exhibited 

a complete set of normal modes for longitudinal plasma oscillati~ns. 

The solution to a given problem is obtained via the normal mode .ex-
• 

pansion in much the same manner as the solution to more familiar 

(i.e., nonsingular) boundary value problems. On~, .. expands the state 
·'' 

function of the· system in terms of the normal modes and applies. the 

boundary conditions to determine the expansion coef:t:_icients,'usually 

with the.help of orthogonality ±'~lations obeyed by the normal modes. 

Now we apply the method to a specific problem: 

.We assume the plasma to ·be uniformly distributed between two 

·infinite, perfectly reflecting walls, i.e., a plasma capacitor 

(see Figure I). This is the problem treated .by WEISSG~-: (1962) 

by means of a more elabo+ate scheme. Before commenting on ·WEISS-

GLAS' treatment, let.us obtain the complete solution via the nor-

mal mode expansion .. 

The assumption that -electrons are speqularly reflected at 

each plate (x = ± L/?). implies the boundary condition 

f(u, ± L/2) = f(-u, ± L/2) (65±) 

This is sufficient -to obtain the entire state function in terms of 

the electric field.across the plates. Write: 

17 
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. ± iVO are the two zeroes of the characteristic function A(v). It is 

understood that the terms with w+ and v_ are to be included only when 

.w < 1. Now .:we make .use .of the symmetry properties of .'the .normal modes: 

f (·u) 

/ 

= f_v(u) v 
Continuum 

E = -E . v -v 

. {f+(-u) = f_(u) 

Discrete 
E = -E . + -

Charge-free · f (u) = -f (-u) 
. 0 0 . 

So that condition (65+) becomes 

B
0

f
0

(u) + ~+ft(u) + B_f_(u) .+ J00

B(v)fv(u)dv = 0 
-oo 

Bo - 2Ao 

B± .~ ± ~+ewL/2vo - A_~-WL/2Vo] 
. B(v) = A(v)eiwL/2v _ A(--v)eiroL/2v. · 

.Moreover,· we see .from (68) and (70) 

B~E0 +' B+E+ ,+ B..;E_ .+ Joo B(~)Evq.v = · 2E(L/2) , 
-oo . . 

. ·~ 

(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) . 

(74) 

Hence the B' s are· just :-the coefficients in the expansion of the vector 

.18 
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and may be obtained immediately from the orthogonality relations. 

E.g. 

. N .o 

and similarly for the.rest. 

Et 
:= 2E(L(2)....2. / 

. .No 

(75) 

(76) 

Applying the same considerations to the plate at x =. -L/2 and 

combining, we obtain the.values for Bll the expansion coefficients 

t 

EUL/2) 
No 

A(v) = E(L(2) Ev ·
1 

N(v) cos (~.~ 
T 

1 E+ 1 
A± ... - E(L1 2)~ ----==.-~-

N± cosh ~.~ ~\ · \vo ·2) 

. (77) 

(78) 

(79) 

These results substituted into.Equation (66} yield.the complete for-

mal.so1ution to the.problem. 

:19 
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VI o ANALYSIS .OF THE .SOLUTION 

Just as in the completeness proof of Section IV we shall rely · 

heavily on the analyticity properties of the characteristic function 

A(v) in order to place .our solution in a form suitable for computa-

tiono · We are able .to do this. since all the N's· of equations (40-44) 

are simple furi.ctions of A(v) add it.s boundary.values of A±(v) o 

Gonsider the expression (66) for the electric field between the 

plates 

.E(x) 

Since, from (44) 

(v/c.o) 
2 

N(y) 
l l [ . l J = 2,d; A"'(v) - l 

2 -CJJX./Vo 
_ (vo/c.o) _=....;e:;.._ __ 

N.. cos-hfm ~' 
~o·2; 

(80) 

(8l) 

the integrand in (80) may.be broken up into ·two.terms which may.be .ana-

. . : . 

lytically continued into the upper and lower half planes respectiv~ly. 

Thus:the :integral· term in (80) is given by 

. . l J. . eiCJJX./ v 
:- 2Jti .. ·C cos(CE. .!!) 

. 2 \v 2 

. 20 

[l. l] vdv 
A(v) -

. (82) 
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The curves C1 ~nd C2 (see Figure III) are each semicircles of radius R 

along .with small circles about the singularities of' the integrand in 

the upper and .lower half' planes respectively. These singularities lie 

at 

OJL 
0,1,2, ••• v - iv

0 
and (2n+l)n n = (83) 

· in the . upper half' plane and. 

-iv and -OJL n = 0,1,2~ •• v - 0 (2n+l)n 
(84) 

in the lower half plane. It is easily seen from equation (41) that 

the residue . contributions f'rom the poles at ±i·V 
0 

identically cancel 

the second and.third.terms in (80) •. The integrals along the.large 

semicircles yield a contribution of'. [1-1/A(oo)] which combines .with· the 

first term in (80). This, together with the•cont~ibu~ions f'rom the 

. . 

infinite sequence of' poles. close to the real-.axis yields • 

J, (n-1)./2 . } ·. 

E(x) = E(L/2) l + ~ I (-!) [ /\+ ~} - l.}os(nn/L) 

. 1,3,5·.. . . . . . (85) 

It should be mentioned that f'or.low frequencies this representa-

tion-·is inconvenient since .the .series converges too slowly. Returning 

then.to the original f'orm.(80). of'the solution, we find that· when 

ru~ 3/4 .the contribution from the discrete .modes dominates. This is 

of' the form.- cosh [~ xJ /cosh [~ -
2
LJ and represents. ·a field which 

.vo. . .. , Vo. 
. . . 

falls off' practicallY to ~ero in a short distance from the plates. The 

21 \ 
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. shielding length v
0

/ro is shown in Figure II and is s·een to be a slowly 

varying.functiort of m, except ~sill+ 1. 

The· impedance· .z of. the .capacitor. is found from Ohm's law 

"L/2 · 
ZJ = J E(x)dx 

-L/2 
(86) 

,, 

But from (85) 

(87) 

and J is given by. the .displacement .current at the· .plates since .there 

is no electron transport across the boundary of.the·plasma 

= im.E(L/2) 
A 4rc 

A is.the area of the plates. Hence 

.:z = 

with 

Go = 

1 1 

A 

4rcL 

.the.capacitance.of condenser without the plasma, and.with 

~eff · · l J 
-1 

8 1 1 •. 

~2 ~ n2A+~) .. 

1,3,5·.. . 

' the .effective dielectric .coefficient. 
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Another way to interpret .these .results is to regard the plasma 

capacitor as a series array of separate devices, each with. impedanc·e · 

-~ = n = 1,3,5 ... (92) 

For most frequencies, Z = LZn will be purely reactive.since 

. ~- . + 4 . 
Irn A <:< Re A . T.YI>icalJ..Y, L-.10 and· we will almost always be .able to 

approximate.A+ by A(~).to obtain the familiar result: 

.z = 1 1 
1 iwC0 .1 - o)2 

How·ever, at .the ''resonant" frequenci~s Wn for which 

(93) 

(94) 

The impedance takes on a significant.resistive component-and the.capa-

citor becomes a dissipative device •. This is effectiv~ly WEISSGLAS' ex-• 

planation. 

The interesting point.is that .the. resonant frequencies are just 

those frequencies for which,. in·.LANDAU'S (1946) theory,_ a longitudinal 

wave .with wave length given by 

A . = ·:n 
2L· 

n n = 1,3,5 ... .· (95) 

can propagate. Furthermore, the rate of.absorption.at a resonance is 

just given by the .damping-decrement in the LANDAU theory. 

It is worthwhile.to reassert .that .there .should be.no objection ~o 

the proced~e.of solving the collisionless equat~on by the device of 

:I . I 



_, 

,· ' ' ~· 

.. 

assuming that ro has a positive imaginary part which is later allowed 

to tend to zero. This is, in actuality, a reasonable representation 

of the time dependence of a system which builds up to its steady 

state ~e-ic.at over a·long period.of.time. WEISSGLAS' objection that 

tnere is actualiy no steady state for.the.collisionl~ss equation is 

q_uite correct. In fac-t; if one uses. equation; (77-79) to obtain the 

actual distribution function f(u), it turns out that the result is 
. . I 

singular at precisely the .velocities wL/~ with which an electron may 

make.a round trip in anocid number of periods. In the.collisionless 

theory of DAWSON (1961),. the distribution function in the neighborhood 

of these velociti.es does, in fact, increase without bound. This is 

simply an illustration. of the fact.that Landau damping can serve as 

a mechanism to transfer electric energy into particle motions within 

the framework of. the collisionless theory in which no entropy incree.se 

can take place. Hence some truly dissipative mechanism.must be pres-

ent in addition .. However,_.this does not invalidate.the solution, but 

only places ;Limits on its validity: .namely that the collisional mech-

anism tl~t randomizes the electrons :that.are bunched, .into beams via . 

. the Landau . damping process must be strong enough to. forestall the vio-

lation of the linearization assumption. This is not a severe .restric-

tion. MOreover, the admissable collsional mechanism is.q_uite arbitrary, 

and does not need to tak~ on the phenomenological form prescribed.by 

WEISSGLAS. In any event, it is interesting that the ·resistive proper~ 

ties of the plasma capacitor. should .be governed· by the non-dissipative 

process of Landau .damping. 
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r 'FOOTNOTE 

1. In problems involving propagation of transverse waves, the full set . . . 

of Maxwell's equations is required. However,· the treatment is iden-

tical in its essentials. 

<. 

25 

! 
l 

. I 
I 

Jl . . 



., 
Figure I. 

[ 
Figure II. 

Figure I!I. 

' 

LIST OF FIGURES 

Plasma Capacitor Geometry. 

Sheath Thickneslir vs. Applied Frequency. ·cnondimensioMlized)· 

Deformed Contours for.the Continuum Integral. C1 lies · 

wholly in the.upper half plane; c2 in the lower. 
. . I . . 

.26 



f. 

-' 

ACKNOWLEOOEMENT 

The author would like to.express appreciation to Professor K. M • 

Case for his advice and stimulating criticism • 
. . 

I . 
I· 

\ 

. t 

· .. ;{ 

j 



AREA= A 

\ 
, .... 
v 

J--; ..... 

n 

J 

•X 

Figure I 

• 

• 

;. ~ ... ":-,.. 4 .. 
c 

v . ... 
( j.J .. 

:· t. v 

t ;• ., ... 
~: : . ..i ~ 
· ... 

~- I 

I • 
i' ·' 

/'. 

1.1i ,,. 
J. ,I 

.. !\ 
I .. , ! ' 

i 
' 

.I 



._ 

<I 

,. 

5.0 

4.0 
"o 

(IJ 3.0 

2.0 

LO 

0 0.2 0.4 0.6 0.8 1.0 

' 
• 

Figure II 

' .. 

~ " • r 

¥-:1 
,, ..... 
'. ·~ .. .... .,: . . ' . 
:",. 
f" i: 

'· .. 
~ .... . -

'~ . 
!· •. 

I~:·· .. 

,. 
i· 

f• -f. . ~ r·· . , ~-~·~ .~ 
j ·<i • 

1\J; .... 
, '~ I ·; -: . :~' 

~ ,,. 1 '! 

; ' . ·' ~.: 

I f• .-1 

·',. \t \: 

(t .. { ;. 
•,·, r . 

'· '• ' . . r· -I 



-il ~ <!) 

_JI ~ 
a,..., 

®
 

0 
0 

~
 

~
 

• 
H

 
H

 
• • • 

H
 G
) 

~ tiO 

(!) 
-~ 

, I 

.. .. 
" 



' 'I ,. 

a 

•• • 
f. 

I ' ·'._ 

.' 

,, l 
t .~' • \' 

.. 
t-.' ... ,·: ... 

..:. ·: R ~ • .,. 

( .,., "'- ," t 

. ' ' 

' ' I I ; 

'~ • :~ , ,'j 

_.· .. 
' 
-~ ~ 

, I. r ! .. 

I ··­' . ~ . ' 
I , 
I -, 

I j, 

' ; ,\ • • A. ., 

Corrections and Additions to 

by Fred C. Shure 
.. ' . ( . ( 

Insert near the·top of page 7,·after·the sentence ending 
with the words ... Figure II''., 

The physical significance·of these discrete modes 
discussed in Section VI. · 

Add to end of Section II -
wil~ 

These "fixed - frequency" modes play the same role as 
the "fixed-wave-number" modes constructed by Van Kampen. 
The necessity for presenting E and g as a two component 
quantity in our treatment originates in the fact that in 
the problem of forc.ed oscillations the electric field satis-

. .. 

fies a 2nd order· differential equatio'n in the space variabl 
. ~e ,[ 

and it is necessary to specify both E and ~ {'i.e "-J~~), a 

In the initial value problem the field satisfies a 

1st order differential equation in time and one needs work 
' 

only with the perturbed distribution g, since the electric 

field is related to it s~~ly by e = Iff: fja-. 

/ 

On page 1'!, the second sentence .in the .~s.econd paragraph should 
cit .• 

. ' ·'' ..... :. j 
: I • j : 

· read: 1 '··. .:, I::--·.,·>··:·' 
an alternativj 

Add ·to end of paper: 
~:.~ . . 
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