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Hisforiééily;‘pion;ﬁucleon scaftering was the.first”problem on whicﬁ
the modern methods for making calculations via analyticity and unitar;ty ‘
achieved significant success. Chew and Lowl were able to find from the
cutoff model a simple éffective-range formula which accounted for thé shape
of the (3,3) reéonanée in terms of a single parameter, %he pion-nucleon
coupling constant. Dispersion relations at fixed momentﬁm transfer gavé
some understanding of the success of the cutoff m.c?del,° In view of this
relative‘simplicity‘whieh'the ﬁiononpcleon,problem shoved'it is rather ironic'
to finq that it is qp;te 8 complicated problem within the new framewoik of
calculation developed by Chew and Mandelstam92 Thevmain resulés of Chew and

3,4

Low have been given a more systematic justification, f but I have no new
information of comparable significance to present. This talk will therefore
be limited to a presentation of methods and prospects for wringing some
theoretical‘predictidns out of the Mandelstam representation for pion=nucleon

scattering.

This work was performed under the auspices of the U.S. Atomic Energy Comnission.
1. Invited paper fér the Tenth Annual International Conference on High-Energy
Physics. . ' '

Permanent address: Department of Physics, University of California,

La Jolla, California.
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- I shall describe two complementary methods of attack on the problem:

first, the partial-wave dispersion relafionsj and second, a modification of

5

the method of Chew, Goldberger, Low, and Nambu. ‘The former is the more basie

approach, but also the more complicated° Let us try to get some feeling for
the capabilities of this method.

5

In the standard notation,” the matrix element is proportionsl to

ulpy) (8, (-2l 21 7»(qi + 92)3("*)]

1 (-) , 1 (-)
+ 5 [eg 7=+ 51 9.(a) + q)B T ulpy),

(1)
where pl and Py are the four-momenta of the incident and outgoing
nucleons, Q3 and q2 are those of the pions, and B and a are the
'isotopic—spin indices of the pions. The invariant amplltudes A( ) and

+ ’ . v
B(_), which are functions of the variables
' 2
8 = (pl + ql) 2
_ ) .
s = (p, - 9)°, (2)
t = (g = ‘9)7,
are assumed to satlsfy the Mandelstam representation,2
Consider novw the. partial-wave amplitude f (£ ), that is, the
amplitude with parity =-(=~l_) and the total angular momentum j = £ * % .
In the physical region, unitérity tells us
' 18, |
e sin & .
£t
fzi Tt q L (3)
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'where: q 1is. the magnitude of the mo%entum in the barycentric system. The

relapion between fzt 5 A, and B "is

()

2,00 = g (B +m) [ a, + @ - .in)Bz] + (B - m),[.%ilf‘:(w + m)ll '

2 2 ' .
g - V@, 2 . ¥to -1 ' (5)

+ m
2W ’
and'
T _
Az(s) = 5 f dcoseP(cos 0) A(s, s, t) , - (6)
-1 S

The pion mass has been set equal to unity; The singularities of A (s)
be found in the standard ma.nner2 from the Mandelstam representation.

In order to exploit the simple unitarity condition, Eq. (3), we wich
to ﬁrite a dispersion relation for £ (W), or perhaps for a simple multiple
thereof. We shall not discuss the time=consuming qpestion of just exactly what

3,4

amplitude is most convenient° Wo can avoid extra'sipgularities from the
kinematical factors in Eq. (4) if Qe work in the W plane. One-can, of course,
use soch voriables as s of q?u if he is willing to work on a Riemann
surfaoe of “.l:wo‘sheets° In the W plane the physical cut for s > (m + 1)2
becomes two cuts; the physical cut W2 m+1 plus a cut along the negative

real axis, W< -m - 1. This cut causes no trouble, because we can use the

symmetry noticed by MacDowell,6
£,(H) = =Fpy. () S (7)

to write an expression of the form of Eg. (3) on this cut. Notice that Eq. (1)

relates the two states with the same J.
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The rest of the cuts are soméwhat frighténing. The pole terms, which
are ildentical to the Born approximation, give rise to a pole at W = -m (in
the amplitude ‘f0+ only), plus a cut along the’ imaginary axis and short

branch cuts in the regions

1
=-(m2+2)/2 £ W -n+ Vn,

(8)
e |

m=-1mh < W g (n° + 2)
‘ The singularities in s s arising from crossed pion-nucleon scattering, lie
along the imaginary axis plus the regioné -m+1 £ W £ nm= lo'ﬁﬁinally,
the singularities in +t, corresponding to the process =« +xx - N + ﬁ, lie
along the imaginary axis plus a circle of radius W = (m? - 1)1/2o

The discontinuities acrdss all these cuts have been eﬁaluated in
‘terms of absorptive parts of pion-nucleon scattering and the proéess'
T+ N.+ N, 4 This process hés been evaluated in terms of pion-pion
Scattering,_and’some inforﬁation about it is available from the electromagnetic

7,8,9

structure of the nucleon. This evalusation involves.pionanﬁcleon
séatteriﬁg itself as‘inpuf‘information,‘so that on the most basic level_tﬁe
two proeesées musi be determined simultaneously from a set of coupled integrél
equations.

In order to express the diécontinuities in termélof physical
absorptive parts an analytic continuation in mbmentum transfer is requiredo‘
The only method yet devised is‘an expansibﬁ in Legehd;e pelynomials, whichv
immediately leads to difficulties. The expansion converges only in a limited
region of the W pléne near the physical thresholds. Furthermore, if higher

partial waves than S waves are important in the .absorptive parts, the integrals

that occur in the N/D solution2 fail to exist, forcing the introduction of
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additional paramete;sm‘,The‘situgtionAhe;e ;s_comp}etely_analogops‘to_the )
singularity of the Chew-Mandelstam eqpationg for p?on»pion §¢§ttering,lo"1t
seems clearAthat the”tephniqpes;availableAat presentrﬁill.npt permit a
convincing calculation to be made without the introduction of at least one
parameter in addition to the cdu§1ihé'coﬁstant, The exact number of pafameters
required is an open question, to which I shall return later.

At this point those of you wﬁo are hearing about this morass for the
first time may be wondering how a theory so simple as that of Chew and Low
gave meaningful results. The answer sﬁggested by the work of Frautschi and
Waleckah is that the only significant long-range force (i.e.y "near-by"
singularity) in the (3,5).stéte comes from the shorf branch cut in Eq. (3)°
This short branch cuf, which 1s‘ﬁpproximated by a pole in the static model,
controls the width: of the resonance, buf not'its position. Althoughlthe
result is the sare as the cutoff model, it 1s not insignificant that it
has at last been given justification inha'more systematic theory.

I have mentioned above the rough inverse correlation which exists
between distance of singularities from the physiéal threshold and range of
an{eqnivalenf "force." WeAbelieve we have reliable inform;tion about the
long-range forces, but not about the short-range ones. It has already become
clear, however, that éome of the most interesting aspects of the iow»enérgy
pion-nucleon problem, such as S-wave scattering lengths and the position of
the' (3,3) resonance, depend critieally~on thege" short-range forces. The
important question is: How many parameters will we need tc introduce to
describe the short-range forcés?»

Crossing symmetry will provide'powerful help in reducing the number
of ﬁarameters.' We shall treat the:shorterange7forces phenomenologically, .

perhaps by representing them by poles or by subtraction constants. These
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phenomenological forces will be constrained, however, to obey certain crossing
- conditions, which we shall now discuss. -

The amplitudes:A and B have theifollow1ng crossing properties:

+ - +)— - |

A(_)'(S: s, t) = iA( )('5) s, t) .
~ o (9)
(s, 5, 1) = BHGE, s t) . ‘

If we consider a "symmetry point" 84 such that s =8 = Sg t = to s

we have |
- ' A + '

Ay 50 t0) = B sy, s, 1) = 0 (10)

Conditions can also be written down for derivatives. - A convenient choice of

8o is such that to f -2k02 s so that cbs eo = 0. ~?hen so'az m2, or
WO ~ m; and we find, neglecting D wavés and higher,
(=) L1 (-) (-) | ' |
fo, 1 o= = :—5 ( £ - £,.70), (11)
m .
(+) 120 (4). . (+) "
o+ - o (Jf1+ e o, ) (12)
(+) (+) 1 (+) ‘ '
L T - T YRR (13)
lym
(=) (=) _ _1 (-) (-) :
fi. =t o= - (e = ) (1)
2f1+( )4 fl-(n) = - % fo+(-)’ ) ' ‘ (15)
2fl+(+) + fl_,(,+),' = % (5f1+(+) + fl_(+)‘~ ) , (16)
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where terms of relative order lfbg have been neglected. All quantities are

evaluated at W =W and the prime means dﬁﬁio Higheraderivafiye conditions

OJ

also exist; but these are less interesting because they should'be dominated:
by‘theibngarange forées; ‘The four P-wave éoﬁditions above agree in the stafic
limit with the cutoff model.

The pole terms, plug the t spectrum, should satisfy crossing symmetry
sepa:a.tely° Therefére, we can subtract them ffom the amplitude before applying
the crosging cond;tionso‘ We must, at any rate, subtract the pole terms in
order to get rid of the short branch cut on which W, lies.

At thig éoint we‘cén make a very crude and rather pessimistic guess
at the number of arbitrary parameters that will remain in the theory after
-the crossing conditions are used. <$uppose we introduce as'parametérs tﬁe";
Qalﬁes of the P waves at W, (for the (3,3) state this parameter is essentially
the4pésition of the resonance), and the values and derivatives of the S waves.
We expect that at low egergieé the higher partial waves will be less sensitive
to the unknown longefange forces. ‘Tgat adds up to eight parameters, whereas
we‘have six conditions. :Unfortunately two of'these conditions, Egs. (14) and
(16), involve the P waves only as llm corrections, and cannot reliably be
used to determine them. By this method we guess that four parameters will |
be necessary in addition té‘the eoupling‘coﬁstant and knowledge of the pion-
pion phase shifts if our theory is to agree with experiment within the usual
accuracy expected of dispersion=relation calc}zlations° There is, of course,

a considerable body of experimental informatién for the theory to fit. It is
easy tq overlook, in the shadow of the dominant (3,3) resonance, how little
theoretieal‘knowledge is presently available about pionnnucleon scattering.

Let us now turn to a simplér;‘more phenbmenologieal approach, in

vhich we shall derive correction terms to the CGLN equations. These authors
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bégin with the fixed momeﬁtum?traﬁsfer dispeisibn relatidns, such as

+\ - .o +) L o
B(")(s, s, t) = % [ ds® Im B( )(s', Zes'<-1t,t) [ 1 3 1 -
’ o : A _ s' = s s’ -8
(17)
where = 55;42m2' + 2, and where the pole terms are to be understood as a

delta-function contribution to Im B. .In CCIN a polynomial expansion of the
continuum éart of Im B was made, and only the (3,3) term in the expansion
was kept. A puzzling aspect of the method was that the pion-pion interaction
never appeared explicitly. The two most obvious places where it'ﬁas hidden.
are in possible subtraction terms in Eq. (17) and in corrections to the
polynomial approximation. We shall exhibit é method, based on a sugéestiop
by l'vka.n‘clels‘t:am,'2 for the approximate evaluation of these pion~pion corrections.
Suppose we make a subtraction in Eq. (17) to improve the convergence.
Notice that the leading term as s' — @ is é function of t only; 'i.e., it
is related to the coefficient of 'Po(cos 63) in an expansion of B(s, s, 't)
in Legendre polyﬁomials in the scattering angle of the process n + x = N + N.

(=)

In detail, one finds, conéidering—»for example-=B

0o
B(")(s, s, t) = . l(1-,) + 2 [ ds® ImB(”)(s', Z -8 =1, t)X
- Vo - T2 e
m
1 1 1 ( )
-+ — - [ d cos 6.1 =P, (cos 6,)]y
s' =8  s'-s -1 E 2 571X
1 1 >
s' - s(cos 63) . .8' = B(cos 65) ’ ’

(18)
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which can easily be seen to be more convergent. The notation fiJ(t) s Which
is taken from Ref. 7, refers to the partial-wave amplitude for the‘pfocess
t+n>N+N with given J and helicity. One could effect still better
convergence by subtracting the J = 3 amplitude, but we shall assume that
only J = 0,1 states are important. -The’aﬁplitude- A(G) has a similar’ form,
involving both f+1 and félo‘ The A(+) amplitude involves f+o s which is .
related to the pion-pion S-wave phase shiftel For B(+), vhich involves only
ﬁ = 2 and higher, we assume that the unsuﬁtracted CGILN representastion is
adequate.

We ndw make the usual Legendre polynomial expansion of Im B in Eq.
(18), but with somewhat more confidence‘than usual because of the improved
con&ergencg of the integral. If we now assume, following CGLN, that the (3,3)
resonancé dominates the integrai, we can calculate .B(é), and, in a similgr
manner, the other th%ee amplitudes. For .fil(t) we can use the improved
calculation of these qpahtities from the nucleon structure now being cerried
out by Ball and Wongog We must also have some knowledge or make some
assumption about the Sewave pion-pion phase shift.

The mumber of parameters (in addition to the coupling.constant) in
this approach is roughly four. “The three amplitudes fil , f+9 cannot in
general be calculated reliably without using the normalization procedure of
Ball and Wong. They calculate the nprmalization constanfs in terms of
pionmnucleoh scattering, so we ﬁust regard these cénstants as parameters.

One parameter is required for each P wave, and two for the S wave. . In addition
we have assumed the dominance of the (3,3) resonanéeo

A modification of this procedure can be obtained by manipulation of

Eq. (18).. Suppose we write a partial-wave dispersion relation for fml(t)e«
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We must write s subtractedAdispersion-relation if the integral over the left

cut is to be convergent when we keep P waves in the polynomial expansion on -.
this cut.. If it were necessary to keep £ waves, we would need £ subtractions.
Now it can easily be seen that the'integral over the left cut cancels the .-

last term in Eq. (18) (the term integrated over cos 63) except for a.constant,

' 11

provided ‘Im B 1is expanded in Legendre polynomials up fo and including P waves,

One obtains

B(°)(s, 8, t) = CGIN + ch".):' + ;‘;‘5 ?Ddt" ——-ﬂfﬁ— s (19)

B(.'*')(s, s, t) - com ;o | o | (ép)
O - _ (N my, sene P, ey
AT (s, s, fc_) = CGIN + C, (8 = 8) + - £dt S (! =5)
(21)
NG TP RO R © I LISl SR L/
4 2 5(t - %)
(e2)

where CGLN refers to the unéubtracted, fixed momentum-transfer dispersion .

. =)
relations with absorptive parts expanded in S and P waves, and wkere b(_’

g o) (+)

are linear combinations-of f+l and a is a multiple of

f+oo These equations are of the one-dimensional form derived as an approx-
imation to the Mandelstam representation by Cinivand Fubini,l2 and applied to
the pion=nucleon problem by Bowcock, Cottingham, and Lurie.,13 They differ

slightly in that these authors do not have the term in QA(“), which we seem
to.find 8 necessary consequence of the importance of P waves in pion-nucleon

scattering, and in that we have explicitly'inclﬁded the pion=pion S wave,
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An apparent difference is the subtracted form of the t integrals, but this .

“A,B°
A further modification of these equations can be made by relating the

is merely a redefinition of the constants

t integrals in the (-) amplitudes to isotopic-vector nucleon form factors.

It is clear that some-such relation must exist, because written échematically
the absorptive part of the two<pion contribution to the nﬁeleon strucfure is

of the form ( NN | mn )( nﬁ'l 7 ) , whereas the absorptive part of the two-pion
contribution to pion-nucleon scattering is of the form ( Nﬁ | e Y ax | e ),
with all amplitudes in the J = i; 'I % 1 state., In the ﬁotation of'Chew ana
Mandelétam,2 (x| nxe ) ac N/D vhereas ( ey | ) o I/D". ® The only
difference is ﬁhe pionepion‘nnmerator function. If we approximate thi;

function by a series of poles (not an essential approximation),

By
.N(t) = X %—:-‘EI P (23)
we find, by algebraic manipulationms,
: ‘ \ ' ' v
® (=) 2ga, | G, (=t,) = G, (0) G, (t) = G, (=t.)
t [ at! _B__,iill_ - = . i m;. 1 T AN T — T i
xRy (e et 0§ e t oty
' (24)
: \'s v v s
oo (=), 12ra, | G, (=t,) =G, (0) G, (%) =G, (~t,)
tPee e (0. L p a2 T e TR T
T tr(t - t) i e ty , T+t

(25)

where GTv(t) is 2m times the isovector total magnetic moment form factor,'

Giv(t) = le(t) + om 92Y(t) . : (26)
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The notation for the form factors is' that of Ref. 8. The numbers a; can

also be inferred from the nucleon structure.8’9 With the one~pole formulsa

used ‘in Ref. 8, t, is large and

i

8 a8
i i _ T 1 : .
TVE, Y T % Yk - )

i i r

We are now in a position to make a fit to all the low—enefgy pion=nucleon

scattering data, plus the high angulér momenta at higher energies, in terms
. : + - '

of the six parameters f-, qA(“), cB(<), QA$+)

resonance, plus some assumption about the pion«pion S wave. Although one can

and the position of the (3,3)

mske the comparison with experimentuﬁirectly‘in Eq. (;B), vwhich is clearer from
the poiht of view of subtractions and number. of parameters necessary, equations
such as Eqs. (19)=(22) of the one-dimensional Cini-Fubini form which explicitly
exhibit the pion-pion-term should be quite uéeful.‘

It is clear that the approach we have just finished discussing, the
modified CGIN approach, is much farther fromvbeing &8 dynamiecal fheory than is
- the partial-wave method. In the former we must use our knowledge, which at
present comes only from experimené, of which phﬁse shifts are large enough
that we should put thém into the absorptive part in Eq. (18). It is the task
of the partial-wave method to supply this knowledge, and to calculate the large
phase shifts. Then Eq. (18), or Egs. (19)-(22), are convenient formulas for

calculating the small phase shifts.
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