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A COMPARISON OF ATTRIBUTE SAMPLING PLANS

I. ABSTRACT

This report describes, compares, and provides sample size selection
criteria for the most common sampling plans for attribute data
(i.e., data that is qualitative in nature such as Pass-Fail, Yes-
No, Defect-Nondefect data).

This report is being issued as a guide in prudently choosing the
correct sampling plan to meet statistical plan objectives.

II. INTRODUCTION

In plans based on attributes, consideration is given only to the
number of items in the sample conforming or failing to conform to
certain quality specifications. This conformance generally relates
to a single quality characteristic of the item.

Whenever a decision is based upon a sample size (versus 100%
inspection of a population of items) there are risks that the
decision will be an incorrect one. So, why not just examine the
total population? This will obviously provide risk-free results,
however, time and cost usually prevent such an extensive evaluation
and thus a sampling plan is utilized.

Sampling plans minimize the amount of inspection required by
sampling only a fraction of the population. The information in the
sample is then used to make inferences about what’s in the total
population. A sampling plan should be employed if and only if the
auditor and auditee are willing to accept the risks associated with
the particular sampling plan. Sampling risks cannot be avoided as
long as samples are employed as the basis for decision making.

III. SPECIFYING SAMPLING RISKS

Sampling only a fraction of the population and applying statistical
tests to these samples creates two kinds of risks. There is a risk
of rejecting a population of acceptable quality. There is also the
risk of accepting a population of unacceptable quality. Paramount
to employing any sampling plan, then, is awareness of the magnitude
of the risks for the given sampling plan. The notation given below
is necessary in developing a quality sampling plan and specifying
the risks that will be utilized.

Notation

AQL ~ Acceptable quality level expressed as a percent.
a - the chance of rejecting a population of acceptable quality. Commonly




known as the "producers risk".

l1-a - the chance of accepting a population of acceptable guality.

RQL - Rejectable quality level expressed as a percent.

B -~ the chance of accepting a population of unacceptable quality.
Commonly known as the "consumers" risk.

1-B - the chance of rejecting a population of unacceptable quality.

c -~ acceptance number, the maximum allowable number of defectives in a
sample of size n allowed to accept the population. More than c¢
defectives will cause rejection of the population. Often c is specified
as zero.

n - Sample size. The number of items in the sample.

N - Population size. The number of items in the lot, batch, etc.

D, -~ AQL*N -

D, - RQL*N

IV. TYPES OF SAMPLING PLANS AVAILABLE

Sampling plans exist that emphasize only the AQL risk; this means
that the main emphasis is placed on minimizing the risk of
rejecting items of good quality (AQL or better quality). For
example, an auditor might wish to reject a population only a = 5%
of the time when the AQL is 1% or better (or equivalently, accept
the population 95% of the time when the AQL is 1% or better). The
plan does not control the B risk and thus can result in accepting
poor quality populations (i.e., populations with a nonconformance
rate worse than the AQL).

Sampling plans also exist that emphasize only the RQL risk; this
means that the main emphasis is placed on minimizing the risk of
accepting items of poor quality (RQL or worse quality). For
example, the auditor might wish to accept a population only B = 5%
of the time when the RQL is 1% or worse (or equivalently, reject
the population 95% of the time when the RQL is 1% or worse). The
plan does not control the a risk and thus can result in rejecting
acceptable quality populations (i.e., rejecting populations with a
nonconformance rate better than the RQL).

There is a third type of sampling plan that emphasizes both the AQL
and RQL risk simultaneously; this means that the main emphasis is
placed on keeping both risks reasonably small.

Below is a detailed description of each of the most popular
attribute sampling plans. :

V. AQL PLANS

AQL plans emphasize the o risk and not the B risk. The most common

P




AQL sampling plan is the MIL-STD-105 developed by the military!'.
These plans are available as tables containing the required sample
sizes for different AQL’s. The a risks are controlled and vary
between 0.20 (20%) for the smallest sample sizes and 0.002 (0.2%)
for largest sample sizes. It can be shown that whenever the sample
size is 50 or more, the a risk is approximately 0.05 (5%).

V. A, MIL-STD-105 Tables
The plan works as follows (see attached excerpts from MIL-STD-105).

1. The user locates his lot size (N) on Table I - sample size
code letters and chooses between 3 inspection levels.
Inspection level 2 is used ordinarily. This provides a sample
size code letter.

2. Table II-A then provides the required sample size down the
second column for this code letter. Locate the user-specified
AQL across the top row, and where the AQL and sample size
intersect, this provides the acceptance number (c), and
rejection number (c+1l). If the number of defectives found in
the sample is equal to or less than the acceptance number, the
population shall be considered acceptable. If the number of
defectives is greater than or equal to the rejection number,
the population shall be rejected.

Example 1. Given that a lot contains 1500 items and a lot quality
of 1.0% defects or less is considered acceptable quality and a lot
quality of more than 1.0% defects is considered unacceptable, the
sample size and the acceptance number for the sampling plan is
found as follows..

Step 1. Using Table I, N = 1500 items fall in the range 1201
to 3200, so use sample size code letter K for inspection level
II.

Step 2. From Table II-A (normal inspection) for code K, the
sample size is n = 125. Moving across the top row for an AQL
of 1.0%, the acceptance number is ¢ = 3 and the rejection
number is 4.

In order to determine the risk levels associated with the sampling
plan, it is necessary to refer to the Operating Characteristic (OC)
curve for the particular sampling plan. This is discussed below.

V. A. 1. Operating Characteristic Curves

The OC curves shows the ability of the plan to distinguish between
good and bad lots. In other words, the OC curves provide the a and
B values for a particular sampling plan.




Example 2. Using example 1, perform the following steps to find the
risk levels.

Step 1. To find the o risk associated with this sampling plan,
the OC curve in the attached Table X-K =-- Tables for sample
size code letter:K is utilized. The P, column represents the
probabilities of accepting the lot for the various lot
fraction defectives. For example, with an AQL of 1.0%, if the
true 1lot fraction defective is 0.658% the probability of
accepting the lot is 99%. If the true lot fraction defective
is 1.09%, the probability of accepting is 95.0%. Since 1.0%
falls between 0.659% and 1.09%, the probability of accepting
the lot is between 95% and 99%. In other words, the a risk is
between 1% and 5%.

Step 2. The B risk depends on the distance the true lot
fraction defective is from the AQL. For example, a population
containing 1.09% defectives (an unacceptable quality level in
example 1) should be accepted only a small fraction of the
time. However, the P, as stated above in step 1 is 95%. Note
that P, in this case refers to the B risk and not 1-a since we
are determining the chance of accepting a population of
unacceptable guality. Thus B = 95%. If the true lot fraction
defective is 2.03%, 2,94%, 6.20%, the B risks are 75%, 50%,
and 5%, respectively. Note that it would require a true lot
fraction defective of 6.20% (over 6 times the AQL) in order to
maintain the B risk at 5%. This example illustrates that the
B risk is reduced as the true lot% defective moves further
from the AQL. ’

The take home lesson is that although AQL plans using normal
inspection will correctly accept nearly all lots submitted that are
at the AQL or better, it will also incorrectly accept a high
percentage of lots that are moderately worse than the AQL.

V.A.2. Tightened Inspection and Inspection Level IIT

In order to better control the B risks, while maintaining the «
risks at 1low levels, the user can employ either tightened
inspection or the wuse of inspection 1level III. Either will
generally improve the B risk as compared to the traditional "normal
inspection/inspection Level II" plans.

Inspection level III results in a different sample size code than
inspection level II and provides larger sample size plans thus
reducing the risks. Refer to the OC curve for this sample size code
to obtain the risk levels. In example 1, the sample size using
normal inspection/inspection level III would increase from 125 to
200 via sample size code letter L. The OC curve for Table X-L
would then be employed to find the o and B risks.

The change from normal to tightened inspection is simply a change
in acceptance or rejection numbers. The same sample size code




letter tables, and OC curve tables used for normal inspection are
used. The smaller acceptance numbers result in the improved B
risks. In example 1, the sample size under tightened inspection
would continue to be 125, while the acceptance number would be
reduced from 3 to 2 via Table II-B (tightened inspection).

The P, criteria in tightened inspection are found by reading from
the AQL values given at the bottom of the OC curve tables. As may
be seen from these tables, this is simply a shift of one column to
the left in the table. For example, if the AQL is 1.0%, tightened
inspection uses the same acceptance criteria that would be used for
an AQL of 0.65% under normal inspection.

V. B. Sample Size Formulas for AQL Plans

Published tables such as MIL-STD-105 do not offer the user the
luxury of specifying his desired risk levels. The OC curve must be
used to see what the risk levels are. Formulas allow the user to
compute a sampling plan with any sampling risks of his own
specification.

A simple approximate formula exists for determining the sample size
for AQL plans. The formula, which is based on an acceptance number
of zero defects (c = 0), is:

1

n=0.5(1-(1-a) %) (2N-D_+1)

The B risk can be estimated via the following formula:

B =[1- 2n b
2N-D,+1

Example 3. An auditor wishes to have only a 10% chance of
rejecting a population of 200 items if it truly contains 5% or
fewer defects. If even one item in the sample is defective, the
population will be rejected and declared unacceptable. Note that
the auditor is specifically stating the a error to be 10%.

Then N

200, D, = 0.05 x 200 = 10, «a = 0.1, c =0

[+

0.5(1-(1-0.1)Y1%) (2%200-10+1)
2.1 so round up to 3 (always round up)

n




Thus the auditor would randomly sample 3 items from the 200. If
even 1 item in the sample is defective, the population is
considered unacceptable (population contains more than 5%
defectives) and rejected. If zero defectives are found, then the
population is accepted as having 5% or fewer defectives in the
population.

VI. RQL PLANS

Some sampling plans are designed to control the B risk; this means
that the RQL and the B risk must be specified for the particular
population. For example, the acceptance criteria might be to
accept a population only 5% of the time when the RQL is 1% or
worse.

VI. A. Sample Size Formulas for RQL Plans

A simple formula exists for determining the sample size for RQL
plans?. The formula, which is based on an acceptance number of zero
defects (c = 0), is:

2
n=0.5(1-p ) (2N-D,+1)

The a risk can be estimated via the following formula:

2 Do
1-¢ = ]_—__._n____
( 2N>Do+1)

Example 4. An auditor wishes to have 90% confidence of rejecting
a population of 300 items if it truly contains 5% or more defects.
If even one item in the sample is defective, the population will be
rejected and declared unacceptable. Note that 1-B = 0.90.

Then N

It

300, D; = 0.05 x 300 = 15, B = 10%

0.5(1-0.1"P%) (2%300-15+1)
41.6 so round up to 42 (always round up)

n

Example 5. Calculate the o risk in example 4 assuming an AQL of 4%.

D, = 0.04%300 = 12

(]

l-a = [1 - ((2%42)/(2*%300-12+1))]1"
= (0.86)? = 0.157
@ = 1-0.157 = 0.84




Thus the sampling plan has only a 16% chance of accepting a
population having 4% or fewer defects in the population. In other
words, there is an 84% chance of rejecting a good population when
good is quantified as 4% or fewer defects. If this error
probability is larger than desired, it can be reduced by increasing
the sample size and changing the acceptance number from 0 to 1 to
retain the same B probability. .

VII. SAMPLING PLANS FOR INCORPORATION OF AQL AND RQL SIMULTANEOUSLY

The weakness of the above plans are obvious; only one error type is
controlled in each type. A plan that incorporates user-defined
error quantities for both a and B risks is superior in terms of
guality control, however, this two-error plan will result in a
relatively larger sample size due to the increased requirements
placed on the sampling plan.

VII. A. Sample Size Formulas for Combined AQL and RQL Plans

Tables designed specifically to meet the requirements of two-error
plans have been published®. Also, a general procedure for quickly
obtaining sampling plans from published tables of binomial,
hypergeometric, and Poisson distributions is available*. If tables
do not cover a particular case of interest, a very good
approximation can be used as shown below.

Define

Pp = AQL (acceptable % defects in population)

P: RQL (rejectable % defects in population)

2,, = numerical value defined by the standard normal
distribution for the AQL risk, «

2,y = numerical value defined by the standard normal

distribution for the RQL risk, B

Then n and c have approximate solutions:

n
n = g
14+ 5
N
where
: 2
n. = [21—uvpo(1—po) + Z:L—ﬁvpl(l_pl) l
(0]
(pl_po)z
and
C = |np, + zl_.,\J np,(1-p,) (%}? -1




Example 6. An inventory of cans containing UF6 lists 400 items.
A sample of n of these items is to be selected at random and
weighed. A weight disparity of more than 100 grams from the listing
is considered a defect. 1% or less defects in the population of
400 are considered to be an acceptable performance, and the
probability of reaching the opposite conclusion in this situation
is set at o = 0.025. If there are 5% or more such defects, the
probability of failing to detect the performance as unacceptable is
set at B = 0.05. For the determination n and the acceptance number
c such that if the number of defects in the sample is less than or
equal to c the performance is labeled acceptable, the following
analysis is performed:

o
oo

N = 400 P = 1 PL =5
Zi. = Zgg;s = 1.96 (from standard normal distribution table available
in statistical textbooks)

- Zip = Zggs = 1.645 (from standard normal distribution table available

in statistical textbooks)

n, = [1.96/(0.01)(0.99) + 1.645/(0.05) (0.95)]%/(0.04)2
= 191.5
n =191.5/(1 + (191.5/400)) = 129.5 (round up to 130)

Solving for c:
c = [(130)(0.01)+1.96V{(130) (0.01) (0.99)*((400-130)/399)}] - 1
= 2.129 (round up to 3)
Therefore we want to choose n = 130 and c = 3.
Two notes are worthy of mention:
1. In going from n, to n, we are taking advantage of the finite
population size, N, to correct (improve) the final sample
size, n. This step should always be performed as it will
always reduce the final sample size.
2. The larger the gap between AQL and RQIL, the smaller the
sample required to distinguish between them. For example, if
we were to change only the RQL in example 6 from 5% to 10%,
the sample size would drop from 130 to 52.
VIII. CONCLUSION
The preceding discussion indicates that each type of sampling plan

has certain advantages and disadvantages. Plans controlling only
one risk yield relatively small sample sizes yet have a major




disadvantage; the other risk is ignored and may be unacceptably
large. Therefore, in using published tables, the user should
always inspect the OC curve if the risks are not otherwise stated,
to see that the plan accomplishes what 1is desired. Plans
controlling both risks provide maximum desired protection for
acceptance and rejection at the consequence of additional sampling.
No one type of plan, therefore, can be recommended as being the
best in all circumstances.

Any well-thought-out sampling plan must consider the acceptable
guality levels and the risks associated with these levels. The
auditor and auditee should be fully cognizant of the different
types of risks of incorrect decisions embodied in the sampling plan
and come to a common agreement regarding an appropriate sampling
plan before beginning.
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