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GAMMA I 
A G E N E R A L T H E O R E M - P R O V I N G P R O G R A M 

F O R T H E IBM 704 

by 

John Alan R o b i n s o n 

INTRODUCTION 

GAMMA I i s a F O R T R A N - c o m p i l e d p r o g r a m for the IBM 704 
E l e c t r o n i c D a t a - P r o c e s s i n g M a c h i n e , It e m b o d i e s a c e r t a i n g e n e r a l , u n i ­
f o r m p r o c e d u r e H of m a t h e m a t i c a l logic for s eek ing out a proof of any 
t h e o r e m wi th in any m a t h e m a t i c a l t h e o r y which is g iven in f o r m a l a x i o m a t i c 
f o r m . 

The p r o c e d u r e H i s t h e o r e t i c a l l y c o m p l e t e . Us ing i t , one wi l l 
a l w a y s d i s c o v e r a p roof for a t h e o r e m if t h e r e is one to be d i s c o v e r e d . 
H o w e v e r , a s a p r a c t i c a l i n s t r u m e n t , t he p r o c e d u r e H h a s s e v e r e l i m i t a ­
t i o n s ; in m o s t c a s e s of s t r o n g m a t h e m a t i c a l i n t e r e s t it c a l l s for the e x e c u ­
t ion of m o r e s t e p s t han c a n be c a r r i e d out in any r e a s o n a b l e t i m e by the 
f a s t e s t m a c h i n e s e v e r l i ke ly to be a v a i l a b l e . The a c t u a l c a p a b i l i t y of 
GAMMA I i s t h e r e f o r e no g r e a t e r than t h e s e p r a c t i c a l l i m i t a t i o n s i n h e r e n t 
in t h e p r o c e d u r e H wi l l a l l ow . N e v e r t h e l e s s , GAMMA I i s r e m a r k a b l y 
e f fec t ive in a wide c l a s s of c a s e s , i nc lud ing , for e x a m p l e , the m o d e r n 
a l g e b r a i c t h e o r y of l a t t i c e s t r u c t u r e s . 

P l a n s a r e afoot for GAMMA II, a p r o g r a m which wi l l e m b o d y o t h e r 
t h e o r e t i c a l p r o c e d u r e s o v e r and above the p r o c e d u r e H, and which wi l l 
p o s s e s s a c a p a b i l i t y m u c h g r e a t e r t han t h a t of GAMMA I. T h e s e p l a n s 
a r e d i s c u s s e d in the s e q u e l . 

P r i o r to a d e t a i l e d d e s c r i p t i o n of GAMMA I i tself , an ex t ended 
d i s c u s s i o n i s p r o v i d e d of the u n d e r l y i n g m e t h o d , and of the n e c e s s a r y 
b a c k g r o u n d of m a t h e m a t i c a l l o g i c . No knowledge of t h i s f ie ld i s p r e s u p ­
p o s e d . In the s u b s e q u e n t d i s c u s s i o n of the c o m p u t e r p r o g r a m , h o w e v e r , 
it i s a s s u m e d tha t t h e r e a d e r i s r e a s o n a b l y we l l a c q u a i n t e d wi th IBM 704 
p r o g r a m m i n g , and in p a r t i c u l a r wi th the F O R T R A N s y m b o l i c p r o g r a m ­
m i n g s y s t e m . 

GAMMA I w a s w r i t t e n a t t h e A r g o n n e N a t i o n a l L a b o r a t o r y for the 
App l i ed M a t h e m a t i c s D i v i s i o n in the s u m m e r of 1 9 6 1 . The w o r k w a s m u c h 
f a c i l i t a t e d by the a c t i v e and helpful c o o p e r a t i o n of G e o r g e A. R o b i n s o n , J r . , 
and H e r b e r t L . G r a y , bo th of the App l i ed M a t h e m a t i c s D i v i s i o n . 



C H A P T E R I. M A T H E M A T I C A L LOGIC 

1. I n t r o d u c t i o n . The G e n e r a l Role of M o d e r n Logic . 

The d i s c o u r s e of m a t h e m a t i c i a n s , when t h e y a r e g iving p r o o f s and 
s t a t i n g r e s u l t s , i s c a r r i e d on in one of t h e n a t u r a l l a n g u a g e s , such a s 
E n g l i s h , l i b e r a l l y s u p p l e m e n t e d by a t e r s e s h o r t h a n d n o t a t i o n invo lv ing t h e 
l e t t e r s of v a r i o u s a l p h a b e t s p r i n t e d in v a r i o u s t y p e s of f o r m a t s , and by 
m a n y s p e c i a l s y m b o l s , s u c h a s the e q u a l i t y o r i d e n t i t y s i g n , the s u m m a ­
t ion and p r o d u c t s i g n s , and the s ign for an i n t e g r a l . 

Within s u c h an e n r i c h e d n a t u r a l l a n g u a g e the m a t h e m a t i c i a n m a k e s 
a s s e r t i o n s , e m b o d i e d s y n t a c t i c a l l y in s e n t e n c e s , and f u r t h e r m o r e he c l a i m s 
tha t s o m e of t h e a s s e r t i o n s follow f r o m , o r a r e c o n s e q u e n c e s of, o r a r e 
d e d u c i b l e f r o m , one o r m o r e o t h e r a s s e r t i o n s . In a n y p a r t i c u l a r c a s e , to 
show t h a t t h i s i s i n d e e d s o , t h e m a t h e m a t i c i a n s e e k s to p r o v i d e a p roof of 
an a s s e r t i o n T f r o m a s e t of p r e m i s e s , P j , P2, . . . , P ^ . T h e b u r d e n of the 
proof i s to e s t a b l i s h t h e fac t t h a t if t he p r e m i s e s P j , P2, . . . , P n a r e t r u e , 
t h e n so m u s t the c o n c l u s i o n , the a s s e r t i o n T , a l s o be t r u e . The q u e s t i o n 
w h e t h e r the p r e m i s e s P j , P2, . . . Pj^ a r e i n d e e d t r u e i s a s e p a r a t e m a t t e r 
f r o m the q u e s t i o n w h e t h e r , if t h e y a r e , t h e n the c o n c l u s i o n m u s t b e . 

The a p p a r a t u s of m o d e r n l o g i c a l t h e o r y p r o v i d e s an e x a c t a n a l y s i s 
of the n o t i o n s l u r k i n g b e h i n d the w o r d s and p h r a s e s u n d e r l i n e d in t h e 
p r e v i o u s p a r a g r a p h . A m a j o r c o n t r i b u t i o n of m o d e r n log ic h a s b e e n t h e 
c o n s t r u c t i o n of a f a m i l y of a r t i f i c i a l (as o p p o s e d to n a t u r a l ) l a n g u a g e s i n ­
c o r p o r a t i n g the f r u i t s of t h i s e x a c t a n a l y s i s . T h e s e l a n g u a g e s a r e i n t e n d e d 
a s p r e c i s e c o u n t e r p a r t s of t h e e n r i c h e d n a t u r a l l a n g u a g e s t r a d i t i o n a l l y 
u s e d by m a t h e m a t i c i a n s , hav ing at l e a s t t he s a m e e x p r e s s i v e power a s 
(and, in s o m e c a s e s , f a r m o r e e x p r e s s i v e p o w e r than) t h e i r n a t u r a l c o u s ­
i n s . The c r e a t i o n of t h e s e a r t i f i c i a l l a n g u a g e s i s a t^wofold boon : f i r s t , a 
m o r e f ine ly t u n e d i n s t r u m e n t i s t h e r e b y p r o v i d e d for t a l k i n g , t h ink ing , and 
w r i t i n g m a t h e m a t i c a l l y ; bu t s e c o n d , the l a n g u a g e of m a t h e m a t i c s i s now 
exh ib i t ed a s i t s e l f a p r e c i s e l y def ined s t r u c t u r e , c a p a b l e of be ing m a t h e ­
m a t i c a l l y s t u d i e d in j u s t t h e s a m e way a s g r o u p s , r i n g s , f i e l d s , t o p o l o g i e s , 
v e c t o r s p a c e s , and o t h e r s t r u c t u r e s a r e s t u d i e d in t r a d i t i o n a l m a t h e m a t i c s . 

P ro found and beau t i fu l r e s u l t s of f a r - r e a c h i n g i m p o r t a n c e h a v e 
a l r e a d y b e e n o b t a i n e d in t h e f i r s t few d e c a d e s of w o r k m a d e p o s s i b l e by t h e 
s e c o n d of t h e s e two b o o n s . S e v e r a l of t h e s e r e s u l t s a r e of i m p o r t a n c e for 
o u r p r e s e n t d i s c u s s i o n . The f i r s t boon h a s not ye t , h o w e v e r , b e e n e x p l o i t e d 
s y s t e m a t i c a l l y . We a r e j u s t beg inn ing to r e a l i z e i t s p o w e r , wi th the r e l ­
a t i v e l y r e c e n t a d v e n t of l a r g e , f a s t , a u t o m a t i c , s y m b o l - m a n i p u l a t i o n 
m a c h i n e s . 



2. P r e d i c a t e C a l c u l i of F i r s t O r d e r 

One s u b f a m i l y of a r t i f i c i a l l a n g u a g e s c o n s t r u c t e d in m o d e r n logic 
c o n s i s t s of the s o - c a l l e d p r e d i c a t e c a l c u l i of f i r s t o r d e r . T h e r e a r e m a n y 
m e m b e r s of t h i s f a m i l y , s o m e be ing bu t s l igh t v a r i a n t s of o t h e r s , s o m e 
be ing v e r y d i f f e ren t i n d e e d f r o m o t h e r s , but a l l hav ing in c o m m o n c e r t a i n 
f u n d a m e n t a l f e a t u r e s w h i c h d e t e r m i n e the f a m i l y r e l a t i o n s h i p . As the t i t l e 
g iven to the f a m i l y s u g g e s t s , the c e n t r a l not ion u n d e r l y i n g the whole f ami ly 
i s t h a t of a p r e d i c a t e . 

We a r e u s e d to the i dea , in t r a d i t i o n a l m a t h e m a t i c a l u s a g e , of 
f o r m u l a t i n g s u c h i n s c r i p t i o n s a s : 

2 • X + 4 = 10 (1) 

and 

12 • y > 2 9 . (2) 

in w h i c h "x" and " y " a r e v a r i a b l e s , thought of a s r a n g i n g ove r s o m e se t 
( say , the s e t N of p o s i t i v e i n t e g e r s ) , " 2 , " " 4 , " " 1 0 , " " 1 2 , " and "29" as 
c o n s t a n t s , "+" "•" a s o p e r a t i o n s , and " = " " >" as r e l a t i o n s . If we s y s ­
t e m a t i c a l l y r e p l a c e "x" in ( l ) by c o n s t a n t s denot ing p a r t i c u l a r m e m b e r s 
of N: 

2 - 1 + 4 = 1 0 , (1.1) 

2 - 2 + 4 = 10 , (1.2) 

2 . 3 + 4 = 10 , (1.3) 

2 - 4 + 4 = 1 0 , (1.4) 

e t c . , we ob ta in a s e t of spec i f i c a s s e r t i o n s , s o m e of wh ich a r e f a l s e , o t h e r s 
t r u e , about m e m b e r s of N. In our e x a m p l e , (1.3) i s t r u e and a l l the r e s t 
f a l s e . S i m i l a r l y , s y s t e m a t i c a l l y r e p l a c i n g "y" in (2) g ives 

12 - 1 > 29 , (2.1) 

12 • 2 > 29 , (2.2) 

12 . 3 > 29 , (2.3) 

12 • 4 > 29 , (2.4) 

e t c . , a s e t of a s s e r t i o n s in w h i c h (2.1) and (2.2) a r e f a l s e and the r e s t a r e 
t r u e . 



If we call the inscr ip t ions ( l . l ) , (1-2), . . . , and (2.1), (2.2), ..., 
sentences , then the inscr ip t ions (l) and (2) a r e revea led as things which 
give r i s e to sentences whenever one rep laces the var iab les which occur 
within them by constants , or , in other words , by names of individual ent i ­
t ies f rom the set which is the range of the va r iab les . These syntact ical 
things a r e called p red ica t e s . They may have many var iab les , not simply 
one, as our examples have, and each var iab le may occur many t imes , not 
jus t once, as in our examples . Thus, e.g., 

3x^ + 4x + 2y + y^ + z = w + 3w^ - z^ (3) 

contains the four va r i ab les "x," "y," "z ," and "w," each with two 
occu r r ences . 

So far our examples of p red ica tes have involved just one type of 
var iable ( i .e. , all ranging over the same set) . But we can genera l ize this 
feature by introducing other var iab les of different types, with different se ts 
to range over. Consider , for example: 

R(|3(a(2,x). 4), 10) , (4) 

which was obtained from (l) f i rs t by wri t ing (l) in the form 

= (+(-(2,x), 4), 10) , (5) 

that i s , by writ ing ope ra to r s (or function signs) pr ior to their parenthes ized 
a rguments , and re la t ion signs p r io r to thei r paren thes ized a rguments ; and 
second by replacing " = ," " ." , and "+" by var iab les "R," "a," and "|3." 
We now may think of (4) as being a pred ica te containing var iab les of different 
types: "R" has for its range the set G of all re la t ions on N (a set of which 
the identity re la t ion is just one member ) ; "a" and "/3" have as their ranges 
the set F of all b inary functions over the set N (sum and product being 
just two par t i cu la r m e m b e r s of this set); while 'x ' as before has as its 
range simply the se t N itself. 

The pred ica te (4) becomes a sentence, embodying a specific a s s e r ­
tion, whenever "R" is rep laced at each of its occu r rences by the name of 
something in G, 'a ' and '/3' a r e rep laced at each of their occur rences by 
the names of things in F , and 'x ' is r ep laced at each of i ts occur rences by 
the name of something in N. Indeed, we may envisage theoret ica l ly the 
r e su l t s of doing this r ep lacement in all possible ways (of which there a r e 
denumerably infinitely many!) to obtain the set I of all the (denumerably 
many) sentences which a r e ins tances of the predica te (4). Then each 
m e m b e r of I is e i ther t rue or false, depending on which specific r e p l a c e ­
ments were used to obtain it f rom (4). 



A f u r t h e r g e n e r a l i z a t i o n f r o m t h e s e i l l u s t r a t i o n s is r e q u i r e d . In 
o u r e x a m p l e , we h a v e u s e d b i n a r y r e l a t i o n s and b i n a r y func t ions only: but 
in g e n e r a l we m a y w o r k with any ( f in i te , pos i t i ve ) n u m b e r of a r g u m e n t s 
for bo th r e l a t i o n s and f u n c t i o n s , and not j u s t two as in our e x a m p l e . 

T h e s e c o n s i d e r a t i o n s u n d e r l i e the s p e c i f i c a t i o n s of t h a t one of the 
p r e d i c a t e c a l c u l i of f i r s t o r d e r which we s h a l l f i r s t c o n s i d e r . 

We p r o v i d e , for t h i s l a n g u a g e , an u n l i m i t e d supp ly of e a c h of t h e 
fo l lowing c a t e g o r i e s of s y m b o l s : 

A. R e l a t i o n a l v a r i a b l e s . 

P , Q, R, P i , Qi , Ri , P2, . . . 

B . F u n c t i o n a l v a r i a b l e s . 

a , ^, 7, Oj, (Sj, 7 i , 0^2, . . . 

C. Ind iv idua l v a r i a b l e s . 

u , V, w, X, y , z, Ui, v j , Wj, Xi, y j , z^, u^, . . . 

D. R e l a t i o n a l c o n s t a n t s . 

= , s , <, > , <, (ad l i b i t um) 

E . F u n c t i o n a l c o n s t a n t s . 

+ , X, - , 7, (ad l i b i t um) 

F . Ind iv idua l c o n s t a n t s . 

0, 1, 2, 3, . . . , 7T, e, . . . , (ad l i b i t u m ) 

and the t h r e e " g r o u p i n g " s y m b o l s " ( " , " ) " , and " , " . We then def ine two 
d i f f e r en t c l a s s e s of s t r i n g s of t h e s e s y m b o l s , t e r m s and p r e d i c a t e s : 

T e r m s 

(a) An i n d i v i d u a l c o n s t a n t i s a t e r m . 

(b) An i n d i v i d u a l v a r i a b l e i s a t e r m . 

(c) If -4 i s a func t iona l v a r i a b l e o r a func t iona l c o n s t a n t , and - ^ j , 
C/z, •--. J]^ a r e t e r m s (with k s 1) t h e n 

^{Ji, --., :7k) 



is a l s o a t e r m ( i . e . , t he s t r i n g c o n s i s t i n g of-^ , fo l lowed by a 
left p a r e n t h e s i s , fo l lowed by ^ i , fo l lowed by a c o m m a , fol lowed 
by O2., e t c . ) . 

P r e d i c a t e s 

(d) If £ i s a r e l a t i o n a l v a r i a b l e o r a r e l a t i o n a l c o n s t a n t , and 
0\' "Jz^ •••' •C7k (with k > 1) a r e t e r m s , t h e n 

H'^x, ..., ^k) 

i s a p r e d i c a t e . 

It wi l l be no t ed tha t the e x a c t def in i t ion of p r e d i c a t e s g iven 
above i n c l u d e s , a s s p e c i a l c a s e s of p r e d i c a t e s , t h o s e w h i c h c o n t a i n no 
v a r i a b l e s , and h e n c e a r e s e n t e n c e s : 

S e n t e n c e s 

Any p r e d i c a t e wh ich c o n t a i n s no v a r i a b l e s i s a s e n t e n c e . 

We now i n t r o d u c e s o m e f u r t h e r i d e a s , b a s e d upon the fac t t ha t it i s 
p o s s i b l e and i n d e e d c u s t o m a r y and i n d i s p e n s i b l e to m a k e new p r e d i c a t e s 
out of o ld . T h e r e a r e two w a y s in which t h i s i s d o n e , t r u t h - f u n c t i o n a l c o m -
b i n a t i o n and q u a n t i f i c a t i o n , bo th of wh ich h a v e in tu i t i ve c o u n t e r p a r t s in t h e 
n a t u r a l l a n g u a g e . 

T h u s we i n t r o d u c e , a s a f u r t h e r supp ly of s y m b o l s , t he fol lowing 
f ive : 

~ ; & ; v ; -*• ; * • ; 

and s t a t e f o r m a l l y the fo l lowing a d d i t i o n to the de f in i t i on of p r e d i c a t e : 

(e) If Z' i s a p r e d i c a t e , t h e n so i s ~ / ' ; if Z' and Q a r e bo th p r e d i c a t e s , 
t h e n ( fi ^ Q), ( P\j Q ) , {P-* Q. ), and {iP-*-*Q ) a r e e a c h a l s o 
p r e d i c a t e s . 

I n f o r m a l l y , the s y m b o l " ~ " i s i n t e n d e d to c o r r e s p o n d to "it i s not 
the c a s e t h a t , " and i s c a l l e d the n e g a t i o n s ign : "&" i s i n t e n d e d to c o r r e s ­
pond to "and ," " V " to the l e g a l i s t i c b a r b a r i s m " a n d / o r , " and t h e y a r e 
c a l l e d , r e s p e c t i v e l y , t he con junc t i on s i gn and the d i s j u n c t i o n s ign ; f ina l ly 
"_»." i s i n t e n d e d to c o r r e s p o n d to "if . . . t h e n , " and "•«-»•" to "if and on ly 
if," and t h e y a r e c a l l e d , r e s p e c t i v e l y , the i m p l i c a t i o n s ign and t h e 
e q u i v a l e n c e s i g n . 



Our o r i g i n a l supp ly of p r e d i c a t e s ( those g iven by p a r t (d) of the 
de f in i t ion of p r e d i c a t e ) a r e now c a l l e d a t o m i c p r e d i c a t e s , whi le t h o s e c o n ­
s t r u c t e d v ia p a r t (e) of t h e def in i t ion a r e c a l l e d compound p r e d i c a t e s . 

So m u c h , for now, for the f i r s t m e t h o d of c o n s t r u c t i n g f u r t h e r 
p r e d i c a t e s f r o m g iven o n e s , by t r u t h - f u n c t i o n a l c o m b i n a t i o n . 

The s e c o n d m e t h o d , quan t i f i c a t i on , i s i n t ended a s an e x a c t c o u n t e r ­
p a r t of the n a t u r a l l a n g u a g e p h r a s e s "for a l l " and " t h e r e e x i s t s . " F o r 
i n s t a n c e , h a r k i n g b a c k to e x a m p l e (1), we m a y s a y ( fa l se ly ) : 

" F o r a l l X, 2x + 4 = 10" (6) 

o r we m a y s a y ( t ru th fu l ly ) : 

" T h e r e e x i s t s an x s u c h t h a t 2x + 4 = 10" . (7) 

Two f a c t s a r e n o t e w o r t h y about (6) and (7). F i r s t , even though 
t h e y c o n t a i n v a r i a b l e s , t h e y a r e s e n t e n c e s , tha t i s , t h e y m a k e spec i f i c 
a s s e r t i o n s and a r e h e n c e e i t h e r t r u e o r f a l s e . The v a r i a b l e s which they 
c o n t a i n a r e not , a s m our e a r l i e r e x a m p l e s , c a p a b l e of be ing r e p l a c e d by 
c o n s t a n t s to p r o d u c e s e n t e n c e s ; on the c o n t r a r y , if we r e p l a c e t h e m by 
c o n s t a n t s we get g i b b e r i s h , e .g . , 

" F o r a l l 3, 2 • 3 + 4 = 10" (8) 

" T h e r e e x i s t s a 17 s u c h t h a t 2 - 1 7 + 4 = 10" . (9) 

We t h e r e f o r e s ay t h a t the v a r i a b l e s a r e d u m m y v a r i a b l e s , o r tha t t h e y 
h a v e b e e n " k i l l e d " o r "bound" by the p h r a s e s "for a l l . . . " and " t h e r e 
e x i s t s . . . ." 

T h e s e c o n d n o t e w o r t h y fac t about (6) and (7) i s tha t t h e i r t r u t h o r 
f a l s i t y d e p e n d s on t h a t of s e n t e n c e s w h i c h a r e i n s t a n c e s of the p r e d i c a t e s 
f r o m which t h e y w e r e o b t a i n e d . T h u s (6) i s t r u e j u s t m c a s e a l l the in ­
s t a n c e s of (1) a r e t r u e s e n t e n c e s , wh i l e (7) i s t r u e j u s t m c a s e not a l l of 
t h e s e i n s t a n c e s a r e f a l s e . 

We i n c o r p o r a t e t h e s e i d e a s into o u r a r t i f i c i a l l a n g u a g e by adding 
the s y m b o l s " E " and "A" to ou r s t o c k of s y m b o l s , and by append ing a 
t h i r d c l a u s e to o u r de f in i t ion of p r e d i c a t e : 

(f) If y IS an i n d i v i d u a l v a r i a b l e , and /^ i s a p r e d i c a t e , t hen 

( A 1 / )«^ and ( E i/ ) ^ 

a r e bo th a l s o p r e d i c a t e s . 



In o r d e r to m a k e p r e c i s e t h e no t i ons of d u m m y v a r i a b l e s o r bound 
v a r i a b l e s , we m u s t now add the fol lowing f o r m a l c h a r a c t e r i z a t i o n : 

(g)(i) E a c h o c c u r r e n c e of any ind iv idua l v a r i a b l e a p p e a r i n g in an 
a t o m i c p r e d i c a t e i s a f r e e o c c u r r e n c e of t ha t v a r i a b l e in 
t ha t p r e d i c a t e . 

(ii) F r e e o c c u r r e n c e s of v a r i a b l e s in P and Q r e m a i n so in 
{{P ^Q), {Py Q), {P-*a). {P*^Q), and ~<P, ~ ^ . 

(iii) E a c h o c c u r r e n c e of 7 / w h i c h i s f r e e i n / ^ i s bound in (A7/)<^ 
and in (EZ/ ' ) / ' , and i s f u r t h e r m o r e bound by t h a t p a r t i c u l a r 
o c c u r r e n c e of "A" o r " E . " (in add i t i on , t h a t o c c u r r e n c e of 
1/" i m m e d i a t e l y a f t e r "A" o r " E " i s a l s o bound in {AU) P o r 
{'E.V)P, and i s l i k e w i s e bound by t h a t p a r t i c u l a r o c c u r r e n c e 
of "A" o r " E . " ) Al l o t h e r f r e e o c c u r r e n c e s of v a r i a b l e s 
in P r e m a i n f r e e in [Air)P and ( E ] / ) / ' . {AV)P i s c a l l e d 
the s c o p e of t h a t o c c u r r e n c e of " A , " l i k e w i s e for " E . " The 
g r o u p of s y m b o l s " ( A V ) " i s c a l l e d a u n i v e r s a l q u a n t i f i e r : 
"(El/")" i s c a l l e d an e x i s t e n t i a l q u a n t i f i e r . 

I n f o r m a l l y , in e x a m i n i n g a p r e d i c a t e to d e t e r m i n e wh ich o c c u r r e n c e s 
of i t s v a r i a b l e s a r e bound and which f r e e , and , if bound , by what o c c u r ­
r e n c e s of "A" o r " E , " we w o r k f r o m the " i n s i d e " of the p r e d i c a t e to the 
" o u t s i d e , " by s t a r t i n g wi th t h o s e i n n e r m o s t o c c u r r e n c e s of "A" o r " E " 
which h a v e no o t h e r q u a n t i f i e r s in t h e i r s c o p e s , and a l l o t t i ng to t h e m any 
o c c u r r e n c e s of ' t h e i r ' v a r i a b l e s wh ich o c c u r in t h e i r s c o p e s . T h e n we 
r e p e a t t h i s o p e r a t i o n for the o t h e r q u a n t i f i e r s , r e p e a t e d l y t ak ing the i n n e r ­
m o s t q u a n t i f i e r not ye t t r e a t e d , a l lo t t ing to t h e m a l l f r e e o c c u r r e n c e s of 
t h e i r v a r i a b l e s i n s i d e t h e i r s c o p e s (for now t h e r e m a y be s o m e bound 
o c c u r r e n c e s , owned by q u a n t i f i e r s i n s i d e t h e s c o p e , which h a v e t h e r e f o r e 
a l r e a d y b e e n a l l o t t e d ) . 

T h u s , e v e r y o c c u r r e n c e of e v e r y i n d i v i d u a l v a r i a b l e in e v e r y 
p r e d i c a t e i s e i t h e r f r e e o r bound , and, if bound, bound by one and only 
one q u a n t i f i e r : and we c a n a l w a y s d e t e r m i n e the u n i q u e way in wh ich 
t h i s m u s t be t h e c a s e . 

T h i s c o m p l e t e s t h e m o r p h o l o g y of o u r l a n g u a g e . We c o m m e n t 
h e r e t h a t t h e r e s t r i c t i o n of quan t i f i c a t i on to i n d i v i d u a l v a r i a b l e s i s wha t 
d e t e r m i n e s o u r l a n g u a g e to be a p r e d i c a t e c a l c u l u s "of f i r s t o r d e r "; 
l a n g u a g e s in w h i c h q u a n t i f i c a t i o n o v e r r e l a t i o n a l v a r i a b l e s and func t iona l 
v a r i a b l e s a r e a l s o s t u d i e d a r e d e s i g n a t e d a s be ing of h i g h e r o r d e r t han 
the f i r s t . 

3. I n t e r p r e t a t i o n s . V a l i d i t y , S a t i s f i a b i l i t y , C o n s e q u e n c e . 

We h a v e a l r e a d y , in o u r i n f o r m a l p r e l i m i n a r y d i s c u s s i o n , t o u c h e d 
upon t h e i n t e r p r e t a t i o n of t h i s a r t i f i c i a l l a n g u a g e . Le t us now go in to the 
m a t t e r m o r e p r e c i s e l y . 



No spec i f i c i n t e r p r e t a t i o n i s p r o v i d e d for the l anguage def ined a b o v e . 
Indeed , it i s a " g e n e r a l - p u r p o s e " l a n g u a g e , and t h e r e c o m e s wi th it a se t 
of i n s t r u c t i o n s a s to how to m a k e you r own i n t e r p r e t a t i o n su i t ab l e to the 
job you h a v e in m i n d in u s ing the l a n g u a g e . The i n s t r u c t i o n s a r e t h e s e : 

A. C h o o s e a spec i f i c s e t S a s the r a n g e of e a c h ind iv idua l 
v a r i a b l e , and to e a c h m e m b e r of S a l lo t a un ique d i s t i n c t one 
of the i nd iv idua l c o n s t a n t s to be i t s n a m e . (You m a y have a 
lot of i nd iv idua l c o n s t a n t s left o v e r , wi th nothing in S to 
n a m e ; if s o , f o r g e t about t h e m . ) 

B . Now c o n s i d e r s u c c e s s i v e l y the se t of a l l s i n g u l a r y func t ions 
f r o m S to S, a l l b i n a r y func t ions f r o m SxS to S, and so on; 
t h e s e s e t s a r e to b e , r e s p e c t i v e l y , the r a n g e s of any func t iona l 
v a r i a b l e wh ich o c c u r s in a p r e d i c a t e wi th one , two, . . . , a r g u m e n t s . 

C. Al lot to e a c h m e m b e r of e a c h of t h e s e s e t s of func t ions o v e r S, 
e x a c t l y one of the func t iona l c o n s t a n t s to be i t s n a m e . 

D. Do the s a m e a s in B and C, for a l l t he s i n g u l a r y , b i n a r y , . . . , 
r e l a t i o n s o v e r S, a s s i g n i n g t h e r e b y r a n g e s to a l l o c c u r r e n c e s 
of r e l a t i o n a l v a r i a b l e s , and a s s i g n i n g d i s t i n c t un ique r e l a t i o n a l 
c o n s t a n t s a s n a m e s for the d i s t i n c t r e l a t i o n s o v e r S. 

N o t i c e t h a t t h e on ly c h o i c e you h a v e in m a k i n g an i n t e r p r e t a t i o n i s of t h e 
i n i t i a l s e t S, and of t h e n a m e s of t h e v a r i o u s e n t i t i e s t h u s d e t e r m i n e d 
f r o m the s t o c k of g e n e r a l - p u r p o s e n a m e s p r o v i d e d for you by the l a n g u a g e . 
Once you have done t h i s , the s t a t u s of a l l p r e d i c a t e s of the l a n g u a g e i s 
u n i q u e l y d e t e r m i n e d e x c e p t t h o s e c o n t a i n i n g u n u s e d n a m e s , wh ich we 
i g n o r e in wha t f o l l o w s . In p a r t i c u l a r , the t r u t h o r f a l s i t y of e a c h s e n t e n c e 
i s c o m p l e t e l y f ixed by you r c h o i c e of S and you r a s s i g n m e n t of n a m e s . 
Two o t h e r l a b e l s a r e p r o v i d e d in o r d e r to a s s i g n a s t a t u s to p r e d i c a t e s 
w h i c h a r e not s e n t e n c e s . We s a y tha t a p r e d i c a t e i s s a t i s f i a b l e in an 
i n t e r p r e t a t i o n if not a l l of t h e s e n t e n c e s which a r e i t s i n s t a n c e s a r e f a l s e 
in t h e i n t e r p r e t a t i o n ; a p r e d i c a t e i s va l id in an i n t e r p r e t a t i o n if none of 
the s e n t e n c e s w h i c h a r e i t s i n s t a n c e s a r e f a l s e in t h e i n t e r p r e t a t i o n . 

Now it m a k e s a t l e a s t a s m u c h s e n s e h e r e a s a n y w h e r e e l s e in 
m a t h e m a t i c s to p a s s to the n o t i o n of a l l p o s s i b l e s e t s S which m i g h t be 
c h o s e n a s the i n i t i a l s e t for an i n t e r p r e t a t i o n of o u r g e n e r a l - p u r p o s e 
l a n g u a g e , and t h e n c e to the c l a s s of a l l p o s s i b l e i n t e r p r e t a t i o n s w h i c h the 
l a n g u a g e c a n be g i v e n . In t e r m s of t h i s i dea , we can a s s i g n a b s o l u t e 
s t a t u s e s to the p r e d i c a t e s a s f o l l o w s : a p r e d i c a t e i s va l id (pe r iod) j u s t in 
c a s e it i s va l i d in a l l i n t e r p r e t a t i o n s ; a p r e d i c a t e i s s a t i s f i a b l e (pe r iod ) 
j u s t in c a s e t h e r e i s at l e a s t one i n t e r p r e t a t i o n , a m o n g a l l the p o s s i b l e 
i n t e r p r e t a t i o n s , in w h i c h it i s s a t i s f i a b l e . 



We a r e now at a po in t w h e r e we c a n def ine e x a c t l y wha t i s m e a n t 
by s ay ing tha t in o u r l a n g u a g e a s e n t e n c e T "fol lows f r o m " o r " i s a 
c o n s e q u e n c e of" one o r m o r e o t h e r s e n t e n c e s P j , . . . , Pj^. The def in i t ion 
i s t h i s : T i s a c o n s e q u e n c e of P j , . . . , P n j u s t in c a s e tha t T i s t r u e in 
e v e r y i n t e r p r e t a t i o n in wh ich P j , . . . , Pj^ a r e e a c h t r u e , (it m i g h t a l s o 
be t r u e in o t h e r i n t e r p r e t a t i o n s b e s i d e s , bu t i t m u s t at l e a s t be t r u e in 
the o n e s s t a t e d . ) 

The r e a d e r m a y be th ink ing t h a t t h e s e de f in i t ions of " v a l i d i t y , " 
" s a t i s f i a b i l i t y , " and " c o n s e q u e n c e " a r e h igh ly i m p r a c t i c a l to u s e a s a 
d o w n - t o - e a r t h m e a n s of a s s i g n i n g a s t a t u s to a p r e d i c a t e , o r of d e t e r ­
m i n i n g w h e t h e r one s e n t e n c e i s a c o n s e q u e n c e of one o r m o r e o t h e r s . 
He i s r i g h t . T h e y a r e . But t hey a r e not i n t e n d e d a s p r a c t i c a l c r i t e r i a 
for d e t e r m i n i n g t h e s e p r o p e r t i e s of p r e d i c a t e s , but r a t h e r only a s a n a l ­
y s e s of the a c t u a l con ten t of t h e s e n o t i o n s in g e n e r a l m a t h e m a t i c a l ( i . e . , 
s e t - t h e o r e t i c ) t e r m s . F o r p r a c t i c a l p u r p o s e s , we p a s s now to a n o t h e r 
s e t of c o n c e p t s and de f in i t i ons wh ich a r e i n t e n d e d , in a d o w n - t o - e a r t h 
s e n s e , to be u s a b l e by p e o p l e and m a c h i n e s . 

4. D e d u c t i o n ; P roof ; T h e o r e m s ; T h e D e c i s i o n P r o b l e m . 

The c r i t e r i o n fo r d e t e r m i n i n g w h e t h e r a s e n t e n c e T i s a c o n s e q u e n c e 
of one o r m o r e o t h e r s e n t e n c e s P j , P2, . . - , P n g iven in the p r e v i o u s s e c t i o n 
i s not , in g e n e r a l , p r a c t i c a l l y a p p l i c a b l e , s i n c e it i n v o l v e s the t o t a l i t y of 
p o s s i b l e i n t e r p r e t a t i o n s . A d i f f e ren t k ind of c r i t e r i o n , w h o s e a p p l i c a t i o n 
d e p e n d s only on t h e i m m e d i a t e s y n t a c t i c a l s t r u c t u r e of the s e n t e n c e s in 
q u e s t i o n , i s t h e r e f o r e p r o v i d e d . In o u t l i n e , the c r i t e r i o n c o n s i s t s of a s m a l l 
s e t of s t r u c t u r a l r e l a t i o n s h i p s wh ich one s e n t e n c e T c a n h a v e wi th r e s p e c t 
to a se t of o t h e r s e n t e n c e s , P j , P2, . . . , Pn- In any p a r t i c u l a r c a s e , w h e r e 
a s e n t e n c e T d o e s in fac t b e a r one of t h e s e r e l a t i o n s h i p s to a s e t P^, P2, 
. . . , Pj-^, we s a y t h a t T i s i m m e d i a t e l y d e d u c i b l e f r o m P j , P2, .--, P n by 
v i r t u e of the r e l a t i o n s h i p in q u e s t i o n . E a c h of the r e l a t i o n s h i p s i s c a r e ­
fully def ined so t h a t the q u e s t i o n a s to w h e t h e r it d o e s o r d o e s not o b t a i n 
b e t w e e n a s e n t e n c e T and a s e t of s e n t e n c e s P^, P2, .--, P n i s a l w a y s 
e f fec t ive ly d e c i d a b l e by a m e c h a n i c a l p r o c e d u r e wh ich i s u n i f o r m and 
which i s a p a r t of the s p e c i f i c a t i o n of the r e l a t i o n s h i p . 

If we h a v e a s e q u e n c e T j , T2, .-. , Tj-^ of s e n t e n c e s wi th the p r o p e r t y 
t ha t e a c h T^, 1 < i < m , in the s e q u e n c e e i t h e r (a) i s i t se l f one of a g iven 
s e t of s e n t e n c e s P j , . . . , P n , o r (b) i s i m m e d i a t e l y d e d u c i b l e f r o m a s e t of 
s e n t e n c e s e a c h of wh ich o c c u r s e a r l i e r in t h e s e q u e n c e , t h e n we s a y t h a t 
t he s e q u e n c e i s a d e d u c t i o n of i t s l a s t m e m b e r , Tj-^, f r o m the s e t P j , . . . , 
Pj^ a s p r e m i s e s . 

The q u e s t i o n w h e t h e r a g iven s e q u e n c e of s e n t e n c e s , a l l e g e d to be 
a deduc t i on of i t s l a s t m e m b e r f r o m a g iven s e t of s e n t e n c e s , i s o r i s not 
indeed s u c h a d e d u c t i o n , i s a g a i n m e c h a n i c a l l y d e c i d a b l e in a u n i f o r m w a y . 



What i s no t , a l a s , a m e c h a n i c a l l y d e c i d a b l e q u e s t i o n i s w h e t h e r o r not for 
a g iven s e n t e n c e T and a g iven se t P j , P2, . . . , Pn of s e n t e n c e s , t h e r e e x i s t s 
a d e d u c t i o n of T f r o m P^, P2, . . - , P n a s p r e m i s e s . The proof t h a t t h i s 
q u e s t i o n i s not m e c h a n i c a l l y a n s w e r a b l e by " Y e s " o r "No" t h rough a p p l i c a ­
t i o n of an a l g o r i t h m i s one of t h e g r e a t r e s u l t s of m o d e r n log ic . It w a s f i r s t 
g iven in 1936 by Alonzo C h u r c h of P r i n c e t o n U n i v e r s i t y . Th i s i s not the 
p l a c e to d i s c u s s t h i s m a t t e r at any m o r e l eng th . Suffice it to s a y tha t , a s 
w i l l a p p e a r in the s e q u e l , t h e r e a r e m e c h a n i c a l m e t h o d s which wi l l u n i ­
f o r m l y d e t e r m i n e a d e d u c t i o n of a s e n t e n c e T f r o m a se t P j , P2, . . . , P n of 
s e n t e n c e s , p r o v i d e d tha t s u c h a d e d u c t i o n e x i s t s ; but if no deduc t ion e x i s t s , 
t h e s e m e t h o d s w i l l , in g e n e r a l , n e v e r t e r m i n a t e in a d i s c o v e r y of t h i s n o n ­
e x i s t e n c e . T h e y a r e , t h e r e f o r e , only " s e m i - a l g o r i t h m s , " c a p a b l e only of 
a n s w e r i n g " Y e s , " not c a p a b l e , in g e n e r a l , of a n s w e r i n g "No . " 

A s e c o n d g r e a t r e s u l t of i m p o r t a n c e h e r e w a s f i r s t g iven by 
K u r t G o d e l in 1 9 3 1 . It i s t ha t any s e n t e n c e T which i s va l id in the s e n s e 
of the p r e v i o u s s e c t i o n can be o b t a i n e d a s the l a s t m e m b e r of a deduc t i on 
f r o m t h e e m p t y s e t of p r e m i s e s . (Th i s p r o p e r t y i s known as the c o m ­
p l e t e n e s s of the d e d u c t i v e a p p a r a t u s of the l anguage . ) It i s a l so the c a s e 
t h a t on ly va l id s e n t e n c e s c a n be so o b t a i n e d . T h u s , a l though the c h a r a c t e r ­
i z a t i ons" a r e u t t e r l y d i f f e r en t , t he c o n c e p t s of v a l i d i t y and deduc ib i l i t y f r o m 
the e m p t y s e t of p r e m i s e s in fac t d e t e r m i n e p r e c i s e l y the s a m e c l a s s of 
s e n t e n c e s . 

It would r e q u i r e too m u c h s p a c e to d i s c u s s the d e t a i l s of the r e l a ­
t i o n s h i p s g o v e r n i n g i m m e d i a t e d e d u c i b i l i t y . E x c e l l e n t a c c o u n t s a r e 
a v a i l a b l e in the l i t e r a t u r e [ s ee e s p e c i a l l y W. V. Q u i n e ' s Me thods of L o g i c , 
R e v i s e d Ed i t i on , H o l t - D r y d e n (1959) and P . S u p p e s ' I n t roduc t ion to L o g i c , 
Van N o s t r a n d (1957)] , but e a c h d i f f e r s f r o m the o t h e r in v a r i o u s ways 
wh ich do not affect the c o m p l e t e n e s s and c o n s i s t e n c y p r o p e r t i e s . F o r ou r 
p u r p o s e s , we no te j u s t one of t h e d e d u c i b i l i t y p r i n c i p l e s , n a m e l y , t ha t if 
a s e n t e n c e S i s d e d u c i b l e f r o m p r e m i s e s P j , . . . , P n , t hen the s e n t e n c e 
(P i —^ (P2 —^ . . . (Pn —*" S) . . . ) ) i s d e d u c i b l e f r o m no p r e m i s e s at a l l , and i s 
t h e r e f o r e va l id (or " l o g i c a l l y t r u e " ) by v i r t u e of G b d e l ' s c o m p l e t e n e s s 
t h e o r e m . H e n c e , to e v e r y d e d u c t i o n t h e r e c o r r e s p o n d s a va l id s e n t e n c e , 
and the q u e s t i o n w h e t h e r a s e n t e n c e T c a n be d e d u c e d f r o m p r e m i s e s 
P j , . . . , P n i s e q u i v a l e n t to the q u e s t i o n w h e t h e r the s e n t e n c e 
(P j —^ (P2 —» .. .(Pj^—•• S) . . . ) ) i s v a l i d . S ince the f i r s t q u e s t i o n a d m i t s of no 
a l g o r i t h m i c m e t h o d for i t s s e t t l e m e n t , n e i t h e r c a n the s e c o n d . 

Now the q u e s t i o n w h e t h e r a s e n t e n c e S i s va l id i s e q u i v a l e n t to the 
q u e s t i o n w h e t h e r i t s n e g a t i o n , ~ S , i s s a t i s f i a b l e (to be p r e c i s e , S i s va l id 
j u s t in c a s e ~ S i s not s a t i s f i a b l e ) . And the n e g a t i o n of (P^ —• (P2 —• . . . ( P n * S) 
. . . ) ) i s (Pi&P2&.-- &Pn&~S), w h e r e i n n e r p a r e n t h e s e s h a v e b e e n o m i t t e d for 
the s a k e of r e v e a l i n g the p a t t e r n . If, t h e r e f o r e , we could show 
(Pi&P28=--- &Pj^&~S) to be u n s a t i s f i a b l e , we would h a v e shown t h a t S i s 
d e d u c i b l e f r o m P^, . . . , P n a s p r e m i s e s . 



But t h i s i s j u s t t he g e n e r a l p r o b l e m of t h e o r e m p r o v i n g in a x i o m a -
t i z e d m a t h e m a t i c a l t h e o r i e s . Let the a x i o m s of a t h e o r y be w r i t t e n a s 
s e n t e n c e s P j , . . . , P n of t h e f i r s t - o r d e r p r e d i c a t e c a l c u l u s g iven h e r e , and 
le t t h e t h e o r e m to be p r o v e d be w r i t t e n a s a s e n t e n c e T . To p r o v e t h a t 
T i s a t h e o r e m of t h e t h e o r y e m b o d i e d in t h e a x i o m s P j , . . . , P n i s t h e n 
e s s e n t i a l l y the s a m e t a s k as t ha t of showing the s i n g l e s e n t e n c e 
(P i &P2&..-&Pn& ~T) to be u n s a t i s f i a b l e . 
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CHAPTER II. THE PROCEDURE H. 

1 . P renex Conjunctive Normal F o r m . The Procedure H. 

There is a s t ra ight forward technique [described in Quine, op. ci t . , 
or in Hilber t and Ackermann ' s Mathematical Logic, Chelsea (l 950)] whereby 
any sentence of the predicate calculus can be put into a cer ta in s tandard form 
cal led the prenex conjunctive n o r m a l form. In this form, all the quantif iers 
(if any) of the sentence occur at the beginning, and jointly compr i se the p r e ­
fix of the sentence . F u r t h e r m o r e , the predicate par t of the sentence (often 
cal led the mat r ix) has the form of a conjunction of disjunctions, each m e m b e r 
of which is ei ther an atomic predica te or the negation of an atomic p red ica te . 

In p repar ing to c a r r y out the procedure H in order to show a sentence 
(Pj &-P2&... &Pn&~ S) inconsis tent , we f i rs t reduce P j , P2,---,Pn> and ~ S to 
prenex conjunctive no rma l form, each separa te ly from the other . This step 
r e su l t s in a finite l i s t of sentences each beginning with a finite sequence of 
quant i f ie rs . 

The second step is to drop, from the front of the f i r s t sentence which 
begins with an exis tent ia l quantif ier , that existential quantifier, and to r e ­
place each occur rence of the var iab le thus freed by an individual constant 
(the same one at each occur rence ) which does not occur e lsewhere anywhere 
in the l i s t of sen tences . This operat ion is repea ted until each sentence begins 
ei ther with a un iversa l quantifier or with no quantif iers at a l l . 

(These two steps mus t be per formed pr ior to inputting the sentences 
to the p r o g r a m GAMMA I.) 

Now we proceed to append success ive ly to the l is t of sentences further 
sentences obtained by sys temat ica l ly dropping initial quantif iers from ea r l i e r 
sentences in the l i s t and replac ing the va r i ab l e s , thus freed, by sys temat ica l ly 
chosen individual cons tan ts , (in what follows, we employ numera l s as the 
individual constants . ) The sys temat ic method is given as follows: 

Suppose the l i s t at the nth step of this p roces s cons is t s of the sentences 
Si, S2,--.,Sp, and that the l a r g e s t n u m e r a l to have been used so far as an 
individual constant is (p. Then: 

(i) If Sp begins with an exis tent ia l quantifier, let Sp-f. be the sentence 
obtained from Sp by dropping that existent ial quantifier, and r e ­
placing each of the occu r r ences of the var iable thus freed by the 
n u m e r a l 0+1 . 



(ii) If Sp does not beg in with an e x i s t e n t i a l q u a n t i f i e r , l e t ^ be the 
e a r l i e s t n u m e r a l wi th wh ich s o m e u n i v e r s a l l y quan t i f i ed s e n t e n c e 
on the l i s t h a s not ye t b e e n i n s t a n t i a t e d ; if ^ > 0, the p r o c e s s 
t e r m i n a t e s . O t h e r w i s e , l e t Sj be the f i r s t u n i v e r s a l l y quan t i f i ed 
s e n t e n c e on the l i s t which h a s not ye t b e e n i n s t a n t i a t e d with Y , 
and l e t Sp_|_j be the r e s u l t of i n s t a n t i a t i n g Sj wi th ^ • 

S u c c e s s i v e s e n t e n c e s a d d e d in t h i s way a r e a l l c o n s e q u e n c e s of the o r i g i n a l 
s t a r t i n g l i s t . T h e r e i s a g r e a t t h e o r e m , f i r s t p r o v e d by J a c q u e s H e r b r a n d 
in 1930, t h a t t he con junc t ion of the s e n t e n c e s in the s t a r t i n g l i s t i s u n s a t i s f i ­
ab le j u s t in c a s e , for s o m e i n t e g e r x , the con junc t ion of the f i r s t x s e n t e n c e s 
on the g e n e r a t e d l i s t i s t r u t h func t iona l ly u n s a t i s f i a b l e . F u r t h e r m o r e , we 
can d r o p f r o m t h i s con junc t ion any s e n t e n c e s t h a t beg in with q u a n t i f i e r s , and 
c o n s i d e r on ly the con junc t ion of the q u a n t i f i e r - f r e e s e n t e n c e s ( i . e . , t h o s e 
con ta in ing no v a r i a b l e s ) . 

But we c a n a l w a y s t e s t t he q u a n t i f i e r - f r e e con junc t ion of s e n t e n c e s 
a t any poin t in t h e g e n e r a t i n g p r o c e s s and a r r i v e at a d e c i s i o n a l g o r i t h m i c a l l y 
w h e t h e r or no t i t i s t r u t h - f u n c t i o n a l l y u n s a t i s f i a b l e , and t h u s , if t h e r e _is an 
X at which the con junc t ion of a l l t he q u a n t i f i e r - f r e e s e n t e n c e s up to and i n ­
c lud ing S-x i s u n s a t i s f i a b l e , we s h a l l c e r t a i n l y find i t , and t h e r e b y h a v e p r o v e d 
tha t t he o r i g i n a l l i s t of s e n t e n c e s i s i n c o n s i s t e n t , and tha t t h e r e f o r e the a s ­
s o c i a t e d d e d u c t i o n c a n be m a d e . 

E a r l i e r a t t e m p t s to m e c h a n i z e t h i s m e t h o d w e r e h a n d i c a p p e d by a 
l a c k of an ef f ic ien t m e t h o d for t e s t i n g for t r u t h - f u n c t i o n a l u n s a t i s f i a b i l i t y . 
But r e c e n t l y , M a r t i n D a v i s and H i l a r y P u t n a m (A C o m p u t i n g P r o c e d u r e for 
Quan t i f i c a t i on T h e o r y , J o u r n a l of the A s s o c i a t i o n for Corapu t ing M a c h i n e r y , 
Vol . 7, No. 3 , J u l y I960) gave a r e m a r k a b l y e f f ic ien t m e t h o d which i s now 
d e s c r i b e d h e r e , s l i g h t l y m o d i f i e d . An e l e g a n t and usefu l a d d i t i o n a l f e a t u r e 
(due to H e r b e r t L . G r a y ) h a s b e e n a d d e d . 

2. The T r u t h F u n c t i o n a l Me thod of D a v i s and P u t n a m 

The con junc t i on of a f in i te n u m b e r of s e n t e n c e s , e a c h of which i s in 
con junc t ive n o r m a l f o r m ( i . e . , i s a con junc t ion of d i s j u n c t i o n s of a t o m i c 
s e n t e n c e s ) , i s i t s e l f a s e n t e n c e in con junc t ive n o r m a l f o r m . L e t Ai , . . . ,A j^ 
be the d i s t i n c t a t o m i c s e n t e n c e s o c c u r r i n g a n y w h e r e in the c o n j u n c t i o n . 
E a c h d i s j u n c t i o n c o n t a i n s one o r m o r e m e m b e r s of the s e t [Ai , . . . , Aj^], 
e i t h e r n e g a t e d or u n n e g a t e d (but not both A^ and ~Ai , for any i ) . The 
q u e s t i o n w h e t h e r the e n t i r e con junc t i on i s s a t i s f i a b l e or no t i s the q u e s t i o n 
w h e t h e r o r no t t r u t h v a l u e s c a n be a s s i g n e d to e a c h of the A^ in such a way 
tha t e a c h d i s j u n c t i o n in the con junc t ion i s m a d e t r u e . In o r d e r to m a k e a 
d i s j u n c t i o n t r u e , one n e e d only m a k e a t l e a s t one of i t s m e m b e r s t r u e . If 
none of the 2^ p o s s i b l e a s s i g n m e n t s of t r u t h v a l u e s to the s e t [Ai , . . . , Aj^] 
m a k e s the who le con junc t ion t r u e , t h e n i t i s u n s a t i s f i a b l e ; o t h e r w i s e i t i s 
s a t i s f i a b l e . 



The D a v i s - P u t n a m p r o c e d u r e c o n s i s t s of e l i m i n a t i n g s u c c e s s i v e l y 
e a c h a t o m i c s e n t e n c e f r o m the con junc t ion unt i l e i t h e r a l l of t h e m a r e 
e l i m i n a t e d (in which c a s e the o r i g i n a l con junc t ion was s a t i s f i a b l e ) or a s t a g e 
i s r e a c h e d a t which two d i f f e r en t d i s j u n c t i o n s a r e ob ta ined , both con ta in ing 
only one m e m b e r , such t h a t the m e m b e r of one d i s junc t ion i s the n e g a t i o n 
of the m e m b e r of the o t h e r . Spec i f i c a l l y , we p e r f o r m the fol lowing p r o c e s s : 

1 . If the con junc t ion i s now e m p t y , then the o r i g i n a l con junc t ion 
w a s s a t i s f i a b l e . The p r o c e s s t e r m i n a t e s . 

2. O t h e r w i s e , if, in the c u r r e n t con junc t ion , e a c h d i s j unc t i on con ­
t a i n s a t l e a s t one u n n e g a t e d a t o m i c s e n t e n c e , t hen the o r i g i n a l 
con junc t ion i s s a t i s f i a b l e ; l i k e w i s e if e ach d i s junc t ion c o n t a i n s 
a t l e a s t one n e g a t e d a t o m i c s e n t e n c e . The p r o c e s s t e r m i n a t e s . 
(Th i s s t e p i s due to H e r b e r t L . G r a y . ) 

3 . O t h e r w i s e , if the c u r r e n t con junc t ion c o n t a i n s a p a i r of d i s j u n c ­
t i o n s w^hose only m e m b e r s a r e , r e s p e c t i v e l y , an a t o m i c s e n t e n c e 
a n d t h e n e g a t i o n of the s a m e a t o m i c s e n t e n c e , the o r i g i n a l c o n ­
j u n c t i o n i s u n s a t i s f i a b l e , and the p r o c e s s t e r m i n a t e s . 

4 . Otherw^ise, if t h e r e i s at l e a s t one d i s j unc t i on which c o n t a i n s 
only one s e n t e n c e ( e i t h e r an a t o m i c s e n t e n c e o r the n e g a t i o n of 
an a t o m i c s e n t e n c e ) , we d e l e t e f r o m the con junc t ion a l l d i s j u n c ­
t i o n s c o n t a i n i n g t h a t s e n t e n c e , and d e l e t e a l l i nd iv idua l o c c u r ­
r e n c e s of i t s n e g a t i o n (~ S i s the n e g a t i o n of S, and S the n e g a t i o n 
of ~ S) w h e r e v e r t h e y o c c u r . Then r e t u r n to s t e p 1 . 

5 . O t h e r w i s e , if any a t o m i c s e n t e n c e o c c u r s only u n n e g a t e d t h r o u g h ­
out the e n t i r e con junc t ion , o r o c c u r s only n e g a t e d , e l i m i n a t e all 
d i s j u n c t i o n s wh ich c o n t a i n i t . Then r e t u r n to s t ep 1. 

6. O t h e r w i s e , we h a v e t h e s i t u a t i o n tha t e v e r y a t o m i c s e n t e n c e 
o c c u r s both n e g a t e d and u n n e g a t e d in the con junc t ion , and no 
d i s j u n c t i o n c o n t a i n s l e s s t han two m e m i b e r s . W r i t e t h e r e ­
f o r e , t he c o n j u n c t i o n in the f o r m 

(AVDi)&. . . &(AVDn^)&(~AVEi)&. . .&(~AVEn)&Gi &...8cG^ 

and t h e n w r i t e 

(DjVEi) & . . . & ( D I V En)&(D2VEi)&.. .&(D2VEn) &• • - &(DjnV E J &-- - & 

( D I ^ V E J ^ ) & G I & . . . & G J . , 

a con junc t ion of d i s j u n c t i o n s in -which the a t o m i c s e n t e n c e A d o e s 
no t o c c u r . T h e Di , E^, and Gj^ a r e d i s j u n c t i o n s invo lv ing a t o m i c 
s e n t e n c e s o t h e r t h a n A. T h e n r e t u r n to s t e p 1 . 



In the above p r o c e s s , each step where a new conjunction is obtained 
with at leas t one l e s s atomic sentence occur r ing in it than in the conjunction 
from which it was obtained c a r r i e s with it the a s su rance that the new sentence 
is t ruth-functionally sat isfiable if and only if the old one i s . Proofs may be 
found in the paper by Davis and Putnam cited previously . 

Each t ime an i te ra t ion of the p r o c e s s i s c a r r i e d out, at l eas t one 
atomic sentence is removed, and hence the ent i re p r o c e s s t e rmina te s in a 
decision, as to sat isf iabil i ty or unsat isf iabi l i ty of the s tar t ing conjunction, 
in at most k i t e r a t i ons . In p rac t i ce , far fewer i te ra t ions than k a r e found to 
be r equ i red for most cases that a r e actual ly encountered. 



CHAPTER III. THE PROGRAM GAMMA I 

1. The l a n g u a g e u s e d by GAMMA I 

The a c t u a l a r t i f i c i a l l a n g u a g e e m p l o y e d by GAMMA I i s but a s u b ­
l a n g u a g e of t h a t d e s c r i b e d in C h a p t e r I. GAMMA I ' s l anguage con t a in s no 
func t iona l v a r i a b l e s and no func t iona l c o n s t a n t s . H e n c e , a l l of i t s t e r m s 
a r e e i t h e r i n d i v i d u a l v a r i a b l e s o r i nd iv idua l c o n s t a n t s . D e s p i t e t h i s 
a p p a r e n t l o s s of e x p r e s s i v e p o w e r , we s t i l l in fac t have j u s t a s e x p r e s s i v e 
an i n s t r u m e n t as b e f o r e ; now, h o w e v e r , in o r d e r to s t a t e c e r t a i n t h i n g s , 
we m u s t r e s o r t to a s l i gh t l y l e s s c o n v e n i e n t and f a m i l i a r t e chn ique of 
f o r m u l a t i o n . I n s t e a d of s a y i n g , e .g . , 

2 • X + 4 = y , (1) 

we m u s t i n t r o d u c e a r e l a t i o n a l c o n s t a n t , s ay E, and w r i t e 

E(x , y) , (2) 

def ining E to be s u c h a r e l a t i o n tha t (2) i s t r u e for j u s t t h o s e o r d e r e d 
p a i r s of c o n s t a n t s for w h i c h ( l ) i s t r u e . 

By t h i s s u b t e r f u g e we c a n r e f o r m u l a t e any a s s e r t i o n , o r p r e d i c a t e , 
w h i c h i n v o l v e s func t iona l v a r i a b l e s or func t iona l c o n s t a n t s , by i n t r o d u c i n g 
r e l a t i o n a l v a r i a b l e s or r e l a t i o n a l c o n s t a n t s . 

A f u r t h e r r e s t r i c t i o n on GAMMA I ' s l a n g u a g e is t h a t we m a y u s e no 
m o r e t h a n t h r e e a r g u m e n t s in any p r e d i c a t e . T h i s s t i l l l e a v e s us wi th 
p l en ty of r o o m to o p e r a t e ; m o s t of the i n t e r e s t i n g e x a m p l e s r e q u i r e no m o r e 
t h a n t h r e e - t e r m r e l a t i o n s . The r e a s o n for t h i s r e s t r i c t i o n is t h a t i t r e n ­
d e r e d the p r o g r a m m i n g p r o b l e m i m m e a s u r a b l y e a s i e r . It i s p l a n n e d tha t in 
GAMMA II no s u c h r e s t r i c t i o n wi l l be i m p o s e d , and the full a p p a r a t u s of the 
l a n g u a g e i n t r o d u c e d in C h a p t e r I wi l l be the l a n g u a g e e m p l o y e d . 

In a d d i t i o n to t h e s e qu i t e m a j o r r e s t r i c t i o n s , s e v e r a l m i n o r ones 
shou ld be p o i n t e d out . By conf in ing o u r s e l v e s to f i x e d - f o r m a t d a t a f ie lds 
in GAMMA I ' s d e s i g n , we c r e a t e d the r e s t r i c t i o n tha t no m o r e t h a n 255 dif­
f e r e n t r e l a t i o n a l v a r i a b l e s cou ld be e m p l o y e d , no m o r e than 255 d i f fe ren t 
i n d i v i d u a l v a r i a b l e s , and no m o r e t h a n 255 d i f fe ren t i nd iv idua l c o n s t a n t s . 
T h e s e a r e m i n o r s i m p l y b e c a u s e p r o b l e m s w h i c h would not fit w i th in t h e m 
would b e a l r e a d y a b s u r d l y i n f e a s i b l e p r o b l e m s for GAMMA I, on o t h e r 
g r o u n d s e n t i r e l y . We s h a l l be d i s c u s s i n g t h e s e o t h e r g r o u n d s l a t e r . 

2. A t o m i c s e n t e n c e s and p r e d i c a t e s and n e g a t i o n s the reo f : l i t e r a l s 

L e t us for c o n v e n i e n c e u s e the w o r d " l i t e r a l " to deno te i nd i f f e r en t ly 
an a t o m i c s e n t e n c e , an a t o m i c p r e d i c a t e , o r a n e g a t i o n of e i t h e r . The t e r m 
is due to D a v i s and P u t n a m . 



The basic 36-bit 704 word provides the f rame for the s t ruc ture of 
atomic sentences and pred ica tes in GAMMA I's language. The word is 
divided into four fields of 9 bits each (see diagram). Each field is sub­
divided into two subfields, the f i r s t being the leftmost bit, the second being 
the other eight b i t s . 

Relational Variable 
Field Argument Fields 

A 

f 
Negation Sign Field: 
'0 ' for unnegated, 
' 1 ' for negated literals 

Relational 
variable 

bidividual variable 
or 

Individual constant 

' 0 ' for constant, 
' 1 ' for variable 

In each of the four eight-bi t fields, we may put any one of the 255 
eight-bit pa t te rns , 00000001 through 11111111, to indicate which symbol 
(relat ional var iable , individual var iab le , or individual constant, depending 
on which field and, in the second two ca se s , on which of '0 ' or ' 1 ' occupies 
the leftmost bi t -posi t ion in the field) we have selected to put the re . Sin­
gulary and binary pred ica tes use only one (the first) and only two (the 
f i rs t and second), respect ively , of the th ree argument fields, the unused 
ones being left with binary ze ros in each bi t-posi t ion. Negation of the 
whole atomic sentence is indicated by a ' 1 ' in the f i rs t bit position; lack of 
negation by a '0 ' the re . 

Which eight-bit pa t te rns a r e used to r ep re sen t which re la t ional 
var iab les or which individual va r iab les has been left to the d iscre t ion of 
the use r of the p rogram: but the individual constants a re considered by 
the p r o g r a m to be o rdered in their na tura l order from 00000001 to 
11111111, for the purposes of ca r ry ing out the instantiation p roces s with­
in the procedure H. If the p r o g r a m is allowed to run for so long a t ime 
that the instantiation p rocess calls for the substitution of an individual 
constant beyond 11111111 in this order ing , it t e rmina tes at that point 
with a printed explanation of its r eason for having stopped. Its capacity 
has been reached in this di rect ion. (There a r e other ways in which i ts 
capacity can become exhausted also: these will be explained in the 
appropr ia te place.) 

3. Disjunctions of l i t e ra l s 

Since the sentences manipulated by GAMMA I a r e at all t imes in 
prenex conjunctive normal form, we a r e able to r e p r e s e n t them without 
explicitly employing symbols for e i ther disjunction or conjunction. 



To r e p r e s e n t a disjunction of N l i t e ra l s we simply construct a s e ­
quence containing the N words encoding the l i t e ra l s , and prefix at the front 
of the sequence a further word containing the integer N in the FORTRAN 
integer word format , viz. , with low-order bit in the 18th bit position (a pos i ­
tion helpfully designated as the seventeenth, under IBM's conventions, which 
involve denoting the f i rs t position as 'S ' (for ' s ign ' ) , the second as f irst , 
the th i rd as second, and so on). 

A conjunction of M disjunctions is then represen ted by a sequence 
of M such sequences as were defined in the previous paragraph, the whole 
sequence being prefixed by a word containing an integer , in FORTRAN in­
teger word forna, giving the total number of words which a r e contained in 
the M disjunctions, (it would have been nicer if the integer to be specified 
were M; but life is not like that, always.) Included in this count must be the 
words prefixing each disjunction. As a schemat ic i l lustrat ion, consider 

(14) '(l)(A)"(3)(A)(B)(Dy '(2)(C)(D)"(4)(A)(G)(H)(K)' . 

The l e t t e r s r e p r e s e n t l i t e r a l s : the re a re four disjunctions, containing, 
respec t ive ly , one, th ree , two, and four l i t e r a l s , as indeed their respec t ive 
"coun te r s" (as we shall henceforward often refer to them) indicate. The 
total number of words , including the four counters as well as the l i t e r a l s , 
is fourteen, and the leading word so indicates . 

By this means we avoid the necess i ty of employing special symbols 
for conjunction and disjunction, at the expense of having to use the counters ; 
these , however, faci l i tate the in te rna l computer process ing of the sentences 
enormously . 

4. The Quantifier Pref ix 

The remain ing portion of a sentence in prenex conjunctive normal 
form, over and above the conjunction of disjunctions of l i t e ra l s which com­
p r i s e s i ts ma t r ix , cons is t s of the init ial sequence of zero , one or more 
quantif iers which bind the individual va r i ab les within the mat r ix . 

It turned out to be far m o r e efficient for GAMMA I to put its quanti­
fier pref ixes , not at the beginning, and in the na tura l o rder , but r a the r at 
the end, and in the r e v e r s e o rde r . In construct ing sentences for input to 
GAMMA I, the re fo re , that is where we put, and that is the o rder in which 
we put, the "prefix" (a designation no longer very appropr ia te) . 

If the total number of quant if iers in the prefix is K (including the 
case K = O), we f i r s t put K, as a FORTRAN in teger -word , immedia te ly 
after the las t word of the ma t r i x . We then put success ive ly a FORTRAN 
in t ege r -word for each quantifier, with posit ive sign indicating universa l , 
negative sign exis tent ia l , quant i f iers . The integer used in each quantifier 



i s t h a t c o r r e s p o n d i n g to the b i t p a t t e r n r e p r e s e n t i n g the ind iv idua l v a r i a b l e 
be long ing to the q u a n t i f i e r , i . e . , we s i m p l y p l ace the b i t p a t t e r n i t se l f w i th 
i t s r i g h t m o s t b i t in the 18th b i t p o s i t i o n of the quan t i f i e r w o r d . Of c o u r s e , 
if K = 0, we do not put any q u a n t i f i e r w o r d s a f te r the p r e f i x c o u n t e r . But 
the z e r o w o r d i s m a n d a t o r y , for the c o u n t e r i t se l f . GAMMA I t a k e s the p r e ­
fix c o u n t e r s qu i t e s e r i o u s l y . 

5. The Input to GAMMA I 

T h u s we c o n s t r u c t t he s e q u e n c e of 704 w o r d s wh ich i s a r e p r e s e n t a ­
t ion of a s e n t e n c e in p r e n e x con junc t ive n o r m a l f o r m for GAMMA I. A s e t 
of s u c h s e n t e n c e s , c o m p r i s i n g the i n i t i a l l i s t for the p r o c e d u r e H, i s r e p r e ­
s e n t e d by s t i c k i n g the r e s p e c t i v e -word s e q u e n c e s e n d - t o - e n d to f o r m one 
s ing l e s e q u e n c e con t a in ing , l e t us s a y , W w o r d s in a l l ( inc lud ing a l l of the 
v a r i o u s c o u n t e r s ) . T h e n u m b e r W is s u p p l i e d to GAMMA I as the va lue of a 
F O R T R A N i n t e g e r v a r i a b l e M A T E N D . The n u m b e r of s e n t e n c e s in the l i s t 
( i . e . , t he n u m b e r of the p r e n e x con junc t ive n o r m a l f o r m s e n t e n c e s ) i s l i k e ­
w i s e s u p p l i e d , a s the v a l u e of a v a r i a b l e J L I N E . T h e h i g h e s t i n d i v i d u a l 
c o n s t a n t w h i c h o c c u r s a n y w h e r e in the inpu t l i s t of s e n t e n c e s i s c o n s i d e r e d 
a s an i n t e g e r in the obv ious way and s u p p l i e d a s the v a l u e of a v a r i a b l e 
L P H I . 

The s e q u e n c e of w o r d s c o m p r i s i n g t h e l i s t of s e n t e n c e s a f t e r t he 
above f a s h i o n is g iven to GAMMA I a s a o n e - d i m e n s i o n a l F O R T R A N a r r a y 
MATRIX. MATRIX (1) i s t h u s the f i r s t w o r d of t h i s a r r a y , and MATRIX 
(MATEND) the l a s t w o r d of t h i s a r r a y . 

T h e f ina l m a j o r p i e c e of inpu t i n f o r m a t i o n r e q u i r e d by GAMMA I i s 
a l i s t of n u m b e r s s t a t i ng r e s p e c t i v e l y in w h i c h w o r d of the a r r a y MATRIX 
the s u c c e s s i v e p r e n e x con junc t ive n o r m a l f o r m s e n t e n c e s b e g i n . (The f i r s t 
s u c h n u m b e r c l e a r l y is a l w a y s 1.) T h i s l i s t of n u m b e r s , in a s c e n d i n g 
o r d e r , i s g iven a s a o n e - d i m e n s i o n a l F O R T R A N a r r a y L I N E . LINE ( l ) i s 
t h u s t h e f i r s t w o r d of t h i s a r r a y ; L I N E ( J L I N E ) i s t he l a s t . 

We h a v e a l s o p r o v i d e d , a s a c o n v e n i e n c e , for up to 120 w o r d s of 
B C D c o m m e n t da ta , wh ich i s r e a d in a long wi th a l l the o t h e r i n f o r m a t i o n at 
input t i m e and u s e d e s s e n t i a l l y a s a l a b e l for the p r o b l e m . Any m a t e r i a l 
c a p a b l e of b e i n g p r i n t e d m a y be put in t h e c o m m e n t a r r a y , w h i c h i s f o r m a l l y 
a F O R T R A N o n e - d i m e n s i o n a l a r r a y L E A D . The n u m b e r of w o r d s a c t u a l l y 
u s e d i s s u p p l i e d a s the v a l u e of a v a r i a b l e L E A D M X , a n d thus t h e a r r a y 
wi l l b e g i n w i th L E A D ( l ) and end wi th L E A D ( L E A D M X ) . 



Physical ly, an input deck of ca rds is p repa red as follows: 

1st card: 

In four success ive 6-column fields, beginning with column 1, the 
values of MATEND, JLINE, LPHI, and LEADMX a re punched, hard 
over to the right of each field, with leading zeros ei ther left blank 
or not, as one p l eases . 

2nd through kth ca rds : 

(where k is no g r e a t e r than it must be in re la t ion to the value 
ass igned to LEADMX.) The comment is punched, 6 cha rac t e r s to a 
word, 12 words to a card . It is not mandatory that LEADMX be a 
multiple of 12. 

(k+l)st ca rd onwards: 

Each ca rd has five success ive fields of 14 columns, s tar t ing with 
column 1; in the r igh tmos t 12 columns of each field a re punched, in 
octal form, the words of the a r r a y LINE followed by the words of 
the a r r a y MATRIX. There will therefore be (JLINE + MATEND) 
octal words in all. 

Such a deck is the ent i re input information requ i red for a problem. 
GAMMA I will handle one prob lem after another, and we simply stack the 
respec t ive decks on top of each other, in the des i red o rder , in the ca rd 
r e a d e r . After having p r o c e s s e d the las t deck in such a batch of p rob lems , 
GAMMA I se lec ts the ca rd r e a d e r in quest of another; finding none, it stops, 
and this is the no rma l manner for a run to t e rmina te . This is indeed the 
only stop not deemed worthy of a pr inted comment at the on-line p r in te r . 

After having p r o c e s s e d a problem, GAMMA I pr in ts the ent i re com­
ment a r r a y LEAD at the on-line p r in te r , followed by its verd ic t (INCON­
SISTENT or CONSISTENT), followed by the number of minutes which were 
r equ i r ed to complete the p rocedure H and find the proof. If a p rob lem were 
submit ted which was not in fact inconsis tent (a synonym for unsatisfiable), 
and which was not in the ca tegory for which the instantiat ion p roces s 
t e r m i n a t e s , then, w h e r e a s the theore t i ca l p rocedure H for such a problem 
goes on for all e terni ty , GAMMA I goes on until its capacity is exhausted 
in one or other of the s eve ra l ways in which this can occur . Since this 
could be quite a long t ime , a way has been provided to t e rmina te a problem 
a r b i t r a r i l y and pe rempto r i l y f rom the console: sense switch 2 is pushed 
down, and GAMMA I pr in ts out an appropr ia te comment at the on-l ine 
p r in te r and moves on to the next problem, if any. When this "get-off" 
facility is used, sense switch 2 should be placed UP again before the next 
p rob lem deck has been ent i re ly read in - otherwise it too will be summar i ly 
t e rmina ted . 



In add i t i on to the infornnat ion s u p p l i e d to the o n - l i n e p r i n t e r at the 
end of e a c h p r o b l e m , fu l l e r i n f o r m a t i o n i s w r i t t e n on T A P E 2 p e r t a i n i n g to 
the p r o b l e m j u s t c o m p l e t e d . In p a r t i c u l a r , a copy i s p r o v i d e d of the 
q u a n t i f i e r - f r e e con junc t ion of s e n t e n c e s wh ich w a s found to be i n c o n s i s t e n t 
(or found to be c o n s i s t e n t , in the c a s e of a p r o b l e m for w h i c h the i n s t a n t i a ­
t ion p r o c e s s h a p p e n s to t e r m i n a t e , and which , in add i t ion , h a p p e n s to be 
c o n s i s t e n t ) . The r e m a i n i n g i n f o r m a t i o n c o n s i s t s of the n u m b e r of t i m e s 
the D a v i s - P u t n a m t r u t h - f u n c t i o n a l a n a l y s i s w a s p e r f o r m e d , and the n u m b e r 
of i t e r a t i o n s of it w h i c h w e r e r e q u i r e d in the p e r f o r m a n c e of i t s f inal , 
d e c i s i v e a p p l i c a t i o n . 

Af te r t h e s e n o t e s about the o b s e r v a b l e b e h a v i o r of GAMMA I, and 
the d i s c u s s i o n of i t s input r e q u i r e m e n t s , we now p a s s to an e x a m i n a t i o n of 
the p r o g r a n a i t se l f . 

6. GAMMA I i t s e l f 

It s e e m s r e a s o n a b l e to d i s c u s s GAMMA I ' s o r g a n i z a t i o n and s t r u c ­
t u r e e n t i r e l y on the F O R T R A N s y m b o l i c s t a t e m e n t l e v e l , t he p r e c i s e d e t a i l s 
of the c o m p i l e d ob j ec t p r o g r a m in S A P m a c h i n e l a n g u a g e not be ing n e c e s s a r y 
for a knowledge of the p r o g r a m ' s l o g i c a l p r o p e r t i e s . 

The flow of e v e n t s t a k e s p l a c e e s s e n t i a l l y j u s t a s i s s p e c i f i e d in the 
t h e o r e t i c a l a l g o r i t h m w h i c h we have b e e n ca l l ing p r o c e d u r e H. The o r i g i n a l 
input a r r a y MATRIX g r o w s l o n g e r , for we add to i t f u r t h e r s e n t e n c e s o b ­
t a i n e d by i n s t a n t i a t i o n , p r o v i d e d they h a v e one o r m o r e q u a n t i f i e r s s u r v i v i n g 
in t h e i r p r e f i x e s . T h o s e t h a t do not , w h i c h a r e t h e r e f o r e q u a n t i f i e r - f r e e 
s e n t e n c e s , we s e g r e g a t e , and s t a c k t h e m end to end in a new a r r a y c a l l e d 
M O D E L . In doing sOj we o m i t bo th the i n i t i a l c o u n t e r (which , one r e c a l l s , 
g ives the t o t a l n u m b e r of w o r d s in the m a t r i x p a r t of the s e n t e n c e ) and the 
t e r m i n a l ( z e r o ) p r e f i x c o u n t e r . We c a n do wi thou t the f o r m e r b e c a u s e we 
no l o n g e r n e e d to p r e s e r v e the s e p a r a t e i den t i t y of e a c h s e n t e n c e m a k i n g 
up the q u a n t i f i e r - f r e e con junc t ion , for we a r e bu i ld ing up b u t a s i n g l e , long , 
s e n t e n c e ; and we can do wi thou t the l a t t e r b e c a u s e in the p r e s e n t con tex t i t 
t e l l s us only s o m e t h i n g we a l r e a d y know - t ha t t h e r e a r e no q u a n t i f i e r s in 
the p r e f i x . T h e a r r a y M O D E L t h e r e f o r e g r o w s l o n g e r a s the p r o c e d u r e c o n ­
t i n u e s . I t s l e n g t h is a t a l l t i m e s s t o r e d a s the va lue of a v a r i a b l e , MODEND. 
As the a r r a y M A T R I X g r o w s , so does the a r r a y L I N E , w h o s e s u c c e s s i v e 
e n t r i e s t e l l w h e r e , in MATRIX, the s u c c e s s i v e s e n t e n c e s b e g i n . The v a l u e s 
of M A T E N D and J L I N E , r e s p e c t i v e l y , a t a l l t i m e s t e l l how long e a c h of t h e s e 
a r r a y s i s . 

E i g h t t h o u s a n d w o r d s of m e m o r y a r e a v a i l a b l e for the a r r a y MATRIX 
18000 for the a r r a y M O D E L , and 2000 for the a r r a y L I N E . If at any po in t 
t h e s e s t o r a g e a r e a s a r e about to be e x c e e d e d , GAMMA I i n t e r r u p t s i t s 
o r d e r l y p r o c e s s e s , p r i n t s out a c o m m e n t a p p r o p r i a t e to the o c c a s i o n , and 
p r o c e e d s to the n e x t p r o b l e m , if any , in the input d e c k . 



T h e r e a r e two m o d e s in wh ich GAMMA I o p e r a t e s as far a s c o n ­
c e r n s the m a t t e r of w h e n to t e s t M O D E L by the D a v i s - P u t n a m p r o c e s s for 
s a t i s f i a b i l i t y or u n s a t i s f i a b i l i t y . The f i r s t m o d e i s a u t o m a t i c , in wh ich 
GAMMA I c h o o s e s for i t s e l f when to t e s t , by a c r i t e r i o n to be e x p l a i n e d in 
a m o m e n t . The s e c o n d is m a n u a l , w h e r e b y the d e c i s i o n when to t e s t i s 
m a d e a t the c o n s o l e . Which m o d e i s o p e r a t i v e is d e t e r m i n e d by the s e t t i n g 
of s e n s e s w i t c h 4: U P for a u t o m a t i c m o d e , DOWN for m a n u a l m o d e . In the 
m a n u a l m o d e , the d e c i s i o n to t e s t i s e f fec ted by d e p r e s s i n g s e n s e s w i t c h 5 
and r a i s i n g i t a g a i n w h e n the R E A D - W R I T E S E L E C T l igh t i s l i t up. T h i s 
p h e n o m e n o n w^ill o c c u r a f t e r a s e c o n d or two, and i n d i c a t e s t h a t the D a v i s -
P u t n a m t e s t p r o c e d u r e h a s go t t en u n d e r way . 

The po in t s a t wh ich t e s t i n g i s done when in the a u t o m a t i c m o d e a r e 
d e t e r m i n e d as fo l lows : w h e n e v e r , in the i n s t a n t i a t i o n p r o c e s s , the s e n t e n c e 
in MATRIX w h i c h i s abou t to be i n s t a n t i a t e d i s the f i r s t , the i n s t a n t i a t i o n 
p r o c e s s i s i n t e r r u p t e d and a D a v i s - P u t n a m t e s t of the c u r r e n t M O D E L i s 
p e r f o r n a e d . W h e n e v e r t h i s po in t i s found to have b e e n r e a c h e d , a t e s t i s 
a l s o m a d e to s e e w h e t h e r the i n d i v i d u a l c o n s t a n t , wh ich i s about to be u s e d 
to i n s t a n t i a t e the f i r s t s e n t e n c e wi th , i s g r e a t e r than the l a r g e s t one i n t r o ­
duced so f a r . If i t i s , t h e n the i n s t a n t i a t i o n a l g o r i t h m c a l l s for t e r m i n a t i o n . 
T h e r e f o r e t h i s f ac t i s n o t e d w h e n e v e r i t c o m e s about , and GAMMA I d o e s 
not p r o c e e d wi th the i n s t a n t i a t i o n p r o c e s s a f t e r the D a v i s - P u t n a m t e s t h a s 
b e e n p e r f o r m e d . O t h e r w i s e ( u n l e s s the D a v i s - P u t n a m t e s t t u r n s up an 
i n c o n s i s t e n c y ) the i n s t a n t i a t i o n p r o c e s s i s then r e s u m e d r i g h t w h e r e i t w a s 
i n t e r r u p t e d . 

S ince the D a v i s - P u t n a m t e s t i s " d e s t r u c t i v e " in the s e n s e tha t 
M O D E L is s u c c e s s i v e l y r e d u c e d , p e r h a p s to no th ing , d u r i n g the t e s t , and 
s i n c e , s h o u l d the i n s t a n t i a t i o n p r o c e s s have to be r e s u m e d , M O D E L m u s t 
a t t ha t po in t b e w h a t it w a s b e f o r e D a v i s - P u t n a m havoc w a s w r o u g h t upon 
it , we w r i t e i t out on T A P E 3 p r i o r to t e s t i n g , a long wi th the e n t i r e a r r a y 
MATRIX. T h e l a t t e r a r r a y m u s t a l s o be " s a v e d " b e c a u s e the D a v i s - P u t n a m 
t e s t r e q u i r e s i t s s t o r a g e a r e a a s an e x t e n s i v e " s c r a t c h pad" on w h i c h to 
m a k e n o t e s . Spec i f i c a l l y , the D a v i s - P u t n a m p r o c e s s i n v o l v e s the c o n s t r u c ­
t ion of an a r r a y LIST d u r i n g e a c h i t e r a t i o n , the e n t r i e s w h e r e o f a r e l i t e r a l s 
wh ich a r e e i t h e r the lone o c c u p a n t s of a d i s j unc t i on , or a r e such as o c c u r 
only u n n e g a t e d , o r only n e g a t e d , t h r o u g h o u t the e n t i r e M O D E L . LIST i s 
a s s i g n e d the s a m e 8 0 0 0 - w o r d s t o r a g e a r e a a s i s MATRIX. 

C e r t a i n a d v a n t a g e s a r e o b t a i n e d in c a r r y i n g out the D a v i s - P u t n a m 
t e s t p r o c e d u r e if a t a l l t i m e s the l i t e r a l s wi th in e a c h d i s j u n c t i o n can be 
a s s u m e d to be in a f ixed, known o r d e r . The h a n d i e s t o r d e r i n g to e m p l o y 
w a s found to be t h a t o b t a i n e d by p r e t e n d i n g tha t e a c h l i t e r a l i s r e a l l y a 
3 5 -b i t b i n a r y n u m b e r w i th a p l u s o r m i n u s s i gn a t t a c h e d , and then o r d e r i n g 
the l i t e r a l s w i t h i n e a c h d i s j u n c t i o n in a s c e n d i n g a b s o l u t e m a g n i t u d e . T h e 
n e c e s s a r y s o r t i n g i s done i m m e d i a t e l y p r i o r to append ing a new q u a n t i f i e r -
f r e e s e n t e n c e to the end of M O D E L . At t h i s poin t i s a l s o p e r f o r m e d the t a s k 



of de l e t i ng , w i th in any one d i s j u n c t i o n , a l l but one copy of any l i t e r a l wh ich 
h a p p e n s to h a v e one o r m o r e d u p l i c a t e s of i t se l f a s c o l l e a g u e s in the d i s ­
junc t ion ; and if a d i s j u n c t i o n i s found to have m u t u a l l y c o n t r a d i c t o r y l i t e r a l s 
wi th in it ( i . e . , l i t e r a l s e x a c t l y a l i ke e x c e p t tha t one h a s a n e g a t i o n s ign whi le 
the o t h e r does not) , then t h e e n t i r e d i s j unc t i on is d e l e t e d . ( F o r such d i s j u n c ­
t i ons a r e t r u e no m a t t e r w h a t t r u t h v a l u e s a r e a s s i g n e d to t h e i r a t o m i c c o n ­
s t i t u e n t s ; h e n c e a con junc t ion con ta in ing such a d i s j u n c t i o n i s i n c o n s i s t e n t 
if and only if the r e m a i n d e r i s . ) 

The flow of e v e n t s w^ithin the D a v i s - P u t n a m t e s t p r o c e d u r e i s , aga in , 
e s s e n t i a l l y g iven by the s t a t e m e n t of the t h e o r e t i c a l p r o c e s s d e s c r i b e d 
e a r l i e r , wh ich p r o c e s s the p r o g r a m c a r r i e s out a s t h e r e s t a t e d . The p r e c i s e 
d e t a i l s of the a c t u a l s t e p s w h i c h a r e e x e c u t e d a r e b e s t a s c e r t a i n e d f r o m the 
s y m b o l i c F O R T R A N p r o g r a m l i s t e d in the Append ix , w h e r e the l i b e r a l c o m ­
m e n t s t h e r e p r o v i d e d t e l l the s t o r y p l a in ly enough . The p r e s e n t o v e r a l l 
r e m a r k s a r e i n t e n d e d a s no m o r e than a helpful gu ide and c o m p a n i o n d u r i n g 
a s c r u t i n y of the F O R T R A N p r o g r a n a . 

A w o r d of r u n n i n g c o m m e n t a r y on the way in w h i c h the i n s t a n t i a t i o n 
p r o c e s s i s done by GAMMA I. An a r r a y L S T U P E is c o n s t r u c t e d d u r i n g the 
p r o c e s s ; i t s k th e n t r y t e l l s w h i c h s e n t e n c e of MATRIX w a s l a s t i n s t a n t i a t e d 
by the k th i n d i v i d u a l c o n s t a n t . In a s s e s s i n g the q u e s t i o n " W h i c h s e n t e n c e of 
MATRIX s h o u l d nex t be i n s t a n t i a t e d , and wi th wha t i n d i v i d u a l c o n s t a n t ? " , 
GAMMA I e x p l o i t s L S T U P E a s fo l lows : one s e l e c t s the f i r s t e n t r y in L S T U P E 
w h i c h d o e s no t "po in t t o " the f inal s e n t e n c e in MATRIX. T h i s e n t r y i s then 
i n c r e a s e d by 1, and the s e n t e n c e then i n d i c a t e d i s s e l e c t e d for i n s t a n t i a t i o n . 
If the e n t r y i s the i th in t h e a r r a y L S T U P E , then the i th i n d i v i d u a l c o n s t a n t 
i s u s e d to do the i n s t a n t i a t i o n of the s e l e c t e d s e n t e n c e . H o w e v e r , if a l l the 
e n t r i e s in the a r r a y L S T U P E po in t to the f inal s e n t e n c e in MATRIX, t hen 
a new e n t r y n u m e r i c a l l y e q u a l to z e r o i s added . T h i s i n d i c a t e s t ha t none of 
the s e n t e n c e s of MATRIX h a v e y e t b e e n i n s t a n t i a t e d by the c o r r e s p o n d i n g 
i nd iv idua l c o n s t a n t , bu t t h a t the f i r s t s e n t e n c e of MATRIX i s j u s t abou t to b e . 

F i n a l l y , a u se fu l f e a t u r e h a s b e e n i n c o r p o r a t e d in to GAMMA I to e n ­
ab le the u s e r to h a v e a p i c t u r e of w h a t i s going on d u r i n g i n t e r n a l p r o c e s s i n g . 
The r e g i s t e r MQ is not r e q u i r e d d u r i n g the p r o c e s s i n g , e i t h e r in the i n s t a n ­
t i a t i on s e c t i o n of the p r o g r a m o r in the D a v i s - P u t n a m s e c t i o n of the p r o g r a m . 
Two n u m b e r s a r e t h e r e f o r e d i s p l a y e d on the c o n s o l e MQ n e o n s , and t h e i r 
b e h a v i o r i n d i c a t e s how f a r G A M M A I h a s p r o g r e s s e d w i t h t h e p r o b l e m a t 
t h e t i m e . 

D u r i n g the i n s t a n t i a t i o n p r o c e s s , we d i s p l a y in t h e left half of MQ 
the n u m b e r of s e n t e n c e s c u r r e n t l y in MATRIX, and in the r i g h t half of MQ 
the n u m b e r of q u a n t i f i e r - f r e e s e n t e n c e s w h i c h have so fa r b e e n a d d e d to 
M O D E L . 



During the Davis -Pu tnam p r o c e s s we display in the left half of MQ 
the cu r r en t length (total number of words) of MODEL, and in the right half 
of MQ the number of i te ra t ions so far c a r r i e d out of the Davis -Putnam 
procedure . 

Depress ing sense switch 3 at any t ime causes GAMMA I to r epor t 
at the on-l ine p r in t e r the sentences which it is getting via the instantiat ion 
p r o c e s s . 

Depress ing sense switch 1 causes GAMMA I to repor t , during the 
Dav i s -Pu tnam t e s t s , the success ive appearances of MODEL as it is reduced 
at each i tera t ion . 



C H A P T E R IV. SHORTCOMINGS OF GAMMA I. GAMMA II. 

In the I n t r o d u c t i o n the r e m a r k w a s m a d e tha t , owing to t h e o r e t i c a l 
p r o p e r t i e s of the p r o c e d u r e H, the p r o g r a m GAMMA I h a s m a r k e d l i m i t a ­
t ions a s to wha t k inds of p r o b l e m it i s c a p a b l e of hand l ing in a r e a s o n a b l e 
span of t i m e . Spec i f i ca l ly , t h i s is due to the fac t tha t , for m o s t " i n t e r e s t i n g " 
(and t h e r e f o r e su f f i c ien t ly c o m p l e x - s t r u c t u r e d ) a x i o m s e t s , and, for a 
g iven i n t e r e s t i n g a x i o m se t , for m o s t i n t e r e s t i n g t h e o r e m s d e d u c i b l e f r o m 
it , the v a l u e of x g u a r a n t e e d to e x i s t ( w h e r e x, it wi l l be r e c a l l e d , i s the 
e a r l i e s t s t e p of the i n s t a n t i a t i o n p r o c e s s at which a t r u t h - f u n c t i o n a l l y u n ­
s a t i s f i a b l e s e n t e n c e is ob ta ined) by the t h e o r y is a s i c k e n i n g l y l a r g e 
n u m b e r . 

An e x a m p l e of t h i s s i t u a t i o n w a s m e t e a r l y in the t e s t i n g of GAMMA I 
The a x i o m s y s t e m wh ich was f o r m a l i z e d w a s tha t for e l e m e n t a r y a b s t r a c t 
g r o u p t h e o r y . The a x i o m s a r e t h r e e in n u m b e r , and s i m p l e - l o o k i n g ( "o" i s 
a b i n a r y func t iona l v a r i a b l e ) : 

(Ax)(Ay)(Ez)(x = zoy) ( l ) 

(Ax)(Ay)(Ez)(x = yoz) (2) 

(Ax)(Ay)(Az)(xo(yoz) = (xoy)oz) . (3) 

F r o m t h e s e a x i o m s we sough t to p r o v e the t h e o r e m t h a t an i d e n t i t y 
e l e m e n t e x i s t s ; i ndeed , we c o n t e n t e d o u r s e l v e s wi th the w e a k e r t h e o r e m 
tha t t h e r e e x i s t s a left i d e n t i t y e l e m e n t : 

(Ex)(Az)(z = xoz) . (4) 

A l g e b r a i c a l l y h u m b l e though t h i s e x a m p l e be , it i s no t wi thou t s o m e 
i n t e r e s t ; the p roof of it , wh i l e not di f f icul t , i s not t r i v i a l e i t h e r . Al l in a l l , 
i t w a s fel t t ha t it w a s a r e a s o n a b l e e x a m p l e of a n o n t r i v i a l t h e o r e m wh ich 
m i g h t be wi th in the r a n g e of GAMMA I. 

It i s n o t . If a p p e a r s , by an a r g u m e n t wh ich wi l l no t be g iven h e r e , 
tha t the e a r l i e s t v a l u e of x to w h i c h GAMMA I would h a v e to go in o r d e r to 
get a p roo f of (4) f r o m [ ( l ) , (2), (3)] is at l e a s t 57^, o r abou t 2.10^^. 

The i r o n y of the s i t u a t i o n i s t ha t , in the couple of t r i l l i o n or so 
q u a n t i f i e r - f r e e s e n t e n c e s wh ich GAMMA I would have to g e n e r a t e by i n ­
s t a n t i a t i o n , only four a r e a c t u a l l y r e q u i r e d to p r o d u c e the r e q u i s i t e c o n ­
t r a d i c t i o n . It i s t h e s e four , t o g e t h e r wi th a m e r e handful of o t h e r s , w h i c h 
any good s t u d e n t of m o d e r n a l g e b r a would s e l e c t a s a p roo f of (4) f r o m 
[(1), (2), (3 ) ] . 

P r o c e d u r e H i s in fac t wha t one m i g h t c a l l an e x h a u s t i o n a l g o r i t h m : 
the d e s i r e d e n t i t y i s , if i t e x i s t s a t a l l , c e r t a i n l y a m e m b e r of an e f f ec t ive ly 



enumerable set; very well then, says an exhaustive algori thm, let us l is t 
the set, m e m b e r by m e m b e r , and see if the entity turns up. [Actually, the 
t e r m 'a lgor i thm' is a m i s n o m e r , since the p rocess descr ibed will not t e r ­
minate if (a) the enumerat ion does not t e rmina te (i .e. , the set is not finite) 
and (b) the des i r ed entity is not in the set.] 

The cont ras t is between methods calling for the examination of 
"al l" poss ib i l i t i es , on the one hand, and methods which somehow select 
from the totality of poss ibi l i t ies a subset thereof which contains only the 
l ikel ier poss ib i l i t i e s . Clear ly , the second category of methods embraces 
those dist inguished by their employment of so-cal led s t r a t eg i e s . At the 
very least , such methods a r e l ess uniform, more flexible, than exhaustive 
methods , and in some sense the flow of events ensuing when such a method 
is applied to a pa r t i cu la r problem is very much a function of the specific 
p rope r t i e s of the par t i cu la r p rob lem. 

Apart from its being a uniform, exhaustive method, procedure H 
a l so is formulated within a fair ly spar tan syntact ical s t r u c t u r e . It is in 
fact l e s s easy to "spot" proofs, within the s t ruc tu re operated on by p r o ­
cedure H, than it is to spot them in the r i che r (though not more powerful) 
languages in which intuitive deductions a re made, and then to t r ansc r ibe 
them, or otherwise use them, to discover corresponding proofs within the 
m o r e aus t e r e sys t em. 

The next p r o g r a m which is planned, GAMMA II, will embody some 
ideas , st i l l somewhat in the formative stage, for select ing paths of in­
stantiat ion on the bas i s of the pa r t i cu la r s t ruc tu re of each problem, which 
should contain the des i r ed contradict ion if indeed there is one contained 
in the single, uniform path of instantiat ion followed by procedure H. This 
problem is much eas i e r to handle within a sys tem which explicitly contains 
functional signs (var iables and constants) and which also contains the 
identity re la t ion as par t of the underlying logical machinery , with a s soc i ­
ated ru les of deduction. It a l ready is c lear that, for instance, the group 
theory p rob lem can be solved by a fair ly simple general izat ion of the in­
stantiat ion p rocedure , c a r r i e d out within a language possess ing function 
signs and the identity re la t ion as a par t of i ts deductive mach inery . But 
it is not yet c lea r to what level of difficulty of theorems such a general ized 
and r i che r p rocedure will be able to pene t r a t e . 
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APPENDIX. THE SYMBOLIC FORTRAN PROGRAM GAMMA I. 

1 . Annotated g lossa ry of FORTRAN symbols occurr ing in GAMMA I. 

The following complete alphabetical ly o rde red l is t of FORTRAN 
symbols which occur in GAMMA I, together with the definitions and ex­
planations at tached to each, should facil i tate the task of understanding the 
p r o g r a m l i s t ing . In the ca ses where synonyms occur , they were introduced 
into the p r o g r a m because the information they c a r r i e d had somet imes to be 
t r ea t ed as a FORTRAN integer (and as such had to be named by a symbol 
beginning with I, J, K, L, M, or N ) and other t imes as a word of "Boolean" infor • 
mat ion, for which a symbol not beginning with I, J, K, L, M, or N is requ i red . 

ALIST Synonym for LIST. 

ATRIX Synonym for MATRIX. 

FIRST Used to s to re the var iab le which is going to be instant ia ted; 
bit pa t te rn is adjusted so as to be in alignment with f i rs t 
a rgument field of the l i t e r a l . 

GEORGE Used during the const ruct ion of LIST in connection with the 
tagging of l i t e r a l s which a r e to be deleted from LIST before 
LIST is actual ly used. 

I Genera l -pu rpose indexing var iab le used frequently in a r r a y -
manipulat ion. 

IMAX The counter whose value is the highest individual constant 
which is used next to ins tant ia te a universa l ly quantified 
va r i ab l e . 

INSTA Indicates the location of the m a t r i x counter of the sentence 
being p r o c e s s e d , during instant iat ion p rocedure . 

INSTB Indicates the location of the prefix counter of the sentence 
being p roces sed , during instant iat ion p rocedure . 

INSTC Indicates the location of the las t quantifier of the sentence 
being p roces sed , during the instantiat ion p rocedure . 

INSTD Indicates the location of the f i rs t l i t e ra l in the sentence being 
p r o c e s s e d , during the instantiat ion p rocedure . 

ITERAT Contains the count of the number of i te ra t ions so far, in the 
cu r r en t Dav i s -Pu tnam tes t . 

J Gene r a l -pu rpose index va r i ab le , used frequently in a r r a y 

manipulat ion. 

JLINE Contains the number of sentences in MATRIX. 

JUNK A s c r a t c h - p a d var iab le used in assembl ing word to be d i s ­
played in MQ. 



K 

L 

LA 

L A P S E D 

LAST 

L A S T M 

L A T E R 

L E A D 

L E A D M X 

L E A S T 

L E A S T M 

L E N G T H 

L F I R S T 

L G E O R G E 

LINE 

LINES 

LIST 

LITS 

L N 

L N E G 

LOST 

G e n e r a l - p u r p o s e index v a r i a b l e , u s e d f r e q u e n t l y in a r ray-
m a n i p u l a t i o n . 

G e n e r a l - p u r p o s e index v a r i a b l e . 

Used a s c o u n t e r in the t e s t to s e e how m a n y u n i v e r s a l 
q u a n t i f i e r s a r e in p r e f i x of s e n t e n c e about to be i n s t a n t i a t e d . 

The n u m b e r of m i n u t e s t a k e n by a c o m p l e t e d p r o b l e m . 

I n d i c a t e s the l a s t l i t e r a l in a d i s j u n c t i o n , d u r i n g D a v i s -
P u t n a m t e s t . 

I n d i c a t e s l a s t l i t e r a l in a d i s j u n c t i o n , d u r i n g the s o r t i n g 
o p e r a t i o n on the d i s j u n c t i o n s of a s e n t e n c e abou t to be added 
to M O D E L . 

T i m e , in m i n u t e s e l a p s e d s i n c e p r e v i o u s m i d n i g h t , a t wh ich 
a p r o b l e m w a s f i n i s h e d . 

The 1 2 0 - w o r d - m a x i m u m a r r a y c o n t a i n i n g BCD m a t e r i a l of 
the c o m m e n t a c c o m p a n y i n g the p r o b l e m . 

The n u m b e r of BCD w o r d s in the c o m m e n t . 

I n d i c a t e s the f i r s t l i t e r a l of a d i s j u n c t i o n , d u r i n g D a v i s -
Putnann. t e s t . 

I n d i c a t e s f i r s t l i t e r a l in a d i s j u n c t i o n , d u r i n g s o r t i n g 
p r o c e d u r e . 

The n u m b e r of w o r d s in the m a t r i x of the c u r r e n t s e n t e n c e ; 
in i n s t a n t i a t i o n p r o c e d u r e . 

Synonym of F I R S T . 

Synonym of G E O R G E . 

2 0 0 0 - w o r d - m a x i m u r Q a r r a y w h o s e e n t r i e s give t h e l o c a t i o n s 
of the b e g i n n i n g s of s u c c e s s i v e s e n t e n c e s in M A T R I X . 

C o u n t e r : n u m b e r of q u a n t i f i e r - f r e e s e n t e n c e s o b t a i n e d so f a r . 

8 0 0 0 - w o r d - m a x i m u m a r r a y w h o s e e n t r i e s a r e l i t e r a l s -which 
a r e to be e l i m i n a t e d f r o m M O D E L ; in D a v i s - P u t n a m t e s t . 

C o u n t e r : n u m b e r of l i t e r a l s in a d i s j u n c t i o n ; in D a v i s - P u t n a m 
t e s t . 

I n d i c a t e s which s e n t e n c e of MATRIX i s abou t to be i n s t a n t i a t e d 
n e x t . 

Is equa l to z e r o if a l l d i s j u n c t i o n s in M O D E L c o n t a i n a n e g a t e d 
l i t e r a l ; e q u a l s one otherw^ise . 

I n d i c a t e s l a s t l i t e r a l in a d i s j u n c t i o n ; in D a v i s - P u t n a m t e s t . 



L P H I 

L P I V O T 

L P O S 

LSCOND 

L S T U P E 

L T E S T 

L T H I R D 

L U N G T H 

LUST 

LVALUE 

LVBLE 

LWORDI 

LWORD2 

LWORD3 

M 

MATEND 

MATRIX 

MAXK 

MODEL 

MODEND 

N 

NAXT 

H i g h e s t i nd iv idua l c o n s t a n t u s e d so fa r to i n s t a n t i a t e an 
e x i s t e n t i a l l y quan t i f i ed v a r i a b l e . 

The l i t e r a l to be e l i m i n a t e d by s t e p (6) of D a v i s - P u t n a m 
p r o c e d u r e . 

Is equa l to z e r o if a l l d i s j u n c t i o n s in M O D E L c o n t a i n an 
u n n e g a t e d l i t e r a l ; e q u a l s one o t h e r w i s e . 

Synonym of SECOND. 

1 0 0 - w o r d - m a x i m u m a r r a y w h o s e i^^ e n t r y g i v e s which 
s e n t e n c e w a s l a s t i n s t a n t i a t e d by i^^ i n d i v i d u a l c o n s t a n t . 

C o u n t e r : t he n u m b e r of t i m e s the D a v i s - P u t n a m t e s t h a s 
b e e n p e r f o r m e d so far in the c u r r e n t p r o b l e m . 

Synonym for THIRD. 

I n d i c a t e s l o c a t i o n of l a s t l i t e r a l in the m a t r i x p a r t of a 
s e n t e n c e ; d u r i n g i n s t a n t i a t i o n p r o c e s s . 

I n d i c a t e s the l a s t l i t e r a l of a d i s j u n c t i o n ; in D a v i s - P u t n a m 
t e s t i n g p r o c e s s . 

Synonym for V A L U E . 

I n d i c a t e s the i nd iv idua l v a r i a b l e wi th r e s p e c t to which 
i n s t a n t i a t i o n wil l be d o n e ; d u r i n g i n s t a n t i a t i o n p r o c e s s . 

Synonym for WORDl . 

Synonym for WORD2. 

Synonym for WORD3. 

G e n e r a l p u r p o s e index ing v a r i a b l e . 

G i v e s the l eng th of the a r r a y MATRIX, v i z . , the t o t a l n u m b e r 
of w o r d s in the a r r a y . 

The 8 0 0 0 - w o r d - m a x i m u m a r r a y c o n t a i n i n g a l l the s e n t e n c e s 
which s t i l l h a v e q u a n t i f i e r s left in t h e i r p r e f i x e s . 

G ives the l eng th of the a r r a y L IST . 

The 1 8 0 0 0 - w o r d - m a x i m u m a r r a y c o n t a i n i n g a l l the quan t i f i e r -
f r e e s e n t e n c e s . 

G i v e s the l eng th of the a r r a y M O D E L . 

G e n e r a l - p u r p o s e index ing v a r i a b l e . 

I n d i c a t e s the l o c a t i o n of the c o u n t e r i m m e d i a t e l y in f ron t of 
a d i s j u n c t i o n ; in D a v i s - P u t n a m t e s t p r o c e s s . 



N E X T I n d i c a t e s the l o c a t i o n of the c o u n t e r i m m e d i a t e l y in f ron t of 
a d i s j u n c t i o n ; in D a v i s - P u t n a m t e s t - p r o c e s s . 

N E X T M I n d i c a t e s the l o c a t i o n of the c o u n t e r i m m e d i a t e l y in f ron t of 
a d i s j u n c t i o n in the s o r t i n g p r o c e s s . 

NOW The t i m e , in m i n u t e s e l a p s e d s i n c e p r e v i o u s m i d n i g h t , a t 
wh ich a p r o b l e m is b e g u n . 

NOXT I n d i c a t e s the l o c a t i o n of the c o u n t e r i m m e d i a t e l y in f ron t of 
a d i s j u n c t i o n ; in D a v i s - P u t n a m p r o c e s s . 

O D E L Synonym for M O D E L . 

SECOND Used to s t o r e the v a r i a b l e which i s going to be i n s t a n t i a t e d 
upon ; b i t p a t t e r n i s a d j u s t e d so a s to be in a l i g n m e n t -with the 
s e c o n d a r g u m e n t f ie ld of the l i t e r a l . 

THIRD Used to s t o r e the v a r i a b l e which i s going to be i n s t a n t i a t e d 
upon ; b i t p a t t e r n i s a d j u s t e d so a s to be in a l i g n m e n t wi th the 
a r g u m e n t f ie ld of the l i t e r a l . 

V A L U E The i n d i v i d u a l c o n s t a n t which i s going to be u s e d for i n s t a n t i ­
a t i o n , wi th bi t p a t t e r n a d j u s t e d so a s to be in a l i g n m e n t wi th 
f i r s t a r g u m e n t f ie ld of l i t e r a l . 

V A L U E 2 The i nd iv idua l c o n s t a n t wh ich i s going to be u s e d for i n s t a n t i a ­
t ion , -with b i t p a t t e r n a d j u s t e d so a s to be in a l i g n m e n t wi th 
s e c o n d a r g u m e n t f ie ld of l i t e r a l . 

V A L U E 3 The i n d i v i d u a l c o n s t a n t w h i c h i s going to be u s e d for i n s t a n t i a ­
t ion , wi th b i t p a t t e r n a d j u s t e d so a s to be in a l i g n m e n t wi th 
t h i r d a r g u m e n t f ie ld of l i t e r a l . 

WORDl The c o n t e n t s of the f i r s t a r g u m e n t f ie ld of a l i t e r a l , c o n t e x t 
s t r i p p e d a w a y . 

WORD2 The c o n t e n t s of the s e c o n d a r g u m e n t f ie ld of a l i t e r a l , con t ex t 
s t r i p p e d a w a y . 

WORD3 The c o n t e n t s of the t h i r d a r g u m e n t f ie ld of a l i t e r a l , con t ex t 
s t r i p p e d a w a y . 

[X ,Y ,Z] T h r e e BCD w o r d s wh ich s t a t e the d a t e and t i m e , w h e n e v e r 
the s u b r o u t i n e M I N U T E i s c a l l e d in . No u s e i s a c t u a l l y m a d e 
of t h e s e t h r e e v a r i a b l e s beyond t h e i r funct ion a s the d u m m y 
v a r i a b l e s in t h e ca l l i ng l i ne of the s u b r o u t i n e . 
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7 INS = INS + 1 005U 
IF HNS - IKAX) 6,6,8000 0055 

£»«»»«»•«•»<»«>«•*»*••»••••«•••••«*••••**••»•«•••»*••«•«•»•»•••••••••«•• 0056 
C» WE vAY PROCEED, EVIDENTLY. THE TESTING CRISIS fVSl BE OVER. • 0057 
C«»»«»»»«»«»»»»»»»»»•»•«••»»•«*»»»*»*»•»•••»•»«»»*••*••»••»••«•«»»•»»*•» 0058 

8 LSTUPE!INS) = 0 0059 
If̂ AX = INS 0060 
GO TO 6 0061 

C•»•»«»»#»»»»•••»»••»•••••»»»»»»••••••••»••»•»••»•»••»••*•••»••»•»•»»»•» 0062 
C» WE CAN INSTANTIATE WITH INS. SET UP THE SENTENCE DUE FOR » 0063 
C» INSTANTIATION WITH INS. • 0064 
C«««••»••»•*«««••««••»•••••••»••«••«••»«••••*•*»•*•««'•*••»••••«••>••«••« 0065 

9 LSTUPEIINS) = LSTUPE(INS) + 1 0066 
LN = LSTUPECINS) 0067 
INSTA = LINE(LN) 0068 
INSTB = f'ATRIX( INSTA) + INSTA + 1 0069 
INSTC = f'ATRIXi INSTB) + INSTP 0070 
LVBLE = XABSF!MATRIX(INSTC)) 0071 
INSTD = INSTB + 1 0072 

C»»««e»«•«»«»••«••••••«»•••»«»••«••'»•«»»••••••«••«•••«»•••«•»••«•«•••«•« 0075 
C* WAIT. IF WE INSTANTIATE THIS SENTENCE, WE WANT TO KNOW WHETHER « 007l| 
C» WE WILL WIND VP WITH A QUANTIFIER-FREE SENTENCE OR NOT. IF THIS * 0C75 
C« SENTENCE HAS LESS THAN TWO UNIVERSAL QUANTIFIERS IN ITS PREFIX, » 0076 
C» THE RESULT OF INSTANTIATION WILL BE A QUANTIFIER-FREE SENTENCE. • 0077 
C» SO WE COUNT THE NUMBER OF UNIVERSAL QUANTIFIERS IN THE PREFIX.... * 0078 
C**»«»**«»•*•«»«•••*•*•*••'•»*>•*•***•*»**>*»**••••••*•*•••<•*•»*•*••»*•» 0079 

LA = 0 0080 
DC 11 K = INSTD, INSTC 0081 
IF (NiATRIX(K)) 11, 10, 10 0C82 

10 LA = LA + 1 0083 
n CONTINUE 008U 

C»•»«•»•»»•»»»»«••»••»»•»»•»•••»•»»»•»•»•»»»»»•••»•••«»*»•••»••»••»•»»•• 0085 
C» ....AND IF THERE ARE LESS THAN TWO WE PREPARE TO ADD THE RESULT * 0086 
C« TO MODEL.... » 0087 
C•«*•*•»••«•««•**«»•*»«»«•«*••'*••«»»»•«**««»»»•*••••••••••«••<•«•*«••«•» 0088 

IF ILA - 2) lU, 12, 12 0089 
12 M = MATEND 0090 

C»>»»* *•*••««'•••»•*•>««••<••««'••••«»•••••«'•«••«•••••••••••• •••««•«•»*»»» 0091 
C« ...BUT IF THERE ARE TWO OR MORE WE PREPARE TO ADO THE RESULT TO • 0092 
C» MATRIX... • 0093 
(;»»•»»»•»»»»»»••••»»*«••••»»•»*•••••««•»»»»»•»•»»»•••»•»»•»•»»»»••*»»•»• 009U 

DO 13 N = INSTA, INSTC 0095 
M = M + 1 C096 

13 ^•ATRIX(M) = MATRIX(N) 0097 
C «••>••••••••••*•*••««»•••»•••••*«•*'•••«••••••*•'•••*•'••'*•••••• ••••••**•• 0098 
C* ...AND DEPART FOR STATEMENT 38 WHERE THIS WILL BE DONE. * 0099 
C«*«<»•»»«••»•-••••«»•«*»*»•••*«••••••«»••••••••••••••*•••••»«••«•••«*«•• 0100 

INSTB = "ATEND + MATRIX!INSTA) + 2 0101 
INSTA = MATEND + 1 0102 
LVALUE = INS 0103 
GO TO 38 OlOU 

C«»•*«•»•»«•«•«•»•*»••»«••»•»««•••••»•••*»»«•«*•«••••«••«'•••••••••••••«« 0105 
C» SET UP ON TO THE END OF MODEL THE SENTENCE TO BE INSTANTIATED. * 0106 
C»»»»»»»»»»»»»»»«»»»»»»»»»»»»«**»»»»»»»»»»»»»»»»»«»»»»*»»«»»«»»»»»«»««»» 0107 
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1U M = MODEND 0108 
LENGTH = MATRIX!INSTA) 0109 
INSTD = INSTA + 1 0110 
DO 15 N = INSTD,INSTC CIll 
M = M + 1 0112 

15 MODEL(M) = MATRIX(N) 0113 
INSTB = MODEND + MATRIXdNSTA) + 1 01 1U 
INSTA = MODEND + 1 0115 

16 LVALUE = INS 0116 
Cftftftftftftftftftftftftftftftftftftftftftftftftftftftftftft«•»•«•••••«*•••••••»«ft••»•••*••»••»«•«•»ft 0117 
C» GET RID OF ALL THE E X I S T E N T I A L Q U A N T I F I E R S AS WE L L AS THE • 0118 
C« U N I V E R S A L Q U A N T I F I E R . » 0119 
Cft*«»«ft>*ftftft««ftftftft*ftft«ftftft*ftftft»ftftftftftftftft«ftft>*ftftftftftft*«ftftft*«ftft«ftftftft*ftft«ftftftftft 0120 
S 17 CLA LVBLE 0121 
S STO FIRST 012? 
S ARS 9 0123 
S STO SECOND C12U 
S ARS 9 0125 
S STO THIRD 0126 
S CLA LVALUE 0127 
S ARS 9 0128 
S STO VALUE2 0129 
S ARS 9 0130 
S STO VALUE3 0131 
B FIRST = FIRST + OOOUOOOOOOCO 0132 
B SECOND = SECOND + OOOOOOUOOOOO 0133 
B THIRD = THIRD + OOOOOOCOOUOO 013it 

DO 23 L = INSTA, INSTB 0135 
B WORDl = ODEL(L) * 000777000000 0136 
B W0RD2 = CDEL!L) • 00C0C077700O 0137 
B W0RD3 = ODELIL) » 000000000777 0138 

IF (LK0RD1 - LFIRST) 19, 18, 19 0139 
B 18 ODEL(L) = OOEL(L) » 777000777777 + VALUE 011+0 

19 IF (LW0RD2 - LSCOND) 21, 20, 21 01U1 
B 20 CDEL{L) = ODEL(L) • 777777000777 + VALUE2 C1U2 

21 IF (LW0RD3 - LTHIRD) 23, 22, 23 01U3 
B 22 ODEL!L) = ODEL(L) • 777777777000 + VALUE3 OIUU 

23 CONTINUE OH+5 
MODELdNSTB) = MCDEL(INSTB) - 1 01U6 
LASTM = MODELdNSTB) + INSTB 01U7 
IF (MODEL! INSTB) ) 25, 25, 2U 011̂ 8 

2U LVALUE = LPHI + 1 01U9 
LPHI = LVALUE 0150 
LVBLE = XABSF(MODEL(LASTM)) 0151 
GO TO 17 0152 

25 LASTM = INSTA - 1 0153 
LUNGTH = MODEND + LENGTH OlSU 

Cft•«*<********************>*************************-*****>*********>**»« 0155 
C» PRINT CUT THE RESULT IF REQUESTED. • 0156 
C ft ft* ftftftftftft » * • • • • • • v f t * * * * * * ' * ' * * * * * * • • * * * ' * • * « * * * * * * * » > * * * * * « ' * * « > * * * « » f t < « « f t « 0157 

IF (SENSE SWITCH 3) 252, 251 0158 
252 PRINT 100U, LVALUE, (MODEL!N ) ,N=INSTA,INSTB) 0159 

C»»»»»*»»»»»»»»»ft»ft»ft»*»ftft*»*»»»ft**»»ft»»ft»ft«»»ft*ft*ft»*ft»*»ftft•»•*»•»»••»•» 0160 
C» SORT EACH DISJUNCTION WITHIN THE NEW OUANTIFIER-FREE SENTENCE. • 0161 
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C ft ftftftftftft ftftftftftftftft ftftftftftftftftftftft ftftftftftft ftftftftftft ftftft»ftftftftft«ftftftft»»ftftftft«ftft«*»ftftftftftftft 
251 NEXTM = LASTM + 

IF (NEXTM - (MOD 
LEASTM = NEXT" + 
LASTM = MODEL(NE 
K = LASTM - 1 
IF (MCDEL(NIEXTV) 
DO 31 L = LEASTM 
IF(XAPSF(MODEL(L 
" = MODEL(L + 1) 
MODEL (L + 1) = 
"^ODELIL) = M 
SENSE LIGHT 1 
GO TO 31 
IF (MODEL(L) + ••" 
MODEL!L) = 0 
MODEL(NEXTM) = » 
CCNTI^UE 
IF (SENSE LIGHT 

32 IF(MODEL!L)) 33, 
C«»»ft»»ftft«»ftftft«ft»ftftftft» 

26 

27 

?8 

29 
30 

31 

1 
END + LE 
1 

XTM) + N 

- 1 ) 25 
, K 
)) - XAP 

MODEL(L) 

NGTH + 1) 

EXTM 

1, 251, 2 

SF(MODELI 

) 26, 35, 35 

L + 1))) 31, 29, 28 

ODEL(L + 

ODEL(NEX 

1) 27, 2 
3 1 , 33 

ft ftftftftftft* 

1) ) 30, 

TM) - 1 

51 

32, 30 

(ft ftftft»*ftftft 
C* IF A D I S J U N C T I O N IS L O G I C A L L Y T R U E , 
C«ft»«ft»ft»Sft«ftftftft»»ft«ftftftftftftftftft»ftftftftftftftftft 

33 00 3U L = NEXTM, LASTM 
31+ "ODELIL) = C 

GO TV 251 
C*»ft««»ftft««ftftftftftft» 
C» PACK rOVN THE 
C»»»»»»»ft»»ftftft*»ftft 

35 CO 37 N = IN 
IF (MCDELIN) 

36 '--ODEND = '''CD 
MCDFL(MOOENr 

37 CONTINUE 
Cftft*ftftftftftftftftftftftftftft»»*ftftftftftftftftftftftftft»««ftft 
C* PRINT IT CUT IF REQUESTED. 

h ft ftftftftftft ftft ft ftftftftftftftftftftft 

POSSIBLY DEPLETED SEN 
f f t f t f t f t » f t f t « f t f t f t f t f t f t * f t f t f t f t f t f t 

STA,LUNGTH 
) 3 6 , 3 7 , 36 
END + 1 
) = MODEL(N) 

ftft ftftftftftft ft ftftftftftft* ftftftftftftftftftftft ft ftftft ft* 
OFLCTE I T . • 

ftftftftftftft ftftft ftftftftftftftft* ftft ftftftftftftftftftftft* 

ftft ftftftVftftftftftft ftft ftftftftftftftft* ft ftftftft ft ftftftft 

TENCE. * 
*»*ftftftftftftft»ftftftftftftftftftftftft»ftftft«ftft*ftft 

Cftftftftftftftft*ftftftftftft»»*»*»ftftftftftftftft 

371 
I 
P 
P 

372 C 
C« »»»* ft 
C* QUI 
C* INS 
C»ft•••ft 

L 
I 

Qftftftftft* 
C* INS 
C* EXI 
C ftftftftft ft 

F (SENSE SW 
RINT 1006, 
RINT 100C, 
ONTINUE 
ftft»«*«ftftftftft 
T, IF WE AR 
TANTIATE TH 
ftftftftftftftft ftftft 
INES = LINE 
F (MODEND -
•»ftftftftft*»ft»ftft»ft»» 

371 
ftftftftftftftft* 

372 

ftft«ft»«*»»ftftftftftftftftftft«ftftftftft»ftftft«ftft« 
ft 

ftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftft* 
ITCH 3) 
WODEND 
!MODEL(N), N=INSTA,MODEND) 

ftftftftftft 
E OUT 
E NEXT 
ftftftftftft 
S + 1 
17950 

ftftftftftft 
OF CAP 
SENTF 

ft ftftftftft 

• *ft ftftftftftft ftft ftft ft»»*ft**ftftftft«ft» ftftftftftftftft** ftftftftft 
ACITY FOR 
NCE. 
»ft»ftftft»«» 

MODEL. OTHERWISE, GO 

ft»ft*ftft»ft*«»ftftftft»**«ftftftftftftftftftftftftft* 

) 5 , 1900, 1900 
ftftftftftft 

TANTIATE TH 
STENTIAL QU 

E LEAD 
ANTIFI 

ftftftftftftftftftftftftftftftftft 

ING UN 
ERS WH 
• ftftftftft 

«*ftftftftft»ft»ft«ftftft»ftftftftft»ft**»ft*ftftftftft 
QUANTIFIED VARIABLE, AND ANY • 

HEREBY EXPOSED. • 
ftft*ftftft»ftftftftftftft»ftftftftft«»ftftftft»ft«»ftftftftftftft«»»ftft 

(•••ftftftftft* 
IVERSALLY 
ICH ARE T 

38 CLA LVBLE 
STO FIRST 
ARS 9 

016? 
0163 
0161+ 
0165 
0166 
0167 
0168 
0169 
0170 
0171 
017? 
0173 
017U 
0175 
0176 
0177 
0178 
0179 
0180 
0181 
0182 
0183 
0181+ 
C1P5 
0186 
0187 
0188 
0189 
0190 
0191 
0192 
0193 
0191+ 
0195 
0196 
0197 
0198 
0199 
0200 
0201 
0202 
0203 
0201+ 
0205 
0206 
0207 
0208 
0209 
0210 
0211 
021? 
0213 
021U 
0215 



39 

39 
1+0 
i+l 
U? 
1+3 
UU 

U5 

1+6 

C ftftft** 
C» PR 
C**ftftft 

1+61 

1+62 
C ftftftftft 
C» QU 
C* SE 
Cft«ft ftft 

C ft ft ft ft » 
C* ST 
Cftftft ftft 

80 

Cftftftft ft 
C* WE 
C* TH 
Cftftftft* 

7 1 1 5 

STO SECOND 
ARS 9 
STO THIRD 
CLA LVALUE 
ARS 9 
STO VALUE2 
ARS 9 
STO VALUE3 
FIRST = FIRS 
SECOND = SEC 
THIRD = THIR 

DO UU L = INS 
WORDl = ATRI 
WORD? = ATRI 
W0RD3 = ATRI 
IF (LW0RD1 -
ATRIX!L) = AT 
IF (LWCRD2 -
ATRIX!L) = A 
IF ILW0RD3 -
ATRIX(L) = AT 
CONTINUE 
MATRIX(INSTP) 
VATEND = MATR 
IF !MATRIX(WA 
LVALUE = LPHI 
LPHI = LVALUE 
LVBLE=XABSF!M 
IF (MATEND -
JLINE = JLINE 
LINE(JLINE) = 
ftftftftftft••***•* 

T + 0001+ 
ONC + 00 
r + 0000 
TA,INSTB 
X(L) » 0 
X!L) • 0 
X!L) • 0 
LFIRST) 
RIX(L) » 
LSCOND) 
TRIX(L) 
LTHIRD) 
RIX(L) • 

0 0 0 0 0 0 0 0 
00001+00000 
000001+00 

00777000000 
00000777000 
OOCC0000777 
1+0, 39, UO 
777000777777 

U2, 1+1, 1+2 
* 777777000777 
UU, U3, UU 
77777777700C 

*• VALUE 

+ VALUE2 

+ VALUE3 

INT 0 
ftftftftft 
I F (S 
PRP.T 
PRINT 
CONTI 
ftft ftftft 
I T I F 
NTENC 
ftft ftftft 

I F ( J 
ftftftftft 
ATEME 
«•»«• 
LTEST 
ITERA 
ftftftftft 
RETU 

E NEC 
ftft*** 
LNEG 
LPOS 

= MATRIX(INSTB) - 1 
IXdNSTB) + INSTB 
TEND)) U5,U6,U6 
+ 1 

ATRIX(MATEND)) 
7750) 38, 1900,1900 
+ 1 
INSTA 

»««ftftftftftftftft**ftftftftftftftft* 
ESULT, I F REQUESTED. • 
* •«f t f t f t f t f t f t f t f t f t f t f t • * * • * ** • * •»**** • * ****** f t f t f t f t f t«** f t f t f t«f t *»» 

ft»ft***ftftftftftftftftftft«ft«»ftftftft»ft«ftftftft 

TCH 3 ) U 6 1 , U62 
L I N E , L I N E ( J L I N E ) , L V B L E 
M A T R I X ( N ) , \ = I N S T A , M A T E 

(ft ftftft ftftftftftftftft ftftftftftftftft ftft 

UT THE R 
ftftftftftftftft 
ENSE SWI 
1005, J 
10CC, ( 

NUE 
ftft»•»•»* 

CAPACITY IS EXCEEDED. CTHERWI 
c . 
ftft ftftftftft ft 
L I N E - 2 0 0 0 ) 5 , 1 9 0 0 , 1 9 0 0 
ft««»««ftftftftftft«ftftftftft«»ft»ftftftftftftftftftftft»ftftftft»ftft**«ftftftftftftftft*»ftftftftftftft 
NTS 80 THRU 2UC + 3 COMPRISE THE DAVIS-PUTNAM TEST PROCESS. * 

ftftftftftftftftftftftftftftft**ftftftftft»•••<•••« 

,LVALUE 
ND) 

ftftftftftft»*ftft****ftftftftftftftftftft»«ft»ftftft 
SE GO INSTANTIATE THE NEXT • 

ftftftftftftftftft***»••••ftftftftftftftftftftftftftftftftftftftftftftftftftftftftft»•««••• 

»*»«ftft»ft 
= LTEST 

T = 0 
ftftft ftftftftft 
RN HERE 
ESSARY C 
ftftftftftftftft 
= 0 
= 0 

ftftftftftft ftftft ftftftftftftftftft ftft ftft) 
+ 1 

ftftftftftftftftftft********ftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftftft 
. HERE WE F I R S T I N I T I A L I Z E » 
R I A B L E S . * 
ftft»ft*ftftftftftft»»ftftftftftftftft**ftftft«**«ft 

FOR EACH NEW ITERATION 
OUNTERS AND TESTING VA 
ft****ftftftftftftftftftftftftftftftft* 

0216 
0217 
0218 
0219 
0220 
0221 
0222 
0223 
022U 
0225 
0226 
0227 
0228 
0229 
0230 
0231 
0232 
0233 
023U 
0235 
0236 
0237 
0238 
0239 
02U0 
02U1 
G2U? 
02U3 
C2UU 
02U5 
02U6 
02U7 
02U8 
02U9 
0250 
0251 
0252 
0253 
025U 
0255 
0256 
0257 
0258 
0259 
0260 
0261 
0262 
C263 
026U 
0265 
0266 
0267 
0268 
0269 



ITERAT = ITERAT + 1 
K = 0 
LAST = 0 

C«ft»ftftftftftft»ft******ftftftftftftft*^^^^»**ft***ft»^»«««*««>»******»»«^^^^*«»«*»«»«^ 
C* DISPLAY THE LATEST PROGRESS REPORT ON THE MQ CONSOLE NEONS. * 
Cftftftftft»ftft««ftftftft*»*>^«>*ftftftft^»^^»«ftftft*^>^«**«>««»««*»ft««»»*«ftft**^»^»««««» 

s 
s 
s 
s 
s 

CLA 
ARS 
ADD 
STO 
LOG 

ITERAT 
18 
MODEND 
JUNK 
JUNK 

Cftftftftftftftftftftft»^^ftft^^«ft*ft«^^*«^«^^^***«**«*ft*^»^^««*»^*»«*«**^*^« 
Cft PRINT OUT MODEL AS IT NOW STANDS, IF REQUESTED TO DO SO-
Cftftftftftftftftftft*ft«̂ ft»ftftft»ftft*»***̂ ^̂ ^̂ ftft»»̂ ^̂ » 

IF ISENSE SWITCH 1) 3339, 110 
3339 PRINT 3997 

PRINT 3001, MODEND 
PRINT 1001, !M0DEL(I),I=1, MODEND) 

Cftftftftftftftftftftft*****ftftftft»ftft*******ft««̂ «̂ •̂•••••••••• 
C* MAKE A LIST OF ALL THE UNIT D 
C* ONLY ONE LITERAL. 
Cftftftftftftftftftft«»^»«»ftft»««^»^^*^>ftft»ft^^^^»**ftft*«»^«*^^>*«***«»^^«*» 

••••ftftftftft»ftft«̂ ^̂ »«««ft« 

•••••••••••••• 
ISJUNCTIONS, I.E., THOSE CONTA 

••••••••ft 

••••••••• 

••••••••• 
INING • 

• 
••••••••ft 

110 

120 

lUO 

Cft ftftft ft 
C» AS 
C* TH 
C» TE 
C * * » * * 

NEXT = LAST + 1 
IF (NEXT - MODEND) 120, 130, 130 
LEAST = NEXT + 1 
LAST = MODEL(NEXT) + NEXT 
IF ! M O D E L ( N E X T ) - 1) 100,lUO,100 
K = K + 1 
L I S T ( K ) = MCDEL(LEAST) 
*»*«*•••••••••••••••••••••••••••••••••••••••••••••••••••• 
EACH NEW UNIT DISJUNCTION 

E EARLIER ONES TO SEE IF IT 
RMINATE INCONSISTENT. 
••••••••••••••••••••••••••• 
DO 50 N = 1, K 
IF (LIST!N) + LIST!K)) 50,250,50 

IS ADDED TO THE 
CONTRADICTS ANY 

LIST, CHECK IT 
OF THEM. IF 

•••••••••••••••••••••••••••••• 

••••••••• 
AGAINST^ 

IT DCES,» 
• 

••••••••• 

50 CONTINUE 
Ce***»ftftftftftftft̂ f̂tft̂ ^̂ ^̂ ftft* 
C» SINCE WE ARE SCANNING 
C» !A) EACH DISJUNCTION 
C* DISJUNCTION CONTAINS 
C***ftftftftftft***^*^^»^^»**** 

100 DO 106 J = LEAST, L 
IF IM0DEL!J)) 101, 

101 SENSE LIGHT 1 
GO TO 106 

102 SENSE LIGHT 2 
106 CONTINUE 

IF (SENSE LIGHT 1) 
107 LNEG = 1 
108 IF (SENSE LIGHT 2) 
109 LPOS = 1 

GO TO n o 
* » • • • * • • • * • • • • • • • • • • • • • • 

•••••••• 
ALL OF 

CONTAINS 
A NEGATE 

•••••••••••••••••••••••»••»••• 
MODEL ANYWAY, LE 
AN UNNEGATED LI 

D LITERAL. 

T US CHECK TO 
TERAL, OR (B) 

•••••••••••••••••••••••••••••••••••••• 

••»•••»•• 
SEE IF • 
EACH • 

• 
••••••••• 

AST 
106, 102 

108, 107 

110, 109 

»•••••••••••••••••••••••••••••••••••••••••••••• 

0270 
0271 
0272 
0273 
027U 
0275 
0276 
0277 
0278 
0279 
0280 
0281 
0282 
0283 
028U 
0285 
0286 
0287 
0288 
0289 
0290 
0291 
0292 
0293 
029U 
0295 
0296 
0297 
0298 
0299 
0300 
0301 
0302 
0303 
030U 
0305 
0306 
0307 
0308 
0309 
0310 
0311 
0312 
0313 
031U 
0315 
0316 
0317 
0318 
0319 
0320 
0321 
0322 
0323 



C» IF EITHER lA) OR (B) IS THE CASE, WE TERMINATE CONSISTENT 
C* OTHERWISE, IF WE HAVE ANY UNIT DISJUNCTIONS AT ALL ON THE 
C* SET UP THE SITUATION TO DELETE THE FIRST OF THEM. 
Cftft*^ftftftft«*^«»«ft^^«^ft«^ft»ft^»^^»^**^*^^^^^»ft>»*»^^^^^*^*^^^^^« 

130 
131 

U997 
U99B 

Z***** 
C* IF 
C* A 
C* MO 
C ftftftftft 

IF (LPOS) 131, 260, 131 
IF (LNEG) U997, 260, U997 
IF !K)132,132,U998 
MAXK = 1 
GO TO 1U12 
»*ftftftftftftftftft****ft**ftftft«̂ ^̂ »ftftftftftft»ftft̂ ^̂ >̂ ^̂ ^̂ ^̂ •̂»•••••• 
WE HAVE NO UNIT DISJ 

LITERAL IS SAID TO BE 
DEL ARE UNNEGATED OR 

UNCTIONSLET US MAKE A LIST OF PURE 
PURE IF EITHER ALL ITS OCCURRENCE 

ALL ARE NEGATED. 
••••ftftft»ftftftft̂ »̂ ftft̂ ^̂ »ftft»ftftftftftftft̂ »̂*ftft̂ ^̂ *«»̂ ^̂ ^̂ »̂ ^̂ ^̂ « 

132 MAXK = 0 
K = 0 
LAST = 0 
ftft*ftftftftft»ftftftft*«*^»^^» 

(•ftftftftftftftftftftftftftftftftftftftft 

C»^^** 
C» TURN ON THE SIGN BIT IN 
C»^ftft* 
s 
s 
s 
s 
s 

**»**ftftft̂ ^̂ ^̂ »̂ ^̂ ^̂ «̂ ftftftftftft«ftftft«̂ ft 
MQ. 

••»ftftftftftftftftft^^^*«»^^^^^^»««^^»^»»« 
STQ JUNK 
CLA JUNK 
SSM 
STO JUNK 

C»**^» 
C^ IF 

LDO JUNK 
ftftftft»ftft*ft*«ftftftft»ftftftftftftft»«»^ftftftft^^^»****«^^^^^«^^»«^^«^^ 
WE FIND THAT A LITER 

C» FROM THE LIST. BUT WE P 
C* UNTIL IT IS PROVED TO B 
C* MIXED, WE TAG ITS OCCUR 
C* IN THE SECOND BIT POSIT 
C* REMOVED FROM THE LIST. 
C*^^^^**«*^*^^^*ftftftftftft^^^««ft^***^»*^^**««*^***^»^^^>«<**^*^>^ 

AL IS MIXED, I.E., NOT PURE, WE OM 
UT A LITERAL ON THE LIST AS BEING 
E MIXED. WHEN WE FIND THAT A LITE 
RENCE IN LIST !BY PUTTING A BINARY 
ION) SO AS TO KNOW IT MUST BE LATE 

8300 

8301 

8305 
Be30U 

8302 

8303 

C»ft»»» 
C» DE 
C^^»^» 
8320 

B 

NEXT = LAST 
IF (NEXT - M 
LEAST = NEXT 
LAST = MODEL 
DO 8303 I = 
DO 8302 J = 
GEORGE = AL 
IF (LGORGE -
IF (LGORGE + 
ALIST(J) = 

GO TO 8303 
CONTINUE 
MAXK = MAXK 
LIST(MAXK) = 
CONTINUE 
GO TO 8300 
••»***ftftft»»* 
LETE FROM TH 
**ft»ftft«»̂ »̂ft 
00 8325 1=1, 
GEORGE = AL 

+ 1 
OOEND) 8301, 8320, 8320 
+ 1 

(NEXT) + 
LEAST, LA 
1, MAXK 
IST(J)^57 
MODEL( I) 
MODEL( I) 

ALIST{J) 

NEXT 
1ST 

7777777777 
) 8305,8303,8305 
) 8302,830U,8302 
* 200000000000 

+ 1 
MODEL(I) 

!-•••»••••••••••••••••••••»«•••••••• • •ftft«ft»ft^4 

E LIST ALL THE LITERALS WHICH ARE TAGGED. 
• • • • • • • • • I 

M A X K 
I S T ( I ) * 2 0 0 0 0 0 0 0 0 0 0 0 

>^*** •••••••••••*•••••• ••••••••••••• 

• 
L I S T , • 

• 

L I T E R A L S . • 
S IN T H E • 

• 
• • • • • • • • • • » 

••*•*•ftftftftft 
ft 

ftftftftftftftftftftft 

•**ftftftft«*»* 
'IT IT * 
PURE, • 
RAL IS * 
ONE IN » 

R * 
» 

'*•••*•••*•• 
• 

.••ftftftftft*̂ *̂ 

032U 
0325 
0326 
0327 
0328 
0329 
0330 
0331 
0332 
0333 
033U 
0335 
0336 
0337 
0338 
0339 
03U0 
C3U1 
03U2 
C3U3 
03UU 
03U5 
03U6 
03U7 
03U8 
03U9 
0350 
0351 
0352 
0353 
035U 
0355 
0356 
0357 
0358 
0359 
0360 
0361 
0362 
0363 
C36U 
0365 
0366 
0367 
0368 
0369 
0370 
0371 
0372 
0373 
037U 
0375 
0376 
0377 



I£ti0 
0£tiO 
62no 
82t,0 
IZ^Q 

S2«iO 
nsno 

22*10 
izno 
02tl0 
6l«l0 
8in0 
zino 
9ino 
sino 
iiino 
£ino 

imo 
omo 
60ti0 
80*l0 
zono 
9ono 
SOtiO 
nono 
£0+iO 
sono 
lono 
OOtiO 
6620 
86£0 
J.620 
96£0 
S6£0 
•l6£0 
£6£0 
Z6£0 
16£0 
06£0 
68£0 
88£0 
ia£0 
98£0 
S8£0 
n8£0 
£8£0 
28£0 
18£0 
08£0 
6i£0 
8Z£0 

• 'NOiiONnrsia ^aIi^J3 «o 
• 3Hi 313130 *lSn NO SI H3IHM nv«3in V SNIVINOO NGIiONnrSIQ HHi dl *0 

»l*Il 
sni 

'9»ll 

£ni Oi 00 
- iiX3Nn300w = (ixaNnsQO^ 

0 = (rn3ao/^ 
*nt?i ((>insn+ trn3ao*ii» ji 
*sni ((XJisn - {rn3aoN) 

iSVl *1SV31 = r £til 

9til 

dl 
00 
oa 

••••••••••••••••••••••••••••••«««««««««*«»»«»««**«*»«««»»*«*«*»»*»»«»»«o 
• 'NOiiONnrsia 3Hi woad NOiivoaN IVHI 3i3i3a *isn «o 
» NO SI HOiHM nvaain v dO NOIIVOSN 3HI SNIVINOO NOiiONnrsio SHJ. JI »3 

1X3N + (iX3Nn3aO»^ = ISVT 
I + IX3N = isv3n zni 

osi 'osi 'zni (aN3aow - IXSN) JI 
I • iSVl = 1X3N I Itil . 

•••••••••••••••••••••••••••••••••••••<««««*«««««««««<*»«««<«a«««»«««»«»3 
• •NOIiONnrSIQ iX3N 3H1 NVOS 01 3bVd3iid "0 

••••••••••••••••••••••**«««**«««««*«**«*««*»«*«««««««**«**«««*««>*«**«»o 
S 
s 
s 
s 
s 

«»»««3 
ni *3 
»»««»3 

»•«» «3 
3N «D 
3S '0 
NI «0 
««att«Q 

xNnr sai 
xNnr ois 

dSS 

MNnr 31S 

3^ NI lia NOIS 3H1 330 N^ 

0 = ISVI 
«••«•«••«••••••«••••«•«•••• 

« 'ISn NO 3bV HOIHM SlVbSl 
V HOIHM rt3Hi NI ynooo sivys 

a H0V3 9MNNV0S 01 AbOlVaVd 

2ltil '091 • 

* 3bV HOIHM bO 'ISn NO 3a 
• 01 13aOW NI NOUONfirSI 

••••»•••••••••••••«•••••••«•••«••••••••••««•••••»«««• 

n 30 SN0I1V3 
111 a3H13HM 3 
3yd 'jznviii 

091 (XXV*^) 31 
r = Mxvw 

• 3M 3SIMa3H10 •3bnQ300ad 
• snvaain 3HI nv IVHI OS 

•3bna300bd Noi 
ONUsvna 3HI OI GO 3M (QSX 

) isn AidW3 Nv HUM dn ONI 

13133 3H 
IW 3bV 1 
M Aa3H3H 

3nN 
(i)isn = cr 

I + 
((I )1SI 

I = I 0£ 
i.2£8 'Oaa 'IZ^2 

xxvw * 

•«•••••••••••••••••••••••• 

1 01 
3aow 
1 3M 
• ••<« 
IINOO 
)isn 
r = r 
"I) 31 
£S 00 
0 = r 
• «••• 

»»«»»3 
00 »0 
NI »3 
31 *0 

0££9 

IZ£Q 

•«•••*••••»•»•»•«»«»«»»»»»«»«•»*»»» 

SdVO ANV 3A0.rJ3b 01 ISIT 3H1 NMOO XO 

ii2£8'S3£8'S3£8 

3nN 
0 = ( I 
(33b00 

•••••3 
Vd N3H1 »0 

»•«»»3 
S2£8 
ti2£8 

UNOO 
Jisn 
T) 31 

Zf 



C » « « » » « » » * « < « » » « « « * « » * « » » » « « * » « « * « « « » « « « « « * * » « « * « » * * » * » » « « » « » « « » * » « < < » « « ' 
11*7 DO II48 M = NEXT, LAST 
1U8 MODEL(M) = 0 

GO TO lun 
1UU CONTINUE 
1U3 CONTINUE 

GO TO lun 

C« THE DELETION PROCESS BEING OVER, PACK DOWN MODEL SO AS TO CLOSE UP • 
C» ANY GAPS. • 
C•••«««••»•>•••»••••»»••«•«««•««•••*•••«••»••«•#•••••«••«••••«««••««•••• 

150 J = 0 
DO J5U I = 1, MODEND 
IF (MODEL(I)) 153, 15U, 153 

153 J = J + 1 
MODEL(J) = MODEL(I) 

]5h CONTINUE 
MCDFND = J 

C«»««»««*»»«»«»«»»»*»««»«««»»»»»«*«»»«*«««»«»>»**««*»««»«»«**«««>«««««»« 
C« IF THE ENTIRE MODEL HAS VANISHED, TERMINATE CONSISTENT, OTHERWISE • 
C» RETURN FOR ANOTHER DAVIS-PUTNAM ITERATION. » 

IF (MODEND) 260,260,7115 
!-••»»••••••••••»«••»«• 

C****************** »•«••»•••••*••••••••'•••••••••••• 
c» 
c* 
c» 
c»»* 

16 

IT IS NECESSARY TO APPLY STEP (6) OF THE DAVIS-
BLAST CUT A LITERAL FROM MODEL. WE CHOOSE THE F 
FIRST DISJUNCTION AS THE PIVOTAL LITERAL TO BE 

PUTNAM PROCESS, AND » 
IRST LITERAL IN THE » 
BLASTED OUT. » 

C»»« 
C» 
C» 
C»»» 

20 

20 

201 

c»«» 
c« 
c» 
c» 
c»»» 

20 
c»»« 
c» 
c» 
c«»» 

20 

FOR THE NEXT CIS 
NCE OF THE PIVOT 

= LAST + 1 
EXT - MODEND) 208, 210, 210 
= NEXT + 1 

= MODEL(NEXT) + 
1 M = LEAST, LAS 
OOEL(M) - LPIVOT 
NUE 
200 

»••••«•••»•••»•••««•«• 
JUNCTION WHICH CONTAINS AN UNNEGATED 
AL LITERAL. 
» » » * » « « « » » « » « « « « » * » » » « » » i »••»«»>••••••*••*•««•« 

0 LPIVOT = M0DEL{2) 
K = MODEND 
LAST = 0 

» » » • » • • 

SEARCH 
OCCURRE 

0 NEXT 
IF (N 

8 LEAST 
LAST 
DO 20 
IF (M 
CCNTI 
GO TO 

HAVING 
EACH DI 
NEGATIO 
•»••««» 
2 LOST 

NEXT 
T 
) 201, 202, 201 

SEARCH 
THE PIV 

JUNCTION (CALL IT A), PR 
EL WHICH CONTAINS AN OCC 
LITERAL. 

FOUND SUCH A DIS 
SjUNCTION IN MOD 
N OF THE PIVOTAL 

= 0 
«««'««»»»««ii'*««»» 

FOR THE NEXT DISJUNCTION WHICH CONTAINS 
OTAL LITERAL. 

EPARE TO FIND » 
URRENCE OF THE • 

• 

AN OCCURRENCE OF • 
* 

3 NAXT = LOST + 1 

0U33 
0U3U 
0U35 
0U36 
OI437 
0U38 
0U39 
OUUO 
oum 
0UU2 
0UU3 
GUUU 
0UU5 
0UU6 
0UU7 
0UU8 
0UU9 
0U50 
0U51 
0U52 
0U53 
0U5U 
0U55 
0U56 
0U57 
0U58 
0U59 
0ii60 
0U61 
0U62 
0U63 
0U6U 
0U65 
0U66 
0U67 
0U6B 
0U69 
0U70 
01471 
01472 
0U73 
0U7U 
01*75 
CU76 
OI477 
0U78 
0U79 
0U80 
0U81 
0U82 
G««83 
0U8it 
01*85 



IF (NAXT - MODEND) 207, 200, 200 0U86 
207 LUST = NAXT + 1 0U87 

LOST = »'ODEL(NAXT) + NAXT 0U88 
DO 70U N = LUST, LOST 0U89 
IF (MODEL(N) + LPIVOT) 2CU, ?05, 20U 0U90 

20U CONTINUE 0U91 
GO TO 203 0U92 

C••*•*•»*•»*«*****•ftftft**»•****»*•••••••••••••••••••••••••••••••••••••••• 0U93 
C» HAVING FOUND THE NEXT SUCH DISJUNCTION, (CALL IT B) WE NOW MERGE • CU9U 
C* A WITH B, DELETING ANY DUPLICATIONS OF LITERALS IN THE RESULT, * 0U95 
C* AND DELETING THE WHOLE DISJUNCTION IF TWO CONTRADICTORY LITERALS * 0U96 
C* SHOW UP, ONE FROM A AND THE OTHER FRO^' B. IF THE LENGTH OF MODEL * 0U97 
C» EXCEEDS CAPACITY DURING THIS PROCESS, TERMINATE BY FLEEING TO • 0U98 
C* STATEMENT Nl'̂ 'BER 1900. STATEMENTS 17U THRU 231 INVOLVE INTRICATE • 0U99 
C* HCUSEKEEPINC CHORES CONNECTED WITH THIS ^ERGING OPERATION. * 0500 
Cftftftftftftftftftftftftft»ftft»»ftftftftftftftftftftftftft**********»ftftftft«***••••••••••••••••••••• 0501 

205 NOXT = K + 1 0502 
K = NOXT 0503 
I = LEAST 050U 
J = LUST 0505 
LITS = 0 0506 

191 IF d - LAST) 190, 190, 193 0507 
190 IF !J - LOST) 169, 169, 195 0508 
169 IF {XABSF{MCDEL(I)) - XABSF(MODEL(J ) ) ) 1692, 170, 171 0509 
170 IF (MCDEL(I) + MODEL(J)) 172, 173, 172 0510 
173 IF (MODELd) - LPIVOT) 175, 17U, 175 0511 
175 K = NOXT - 1 0512 

GO TO 203 0513 
17U I = I -̂  1 051U 

J = J + 1 0515 
GO TO 191 0516 

172 J = J + 1 0517 
1692 K = K ••- 1 0518 

IF (K - 18000) 1691, 1691, 1900 0519 
1691 LITS = LITS + 1 0520 

MODEL(K) = MODEL(I) 0521 
1 = 1 + 1 0522 
GO TO 191 0523 

171 K = K + 1 G52U 
IF (K - leOCO) 1711, 1711, 1900 0525 

1711 LITS = LITS + 1 0526 
«'0OEL(K) = MODEL(J) 0527 
J = J -t- 1 0528 
GO TO 191 0529 

193 IF (J - LOST) 1933, 1933, 197 0530 
1933 DO 19U N = J, LOST 0531 

K = K + 1 0532 
IF (K - 18000) 1931, 1931, 1900 0533 

1931 LITS = LITS + 1 053U 
19U MODEL(K) = MODEL(N) 0535 

GO TO 197 0536 
195 IF (I - LAST) 1953, 1953, 197 0537 
1953 DO 196 "̂  = I, LAST 0538 

K = K + 1 0539 



196 
197 

198 

199 

230 

IF (K 
"'ODEL 
MODEL 

- 18000) 1 
(K) = MODEL 
(NOXT) = LI 

96, 196, 1900 
(M) 
TS 

N = 
IF 
L = 
V = 

IF 
J = 
CO 

C 
M 
(N 
N 
M 
!M 
N 

23 

2 32 
231 

C ft ft ftft ft 
C* SE 
C* 
C* 
C» 

PR 
CC 
PR 

Cftftft ftft 
2 1 0 

2U 1 
?U0 

Cftftftft » 
WE 
A 
RE 
OT 
TH 
PU 

C» 
C* 
C* 
C* 
C* 
C* 
Cftftft ftft 
8000 
eoou 

8003 

pool 

Cftftft ft ft 
C* TH 
C* AN 
C*ftft ft* 

260 

8002 

IF !M 
J = J 
CONTI 
GO TC 
ftftftftft 
T UP 
OCESS 
NTAIN 
CCEED 
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IF !S 
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ftftftftft 
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LAPSE 
PRINT 
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CPND) 199, 203, 203 

N) + N 
\) - vr0EL!N0XT)) 230, 198, 230 
1 
L," 
I ) - ^'ODELI J) ) 198, 232, 198 

+ 1 
- MC 
+ 1 

CDCL( 
rDEL( 
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CENC 
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ENSE 
TAOE3 
NS -
LIGH 
80 

ftftftftft 
BLEM 
URN F 
ftftftftft 
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BECAUSE THE I N S T A N T I A T I O N PROCEDURE HAS REACHED * 
ING P O I N T . I F WE ARC I N MANUAL " C D E , WITH NO * 
, WE RETURN TC THE I N S T A N T I A T I O N PROCESS. ' 

DETERMINE WHETHER THE UPCOMING TEST WILL PE • 
EL AND M A T R I X , AND SEND CCNTROL TO THE D A V I S - * 
CESS. 
• ftftftftftftftft ftftftftftftftftftftftftftftftftftftftftftftftftftftftftftft»•**««ftftftftft 

U) 8 0 0 1 4 , 8 0 0 3 
5 ) 8 0 0 3 , 8 

\ D , ( ^ ' O D C L d ) , I = 1 ,* '0DEND) , ( MATR I X ! I ) , I = 1 , MATEND ) ) 
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ND,I MODEL!I),1 = 1,MODEND),{MATRIX(I),1=1,MATEND)) 
U) 8002,8 
,Y,Z) 
NOW 
(I ) ,1 = 1 ,LEADMX) 

05U0 
05U1 
05U? 
C5U3 
C5UU 
05U5 
05U6 
05U7 
G5UP 
C5U9 
0550 
0551 
0552 
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055U 
0555 
0556 
C55"^ 
055f 
0559 
C56C 
0561 
056? 
0563 
C56U 
0565 
0566 
0567 
0568 
0569 
0570 
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0572 
0573 
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0576 
0577 
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0579 
0580 
0581 
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0583 
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0585 
0586 
0587 
0588 
0589 
0590 
0591 
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PRINT 120U,LAPSED C59U 
WRITE OUTPUT TAPE 2,120?,(LEAD(I) , I = 1 , LEADMX) 0595 
WRITE OUTPUT TAPE 2,1210 0596 
WRITE OUTPUT TAPE 2, 120U,LAPSED,ITERAT,LTEST 0597 
WRITE OUTPUT TAPE 2,1000,(MODEL I I ),I = 1,MODEND) 0598 
GO TO 1 0599 

Cftftftftftftftftftftftftftftftftftftftftft••••••••••••••••••••••••••••••••••••••••••••••••• 0600 
C» THE PROELE" IS INCONSISTENT. OUTPUT TC THE ON-LINE PRINTER AND » 0601 
C* TAPE 2, AND RETURN FOR NEXT PROBLEM. * 060? 
C*»**»ftftftftftftftftftft^*^••••••*••••••••••••••••••••*•*••••••••••••••••••••••• 060 3 

?50 LATER = MINUTE(X,Y,Z) 060U 
LAPSED = LATER - NOW 0605 
PRINT 1202, !LEAD(I),1=1,LEADMX) 0606 
PRINT 1203 0607 
PRINT 120U, LAPSED 0608 
WRITE OUTPUT TAPE 2,120?,(LEAD(I),I=1,LEADMX) 0609 
WRITE OUTPUT TAPE 2,1203 0610 

291 WRITE OUTPUT TAPE 2, 1 20U,LAPSED,ITERAT,LTEST 0611 
BACKSPACE 3 0612 
READ TAPE 3, (MODEND,(MODEL(I),I = 1 ,MODEND)) 06 13 
WRITE OUTPUT TAPE 2 , 1 000 , (MODEL (I ) , 1= 1 ,-̂ 'ODEND ) 061U 
GO TO 1 0615 

Cftftftvftftftft^^^^^^^^v^^^^^ftftft^^^^'^^^^^^^'^^^ftftftftft••••••••••••••••••••••••» 0616 
C^ CAPACITY HAS BEEN EXCEEDED. OUTPUT REMARK TO ON-LINE PRINTER, AND • 0617 
C^ RETURN FOR NEXT PROBLEM. • 0618 
C^^ft•••••••••••»••••••••••••••••••••••••••»•••••••••ftftftftft^^••••••••••••• 0619 
1900 LATER = MINUTE(X,Y,Z) 0620 

LAPSED = LATER - NOW 0621 
PRINT 1202,(LEAC(I),1=1,LEADMX) 0622 
PRINT 1205,LAPSED 0623 
GO TO 1 062U 

(701U) 0625 
(5C1U) 0626 
(701U) 0627 
(701U) 0628 
(6H025, , 8C1U) 0629 
(6H0U6, , UI6) 0630 
(6H037, , 16) 0631 
(1216) 0632 
!12A6) 0633 
!IHO, 19A6) 063U 
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{28H0TIME ELAPSED, IN MINUTES = , 3IU) 0636 
(20H0FCRCED STOP AFTER , IU,3IH «'INUTES, WITH NO PRCCF FO 0637 
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