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T H E  C O N F O R M A L  M A P P I N G  O F  A  C I R C L E  O N T O  A  R E C T A N G L E  

A .  B .  S c h u b e r t  

I N T R O D U C T I O N  

* The problem of mapping t h e  c l o s e d  u n i t  c i r c l e  o n t o  t h e  

c l o s e d  r e c t a n g l e  was proposed  t o  t h e  Mathemat i ca l  A n a l y s i s  

S e c t i o n  by t h e  T h e o r e t i c a l  P h y s i c s  S e c t i o n .  The m o t i v a t i o n  f o r  

s e e k i n g  t h i s  mapping was a  d e s i r e  t o  s t u d y  t h e  p h y s i c s  o f  t h e  
)I 

coup l ing  of  a d j a c e n t  r e c t a n g u l a r  r e a c t o r  c e l l s .  Such a  s t u d y  

i s  a n a l y t i c a l l y  and n u m e r i c a l l y  more f e a s i b l e  i n  p o l a r  c o o r d i -  

n a t e s  than  i n  r e c t a n g u l a r  c o o r d i n a t e s .  

The a n a l y s i s  of  t h e  problem was t o  be  accompanied by a  

d i g i t a l  computer program which n u m e r i c a l l y  per formed t h e  mapping 

w i t h i n  s p e c i f i e d  t o l e r a n c e  on a  g r i d  of i n t e r i o r  p o i n t s  of t h e  

c i r c l e  and t h e  r e c t a n g l e .  

M A P P I N G  

I n  o r d e r  t o  de te rmine  t h e  mapping of  t h e  c i r c l e  o n t o  t h e  

r e c t a n g l e ,  we f i r s t  s e e k  t h e  i n v e r s e  mapping. Toward t h i s  e n d ,  

c o n s i d e r  t h e  r e c t a n g l e  i n  t h e  complex z - p l a n e  a s  shown i n  

F i g u r e  1. 

z - P l a n e  

F I G U R E  1 .  
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A f t e r  t r a n s l a t i n g  t h e  r e c t a n g l e  v e r t i c a l l y  by i b  s o  t h a t  

i t  l i e s  e n t i r e l y  i n  t h e  upper  h a l f  z l - p l a n e  ( F i g u r e  2 ) ,  where 

we a p p e a l  t o  t h e  d e g e n e r a t e  S c h w a r z - C h r i s t o f f e l  t r a n s f o r m a t i o n  (1)  

where s n  i s  t h e  J a c o b i a n  e l l i p t i c  f u n c t i o n ( ' )  w i t h  p a r a m e t e r  

0 5 k 2  5 1 and a = a/K, where K i s  t h e  r e a l  q u a r t e r - p e r i o d  of  

t h e  s n  f u n c t i o n .  E q u a t i o n  (2)  maps t h e  c l o s e d  r e c t a n g l e  i n  t h e  

z 1  p l a n e  o n t o  t h e  upper  h a l f  z" p l a n e ,  a s  i n d i c a t e d  i n '  F i g u r e  3 ,  

w i t h  p o i n t  D t r a n s f o r m i n g  i n t o  t h e  p o i n t  a t  i n f i n i t y .  

z '  - P l a n e  

Y '  

FIGURE 2.  

1. H .  Kober .  D i c t i o n a r y  o f  Conforma? R e p r e s e n t a t i o n s ,  Dover 
P u b l i c a t i o n s ,  I n c . ,  1957.  p p .  172-173.  

2 .  M .  Abrarnowitz and I .  A. s t e g u n .  Handbook o f  Mathemat icaZ 
F u n c t i o n s ,  N a t i o n a l  Bureau o f  S t a n d a r d s ,  AMS-55, June  
1964.  p p .  569 f f .  



Y I1 

t z "  - P l a n e  

FIGURE 3 .  

Now the transformation (1) 

W = 
1 + iz" 
i + z" 

maps the upper half z"-plane onto the unit circle in the w-plane 

as indicated in Figure 4. 

FIGURE 4 .  

1. R. V .  Church iZZ.  I n t r o d u c t i o n  t o  CompZex V a r i a b l e s  and 
A p p Z i c a t i o n s ,  Second E d i t i o n ,  McGraw-HiZZ Book Co.,  N .  Y . ,  
1 9 6 0 ,  p .  2 8 7 .  
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Using (2)  and ( I )  i n  (3)  we t h e n  have 

w =  1 + i k 1 l 2  s n [ l / a ( z  + i b ) ]  

i + k  s n [ l / a ( z  + i b ) ]  

f o r  t h e  t r a n s f o r m a t i o n  r e q u i r e d  t o  map t h e  c l o s e d  r e c t a n g l e  i n  

t h e  z - p l a n e  o n t o  t h e  c l o s e d  u n i t  c i r c l e  i n  t h e  w-p lane .  

Using v a l u e s  of s p e c i a l  arguments  of t h e  s n  f u n c t i o n ,  ( 1  

i t  can be  shown t h a t  t h e  v e r t i c e s  o f  t h e  r e c t a n g l e ,  g i v e n  by 

z  = + a  + i b ,  map o n t o  t h e  p o i n t s  

[k 2k W = m  'I2 & i ( l  - k ) ] ,  l a b e l e d  by A ,  A ' ,  B ,  

B '  i n  F i g u r e  4 and by +exp (+ iB) i n  t h e  g r a p h i c a l  d i s p l a y  on 

page D - 2  o f  Appendix D ,  where 

B = t a n  - 1 1 - k  

P= 

For  t h e  purpose  of e a s e  of e v a l u a t i o n  of T r a n s f o r m a t i o n  ( 4 ) ,  

we w i l l  r e w r i t e  i t  u s i n g  t h e  J a c o b i  t h e t a  f u n c t i o n s ,  ( 2 )  a s  t h e s e  

l e n d  t h e m s e l v e s  r e a d i l y  t o  n u m e r i c a l  e v a l u a t i o n  v i a  d i g i t a l  

computer.  The s n  f u n c t i o n  may be  w r i t t e n  (3) a s  

where 5 = 7 r u / 2 K  . 

1. M .  Abramowi t z  and I .  A .  S t e g u n .  Handbook o f  M a t h e m a t i c a l  
F u n c t i o n s ,  N a t i o n a l  Bureau  o f  S t a n d a r d s ,  AMS-55, J u n e  1 9 6 4 .  
p .  5 7 1 .  

2 .  W h i t t a k e r  and W a t s o n .  Modern A n a l y s i s ,  Cambridge  U n i v e r s i t y  
P r e s s .  

3. M .  A b r a m o w i t z  and I .  A .  S t e g u n .  Handbook o f  M a t h e m a t i c a l  
F u n c t i o n s ,  N a t i o n a l  Bureau  o f  S t a n d a r d s ,  AMS-55, J u n e  1 9 6 4 .  
p .  5 7 8 .  
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F u r t h e r ,  u s i n g  t h e  i d e n t i t i e s  (1) 

we may w r i t e  

1 K So, t a k i n g  u = - ( z + i b ) = - ( z + i b )  , 
a a  

we have 5 = n /2a (z  + i b )  , 

and,  i f  we use  Equa t ion  ( 5 ) ,  Equa t ion  (4) becomes 

Now, i f  we can  i n v e r t  T rans fo rma t ion  ( 7 ) ,  we w i l l  have 

o b t a i n e d  t h e  d e s i r e d  c i r c l e  t o  r e c t a n g l e  t r a n s f o r m a t i o n .  Toward 
* 

t h i s  end ,  r e w r i t e  Equa t ion  (7)  a s  

The s o l u t i o n  of  Equa t ion  ( 8 )  f o r  5 and u s e  of Equa t ion  ( 6 )  

t h e n  y i e l d  t h e  d e s i r e d  mapping z(w).  

1. M .  Abramowitz  and I .  A .  S t e g u n .  Handbook o f  M a t h e m a t i c a l  
F u n c t i o n s ,  N a t i o n a l  Bureau o f  S t a n d a r d s ,  AMS-55, June  
1964.  p p .  576 and 579.  



METHOD O F  E V A L U A T I O N  

The s o l u t i o n  o f  Equa t ion  (8) was o b t a i n e d  n u m e r i c a l l y  u s i n g  

Newton's method. The a l g o r i t h m  i s  a s  f o l l o w s :  

1 )  Choose c o  
2) G e n e r a t e  t h e  sequence  I<,} by 

Then 

l i m  5, = 5 such  t h a t  f ( 5 )  = 0  . 
n+m 

Using Equa t ion  (8) w r i t e  t h e  i t e r a t i o n  fo rmula  a s  

The g e n e r a t i o n  of t h e  sequence  { in}  r e q u i r e d  a  method of  e v a l u a t i o n  

of  t h e  f u n c t i o n s  e l  (51 ,  84 ( 6 1 ,  and t h e i r  d e r i v a t i v e s .  T h i s  was 

done by u s e  o f  a  s u b r o u t i n e  (SUBROUTINE THETA Appendix A) which 

summed t h e  r a p i d l y  convergen t  s e r i e s  expans ions  ( I )  f o r  t h e s e  
ivr f u n c t i o n s  i n  te rms of  powers o f  t h e  nome q  = e , where 

-r = 2 i b / a .  

A f t e r  hav ing  n o t e d  t h a t  t h e  mapping i s  symmetr ic  a b o u t  each  

of t h e  c o o r d i n a t e  a x e s ,  i t  was d e c i d e d  t h a t  t h e  n u m e r i c a l  e v a l u a -  . 
t i o n  o f  t h e  mapping would be  r e s t r i c t e d  t o  t h e  f i r s t  q u a d r a n t  of 

t h e  w and z p l a n e s ,  s o  t h a t ,  hav ing  o b t a i n e d  t h e  magni tudes  o f  

t h e  c o o r d i n a t e s  o f  t h e  p o i n t  z (w) ,  i t  was o n l y  n e c e s s a r y  t o  g i v e  

them t h e  s i g n s  of  t h e  c o o r d i n a t e s  of  w .  

Because of t h e  d o u b l y - p e r i o d i c  n a t u r e  of  t h e  t h e t a  f u n c t i o n s ,  

i t  was n e c e s s a r y  t o  make a  s u f f i c i e n t l y  good c h o i c e  f o r  c 0  b e f o r e  

1. W h i t t a k e r  and Watson. Modern A n a l y s i s ,  Cambridge U n i v e r s i t y  
P r e s s .  



i t e r a t i n g  t o  i n s u r e  t h a t  t h e  s o l u t i o n  o b t a i n e d  was t h e  one which 

co r responded  t o  t h e  p r o p e r  p e r i o d  c e l l  of t h e  t h e t a  f u n c t i o n s .  

I t  was de te rmined  t h a t  i f ,  f o r  each  v a l u e  of  w ,  c 0  was chosen  

t o  l i e  w i t h i n  t h e  p r o p e r  p e r i o d  c e l l  and s u f f i c i e n t l y  c l o s e  t o  
C t h e  e x a c t  s o l u t i o n ,  t h e n  a l l  succeed ing  i t e r a t e s  a l s o  l a y  w i t h i n  

t h i s  same c e l l  and convergence  d i d  o b t a i n .  

The i n i t i a l  v a l u e  c 0  of t h e  sequence  of i t e r a t e s  was chosen  

by t h e  f o l l o w i n g  method: 

1 )  Assume, f o r  t h e  s a k e  of approx ima t ion ,  t h a t  t h e  magni tude  

and argument of  t h e  p o i n t  z a r e  r e s p e c t i v e l y  p r o p o r t i o n a l  

t o  t h e  magnitude and argument of t h e  p o i n t  w on e i t h e r  s i d e  

of t h e  r a d i a l  l i n e s  t o  t h e  p o i n t s  zc and wc ( s e e  F i g u r e s  5 

and 6 ) .  

F I G U R E  5. F I G U R E  6 .  

2 )  So, i f  e e  i s  an e s t i m a t e  o f  t h e  argument of z ,  w r i t e  



where 4 = a r g  w ,  
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4 O  = a r g  w = a r g  2kL" + i ( 1  - k )  
c l + k  

= t a n  - 1 1 - k  
p '  

and - 1  b  e o  = a r g  zc = a r g  ( a  + i b )  = t a n  . 

3) Then, i f  l ze l  i s  an e s t i m a t e  o f  t h e  magnitude of  z ,  w r i t e  

where I W  I =  1, 
C 

and 1 z b l =  a / c o s  e i f  e e  5 e o  e  ' 

4 )  Upon computing e e  and lzel  f rom Equa t ion  (10) and ( l l ) ,  we 

t h e n  have  

z = Ize 1 (cos  e e  + i s i n  ee)  . e  

5 )  Then, s i n c e  we a r e  i t e r a t i n g  i n  t h e  < - p l a n e ,  compute from 

E q u a t i o n  ( 6 )  

When convergence  o f  t h e  sequence  i s  o b t a i n e d ,  i . e . ,  when, 

f o r  some j > 0 ,  
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f o r  some s p e c i f i e d  r e l a t i v e  e r r o r  E ,  t a k e  5 = 5 i n v e r t  
j y  

Equa t ion  ( 6 )  t o  g e t  

and r e s t o r e  s i g n s  o f  components t o  g e t  

z(w) = s i g n  [ R e ( z A ) ,  Re(w)] + i s i g n  [ I m ( z A ) ,  Im(w)] , 
(1  4 

where t h e  s i g n  f u n c t i o n  i s  d e f i n e d  by 

s i g n  (A,B) = 
B 

m I A I  , A , B  r e a l ,  B f 0  . 

N U M E R I C A L  P R E C I S I O N  

S u b r o u t i n e s  were w r i t t e n  i n  s i n g l e  p r e c i s i o n  a r i t h m e t i c  

w i t h  rounding  f o r  t h e  Univac 1108 t o  c a l c u l a t e  (1)  t h e t a  f u n c -  

t i o n s  w i t h  z e r o  argument (FUNCTION THETAO, Appendix A) ;  

( 2 )  e l  (z 1 r )  , e 4  (Z  ( T )  , and t h e i r  d e r i v a t i v e s  (FUNCTION THETA, 

Appendix A) ; (3) w ( z )  (FUNCTION W ,  Appendix A) ; and ( 4 )  z (w) 

(FUNCTION Z ,  Appendix A). 

The t h e t a  f u n c t i o n s  were computed t o  8  s i g n i f i c a n t  f i g u r e s ,  

s o  t h e  c a l c u l a t i o n  o f  w(z)  by Equa t ion  (7)  was a c c u r a t e  t o  a t  

l e a s t  7 s i g n i f i c a n t  f i g u r e s  ( s e e  Appendix B). I n  t h e  c a l c u l a t i o n  
I 

of z(w) u s i n g  t h e  i t e r a t i o n  d e f i n e d  by Equa t ion  ( 9 )  and w i t h  
- 7 

E = 5 x 1 0  i n  ( 1 2 ) ,  accuracy  was o b t a i n e d  t o  7  s i g n i f i c a n t  

f i g u r e s  e x c e p t  a t  p o i n t s  w i t h i n  a  ne ighborhood of  t h e  v e r t e x  of  

t h e  r e c t a n g l e .  S t a b i l i t y  problems a r o s e  n e a r  t h e  v e r t e x  because  

of  t h e  undue m a g n i f i c a t i o n  of t h e  c o r r e c t i o n  te rm i n  i t e r a t i o n  

Equat ion  ( 9 )  when f ' ( 5 )  became s m a l l  r e l a t i v e  t o  t h e  d e v i a t i o n  

of f ( 5 )  f rom ze ro .  

The f o l l o w i n g  t a b l e  i n d i c a t e s  t h e  number n  of s i g n i f i c a n t  

f i g u r e s  o b t a i n e d  from t h e  two-way mapping of  p o i n t s  w i t h i n  a  



s q u a r e  w i t h  s i d e  s a t  t h e  v e r t e x  of a  r e c t a n g l e  w i t h  d imens ions  

1 u n i t  by 2 u n i t s :  

T I M I N G  

An e s t i m a t e  of e l a p s e d  Univac 1108 t ime i n  t h e  c a l c u l a t i o n  

of t h e  mapping of a  p o i n t  from t h e  c i r c l e  t o  t h e  r e c t a n g l e  was 

made ( s e e  Appendix B) u s i n g  a  r e c t a n g l e  of dimension 1 u n i t  

by 2 uni ts** and a  g r i d  of  p o i n t s  c o v e r i n g  t h e  e n t i r e  r e c t a n g l e  

w i t h  a  s p a c i n g  of 0 . 1  u n i t s  i n  b o t h  d i r e c t i o n s .  The a v e r a g e  

was t a k e n  f o r  t h e s e  p o i n t s  and was found t o  be a p p r o x i m a t e l y  

60 msec p e r  p o i n t .  

Because of t h e  s i n g u l a r i t y  i n  t h e  mapping a t  t h e  v e r t e x  

of t h e  r e c t a n g l e ,  hence  a  n e c e s s i t y  f o r  a  g r e a t e r  number o f  

i t e r a t i o n s  of Equa t ion  (9) t o  o b t a i n  convergence ,  a  s i g n i f i c a n t  

i n c r e a s e  i n  mapping t ime  was obse rved  f o r  p o i n t s  n e a r  t h e  v e r t e x .  

* As may b e  e v i d e n c e d  from t h e  p r i n t o u t  on page B - 7  Append i x  B ,  
a l l  p o i n t s  on o r  w i t h i n  t h i s  r e g i o n  w e r e ,  w i t h i n  c o m p u t a t i o n a l  
e r r o r ,  mapped o n t o  t h e  p o i n t  on  t h e  c i r c l e  c o r r e s p o n d i n g  t o  t h e  
v e r t e x  o f  t h e  r e c t a n g l e ,  t h u s  d e f i n i n g  t h e  r e s o l u t i o n  o f  t h e  
r e c t a n g l e  t o  c i r c l e  mapping;  h e n c e ,  t h e  i n v e r s e  mappings  o f  
t h e s e  p o i n t s  l a y  p r e c i s e l y  on t h e  v e r t e x  o f  t h e  r e c t a n g l e .  

**  Any s i z e  r e c t a n g l e  i s  a  r e a s o n a b l e  c h o i c e  f o r  a  sample  c a s e ,  
f o r  t h e  c i r c l e  t o  r e c t a n g l e  mapping r o u t i n e ,  FUNCTION Z 
( A p p e n d i x  A ) ,  n o r m a l i z e s  t h e  i n p u t  r e c t a n g l e  s o  t h a t  t h e  s m a l l e r  
d i m e n s i o n  i s  2 u n i t s .  Then ,  i f  n e c e s s a r y ,  t h e  r e c t a n g l e  i s  
r o t a t e d  by  90' s o  t h a t  t h e  g r e a t e r  s i d e s  paraZZeZ t h e  y - a x i s  
o f  t h e  z ( =  x  + i y )  p l a n e .  T h i s  i s  d e s i r a b l e  f o r  t h e  s a k e  o f  
m a x i m i z i n g  t h e  c o n v e r g e n c e  r a t e  o f  t h e  s e r i e s  e x p a n s i o n s  f o r  
t h e  t h e t a  f u n c t i o n s ,  a s  t h e  s e r i e s  a r e  e x p r e s s e d  i n  powers o f  
q  = e x p  ( i r ~ ) ,  where  T = 2 i b / a ,  and z  = ( a , b )  i s  t h e  l o c a t i o n  
o f  t h e  f i r s t  q u a d r a n t  v e r t e x  o f  t h e  r e c t a n g l e .  ( S e e  Method 
o f  E v a l u a t i o n .  ) 



The f o l l o w i n g  t a b l e  i n d i c a t e s  t h e  a v e r a g e  mapping t ime t f o r  

p o i n t s  on a  s q u a r e  g r i d  w i t h  s p a c i n g  0 . 1  s  w i t h i n  a  s q u a r e  w i t h  

s i d e  s a t  t h e  v e r t e x  of t h e  r e c t a n g l e :  

A C K N O W L E D G M E N T S  

The a n a l y s i s  and program d e s c r i b e d  above were r e q u e s t e d  by 

B.  H. Duane of t h e  T h e o r e t i c a l  P h y s i c s  S e c t i o n .  H i s  h e l p f u l  

comments and  s u g g e s t i o n s  f o r  t h e  a n a l y s i s  and h i s  p r o v i s i o n  of 

t h e  t h e t a  f u n c t i o n  and a r i t h m e t i c  rounding  r o u t i n e s  were s i g -  

n i g i c a n t l y  i n s t r u m e n t a l  i n  t h e  development of  t h e  program. 

A s s i s t a n c e  i n  t h e  a n a l y s i s  and computer programming was p r o v i d e d ,  

r e s p e c t i v e l y ,  by R. L .  Richardson and Caro l  Lewis of t h e  Mathe- 

m a t i c a l  A n a l y s i s  S e c t i o n .  The g r a p h i c a l  d i s p l a y  i n  Appendix D 

was p r o v i d e d  by P a u l i n e  A l d r i d g e  o f  t h e  T h e o r e t i c a l  P h y s i c s  

S e c t i o n .  The o r i g i n a l  m a n u s c r i p t  was t y p e w r i t t e n  by 

E t h e l  Montgomery of t h e  Mathemat ica l  A n a l y s i s  S e c t i o n .  The con- 

t r i b u t i n g  e f f o r t s  of  t h e s e  p e o p l e  a r e  g r a t e f u l l y  acknowledged. 





A P P E N D I C E S  



A P P E N D I X  A  

S O U R C E  D E C K  L I S T I N G  FOR PROGRAM C I R R E C  



C DRILrL PHOGRAV FOR CIRCLE-RECTANGLE PAPPING ROUTINES 
c P R O G ~ A I W E D  BY A a S C ~ U G E H T  

CONPLEX Z Z ( ~ O ~ ) ~ ? J Z ( ~ O O ) P Z W ( ~ I ~ O ) ~ C ~ W Z O ( ~ ~ ~ )  
CCIF'PLEX W P Z  
3 1 v E t ~ S I 0 r ~  NOIT(4OO 1 
uATA MAXLIN /46 /~P1 /0202622077325 /  

49 FoR@AT(BE~O.U) 
19s F u R ~ v ~ A T ( L H ~  14X 59VWAPPI?dG O F  U N I T  CIRCLE I N  ,b-PLANE ONTO RECTANGLE 

* IN I-PLANE//) 
293 F i i a k A T ( 5 X  37tiCO-CRDlP!\!ATES O F  OIAGONAL O F  RECTArlGLE 2 X  1 H (  F 8 . 4 ~  

* ~ H P  F 8 . 4 ~  51?) t ( F 8 . 4 ~  1Hr  F8.4, 1h) ) 

399 F. 'OPMAT(~I~O 3~ 35HREGIOTL' O F  RcCTAt!GLE C O N C I D E ~ I E D  X = F9.4, 3H TO 
* F 9 . 4 ~  51-1 Y = F9.4~ ZH TO F 3 . 4 / )  

499 F C R V A T ( ~ H ~  2~ 59tiMAPFIP!G OF u!JIT CIRCLE I N  h-PLArlE ONTO RECTANGLE 
* r h  Z-PLAhE//) 

599 FciHFIfiT ( 1 3 X  37l-ICO-OHCIP!ATES OF DIAGONAL O F  RFCTPNGLE/ l lX  l k r  ( Fa.4, 
* I t 41  F 8 . 4 t 5 H )  P ( F8.4~ 114, F F e Q t l H )  

6 4 9  I - - C I I P A T ( ~ H O  bX 45t-!REGIGl\l O F  C A ~ C L E  COf\rSInERED ( vJ=R*EXP(I*T) ) 
* 7 X  3WK = F7 .4 r3H  TO F8 .4 rS t i  T = F8.4r3t-1 TO F9.4r6t-1 ( D k G ) / )  

Yh FURFAT(  1 4 X  ~ I H Z ( I ) - - I P ~ P U T  1hX ~ H L (  Z ( I )  1 7 X  9 h Z (  W ( I )  1 7 X  
* '+hIiEFc / I  

4 7  kGPb 'AT(1X I 3 r  b F 1 3 . 5 ~  15) 
96 F O k F ~ T ( l t i 0  26X 2 ( 4 X  lOHTOTAL T INE  F H e 3 v l X  3HSEC) 
$5  FGi?F'+iT( 3 X  1111 I O X  l i l : c ( I ) - -T r JPUT  IhX 9HZ(  W ( 1 )  1 7 X  4 t I ITEH / 

* 12X 1 h K  10X ~ H T ( u E G )  9 X  1 r X  1 2 X  1HY / )  

9 4  F U R P A T ( ~ X  1 3 ~ F 1 . 5 e P ~ F l 3 e G t 2 F l ~ e 8 ~ 1 5 )  
9 3  F O r ? h ~ T ( l t i C  32X 1OWTOTAL T I F E  F 8 e 3 ~ 2 X  3HSEC 
92 F O R V A T  ( 1 1 4 1  1 

t<kC?=PI / ldO 



10 H k A C ( 5 r 3 9 )  A t 6 r P O L F E C  
t < E A C ( S r 9 9 )  X O ~ D X ~ X ' ~ A X ~ Y O ~ ~ I Y ~ Y B A X  
C = C K P L X ( A ~ B )  
AN=-A 
dF =-a 
i v X = ( x K A X - X 0 ) / D ~ + 1 . 0 0 5  
N Y = ( Y P 4 A X - Y U ) / O Y + 1 . 0 0 5  
&Z=O 
AF(PLLREC) 1 5 * 1 3 r 1 5  

15 R O = X \ I  
TI-iO=tifrU*) U 
I F ( X L J )  1 7 t l h r 1 7  

16 t t L ( l ) = C K P L X ( O - t O * )  
ktZC ( 1) z k i L  ( 1) 
N L = l  
r ~ x = t v x - 1  
i i lr=Dx 

17 ~ K I T H = E A D * D Y  
UO l u  J = l r t t ~ Y  
TFETR=THO+FLOAT(J-I)*FDTH 
T ~ ~ = Y Q + F L C A T ( J - ~ ) * U Y  
S T H = 5 I i d  (THETA ) 
CTW=COS(THILTA)  
00 19 I = l t h X  
R = R O + F L G A T ( I - l ) * D X  
l " L = f V ~ + l  
V.ZD ( P ~ Z  =CMPLX ( R P TH I 

18 vu2 (h2 =CPtPLX ( R * C T t ? r E * S T H )  
GO T O  35 

19 Do 20 J = l t N Y  
Y = Y O + F L O A T ( J - l ) * D Y  
bG 2U I = l t b ! X  
X = X C + F L O A T ( I - l ) * O X  
i u E = l i Z + l  

2 0  i Z ( k Z ) = C G F L X ( X t Y )  
CALL E T I W E  
ub 3cl I = 1 t f Y Z  



30  w z ( I ) = i ~ ( Z z ( I )  * c ~ r ; )  
CALL E T I ~ E F  (kb2skc 

35 CALL ETIPtE 
L O  40 1=1*NZ  

40 Lh(I)=Z(hZ(I)*C*NO:T(I)) 
C A L L  ET I?JEF (ZKSEC 
I F ( P u L K E C )  14lr4lr14l 

Ll l  & ~ I T E ( 0 * 1 9 9 )  
r ; i t I T ~ ( 6 * 2 9 9 )  A b ! * U f ~ t A ~ i j  
t % h I T t i ( 6 * 5 9 9 )  X O V X ~ ~ A X I Y O ~ Y V A X  
k v h Z T E ( 6 * 4 8 )  
i I E,E=9 
GO TS 2 4 1  

1 4 1  v ; f t I T E ( 6 * 4 9 9 )  
< i k I f 5 ( 6 * 5 3 9 )  A P J ? P C ! ~ ~ A I F  
r # k X T C ( b * t 9 9 )  X O t X f J P . X *  Y O I Y M A X  
~ f ? I T t ( 6 * 9 5 )  
LlPJEZ12 

241 dO 6 t ~  I = i * N Z  
lF(LIIIIE.LT.h:AXLIf.:) GO TO 70 
~ R I T t ( 6 * 9 2 )  
lF (PuLi4EC)  4 k * Y 3 * 4 2  

42 i i f i I T E ( 6 * 9 5 )  
L I N E = 3  
GU Tci 52 

43 r b k I T E ( b r S e )  
LINt=2 

50  fF (P3LREC)  5 2 * 5 6 1 5 2  
52 h H I T E ( 6 * 9 4 )  I * W Z P ( I ) r Z i h ' ( I ) * f Y O I T ( I )  

GC. To OC, 
5 4  nHITt(o~97) I * Z Z ( I ) * ~ ~ Z ( I ) ~ Z W ~ I ) ~ ~ J O I T ( I )  
h 0  L I t:EzI 1 I \ IEI+l  

XF(PuLREC) 6 2 * 6 3 * 6 2  
62 h k I T ~ ( 6 ~ 9 3 )  ZWSEC 

GO li, 10 
6 3  LiSITE ( f i r 961  \ f iZSEC*ZwSEC 

GO Tu 1 U  
tl it' 



C l d I S  FutlCTIGiv COr!fORMAL.LY PAPS A POINT WITHTh OR O N  A RECTANGLE 
C i ~ q  TiiE 2-PLAF.iE CENTERED AT ThE ORIGIh Ab'D WITH SIDES PAkALLEL TO 
C ThE CO-OtlCIhATE AXES ONTO A POINT WITHIF\I OR Obi A' IJNIT CIRCLE 
C CEhTEHED AT "I!€ O R I G I t \ r  OF THL W-PLANE. 

C Z Z  = PO1,yT 1I.i RECTANGLE ( I N P U T )  
C C = F I R S T  QbADZAFiT V E X T E X  OF RECTANGLE ( I N P U T )  
c t< = CcP/d:Y AHGtJ%EPjT ( OIJTPUI 1 
C k = ilVtALE OF ZL UIvEER RECTAI~GLE TO C I R C L E  TRANSFORPIATION (OIJTPUT) 

C V I ~ ~ F L Z ~ X  C ~ Z ~ T A U ~ Z P ~ T H ( ~ ) ~ X ~ Z L  
~ ( i i f P ~ t X  i i l H  r C G R  r C A R  
bATA PIH/O261622077325/  x 

THU=CP:PLA(O~ t 2 * * F r J F r ( A I F F 1 A G ( C )  ,PEAL(C)  1 )  
2=Cb1PLX(kRS( f .EAL(ZZ)  1 ~ ~ E S ( A I ~ * I A G ( Z Z ) )  ) 
L P = C ~ ~ * ~ ? ( C ~ J ~ P L X ( P I ~ ~ P G * )  t f , i !H (Ckt~ iZ tCP 'PLX( I ]e  * A I V A G ( C )  1 )  PCWPLX(F~FAL(C)  P 

1 U e ) ) )  
CALL TnElF.S(LPr7AUvTH) 
i F ( F d i ? ( C A S S ( 7 k i ( l )  r - C i \ i ? S ( ~ t - i ( ~ * )  1 )  ) l , l r 2  

1 ~ = C i ~ \ ( T t i ( l . )  r T b ( 4 )  1 
I . ~ - C L I ~ ( C A ~ , ( C ~ ~ P L X ( ~ .  rUe 1 rCYri(CP1PLX(Or r l . 1  r ) i )  rCAR(CMPLX(0. r l .  ) r X )  1 
uO T 3  4 

2 x=Cu',(Ttr(4) r T k ' ( 1 )  1 
~ , ~ C G ~ ( C A ~ ( C P ~ P L X ( O m r 1 . )  P A )  ~ ( ; A ~ I ( C V P L X ( I * ~ ( I ~ )  ~ C M F ? ( C M ~ L X ( C J * ~ ~ ~  1 P X )  1 )  

4 ~ ~ = C ~ * P L X ( 5 1 G l V ( H E A L ( i , )  reEAL( r .Z )  1 ~ S J G E I ( A I M A G ( W )  ~ A I M A G ( Z Z )  1 )  
tiY;;;: 



l i I T  F H S  i t 2  
CQMFLE); Fur,!CTIOI': Z ( N p C C  PPIOIT)  

C T H I S  FUI ' ~CT IO I~  C@I,FCF;WALLY PACIS A P O I h T  kITHTi:  OR ON A IJNTT CIRCLE.  
C CEPJTEREC P T  TPE O R I G 1 : i  OF THC W-PLAYE OWTO A DOINT WITHIN  OR ON A 
C uECT&??GL-t Ir, THE Z-PLRrjE CE~UTERFD AT THF C!5!TGIFI AND WITH SIGFS 
C P A k A i L t L  T O  THE CO-ORDINATE AXES*  

C Fb1.C F IOP; ANL AHGUYENT DEFINI T I O P I S  

C \v = lf7uZ1\?T 111 L N I T  CIRCLE ( I N P U T )  
C CC = F I R S T  QUADRANT VERTEX OF RECTA'JGLF ( IFJPUT 
C ~ 6 1 7  = Gb.  OF NE't,'TQ!, ITERATIUPJS TAKEN TO OBTAIN SOLUTION (OIJTPUT) 
C i = I M A G E  G F  Y: UNDER CIUCLE T O  PECTAfvGLE TRA?dSFORMATIOrd(OUTPUT 

HLI\L KtKi l  
COb8FLEX rtiO(S) ~ c P I Z E ~ ~ P ~ N C ~ C ~  
CObPLEX 3 tC tTAUtTHATA(4 )  t 1 d l t ? ~ 2 t F t F P t Z l ~ Z 2  
COhrPLEX CAR, CMRt CDR 
irATk P I t P ~ A X I T / 0 2 0 2 6 2 2 0 7 7 3 2 5 t d C /  
LATA E P S ~ E M A X ~ E P / S . E - ~ ~ ~ * E - ~ ~ ~ . E - ~ /  
I \ IUIT=U 
EhELzEPS 
bkP=CfdPLX (At35 (REAL( x 1 1 PASS ( AIIUIAG (!-i') 1 
A F ( F / A R ( R ~ A L ( C C )  P -PEAL(CP) )  ) 2 5 ? 2 I + t 2 5  

24 I F ( F ~ K ( A I M ~ G ( C C ~ ~ - A I V ~ G ( C P ) ) ) ~ ~ ~ ~ ~ ~ ~ ~  



25 t ~ i 2 = ~ 1 / 2 ~  
C = C F P L X ( ~ . ~ F C R ( ~ ~ ~ < A X ~ ( ~ ' E A L ( C C ~  I A I F ~ ! A G ( C C )  1 ~ , $ ~ ~ I ~ ; ~ ( R E A L ( c C )  ? A I M ~ G ( C C )  I 

* )  1 
T ~ U = C M P L X ( O * ~ ~ . * F D ~ - , ( & P ~ ~ ~ A G ( C )  rFiE:AL(C) 1 )  
CALL T ~ I E P A O ( I A U ~ T I - I ~ ~ )  
K K = C ~ R ( T ~ C ( ~ ) @ T ~ U ( ~ ) )  
K = F P ~ <  (kR t KH 
Pt+ IO=ATAf<2 (FAR( le r -k )  ~ 2 ~ * t c H )  
~ v C = C ~ ~ ~ P L X ( F D H ( ~ ~ * K R I F A F ~ ( ~ ~ P K ) )  *FDR(FkR( I  er-K) t F A R ( 1 e t K ) ) )  
TO=ATAG2(AI?dAG(C) *REAL(C) 1 
P lk2=F3F i (P I2 rHEAL(C)  
C P = C i  

L6 i F ( F 4 H ( A I Y A G ( h P ) r - E P I ) 2 7 , L 9  
2 7  A F ( F H K ( H L A L ( L P ) ~ - E P ) ) ~ ~ P ~ ~ I ~ ~  
Ed L=CMPLx(OmrO,) 

GCI T u  6 
29 ~ F ( F A H ( H E A L ( C C ) ~ - A X ~ ~ C ~ C ~ ( C C ) ) ) ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  

124 #JP=C,V,~-)LX (AI IV ; i ,G  (":PI ,REAL (1.:F:) 
219 I ~ ( F ~ ~ R ( A ~ S ( F F F ( ~ - ~ E ~ ~ L ( I ~ U P ) * - K E A L ( \ ~ C ) ) ) ~ - E P ) I ~ ~ ~ ~ ~ ~ ~ ~ ~ Z ~  
3Li) l F  ( F ~ ; ~ ~ ( A D S ( F A R ( A I I ~ A G ( ~ P )  P-AIFIAG(!~'C) 1 )  r -€P I  1 4 2 3 ~ 4 2 9 ~ 5 2 9  
429 L=C 

60 TL, 1 ~ 5  
529 I F  ( F k i ? ( A I Y A G ( k P l  r-EEr-",L(ifiP) ) 3 G r 3 0 1 3 1  

3c) P.) I I I=C\TAI 'JL~AI?'AG( b.P) tFiEAL(9iP) 1 
G b  Tu 32 

Si P ~ I I = F ~ ~ ~ < ( P I ~ ~ - A T A ~ , ~ ( ~ F F ~ L ( I ( J F ~ )  rriIrJ1AG(Gf!P) 1 )  
32 i F ( F A R ( P h I r - P H I C )  1 3 . 3 ~ 3 3 ~ 3 4  
33 ~ L = F , . I ? ( S J R ( T O * P H I O )  ,Pt!I)  

G;r T, 25 
34 ~L=F !~~ - : (F IY~K(FL~ : IF ! (FAF I (P IZ * -TO)  rFf iR(P12r-Pt . ( Io )  1 rFhP(PH1r-PHI01 I ~ T u )  
35 r F ( F d P ( T t r - T 0 ) ) 3 6 r 3 6 r 3 7  
3b L b A c = F j ~ ( ~ E . P ~ ( C I  vCCS(1E) )  

~0 T G  38 
37 L ~ / ~ G = F U R ( ~ I Y ~ G ( C )  t 5 I f \ ! ( T E )  
38 ~kL?=t - i< f ;  (CABS (kip 1 r %E AFI 

Z11=C.v16' (CI~IFLX ( Z A ~ j r 0 , )  r CE4PLX ( C d S ( T t  1 r SPfJ ( T F )  



39 LZ=C~~~H(CI~PL>((PIA~*II.)~CAH(ZE~CMPLX(O.*AI~~:~G(C)))) 
~ v ~ = C / A R ( \ $ P ~ C W P L X ( G .  t-1. 1 )  
V U ~ = C I ~ P  ( C b R ( C Y t P L X ( U .  * l o  1 *\JF) tCfiFPLX(-1. t o .  1 )  

1 3 9  L O  3 J = l t q A A X I T  
i:CIT=:sOI-r+l 
L1=Z2  
CALL T H F T A ( 7 l  *TkU*THATA) 
F = C A R ( C V ~ S ( ~ ~ V T I I A T A ( ~ )  ~ C ~ J R ( W L * T P A T A ( ~ )  1 )  
F F = C A ~ ( C > ~ P ( ! % ~ ~ T E A T A ( ~ )  tCr'K(r"12*THHL\TA(4) 1 )  
LZ=CAK ( Z T ~ C L ~  ( -F  ~ F P )  1 
A F ( F A P ( A L S ( F E A L ( Z ~ ) ) ~ - E P S ) ) ~ C ~ ~ * ~ ~ ~ . ~ P ~ O ~  

1 b 2  L F ( F ~ I P ( A ~ ; S ( F A R ( F L R (  R F P L ( 7 2 ) t  REAt(Zl))*-le1)*-EREL))202r2n2~3 
2 ~ 2  i F  ( F ? , R ( A b S ( A I f l A G ( Z 2 )  t-EPS) ) 5 t 5 * 3 0 2  
SU2 I F  ( F A F : ( A U S ( F ~ ~ ~ ~ ( F C R ( A X : ~ A G ( / ' ~ )  t A I r J A ~ ( Z 1 )  t - 1 . 1  1 t-EREL) 1 5 r 5 t 3  

3 CdbiT I t lUE 
&I?ELtFMR(lO.*EREL) 
LF (EIXEL-EYAX 1139~ 1 3  5 

5 L = C A I ~ ( C I _ : ~ < ( Z ~ ~ C F I P L X ( P I A ~ * O . ) ) ~ C M P L X ( O . ~ - A I M A G ( C ) ) )  
1G5 L = C P " ~ ( Z * ~ ~ ~ ' P L X ( A ? ~ ' I N ~ ( F E A ~ ( C C )  V A I V A G ( C C )  )*G.) 1 

~ F ( F A E ( H E A L ( C C ) P - A I ~ ' A G ( C C ) ) ) ~ O ~ P ~ O ~ * ~ O ~  
,265 ~ = C M P L X ( A I M A G ( Z ) * R F A L ( Z ) )  
305 L = C ~ P L X ( S I G ~ ( R E A L ( Z ) P ~ E A L ( ' J \ I ~ ~ ~ ~ I G N ( A I ~ ~ A G ( Z ) ~ A I ~ A G ( ~ ~ ) ) )  

6 ~ETUIII ': 
E r.: c 



C it115 ROUTINE EVALCIATES T H E T A A ( Z ) P  D/DZ T b i E T b l f Z ) r  T H E T A 4 ( Z ) r  
C Y/DZ T h E T A 4 ( 2 ) *  kXTk PEHIOO K A T I O  TAt;* VALOES ARE RETUKNEn 
C i N  T t i C T A L ( 1 ) t  I=lr4* 
C HEFEWEP~CF - LiHITTAKEP AP4D &ATSO&? WOOERN ANPLYSIS 

C  P~<GGKA?~KED b t  A R SCHUOERT A5 A VODIFLCATIOP~ OF SURHOUTINE THETAS 
C ( C O h  i'AIhE9 I r k  T H I S  COCUMEr:T) EY 8 H ObAPIE 

Sb5HuUTI I .E THETA ( Z  * TAOr THETA& 1 
CO~V'FLEX Z t  TAU, ThFTAZ ( 4  1 t P I T t  P F R V ~ P H A S E I S I E . I C O S I S I J ~ ~  
COMPLEX C A R  pC$'K t CCL,Sr CEXPt C S i i d  
i I V E h S T C I 4  E F ~  ( 4 )  
bATA PI/@262b22077325/ 
P I T = C ~ ' H ( C M P L - X ( O *  * P I )  t T A b )  
uC, 1 d  I , = l 1 4  
T ~ E T I \ Z ( P ; ) = ( O ~  P O * )  
I F  ( , , * € U * 3 )  T h E T A Z ( h ) = ( l * * O . )  

1u E R R ( ! q ) = l *  
bIGh=-l* 
t i t \*=f i  . 

25 blGrq=-SI GI: 
LO 1 ~ 6  P : = l r 3 t 2  
ti .=Fi,K(EEut1./2. 
~ \ iK= l v+ l  
dG 3~ p!=l$pbfd: 
1F (rfiR(1;) ~ i O t 3 0 r Q 0  

30 C O h T i i t C E  
Gtr li, l o b  

4 d  ~ E R ~ < = ~ * * C E X P ( C K H ( C ? ~ F ' L X ( F ~ I ~ ( E ~ V ~ ~ E ~ \ ~ ) I O * ) ~ P ? T ) )  
PEASF=CMK (CS'PLX ( 2 . * L ~ d t  0 t 2 )  
u.0 9 u  ~\J=I+IPNV 
I F  ( ~ i ? F l ( r ~ )  30tC.3/1tCO 





L I T  Ft<5 T , i E l A b ~ T b t ~ T l i O  Tt iFTAO 
C J A C b  !I TIiET/ '  TI;! CTTOI\. ?iCi4'.'S ( , r i T  TTAi(~i;-\~,ATSQfi--h4QiJF~+ffj A l x : / \ l  YSTS) 

bu<,h ,!J 1 I t , t  i h k - T c l i  ( 7 i i l * ~ T t l t T ; i )  
~C:'i'?Lt.:k Th l j  r ThETA ( E  r P I T  I TEt,:. r ZCJ"; 
iO l ' "F 'L t -% ~ t ? r ?  C h  t i  v C F X F '  
, . , i ~ ' E 2 + 5 I G ~ ~  Fr'C ( 5 )  
L / A T A  i-'i]/G202r,22377?25/vOpFE /i'~C~O777777776/ 

13 LC:I',CJ~LX i f :P\iT f'ti? 16:' R A T I O  T&U 
C LGF:~- .L~-A ~ r i T r b T  T k + L T A =  ( T t i F l  A L  T b : E T A l * * *  TIiFT-13 TtlFTA3 THE T A 4  1 

L L l  fbC: 11=1,5 
i t l Z T h ( I . ) = ( O *  ID. 1 
I F  ( I '  . G T , d )  T t i f T r ~ ( : ' ) = ( l . r ~ .  1 

1Uu t t t F i ( , 4 ) = 1 *  
OULJ r ' f . l = L h R ( C f ~ l - ~ ( 3 . r i ~ I ) r T A U )  

C I I = O .  

b i G l ' i = ; l .  
i. L I~TE;<  uAiObI T ~ ~ L T A  SEF-'1ES ~Ou i '  
7 LJ 9 5 1 CE~Z-S I Gf\1 

UL l . , O l j  ! ' , = l r q , 3  
1-8 i=Fr ,z*  ( €-!V v 1 /2 1 
l*"liZ$ / Z + 5  
,,a Flj\t ? I  i* 

~ t -  ( t . \ T ,  ( I \  ) C..:)i;r: r ~ l l , C ? C ~ i  
C.OLJ CUI\,T I t . 2 F  

bu T; 1 5 u 0  
9bO IL<,&~ELE X t ) ( C + t  (C. '  i J L ~  (F ' :Q(F l  r f l . )  , P I T ) )  

L O  l . + l ~ r )  i . = i b 7 r ~ , i L  

Al- ( L ' , . ) ~ ( : \ )  1 l ( . , i l u ,  l b ,  6 * iG91,  
1I~L'li L)CT=r.. 

i t  (P,-2) 1 . 2 L l C  * 1 1 2 (  ? i 5 C l b  
1 1 b G  L < , T = h ? " * t q ( - ~ ! * * k - / \ ' * t " '  1 
~ L L U  L ' J T = F  I.:<(-;?;*( '.1,*C1 
I W J  ( ( , u . ~ ~ . : )  .LPL ( * . L T . ~ + ) )  - \LT=SK%*POT 

jL;."=-T;it  I,", ( I '  1 
i r>L i ,A ( . "  1 =ti\(< (TI,:  Ti? ( 1 4  1 , C , J $ \  (crib klLX ( i - ; ,>T,  u .  1 , Tf-F?V) 1 

~ . i i L c  ( , , ) = C t 3 ; ; S ( C l f P ( T h ~ T A  ( 1 : )  ~ S L , I + ~  1 
i + b t >  ~ c : : : i l i , ~ t -  



15011 LL;,T i; '1,T 

La" l L , 4 L  ! < = l v L ,  
L F  (I.,'. ( P j )  ) ~ : J ~ V L ~ { I I ~  t 70G 

c ; I 1 ~ o r  J;~CI:.J 7 , -  E T A  C ~ L F ~ I F S  T S  ~ULIT‘  CPP: \~TF :~ '=~  VCF 
16(!1) < L ~ ! , T  1 1  kk 
1 7 C 1  1:c TL#.,i 

2 L ' J I - ~ L - ;  n L'i:?'l i ,T  I TI:!, ( T I  ,ETA ( 1 , )  t '  = I  r 5 t :S L I V F  ZERbS 
C ; \ ,A> i,.'!,:, ~:, l .c 1: FI,T!' AT! OF 2 b ! T 7  I F  I.* St:TLL PP E I V I S T O ~ J  FtY ZLfiL) 
C 1 L a T l L r , T t  SF I f ;  I ~ I L L ~ ~ ~ L C O P ! ~ ~  c?t .  I I K I I V A C - l J O I !  i,ti CI:AILF 

t i  ,;? 



i w I T  Fit:, Tv7t I - P S * T l i f  1 kC, 
C J ~ C L ,  rl T t  ,ETA FII:.CTIC':S ( L.PI  T I AKFiq-!e'A7 COP'--ydr)I~LLQrI AKfiLYSIS 1 

j ~ c ' I (  ,i:T f ,\: Tt.F.Tiqb ( d  * TC.!:I ' f ! ' c T t \ ~  
L G ' - F ~ I  x L . F ' I P ! ,  * T I  C T C l i  ( 4  I r 1 T t  TFC;i-;rPl-IASF I ~ ; I > ~ C L I ~ J I S C ~ ~ , '  
iCr tP ; th  & A h t C V R t  C C O S P C L X ~  ~ C b I f r  
b l u E  * L A O I A  E-i k ( 4 )  
j 4 T h  Pi/C2o~e;2u77225/ 

C i t 2  1 '  T JF'cL ;"Fi r Z P,!'I(=ii P A T  I @  r0.l: i\TV:'P. ( T A l ! )  . 5 T  .I: 
c L<,'J PL; A ~ ! L I T C ' L I ~  (TC lCT f i LS  ( J )  I J=* P 4 1 = ( Tk4LTAl  THF T A ?  THF T A 3  TkIFTI1.4 1 

t ' l T = L ~ * t : ( ~ ; ' ~ ~ > t ( ~ o  PI-]:) p . 1  A i l )  
',L 1 1 1 ~ 1  :\:l*Q 
i f l f : l  , L ( : ? ) = ( f - l .  I C .  1 
L F  ( i , . : ,T .L)  7 1 3 t T i Z ( r  ) = ( l * r l ! . )  

l \ j t ~  i k l > ( , . l = l *  
2 * c i  ,zI. 
L I , = ~ J .  

C t l , \ T C t ,  ,t:ic!;J T i i f - T J  Ft,E C T I ( ' i ,  aEC'JE5 LCCF 
i C , , r  blGF'r=-C,Ici, 

L,C iLr!- ib  i. = l t ~ @ ~  

~ i \=F , ; i : ( i - ;  ~i./2.) 
,qi-t=;\ + A  
b(.j 31~1: , s ' . ^ r ?  i. 

i F  (L i ) i :  ( ? .  1 )  ;rut VSLIL~ tL;: lC 

S O ( !  C u i . T  i i , C i f  
(JC I , ,  l U ~ 9  

4 b i ~  ~ ~ ~ J F U Z ~ ~ * L E X T .  ( C P 8 ( C ;  FL:x:(FYP ( E , ~ r E q i )  r 0.1 PF'JT) ) 
p t , f s r = ~ ~ , ~ ( c ~ p L x ( ? . * c r ~ ? C : .  1 4 )  
b" 5,ltl 1 = : * * l l n  

~ F ( i , . r . c . . i )  t-2 T C  hCO 
i F ( L < r  3i1(3*c*'0t5OtJ 

$ r , i ~  i F  (;:.ti.i) SIF iC~S=-S I ( z ' . ' * cC; Ib  (p'.tcJ~-;i-) 
I F  (l\.t";.,) r .cs  Tu 7C 6 

i3ii:-I ~ii!C,,S=CC05(C)i1l\lhi;) 
If- ( t l - ; l : ( l . )  ) i ? i ! O * S . ; ' c ) ~ G ? 5  

THF'TAS 

Uiv l V A C  



b U 0  L F  ( I I * ~ - ! ~ . + )  Sir  C ~ c 3 = ~ ; I ~ ~ ? , * 5 1 . k C O ~  
S u l  = - 7 ! 1 c  iAL( : , )  
- i / i E T 1 ~ 2 ( 1 ~ , ) = C f ~ , , ( ~ i ! ~ ~ i . i ( !  ) v C V ~ ~ ( ' ~ ~ H ~ . V ~ I I \ I L ~ S ) )  
~ i i i \  1 =C/ \ ; ,5  ( C A I ?  ( T i { [  T I \ L  ( ; \ I )  V ~ ( I ~ ~ I )  1 

quh  Cui. ,T l f ' l JE 
1 U U " J C i . T  ;I at. 

;b llb;i i , = 1 * 4  
i F  (kt<[  ( b , ! j  1 2 ~ 0 ~  lit-i; ~2Lf-1  

c Lli' ,  d ! - i \ ; ~ a I  Tta iT r - \  rx It!; T(.l C.LLT" CChlv[II?GFr\ 'CF 
l l U O  L G I  T I T . ~ C  

K t  T L i  . I <  

C ~ v : ~ ' ~ ~ L L  2 ~ * l : T f ' i  T ( i w t  T,' , , - ( id) V I  = i v 4 )  1 PC; L?\/i . '  7CRQs 
C I i i : r - i t ,  EC-,Tl.j\'ltL !F 2 "IT'S I F  t : r  f;pIL! ( . c  Q I v l ~ l n i . ,  l i y  ztn0 
C T i ?  I .b EL~TIY'I 'TF- CIF &5 C ' I L I - I S L C C ?  r ~ s  :.I:, \ J F I I V A C - 1 3 0 3  b k t  U I J A R ~  

CIUL 



C 
C 

E I T  
C 

E I T  
C 

CGMPLEX ZERO AND A i i I T H M E T I C  KOUNDING P O U T I N F S  
PHOGi<AKKED 6 Y  B h EUAhE 

FR5 C Z L r C Z E  
CUPPLEX FUNCTIOh C Z E ( A )  R E T U t W S  C F A D  ZEROS F O R  L IVF ZEROS 
C O W L E X  FUNCTIOii CZE ( A )  
COKPLEX 14 
C Z E = C M P L X ( Z E ~ ( R E A L ( A )  ) r Z E R ( i \ i f ~ : , 4 G ( A )  1 )  
HETURF4 
LNG 

FH5 C A H t C A R  
COMPLEX AGO-AblD-ROLhD F U ~ C T I U ~ ~  C A R  ( A t E ) GETURYS A+R ROUNDED 
COVFLEX F U N C T I O h  C A R ( k r 6 )  
COMPLEX t , t R t A O r U G t C Z E  
aCI=c,LET ( A  1 
d i i = C L E  ( 8 )  
C C ~ K = C F ; P L A ( F A I I ( R E I \ L ( A O ) ~ R E A I ( ~ ~ ) ) ~ F A R ( A I F . * ! A G ( A D ) ~ R I M A G ( R O ) ) )  
~ t T U t i : :  
I!4t'CfT M A Y  HAbE L I V E  Z E R O S  OUTPUT HAS DFAD ZEI~OS 
LiuU 

FhS C p R  p(,VIR 
COMPLEX :VULTIPLY-AhC-FOUMC FbtGCTEON CVR ( A  t B 1 FETURNS A*8 ROUNUED 
COT~FLEX FUNCTIOh C P R  ( A t 8 1  
COMPLEX A P U ~ A O P E O ~ C Z E  
A O = C L E  ( A  1 
d O = C Z E  (e l  
C ~ ~ ~ I \ = C F " P L X ( F A ~ ( F C R ( L E A L ( A O )  r l i t~ ,L (3C! )  ) ~ - F w R ( A I M A G ( A O )  r A I M A G ( t 3 0 )  1 )  r F A  

~ R ( F V ~ ( R E A L ( A G ) ~ A I M A G ( B O ) ) P F M ~ ( R E A L ( ~ ~ O ) ~ A I M A G ( A O ) ) ) )  
r c t T U n l 4  
1ibFUT MAY H A V E  LIVL ZEROS OUTPUT HAS DEAD ZERGS 
EhC 



( W I T  Fhb CUKICPH 
C CUllrF'LEX LI\I IL>E-AE;b-hOlif'<O F1)P;CT IOE1 CDR ( A t  E )  RETURNS A / R  HOUhDEt 

LOMPLEX F U R C T I O t q  C:;k ( & * 3 )  
COPPLEA ArBv&OtCZEvCVR 
~ U = C L E  (b) 
b\b=ZC.l< ( C A R S  ( b O )  1 
L L ~ = C K R ( A * C P P L X ( F D F  ( F P R ( ! t ~ i \ L { 6 0 1  P A R )  T A R )  V - F ~ R ( F ~ ' I R ( A I M A G ( ~ ~ C ~ )  P A B )  P A R  

1))) 
hETbhiu 

C I h F U r  N A Y  HAVE L I V E  ZEROS CUTPUT H4S DEAD ZEROS 
L ~ I D  - 



C HEAL Z z h U  A1.S  A k I T t . V E T I C  H C ~ ; ~ U P X N G  R O U T I b ' E S  
C Pr<CC~tA;vlfdEi.j PY R t+ CUAt:F. 

L I T  AS14 FfltJaR tFAI\'OF 
F?li:C 1 XOlr ZEr-.'(A) !;tTC19i~S (DF'PL ZEiiO I F  A I S  L I V E  ZERO, ELSE A )  
FUhC 'i ICI? FAP ( A r  I; PETUHPJS A+L HOUNDED ( \V I T P  GOOD ZFFOS) 
t-bP,C T l r 3 P . I  FPF ( A  r U  i.ETLiHtjS A * G  RC)U!<DEO (!4:ITH GOOD ZEFICS) 

rn Fill,C T I C I I  FCP ( A  * S T ETLHIJS A I L ;  HOU?JDEQ ( N i T H  GOOD 7ERO' i )  
9 ' T ?  A3D ' I N I C E :  L O K  ORDER PART TO HIGP ORPEP PART PH DlJANE B N K  
A0 t b U  12 L E T  A O = 1 2  ( 1 4  O C T P L )  
A 1  tGiU 13 9 LET  Al=l3 (15 O C T A L )  
611 Ebb 11 L E T  R l l = l l  (13  O C T A L )  
' b ( 2 )  ~ 1 1  ASSIGN L I T E R A L 5  TO RAFJK 2 
$(1) ASSIGFI PFtOGCiAFJl TO RANK 1 
F A K *  L A  A O r * O * E 1 1  F L O A T I P G  ACi3 A t 4 1  POUhtD 

F A  k O r * l r H 1 1  ADD A T o  8 
J F k K  POUr,,P AKp R E T U R r d  

F M R *  L A  A O V * C V F , ~ ~  0 F L C A T I P J G  Y I ! L T I P L Y  AtlD kOf1ND 
FP, A Q v * l r f  11 :'ULTIPLY A BY P 

FRik F A  A l r k l  f@ki3L€ LC\ \ -ORDFR P 4 R T  
RILL, F A  A Q r A l  C'OtJt:? 

TOP TOF' A u *  ( ~ ~ Q O ~ O G C O C O O C )  IS A!.S'n'EQ L I V E  i F P O  
2 AC; DEAD ZERCS ARE 6000 ZEROS 
J 3 r k 3 i l  HETURk AO=ArdSWFH I F  PJO SPILL  CR D l 0  

F D K *  L A  A O * * O r P 1 1  F L O A T I N G  D I V I D F - O F - P P O C E E D  ANn ROUND 
FU A ( j t * l r t J l l  Y . I V I r b E  FY R 
F A  A I v A ! .  f,ORr.'ALIZE ( AFJD D O U P L E  ) RFMAIh tDFR 
FLa A l * * l t C l l  T I V I I ' E  F i E V f i I N D F R  PY O 
6 KIiL F;Ol!i+D AbIP  RETUR:I 

ZEh* Lk t ' , U * * U r @ l l  !/AP L I V E  ZERO CN CEAD ZE90 
J G C  P 1 1 r T O F  PECNFhaEh!T FETUpN INDEX REGISTFR 
t P ~ i  U N I V R C - 1 1 0 8  F O R T R A N - I V - C S C  1 9 S t P h 7  

FAMl)R*OC) 
FANOR 0 1  
FAMOR 02 
FAMIIR 03 
FAMnR 04 
FAMUR 0 5  
FAMDR 0 6  
FAWUR 07 
FAFIOR 0 8  
FAMOR 09 
F A M D R  1 0  
FAlJlUR 11 
FAFtDR 12 
FAMDR 13 
FAlvifJR 14 
FAMt)R 15 
FAIY'IDH 16 
FAMUR 17 
F A M ~ ~ R  18 
F A M D R  19 
FANOR 20 
FAMijR 21 
FAMDR 22 
FAMOR 23 
FAFIGR 24 
FAMOR 25 
FAMnR 26 
F A M D R * 2 7  





A P P E N D I X  B 

N U M E R I C A L  O U T P U T  F R O M  P R O G R A M  C I R R E C  F O R  S A M P L E  C A S E  1 :  

M A P P I N G  O F  I N P U T  R E C T A N G L E  W I T H  D I M E N S I O N S  1 U N I T  

B Y  2 U N I T S  O N T O  U N I T  C I R C L E  O N T O  O R I G I N A L  R E C T A N G L E  



-- -- -- --------A -- - -- - -- - - - - . - - ------ - - -  
V A P P I N G  O F  U k I T  C I R C L E  IN X-PLAkE OlrTO RECTANGLE I N  Z-PLANE 

------------.-- -- - ---- -- --- ---- - - -  - -  - . - .  - -- - . -  - ..- 
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5 1 .20000000 ~ 8 0 0 0 0 0 0 0  .11123710 e90393812 .20000003 .ROO00010 5 
52 .30000000 *8OC&K&OO .15642180_-- .?2138893 _ _ _ -  ._30000006 -080000010 5 - _  . - - - - - - 
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59  .400000@0 -89999999 e l6843451  -96867575 .40000010 .90000011 6 
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2t, .432UC000 -99799939 .17151810 e9P515347 -49200043 .49800175 9 
27  . 4 ~ 4 + 0 0 0 0  $99799999 _ - - - - .1_7154270 _ -98515607 .49400013 __._99800_114 9 
2 b .4'j600000 -99799999 . I7156055 e9P515984 -49600076 e99800149 11 
g9 ._ r 4 ~ 8 0 0 U 0 0  -99799999 . I7157173 .9R516478 ,49800543 -99800462 11 
3U .~IJ~OCUOO ,99799999 -17157622 -98517088 .50001021 .99800196 10  
3 1 ,46000U00 .99999999 .1714894b -9RSlP597 -48999989 1 ~ 0 0 0 0 0 1 7 0  9 
3 2 . 4 ~ 2 0 0 U 0 0  .49$99999 . 1 7 1 5 1 9 5 ~  .98518074 .49200004 1.00000077 1 0  

. 33- -__ >.4&iJOJ10_0 _,9'3999999 - -1715428G .98517667- . ,4940.0055 1.00000057- 1 0  - 
3 4 .4Yh00000 .Y5999999 . I 7155954  e9P517378 e49600052 1 ~ 0 0 0 0 0 3 3 R  11 
35 .49800bOU ,99999999 -17156955 .9F517201 ,49800189 1.00000128 1 3  
3b  .5bUOOU00 .9999Q?93 .17157283 e9P517146 .50000000 1.000OOO0O 0 

TUTAL T IME .504 SEC TOTAL TIME 4.597 SFC 

13 
1 

ul 
0 
t-' 



-- - - - - - - - -- . - - . 

~IAPP=~-OF .IIKITCIPLLE-IN VJ-PLANE ONTO RECTANGLE IN--~-PLANE 
-.---- - . . .-. 

- --. CCI~ORI)I~VATES OF OIAGOFJAL OF R ~ C T P N G L E  ( -.5n00* -1.0000) # ( .5000*  l .nOno) 

REGION OF RECTANGLE CONSIQE_R.ED-X-=- -.4_9_9-0 TO e5000 Y - _  . -9990- T-O-_ __1-.0000 

Z ( I )-?:INPUT__ - . -. - - - - . . - - - - . - - . -. W (  Z ( I )  ) Z( h ( I )  1 ITER 

.4s900000____ _~9q-90_qOOO0 . I7157260 e98516980 e49901077 e99900RQA 3 1  I-. _ _ _ _  
2 .49920000 .99900000 e l7157295  .98517007 a49920896 .99900560 1 2  
3 . 5 9 4 0 U 0 0  .99900000 e l7157325  ,98517037 ,499>1951- -7.-99999J09RR-__l_2 
4 .49960000 .99900000 a17157347 -98517063 e49959635 e998995R3 1 5  
-3- __.4-99-80000 _ . 9 9 ~ 0 0 0 0 0 _ _  e l7157363  99R517097 q49981023 a99899565- 14  

6 .50000000 .99900000 e l7157372  e9P517130 .50001044 e99899741 1 3  
7 ..49900000 . ,999-19999 e l7157235  .98517015 ,49900376 -99920118 1 2  . - 
tl .4Y920000 .99919399 .17157270 a98517039 -49921232 e99920909 3 1  
9 -- 4 9 9 4 0 0 0 0  --.9'32L9999 *1_7_15_2298-.R-5110.62--_.49941576 9 9 9 2 4 7 _ 5 O . -  11- 

10 .49960000 -99919999 . I 7157319  a98517083 -49960772 ,99920125 1 3  
_ 11 _ _.49980000 ,99919999 e l7157335  ,98517109 .49981251 e99919666 1 4 -  

1 2  .50000000 .99919999 e l7157342  e98517136 .50001589 -99920057 1 6  
13. .49900000 *99940000 .17157218 a9R517054 -49900554 -99940701 1 3  
1 4  .4Y920000 .99940000 -17157251  .9A517068 e49920551 e9994007R 2 8  
1 5  - --~C1999YOU0.L-.99.9~0000 . ~ ~ 7 - 1 5 2 _ 7 7 9 .  _ .98517086-_ _~'+9?.%24'+9 _ *9991)1_708 -31  
1 6  .49960UOO . 9 9 ~ 4 0 0 0 0  e l7157298  .98517101 e49960393 ,99939568 3 1  
1 7  ,49980U00 .99940000 e l7157312  a9R517121 -49982607 ,99940187 1 5  
1b  .50000000 .99940000 . I7157318 .9A517141 -50002799 -99939741 12  
1.9.. . .49900(10.0 -59959999 .17157207 -98517089 e49900638 -99960673 1 2  
20 . 4 ~ 9 2 0 0 0 0  -99959999 e l7157239  e98517099 -49920962 ,99961089 3 1  

- 21- *4.4.9.4oOo_V-_ -999959999 _ .  -*1,1'57265 _ e985L7106 - .49.94-0.519 ---*.9995_9R91 -- 1 6  
22 .4 '~960000 -99459999 e171572RU .98517120 -49962784 -99962522 1 7  
2 3  .4qYUOUOO .99959999 e l7157297  .9P517130 e49983279 e999604R8 3 2  
24 .5UOOOUOO .99959399 . I 7157301  e9P517142 .50002039 -99959582 1 3  
2 5  . 4 ~ 9 9 0 U 0 0  .99980000 -17157203 e9R517126 e49900701 .99981062 1 2  
2t l  .49920000 .95980000 -17157234 e9P517127 e49920676 -99981292 1 3  
2 7 &%0_0_00_0-- - 3 %99 8 KOOO_O ---.-111 5.772258___. 9p5-17 12.8 . - _-..k995440_4-l 5- . --99980.8-Q& 3 1- 
2 8 e49960000 .99S60000 e l7157277  e98517135 ,49962314 e99983624 1 7  
29- __,_499t0000 .99960000 .17157286 *9R51714.1 .50000000. ~ ~ 0 0 0 0 0 0 0 0  0 
30 .5000Ul~00 .9Q9b0000 ,17157292 e9R517143 .50000000 1.000000n0 0 
3 1  ,49900000 e99999999 . I 7157205  e98517159 .49900051 1.00001323 3 1  
32  .49920000 -99999999 -17157235 e9R517154 .49920218 1.00001293 1 4  

_ 33 .499%01?0_0 -- -.4995-9999--_ - .1715_7_15_9-. - *-9R51.71_4_9-- -_ 2499-40-746 - _ 1~-0_O0_OL3.~6- 1-7- 
3 4 .49960000 -99999999 -17157275 e9R517147 e49960054 1.00004113 2 4  
35 _ _ .49980b00 .99399999 . I 7157286  .9A517147_ .50000000 1.00000000~ 0 
36 .5U000000 .99999499 .17157289 .9R517146 .50000000 l .000000n0 0 
. -. . . . - - 

TOTAL T I M E  - 4 6 7  SEC TOTAL T I M €  8.730 -SFC 



- - - -- - -- - - - - - - -- - .- - - - - - - - - - - - 
VAPPING OF b h I T  CIHLLE I N  W-PLANE ONTO RECTANGLE I N  Z-PLANE 

- - - . - -. - - - . . . - - - .. - . I . . - - - - - I P T  - . - - . . . . .  w Z .  _ . .  Z ! L K ( - I ,  . 1. - - - - -  ITER 

. -- 
TUTAL TIME ,483 SEC TOTAL T I M E  7 . 6 6 9  SFC 





A P P E N D I X  C  

N U M E R I C A L  O U T P U T  F R O M  P R O G R A M  C I R R E C  F O R  S A M P L E  C A S E  2 :  

M A P P I N G  O F  I N P U T  U N I T  C I R C L E  O N T O  R E C T A N G L E  

W I T H  D I M E N S I O N S  8 U N I T S  B Y  9 U N I T S  



- -- -. 

MAPPIIdG O F  UNIT CIRCLE I N  W-PLAIhE O N T O  RECTANGLF I N  Z-PLANE 



Z (  k ( I )  ) - I T E R  
X Y 



- - - -- .- - - -- - - - - . - -- - 

TbTAL TIME 7.335 SEC 



A P P E N D I X  D  

G R A - P H - I C A L  D I S P L A Y  O F  N U M E R I C A L  O U T P U T  I N  A P P E N D I X  C  



- 

C O N F O R M R L  T R R N S F O R M R T I O N :  R E C T R N G L E  T O  C I R C L E  

Z = X + I Y  

Y 
B 

X 

w w 
- A - I B  A- I B 

RECTANGLE 

COMPLEX Z-PLRNE 

C ( = U + I V  

v 

-EX?[  - ISBET  P I  ISBETA 1 

I 

I - l =BETA I 

U N I T  CIRCLE 

COMPLEX U-PLANE 

I 

k 
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