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OPTICAL ABSORPTION INTENSITIES OF RARE EARTH IONS
~ B. R. Judd

Lawrence Radiation Laboratory
University of California
Berkeley, California

January, 1962

ABSTRACT

Electric dipole transitions within the 4 shell of a rare-earth ion-
are permitted if the surroundings of the'ion are such that its nucleus is
not situated at a center éf inversion. An expression is found for the
oscillator strength of a transition between two states of the ground con-
figuration th, on the assumption that the levels of each excited con-
figuration of the type thn'd or thnfg extend over an energy range small
as compared to the energy of the configufétion above the ground configuration.
On summing over all trénsitions between the componénts of the ground level

WJ and those of an excited level V' both of MfN, the oscillator strength

Jl)

P corresponding to the trénsition.wJ—9W'J, is found to be given by

P = ZT,v(¥; | vt w'J,)z,

where.mfx) is a tensor operator of rank A, and the sum runs over the three
values 2, 4, and 6 of A. Transitions that also involve changes in the
vibrational modes of the complex comprising a rare-earth ion and its surrouﬁd—
ings, provide a contribution to P of precisely siﬁilar form. It is shown

that sets of parameters T, can be chosen to give a good fit with the ex-

A

perimental data on aqueous solutions of NdCl3 and ErCl A calculation

3"
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on the basis of a model, in which the first hydration layer of the rare-earth
ion does not possess a center of symmetry, leads to parémetéfs TK that are
smaller than those observed for Nd3+ and Ef3+ by factors of 2 and 8

respectively. Reasons for the discrepancies are discussed.
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OPTICAL ABSORPTION. INTENSITIES OF RARE EARTH IONS
B. R. Judd

Lawrence Radiation Laboratory
" University of California
Berkeley, California

I. INTRODUCTION

The last décade has witnessed a remarkable growth in our knowledée of
the ;pectrosqqpic properties of triply ionized rgre—earth atoms. _The inter-
play—bf‘experiment gnditheory has led to the elucidation of appréciabiefparts
of the term schemes of many ions, and -the splitfings in the }e&els that arise
when a rare earth ion is_situated in a qrystal lattice are now unde;stood B
rather well. Fram the present vantage point, Van Vleck's classic paper |

The Puzzle of the Rare Earthsl makes interesting reading, published as it was

at a time when even the configurations involved in the gpectral transitions

had not been definitely established. The arguments remain essentially valid.

The shgrp absorption lines of rare-earthAcr&stals in the visible and infra-
red(regioné of the spectrum do correspond to transitions within the con-
figurations of the type qu, and the so-called extra levels have their origin
in the interplay of electronic apd vibrational effects.

Van Vleck's paper discusses the‘nature of the electronic transitiomns,
that is; ﬁhether they can be cla;sified as electric dipole,'ﬁégnetic dipole,
or electrié qﬁadrupoie. His conclusdon;.that éll three types flay a role,
was later criticized by Broer; Gor%er, and Hoogéchégen, who showed fhat the
observed intensities of the transitions are in almost all cases too intense
for magpet;gvdipole.or electric quadrupole radiation to ﬁe importapt.2 They

also demonstrated that electric dipole transitions could be sufficiently
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strong to match the gxperimeptal intensitigs, but their calculations can at
best be described as semi-quantitative. The difficulty in estimating in-
tensities of electric dipole transitions is that they arise from the admixture -
into th of configurations of opposite parity. To calculate such admixtures,
not onli must the energies and eigenfunctions of configurations such as
th-lSd be known, but also that part of the crystal field potential responsible
for the admixing. The problem of obtaining these data has proved complicated-
enough to restrain the performance of further theoretical work on the in-
tensities of the aﬁsorption lines of the rare earths, though considerable
advances have been made in the last few years dn the similar problém of es-
timating the intensities of lines of transition-metal ions (sée, for example,
Griffith3). An added reason for the absence of a detailedithéory may be the
comparative lack of experimental data; for, apart from:a few isolated'cases,
the only dscillator strengths measured at present appear to be for sdlutions

5,6

of rare-earth ions. However, the situation will undoubtedly be remedied -
shortly. This expectation, taken with the information gained in the last
decade on the properties, both experimental and theoretical, of the rare-earth
ions, makes a fresh examination of the intensities of the.absorption lines
an attractive Venture. 
II. MATRIX ELEMENTS

The oscillator strength P' of a spectral liné; corresponding to the

electric dipole transition from the component i of the ground level of an

ion to the componenf f of an excited level, is given by

pr - X[8% m/n) | (il Dc(,ll) | 0)l2, (1)

In this equation, m is the mass of an electron, h is Planck's constant, and
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v is the frequency of the line. The factor X makes allowance for the re-
fractive index of the medium in which the ion is embedded: according to
Broer et al., for water X= 1.19.2 In terms of the polar coordinates

r., 8., #.) of electron j
( i’ 73’ J) Jd»

(k) k (k)
Dy " =%y Cq (05, y),

where

A 1
|(k) ‘ y _ & E 7 A A
Lq (ej, wj) = (b /(2kx+1)] qu(ej, ﬁj),

qu being a spherical harmonic. The choice of q in Eg. (1) depends on the

-polarization of the incident .light. Eq. (l) can be regarded as a slight

elaboration of Eq. (6-58) of Slater.'

In order to evaluate the matrix element of Eq. (l), we need detailed
descriptions of the states i and f. Owihg to the comparatively small
splittings of the levels produced by the crystal field, it is usually a good
approximation to assume at first that the‘quanfum number J, corresponding to
the total angular momentum of the electron system of the rare-earth ionm,
remains a good quantum number. Corresponding to the component i of the
ground level of the configuration £N, there exists, to the first approximation,

a linear combination

(al =5 (N you| a, | (@

where M denotes the quantum number of the projection JZ Of,g( The symbol
stands for the‘additional quqntum numbers that may be .necessary tgﬂdefine

the level uniquely;»if’RS (Russell-Saunders) coupling were strictly followed,
it would incorporate a definite S and L, the quantum numbers correspond}ng.to
the total spin and total orbit, respectively, of the electron system. However,

it is unnecessary at this point to assume RS coupling. By analogy with Eg. (2),
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we may write

a) =5 ey, Ny ey (3)

for the first approximation to the upper state.

It might be thought that rare-earth ions in solution .would be subject
to rapidly fluctuating electric fields, and that the coefficients aM and a'M,
would therefore vary with time. While this may be true to a slight extent,
it is now virtually certain that for aqueous.solutions the immediate surround-
ings of the ions are rigidly locked in position. Evidence for this will be
presented later; we mention it here to eliminate the’poésible misapprchension
that the linear combinations (2) and (3) might have a well-defined ‘significance
only for ions imbedded in crystal lattices.

The states (Al and |A'), being constructed ffom the same configuration
EN, possess the same parity. However, under the replacement r; — - Ej’ we -

find ;él)—a -AEfl). The equation

@ o1 o

follows, and hence to the first approximation, no electric dipole transition
occur. This is merely a statement of the Laporté rule; of course. To obtain

nonvanishing matrix elements of the components of D(l)

, 1t is necessary to
aAnd

admix into (A]| and |A') states built from configurations of opposite parity
to ZN. For the moment, we consider only those configurations of the type
ZN-l k'; these are certainly the most important. To distinguish such configura-
tions, we augment [' with the principal quantum-numbef h';:thé'symbol'h is
reserved for the analogous quantum number for the electrons of the ground
configuration £, but'we shall give it explicitly only when an ambiguity

threatens.

gl
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The admixing of configurations of opposite parity can come about if
the contribution V to the Hamiltonian arising. from the interacfion of the
electrons of the ion with the electric field of the lattice, here assumed to

be static, contains terms of odd parity. On making the expansion

(t)
V= 2 A, D
t,p tp P’
this condition becomes equivalent to the demand that not all Atp’ for which

t is odd, vanish. The states (2) and (3) are now replaced by

(B| EZM(INwJMl?M

N-1
+ ZK(JZ

(n'l") ,‘l/u J" Mn I b(n'f(', wu J” M“).

and
|B') = 5. 2"y VAR

I\.I_l (n !

+ ZKb"(n' ﬂ', zl/n JII‘MH) Iz Z') w‘n J” M"),

where

b(n'g', Y J" M") = zM ay (IZN wIM | v lzN'l (nter) y" J" M")

x [E(ys) - B(n'2v, g 3)17E, (4)

and

bi(n'gl, ¢ J"M") = Z, 8y, (L () AR lv| £ g 7' M)

x [E(y'J') - B(n'2t", z;/"' T (5)

The symbol ZK.stands,for the sum over 3", J", M" [' and over those values of

n' for which ZNfl (n't') is an excited configuration. In Egs. (4) and (5),

: ) . N
EfJ) and E(¢'J') denote the energies of the levels ¢J and y'J' of 1



-6-

51mllarly,-E(n ﬂi,w"m")"stands‘for the énergy of the level w”J"“

It is now a.simpleimattefﬁto.obtain the equation

UCRL-10019

£ £/

(BIDC(ll)[ B') =T ay aly, Ay (" y g MID(l)lfzN Ynrar) 9 g oue)

% ( N 1 (n'Z') wn Jn M" I D(t)l Y J M')
A (B 37) = Blarer, 9" 3T
+ (zN Yy I M| Dét)l.ew'l (nrar) g/ 1" M)

X (EN-l (n,zy) Y J" Mnl D(l)|£ wl J:‘Ml)

[E(y5) - E(n'2, y" 3") 171,

IRCEIDE

(6)

the sum running over M, M', t, p, and those quantum numbers implied by the

symbol K.

I1I. APPROXTMATTONS

For all but the most trivial configurations, the nine-fold sum of

Eq. (6) is quite unwieldy. We must therefore search for approximate methods,

taking care to make them as realistic as possible. The occurrence of the

structure

llN-l (n,z,) 'l,[/” Jn Mu) (ZN—l(n,z‘y) wn 'J‘_” Ml! I

in Eq (6) suggests that it might e possible to adapt the ‘closure procedure

in some way, thereby unltlng Dél) and Dé ) into a single operator that acts
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between states of zN. For a deséription and analysis of this method, see
Griffith.8 The number of summations we wish to absorb into the closure depends
on how far we are prepared to assume E(n'f',.y" J") is invariant with respect
ton', £', ¥", or J". For example, the mildest approximation we can make is to
suppose that fhe splittings within multiplets of thé excited configurations are
negligible compared with the energies that the configurations as a whole lie
above IN. This amounts to supposing E(n'f', ¥" J") is independent of J". If
the gtates of‘ﬂN are expanded as 1inear combinations of perfect RS-coupled

states of the type-:

(szSLJMI,

we can perform the sums over J" and M" in Eq. .(6) by making use of equations

such .as
’ N . X (l) N-1 v "o Moot ey
ZJ,.,M., (2 VSLJMqu I/z. £yt s L g M)
x (81 goyn g e g | DI(Jt)I Myrs Lo u)

=5 (-1)PratLAL! (2>\+1)<l » t> ’ K't}‘
A . @ -g-p.p/ LL'L"L

N T G L " - |
x (2 ySLJMlTP+qI£'ysLJM), (7)

2(V)

A

where is a tensor whose amplitude is determined by

@™z = @ oM el o ey @)

The easiest way to verify Eq. (7) is to express all the matrix elements in terms

of reduced matrix elements of the type involved in Eq. (8); it is then found

that Eq. (7) is equivalent to the Biedenharn-Elliott sum rule (see Edmonds9).
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It is at once evident that the simplificatiens afforded by using .
Egs. (7) and (8) are .very slight. The degree of closure must therefore be -
extended. The least severe extension.is to suppose that;E(n'f’,df"J”) is~A
invariant with respect to ¥" as well-das to J". .This is equivalent to.regarding
the excited r:.(:mfiguration {N'l (n'2') as completely degenerate. A glance at |
diagréms giving the approximate positions and extensions. of low-lying configuraz
tions of the rare-earth ions, such as Figs. l-and 5 of Dieke, Crosswhite énd
Dunn,lo indicates at once that this;assumption 18 ohly moderalely fulfilled. ..
It therefore constitutes a weak link in the theory. However, we may hope that
the very complexity ol cuuligurations of the type IN—l (n'2') might reduce the
péssible error; for if there are a‘greét many terms ¥" in AL (n'2'), it would
not be unreasonable to expect that the entire sum over ¥", if broken up into
smaller sums over groups of closely lying terms, would decompose into a number -
of parts that, for various ¥'.and J', were roughly proportional to one another.

Be this as it may, the approximatioﬁ leads to é great simplification

"o

in the mathematics. The analogue of Eq. (7) is

N-
| ML

Ny Dél) n'Lv) Y J" M")

b -
- Jn,anl

x (N1 CAPADIR AN A 'A DI()t)l Z_N yrJrMm)

N 1 At (1 At
= 2 (-1)P % (2n) > { : }
a -p-q P Lot

x (2 tleln' ) (a 2le¥lnren) (2 e e

: vy N N ooy ay
x (0 e My o o) 1y s, (9)
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where‘ﬁfk) is the sum over all the electrons of the single-electron tensors
u(k), for which
SN

In Eq. (9), the abbréviation
0
(n /zlrkl‘n'z') = f Rn 1) = Kinre)ar ~ . (10)
0 . -
is introduced, where )E/r is the radial part of the .appropriate single-electron
éigenfunction. A straightforward way of deriving Eq. (9) is to expand the,
matrix elements of Eq. (7) by means of Eq. (27) of Racah,ll to perform the sum
over %", and then to pass from RS to intermediate coupling. Alternatively,
both Egs. (7) and (9) can be obtained from Eq. (7.1.1) of»Edmonds,9 provided
the symbol Yy" of that equation is interpreted judiciously.

Equation k9) is excellent‘for the purﬁoéés we havé'in ming; hpwéver,'
the closure procedure cén be exteﬁded even furthér. If we“assume'E(n'l'; ¢”J")
to be invariant with respect to n' as weil as fo wh aﬁd‘J", and if the full
description of the ground configufation'contaiﬁs no eléctrons with azimuthal
qﬁantum nwlnber 2', then the fact that the radial functions R(h"'z'), 'fof all

n' form a complete set allows us to write

t+1

5, (n erlﬁ'Z')(n ertln’f') = (n ¢]r Ing), o - (11)

and the problem of calculating ipterconfiguration radial integrals disappears.
Since for rare-earth ions botb the 3d and 4d éhellé ére filled, this technique
could not be used for j' = 2; on the other hand, there is no objectibn to
applying it to electrons for whiéh ' = 4, since no g Orbital'is.qccﬁpied in
the ground configuration. The possible occupation of [£' orbitals preclgdes

our extending the closure to all four quantum numbers n', £', ¥" and J".
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Equation (9) can be used immediately to-simplify: the first product .on
the right-hand side of .Eq. (6). A precisely similar substitution may be made

for the second product; but owing to the relation

(i A t)=(;1)1+h+t (t A 1>

-P-q P P -P-@ q

Al

the two parts cancel to a large extent if 1+A+t is odd.. For the right-hand side
of Eq. (9) not-to vanish, € must be odd; heuce Lhe cundition is fulfilled if A
is odd. The cancellation would be perfect if, for a giVen n' and £', the energy

denominators

E(¥J) - E(n' B, 9V3"),

(12)
E(PJI")- E(m' £,y " J"),

which are supposed to be independent of ¥" and J", could be assumed equal. This

1 (n' &) lie far

. . -
is equivalent to the supposition that the configurations £

above the states involved in the optical transitions. Although the theory could
no’doubt be developed without making this assumption, a considerabléisimplifica-

tion in the mathematics results if it is made. We therefore replace both aif-

ferences (12) with the single expression An'2'). Equation (6) can now be written

as
(3/p{M[5")
= p,t’fven N (2?\+1)(-1)p+q Atp'(c:: _pi\q ; > ’
w (a]u™ a0 8,0, . ; | ) - | C(13)

p+q
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S(t,\) = 22 (2£+1)(2£'+l)('-1)£+2

<{, ) }<Ooo><ooo>

X (n lrlntet)(n llrﬁln'k%)/A(n'l'). | Co(1s)

The summation of Eq. (14) runs over all values of n' and £' consistent with -
N1 {n'£") being an excited configuration. In Eq. (13), the operatormUéig
connects states of EN; its matrix elements can therefore be calculated by.

standard tensor-operator techniques.

IV. SOLUTIONS OF RARE;EARTH IONS

If, for a rare earth crystal one wished to limit one 's 1nvest1gatlon

of the 1ntens1t1es of the lines in some way, for example, to study the relatlve
intensities of a group of lines correspondlng to the tran51tlons between the.
components of Just a pa1r of levels, then no doubt Eq. (13) could be manlpulated
to throw the relevant quantum numbers 1nto sharper rellef However, for general
purposes, it seems unllkely that Eq. (15) could be 51mp11f1ed much further |
In order, then, to calculate the oscillator 'strength of the transition from the
component correspondlng to (Al to that corresponding to |A'), the radial inte-

grals and crystal fleld parameters A must be estimated, the sums of Egs. (13)

pt

and (14) carried out, and the resuiting matrix element

'(B'T'D(l)J B')
q ,

substituted for
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(1] Dél) £)

in Eq. (1).

Apart from'a few important exceptions,'the fine strnctnres‘of tne
absorption lines for rare-earth ions in sqlution; in contrast to those for
ions in crystals, nave not been resolved. Each broad'absorption line cor-
responds to a transition from the ground level:to_an excited level. The |
measured oscillator strength‘of sueh a line is therefere the sum sf the
Aescillator strengths sf;the variousicompenent lines, suitably welghted to
allow for the differential probability of occupation of the components of
the'ground level. 1n the absence'of delalled knowledge of the surroundingoc
of a rare-earth ion. in solntion, the energies of the components of the ground
level, and hence their probabilities:of occupation, cannot be calculated.
However, the splittings of tne.grouna levels of rare earth ions in crystals,

13" .

such as have been observea12 of caieniatea, seldom exceed 250 cm-l. Yor a
level where this splitting obtains,Atne ratio of the probabilitiés of occupa-
tion of the hignest to the lowest coﬁponent is as nigh as 6.5 st reom.tcmpefe:
ture; therefore not toougreat an efron'shonld-be introduced LI we assﬁﬁe all

the components of the ground level are equally likely to be occupied. Allowing

for the arbitrafy orientation of the rare-earth ions, Eg. (1) ls replaced'ty
2 g . 1 2 . . .
P = X[81 mv/3n (27+1)] 2|(1|D§ )| )75 S : - (15)

where the sum runs over q and all components 1 and f of the ground and exc1ted
level. An equivalent formula has been given by Broer et al.? Using Eq (15),
we see the sum over i and f reduces to a sum over certain states of the type

(AI and |A' It is, of course; unnecessary to introduce the eigenfunctions of

. (2) and (3); we cankslmply take the states (£ ¥ J M| and IZ W' J' M )
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-,

for the components of the ground and excited levels respectively, and sum -over
M and M'. As is to be expected, all quantum numbers and suffixes that depend

on a fixed direction in space disappear, and we obtain

-z (M ps o™ My a2 (8
even A\ - .
where -
T, = M8 m/3n] (2n1) 3 (2641) B ES (v,0)/(2741), oo
and
. 2 . . .
B, = zp | Atplz/(2t+1) . : (18)

V. OTHER CONTRIBUTIONS TO P

‘Before using Eq. (16) to make a direct comparison between experiment ‘and’
theory, it is.'convenient to discuss briefly some effects that have so far been
igﬁored. In the first place, no closed ;heils have been disturbed in the
construction of the perturbing configgrations; but it is clear that for
Nd IV‘Mfz, for example, the tensorslgfk> can couple the‘ground éonfiguration;
b2 to the configurations 3d9 hfu and ha’ hfu, as well as to configufatioﬁs'
such as hf25d or hf25g. However, owing to the symmetry about the douﬁie closed

shell

(an 1) ¥R (n g)He

J

all matrix elements of the type‘

.(/(nlnln)h‘z"-}-e (nE)NZ//J M l Dék.) | (n1|£")u,£'|+]._ (nf)N"'l ,d/n e M")

~
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’

can differ from the corresponding quantities .

((nz)h£+2-N ‘

yau | Dék) | (ng) 41N

(nllzll) ?)/11. J-ll Mll‘)
by a phase factor at most. 1In view of the relation

| (zluz+2-1\1 (N) I £u£+2-1\1

.2
yJ v Y I

| o,
R R R AT T

Eq. (16) Tem%iﬁs valid; but the oum over n! and ¢' of Eq.‘(lh), which determines
TK in virtue of Eq. (17), has to be auémented by £hose quantum numbers n" and

" eorresponding to electrons in closed shells in the ground state of the ion.
The large energy A(n'"4") required to remove an electron from a closed shell,
together with the expectation that the radiel integrele

(n £ IrkT n'"i")

for k >0 are small, leads us to anticipate that the required modifications to
the coefficients Tk are insignificant. It is interesting to observe_that'if"

we assume that all configurations of both types

(nﬂl)N-l (nte")
and

(n,,z..)lul +1 (n E)N+l

coalesce into a single highly degenerate level, the objection in Sec. ITITI to

extending the closure procedure to all quantum numbers disappears.
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There exists a second and intrinsically more interesting mechanism that
can contribute to the intensities of rare-earth ions inksolu£ion]v So far; the
electric field acting on an ion has been considered to be éompletely static.

As mentioned in Sec. I, however, lines exist in the sfectra of rare-earth |
crystals that correspond to the excitaiion of vibrational quanta. If the
immédiate surroundings of a rare-earth ion in solution form a stablq'éomplex,

as seems likely, vibrational modes may exist, the éxcitatioﬁ of which could
contribute to the intensities of the broad absorption lines. To examine this
idea in more detail, we follow Griffith and denote the normal co—?rdinates of
the vibrating complex by Qi.5 Further, let n stand for the totalityyof the
vibrational gquantum numbefs. For our purposes, the“basic eigenfunctions of

‘the system are taken to be simple products of harmonic Qscillator eigenfunctidns
with the electronic eigehfunctions of the rare-earth ion. If we suppose thé

parameters A, . ot Sec. II correspond to some equilibrium arrangement ol the

tp

complex, then allowance for small vibrations can be made by replacing V by

o
o tp (t)
V-Zt,p[Atp’fzia@'i—Qi}Dp - ,

For M # 0', it is a simple matter to obtain the equation

(1) C oy ' 1y 9 (1)) 5y
(8,0l o1 B, ') =3 (nl‘Qil n') 5, (3 [ p~'| BY).
At a given temperature there is a certain probability that the vibrating com-_
plex is in the state defined by the set of quantum numbers n. If we denote
this probability by o(7n), then the assumption made in Sec. IV regarding the

population of the purely electronic components of the ground level leads-in

this case to a contribution P" to P given by’

[}
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R X T N T R (D
where
T*; = x[8ﬂ?.m/5h](2x+l)
X3, (2641) B B (3,0)/(2741),
and -
B = % o ] ;g‘i—P' I(nlc:zl;ll'n'-')l2 o(n)/(2t+1)%.

The importance for us of these resulls lies 'in the fact that Eq. (19) is of

A
to be adjusted to fit the experimental data, a good fit is' no guarantee that

e

precisely the same form as Eq. (16). 1If, then, the T, are treated as parameters

the lines are purely electronic in origin..'Inaéed: if‘the'surroundings of -a
rare-earth ion in solution are such that all Atp for odd t vanish, then P"

gives the sole contribution to P.

VI. COMPARISON QITH FXPFRIMENT

The absorption data for équeous’éolutionS'of rdre-earth ions are too
extensive to be analyzed completely within a reasonable length df‘time. It
was therefore decided to limit the'invesfiéatibns to Nd5+ and Er5+, co}res-
ponding to three Lf electrons and‘three holes in a complete Lf shell, res-
pectively. Both ions exhibit a sqfficiently complég'absorétion gpectruﬁ.to
provide a good test éf’thg theory. Moreover, Wyboufne has recently fitted the
energies of the levels ofﬁthese ions to a detailgd.and reasénably coﬁplete

theory,lh thereby providing extremely accurate eigenfunctions for us to work

with. The availability of tables of reduced matrix elements of the type

'
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(2 yst | v™ |2y s

15

is an added incentive for choosing these particular ions.
The procedure for calculating the reduced matrix elements of Eq. (16)
runs as follows:

(i) Carry out expansions of the type

(F vIl = 3 hGySL)(zN vysLJi.

Y,5,L0

The' coefficients h of the RS-coupled states are given by Wybournewlu
(ii) Express every matrix element in Eq. (16) as a sum over reduced matrix
elements involving RS coupled states. |
(iii)‘Eyaluate-the new matrix elements by means of the formula 4 . o

(" vysLJl U(”) | & vy'S'L'J")

= 8(s, 5 (-1)SH T (5141 (p7141) 13

X {:L - }" (M yst o™ | M ys o, (20)
J's J |

which can easily be obtained from Eq. (7.1.8) of Edmonds.9

(iv) Use the tables of 6-J_symbolsl6.and the tables of reduced matrix
15 ‘

elements™” to calculate the.right-hand side of Eq. (20).

3+

The results of the calculations are given in Table I for Nd” and in

Table II ‘for Er5+. The levels are labelled by their principal components; the

spectroscopic -symbols are enclosed in square brackets to emphasiie that the SL

designations are not exact. All the levels listed in Tables I and II, with the

s b 2 2 2 b L 2 34
exceptions of D7/2, Ll7/2’ 115/2, L15/2’ Dl/2’ D5/2, and Ill/Q,Of Na-,

have been identified with:levels observed experimentally; the seven exceptions

are included because their energies correspond closely to two-broad bands

5

measured by Hoogschagen.
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Since all reduced matrix elements of,wfx) for: A > 6 vanish between

f-electron states, the oscillator strengths P depend only on the three para-

meters T,, T), and Tg. if ié a simple_mattef'to'tékexﬁheJexpefimentél data '
for a given solutién andbchoose the three pafémétefé that‘givé the best fit
with experiment. This has been done for Hoogschagen's data for aqueous solu-
tions of NdCl5 and ErCl5, and also for the analoégﬁé aata of Stewart on aqueous
solutions of Nd(Cth)5° A least-squares procedu?e is used in all three cascs,
although the variation of P over almost.fhree'orders of magnitﬁde suggests that
some other scheme might be more appropriate. The results are set out in 'lables
III, IV; and V. Hoogschagen found that: for quite'concentfated solutions (about
0.1 M), the oscillator strengths for the chloride and nitrate solutions of:a
given rare-earth ion vary only very slightly; the nitrate .data are included in
Tables III and IV, but additional fitting proéedures have not been carried out

for them. "he excellence of the agreement can be taken in at a glance by

referring to Figs. 1 and 2, where the experimental and theoretical data for

the solutions of NdCl5 and ErCla, given in Lhe second and third coclumns of
Tables III and IV, are drawn out. For Nd9+, even the feeble transitions

Iy 2 Ly 2 hoo. 2

19/2 - P3/2’ 19/2 - D5/Q’ and 19/2 - P1/2 are well accounted for. Only

the band in the region 29 600-31 250 em™! is in significant disagreement with
the theory, perhaps indicating that -the assumed level assignments are incor-
rect.

In addition to the data given in Table III, Stewart has recorded the
oscillator strengths of a number of weak lines in-the ultraviolet range for

solutions of neodymium perchlorate. These have not been included in the

analysis, partly because of the difficuity if identifying the upper levels,
-and partly because these levels are quite.close to the lower levels of 4f25d,

thus vitidting the assumptions made in. the.derivation of Eg. (13).
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VII. VARIATION OF T2<. o

Owing to the selection ruleés

AL, AT S 2

(2)

on ‘the matrix elements of A , the parameter T, often plays only a minor roll

2

in determining the oscillator strengths P. Bearing in mind that P depends on

the squares of the reduced matrix elements, we’see‘from,Tabie IT that only the
transition Il5/2-4 2H11/2 in erbium salts is at all sensitive to T2. Cur;ous;y

enough,.it is only this transition that exhibits an intensity difference between
the chloride and the nitrate solutions (see Table IV).

If we now‘turﬁ to the data for solutions of " NAC1.  and Nd(NO5)5’ we find -

3

very similar effects. The largest difference in intensity between the corres-
ponding lines in the two solutions occurs for the.transition to the two vir-

B ). . ..
tually coincident levels IG and 2G ; and a glance at Table I reveals that

5/2 1/2’°

of ali the matrix elements

3 b () #Brarmiqi]
(£ [19/2} | vrs/|| £ [SL{ ]‘),‘
the ones for
‘,f. ' O 11|A’= L"
[SLJ]—[G5/2]
and.for>
IT 1T = 2
[SLJ]—_[. G7/2]

are the two lérgeét in magnitude. Again, the -second-largest difference occurs

" : 2 4 4 .
for transitions to the group of levels K13/2, G7/2,,and G9/2,.and‘§he matrix

elements for which

1 AI 1 = )+ ‘ .
(s ,L J ]‘—T[AC‘T?/?]‘
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is the third largest in magnitude.' Lesser differences do not appear to be
simply related to matrix elements of gfg) ; but in 's';')iteA of this, the evidence
is sufficiently strong to leave little doubt that of ‘the three paraméters, T2
is peculiarly sensitive to changes in the anion. Of course, Stewart's work
with the perchlorate brovides‘a third set of data to compare with the chloride
and the nitrate; but it is felt that the differepces between the fourth and
seventh columns of Table III, and hence also between the first two rows of
Table V, are to be aécribed mainly to differences in experimental technique!
rather than to any real change.in the parameters Tk'
VIII. ENVIRONMENT OF A RARE-EARTH ION IN SOLUTION

So far, the_quéntities~Tk.have been treated purely as‘vgriablé para-
meters, to be adjusted to fit exﬁeriment, 5o.account for theirvvalues? we
must construct a model for at least the immediate surrqundings of a rare-earth
ion. ‘Unfortunately, little is known about the  foru such a model should take.
That the nearest neighbors of a rare-earth ion occupy well defined positions
is cléar from the mere existencc of fine structure in the_spectra ot solutions

17

of enrnpium salts. The occurrence of an identical fine structure in agueous

solutions of europium chloride and very dilute europium nitrate indicates that
in these two cases the nearest neighbors, and probably the next-nearest neightors
too, are water molecules. Examination of the lines corresponding to the transi-
tions %".—pDi ; 7F =50 D, ?D 1 —>7F':f,, and 5D —->7F fevesls that all the'degeneracies:ofs the
0 1’ 0 2 0 1 TQTe T : o
levels involved are lifted; the point symmetry at a rare-earth ion must there-
fore be quite low. Several iines show a marked increase of intensity when
alcohol is used in place of water as a solvent, and Sayre, Miller, and Freed

regarded this as demonstrating that the complex comprising a rare-earth ion

and its immediate surroundings possesses a center of inversion, in contrast to
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the situation for ‘alcoholic SOlvents.l8 .Taken with. the splittings:of the levels,
this interpretation limits the immediate point symmetry at a rare-earth ion in -

aqueous solution to D

oh Miller subsequently proposed-a model possessing: this

symmetry, using the criterion that the water molecules around the rare-earth
ion should be arranged as in a fragment of a high-pressure ice.l9 He chose a -
configuration in which the eight water molecules nearest the ion lie at the
vertices of two rectangles, whose planes-are perpendicular and whose centers
coincide with the nucleus of the rare-earth ion. This arrangement was consis-
tent with the structure of ice III derived by McFarlanozo

A different configuration was proposed later by Brady, who carried out.
21
3"

six or possiblj seven water molecules cluster around the rare earth ion, the.

x-ray diffraction experiments on agqueous solutipns of ErCl He found that
distance between the erbium nucleus and the nuclei of the oxygen atoms being
about 2.3 K. " He lnterpretednthe finer points of the diffractionApattern in - .
terms of & model: in which the rare-earth ion is at the.center of an octahedron
of water molecules. Two chlorine atoms are supposed to be on opposite sides-
of the octahedron such that their nuclei are coplanar with four oxygen nuclei
and the erbium nucleus. - |

Objéétions»can be raised tg both Miller's and Brady's models. As
Miller himself péinted out to the writer, a recent.re-examination of the-
structure of ice III has shown that there are no fragments with‘DQh symmetry;22
also, there appears to-be no posiiion where a rare-earth ion can bg placed
’interstitiélly and have six or- seven oxygen atoms as - close as the diffractioﬂ
data demand. Until the structures of denser forms-of ice become known, no
further progress along the lines suggested By'Miller seems possible.

Turning now to-Brady's model, we'note first that the superposition of

an axial and an octahedral field -splits a'level for which J=1 into only two

components, ih disagreement -with experiment. .Secondly, since the splittings
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of levels are largely determined by the nearest neighbors of the rare-earth
ion,.and since no octahedral field leaves all levels for which J=1 degenérate,

we should expect the splitting of such a level to.be extremely small. However,

T >

the splittings of 1F1 and “D,; in aqueous solutions of EuCl, are as large as

1 3
those of the corresponding levels of EuCl, - 6H20, a crystal where the immediate

3
point symmetry at a europium-ion is as low as 02.

In the absence of a satisfactory model for the surroundings of a rare-
earth ion, we must modify the project of calculating accuraﬁe values of the
parameters Tx. A feature shared by both Brady's and Miller's models is the
presence of a center of inversion: thé 6ccurrence of any transitions at all
must be ascribed either to vibrational effects, represented by Eq. (19), or
else to the absence of a center of inversion inAthe outer hydration layers of

the rare-earth ion. No vibrational structure of the . kind typical of crystals

has been seen in aqueous solutions of EuCl though the excitation of very

1
37
low-frequency oscillations, corresponding to the rareé-earth ion and its imi @
mcdiate surroundings moving as a unit, would not be distinguishable from the
main electronic.lines. Even accepting this possibility, we should expect a
calculation of the parameters Th on the basis of a model that did not possess
& center of inversion to give values far in excess of experiment if the first

hydration layer actually possessed such a center. We can, then, at least test

to see whether the observed values of>TK given in Table V are consistent with

the hypothesis of Sayre et al. that a center of inversion exists. From the
many models of the rare-earth ion and its surroundings that we might construct,

it seems proper to choose one that reproduces; approximately at any rate, the

observed splittings of the levels 5D15 ,5D2,,7Fl and 7F2. The striking similar-
3+ .

-ity of thiese splittings to those of the corresponding levels of Eu in

EuClj . 6H2O has already been remarked. The detailed analysis .of the isomor-

phic crystal GACl, - 6H.O indicates that the europium ion is surrounded by

3 2
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23

six water molecules and two chlorine iéns. If we remove the latter'withbut :
disturbing the former, the crystal splittings of the levels should not be too
greatly affected, .and the resulting complex J‘:'lu(OH2)63+ does not possess' a center
of inversion. Moreover, the number of water molecules is consigtent_with the .
x-ray diffraction data. We ghould stress at tbis point that it is nqt suggeséed
that the actual configuration of water ﬁolgcules in aqueous soiutioﬂs is tﬂe |

same as that in crystals of EuCl, - 6H205 we are merely constructing a model

5
that should reproduce, within, say an order of magnitude, values of the para-
meters TK characteristic of a configuration of water molecules that does not

possess.a center of inversion.

IX. CALCULATION OF THE PARAMETERS T,

The- configuration of waler molecules surrounding a rare-earth ion .
influences the parameters Tx.through the quantities Bt’ defined in Eq. (l&).
For a configuration of charges q; at coordinates (Ri, 8; QE),;the crystal field

parameters Aﬁp'are‘given by

' _ (Pt | -t-1 () . ,
Ay = (-1)777 =, eq; Ry ¢ (6,5 @) o (21)

L

provided it is assumed that the electrons on the rare-earth ion spend a negli-
gible time at radial distancgs_greater than the smallest Ri. If each charge
q. is replaced by a dipole of strength p, directed in the same sense towards

the origin, and.lying a distance R from it, the substitution

£.1 —t-2
eq. R. lna;e (t+l) R
ii - e
should be made:in ‘Eq. (21). *If wé use the.spherical harmonic addition theorem
B

NET
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%,

(for example, see:Edmonds”), we find

t42 2
) 1z,

B ;~[u¢(t+l)/(?t+l)3 i3 P (Cos.wij), . . (22)

where mij denotes the angle‘be£Ween the radial vectors 1éading to dipoles i and
j. Terms for which i=j in the sum must be included.
For the proposed model of the rare-earth complex, the angles &ij can be

easily calculated from the known positions of the oxygen atoms in GACl.: - 6H201

3
In doing this, it is to be noted that Marezio et al.iuée an oblique coordinate
scheme. 5 The only values of t of interest to us are 1, 3, 5, and 7; for all

other values, the 3-j symbols in Eq. (14) vanish on putting £=3. We find that-

. P w )

assumes the values 1.671, 14.4k, and 1.726 for t= 3, 5, and 7 respectively.
The anélogous sum for t=1 is-also non-zero, implying that there is a finite
electric field at the origin, and hence that the rare-earth ion is not in a
position of equilibrium. This blemish in our ﬁodel is not serious, however.
-Our aim is solely to obtain approﬁimate values for the quantities Bt’ and not
to construct a perfectly_self-consistent'model. In any case, we could easily

take advantage of the much lower power of 1/R associated with P. in Eg. (22)°

1

to pass‘the responsibiiity of ensuring that B' is zerc to the second'hydrétion

.layer of a more elaborate model, while only sllghtly affectlng B3, B5, and B7
. The next step is to estimate the dipole moment L. For GA(OH )6 j the
5+

average distance R' of the six ekygen nué¢lei from’the nucleus of the ion Gd~

2L
is 2.2 R. Accepting the atomic radii given by Templeton and Dauben, we

. - . o + - .
find this distance should be increased to 2.469 R for ma’ , and decreased to

3+

o) . ' . -
2.355 A for Er Thesé distances are not.-the distances R to the centers of

the water dipoles, of course. If we make the simplifying assumption that the
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negative charge of a water molecule in the complex coincides with the oxygen
nucleus, then with a knowledge of the polarizability a and the prdinaryndipole'

moment p' of the water molecule;;we ¢an calculate p by solving the equations: -

T U T =7
b= blefx,

and
R = R' +x.

- o 2
Taking p' = 1.85'x 10720 e.s.u., and a = 1.48 x 10°2%% ve obtain

L= b2 x 10728 €l5lul,
and
R = 2.716 A&
for Na°¥, and - I 3
_u~ I 16718 e.s.u.,
and' . |
R = 2.615 %
tor Er5f. The calculatlon of B3, B5, and B may now be readlly completed

7

The remalnlng factor in Eq. (17) 1nvolves z(t k) As can be seen from
a glance at Eq (14), the calculatlon of quantltles of this type entalls the
estimation of some radlal 1ntegrals and energy denomlnators It is to be
expected that the term in the sum of Eq (lh) for whlch ﬂ' é end n' =5
predomlnates, partly because A(Sd) is the smallest of all energy denomlnatcrs;
as can be seen from Flg 5 of Dleke et_gl ,lo and partly because the smaller
degree of overlap between a 4f eigenfuncticn and other orbitals of the type

n'd for which n' € 6 should result in greatly reduced radial integrals. Let

us therefore concentrate on excited configurations of the type qu—l 5d and,

for the moment, neglect all others.
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5

Dieke et al. have found that for Ce * the configuration 5d.1ies about

3+

50000 cm-'l above U4f, whereas for Yb~ , Mfl?5d'lieStabout 100000 cm-l above

hle. A linear interpolation gives the values 58000 cm-l and 92000 cm-l for
Nd5+ and Er5+ respectively. It seems reasonable to take one of these values,
bappropriate to the ion under investigation, for the denominator A(5d).

The radial integrals would be difficult to estimate were it not for
>

the work of Rajnak, who has :recently calculated 54 eigenfunctions for Pr nd

+ 26 .
Tm5 . She made the assumption that the central field 54 electron moves in is
the same as that for a 4f electron; the latter can be obtained from a self-
.consistent calculation carried out by Ridley for the ground states of these

27

two ions. The radial integrals and their interpolated values are set out in
the first three rows of Table VI. Strictly, the use of Eq. (10) to calculate
all the radial integrals is not consistent with the assumption r < R; but the
errors introduced in'doing so are sufficiently small to be neglected.

It is now a straighﬁforward mattgr to collect the various parts of the
calculation together. The values of Tk thus obtained are given in the third
column ot ‘lable VI1lL. Some oi the entries ot lable V are included so that a
direct comparison between experiment and theory can be made. It is immediatgly
seen that‘Th and T6_for Nd5+ aéfee to vithih é.factor df 3, a result that must

3+

be regarded as satisfactory. However, T, for Nd” and all three parameters for

2
Er5+ are too small by an order of magnitude. It might be thought that the

neglect of configurations of the type ke n'd, where n' 2 6, is largely
responsible for the discrepancies. However, this is unlikely.

| In the first place, it can be seen from Table VI that the products

(bt |r15a) (bF |r |Sa)
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are almost equal to the corresponding quantities

(bg]r®™ |ur).

Hence, even if we used Eq.‘(ll) to perform a closure over all configurations of
the type MfN-ln'd,.5d9th*l, and hdgka+l (for a fixed N), placing them as low
as'&fN-l5d in energy, our results would differ insignificantly from those already
obtained.

The irrelevance of higher configuratians of the type th-l u'd can be
seen in another way. If £' = 2, then T h’ and T6 depend on B3 and 35 only.

The linear relationship between the parameters Tk that this implies is
T,/8 = T),/55 - T¢/3575.

Since we have TK > 0, the inequality Tg/Th < 8/55 follows. The observed ratios

are much larger than 8/55, and hence they cannot be accounted for by including
the effects of 4L 6a, el 74, udN'l 14, 1™l ete. |
Conflguratlons of the type hf n'g remain to be considered. Their
comparatlve prox1m1ty to the ionizing llmlt suggests the validity of a closure
procedure over all n'; but the large radial extens1on of the g elgenfunctlone
makes it difficult to decide where the ionizing 1imit is for an ion in solutlon.

3+

For the free ion Pr” , even the nodeless eigenfunctlons‘}Z(Sg) atfainsiits
maximum value as far as 3.3 X from the nucleus; it follows tﬂat the eiéenfuuc—
tions for ions in solution are determined by condltdons beyond the first hydra-
tion layer. lf the six dipoles of thie layer are replaced by an equivalent'~
uniform dipole shell the classlcal electrostatic popential‘difference betweeu
points 1ns1de and just out51de is 6u/R which is equivalent to apprcximatel&‘

lOO OOO cm l. Presumably, the 1on121ng lunlt of a free rare-earth ion should

be reduced by at least this amount for an ion in solutlon Interpolatlng
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3+

27
between Ridley's energies e for Pr and Tm3+, and assuming the energies of

. N-1 s s e - .
the configurations Uf n'g coincide at the corrected ionizing limit, we find

A(n'g) to be 167 000 em™d for Na°' ana 207 000 em™t for Er-'. Terms in Eq. (17)

that involve B, are negligible, and the new values of H(t,\), for which (n'£')
runs over (5d) and all pairs of the type (n'g), can be obtained from the old by
multiplication by

G R FRR CE P 9 o(54)
(7)) H6-A) ! (befr]5a) (Af|rt|5d) A(n'g)

The results of the calculation are given in the fourth column of Table VII.

The parameters T, are in all cases increased, but they are still too small by

34 3+

A

factors of 2 and 8 for Nd“" and Er respectiveiy.

X. DISCUSSION

In searching for the causes of the discrepancies between experiment and
+
theory, we should not lose sight of the fact that, for Nd3 , the agreement is
perhaps better than we might reasonably have anticipated. Owing to the depend-
' -10 -1k

ence of Tk on R or R , the discrepancies for Nd5 could be ea51ly accounted

forvby decreasing R by as little as 0.1 ﬁ. The tendency of the negatlve charge
on the oxygen atoms to be drawn towards the 5+'rare—earth'ion might easily be
large enough to tequire a correction to R of this order of megnitude, though
other reasons can be-easily thought up. For example, the protons of the.water
moleeules presumably take part in bondlng to the second hydration layer, and
their p051tlons are not solely determlned by the charge on the rare-earth ion,
es we have assumed | | |

Increa51né T by a factor of 2 would still 1eave a discrepancy of a
3+

factor of h for Er Now, throughout the entlre analysis, it has been assumed

L
that the conflguratlon of water molecules surroundlng Er3 is essentially the
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‘ +
same as that surrounding Nd5 , save for .a radial scaling factor. However, the

change in ionic radii is sufficiently large. for many .crystals containing Nd;+

+
or Er3 , for example, NdC1l, and ErCl

5 3’

were the case here, then we. should expect the calculated reduction of the

to exist in dissimilar forms. If this .

parameters T

A to reproduce the observed reduction to within an order of magni-

tude only. Other causes may be the source of the discrepancy, of course: the
shapes of Z(4f) and R(53) are changing with atomic number much more rapidly

3+

in the region of Pr "than near Tme, and the linear interpolation method used
to derive the third and fourth columns of Table VI may be unreliable. Again,
the use of free-ion eigenfunétions as modestly ‘extended as'FK5d) might consti-
tute . too gross an approximationbfor ions in solution; corrections as small as
lO%vto the entries of Table VI, if applied in the most telling directions, reduce
the calculated drop in the parameters TK in going from Nd5+ to Er3+ by a factor
of more than 2. It seems unlikely that lires involving tﬁe excitation of
vibrational modes are responsible for the discrepancy in the relative intensi-

ties of lines of Nd3+ 5+

and Br~ ; for, even if they are quite strong, their
intensitieé depend on fhe“rédial integrals of Table VI, and should therefore
decrease in step with the electronic lines.

4 The fact that the calculated parameters Tx of Table VII'are smaller
than the experiﬁeﬁtal ones ié, of itself, an important result. For, as
indicated in Sec. VII, we wduld have expected the galculations to grossly
overestimate the Tx.if the systeﬁ comprising the rare-eafth ion and ‘the first
hydraﬁidn layer p@ssessed a center of inversion. We can therefore conclude - °
that this.systém doeé noﬁ poéééés a center of iﬁvéréion. The deduction of
Sayre EE_él' fhaﬁ the opposite ié tfue waéibaéed on the feeblehess of ‘certain’
compared to alcoholic

b
7 op

solutions.l8'-0ne of these 1ines; cdrfééponding‘to the transitioﬁ“Fd - 2;"

lines in the spectrum of aqueous solutions of BuCl
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has been measured by Hoogschagen, and has an oscillator strength of O.OO9.5
Small as this number is, it is consistent with the absence of a center of
inversion. To demonstrate this, we use perturbation theory and calculate the

appropriate matrix elements of‘gfk) by means of the formula

7 Ay 5
(L FO] | u | [ D2])

- (T aPpy) Gy 1 0™ 1% 0, 2", - ECp) T

-1

. (TFO “ U(7\) I TFz)(TFEIAJ5DE)[E(7FQ) - E(5D2)J ;

where A is the spin-orbit interaction. The matrix elements can be evaluated
by the methods of Elliott et al.28 The oscillator strength P depends solely

on T2, which can be obtained by linearly interpolating the observed values for

aqueous solutions of NdCl5 and ErClB. The result, P= 0.006, is in satisfactory

agreement with experiment.
- We are now left with Che problem of explaining why certain lines in the

spectrum of alcoholic solutions of EuCl, are anomalously strong. We shall not

3
explore this problem in detail here: it is worth noting, however, that the

T )
FO - D2

-—>6D of Gd5+ 29

transitions that are much more intense in alcoholic solvents, such as

of Eu5+, and what appear to be transitions of the type 887/2

On the other hand, the transitions that do not undergo

+ 29 | '
striking changes of intensity, such as BHu ->5PJ of Pr5 s depend on Th and

depend solely on T2-

T6 only, at least in the lowest order of perturbation theory. Since both T2

and Tu depend strongly on B,, an apparent increase of T, in alcoholic solutions

3 2

without a correspondlng 1ncrease of Th could occur only through the excitation

of vibrational modes, whlch might be undetected as such if sufficiently 1ow in
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of Eq. (19) depends on B hence, in fitting experiment

frequency. Only T

2

to the parameters T

1 '
07 Tu .and T6’ ; large value of B ' would make itself felt
through T2 aiohe. It is possible that the peculiar vagiation of Te'déscribed
in Sec¥~VI has its ofigin in a'mechanisﬁ.df this sort; 5ut from’%ﬁaf:is known
of the relatlve intensities of electronlc lines and their accompanylng v1bra-

tional structures, it seems hard to account for a change of T by an order of

2
magnitude in this way. Quantitative measurements on alcoholic solutions of
ErCl, or NACl, would decide whether it is correct to interpret the anomalously

b 5

strong lines in alcoholic solutions of EuCl, in terms of an increase of the

)

parameter T2', or whether some other mechanism should be sought.

XI. CONCLUSION

Although the theory of Secs. II and III is applicable to a rare-earth
ion in a crystalline environment, the absence of experimental data on the
oscillator strengths of lines in rare-earth crystals has obliged us to discuss
the theory in terms of solutions of rare-earth jons. The difficulty of dis-
tinguishing between the pﬁre electronic parts of’the line intensities from
contributions coming from transitions in which vibrational modes are simul-
taneously excited is not present for the spectra of rare earth crystals, or
at least for those spectra that have been analyzed. Data for crystals, when
available, will therefore permit more rigorous tests of the theory to bé

carried out.
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(x)'

Table I. Reduced matrix elements of U' ' for Nd}f.

. Calculated

3l A '
S'LWJ! Energyu(in”cm'; N (f3[ I9Z21"H U( ) I 3 (s 1 3']) -
above Ig/z)a* Ca=2z N o= b " a=6
uD7/2 3100k 0.000k ©0.0607 -0.0893
2 : ~ ; '

Ll7/2 30932 0 -0.0318 . -0.0358 |

113/2 30073 0.0123 0.0370 -0.0k2k
2 , A .

L15/2 29413 0 0.1612 0.1006
\ . . .

Dl/2 29276 0 -0.5093 0 _

'”Ds/z 28836 "~ - - “0.0111 -7 20,2390 - - 0.1659
) e

111/2 28694 -0.0717 \ -0.1238 0.0594
L o :

D ; . =

3/2 28641 | 0 0.4417 0.1299
2 .

P , . ‘ -0.

3/2 26348 | 0 0.0345 0.0271
2D5/2 23880 -0.0002 0.0116 0.0479
2 , ' ,

Pl/z 23147 0 -0.1884 0
4 . ,

Gll/2 21826 -0.0023 -0.0741 0.0906
2

_0. 0. -0.
2G9/2 21255 0.0358 0.1381 1318

D3/2 21247 o - =0.1367 0.0121
2 _ .

K15/2 21027 0 : -0.0747 -0.1228 .

Vb

G9/2 19720 -0.0662 0.2388 -0.1926
Y- ,
kG7/2 19320 0.2529 -0.4257 0.2488
2 ,

Kl3/2 18978 -0.0846 0.0157 0.1810
uGs/z 17356 -0.9471 0.6399 -0.1885
2. ' . '

G7/2 17354 -0.2580 0.4009 -0.1539
2 .

gll/Z 15985 -0.0073 -0.0515 -0.1020

-y 14903 0.0275 -0.0936 -0.211k
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Table I. (Cont)

_ Calculated ;.

Ry vt (3, ) 10 s v
Y above - 19/2) a - .

A=z = b N =6

LLFY/2 13611 , ' 0.0337 - 0.203k4 . 0.6525
53/2 1345k . 0 o.05u9 0.4862
2H§/z 12612 . 0.0986“ : -0.091k | 0.3392
'”FS/Z 12607 0.0303 -0.4862 -0.6299
LLF3/2 1152k 0 : 0.4778 0.23L¢

8
. “See reference 1.
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Calculated (fli [“I 1 U(%)nfll [Sé L"&‘]);
S'L'J'  Energy (in-emt 15/2 3 :
“above 115/2) a N =2 A =b A=6
2G9/2 24893 0 0.131k . 0.14809
| “Fé/z 22701 0 0 '-0.3658
”Fs/z 22321 0 0 -0.4712
“F7/2 20717 0 -0.3816 -0.7909
2Hll/2 19407 0.8456 ~0.6420 - 0.3127
'”33 p 18525 0 0 0.4624
uF9/2 115449 0 -9.7107 : - -0.6717
”19/2 12496 0 ;o.u567 “ -0.1302
uill/z 10415 o.;856 -0.0290 -0.6259

a

See reference 1k.




Table IIT. ©Oscillator Strengths for Nd3+

Spectral Upper Levels - P x ;06
Region involved in Nac1 .Nd(HO ). ‘Nd(ClO )
-1 s . 3 3°3 473 .
(em ™) transition -
Theory Expt a Expt & Theory Expt
29600 - 31250 Yo ., %1 2y, . ' :
7/2° “13/2° Ti7/e 0.46 2.36 0.40 1.7
4 2 b
D.,., I , D . : _ ' :
26750 - 29500 3/e7 Tw/fer Ts/2 10.13 9.52 : 10.16 9.8
hD 2L : .
1/2° T15/2
25750 - 26750 ?P3/2 0.04 0.05 0.5 0.03 . 0.02
24250 - 25750 ¢ ' ; . .0.03 0.03
23500 - 24250 - ZDS/2 0.05 - .- .0.08 1 0.08 0.05 - : 0.06
22750 - 23500 2Pl/2 | 0.43 0.3  0.38 0.45 0.30
2 2 '
K J D 2 '
20250 - 22750 15/2° 73/2 1.47 2.31 2.35 o 1.32 1.9 .
2a ”G '
9/2? T11/2
_ 2 L L, |
18250 - 20250 Kl3/2, G7/2, G9/2 5.48 6.58 6.78 .92 5.8
2 4 ‘ . ,
16250 - 18250 G7/2, GS/Z 10.6 10.5 11.7 ' 8.38 8.3
15250 - 16250 Hll/z 0.20 0.39 . €.39 _ 0.17 : o.;u
14250 - 15250 ”F9/2 0.78 0.83 0.83 0.65  0.51
L i

13000 - 1k250 F7/2, 83/2 9.8k 8.88 6.78 8.17 7.6

6TO0T-THON



s - . 1S
Table III (Cont)
. . 6 _
Spectral Upper Levels ‘ P x10 . '
Region involved in Nd013 Nd(NO3)3 Nd(ClOu)3
-1
i y - . :

(em ™) trans;tlon Theory Expt Expt & Theory Expt
11900 - 13600 bp , %H 8.48 9.22 9.17 7.32 7.7
, 5/2° 79/2 ‘ '
11000 - 11900 4F3/2 2.02 3.02 2.93 1.96 2.3

b

c

From Ref. 5
From Ref. 6

The line in this region reported

occurs in the theoretical scheme.

by Hoogschagen has not been observed by Stewart, and no corresponding level

It is certainly spurious.

_Lg_

(6TOOT'THDH
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Table IV. Oscillator strengths for Er3+
P X 106
Spectral Upper level
Region involved in ErCl Er( NO% )%
(cm-l) transition Theory Expt & Expt a
IR 2, Q ) 0,74
23900 - 25100 Gy /2 0.89 0.7 0. Th
L
Fs /e’ |
21500 - 23100 ) 1.15 1.31 1.31
T3/ |
20000 - 21500 ll-1'7' " 2.34 2.22 2.22
7/2
18700 - 20000 2Hll/2 2.91 2.91° 3.14
17500 - 18700 LL83/2 0.57 0.83 0.83
‘ L
- ITele} F 2.2 2. 2.
14600 l§ 0 9/2 T | 37 37
. . N
12000 - 12900 L 0.47 0.3k 0.3k
9900 - 10400 hIll/Z 0.A3 0.%0 0.50

From Ref. 5.
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Table V. Observed values of the parametersiTk,(in units .of 10:21 sec.)

"~ " Solute

i, o, g
| macl, 8.7 17.3 35.3
Nd(ClOA)3 A.z 18.0 29.1
ErCl3 3.2 5.6 4.8
Table VI. Radial integrals ( in atomic units)

Integral Pr3t Y Nd3+. Er3T Tm3*
(u£l r | 5a) 0.900 0.869 0.615 0.583
(ur] 3| s54) 5.47 5.17 2.75 2.45
(uf] | 50) '50.5 7.1 $19.9 1645
(ur] 22| ) 1.464 1.394 "~ 0.831 0.761
(£ | ue) 5,34 k.96 1.95 1.57
(£ 2| ur) 39.6 36.4 10.5 7.31
(L) r8\ ) 500 450 100 62
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- Table VII. Theoretical and selected experimental values of
o the parameters T, (in units of. 1072l sec.)
N _ Calculateg _ _ A Observed in
Ion Parameter (n'2) = (54) (n'£') = (5d4), Chloride Solutions
\ only and all (n'g) (From Table V)
T2 0.94 3.62 8.7
Na3* T, 6.73 9.96 17.3
T 16.4 17.2 135.3
LT, 0.05 0.28 3.2
3+
Ex T, 0.38 0.59 5.6
T 0.68 0.72 4.8




10.
11.

lz.

13.

1k,

4 UCRL-10019

REFERENCES

J.'H. Van Vieck, J. Phys. Chem. 41, 67.(1937).
L. J. F. Broer, C..J. .Gorter, and J.:Hodgséhagen, Physica 11, 231 (1945).

J. S. Griffith, The Theory of Transition-Metal Ions (Cambridge University.

Press, .Cambridge, England, 1961).

A. Merz, Ann-Phys. 28, 569  (1937); H. Ewald, Z. Physik; 110, 428 (1938).
J. Hoogschagen, Thesis, Leyden (1947). 'Moét of the material in this work
is summarized in: J. Hoogschagen and C. J. Gorter, Physica 1k, -197 (1948).

D. C. Stewart, Absorption Spectra of Lanthanide and Actinide Rare Earths,

IT Transition Probabilities for +3 Ions in the Two Series, Argonne

National Laboratory Report ANL-4812 1952 (unpublished).-

J. C. Slater, Quantum Theofy of Atomic Structure (McGraw-Hill Book Company,

New York, 1960), Vol. I.
J: 8. Griffith, Mol. Phys. 3, W77 (1960). :

A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University

Press, Princeton, New Jersey, 1957).
G. H. Dieke, H. M. Crosswhite, and B. Dunn, J. Opt. Soc..Am. 51, 820 (1961).
G. Racah, Phys. Rev. 63,367 (1943).

R. A._Satten, J. Chem. Phys. 21, 637 (1953); H. Lammermann, Z. Physik 150,

" 551 (1958); E. H.'Carlson and G..H. Dieke,.J. Chem. Phys. 3L, 1602 (1961).

B. R. Judd, Proc. Roy. Soc. (London) A 241, 41k (1957); .M. J. D. Powell

“and R. Orbach, Proc. Phys. Soc. (London) 78, 753 (1961).

B. G. Wybourne, J. Chem. Phys. 32, 639 (1960); 34, 279 (1961).
Orthogonality checks brought to light a number of errors in the eigen-
functions tabulated in the second paper. In the J=1/2 part of his

Table II, 0.2426 should be -0.2426; 0.9760 should be 0.9701; and 0.2178




15.

16.

17.-
18.
19.
 20.
21.

2z2.

23.

2k.

25.
26.

aTf..
28.

29.

o UCRL-10019

should be 0.2426. The entry +0.0076 in the first line of the J=7/2 part

of Table II should be -0.0076. No checks have been made in his Table III

for levels other than those actually observed, but it is clear from

inspection that the entries of the J=l/2 part are inconsistent.

B. R. Judd, Proc. Roy.Soc. A 250,562 (1959).

R. Bivins, N. Metropolis. M. Rotenberg, and J. K. Wooton, The 3-j and

6-3 symbols (Technology Press, Massachusetts Institute of Technology,

Cambridge; Massachusetts, 1959).

S.

"B

W.

M.

Freed, Rev. Mod. Phys. 14, 105 (1942).

V.

. G.

. L.

. W

B.

sayre, D. G. Miller, and 8. Freed, J. Chem. Phys. 28, 109 (1957).
Miller, J. Am. Chem. Soc. §g,-3576 (1958).

McFarlan, J. Chem. Phys. 4, 253 (1936).

Brady, J. Chem. Phys. .33, 1079 (1960).

Kamb and S. K. Datta, Nature 187, 140 (1960).

Marezio, H. A. Plettinger, and:W. H. Zachariasen, Acta. Cryst. b,

234 (1961).

D. H. Templeton and C. H. Dauben, J. Am. Chem. Soc. 76, 5237 (1954).

D. Polder, Physica 2; 709 (1942).-

K. Rajnak, private communication (December,.l96l).

E. C. Ridley, Proc. Cambridge Phil. Soc. 56, 41 (1960).

J. P. Elliott, B..R. Judd, and W. A. Runciman, Proc. Roy. Soc. (London)

A 240, 509 (1957).

D. G. Miller, E. V. Sayre, and S. Freed, J. Chem. Phys. 29, 4sh (1958).



-43. : UCRL-10019

v(cm™) )

31000

MU.2582¢ .

Fig. 1.° A comparison:between-experimerital and theoretical
oscillator strengths of transitions’ in'aqueous solutions:
‘of NdCl5.- The lengths of the horizontal lines running
from the central vertical line give a measure of -log P;
theoretical values are given on the left, experimental
values on the right. The ordinate of a horizontal line
gives the apfroximate energy of the corresponding transi-
tion, in cm™-+.



-44 . UCRL-10019

vicm™)

26000

17000

MU.25825

Fig.- 2. A comparison between experimental and theoretical .
oscillator strengths:of transitions in aqueous solutions
~of ErClz. The design of the figure is the same as that

- of Fig. 1. . . e

gy
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