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ABSTRACT 

E lec t r i c  dipole t r a n s i t i o n s  within t he  4f s h e l l  of a  rare-ear th  ion, 

a r e  permitted i f  the  surroundings of the  ion a r e  such t h a t  i t s  nucleus i s  

not  s i t ua t ed  a t  a  center  of inversion.  An expression i s  found f o r  the  

- o s c i l l a t o r  s t rength  of a t r a n s i t i o n  between two s t a t e s  of the  ground con- 

8 f igura t ion  4f , on t he  assuhption t h a t  t he  l eve l s  of each exci ted  con- 

N N f igura t ion  of the  type 4f n ' d  o r  4f n ' g  extend over an energy range small . 

as compared t o  the  energy of the  configuration above the  ground configuration.  

On summing over a l l  t r a n s i t i o n s  between the  components of the  ground l e v e l  

N 
$ and those of an exci ted  l e v e l  $ '  both of 4f , the  o s c i l l a t o r  s t rength  J J I J  

P  corresponding t o  the  t r a n s i t i o n  .$J+$ 'J l  i s  found t o  be given by 

where ,dhl i s  a tensor  operator of rank A ,  and the  sum runs over t he  t h r ee  

values 2,  4, and 6 of h. Transi t ions  t h a t  a l so  involve changes i n  the  

v ib ra t iona l  modes of the  complex comprising a ra re -ea r th  ion and i t s  surround- 

ings,  provide a contr ibut ion t o  P of p rec i se ly  s imi la r  form. It i s  shown 

t h a t  s e t s  of parameters T can be chosen t o  give a good . f i t  with the  ex- h 

perimental da t a  on aqueous-solutions of NdCl and ErCl A ca lcula t ion 
3 3 ' 



v i ,  UCRL-10019 

on the  b a s i s  of a model, i n  which t he  f i r s t  hydration l ayer  of the  ra re -ea r th  
. . 

ion does not possess a center  of symmetry, leads  t o  T t h a t  a r e  h 

smaller than those observed f o r  and ~k~~ by f ac to r s  of 2 and 8 

respect ively .  Reasons f o r  the  discrepancies .are discussed. 
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I .  INTRODUCTION 

The l a s t  decade has witnes,sed a remarkable growth i n  our knowledge of 
. . 

the  spectroscopic p roper t i es  of t r i p l y  ionized ra re -ea r th  atoms. The i n t e r -  
. . 

play-of experiment and, theory has l e d  t o  the  e lucidat ion of appreciable. p a r t s  
.. . 

of tlie term schemes of many ions,  and- the  s p l i t t i n g s  i n  the  l eve l s  t h a t  a r i s e  

when a  r a r e  e a r t h  ion i s  s i t ua t ed  i n  a c r y s t a l  l a t t i c e  a r e  now understood 

r a the r  well. From the pres.ent, va.nta.ge point ,  Va.n Vleck's  c l a s s i c  . . paper 

I 
The Puzzle of the  Rare Earths makes i n t e r e s t i ng  reading, published a s  it was 

. . 

a t  a  time when even t he  configurations involved i n  the  spec t r a l  t r a n s i t i o n s  
. , .. , - .  

had not ,been d e f i n i t e l y  es tabl ished.  The,arguments remain e s s e n t i a l l y  va l id .  

. The sharp absorption l i n e s  of ra re -ea r th  . c rys ta l s  i n  t he  v i s i b l e  and i n f r a -  
... 

red  regions of t he  spectrum do correspond t o  t r dns i t i ons  within the  con- 

N 
f igura t ions  of t h e  type 4f , and the  so-called ex t r a  l eve l s  have t h e i r  o r ig in  ~ 
i n  the  in te rp lay  of e lec t ron ic  and v ib ra t iona l  e f f e c t s .  . 

Van Vleck's paper discusses the  nature of the  e lec t ron ic  t r an s i t i ons ,  
P i  

t h a t  is ,  whether they can be c l a s s i f i e d  a s  e l e c t r i c  dipole,-magnetic dipole,  
. . 

I or  e l e c t r i c  quadrupole. H i s  . conclusdon, . .  t h a t  a l l  t h r ee  types play a ro l e ,  

I was l a t e r  c r i t i c i z e d  by Broer, Gorter, and Hoogschagen, who showed t h a t  the  

1 observed i n t e n s i t i e s  of t he  t r a n s i t i o n s  a r e  i n  almost a l l  cases t oo  in tense  

1 f o r  magnetic dipole or  e l e c t r i c  quadrupolg rad ia t ion  t o  be importantO2 They . : .  . 

I a l s o  demonstrated t h a t  e l e c t r i c  dipole t r a n s i t i o n s  could be su f f i c i en t l y  



strong t o  match the  experimental i n t e n s i t i e s ,  but  the i r .  ca lcula t ions  can a t  
. . 

bes t  be described a s  semi-quanti tat ive.  The d i f f i c u l t y  i n  est imating in-  

t e n s i t i e s  of e l e c t r i c  d ipole  t r a n s i t i o n s  i s  t h a t  they a r i s e  from the  admixture. 

N 
i n t o  4f of configurations of opposite pa r i t y .  To ca lcu la te  such admixtures, 

not  only must the  energies and eigenfunctions o f ' conf igura t ions  such a s  

N - 1  
4f 5d be known, but  a l s o  t h a t  p a r t  of the  c ry s t a l  f i e l d  po t en t i a l  responsible 

f o r  the  admixing. The problem of obtaining these da t a  has proved complicated 
, 

enough t o  r e s t r a i n  the performance of f u r t he r  t heo re t i c a l  work on t he  in -  

t e n s i t i e s  of the absorption l i n e s  of the  r a r e  ea r lhs ,  though considerable 

advances have been made i n  t he  l a s t  few years on the  similar problem of es -  

t imat ing the  i n t e n s i t i e s  of l i n e s  of t rans i t ion-metal  ions (see ,  f u r  example, 

3 G r i f f i t h  ) .  An added reason f o r  the  absence of a de t a i l ed  theory may be t he  

comparative lack of experimental data;  f o r ,  apar t  from a few i so l a t ed  cases, 
4 

the  only o s c i l l a t o r  s t rengths  measured a t  present  appear t o  be f o r  solut ions  

of r a r e  -ear th  ions.  7 6  However, the  s i t ua t i on  w i l l  undoubtedly be remedied 

shor t ly .  This expectat ion,  taken with the inforiilation gained i n  the  last 

decade on t he  p roper t i es ,  both experimental and theore t i ca l ,  of t he  rare-ear th  

ions,  makes a f r e sh  examination of t he  i n t e n s i t i e s  of the  absorption l i n e s  

. . 
an a t t r a c t i v e  venture. ' ' ' 

11. MATRIX ELEMENTS 

. . 

The o s c i l l a t o r  s t rength  P '  of a  spec t r a l  l i n e ,  corresponding t o  the  
. . . s  . . .  

e l e c t r i c  dipole t r a n s i t i o n  from the  component i of t he  ground l e v e l  of an 
. . 

ion t o  the  component f  of an exci ted  l eve l ,  is  given by 
. . 

I n  t h i s  equation, m i s  t he  mass of an e lect ron;  h i s  Planck 's  constant, and 



v i s  the  frequency of the  l i n e .  The f ac to r  X makes allowance f o r  the  r e -  

f r a c t i ve  index of the  medium i n  which t he  ion i s  embedded: according t o  

Broer e t  a l . ,  f o r  water X= 1.19. I n  terms of the  polar  coordinates 

( r j ,  B j ,  O j )  of e lec t ron  j, 

D( k)  = C. r 
9 J ~ S  c ( ~ ) ( Q ' . ,  J O . ) ,  J .  

where 

Y being a spher ical  harmonic. The choice of q i n  Eq. (1) depends on the. 
kq 

po la r iza t ion  of the  incident  l i g h t .  Eq. (1) can be regarded a s  a s l i g h t  

e laborat ion of Eq. (6-58) of S l a t e r .  7 

I n  order t o  evaluate the  matrix element of Eq. (1)) we need de t a i l ed  

descr ip t ions  of the  s t a t e s  i and f .  Owing t o  the comparative1.y small 

s p l i t t i n g s  of t he  l eve l s  produced by the  c r y s t a l  f i e l d ,  it i s  usual ly  a good 

approximation t o  assume a t  f i r s t  t h a t  the quantum number J,  corresponding t o  

the  t o t a l  angular momentum of t he  e lec t ron  system of the  rare-ear th  ion, 

remains a good quantum number. Corresponding t o  the component i of the  

N 
groundlevel  of the  configuration 1 , the re  ex i s t s ,  t o  the  f i r s t  approximation, 

a l i n e a r  combination 

( 2  1 (aN yl J M I aM, 

where M denotes the  quantum number of the  project ion JZ  of A. The symbol yl 

stands f o r  the  add i t iona l  quantum numbers t h a t  may be .necessary t o  def ine  
* .  . . - :  

the  l e v e l  uniquely; i f  RS  usse sell-~aunders) coupling were s t r i c t l y  followed, 

it would incorporate a d e f i n i t e  S and L, t h e  quantum n v b e r s  corresponding. t o  

the t o t a l  spin and t o t a l  o r b i t ,  respect ively ,  of the  e lec t ron  system. However, 

it i s  unnecessary a t  t h i s  point  t o  assume RS coupling. By analogy with Eq. (21, 



we may write 

for the first approximation to the upper state. 

It might be thought that rare-earth ions in solution.would be subject 

to rapidly fluctuating electric fields, and that the coefficients % and a'*, 

would therefore vary with time. While this may be true to a slight extent, 

it is now virtually certain that for aqueous solutions the immediate surround- 

ings of the ions are rigidly locked in position. Evidence for this will be 

presented later; we mention it here to elhinate the po$sible misapprchcnsion 

that the linear combinations (2) and (3) .might have a well-defined .significance 

only for ions imbedded in crystal lattices. 

The stateb (A1 and \A1), being constructed from the sane configuration 

N 
I , possess the sanie parity. However, under the replacement r . -t - 

-J rj, we 
find dl)+ - . The equation 

@ 

follows, and hence to the first approximation, no electric dipole transition 

occur. This is merely a statement of the Laporte rule; of course. To obtain 

nonvanishing matrix elements of the, components of dl), it is necessary to 

admix into (A\' and IA' ) states built from configurations of opposite parity 

N to I . For the moment, we consider only those configurations of the type 
c. m ~ - l  , these are certainly the most fmpoi-tant': To distinguish such configura- 

tions, we augment 1 '  with the principal quantum number nl;'the symbol n is - 

reserved for the analogous quantum number for the electrons of the growid 

N 
conf iguratlon I , b u t  we shall give it explicitly dhly when an ambiG~i-ky 

. ... 
threatens. 



The admixing 0.f configurations of opposite parity. can come about if 

the contribution V to the Hamiltonian arising.from the interaction of,the , 

electrons of the ion with the electric field of the lattice, here assumed to 

be static, contains terms of odd parity. On making the eq,ansion 

this condition becomes equivalent to the demand that not all A for which 
tp '. 

t is odd, vanish. The states (2) and ( 3 )  are now replaced by 

and 

where 

and 

The symbol Z K  stands for the sum over P1', J", MI1 I' and over those values of 

N-1 
n ' for which I . (n ' I ' ) is an excited configuration. . In Eqs . (4) and, (5)) 

N. E@ J) and E(+'J') denote the energies of the levels +J and +'J ' of I , 



1.t i s  now a .simple:'.ma;tter ';to obta in  the. equation . . 

t h e  slun :r.ullnirig over M, MI, t ,  p ,  a d  those quant.m numbers. implied by t he  

III. APPROXTMATTONS 

For a l l  but the  most t r i v i a l  configurations,  the  nine-fold sum of 
8 .  

Eq. ( 6 )  i s  qu i te  unwieldy. We must therefore  search f o r  approximate methods, 

taking care t o  make them as r e a l i s t i c  as poss ible .  The occurrence of the  

s t r uc tu r e  

i n  Eq. (6)  suggests t h a t  it might be 'poss i ' b le . to  adapt the"c1osure procedure 

i n  some way,  thereby un i t ing  D ( l )  a n d  Dlt) i n t o  a Single operator t h a t  a c t s  
9 P 

. .. .. . . . i . . . 



N between s t a t e s  of 1 . For a desc r ip t ion  and ana lys i s  of t h i s  method, see 

8 G r i f f i t h .  The number of summations we wish t o  absorb i n t o . t h e  closure depends 

on how f a r  we a r e  prepared t o  assume ~ ( n ' l ' ,  .+" J'!) i s  invar ian t  with respect  

I -  t o  n ' ,  I t ,  $'", o r  J". For exaniple, t h e  mi ldes t  approximation we can make i s  t o  

suppose t h a t  t h e  s p l i t t i n g s  within m u l t i p l e t s  of t h e  exci ted  configurat ions a r e  

neg l ig ib le  compared with t h e  energies  t h a t  t h e  configurat ions as a whole i i e  

N 
above R . This amounts t o  supposing ~ ( n  '1.'. , $'" J") i s  independent of J". I f  

N 
the a.ta.l;es uf 1 a r e  expanded as l i n e a r  comb5nations of p e r f e c t  RS-coupled . . 

. . s t a t e s  of the  t y p e .  

we can perform t h e  sums over J" and M" i n  Eq. (6) by making use of equations 

such as 

1 h ' t .  
= 2, (-1) p+q+L+L' 

q - 9 - p ,  ;t) p { , L'  L" , L } 
. . 

x ( R N  y  S L J M 1 T(') 1 R N  y '  S L '  J '  M I ) ,  ( 7 )  
P+9 

where x(h) i s  a tensor  whose e l i t u d e  i s  determined by . . .  . 
. .. 

. . 
The e a s i e s t  way t o  v e r i f y  Eq. ( 7 )  i s  t o  express a l l  t h e  matrix elements i n  terms 

of reduced matrix ,elements. of ,the type. involved in '  Eq. (8); it i s  then found 

9 t h a t  Eq. ( 7 )  i s  equivalent  t o  the  Biedenharn-Ell iot t  sum r u l e  (see  Edmonds ) .  



It i s  a t  once evident  t h a t  t h e  s impl i f i ca t ions  afforded by using 

Eqs. ( 7 )  and (8) a r e  .very s l i g h t .  The .degree o f .  closure must therefore  .be.. 

extended. The l e a s t  severe extension i s  t o  suppose t h a t .  ~ ( n  11 ,  l(/" J") i s  

invar ian t  with respec t  t o  $"' as wel l  as t o  J". This i s  equivalent  t o  regarding 

l N - l  
t h e  exc i t ed  confi-guration 

\ 
(n l ' ) as completely degenerate. A glance a t  

i 
dia.grams giving t h e  approximate pos i t ions  and extens.i'ons.of low-lying configura- 

t i o n s  of the  ra re -ea r th  ions ,  such a s  Figs .  k:.arid > . o f  Dieke, Crosswhite and ' 

Ihrnn,l0 ind ica tes  a t  once t h a t  t h i s  assumption 1s only inoderalely Plilf i l l c d .  . 

It the re fo re  c o n s t i t u t e s  a weak l f n k  i n  the  theory.  However, we may hope t h a t  

t h e  very complexity o r  cullPig.lu.ations bf t h c  type !N-l ( n  I) m i g h t  reduce t h e  

N- 1 
poss ib le  e r ro r ;  f o r  i f  the re  a r e  a g r e a t  many terms 1(/" i n  l ( n ' l ' ) ,  it would 

not be unreasonable t o  expect t h a t  t h e  e n t i r e  sum over 11/", i f  broken up i n t o  

smaller  sums over groups of c lose ly  ly ing terms, would decompose i n t o  a number 

of p a r t s  t h a t ,  f o r  var ious  $".and J 1 ,  were roughly.propor.tiona1 t o  one another.  

Be t h i s  as it may, t h e  approximation leads  t o  a g rea t  s impl i f ica t ion 

i n  t h e  mathematics. The analogue of Eq. (7) i s  



where$h) is the sum over all the electPons of the single-electron. tensors 

u('),, for which 
/" 

, 
In Eq. (g), the abbreviation 

0 . . 

is introduced, where X/r is the radial part of the appropriate single-electron 

eigenfunction. A straightforward way of deriving Eq. (9) is to expand the, 

matrix elements of Eq. (7) by means of Eq. (27) of ~acah," to perfom the sum 

over $"', and then to pass from RS to intermediate coupling. ~lter'nativel~, 

both Eqs . (7) and ( 9 )  can be obtained from Eq. (7.1) of ~dmonds,~ provided 

the symbol y" of that equation is interpreted judiciously. 
. . 

Equation (9) is excellent for the purposes we have in mind; hdwever,' 

the closure procedure can be extended even further. If we assume ~(n'l'; ?)"J") 
. . 

to be invariant with respect to n' as well as to and J", and if the full 

description of the ground configuration contains no electrons with azimuthal 
. . 

quantum number 2 I, then the fact that the radial functions X(;"' I I) ,  .for all . 

n' form a complete set allows us to write 

and the problem of calculating interconfiguration radial integrals disappears. 
. . 

Since for rare-earth ions both the 3d and 4d shells are filled, this technique 

could not be used for 1' = 2; on the other hand, there is no objection to 

applying it to electrons for which I' = 4, since no g orbital . is . .  occupied in 

the gro.und configuration. The possible occupation of 1' orbitals precludes 

our extending the closure to all four quantum numbers n', I t ,  +" and J". 



Equation ( 9) can be used immediately to . simplify. the. f j:rst product .on 

the right-hand side of .Eq. (6). A precisely similar substitution may be made 

for the second product; but owing to the relation 

the two parts cancel to a large extent if l+X+t is odd. For the right-hard side 

of Eq. ( 9 )  not to vanish, t must be odd; llellce Llle cu~ldTt ion  is fulfillcd if ;r. 

is odd. The cancellation would be perfect if, for a given n' and R', the energy 

Ilellu~niaator s 

which are supposed to be independent of $'" and J", could be assumed equal. This 

N - 1  
is equivalent to the supposition that the configurations 1 (n' 1') lie far 

above the states involved in the optical transitions. Although the theory could 
. , 

no 'doubt be developed without making this assumption, a considerable' simplifica- 

tion in the mathematics results if it is made. We therefore replace both dl?- 

ferences (12) with the single expression n(n 1 ) . Equation (6) can now be written 
- 
as 



where 

1 The summat'ion of Eq. (14) runs over all values of n' and d 1  consistent with .t 

dN-l (n '1 ' )  being an excited configuration. In Eq. (13), the operator':.U (A) 
P +< 

N 
connects states of d ; its matrix elements can therefore be ca.1culated by 

standard tknkor-operator techniques. ' 

If, for a rare earth crystal, one wished to limit one's investigation 
. . 

of the intensities of the lines in some way, for example, to study the relative 
. . 

intensities of . . a group of lines corresponding to the transitions between'the 
. , .  . 

components .of just a pair of levels, then no doubt Eq. (u) could be manipulated 
I . . 

to throw the relevant quantum numbers into sharper relief. However, for general 
'. . . . . . _ .  

purposes, it seems unlikely that Eq. (13) could be simplified much further. ~ 
I 

I In order, then, to calculate the oscillator strength of the transition from the 

component corresponding to (A 1 to that corresponding to IA' ), the radial inte- 
. . 

grals and crystal field A must be estimated,' the s&s-.of Eqs. 
pt- 

and (14) carried out, and the resulting matrix element 
. . 

. . . :. 1 ? ' :. >' : 
. ,  

, . 

substituted for 



in Eq. (1). . , . .. 
. . . . . . . . . . . . 

Apart from a few important exceptions, the fine structures of the : 

absorption lines for rare-earth ions in sqiution; in contrast to those for 

ions in crystals, have not been iesdlved. '~ach broad absorption line cor- 

respond.~ to a transition from the ground levelito an excited level. The 
. . 

measured oscillator strength of such a line is therefore the sun of the 

oscillator strengths of. the various compbnent lines, suitably weighted to 
. . . . , .  

allow for the differential probability of,occupatio,n of the components of 

the ground level. In tlie absence qf delailed lu~owledge of tlie surroundingc 

of a rare-earth ion.in solution, the energies . . of the components of .the ground 

level, and hence their probabilities.of occupation, cannot be calculated. 

However, the splittings of the ground levels of rare earth ions in crystals, 

12 
such as have been observed or cal"~ulated,~~ seldom exceed 250 cm-l. For a 

. . .  

level where this splitting obtains, the ratio of the probabilities df occupa- 
. . 

tion of the highest to the-lowest component is e.s hl.gh as 0.3 at room tempera- 
. .  . 

ture; therefore not too great an error should be introduced if w e  a s s k t  all 

the components of the ground level are equally likely to be occupied. Allowing 
. . 

for the arbitrary orientation b f  the rare-earth tons, Eq. ' (1) 1s raylacad iy 

where the sum runs over q and all components i and f of the ground and excited 
. . . :  . . 

2 
level. An equivalent formula has been given . . by Broer et al. Using Eq. (13), 

we see the sum over i and f reduces to a sum over certain states of the type 

(A 1 and 1 A ' ) . It is, of' course; unnecessary to introduce the eigenfunctions of 

N N 
E ~ S .  (2) and (3); we can Limply take the states (I + J M I and I I +I J! MI) 

. . . . . . 



f o r  the  components of the  ground and excited l eve l s  respect ively ,  and s& over ,  

M and M ' .  As i s  t o  be expected, a l l  quantum numbers and suff ixes  t h a t  depend 

on a f ixed d i rec t ion  i n  space disappear, and we obtain 

~, ~ P = X Th v ( l N  ?) J 1) U(A) 11 lN ? ) I  J ' ) ~ ,  

even h 

where - 

2 
Th = ~ 1 8 7 ~  m/3h] (2h+l) CL ( ,2t+l)  ~ ~ ' 2 ~  ( t , h ) / ( 2 ~ + 1 ) ,  

and 

Before using Eq. (16) t o  make a d i r e c t  comparison between experiment and 
I 

theory, it : i sconvenien t  t o  discuss b r i e f l y  some e f f e c t s  t h a t  have so f a r  been 

ignored. In  the  f i r s t  place,  no closed s h e l l s  have been disturbed i n  t he  , 

i 

construction of the  perturbing configurations; but  it i s  c lea r  t h a t  f o r  
. .  . 

2 
Nd I V  4f , f o r  example, tpe  tensors  2(k) can couple t he  , .  ground . configuration . . 

3 4 9 4 4f t o  the  configurations 3d9 4f and 4d 4f , a s  wel l  a s  t o  configurations 

2 2 . such a s  4f 5d or  4f 5g. However, owing t o  the  symmetry about the  double closed 

s h e l l  

(n" 1") 41 "+2 (n 1)4'+2, 

a l l  matrix elements of the type 



can differ from the corresponding quantities , , . .  . . ... . . 

by a phase factor at most. In view of the relation 

Eq. (16) renraifis valid; but thc oum over n'! and .P ' of Eq. (1.41, which determines 
\ 

T in virtue of Eq. (17), has to be augmented by those quantum numbers n" and 
h 

1'' corresponding to electrons in closed shells in the ground state of the ion. 

The large energy A(n"ltl) required to remove an elec$ron from a closed shell, 

together with the expectation that the radial integrals 
. . ,  

C 

for k > 0 are small, leads us to anticipate that the required modifications to 

the coefficients TI are insignificant( It is interesting to ob~erve that if 

we assume that all configurations of both types 

and 

coalesce into a single highly degenerate le+el, the objection in Sec. I11 to 

extending the closure procedure to all'quant~im numbers disappears. 
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There exists a second.and intrinsically more interesting mechanism that 

can contribute to the intensities of rare-earth ions in solution.. So far, the 

electric field acting on an ion has been considered to be completely static. 

As mentioned in Sec. I, however, lines exist in the spectra of rare-earth 

crystals that correspond to the excitation of vibrational quanta'. If the 
, , 

immediate surroundings of a rare-earth ion- in solution form a stable, complex, . . 

as seems likely, vibrationalmodes may exist, the excitation of which could 

contribute to the intensities of the bi-oad absorption lines. To examine this 

idea in more detail, we follow Griffith and denote the normal co-ordinates of 
\ 

3 the vibrating complex by Q . Further, let 7 stand for the totality of the i 

vibrational quantum numbers. For our purposes, the basic eigenfunctions .. . of 

the system are taken to be simple products of harmonic oscillator eigenfunctions 

with the electronic eigenfunctions of the rare-earth ion. If we suppose the 

parameters A . of Sec. I1 corr.espond to some equilibrium arrangement oi" the 
t P 

complex,, then allowance for small vibrations can be made by replacing V by 

For 7 # 7', it is a simple matter to obtain the equation 

. . 

At a given temperature there is'a certain probability that the vibrating cdm- - 

plex is in the state defined by the set of' qbantum numbers 7. If we denote 

this probability by p(7), then the assumption made in ~ e c .  IV regarding the 
- .  

population of the electronic components of the ground level leads -in 
. . . . 

this case to a contribution P" to P gfien by. ' 



N . . .  . 2  
(" ) + I  J t )  P " =  X ' T h l  v ( 1  + J  IIU 1 1  

even h . .  . . . . . 

. . . . . .  . . - . .  
where 

, . . .  . . . .  . . . . .  . . . . 
2 

Tht = X [ ~ T  m/jh](2h+l) 
. . . . 

-2 . . . . ;:x Xt ( 2 t + l )  B i t  z ( t ,h ) / (2~+1- ) ;  ' 

. . . . . . .  
and - 

The importance f o r  us of these  resu l l s '  l i e s  ' in  the  f a c t ' t h a t  Eq. ( 1 9 )  i s  of 

p rec i se ly  the  same form a s  Eq. (16) .  I f ,  then,  the  T a re  t r ea t ed  a s  parameters 
h 

t o  be adjusted t o  f i t  the  ex-perikental data,  a good f i t  ' i s '  no guarantee t h a t  
. . ,/' 

t he  l i n e s  are purely e lec t ron ic  i n  o r ig in .  ~ndeed ,  i f  t h e  surroundings of a 

ra re -ear th  ion i n  solut ion a r e  such t h k t ' a l l  A f o r  .odd t vanish, then P" 
t p  

gives the  sole  contribution t o  P. 

V I .  COMPARISON WITH EXPERIMENT 

The absorption data  fo r  aqueous solut ions  of rare-ear th  iorls a r e  too 

extensive t o  be analyzed completely within a reasonable length d f  time. It 
. . 

3+ w a s  therefore  decided t b  l i m i t  t h e i n v e s t i g a t i b n s  t o  Nd3+ and Er , corres-  

ponding t o  three  4f e lect rons  and th ree  holes i n  a complete . . 4f she l l ,  r e s -  

pec t ive ly .  Both ions, exh ib i t  a su f f i c i en t l y  . . . . complex absorption spectrum t o  

provide a good t e s t  of . , .  t he  . theory.  Moreover, . . Wybourne has . recent ly  . f i t t e d  the  
.. .~ . . . . 

energies of the l eve l s  of, . these ions t o  a de ta i l ed  and reasonably complete 
. . . , 

theory ,I4 thereby providing extremely accurate e i g e n f i c t i o n s  . . .  . . fo r  us t o  work 

with.  The a v a i l a b i l i t y  of t ab l e s  of reduced matrix elements of the type 



i s  an added incentive f o r  choosing these pa r t i cu l a r  ions .  15 

The procedure fo r  calcula t ing the  reduced matrix elements of Eq. (16) 

runs as follows: 
. . 

(i) Carry out expansions of the  type 

The. coef f ic ien t s  h of the  RS-coupled s t a t e s  a r e  given by Wybomne.. 
1 4  

. .  ( i i )  Express every matrix .element i n  Eq.. (16) as a sum over reduced matrix 

elements involving RS coupled s t a t e s .  

(iii) Evaluate .the new matrix elements by means of the  formula 

( r N  y s L J 11 u(') 11 rN 71 s t  L '  J') 

which can e a s i l y  be obtained from Eq.  (7.1.8) of Edmonds. Y . 

( i v )  Use t h e  t ab l e s  of 6 - j .  symbols16 and t he  t ab l e s  of reduced matrix 

elements1' t o  calcula te  t h e .  right-hand s ide  of Eq. (20) . 
The r e s u l t s  of t he  calcula t ions  a r e  given i n  Table I f o r  Nd3+ and i n  

Table I1 :for ~r)'. The l eve l s  a r e  l abe l led  by t h e i r  p r inc ipa l  components; the  

spectroscopic.  symbols a r e  enclosed i n  square brackets t o  emphasize t h a t  t he  SL 

designations a r e  not exact .  A i l  t he  l eve l s  l i s t e d  i n  Tables I and 11, with the  

2 2 2 4 4 2 
exceptions of 4~ 712' L17/2' 2 L15/2' D1/2' D5/2' and of Nd3+, 

have been i den t i f i ed  wi th: levels  observed experimentally;, ,the seven exceptions 

a r e  included because t h e i r  energies corr.espond c losely  t o  two-broad bands 

measured by Hoogschagen. 5 



Since a l l  reduced matrix elem& of g(h) for: X > 6 vanish between 

f -e lec t ron  s t a t e s ,  the  o s c i l l a t o r  s t rengths  P depend only on the three  para- 
. . . .  . . 

meters T2, T4, and T6. It i s  a simple mat ter  t o  take t h e  experimental data  ' 
- . . .  . 
i. I .  . 

f o r  a given solut ion and choose the  th ree  parameters t h a t  give t he  best  f i t  

with experiment. This has been done f o r  Hoogschagen's data  fo r  aqueous solu- 

t i ons  of NdCl and ErCl and a l so  f o r  the  analogous data  of Stewart on aqueous 
3 3' 

solut ions  of Nd(clo4) A least-squares procedure i s  used i n  a l l  three cascs, 

although the  var ia t ion  of P over almost th ree  orders of magnitude suggests t h a t  

some other  scheme might be more appropriate.  The r e s u l t s  a r e  s e t  out  i n  'l'ables 

111, I V ,  and V. Hoogschafien f o ~ ~ n r l  t,ha.t, f o r  qui te  concentrated solutiorls (about 

0 . 1  M)  - , t he  o s c i l l a t o r  s t rengths  f o r  the  chloride and n i t r a t e  solut ions  of - a 

given ra re -ear th  ion vary only very s l i gh t l y ;  the  n i t r a t e  data  a r e  included i n  

Tables I11 and I V ,  but add i t iona l  f i t t i n g  procedures have not been ca r r ied  out 

f o r  them. 'l'he excellence of the  agreement can be talrcn i n  a t  a glance by 

r e f e r r i ng  t o  Figs .  1 and 2, where the  experimental and theore- t ica l  data  f o r  

the sol.utions of NdCl and ErCl,, given i n  .l.,lle second and t h i r d   column^ of 
3 J 

Tables I11 and I V ,  a r e  drawn ou t .  For Nd", even the  feeble  t r ans i t i ons  

2 4I 2 4 - 
4 ~ 9 / ~  -+ Pg/27 g / ~  -+ D g / 2 ~  

and I -+ 2 ~ i / 2  a r e  well  accounted f o r .  Only 
912 - 

the  b a d  i n  th& region 29 600-31 250 cm? i s  i n  s ign i f ican t  disagreement with 

t h e  theory,  perhaps indicat ing t h a t . t h e  assumed l e v e l  assignments a r e  incor-  

r e c t .  

I n  addit ion t o  the  data  given i n  Table 111, Stewart has recorded the  

o s c i l l a t o r  s t rengths  of a nmber of 'weak l i n e s  i n . t h e  u l t r a v i o l e t  range f o r  

solut ions  of neodymium perchlorate .  These have not been included i n  t he  

analysis  ,' p a r t l y  because. of the  d i f f i c u l t y  i f ,  ident i fying the  upper l eve l s ,  

a n d  p a r t l y  because these  l eve l s  a r e  qu i te  close t o  the lower l eve l s  of 4f25d, 

thus v i t i a t i n g  the  assumptions made in .  t h e .  derivation of Eq. (1 3) .  , 



V I I .  VARIATION OF T2 . .. 

Owing t o  t h e  se lect ion r u l e s  1 .  

on the ,mat r ix  elements of . U ( 2 ) ,  '.- the  parameter T2 of ten plays only a minor r o l l  

i n  determining the  o s c i l l a t o r  s t rengths  P. Bearing i n  mind, t h a t  P depends on 

I t he  squares of the  reduced matrix elements, we: see, from.Table I1 t h a t  only t he  

t r ans i t i on  4~1512 + % i n  erbium s a l t s  i s  a t  a l l  sensi tsve  t o  T Curiously 
1112 2  ' 

enough, it i s  only t h i s  t r ans i t i on  t h a t  exh ib i t s  an i n t ens i t y  di f ference between 

1 t he  chloride and the  n i t r a t e  solut ions  (see Table I V ) .  
. . 

I f  we now' tu rn  t o  t he  data  f o r  solution5 o f '  NdC1 3 and Nd(N0 ) we f ind  
3 3' 

I very s imilar  e f f ec t s .  The l a rges t  difference i n  i n t ens i t y  between t h e  corres-  

1 ponding l i n e s  i n  the  two solut ions  occurs f o r  t h e . t r a n s i t i o n  t o  the  two v i r -  

11. 2 
t u a l l y  coincident'  l eve l s  G5/2 and G7/2i and . a g l a n c e  a t  Table I reveals  t h a t  

of a l l  the  matrix elements 

t he  ones fo r  . . 

and , fo r  

I a r e  t he  two largekt  i n  magnitude. ~ ~ a i n ,  the  second-largest  d i f ference occurs 

2  4 
fo r  t r ans i t i ons  to  the  group of l eve l s  i(lj/2) 4 ~ 7 / 2 )  .and G912;, ad, the matrix 

I elements fo r  which 



i s  the  t h i r d  l a rge s t  i n  magnitude.. Lesser d i f ferences  do not appear t o  be 

( 2 )  simply r e l a t e d  t o  matrix elements of ; but i n  s p i t e  of t h i s ,  the  eviderice 
. . 

i s  s u f f i c i e n t l y  strong t o  leave l i t t l e  doubt t h a t  o f ' t h e  th ree  parameters, 
*2  

i s  pecu l ia r ly  sens i t ive  t o  changes i n  t he  anion. Of course, Stewart ' s  work 

wj-th. t h e  .perchlorate pr0vides .a  t h i r d  s.et of data  t o  compare. with t he  chloride 

and t he  n i t r a t e ;  but  it i s ' f e l t  t h a t  *he di f ferences  between t he  four th  and 

seventh columns of Table 111, and hence a l so  between thc f i r ~ t .  two rows n f  

Table V,  a r e  t o  be ascribed mainly t o  di f ferences  i n  experimental technique 

r a the r  than t o  any r e a l  change.in t he  parameters T 
h ' 

VIII. ENVIRONMENT OF A &WE-EARTH ION IN SOLUTION 

So far ,  t h e  .quant i t ies .  T .have been t r ea t ed  purely as ,  var iable  para- 
h . . 

meters, t o  be adjusted t o  f i t  experiment, To account f o r  t h e i r  values, we 

must construct  a model f o r  a t  l e a s t  t he  immediate surroundj-ngs of a rare-ear th  

ion .  Unfortunately, l i t t l e  i s  known about tkie for~ri such a modcl ~ h o u l d  take.  

'l'hat the  nearest  neighbors of a r a r e - e w t h  ion occupy well  d e f i ~ w d  posi t ions  

i s  c l ea r  t'rom the mere existencc of f i n e  st.ri.l.ct.i~re i n  the  spectra  ot' solut ions  

of e11rnpiu.m salts .I7 The occurrence of an i den t i ca l  f i n e  s t ruc ture  i n  aqueous 

solut ions  o'f europiun chloride and very dili.zte eurppium n i t r a t e  indicates  t h a t  

i n  these  two cases t he  neares t  neighbors, and probably the  next-nearest neighbrs 

too,  a r e  water molecules. Examination of the  l i n e s  corresponding t o  the  t r a n s i -  

tions $6+5~i; ' 7F0 d5, . , a. as, -?B. : .&v&ls; that  t ~ ~ - : ~ ~ e g : m e i ~ c i e s : : o ~ ;  the  
. 2  0 I' 0 ., 2 

l e v e l s  involved a r e  l i f t e d ;  the  point  symmetry a t  a ra re -ear th - ion  must there-  

fo re  be qu i te  low. Several l i n e s  show a marked increase of i n t ens i t y  when 

alcohol i s  used i n  place of water a s  a solvent,  and Sayre, Mil ler ,  and Freed 

regarded t h i s  as demonstrating t h a t  the  coruplex comprising a ra re -ear th  ion 

and i t s  immediate surroundings possesses a center of inversion, i n  contras t  t o  



the situation for 'alcoholic solvents .18 Taken with. the splittings: of the levels, 

this interpretation limits the immediate point symmetry .at a rare-earth ion in: 

aqueous solution to D 
2h ' Miller subsequently proposed'-a model possessing~this 

symmetry, using the criterion that the water molecules around the rare-earth 

ion should be arranged as in a fragment of a high-pressure ice. l9 He chose a .,. 

configuration in which the eight water molecules.nearest the ion lie at the 

vertices of two rectangles, whose planes.are perpendicular and,who.se centers 

coincide with the nucleus of the rare-earth ion. This arrangement wag consis- 

tent with the' structure of ice I11 derived by McFarlan, 20 . 

A different configuration was proposed later by Brady, who carried out. 

x-ray dif.fraction experiments' on. aqueous solutions of ErCl 
3 ' 

He found that 

six or possibly seven water molecules cluster around the rare earth ion, the 

distance between the erbium nucleus and the nuclei of the oxygen .atoms being 

0 
about 2.3 A. ' He In-terpreted the finer points of the diSSraction.pattern in . . 

termsof a: mode1:in which the rare-earth ion is at the.center of an octahedron 

of water molecules: Two chlorine atoms are supposed to be onopposite sides. ; 

of the octahedron such that their nuclei are coplanar with four oxygen nuclei 

and the erbium nucleus; . 

objedtions- can be raised to both Miller's and Brady's models. As 

Miller himself poihted out to the writer, a recent. re-examination of the 

22 
structure of ice I11 has shown that there are no fragments  with^^^ symmetry; 
also, thtre appka$s to- be no 150sition where a rare-earth ion can be placed 

' interstitially and have six of. seven oxygen atoms as .close as the diffraction 

data demand. Until the strucrtures'of denser~formsof.ice become @own, no . . . 

further progress along the lines suggested by Miller seems possible. : 

Turning now to.Bradyls model; wesnote first that .the superposition of 

an axial and an octahedral field splits a.level for which J=l into only two 

components, in disagreement .with experiment. Secondly, since the splittings 



of l eve l s  a r e  l a rge ly  determined by the  neares t  neighbors of the  rare-ear th  

ion,  . and s ince  no octahedral  f i e l d  leaves a l l  l eve l s  f o r  which J=1 degenerate, 

we should expect t h e  s p l i t t i n g  of such a l e v e l  t o , b e  extremely small. However, 

5 t h e  s p l i t t i n g s  of ?F, and D i n  aqueous solut ions  of EuC1 a r e  a s  l a rge  as 
1 3 

those of the  corresponding l eve l s  of h C l j  6~ 0 ,  a c ry s t a l  where the  immediate 
2 

point  syinmetry a t  a europium ion i s  a s  low a s  C . 

2 ' 

In  the  absence of a sa t i s fac tory  niodel f o r  the  surroundings of a rare- 

ea r th  ion,  we must modify the  project  of calcula t ing accurate values of the  

parameters T A feature  shared by both Brady's and Mi l l e r ' s  models i s  the  
A '  . . 

presence of a. center  of inversion: the  occurrence of any t r ans i t i ons  & . a l l  

must he ascribed e i t h e r  t o  v ib ra t iona l  e f f ec t s ,  represented by Eq. (19))  or  

e l s e  t o  t h e  absence of a  center of inversion i n  the  outer  hydration layers  of 

t h e  ra re -ear th  ion.  No v ibra t iona l  s t ruc ture  of the  kind t yp i ca l  of c ry s t a l s  

has been seen i n  aqueous solut ions  of EuCl 
3' 

l8 though the  exc i ta t ion  of very 

low-frequency o sc i l l a t i ons ,  corresponding to t he  ra re -ear th  ion and i t s  

mediate surroundings mov.:i.ng as a un i t ,  would not be dist ln~i: i .shable from the  

main 'e1ec t ron ic . l ines .  Even accep t ing . th i s  pos s ib i l i t y ,  we should expect a  

calcula t ion of the  parameters T on the  ba s i s  o f 3 a  model t h a t  did not possess 
J. 

.a center of inversion t o  give values f a r  i n  excess of experiment i f  the  first 

hydration layer  ac tua l ly  possessed such a center .  We can, then,  a t  l e a s t  t e s t  

t o  see whether the  observed.values of T given. i n  Table V a r e  consistent  with 
A 

t he  hypothesis of Sayre e t  a l .  t h a t  a center of inversion e x i s t s .  From the  

many models of t he  ra re -ear th  ion and i t s  surroundings t h a t  we might construct ,  

it seems proper t o  choose one t h a t  reproduces, approximately at any r a t e ,  the  

5 7 observed s p l i t t i n g s  of tk leve l s  5 ~ i ,  , D2, . 7 ~ 1  and F The s t r i k i n g  similar- 
2 ' 

i t y  of these s p l i t t i n g s  t o  those of the corresponding l eve l s  of Eh3+ i.n ,. ., 

EuC1. . 6~ 0 has already been remarked. The de ta i l ed  ana lys i s .o f  the  isomor- 
3 2 

. . 

phic c r y s t a l  GdCl 6 ~ ~ 0  ind i ca t e s  t h a t  the  eurgpiumion i s  surrounded by 
3 



s i x  water molecules and two chlorine ions .  23 I f  we remove the  l a t t e r  without . , 
' 

dis turbing the  former, t h e  c r y s t a l  s p l i t t i n g s  of the  l e v e l s  should not be too 

g r e a t l y  a f fec ted ,  a n d  the  r e s u l t i n g  complex E u ( o H ~ ) ~ ~  does not  p o s s e s s  a  center  

of invers ion.  Moreover, t h e  number of water molecules i s  consis tent  with t h e  

x-ray d i f f r a c t i o n  da ta .  We should s t r e s s  a t  t h i s  point  t h a t  i t  i s  not suggested 

t h a t  the  a c t u a l  configurat ion of water molecules i n  aqueous so lu t ions  i s  the  
. . 

same as t h a t  i n  c r y s t a l s  of EuCl . 6~ 0 -  we a r e  merely constructing a model 
3 2 '. 

t h a t  should reproduce, wi th in ,  say an order of magnitude, values of t h e  para- 
, . 

meters T c h a r a c t e r i s t i c  of a configurat ion of water molecules t h a t  does not 
h .  . : , 1 

. . . . 

p 0 s s e s s . a  center  of inversion.  
. .  . 

I IX . CALCULATION O F  THE PAWLMETERS Th 

The. conf iguratiori of waLer iilolecules surrounding a rare-ear th ,  i0.n 

influedkes the  paraineters T . .through .the q u a n t i t i e s  B defined i n  Eq. (16). 
h t' 

For a conf igura t ion of charges qi a t  coordinates ( R ~ ,  Bi, 9. 1 ) ,: t h e  c r y s t a l  f i e l d  

paramet'ers A ' ,are 'given by 
t p  

p + l  -t-1 .. (t) 
A = ( - 1  Ci eqi Ri C (Bi,ai)i 

t p  -P 

I .  . 

provided it i,s assumed t h a t  the  e lec t rons  on t h e  ra re -ea r th  ion.spend a neg l i -  

g ib le  time a t  r a d i a l  d is tances  g r e a t e r  than the  smal les t  R . IT each charge 
. . . , . i. 

qi i s  replaced by a dipole of s t r eng th  p, . . di rec ted  i n  the  same sense towards 
. . 

t h e  o r i g i n ,  and . ly ing  a dis tance  .. . . R from it, the  s u b s t i t u t i o n  

should .be ;d&de';in .Eq. .(PI'). .- I f  we use. the .  spher ica l  harmonic addi t ion  theorem ,, 
' ... ? 

..... : . . .. . . .  . , . . :.:t . . . . . . , .  2 . . :  . . . ... ; : . . .. . . . . .  . . . . 
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9 ( f o r  example, see :Edmonds ) , - we f ind  

where CU denotes t h e  angle between t h e  r a d i a l  vectors  leading t o  d ipoles  i and 
i j 

. . . . 
j .  Terms f o r  which i = j  i n  t h e  sum must be included. 

For the  model of t h e -  r a re -ea r th  complex, t h e  angles ii, can be 
i j 

e a s i l y  ca lcu la ted  from t h e  kndwn pos i t ions  , o f  t h e  Oxygen atoms ' i n  GdCl 6 ~ ~ 0 . ~ .  
3 

I n  doing t h i s ,  it i s  t o  be noted t h a t  Marezio e t  a l .  use an oblique coordinate 

scheme. 23 The only values of t of i n t e r e s t  t o  us a r e  1, 3, 5 ,  and 7; f o r  a l l  

o the r  values ,  t h e  3- j symbols i n  Eq. (149 vanish on p u t t i n g  8=3. We f ind  t h a t  - 

z F (cos 0 1.. 
. i , j  t .  i j 

assumes t h e  values 1.671, 14.44, and 1.726 f o r  t= 3, 5, a n d . 7  respec t ive ly .  

The analogous sum f o r  t=l i s  a l s o  non-zero, implying t h a t  t h e r e  i s  a f i n i t e  

e l e c t r i c  f i e l d  a t  the  o r i g i n ,  and hence t h a t  the  ra re -ea r th  ion i s  not i n  a 

p o s i t i o n  of equilibrium. This blemish i n  our model is  not  ser ious ,  however. 

O u r  a i m  i s  s o l e l y  t o  obta in  approximate values f o r  the  q u a n t i t i e s  Bt, and not  

t o  ' const ruct  a  p e r f e c t l y  s e l f  -consis tent  'model. I n  any. cake ,, we could e a s i l y  

take  advantage of the  much lower power of 1 / ~  associa ted  with P i n  Eq. (22) ' 
. . ,  . . 

1 

t o  pass  t h e  r e s p o n s i b i l i t y  of ensuring t h a t  B i s  'zerd ' t o  t h e  second' hydration 
1 

. l a y e r  of a more e labora te  model ,. while only s l i g h t l y  a f f e c t i n g  B 
. . . . , . . . 

7 3' B5) and . 
The next '  s t e p  i s  to est imate  t h e  d ipole  m6iuent . For G ~ ( O H ~ ) ~ ) + ;  t h e  

3+ 
average dis tance  R '  'of the  s i x  bkygen nucle i '  f r o m f t h e  nucleus oT the  ion Gd-. 

24 
i s  2.412 a.  Accepting t h e  atomic r a d i i  given by Templeton and Dauben, we 

f i n d  t h i s  d is tance  should be increaked t o  2.46(3 8 fob IVd3+, and decreased to 
0 % 

2.355 A f o r  ~ r ~ ' .  Thes&distanc&s a r e  not:the d i s t a n c e s  R t o  t h e  centers  of 

t h e  water d ipoles ,  of course. I f  we make t h e  simplifying assumption t h a t  the  



negative charge of a water molecule in the complex coincides with the oxygen 
.. . >  

nucleus, then with a knowledge of the polarizability a .and the .ordinary -dipole 

moment p '  of:the water molecule; .we can calculate p by solving. the equations : ' 

and . . 3 

. R = R1+.x..:. 

- 10 -24 25 
Taking p ' = 1.85 'x 10 e . s .u. , and a = 1.48 x 10 , .we obtain . 

, ' ' .. . . , 

-18 ...-.,. . . . . . 
'= 4.72~'10 e.s.u.; 

and 

0 . . 
a '. .. . 

R = 2 . 7 1 6 ~  . . 

, , 
. I  . . 

for Nd3+, and 

- 18 
=' 4.'95'~10 e.s.u., 

. . . . .. . and . 

. . 
for ~ r ~ + .  The calculation of B ' 

3 B5 J 

and B may now be readily completed. 
. .  . 7 . . . . 

The remaining factor in Eq. (17) involves ~ ( t  , A ) .  As can be seen from 
, . L -  

a glance at Eq. (14)) the calculation of quantities of this type entails the 
. . , . . . . .  

estimation of some radial integrals and energy denominators. It is to be' 
, . . . .  

I _..  ., . . . 
expected that the term in the sum of Eq. (14) for which 1 '  = 2 and n1 = 5 

, .. . , . . .  . ' .  , .. . <  . 

predominates; partly because ~(5d) is the smallest of all energy denominators, 
- 

.. . . . . .. 
, .  . ., . . 

as can be seen from Fig. 5 of Dieke et al. ;lo and because ;the smaller 

degree of overlap between a 4f eigenfunction : . _  and other orbitals of the type 

n'd for which n1 2 6 should result in greatly reduced radial integrals. Let 

us therefore concentrate on excited configurations of the type 4fN-I gd and, 

for the moment, neglect all others. 



Dieke et al. have found that for ce3+ the configuration 5d lies about 

12 
50000 cm-l ahve 4f, whereas for yb3+, 4f . : 5d lies: about 100000 cm-l above 

-1 
4f13. A linear interpolation gives the values 58000 crn and 92000 cni-l for 

Nd3+ and Er3+ respectively. It seems reasonable to take one of these values, 

appropriate to the ion under investigation, for the denominator 0(5d). 

The radial integrals would be difficult to estimate were it not for 

the work of Rajnak, who has :recently calculated 5d eigenfunctions for Fr3+ and 

3+ 26 
Tm . She made the assumption that the central field 5d electron moves in is 

the same as that for a 4f electron; the latter can be obtained from a self- 

.consistent calculation carried out by Ridley for the ground states of these 

two ions.27 The radial integrals and their interpolated values are set out in 

the first three rows of Table VI. Strictly, the use of Eq. (10) to calculate 

all the radial integrals is not consistent with the assumption r < R; but the 

errors introduced in doing so are sufficiently small to be neglected. 

It is now a straightforward matter to collect the various parts of the 

calculation together. The values of T thus obtained are given in the third 
A 

column oS 'Fable Vll. Some oS the entries oS Table V are included so that a 

direct comparison between experiment and theory can be made. It is immediately 
. . 

seen that '14 and T6 for Nd3+ agree to within a .factor of 3, a result that must 
be regarded as satisfactory. ~iwever, Tg for Nd3+ andall three paymeters for 

Er3+ are too small by an order of magnitude. It might be thought that the 

neglect of configurations of the type 4?-l n Id, where n 6, is largely 
. . . . 

responsible for the discrepancies. However, this is unlikely. 
. . 

In the first place, it can be seen from Table VI that the products 
- . .  . . . .. . 2 .. . . . 

. . . .. 



a r e  almost equal  t o  t h e  corresponding q u a n t i t i e s  . . . ..... . 

(4f lrt+114f).  

Hence, even if we used Eq. (11) t o  perform a c losure  over a l l  configurat ions of 

?" and 4d94?+' ( f o r ,  a f ixed  N ) ,  placing them as low the  type 4fN-ln Id, 3 d  4 , . . 

as 4P115d i n  energy, our r e s u l t s  would d i f f e r  i n s i g n i f i c a n t l y  from those a l ready 

obtained. 
& 

N - 1  ; The i r re levance  of higher conf i@ra t ions  n f  -the type 4f . Id can be . 

seen i n  another way. If I '  = 2, then T2, T4, and T depend on B and B only.  
6 3 5 

The l i n e a r  r e l a t i o n s h i p  between t h e  T t h a t  t h i s  W p l i e s  i s  
h 

Since we have Th > 0, the  inequa l i ty  T ~ / T ~  < 8/55 follows.  The observed r a t i o s  

a r e  much l a r g e r  than 8/55, and hence they cannot be accounted f o r  by including 

the  e f f e c t s  of 4fN-l  6d, 4fN-l  7d, 4d N-l i d ,  4d94fN+l, e t c  . 
. . 

N - 1  . . 
Configurations of the  ty-pe 4f n ' g  remain t o  be considered. Their 

. . 

comparative proximity t o  the  ioniz ing l i m i t  suggests t h e  v a l i d i t y  of a closure 
. . 

procedure over a l l  n ' ;  but  t h e  l a rge  r a d i a l  extension of t h e  g eigenfunctions 

makes it d i f f i c u l t  t o  decide where t h e  ioniz ing l i m i t  i s  f o r  an ion i n  so lu t ion .  

For t h e  f r e e  ion pr3+, even t h e  nodeless eigenfunctions ( 5 g )  a t t a i n s  ' i ts 
. . 

maximum value as f a r  as 3 . 3  8 from t h e  nucleus; it follows t h a t  t h e  eigenfunc- 

t i o n s  f o r  ions i n  so lu t ion  a r e  determined by condit ions beyond t h e  f i r s t  hydra- 
. - 

t i o n  l a y e r .  If t h e  s i x  d ipoles  of t h i s  l a y e r  a r e  replaced by an equivalent  

uniform dipole s h e l l ,  t h e  c l a s s i c a l  e l e c t r o s t a t i c  p o t e n t i a l  d i f fe rence  between 

po in t s  ins ide  and j u s t  outs ide  i s  6 p . / ~ ~ ,  which i s  equivalent  t o  approximately' 

- 1 
100 000 cm . Presumably, the  ioniz ing l i m i t  of a f r e e  r a r e - e a r t h  ion should 

. . . . '  . 
- . .  . . .  . . - .  

be reduced by a t  l e a s t  t h i s  amount f o r  an ion i n  so lu t ion .  In te rpo la t ing  
. . . . 



3+ 27 
between Ridley's  energies E f o r  Pr3+ and Tm , and assuming the  energies of 

N - 1  
t h e  configurations 4f n ' g  coincide at t he  corrected ionizing l i m i t ,  we f ind  

A(ntg) t o  be 167 000 cm-1 f o r  Nd" and 207 000 cm-I f o r  Er3+. Terms i n  Eq. (17) 

t h a t  involve B a r e  neg l ig ib le ,  and t he  new values of ~ ( t , h ) ,  f o r  which (n ' 1 ' ) 
7 

runs over (5d) and a l l  p a i r s  of the  type ( n ' g ) ,  can be obtained from the  o'ld by 

mul t ip l i ca t ion  by 

The r e s u l t s  of t he  calcula t ion a r e  given , in the  four th  column of Table V I I .  
. . 

The parameters T a r e  i n  a l l  cases increased,  but they a r e  s t i l l  too s m a l l  by 
h . . 

f a c t o r s  of 2 and 8 f o r  Nd3' and Er3+ respect ively .  

X .  DISCUSSION 

I n  searching f o r  the  causes of the  discrepancies between experiment and 

theory,  we should not lose  s i gh t  of the  f a c t  t h a t ,  f o r  'id3+, the  agreement i s  

perhaps b e t t e r  than we might reasonably have an t jc ipa ted .  Owing t o  the  depend- 

- 10  -14 
ence of T on R o r  R , the  di'screpancies f o r  Nd3+ could be e a s i l y  accounted 

A 
0 

f o r  by decreasing R by as l i t t l e  as 0 . 1  A. The tendency of the  negative charge 

on the  oxygen atoms t o  be drawn towards the  3+ ra re -ea r th  ion might e a s i l y  be 

l a rge  enough t o  require  a correct ion t o  R of t h i s  order of magnitude, though 

o ther  reasons can be e a s i l y  thought up. For example, the  protons of the  water 
. .  . 

molecules presumably take  p a r t  i n  bonding t o  the  second hydration l ayer ,  and 

t h e i r  pos i t ions  a r e  not  so l e ly  determined by t he  charge on the  ra re -ea r th  ion, 
. . . . 
as we have assumed. 

Increasing T by a f ac to r  o f . 2  would s t i l l  leave a discrepancy of a A 

f a c t o r  of 4 f a r  ~ r ~ ' .  NO;, throughout the  e n t i r e  ana lys i s ,  i t ' h a s  been assumed 
. . .  . . . . 

t h a t  t h e  configuration of water molecules surrounding Er3+ i s  e s s e n t i a l l y  the  



same as that surrounding ~d~', save for a radial scaling factor. However, the 

3+ change in ionic radii is sufficiently 1arge.for many-crystals .containing Nd. 

or Er3+, for example, NdCl and ErCl to exist in dissimilar forms. If this . 
3 3' 

were the case here, then we. should expect the calculated reduction of the., . .. . 
I 

parameters T to reproduce the observed reduction to within an order of magni- 
h 

tude only. Other causes'may be the source of the discrepancy, of course: the 

shapes of x(4f) and x5d) are changing with atomic number much more rapidly 

3+ in the region of Pr3+ than near Tm , and the linear interpolation method used 
to derive the third and fourth columns of Table VI may be unreliable. Again, 

the use of free-ion eigenfunctions as modestly .'extended as R(5d) might consti- 

tute.too gross an approximation for ions in solution; corrections as small as 

1046 to the entries of Table VI, if applied in the most telling directions, reduce 

the calculated drop in the parameters T in going from Nd3+ to Er3+ by a factor 
h ' 

of more than 2. Pt seems unlikely that lines involving the excitation of 

vibrational modes are responsible for the discrepancy, in the relative intensi- 

ties of lines of JYd3+ and ~r~'; for, even if they are quite strong, their 

intensities depend on the.'radial integrals of Table VI, and' should therefore 

decrease in step with the electronic lines. 

The fact that the calculated parameters Th of Table VII are smaller ' 

. , 
than the experimental opes is, of itself, an important result. For, as 

indicated in Sec. VII, we would have expected the calculations to grossly 

overestimate the T if the system cdmprisiig the rare-earth ion and -the fiyst 
h ' 

. . 

hydration layer possessed a center of inversion. We can therefore conclud; - : 

that this system does not a center of inkSsion. The deduction of 
. . 

Sayre et al. that the opposite is true was based onthe feeblehess of .certain. 
. .  . 

lines in the spectrum of aqueous solutions of EuCi compared to alcoholic - 

. . . , .  
3 

solutions. 18 . . 7 . : + , 5  , -  One of these lines, co&re'sgonding to the transition Fo D 2 ~  



has been measured by Hoogschagen, and has an oscillator strength of 0.009. 5 

Small as this number is, it is consistent with the absence of a center of 

inversion. To demonstrate this, we.use perturbation theory and calculate the 

appropriate matrix elements of dA)  by means of the formula 

where A is the spin-orbit interaction. The matrix elements can be evaluated 

by, the methods o f  Elliott et a1. 28 The oscillator strength P depends solely 

on T whTch can be obtained by linearly interpolating the observed values for 
2 ' 

aqueous solutions of NdCl and ErCl The result, P= 0.006, is in satisfactory 
3 3 ' 

agr.eement with experiment . 
We are now left with Lhe problem of explaining why certain lines in t h e  

spectrum of alcoholic solutions of EuCl are anomalously strong. We shall not 
3 

explore this problem in detail here: it is worth noting, howev-er, that the 

5 transitions that are much more intense in alcqholic solvents, such as 7 ~ 0  -t Dg 
. . 

of Eu3+, and what appear to be transitions of the type 
3+ 29 8S7/2 -t 6DJ of Gd , , 

depend solely on 

striking changes 

T2 
On the other hand, the transitions that do not undergo 

'+ 29 depend on T4 and of intensity, such as 3 ~ 4  -t 3 ~ J  of FY , 
T6 Only, at least in the lowest order of perturbation theory. Since both T2 

and T4 depend strongly on. B an apparent increase of T in alcoholic solutions 
3 ' . . 2 

without a corresponding increase of T could occur only through the excitation 4 . . .  

of vibrational modes, which might be undetected as such if sufficiently low in 



1 frequency. Only T2 ' of Eq. (19) depends on B1 ' ; hence, in fitting experiment 
:.. . 

to the parameters T2, T4.and T a large value of B1' would make itself felt .6' . . 

through T2 alone. It is possible that the peculiar variation of T described 
2 . . .  . . 

in Sec. VI has its origin in a 'mechanism of this sort; but, 'from what is known 

of the &at ive intensities of electronic lines and their accompanying vibra- 

tional structures, it seems hard to ac'count for a change of T 'by an order of 
2 

magnitude in this way. Quantitative measurements on alcoholic solutions of 

ErCl or NdCl would decide whether it is correct to interpret the anomalously 
3 3 

strong lines' in alcoholic solutions of EuCl in terms of an increase of the 
3 

parameter T 2 ' ,  or whether some other mechanism should be sought. 

XI. CONCLUSION 

Although the theory of Secs. I1 and I11 is applicable to a rare-earth 

ion in a crystalline environment, the absence of experimental data on the 

oscillator strengths of lines in rare-earth crystals has obliged us to discuss 

the theory in terms of solutions of rare-earth ions. The difficulty of dis- 

tinguishing between the electronic parts of the line intensities from 

contributions coming from transitions in which vibrational modes are simul- 

taneously excited is not present for the spectra of rare earth crystals, or 

at least for those spectra that have been analyzed. Data for crystals, when 

available, will therefore permit more rigorous tests of the theory to be 

carried out. 
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3+ *able I .  Reduced . . matrix . . . . .  elements of U(h ) '  . - f p r  Nd . . . . . . . . . . . . . .  . . . . . .  . . . . . . . .  

. Calculated 
SIL ' . J '  Energy (in'crn-l. . . . .  ( f 3 [ 4 ~ 9 / 2 ~ , 1 ) ~ ( "  11 f 3 ' [ s l  .L1 J ' ] )  . . .  - .  . .  

* 
above 4 ~ q  /2 ,Ia- h = 2  h = 4  ' h = 6  



Table I .  . ( ~ o n t )  . . . . . _ . .  . . 

. . . . . .  . . . . .  . . . . . .  .:...(A,); . .  : 3. ; .: . . .  
' ca lcu la ted  ' -i ., 

s L l  ~ n e r ~ ~  ' ( i n  cm' . (,3c41 . . 9 /2  I 11 u , ( 1  . .  f . [ s l  L I  J I  I )  
. . . . . .  a b 0 v e . ~ 1  ) a . . . . . . .  

9/2 ) , = 2  A = 4.. A = h  

a 
See reference 14.  



'3+ Table 11. Reduced matrix elements of U(') f o r  Er 

Calculated ] ( I ~ ( ~ ) l ( f l l [ ~ ' L ' ~ ' l ) :  
- 1 ( f  . [  115/2 s 'L 'J '  E n e r g y ( i n c m  

'above 4~ ) a 
15 /2 

h = 2  

a .  
See reference 14.  



Table 111. Osci l l a to r  Strengths f o r  Nd 3+ 
- - -  

Spec t ra l  Upper Levels 

Region involved i n  ~ d c l  Nd(110 ), 3 .? 
~ d ( ~ 1 0  ) 

( cm‘l) t r a n s i t i o n  4 3 
a Expt a Theory Expt Theory Expt 

b 



Table I11 (con t )  

s p e c t r a l  

Region 

( cm-l) 

upper Levels 

involved i n  

t r a n s i t i o n  

a From Ref. 5 

From Ref. 6 

-- - -  

N ~ C  1: N ~ ( N O  ) 
3 3 

N ~ ( c ~ Q ~  l3 

. Theory Expt a Expt The'ory Expt a b 

C The l i n e  i n  t h i s  region reported by Hoogschagen has not  been observed by Stewart,  and no corresponding l e v e l  

occurs i n  the  t heo re t i c a l  scheme. It i s  cer . tainly spurious. 



3+ Table IV. Oscillator strengths for Er 

Regi.nn involved in ErCl 3 E r ( ~ 0 ~ ) ~  

( cm-l) a Exp t a transit ion Theory Expt 

a From Ref. 5. 



.-21 Table V .  Observed values of the  parameters :Th .( in u n i t s  .of 10 - sec.  ) 
, . 

NdC 1 
3 

ErC 1 
3 3.2 

Table V I .  Radial in tegra l s  ( i n  atomic u n i t s )  
. . ., . 

3+ ~ d ~ +  3+ '- In t eg ra l  P r  E r  Tm3+ 

(4fI r I 5 d )  0. goo 0.869 0.615 0.583 



Table VII. Theoretical and selected.experipenta1 values of 
. . . .. . . . . the parameters T ( in units. of. 1 0 : ~ ~  sec. ) 

h; 

Y 

Calculated 
Observed in 

Ion Parameter 
(nf 1) , (5d) (n' 1' ) E (5d), Chloride Solutions 

only and all (nfg) (~rorn Table V) 
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Fig. 1. ' A comparison: between,. experimental and theoret ical .  
o s c i l l a t o r  s t rengths  of tr 'ansit ions ' iil. aqueous solut ions  : 
o f  NdClj. The lengths of the  horizontal l i n e s  running 
from the  cen t r a l  v e r t i c a l  l i n e  give a measure of -log P; 
t heo re t i c a l  values a r e  given on the  l e f t ,  experimental 
values on t he  r i g h t .  The ordinate of a hor izontal  l i n e  
gives the  ap roximate energy of t he  corresponding t r a n s i -  f t ion ,  i n  cm- . 



Fig .: 2. A. comparison between experimental and theoret . ica1 
o s c i l l a t o r  s t rengths ,  of t ransikions  i n  ,aqueous solut ions  
of ErCl3. The ,design of the  f igure  .is the  same as t h a t  

. .  of Fig. 1, , . .  . .  . - 
, . . . - .  . . 

. . . . . , .  . 

. . . . .  . . . .. , . . 



T h i s  r e p o r t  was p r e p a r e d  a s  an a c c o u n t  o f  Government 
s p n n s o r e d  worlc. Nci  t h c r  the U i l i ~ e J  3 c a c e s ,  nor  t h e  Com- 
m i s s i o n ,  n o r  any  p e r s o n  a c t i n g  on b e h a l f  o f  t h e  Commission:  

A .  Makes any w a r r a n t y  o r  r e p r e s e n t a t i o n ,  e x p r e s s e d  o r  
i m p l i e d ,  w i t h  r e s p e c t  t o  t h e  a c c u r a c y ,  c o m p l e t e n e s s ,  
o r  u s e f u l n e s s  o f  t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h i s  
r e p o r t ,  o r  t h a t  t h e  u s e  o f  any i n f o r m a t i o n ,  appa -  
r a t u s ,  method ,  o r  p r o c e s s  d i s c l o s e d  i n  t h i s  r e p o r t  
may n o t  i n f r i n g e  p r i v a t e l y  owned r i g h t s ;  o r  

p. 'Assumes any 1  i a b i l i t i e s  w i t h  r e s p e c t  t o  t h e  u s e  o f ,  
o r  f o r  damages r e s u l t i n g  from. t h e  u s e  o f  any i n f o r -  
m a t i o n ,  a p p a r a t u s ,  method ,  o r  p r o c e s s  d i ' s c l o s e d  i n  
t h i s  r e p o r t .  

As u sed  i n  t h e  a b o v e ,  " p e r s o n  a c t i n g  on b e h a l f  o f  t h e  
Commission" i n c l u d e s  any employee  o r  c o n t r a c t o r  o f  t h e  Com- 

. m i s s i o n ,  o r  employee o f  s u c h  c o n t r a c t o r ,  t o  t h e  e x t e n t  t h a t  
s u c h  employee  o r  c o n t r a c t o r  o f  t h e  Commission,  o r  employee  
of  s u c h  c o n t r a c t o r  p r e p a r e s ,  d i s s e m i n a t e s ,  o r  p r o v i d e s  a c c e s s  
t o ,  any i n f o r m a t i o n  p u r s u a n t  t o  h i s  emp,loyment o r  c o n t r a c t  
w i t h  t h e  Commission,  o r  h i s  employment w i t h  s u c h  c o n t r a c t o r .  




