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ABSTRACT 

The ueefulness of the perturbation expansion and the Wigner-Kirkwood 

expansion of the quantum mechanical partition function is  di scuesed Per vari-  

oua interaction potentials. It i s  shown that, contrary tu what is expected from 

the lilrigner-Kirkwood expansion, quantum mechanical diffraction corrections 
Ll 

at  high temperature to the classical partition function may involve nonanalytic 

2 
forms of 4'i . This occurs when the second-order perturbation t e rm  is finite 

, in the classical limit, and the interaction potential'has a cusp o r  singularity 

in any derivative.' The second-order perturbation term i s  evaluated exactly 

for the exponential, ecreened Coulamb,, and square bar r ie r  potentials, and 

the nonanalytic form @i2)l is found. For  potentials more  singular than l / r  

2 
at  the origin, the diffraction corrections a r e  analytic in 5 . 

A new method a f  deriving the Wigner-Kirkwcod expansion from the per-  

turbation expansion is  given. The method allows' one to subtract off any. - ' ., 
, ... . . .,: ? . . . :  . .. . 

order of the perturbation expansion which may be evaluated separately, ,and 
. ' .  , . 

i a  particularly useful for the screened Coulomb potential. . . 

9 
Work perfirrirrsd -under the auepieea of the U. S. Atomic ~ n e r ~ ~ ' ~ 6 n - i -  

. . 

mission. . . 
r 

-ii- . . 
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2 4 The classical 'second virial coefficient and the 8(fi ) and i)(fi ) diffrac- 
- r/ ro 

Lion corrections are evaluated for the singular potential, u(r) = (%/rP)e . 
- :J u by using the Mellin transform of e . 

3 
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I. INTRODUCTION 

P 
The problem of calculating small  quantum corrections at high tempera- 

ture to classical thermodynamic quantities hae been discussed extensively 

during the three decades since the classic pagers of Wigner and Kirkwood. 1 

In this paper the same problem is  considered again, but with the purpose of 

establishing the analytic properties of the partition function with respect to 

Planck's constant for various interaction potentials. The quantum correc-  

tione to the classical partition.function to be considered a r e  those due to the , 

operation of the uncertainty principle. Effects due to quantum statistic s w i l l  

not be treated here. Thus, we consider a gas of distinguishable 'particles 

interacting' according to the laws of wave mechanic e .  Such quantum cor r  ec- 

tions wi l l  be referred to as diffraction effeclo. 

The fundamental problem of quantum statistical mechanics i s  .the e v a l u -  . 

2 2 tion of the partition function, Z = T r  exp (-@-I), where H = C(45 /2rni)7 ; 
1 

+ ZiCju(r. .), and l3 = l/lcT is the reciprocal temperature. Since the partition 
1J . r" 

function may be evaluated directly for. only a very limited set of interaction 

potentials,. it i e  necessary in general to reeort  to some expansion procedure. 

One method i s  to expand in powers of the interaction potential. Such a per-  

turbation expansion is appropriate when u(r) is small  in some sense compared 



with the kinetic energy. When the te rms  of the perturbation expansion a r e  

b, evaluated, the diffraction corrections to the classical limit of the nth order - 
appear as some function of fi multiplying the - nth power of the coupling con- 

* 4, 

stant of the interaction. A second method in common use involves expanding 

in powers of fi2v2; thus the kinetic energy i s  considered small cornpared with 

the potential energy. This second method is appropriate when u(r) is very 

singular a t  r = 0. The expansion in powers of the kinetic energy i s  the well- 

known Wiger-Kirkwood expansion1 (hereafter to be referred to a s  the WK 

expansion). Using the IVK method, the partition function (written for one 

particle) is: 

where U = @u(r). and ?i = f J ( 2 r n k ~ )  is the thermal de Broglie wavelength. 
2 

4 3 
%. The i term in Eq. (1) is the form obtained by Yaglom. The evaluation of 

the terme of the WK expans i~n  is'quite lengthy and no terms beyond the X 
4 

t e rm a r e  known to exist in the literature. Equation (1) has had considerable 

practical application in' the calculation of quantum corrections to the equation 

4,s 
of state of nonideal gases. 

At f i rs t  glance it  would appear from the structure of Eq. (1) that the 

2 
partition function is an analytic function of X , and in consequence there 

seems to be a common and erroneous belief among physicists that diffrac- 

tion corrections necessarily involve only even powers of Planck's constant. 

.-: The argument for the nonideal gas calculations is  that any reasonable form 

of the intkrrnolecular interaction potential is strongly repulsive near r = 0; 
1 .' -12 -u 

usually r i r 3  aaeumed. Henco e goes to zero much f a ~ t e r  as r 0 than 

the terms of the expansion go to a, so that the configuration space integrals 



a r e  finite. Although little i s  lwown about the convergence of the resulting 

ser ies ,  i t  seems reasonable that a t  high temperature the f irst  couple of terms 

give the diffraction corrections accurately. 

It i s  not true, however, that for all  potential interactions the partition 

2 
function is analytic in X . A simple counter example i s  the exponential po- 

- r / ro  
tential, u(r)  = go e . Since this potential form ie finite a t  r = 0 ,  one 

cannot depend on the eeU factor for the existence of the coefficients of powers 

2 2 m 2 - r  
of X . The dth te rm of the WK expansion includes (V U) , and since F e - 

= (1 - 2 ,  one sees  that the coefficient of xZrn includes at least one term 

-m -mr  of crder r e . Thus, after the integration over r_  the coefficients of II  2 

4 6 
and K a r e  finite, but that of X is loga r i t h i ca l ly  divergent and all  higher 

coefficients a r e  more strongly divergent. The exponential potential i s  an 

example, 'albeit not very interesting for physical probleme, for which the WK 

.L expansion may not be used. Instead, one musk evaluate the t e rms  of the per- 

turbation expansion, and it will be found that the coefficient of each power 

P 2 
of the coupling constant is a nonanalytic function of .h . It will be shown that  

m+1'2 in addition to the nonanalyticity takes the form of terms of order (6 ) 

the expected t e rms  of order R ' ~ .  A more interesting. though less  obvious 

-1 
example, is. a potential with an r singularity a t  the origin.. Evaluation of 

. , .  . . . 

the second-order perturbation t e r m i o r  the screened Coulomb potential yields 

again a function with both even and odd powera of h in i t s  expansion. In view 

of these examples it  seems worthwhile to examine the question of when the 

2 
partition function ie analytic in6 and when i t  i s  not. 

2 
Before taking up the analyticity of Z as a function of fi , i t s  analyticity 

with. respect to two other quantities should be considered, namely, the 

particle number density,. p, and the coupling c ~ n s t a n t  of the interaction, g. 

In this paper we wi l l  consider only potentials such that the cluster- integrals 



. , 

6 of the Mayer cluster expansion exist. With this restriction the pressure i s  

!,i an analytic function of p; i. e. ,' i t  i s  given by a power ser ies  expansion in p ,  

the usual virial e x p a n ~ i o n . ~  One i s  next interested in the analyticity of the 

2 
virial coefficients a s  functions of g and .h . In this pager only the ~iecond 

virial coefficient will be studied since the methods used may be easily ex- 

tended to the higher virial coefficients. The second virial coefficient i s  the 

sum of all two-body interactions, and is defined as: 

2 2 where Ho = - B, /+)V and p i s  the reduced mass  of the two interacting 

particles. 
. 

We will be primarily interested in the evaluation of B2 for repulsive 

singular potentials of .the form: 

where the coupling constant g has dimensions EL'. The exponential screen- 
P 

ing function i s  chosen for mathematical convenience. . 0 ther screening func- 

tions such as the 9suesia.n form, e -r2/r02 , may aleo be! used. The analyticity 

of the classical form of B, a s  a function of g is obvious for nonsingular po- 
Y 

Yn 
-r/r 

tentials, say, of the .for-??. .r . .  .e .  O, The f i rs t  order singularity, p = 1 in 

Eq. (3) ,  i~ the very interesting case of the screened Coulomb hotential. Fo r  

this potential the f i rs t  two terms of the perturbation expansion a r e  finite be- 

2 cauee of the three-dimeneional volume element, 4nr dr .  The third order i s  

logarithmically divergent, and the higher o rders  more a trongly divergent. 

-! 
The exact evaluation of .El2 for the screened Coulomb potential yields: 



Thus, the divergence of the third and higher orders  of the perturbation ex- 

?) 
pansion gives r i se  to the nonanalytic form gl log gl .  For  a second-order 

singularity, p = 2, the f i rs t  term of the perturbation expansion i s  finite, and 

all higher o rders  a r e  divergent. The .exact result for B2 contain8 the non- 

2 
analytic form g2 log g2. Similarly, for p = 3  all  ordera of the perturbation 

expansion a r e  infinite, and the exact result for B begins with g3 log gj. For 2 

p > 3, B2 begins with (;:g ) 3 1 ~ .  
P 

A simple dimensional analysis gives. quickly some information about 

2 
the analyticity of B2 ae a function of ii . For the singular potentials defined ' 

by Eq. (3) the fundamental lengths which completely determine B2 are: the 

1/2 classical interaction length, P = (BgJ1'p, thB thermal wavelength, X = f i ( ~ / Z r n )  , 

and the screening length, ro. F rom these lengths we may form two inde- 

pendent dhenslionleee parameters which will be taken to be any two of the 

ratios: 

A = m/r, 7, = %/I y = n/r, . 
By using Eqs. (1) and (2) the M'K expanrsion of the second virial coefficient in 

terms of the parametdrs A and q is: 

where the expansion coefficients a re :  , .. 

-Ax 
with x = r / l .  and U = QP a . Co(h)  givee the classical second virial coef- 

ficient.   he coefficients of the diffraction corrections. C1 (A) . . . C,(h) , 

a r e  finite for all p 2 1 in the limit of no screening, rO = mor h = I. From 



2 Eq. (5) we see that the param&er of smallness for the WK expansion i s  1 . 
Since i ts  dependence on the coupling constant is g-'Ip, it i s  clear that the 

P 
W K  expansion i s  a strong coupling expansion in contrast to the perturbation 

expansion. The te~nperature  dependence of 12 i s  f3 '-'Ip, and hence the dif- 

fraction corrections vanish a t  high temperature when p 2 3. The radius of 

2 
convergence of i;hc power ser ies  in q of Eq. (5) i s  not known, but it  seems 

clear that a third-order singularity in the potential i s  sufficient to guarantee 

2 
that diffraction correction8 a t  high temperature involve only powere of q , 

2 
and hence only even povirere of h . 

The less singular cases ,  p = 2 and p = 1, must be considered separately 

2 
from p 2 3. Fo r  p = 2, rl has no te,mperature dependence, and hence the 

WK expansion would indicate that diffraction corrections do not depend on 

temperature. Finally, for p = 1, the screened Coulom-b potential, the tem- 

.J perature dependence of r12 i s  p-l. Note that for p 2 3 the thermal wavelength 

i s  small compared with the classical interaction length a t  high temperature, 
\ 

whereas for p = 1 the order i s  reversed, 'X >3 4. Thus the t e rms  of the WK 

expansion diverge in the high-temperature limit fo r  p = 1. This behavior in- 

2 
dicate. rhat B2 cannot be an analytic function of fi for  p = 1. The r-' singu- 

larity at f irst  appears to be too weak to allow an expansion in which the kinetic 

energy i s  treated as srnall compared with u(r). It will be shown in Sections 

2 
IIP and V, however, that the nonanalyticity in 6 for p = 1 appears only in the 

second-order perturbation term. 'The diffraction correctignsl involve y = 

and in the second-order theory both odd and even powere of y appear. The 

diffraction corrections to the s u m  of al l  higher orders  of the perturbation ex- 

pansion involve only even power8 of y,  and the coefficients may be calcul'ated 

by a modification of the WK expansion. 



In Section XI the perturbation expansion is developed in some detail, and 

a method of deriving tile WK expansion from the perturbation expansion i s  

given. In Section 111 the second,-order perturbation term is evaluated explic- 

itly for a number of different p~ ten t i a l s  in order to illustrate the condition 

2 
for which i t  i s  or is not analytic in y . In Section IV some of the coefficients 

of the 'WK expansion a r e  evaluated by a very convenient technique, the use of 

the Mellin transform. In Section V the special case of the screened Coulomb 

potential i s  considered in some detail. 

11. THE PERTURBATION EXPANSION AND ITS U S E  FOR DERIVING 

THE WK EXPANSION 

The perturbation expansion of B2 is most easily developed with the help 

of the resolvent operator. One uses: 

where the contour C goes fromi right to left in the upper half plane and left to 

right in the lower half. Thus, it encloses the simple poles on the rea l  axis 

at  the eigenvalues of H when the trace i s  taken. Thie method was used by 

Glassgold, Heckrotte, and 'Wateon for the linked cluster expansion of the 

8 2 
complete partition f&ction. If w e  put H = (H - Eo) + Eg where Eg = p /Zp 

i~ the unperturbed kinetic energy of relative motion, and use the resolvent 
-B(H-EO) 

of e then the 'second virial coefficient is: 

t2 
Expanding in powers of u gives: 



Since Boltzxnann statistics have been assumed, the individual particle mo- 

menta may be transformed to center-of-mass and relative momenta, and the 

center-of-mass momentum integrated out. Thus, H is the free-particle 
0 

~ a m i l t o n i a d  for relat'ive motion. 2 2 Ho = -6 /Zp)O , and 1 p) indicates i t s  

eigenfunc tions. 

The operator product in Eq. (8) is written out in morn en tun^ space to 

give the - nth order of B2 as: 

3 ik* r 
where p = p + al,, . . . = p + fi(kl + . . . + kl,- and ~ ( k )  = V- ~d r e  -u(r) 

-1 .en-1 - 
ie the Fourier transform of the potential. The quantitiea al, . . . , en are 
the momentum transfers at the respective n interactions. The 6 function in- 

: .sure6 mornenLum e.onset.vation in.the final interaction. The contour integra- 

tion in Eq. (9) may be performed and the result represented ae: 



The multiple integral form [ Eq. (1 O)] i s  the - nth term of the familiar ordered 

exponential expansion commonly used in field theory calculations and in re- 

cent years also in quantum statistical mechanics. Equation (10) shows the 

equivalence of the linked cluster expansion of the partition function in the re- 

solvent operator formalism8 and the woik of Bloch and da Dominicis. 
10 

The relative momentum integration may be readily performed when 

Eq. (1 0) is used in Eq. (9). The result is: 

x u(kl) . . . ~ ( k ~ ) F ~ ( x l s , ~  . . . . Kkn-l) . 
where 

) = 1; dv .. . 1;' 2 
Fn(kkl 1 . 9 A&,- 1 n 

dvl exp - 12 J[(ir2 - vl)kl t . . . 
1 

All quantum mechanical diffraction effects a re  contained in the functions Fn. 

2 The F ase entire functions of K . The first term of Fn when expanded in 
n 

powers of x 2  i s  1 In! . and consequently in the classical limit. K 4 0 ,  Eq. (I 1) 

reduces to: 

- (-mn j'd3r ;(r)" . 
B ~ n '  classical Z n T  

Also since F1 t 1 the firat-order perturbation term has no diffraction effecte. 

The actual evaluation of Eq. (1 1) for any given potential is tractable only 

in second order since for n = 2 there ie only one integration variable. This 

integration for a few examples i s  discuseed in the next section. For higher 



order t e rms  the evaluation of Eq. ( 1  1) is very difficult because it requires 

integration over the n - 1 wave vectors, k l  . . . k Because of this com- 
-il- 1 

plexity it  may be wondered whether o r  not the integration i s  simpler in con- 

figuration space rather than in wave-number space. Two different forms 

may be obtained directly from Eq. (1 1). One of these is: 

2 2 2 2 
exp [- (q - E,) /a ( 1  - vn + v l 4  ~ X P  [- (g2 - g l )  1% (v2 - vl)l 

2' . * .  (141, 
[4TA2(1 - vn + Vl)] 37. ['rrx2 (v2 -,vl)] 3/2 

The details required to turn Eq. (1 1) into Eq. (14) a r e  not given heke since 

this foam and its derivation a r e  adequately discueeed by Goldberger and 

9 Adarne and also by  ree en." Unfortunately, the evaluation of BZn in the 

fosrrr of Eq. (14) appears to be even harder than in the form of Eq. (1 1) since 

one must still integrate over the n vectors g 1 " *  
r which repre  sent the 
-11 

separation of the two particles a t  the "tilmes" v 1 " '  n ' 

The second form of BZn as a configuration space integral is obtained 

by using the familiar repr  e sentati.on of the three -dimensional delta function: 

and noting that in the power ser ies  expansion of F the wave numbers . . . 
n 

&- become the differential operators, iz l  . . . i V  Thus, one obtains: - Pl- 1 '  

c13r LI (=)I? ( i ~ v  l ,  . . . , ilynil.)ul(r) . . . u (a) ; R2n + 2 .I n n - n- l 



The eubscripts 1 through n in Eq. (1 5) a r e  for  bookkeeping purposes. They 

may be e rased  af ter  the differential operators  2 
1 " '  

V in the expansion -n-1 

of Fn a r e  applied, r.espe'ctively, on u 
1 " '  

u n-1' 

BZn in the form (15) i s  not particularly useful for  explicit evaluation, 

but it i s  useful as a means  of obtaining the W K  expansion from the perttirba- 

tiirn expansion. F o r  this derivativn the expansion of Fn a s  defined by Eq. 

2 
(12) in pijwers of d is needed. The exponent uf the integrand of Eq. (12) may 

be written as: 
f 

n- l n- 1 

x (kl+..* +$-I n r r  r n r 2 r l  k .  -r2 ]Cr * 

r= 1 r2> r 1 
1 

where 

The differences, vn - v are a measure  of the "times" from the interactions 
I ' 

with momentum transfer  6 & to the final interaction. The multiple v inte- r 

grations in Eq. (12) - represent  an  average over the duration of these excita-: 

tions. It may be shown that: 

The expaneion of FnQk 
1' "" Kk ) is :  , .  -n- 1 . :  . . 

n- 1 n-  1 

F = n"' 7';; , 1 .  [I .. a n r r  k L + 2  r 1 a • k r J  + o ( x ' ) . . . )  
. O  

n r 2 r 1  -r2 
O f  . . I  r= 1. '2>'1 



When Eq. (17) ie  put into BLn in the form of Eq. (1 5) and the summations over 

r  and r2 carr ied  out, one obtains: 

I 
(1 8) 

. - .(n - 2) (n - l)n(n -1- 5) 
12 u u -  + ...} . 

2 
The h(7i m) t e rm of the WK expansion is obtained by summing B::) for all 

orders  of perturbation theory. Clearly BE summed from n = 1 to gives 

the classical second virial coefficient. The method will be carr ied  out ex- 

2 2 
plicitly only for the O(IX ) term. In order to obtain the usual form of the O ( K  ) 

2  n- 1 
t e rm  it  ie neceesary to integrate the V U(-U) portion of Eq. (19) by parts. 

,',, 

Since w e  a r e  interested primarily in potentials which are singular a t  the 

rr origin, the integration by par ts  ie done by excluding a aphere of radius -6  

about the origin. The result for  BZ in Eq. (19)'including a surface t e rm  

from the integration by par ts  is: 

When Eq. (19) is summed over n the surface term gives no contributicn, and 

one obtains: 

in agreement with Eq. (1). In order  to obtain hi iher-order t e rms  in the WK 

expaneion, one needs formulae analcgoue to Eq. (16) for powers and products 

of the anr . These may be calculated readily but laboriuuely. 
1 2  



The usual method for the derivation of the WK exparision described in 

1 textbooks1' follows the procedure used by Kirkwood in which the Bloch equa- 

tion, = -Hf, is solved by iteration in powers of hv subject to the condition 

2 
that f = exp -@(p /2m 'r u(r)) a t  6 = 0. This method i s  very analogous to the 

WKB method for solving the Schrijedinger equation. It is etraightforward 

but very tedious. Other methods have been given by Goldberger and Adama, 9 

14 Oppenheim and ROSS,' Chester,  s iegertS1 and ~ a ~ l o r n . ~  All these methods 

4 require considerable effort even to obtain the O( i i  ) term. The very elegant 

method of Yaglom is probably the most useful as judged by the ease in which 

4 
the i ) ( ~  ) t e rm ie obtained. Pn this method the solution of the Bloch equa- 

tion i s  expressed as a Wiener functional integral which is expanded in a Taylor 

ser ies  in powers of li. 

T h e  derivation given in the preceding paragraphs in which a given po-cer 

2 
of li in the perturbation expansion is summed has bean described in some 

detail, not a s  an addition to the list  of methods of obtaining the WK expan'sion, 

but because of an important advantage that i t  has. With this method one may 

subtract out any number of lower orders  of the perturbati,sn expansion which 

have a finite classical limit and make a I V K  expansion on the remainder. 

- 2 
This procedure must be used for potentials with r and r-' singularitiaa 

a t  the origin. 

III. ANALYTICITY OF SECOND-ORDER PERTURBATION THEORY 

AS A FUNCTION OF fi2 

In the previous section three differegt forms were given for  the nth- - 
order perturbation' term. BZn. The explicit evaluation rif B when n > 2 2n 

for any potential is in gelera1 a formidable task. The second-order term,  

however, ie sufficiently simple 'that;' the evaluation may sften be accomplished. 



Xn this section BZ2 will be evaluated for  a few potentials in order to exhibit 

2 
the diffraction corrections, and to indicate the analyticity a s  a function of X , 

2 
hence also of 5 . For  the evaluation of B22 the momentum space form (1 I )  

ia the easiest to rase. 

The unpleasant function Fn(Kkl, . . . , Ken- ,) defined by Eq. (I 2) may 

be expressed in terms of known functions for n = 2. It ie: 

where u = lk, and Erfi(a) = ia the irnaginaryerror function. F2 hao 

the following asymptotic expansion for large real  K: 

The expression (11) for the second-order t e rm may also be found in 

16 
the w:;rlt of Montroll ,and Ward. They develop their results for certain 

te rms  in the perturbation expansion of the partition function of a many-body 

system by using the ,dair interaction propagator. Fo r  Bolten~ann statistics 

2 2 the pair propagator i s  G(X&, P' - a") = NP exp[-l; Is v(l  - v)] where N is . the 

number of particlee of the system and v = ((3' - R")/B. Because of the sym- 

metry property of the propagator, G(5,  !3 - (P ' - 0")) = G(5, P1 - fit') i t  may 

2 
be expanded i-n Fourier series, G = N!?ZtLt(~ ) exp(2nitv). The Fourier  com- 

ponents are: 



- 2 Thus, F2(u_) i s  the 0th component of the pair propagator. F2 - 1/2 LO(. ). 

The second-order perturbation term to be evaluated is: 

Note from the se r ies  expansion (21) of Lo that the integrand of Eq. (24) i s  an 

2 analytic function of X . The resulting function of 3i after the integration is 

2 
nob necessarily analytic in X . 

As the f irat  example we. consider B22 for  the exponential potential. - P/ r 
~ ( r )  = 3 2 2 2  

go O. I t s  Fourier  transform i s  Vu(k) = 8nr0 gO/(l + k ro ) . 
After changing the integration variable to x = kro,  BZ2 becomes: 

with y = i / ro .  The diffraction effecte may not be obtained by integrating term 

2 2 4 by term the expansion of L (y x ) since all t e rms  beyond O(y ) a r e  divergent. 
0 

Integrals of this type may be evaluated in.the following manner: 

L. L 

du expl-y2x2v(l - v)] D 

x + a  x2 t a 



2 2 where 19 = y v(1 - v). l 7  After carrying out the differentiations indicated in 

Eq. (26) one obtains for  Eq. (25): 

2 This  resul t  (28) consists of an  expected analytic function of y plus another 

2 1/2' analytic function multiplied by the nonanalytic f o r m  (y ) . The summa- 

tion in Eq. (28) i s  the expansion of 

2 2 
where Lo(-y ) a s  defined by Eq. (23) f o r  imaginary argument is (2,1v)eY '4Erf(y/2). 

Conaequently, the odd and even powers of y in the braces  of Eq. (28) may be 

combined into one function: , 

As a contrast to the exponential potential we next coneider the Gaussian 
2 2  . . . .- . 

potential, u(r) = go a - ''0 , which has the Four ie r  t ransform, Vu(k) 

3/2 3 2 = v rO go exp - (kro) /4. Since u(k) is also  Gaussian, BZ2 may be evalu- 

2 2 
ated by expanding L ( y  x ) and integrating t e r m  by term.  One obtains:. 0 

2 
which is an analytic function of y . 

The reason for the different analyticity propert ies  of the two forms 

(28) and (30). fo r  the two potentials l ies  in the behavior a s  r - 0. The 



Gauesian form and all of i ts  derivatives a r e  smooth as r 9, whereas the 

exponential form has a cusp at r = 9. As functions of a con-@ex variable z,  
2 - I z '  

one notea that eoZ  i s  analytic a t  z = 0 ,  while e i s  nonanalytic since ita 

firat derivative i s  discontinuous a t  z = 0. In the Fourier transform the cuep 
- r / r  

of e 
2 

O is manifested by the  second-order pole of u(k) n (k + 1 /r02)-2 a t  

i/rg 

In general, the second-order perturbation term will be an analytic 

2 m -r 2 / r O  2 
function h for any potential that i s  smooth a t  r = 3, for exanlple, r e . 9 

while e o k e  nonanalytic form of h2 will appear for any poteniial Lhat has a 

rn 
cusp in any derivative. For  example, r e-"'~ has a cusp in the - mth deriva- 

tive a t  r = O. (Its Fourier tranoform has a pole of order m -t 2 at i / rn.)  
" 

-r/ro 

B22 can be evaluated Par u(r) a rrne o r  any integer m using Eq. (26); 

4m+ 5 
the f irst  nonanalytic form to appear is of order y 

An interesting example of a potential with a cusp not a t  r = 0 ie  the 

square barrier:  

u(r) = 80 
r 'i< r 

0 

3 
which has the Fourier transform Vu(k) = 4ngOr0 &r0)-l  jl (krO) where j (x) 

is a spherical Bessel function. The second-order perturbation term for this 

potential is: 

3 3 2 
.. - - nr, (figo) - 5 E r f ( a y )  + Erf(2/y) - e 

Some details of the integration required to obtain Eq. (31) a r e  given in an 

appendix. For  emall y the expression in Bracket8 in Eq. (31) becomes 
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r 
[ ] = 113 - & y / 9  + M y3/64. Again the diffraction corrections to the 

L 
claesical result  are nvnanalytic in y . 

- r / ro  
Next we consider the screened Coulomb potential, u(r) = (gl /r)  e , 

. . 2 2 w h i c h h a s  the Four ier  t ransform Vu(1c) = 4n y ,  rJ21(k c 1 /ri) ). This po- 

tential has  not just a cusp but an infinite spike a t  r = 9. According to the 

rule discussed in a previous paragraph a resul t  nonanalytic in y 2  i s  Lo be 

expected; the f i r s t  nonanalytic diffraction correction should be of ; 3 ( y ) .  Also, 

a s  was discussed in the Introduction, nolianalytic behavior for the 1 / r  singu- 

2 larity is indicated even by the WK cxcpansian parameter  which increases  

linearly with temperature.  The integration of BZ2 for this potential is easily 

worked out by using Eq. (26).  The resul t  is: 

Equation (32) has the expected form s imi lar  to the resul t  for the exponential 

potential, i. e . ,  the power s e r i e s  expansion of the function in b races  con- 

2 
tains both even and odd pmvers of y. By using thr definition of LO(-Y ) in 

t e r m s  of the e r r o r  function, the expression in braces  of Eq. (32) may be 

written as: 

2 
1 = I - y e  '*Ezf=(y12) . (33) , 

The second form (33) is convenient for  crbtaining a n  aeyrnptotic expansion for  

2 
large y;  it begins with 2 I y  . Thie limit means X >>r and ie not interesting 

3 

. physically since quantum stat is t ics  have not been considered. 

Sonie r emarks  about the electron gaea at finite tenlperature a r e  in o rde r  

at this point. In the electron gas the interaction potential i s  the unscreened 

Coulomb potential, eL/r.  Electr ical  neutrality is maintained by the assumption 



of a continuous background of positive charge equal to the charge of N elec- 

trons in a volume V. Since every term of the perturbation expansion of the 

2 
partition function in powers of e / r  i s  divergent (because of the infinite range 

of the interaction) finite results for the free energy a r e  obtained by selective 

sum.mation of terms in perturbation expansion. It i s  well k n ~ w n  that the sum 

of the most divergent par t  of each cluster integral, the sum of the ring dia- 

grams, gives the Debye-Huckel f ree  energy. The fundamental lengthe of- the 

2 
electron gas a r e  1 = pe , the Debye screening length kD = ( 4 ~ 4 3 e ~ p J - l ~ ~  which 

replaces s o ,  and the thermal wavelength. The f ree  energy of the classical 
, . 

2 gas i s  a function of the ratio of the two classical lengths, h = 
/hD 

112 3'2 112 3 
, = 27r $ p e . The Debye-Wucke.1 contribt1t;ion to $F = - log Z is - 213 Nh. 

It i s  the leading interaction term \%*hen .A << 1; note that it  i s  nonanalytic in 

2 p and e , i. e. , 11 involves 1'2 and (e2)3'2. Diffraction corrections will 

be in a function of the ratio y = 2< / A  n~ultiplying the claseical Debye term. D 

The WK expansion cannot be used to find the diffraction corrections since 

2 2 - 1 
the W K  expansion parameter,  112 = (1(/@ ) , diverges a* f3 at high tempera- 

ture. Instead, the diffraction corrections must be found by an evaluation of 

the quantum mechanical ring sum. 
16,18 

There ie an analogy between the 

quantum ring sum for the electron gas and the second-order perturbation 

t e rm  for the static screened Coulomb potential. However, the mathematical 

expression for the ring sum is far more  complicated than B and important 
\ 

22' 

additional physical effects due to plasma oscillations a r e  described by it. 

Since the Coulomb potential has a spike a t  r. = 0 (and i ts  Fourier  transform, 

Vu(k) = 4w,e1k2, has a double pole a t k  = 0), it i s  to be expected that the 

2 
function of vZ maltiplying the classical Dsbye te rm will be nonanalytic in y 

in exactly the same manner as Eq. (32) i s  nonanalytic. This nonanalyticity, 

the appearance of both even and odd powers of y in the diffraction corrections 



. . 

to the Debye term,  has already been reported. l 9  The explicit evaluation will 

be given in a forthcoming publication. Because of the complexity of the mathe- 

matical expressions in the quantum ring sum, it i s  not possible to obtain the 

diffraction corrections in closed form a s  in Eqs.' (32) o r  (33) ,  but instead 

2 m+1/2 
only a s  two convergent ser ies .  one involving y2"1 and the other (y ) 

IV. EVALUATION OF TERMS I N  THE WK EXPANSION 

In this section the evaluation of a few te rms  of the WK expansion will 

- r / r o  = x-p, -Ax 
be described for the singular potential f3u(r) = pgp/rP)e with 

2 m  
x = r/l  . Specifically. we need the coefficients Cm(A) of q in Eq. (5). The 

coefficients Go, G I ,  and C2 have been evaluated for the Lennard-Jones po- 

tential in the form of infinite se r ies  of gamma functions, arid for other more 

complicated potentials used in the theory of nonideal gases they have been 

evaluated numerically.4 The usefulness of these results i s  somewhat limited 

by the fact that little i s  known about the convergence of the WK expansion. 

The simple singular potential to be discussed here  does not correspond -well 

to any phyeical problem, but the results do show the dependence of the co- 

efficients C,(A) on the order  of the singularity and thus give a little more  

information about the convergence of the expaneion. 

The coefficients in Eq. (5) may be evaluated readily by the use of the 

Mellin transform, an elegant and useful method in statistical mechanics re-  

cently pointed out by ~ w a t a . ~ '  The Mcllin transformation of the exponential 

In our use of this transform, the contour of integration is deformed to en- 

close the entire negative real  axis to the left of -(r - I ) .  For  the evaluation 



of the Cm(A), the exponential e-' in the integrand is expanded with Eq. (34) 

and the order of x and s integration inverted. 

The classical second vir ial  coefficient, Co(h) from Eq. (6) is: 

subject to -1 < Re(s) < O since e-' - 1 is being expanded. With the change 

of variable y = -Asx, the x integral in Eq..(35) becomes a gamma.function, 
. . .. 

and the result is: 

The result is obtained by surriming the residues of al l  pales to the left of 

s = 0. The integrand has first-order poles when ps t 3 = 0 ,  -1, -2,  . . . , -t  

but 6 ie not an integer; it has second-order pole8 when s = -1, -2, . .'. . The 
. . 

residuee of the f irst-order poles a r e  O ( A ~  while the residuee of the second- 

order poles a r e  nonanalytic in 11. The complete result is: 

where \, = 0, 1 ,  2, . . . , p - 4, p - 2, p - 1. The prime on the summation 
P 

indicates that the value y = p - 3 is to  be excluded; for this value the inte- 
B 

grand has double poles, and the second summation in Eq. (37) gives these 

residues. This expression (37) i s  general for p 1  3. For p = 2, however, 

in addition to Eq. (37) there is a residue from the simple pole at  s = -1  which 

i s  - A * ' .  This additional term i s  the f irst-order perturbation term,  i. e.  . . . 



- i (*x2 d ~ ( - x - ~ e - ~ 4  = - A  . Similarly, for the screened Coulomb potential. 
' 0  
p = 1, the f irst  two orders  of perturbation theory a r e  finite and a r e  given by 

the residues of the simple poles a t  a = - 1 and -2. 

The coefficient of the f i rs t  diffraction correction, C ( A ) ,  is evaluated 
1 

by the same method. It is: 

The contour for Eq. (.38) crosses  the real  s axis to the right of s = 0. 'iYieh 

the change of variable y = -(s - 2)Ax, Eq. (38) becomes: 

2 + ZpA[-(s - 2)h]-(ps-2p+2)r(ps-  2pt 2) t A [-(e - 2)A] - ( P s - ~ P S ~ )  

The firet £e.w terms in A are:  

[ 
(40) 

x log 3n + l - 1 /3g - 
The complete result for  Eq. (39) i s  easily obtained by summing all residues 

from the f i rs t -  and second-order poles of the integrand. It  is a lengthy re- 
. .  . . 

sult and i s  not written down since it is not needed. 

The coefficient of q 4  a s  defined by Eq. (1) is: 

A more  convenient form for computational purp'osee i s  sbtaineei by using 



. , 
e .u 

. I  
I> . A+, 

3 %  
1 -  1 2 2 
e. , V U = U" + (2/x)U1, and then integrating by parts the terms U' U" and U4U"/x. 
.. - - j  X 

.:I 
,... . ;' 
'4; 

The result is: 
;,>:;:j 
i .  .:4 00 . *; .! 
, ... 

,. ye::: . . C2(A) = &I3 x2 dx eoU [- (42) 
! !?. 3' X . 4; i.''.,.$ 

k.,,. * 
With U = x-Pe -AX I ..3 2 i... , the same used for CI (A)  gives, after some 

rq 
' .:‘, algebra: 

2 3 - ~ ) A ] - ( P S - ~ @ ' )  + 4p A T(ps - 2p + 2)[-(s - 2)A] -(ps-2@2) x 1 4 5  

I) 4 -(pe-Zpt3) + A S(PS - 2 p +  3)[-(8 - 2)A] . 

Each term in this lengthy.;. expression may be evaluated by summing the resi-  . .  . 

1 . .  
dues of first- and second-order poles. W e  give only the value of the leading 

term: 

Collecting the previous results gives the second virial coefficient for 

u = x - ~  valid for p > 3  as: 



Although i t  has  not been poesible to obtain a general term for this expansion, 

it is clear  that the form of the general t e rm  for large p is p2m-1q2m. Thus 

L the convergence of the WM expansion for any given value of q depends strongly 

on the order of the singularity of the repuleive core of the potential. 

The limit of large p is interesting because the potential $r-P becomes 

equivalent to a hard sphere with radius r9 = lirn (f3gJ1/~ a s  p - a. The 

3 
f i rs t  term in Eq. (45) reduces to (2/3)nrg , the classical hard sphere second 

virial coefficient. Thus, WK expansion when fully evaluated could give the 

diffraction corrections to the hard sphere second virial coefficient a t  high 

temperature. For  large p Eq. (45) becomes: 
. . 

where ,: = 5!ril It appears from the numerical values of the f irst  two dif- 

fraction terms in Egs. (45) and (46) that the ViI< expansion is  a convergent 

ser ies  in powers  of p", although nothing can be said about the radius of con- 

vergence. It ie possible that the limit of the square bracket in Eq. (46) a s  

p -. is finite and nonzero, in which case tho diffraction corrections t:> the 

2 hard sphere virial coefficient a r e  nonanalytic in r! . This result seems 

very probable in view of the nr>narmalytic result (3 1) for B with a bar r ie r  22 

af fiaite height. It should be noted that most recent w2;)rk an the 

cpantuni mechanical hard sphere gas has teen at 1a-w ten-iperature 34:) that 

?i i s  much greater than the hard sphere radius. Thus, in  the v:ork ,:,f Yang 

21 and Lee the expansion parameter i s  r 1%' rather chan X / rJ .  We hope to 3 

s ~ u d y  the hard sphere gas at  high temperature, 1! << r .  in more detail in 
ii ' 

a later publication. 
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V. THE SCREENED CO'ULC-MB POTENTIAL 

The screened Coulomb potential must  be considered separately f rom 

the inore singular potentials t reated in the previous s e c t i m  since the WK 

2 expansion pa ramete r ,  11 , is la rge  a t  high temperature.  The d i f f rac t im 

correc t ions  to the c lass ica l  l imit  u f  the seconcl vir ia l  caefficier~t for  this po- 

tential must  be expressed  in powers of y = r,A = x / r a ,  which goos tc  z e r o  a s  

$l'' a l h i g h  temperature.  The c lass ica l  value of B is obtained from Kq. 2 

(37) with p = 1 and v~ i th  the additional residues of fhe twa simple poles at 

s = -1  and -2. It is: 

3 BZ c lass ica l  = -2n@gl) Co ( A )  

.-- r+  2 
1 2 \.) A ( r + ~ ) ~ - l  [ = -Zn ro3  {-,A i a + , r (  Log (r + 2 ) / \  + 2.C 

. ..- r + 3 ) r ( r )  
r= 1 

In obtaining Eq. (47) f r o m  Eq. (37) the :elation T ' ( r  + I ) / T ( r  + 1) = -C + hr 

with hr = 1 + 1/2 + . . . + l / r  has  been used. The  f i r s t t w u  t e r m s  of E q .  (47) 

a r e  the f i r s t  and second o r d e r s  of the perturbation expansion (frora the r e s i -  

dues of.the s iAple poles a t  s = -1 and -2). The  higher o r d e r s  s f  the per -  

turbation expansion a r e  individually infinite, but their  s u m  gives the non- 

20 
analytic form Ar" 106 A. The  summation in Eq. .(47) is identical with Iivala's 

22 
resul t ,  the S2 integral  of Abets modified cluster  expansiori for the c lass ica l  

electron gas. 

This  section is devoted to obtaining diffracticn correct ione co Eq. (47). 

T h i  f i r s t -order  perturbaticn tern1 is always classical .  The diffraction cur -  

rections to the second-order t e r m  were  obtained in closed form in Section 

2 
111, Eqs. (32) and (33) and found to be ilonanalytic in y , i. e. , they involve 



both even and odd powers of y .  Our problem then is  to find diffraction cor- 

rections to the 2 r+2 log A te rms  in Eq (47). One conceivable approach i. 

to evaluate every order of the quantum pert.\zrbation expansion and sum them. 

n-3 (The third order begins with h 3  log y and the higher orders  with .) 

Such an approach i s  approximately a s  difficult a s  solving a quantum mechani- 

cal scattering problem by calculating the - nth order Born approximation and 

summing the Born ser ies .  Instead, i t  ,will be shown how the \VK expansicn 

.may be used, even though a t  f irst  glance the l / r  singularity appears to be 

too weak to allow the W K  expansion. 

Let us f i rs t  consider what happens %?hen the screened Cczulomb poten- 

tial i s  used blindly in the evaluation of the WK expansion coefficients C (A) .  m 

The general form may be shown to be: 

The calculation of the coefficients amAsF... b . and c in Eq. (48) i s  feasible 
m r  m r  

in any order with such expressions a s  Eq. (39) and (43). but ie very tedious 

even for m = 2. For  example, the corr~plete result for C (I \ )  obtained from 
1 .  

Eq. (39) with p = 1 is: 

The eerie8 in Eq. (49) cloeely resembles the se r ies  in the classical expression 

(47). Both ser ies  a r e  rapidly convergent. The limit of CI(A)  a s  A -. 0 ' i s  1/12. 

The infinite sum i-n Eq. .(48) comes from the residues of second-order 

poles, and tho finite sum corrles ffom the 2m simple polcs all lying to the 

right of the second-order poles on the real  s axis. The diffraction corrections 



2mA s 
f r o m  the finite sum a r e  of o r d e r  T, and have t empera tu re  dependence of 

P - ~ ~  1 thus they become la rge  a t  high t empera tu re  for  s < m. The  diffrac- 

2m 2 m - l t r  tion cor rec t ions  f r o m  the infinite sum,  however,  a r e  of o r d e r  17 A 

2m r - 1  
= y A and a r e  smal l  a t  high tempera ture .  In fact ,  the finite sum in 

Eq. (48) contributes only to the second-order  per turbat ion t e r m ,  
B 2 2 ~  and 

the divergence a t  high t empera tu re  of q 2 m ~ S  i s  just what i s  needed to give 

2 1 /2  
the nonanalytic f o r m  (y ) which appears  in B 

22' The infinite sum gives 

the quantum cor rec t ions  to the third  and higher o r d e r s  of the per turbat ion 

expansion, i . e .  , the des i red  diffraction cor rec t ions  to the Art' log A t e r m s  

2 
in Eq. (47 ) .  These  diffraction c.orrections a r e  analytic in y . 

T h e r e  i s  no point in giving a d i rec t  proof that B n Z r n c  (A)  with only 
m m 

the finite s u m  pa r t  of Eq. (48) does indeed reproduce B22. Instead,  the 

proper  procedure  i s  to subtract  out of the second v i r ia l  coefficient the f i r s t  

and second o r d e r s  of the perturbation expansion, and make  a WK expansion 

of the remainder .  Thus we' define: 

and use Eq. (18) for  BZn. The coefficients C k ( A )  where the p r ime  indicates 

the removal  of f i r s t -  and second-order  per turbat ion theory a r e  defined a s :  

In Section I1 only BE and ~ ( l )  were  explicitly evaluated. By summing 
2n 

Eq. (18),and (19) f r o m  n = 3 one obtains f o r  the modified second v i r i a l  coef- 

f ic ient: 



instead of Eq. (221). The surface t e r m  in Eq. (1 9)'naust be reiaincd in order  

2 
that the i i (X  ) t e r m  in Eq. (51') be finite. The singularity in the integral co- 

2 
efficient of X i s  cancelled by the surface t e r m  for the l / r  potential. The 

h, 

t e r m s  of the WK expansion of Bi a r e  calculated a s  described in the previ- 

ous section with the help of the Mellin transforrr. of the exponential ser ies .  

Thus C;)(A) is defined a s  in Eq. (35). but the condition on the contour of the 

s integration is -3  a Re(s) a -2 ,where the contour c r c s s e s  the rea l  axis. 

Thus the simple poles a t  s = - 1 and -2  a r e  not included and the resul t  for 

C ; ) ( h )  i s  the infinite sum in Eq. (47). Similarly. C; (A) is given by Eq. (3'1). 

but with the r e ~ t r i c t i o n  that - 1 < Re(s)  < O where the .contour c r o s s e s  the 

rea l  axis. Again this restr ict ion eliminates the simple poles a n d  leavee 

only the second-order poles within the contour. Thus C; (il) i s  equal to the 

infinite sun1 in Eq. (49). Sinlilarly, for  a rb i t r a ry  nl the subtraction of secund- 

order  perturbation theory leavee only the second- o rde r  poles \\:ithin the con- 

tour, and C' ( A )  is equal to the infinite surn indicated in Ecl. (48). m 
L 

In this paper only the O(X ) correct ions to Bi have been evaluated ex- 

4 
plicitly. The !)(A ) correct ions may be obtained as the residues of the eecond- 

o rde r  poles of Eq. (43) with p = 1. Higher-order correc.tions must await the 

evaluation of more  t e r m s  of the WK expansion. Our complete resul t  for B2 

for the screened Cbulomb potential including the second-order t e r m  -is: 

r2 4. 2 i 
log (r t 2)A k 2C - 2hr + 

+ 2) 
r= 1 

( 5  2 )  

log (r 4- 2) 1 t 2C - Zhr .t 4- 9(? ) , 



In Section I11 i t  was pointed out that the quantum rilecbanical ring sum 

far  the electron gas and BZ2 for the screei9ed Couiornb poe.nCial were rather 

2 
similar. Diffraction corrections to both a r e  nonanalytic in y . In the same 

way there i s  a considerable sip-ilarity bet\+teen R' for the screened Cc~ulomb 2 

, potential and the quantum mechanical genrralisalion of the Abe S 2 ( R )  curltribu- 

tion to the e!ectroil gas f ree  energy.22 The S2 f e r n  i s  the next step in  the 

rearrangement of fhe perturbation expansion oi the partition function after 

the ring t e rms  have been grouped together. It ics the sum of ihree and more 

effective interactions between two electrons in the plasiza. Each effective 

interaction is  the surr~ of al l  possible chains of Cnulo~nb interactions; the r e -  

sult is a screened Crjulomb interaction with r0 = h D  in the classical limit. 

Thus the classical form of S 2 ,  Abe's result,  io identical-in P::>r.;n to D' for  2 
2 

the screened Cou!onib potential. 

The quantum ihe3ry of S has not been completely developed yet, al-  2 
15 

though it i s  implicit in the art icle by Moneroll. Ic reems clear ,  however, 

that diffraction corrections to S2 must be calculated in Lhc s a n e  lmarlpler 

that Bi in Eq. (52) was obtained. that i s ,  by a WWK expansion of S2.  This 

calculation is  being carr ied  ou.i  now. 

VX. CONCLUDING REMARKS 
* 

The m.ain point of this article has been to show wiih specific examples 

that nonanaiytic forrns of s2 may appear in the diffraction corrections to Lhe 

classical partition function of ah interaciing gas 'for some potentials. The 

analysis here has been limited for sinlplicity to the second virial coefficient, 

although some of our conclusions \:/ill apply also to the higher virial c ~ e b -  

ficients. N o  attempt has been nzade to give an exhaustive specification of 

2 
what nonanalytic f n r m s  (.sf .h may appear. The following ciatements seem 
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to be valid conclusions from the exanlples worked out. If the second-order 

perturbation te rm BZ2 has a finite classical limit for a given potential, then 

the diffraction corrections to that classical limit include nonanalytic forms 

2 
of 5 when the potential has a cuep or  singularity in any derivative. For ,  the 

-r/ru 
M examples of the square wall potential and the form r e this nananalytic 

form is @i2)'/'. Thia statement applies also to the Coulomb potential for a 

gas in three dimensions, since in three dimensions the spatial volume ele- 

2 
ment, 4nr d r ,  a ssures  the finiteness of Bu for the screened Coulonlb po- 

tential and of the ring sum for the electron gas. 

For  potentials more singular at  the origin than l / r ,  BZ2 i s  infinite, 

and one must evaluate the entire second virial coefficient. The virial co- 

efficient is nonanalytic in the coupling constant of the interaction, but the 

diffraction corrections a r e  analytic i~ fi2 and may be obtained as the f irst  

few te rms  of the WK expansion. Hence, the W K  expansion ie quite jubtified. 

for calculating diffraction corrections to the virial coefficien~s of nonid-eal 

gases. The convergence of the expansion, however, depends strongly on 

the order of the singularity assumed in the interrr~olecular potential. 

Any sharp corners in the potential will result in diffraction corrections 

2 
that a r e  nonanalytic in h . The reason is that the WK expansion fails since 

i ts  coefficiei~ts a r e  integrals over derivatives of the potential and thus a r e  

delta functions and derivatives of delta functions. Thus the second virial co- 

efficient for the square bar r ie r  potential has nonanalytic diffraction correc-  

tions, and so also does the hard ephere potential (a special case of the square 

bar r ie r  with the height of the bar r ie r  put to m) give rive to nonanalytic form 

The screened Coulomb interaction in three dintensions i s  particularly 

interesting since i t s  second virial coefficient has two'parts vtith different 



types of diffraction corrections. B22 is finite classically, but because of the 

2 
l / r  singularity i t s  diffraction corrections involve bath 5 .and (fi2) The 

remainder of B i. e . ,  all higher orders  of the  perturbation expansion, i s  2 ' 
3 

nonanalytic in the coupling constant (g log g i ) ,  but the diffraction correc-  I 
2 

tions a r e  analytic in 5 since they may be calculated with the '?JK expansion. 

In one and two dimensions, hov~ever, all  diffraction corrections to B a r e  2 
2 

analytic in 5 since BZ2 is infinite. With this mathematical structure in 

2 
mind, it is easy to make the extension to the electron gas for which u(r) = e /r .  

The ring s u m  which is  analogous to must have nonanalytic diffraction 
I 

corrections, while the diffraction corrections .to the remaining orders  of the 

perturbation expansion when appropriately grouped together (the Abe expan- 

2 
aion) involve only powers of .fi . It is believed .that the -method described in 

this article for using the WK expansion  ill have considerable utility in evalu- 

ating the theory of the quantum mechanical electron gae. 

Much of this work was inspired by a convereation d t h  Irwin 

Oppenheim. Useful conversations with B. W. Knight a r e  also gratefully 

acknowledged. 



APPENDIX 

The integral required for the aecond-order perturbation term (3 1) for 

the square wall potential ie: 

In order to evaluate it, the square of the spherical Beesel function is  written 

in t e rms  of trigonometric f ac t i ons ,  

1 2  j l ( x )2  x 4 [ -  cos 2x1 - r s i i ~ i x i ~ x  ( I  i cos 2x1 , I 
2 2 and expanded in powers of x. Also the integral repreeeiltation (23) of LO (Y x ) 

i s  used.. Equation (A l )  becom~es: 

The second line of Eq. (A2) is obtained by doing the x integration over the 

Guaseian function f i r s t ,  and with the change of variable, v = ( 1  .t sin 9)/2. 

For  each value of n, the 6 integral in Eq. (82)  i s  divergent. This trouble 

i s  avoided by using the Mellin transform of the ser ies  i n  Eq. '(AZ); it becomes: 

d (sin 0 )  (y cos 9 )  
2s+3  

P (A31 

where the contour C encloses the entire real  axis to the left of ehe point -3. 

The Q integration for arbitrary: e is: 

so that Eq. (A3) becomes: 



The integrand of Eq. (84) hae only simple poles. After calculating the res i -  
* 

dues one obtains: 

Equation (A5) i s  the expansion of 

with a = 2 / Y .  Integrating the laet terms of Eq. (Ah) by parts gives the form 

recorded in Eq, (31). 
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