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ABSTRACT

The usefulness of the perturbation expansion and the Wigner-Kirkwood
expansion of the quantum mechanical partitioﬁ function is discussed for vari-
ousg interaction potentials. It is showh_ that, contrary tc what is expected from
the Wigner‘-Kirkwood expansion, quantum mechanical diffraction corrections
at high temperature to the classical partition function may involve nonanalytic

forms of ‘hz. This occurs when the second-order perturbation term is finite

‘in the classical limit, and the interaction potential has a cusp or singularify

in any derivative. The second-order perturbation term is evaluated exactly
for the eprnential, screened Coulomb, and square barrier potentials, and

the nonanalytic form (1’1?')1/2

is found. For potentials more singular than 1/r
at the origin, the diffraction corrections are analytic in hz.
A new method of deriving the Wigner-Kirkwcod expansion from the per-

turbation expansion is given. The method allows one to subtract off any

]

~order of the perturbation expansion which may be evaluaied separatel‘y.‘ ja'\ndv

is particularly useful for the screened Coulomb potential.

*Work performed under the auspices of the U. S. Atomic Energytém-
mission. -
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The classical second virial coefficient and the O(ﬁz) and O(ﬁ4) diffrac-
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-r/r

’tion corrections are evaluated for the singular potential, u(r) = (gp/rp)e

by using the Mellin transform of e '
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Analytic Properties of the Quanturn Corrections to the Second

o+ -Virial Coefficient

0o Hugh E. DeWitt

Lawrence Radiation Laboratory, University of California

Livermore, California

I. INTRODUCTION
>

The problem of calculating small quantum corrections at high tempera-
ture to classical thermodynamic quantities has been discussed extensively
during the three decades since the classic papers of Wigner and Kirkwood.1
In this paper thé same problem is considered again, but with the purpose of
establishing the analytic properties of the partition functiofx with respect to

Planck's constant for various interaction potentials. The quantum correc-

&

tions to the classical parfition.function to be considere;i are those due to the

. operation of the uncertainty principle. Effects dus to quantum statistics will
not be treated here. Thus, we consider a gas of distinguishable particles
interacting acéording to the laws of wave mechanics. Such quant'\im correc-
tions will be referred to as diffrac'tlon effects.

The fundamental problem of quantumn statistical mechanics is the evalua-
tion of the partition function, Z = Tr exp (-fH), where H = Zi(JﬁZ/Zmi)Vi?
+ Ei<ju(rij), and B = 1/kT is the reciproCal' temperatux;e. Since the par.ti't';{c,p
_ fuhction may be evaluated directly for. only a very limited set of interaction

potentials, it i8 necessary in general to resort to some expansion procedure.

One method is to expand in powers of the interaction potential. Such a per-

o turbation expansion is appropriate when u(r) is small in some sense compared
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with the kinetic energy. When the terms of the perturbation expansion are
evaluated, the diffraction corrections to the classical limit of the nth order
appear as some function of i multiplying the nth power of thé coupling con-
“stant of the interaction. A second method in common use involves expanding
in powers of ‘ﬁZVZ; thus the kinetic energy is considered small éompafed with
the potential energy. This second method ie appropriate when u(r) is very
singular at r = 0. The expansion in powers of the kinetic énergy is the well-
known Wigner-Kirkwood e)q.v:ia,nsion1 (hereafter to be referred to as the WK
expansion). Using the WK method, the partition functio.n (written for one

particle) is:

3/2 2 4
TrefH - (iﬂ_h“:zli> (e {1 L vw?s Ao [((VU)Z)"‘
- s(vu)iviu + lz(VZU)Z] - } (1)

where U = Bu(r), andXx = ﬁ/(kaT) 1/2 is the thermal de Broglie wa.velength.2
The 14 term in Eq. (1) is the form obtained by Yaglom.3 The evaluation of
the terms of the WK expansion is 'quite lengthy and no terms beyond the X4
term are known to exist in the literature. Equation (1) has had considerable

practical application in the calculation of quantum corrections to the equation

of state of nonideal gases.

At first glance it would appear from the structure of Eq. (1) that the

ce . . 2
partition function is an analytic function of X~, and in consequence there

seems to be a common and erroneocus belief among physicists that diffrac-
tion corrections necessarily involve only even powers of Planck's constant.
The argument for the nonideal gas calculations is that any reasonable form
of the intermolecular interaction potential is strongly repuisive near r = 0;
usually r"1% is agsumed. Hence e” O goeg to zero much faster as r - 0 than

the terms of the expansion go to ©, so that the configuration space integrals
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are finite. Although little is known about the convergence of the resulting
series, it seems reasonable that at high temperature the first couple of terms
give the diffraction corrections accurately.

It is not true, however, that for all potential interactions the 'partition
function is analytic in ‘XZ. A simple counter example is the exponential po-
tential, u(r) = g5 e-r/r . Since this potential form is finite at r = 0, one
cannot depend oun the e-U factor for the existence of the coefficients 'of powers
of *Xz. Theﬁ’thAterm of the WK expansion includes (VZU)m, and since Vze"r
= (1 - Z/r)e'r, one sees that the coeffici‘ent of me includes at least one terrﬁ
of order r e ™Y, Thus, after the integration over g the coefficients of ‘XZ
and 1(4 are finite, But that of {6 is logarithmically divergent and all higher
coefficients are more strongly divergent. The exponential potential is an
example, ‘albeit not very interesting for physical problems, for which the WK
expansion may not be used. Instead, one must evaluate the terms of the per-
turbation expansion, and it will be found that the coefficient of each power
of the coupling constant is a nonanalytic function of ‘hz. It will be shown that

m+1/2 1 2ddition to

the -ponanalyticity takes the form of terms of order (ﬁz)
the expected terms of order ﬁzm. A more interesting, though less obvious
example, is a potential with an r-1 singulérity at the origin. Evaluation of
the. second-order perturbétion term for the screened Coulomb potential yields
agaiz; a function with both even and odd powers 6f h in its expansion. In view
of these examples it seems worthwhile to examine the question of when the
partition function is analytic inﬁz and when it i's not.

Before taking up the analyticity of Z as a function of ﬁz, its analyticity
with fespect to tw.o other quantities should be considered, namely, the

particle number density, p, and the coupling constant of the interaction, g.

In this paper we will consider only potentials such that the clusier integrals
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of the Mayer cluéter expansion exim:.6 With this restriction the pressure is
an analytic function of p; i.e., it is given by a power series expansion in p,
the usual virial expanaion.7 One is next interested in the analyticity of the
virial coefficients as functions of g and ’hz. In this paper only the second
virial coeffi‘cie'nt will be studied since the methods used may be easily ex;
tended to the higher virial coefficients. The second virial coefficient is the

sum of all two-body interactions, and is defined as:

3/2 -B(H . +u) -BH . :
Bzz--(—%-——ﬁzlr—[Tre 0 -Tre Oj|g—_.—6-) -~2—l-§- §d3r(e-9“-l) y  (2)

L ¥

where HO = - (h'?'/Zp)VZ and u is the reduced mass of the two interacting
particlés.
We will be primarily interested in the evaluation of B2 for repulsive
singular potentials of the form:
' : -r/r
0

u(r) = (g /rP) e : - (3)
where the coupling constant gp has dimensions ELP. The exponential screen-
ing function is chosen for mathematical convenience. - Other screening func-

2
e-r /roz

tions such as the Gaussian form, , may also be used. The analyticity

- of the classical form of BZ as a function of g is obvious for nonsingular po-

-r/r
tentials, say, of the form .x;,x?_le, 0. The first order singularity, p=1in

Eq. (3), is the very interesting case of the screened Coulomb potential. For

this potential the first two terms of the perturbation expansion are finite be-

cause of the three~dimensional volume element, 41rr2dr. The third order is

logarithmically divergent, and the higher orders more strongly divergent.

The exact evaluation of B, for the screened Coulomb potential yields:

3] . 1 2,1 3 ‘
B, = - 2nr, {- gy /vy g g /ry)” T ¢ (vgy /v ) [loglig,/r,) + const] + } '
(4)
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Thus, the divergence of the third and higher orders of the perturbation ex-
pansion gives rise to the nonanalytic form g’13 log gy For a second-order
s.ing‘ﬁlarity, p = 2, the first term of the perturbation expan.aion is finite, and
all higher orders are divergent. The ‘exact result for BZ contains the non-
analytic form gzz log g, Similarly, for p = 3 all orders of the perturbation
expansion are infinite, and the exact result for B2 begins with g3 log g3 For
p > 3, B, begins with (iigp)3/p.

' A simple dimensional analysis gives quickly some information about
the analyticity of BZ as a function of ﬁz. For the singular potentials defined
by Eq. (3) the fundamental lengths which completely determine B2 are: the
classical interaction length, ¢ = (Bg ) /p, the thermal wavelength X = fx(ﬁ/?.m)l/z

and the screening length, r From these lengths we may form two inde-

o
pendent dimensionless parameters which will be taken to be any two of the
ratios:

=1/r, n =Xx/14 y =X/r,

By using Eqs (1) and (2) the WK expansion of the second virial coefficient in

terms of the parameters A and n is:

B, = -2m3 [cO(A) -1 CI(A) + r,,‘*cz(l\) - ] . {(5)

where the expansion coefficients are:
w :
o) = | *Faxe V-,
: 0
(6)
1 (72
¢ 8) = { P ax eV 0
0

withx = r/f, and U = x CO (A) gives the classical second virial coef-
ficient. The coefficients of the diffraction corrections, CI(A) .o Cm(z‘\),

are finite for all p 2 1 in the limit of no screening, ry = ®or A =90, From
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Eq. (5) we see that the parame.ter of smallness for the WK éxpansidn is qz.

-2/p

Since its dependence on the coupling constant is gp , it is clear that the

WK expansion is a strong coupling expansion in contrast to the perturbation

expansion. The temperature dependence of qz is ﬂl'z/p

, and hence the dif-
fraction corrections vanish at high tvemperature when p 2 3. The radius of
convergence of the power series in qz of Eq. (5) is not known, but it seems
clear that a third-order singularity in the potential is sufficient to guarantee
that éiffraction corrections at hiéh temperature involve only powers of qz,
and hence only even powers of ‘r’xz.

The less singular c;ses. p =2 and p = 1, must be considered separately
fromp 2> 3. Forp =2, nZ has no temperature dependence, and hence the
WK expansion would indicate that diffraction corrections do not depend on
temperature. Finally, for p = 1, the screened Coulomb potential, the tem-
perature dependence of .12 is {3‘1. Note tﬁat for p > 3 the thermal wavelength
is small compared with the classical interaction length at high temperature,
whereas for p = 1 the order is reversed, X > {. Thus the terms of the WK
expansion diverge in the high-t‘e.mperature limit for p = 1. This behavior in-
dicates that B, cannot be an analytic function of ‘hz for p = 1. Tf;e r-"l singu-
larity at first appears to be too weak to a;ldw an expansion in which the kinetic
energy is treated as small compared with u(r). It will be shownvin Sections
Il and V, however, that the nonanalyticity in ﬁz for p = 1 appears only in the
second-order pertu.rbation term. The diffra-ction corrections involve y = nA\,
and in the second~order theory both odd and even powers of y appear. The
diffraction correcticns to the sum of all higher orders of the perturbation ex-
pansion involve only even powers of y, and the coefficients may be calculated

by a modification of the WK expansion.
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- In Section Il the perturbation expansion is developed in some detail, and
a method of deriving the WK expansion from the perturbation expansion is
given. In Section III the second-order perturbation.term is evaluated explic-
itly for a number of different pctentials in order to illustrate the condition
for which it is or is not analytic in yz. In Section IV some of the coefficients
of the WK expansion are evaluated by a very convenient technique, the use of
the Mellin transform. In Section V the special case of the screened Coulomb

potential is considered in some detail. ,

IT. THE PERTURBATION EXPANSION AND ITS USE FOR DERIVING

THE WK EXPANSION

The perturbation expansion of BZ is most easily developed with the help

of the resolvent uvperator. One uses:

dz e'-BH

H _ 1
T 2wi CZ'FIA'

e

where the contour C- goes from right to left in the upper half plane and left to
right in the lower half. Thus, it encloses the simple poles on the real axis
at the eigenvalues of H when the trace is taken. This method was used by
Glassgold, Heckrotte, and Watson for the linked cluster expansion of the
complete partition 1'u‘nction.8 If weputH=(H - E ) +E, where E, = pz/Zg

is the unperturbed kinetic energy of relative motion, and use the resolvent

-B(H-E)
of e then the second virial coefficient is:
2.3/2 p 3 PEy | :
B. =~ (4vx ") Y d'pe 1. S dz e—ﬂ4 A 1
2 2! . '(Zwﬁ)B 2wl C z-(H +u-E7 (H EO) :

Expanding in powers of u gives:
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(8)

i

Z B
n=1

Since Boltzmann statistics have been assumed, thé individual particle mo-
menta may be transformed to center-of-mass and relafive momenta, and the
center-of-mass momentum integrated out. Thus, HO is the free-particle
Hamiltoniah for relat‘ive motion. Ho = -(ﬁZ/Zp.)VZ, and 'p> indicates its
eigenfunctions. .

The operator product in Eq. (8) is written out in momentum space to

give the nth order of BZ as:

ik-r

2 n . 3 3
. )3/2 d3pe~p /2ukT Vidk ... d k
Bon =" 3 3(n-n A
(2wh) (27) . .
5 . (9)
1 dz e P2 1 ‘ 1
xulk,) ... ulk) g o ,
2 2 2 2 2
~ ! remiJde ® z-{p, ,-P)/ 2 z-(p," -p )2
-1,..3

where p,=p+ ‘h}gl,, ce s Py o] TP }'ﬁ(l‘gl + ...+ 15'11-1)' and u(k) = V " fd're

is the Fourier transform of the potential. The quantities ‘hkl. ceen f\lgn are

the momentum transfers at the respective n interactions. The § function in-

.. sures momentum conservation in the final interaction. The contour integra-

tion in Eq. {(9) may be performed and the result represented as:

Pz

dz [

e § et

X
(e,

B 8, | .
,Son dﬁn-l ce S() dﬁl exp - [(pn - n-l)(pn-l -p )/2p. | (10)

., - B, % - p2) /2]
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The multiple integral form [ Eq. (10)] is the nth term of the familiar ordered
exponential expansion commonly used in field theory calculations and in re-
cent years also in quantum statistical mecha.niczs.9 Equation (10) shows the
equivalence of the linked cluster expanéion of the partition function in the re-
solvent operator forma.lism8 and the work of Bloch and de Dominicis.l

The relative momentum integration may be readily performed when

Eq. (10) is used in Eq. (9). The result is:

: 3 3
v2ack, ... d’k

g (-g)" ( 1 n -

an-— - T ) (2“)3(11_1*) ’t)(lsn - kl I kn__l)
(11)
"X u(kl) u(kn)Fn(xlsl, cees 7(15“-1) .
where
F Ok \ )-Sld szd ' xzf(‘ e, 2+
AN gy o kn-—l = o Vo 0 Vv, exp - I[vz-vl 1

’
plv_-v Mk ..t E ) J - [(vz R TR TN LR T S

+ 1) 2} G

All quantum mechanical diffraction effects are contained in the functions Fn.
The Fn are entire functions of K_z. The first term of Fn when expanded in

powers of XZ is 1/n! , and consequently in the classical limit, X - 0, Eq. (11)

reduces to:

9" 3. ,.n
B, classical = -~ zar |4 rulr) . o (13)

Also since F = 1 the first-order perturbation term has no diffraction effects.

1
The actual evaluation of Eq. (11) for any given potential is tractable only
in second order since for n = 2 there is only one integration variable. This

integration for a few examples is discussed in the next section. For higher
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order terms the evaluation of Eq. (11) is very difficult because it requires
integration over the n - 1 wave vectors, 151 e 15.1 1 Because of this com-
plexity it may be wondered whether or not the integration is sirnpler in con-

figuration space rather than in wave-number space. Two different forms

may be obtained directly from Eq. (11). One of these is:

1 v
B, =- % (4v>\2)3/2(_5)n§ e S d3rl ce d3rnu(rl) cen u(rn) Sodvn ce g 2dv1

exp [— (gl - gn)z/&xz(l - v + vl)] exp [- (gz - 51)2/4{2(\'2 - vlil

(14)

[4'&2“ —— 372 [4ﬂ2 vy - v 372

eXPp. [- (zn - r'1'1-1)2'/4‘)(2("’1'1 - vn-l-)]
1)] e

[4n-x2(vn -V
The details required to turn Eq. (11) into Eq. {14) are not given hetre since
this form and its derivaticn are adequately discussed by Goldberger and
Adam59 and also by (,}Jreen.ll Unfortunately, the evaluation of an in the
form of Eq. {14) appecars to be even harder than in the form of Eq. (11) since
one must still integrate over the n vectors  SEERRI which represent the |
separation of the two particles at the 'times" SRR AR

The second form of an as a configuration space integral is obtained

by using the familiar representation of the three-dimensional delta function:
6(k) = 1 g a3 8 E
(2+)
and noting that in the power series expansion of Fn the wave numbers 151 ce

k{n‘-l become the differential operators, »iyl e iYn-l' Thus, one cbtains:

! ‘n 3 '
an—-’--—z-(-ﬁ) (,‘ d’r un(r)Fn(i’,KYI. vo D\Yn’-'- 1.)ul(r) ‘o un-l(r) . - (15)
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The subscripts 1 through n in Eq. (15) are for bookkeeping purposes. They
mé,y be erased after the differential operators YI cen Yn-l in the expansion

of Fn are applied, respectively, on u . u

1 n-1°

an in the form (15) is not particularly useful for explicit evaluation,
but it is useful as a means of obtaining the WK expansion from the perturba-
tion expahsion. For this derivation the expansion of Fn as defined by Eq.

(12) in powers of*f\z is needed. The exponent of the integrand of Eq. (12) may

be written as:

{[(vz e L T U A L TR PUUIES S L I [V S DU (AR

n-1 n-1
7 2 A 2
X(]514""'“‘%:-1)] }- z qhre 5r T2 E am‘zr1 lérz' L
r=l . r>r !
2 1
where
a =(v_ -v )[1-(v - v )]
nr,r, n r, n r

‘The differences, v_ - v , are a measure of the "times" from the interactions
with momentum transfer f 'l_gr to the final interaction. The multiple v inte-
gratiohs in Eq.' {12) -représ\ent an average over the duration of these excita=<
tions. It may be shown that:

1 V. (r. + D(n - r.)
_ ) 2 _ 1 2 £
=Sodvn... S‘ d ;= AN . (19)

“rz’x av

The expansion of Fn(:’\lsl. cens xl,gn_ 1) ia:

1 n-1 ) :

- ( N Z 5 2 E 4 .
F =S\dv..... dv, {1 -x a k "+2 a k. -k +0(X7) ...
o Jy noJge, 1y . | £, nrr r nr,r, °r, T |

r=1 r2>r

(17) ~.

n-1

2
:—1,'—-)\‘“ /3‘

n-1 '
<am-r>av kr2 te Y énlr r > 15r ) 15'1" o
ne ) e 2"V av "2

r=1 r,>T
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When Eq. (17) is put into B n in the form of Eq. (15) and the summations over

2
] oo and r, carried out, one obtains:
o0
’ ' . N n(m)
an .".I;l,. an
m=0

n 2 '
_ 1 S’dsr {(-S!) ) (n’:' - (n - 1)2(n + 4 o2yyn-!

. {n - 2)(n -lzl)n(n + 5) (VU)Z(-U)n-Z] , } .
The b(xzm) term of the WK expansion is obtained by summing B(m) for all

Zn

summed from n = 1 to % gives

(0)
Zn

the classical second virial coefficient. The method will be carried cut ex-

orders of perturbation theory. Clearly B

plicitly only for the O0(X 2) term. In order to.obt'ain the usual form of the‘ O(KZ)

term it is necessary to integrate the VZU(-U)n"l portion of Eq. (19) by parts.

Tt
Vad

Since we are interested primarily in potentials which are singular at the

P

origin, the integration by parts is done by excluding a sphere of radius 5
about the origin. -The result for ng) in Eq. (19)'includ1ng a surface term

from the integration by parts is:

' 2 3 2 n-2
B(Zln) = -.52_ 813:% {S‘ d l‘(lvztgi .(.ZI{Z - (ns%nlinél)}!+ 4) 411'52U'(6)(-U(5))n-1

(19)
When Eq. (19) is summed over n the surface term gives nb contributicn, and

one obtains:

- _1 3 -U A 2 -U »
Bz--.z,gd r{(e -1)-ﬁ(§'g) e +} (20)
in agreement with Eq. (1). In order to obtain higher-order terms in the WK

expansion, one needs formulae analcgous to Eq. (16) for powers and products

of thea — _ . These may be calculated readily but laboriocusly.
F1t2
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The usual method for the derivation of the WK expansion described in
texﬂz)ooks12 follows the procedure used by Kirkwoodl in which Ehe Bloch equ#—
tion, ‘8£/8,B = -Hf, is solved by iteration in powers of hV subject to the condition
that f = exp ;ﬁ(pz/Zm + u(r)) ath = 0. This m.ethod is very analogous to the
WKB method for solving the Schroedinger equation. It is straightforward
but very tedious. Other methods have been given by Goldi)erger and Adams,9
Oppenheim and Ross,l3 Chester,14 Siegert,15 and Yaglom.3 All these methods
require considerable effort evén to obtain the 0(&4) term. The very elegant
method of Yaglom is probably the most useful as judged by the ease in which
the 0(7&4) term is obtained. In this method thé solution of the Bloch equa-
tion is expressed as a Wiener functional integral which is expanded in a Taylor
series in powers of X.

The derivation given in the preceding paragraphs in which a given power
ofy{z in the perturbation expansion is sum;ned has bgen describgd in some
detail, not as an addition to the list of methods of obtaining tixe WK expansion,
but because of an important advantage that it has. With this method one may
subtract out aﬁy number of .1ower orders of the perturbation expansion which
have a finite classical limit and make a WK expansion on the remainder.

This procedure must be used for potentials with r°2 and r"1 singularitics

at the origin.

Hi. ANALYTICITY OF SECOND-ORDER PERTURBATION THEORY

AS A FUNCTION OF &°

In the previous section three different forms were given for the nth-
order perturbation term, an. The explicit evaluaticn of an when n > 2
for any potential is in general a formidable task. The second-order term,

however, is sufficiently simple ‘that the evaluation may often be accomplished.
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In this section B 2 will be evaluated for a few potentials in order to exhibit

2
the diffraction corrections, and‘to indicate the analyticity as a function of )\2'
hence also of ‘hz. For the evaluation of B22 the momentum space form (11)
is the easiest to use.

The unpleasant function Fn(ilsl, cees xgn_l) defined by Eq. (12) may

be expressed in terms of known functions for n = 2. It is:

1 2
F,(\k) =’li§0 dv e V-V

| K2/4

=

(2/x) e”

_1 (_l)sKZs
e z 25(2s + 1)1t

N

Erfi(x/2) , (21)

s=1
a tZ
where x = \k, and Erfi(a) =S dte  is the imaginary error function. FZ has
0 .
the following asymptotic expansion for large real «:
ooz, 2% 2Men-3)u 22)
2 |zt At T |

The expression (11) for the second~order term may also be found in

the work of Montroll and Wa;rcl.16 They develop their results for certain
térms in the perturbation expansion of the partition function of a many-body
System by using the pair interaction propagator. For Boltzmann statistics
the pair propagator is G(‘xls,A g' - ") = NB ekp[-xzkzv(l - v)] where N is the
number of particles of the system and v = (f* - B'")/B. Because of thé sym-
metry property of the propagator, G(k, 8 - (B; - Af") = Glk, B' - f"), it may
be expanded in Fourier series, G = NBZtLt(KZ) exp{Znitv). The Fourier com-

ponents are:

2, _ (! 2
Lt(K ) =S dv exp[2rwitv - «“v(l - v)] . ' (23)
0 .
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Thus, FZ(E_) is the 0th component of the pair propagator, .'F‘2 = 1/2 LO(KZ).

The second-order perturbation term to be evaluated is:

B,, = - E_S; i*(ﬂéf.?dk (Vu(d) 2Ly (k2% (24)

Note from the series expansion (‘;1) of LO that the integrand of Eq. (24) is an
analytic function of 'Xz. The resulting function of X after the integration is
not necessarily analytic in 4)(2.

As the first example we consider Bzz for the exponential potential,
u(r) = & e-r/ro. Its Fourier transform is Vu(k) = Sqrr go/(l + kz OZ)Z.
After changing the integration variable to x = kro, B22 becomes:
2

3 2 2 2
Ty (8n 5g0) 0 x deo(y x)

B, = - g (25)
22 8’ 0 %+ 1) '

with y =.‘K/ro. The diffraction effects may not be obtained by integrating term
by term the expansion of Lo(yzxz) since all terms beyond O(y4) are divergeﬁt.

Integrals of this type may be evaluated in the following manner:

0 x° deo(yzx?')
H=| —
0 (x + 1)
« r+l r-1 :
- a 22, (-1) d 1 -
’g x" ax Lo by )(r-l)! r-1 ;. 2 ’ (26)
0 da (x“ +a)|__
a=1
-1 r-1
(r -7 dar-l"ﬂ'{(\"’a) 1 ’
a=
with
2 2 .
©dx L, (y x) 1 °°dx _221_
N e L i -
0 x +a Y0 0 x° +a

2

1 o2f 2 1/2
- Jy ¢36° Erxfla 9)
) 50 d‘f {?— I7Z, RV



-16- UCRL-60611

where 62 = yzv(l - v).17 After carrying out the differentiations indicated in

Eq. (26) one ob;ainé for Eq. (25):

. 2 _ 3 2{ N (m+ l/Z)(m - 1/2){m - 3/2) n YbeY /4}
B T - e—p (Bg ) 7 . {28)
22 3 70 0 % 1{';.'-0 ,m (2in + 1)1 64 |

This result (28) consists of an expected analytic function of VZ plus another

1/2.

analytic functzon multiplied by the nonanalyuc form (y ) The summa-

tion in Eq. (28) is the expansion of

6
2
R A .Y
2 : 2
where L, (-y ) as defined by Eq. (23) for imaginary argument is (2/y)eY '/4Erf(y/2).
Consequently, the odd and even powers of vy in the braces of Eq. (28) may be

combined into one function:

3 2yt 5 2 :
= 3 - %6 + %2 - %—2 e Erfc(y/Z) . (29)
As a contrast to the exponential potential we next consider the Gaussian
- 2
potential, u(r) = Oe"r /?0 ) which has thc Fourzer transform. Vu(k)

= w3/2r03g0 exp - (kro)z/tl. Since u(k) is also Gaussian, B22 may be evalu-

ated by expanding Lo(yzxz) and integrating term by term. One obtains::

‘530’2%3 ® o 20,32 X |
Bare gt [ a2 X L 02
mZ
hﬁ(ﬁgo)"s‘ (1) m S'dx 2m42 -x /z (30)
S=p 2™ (2m+l)"
_ @n )3/2 (ﬁgo)z ’
B I 2

which is an analytic function of yz.
The reason for the different analyticity properties of the two forms

(28) and (30), for the two potentials lies in the behavior as r - 0. The



-17- UCRL-6611

Gaussian form and all of its derivatives are smooth as r - 0, whereas the

exponential form has a cusp at r = 3. As functions of a complex variable z,
2 g !
-2 . . - c .
-one notes that e is analytic at 2 = 0, while e z. is nonanalytic since its

first d/erivative is discontinuous at z = 0. In the Fourler transform the cusp

-r/r ’
of e is manifested by the second-order pole of u(k) o (k2 + l_/roz)-2 at
i/ro.

In general, the second-order perturbation term will be an analytic
2

s

: 2
function hZ for any potential that is smooth at r = 0, for example, rie”* /?0

while some nonanalytic form of hz will appear for any potentiial that has a
cusp in any derivative. For example, ’rme-r/ro has a cusp in the mth deriva-
tive at r = 0. (Its Fourier transform has a pole of crder m + 2 at i/ro.)

-r/r
n

B22 can be evaluated for u(r) < r'Pe for any integer m using Eq. (26);

. . . +5
the first nonanalytic form to appear is of order Y4m 2.

An interesting example of a potential with a cusp not at r = 0 is the

square barrier:

1}

u(r) 89 r<r

0

=0 x">:‘r0

which has the Fourier transform Vu(k) = 4~ng0r03(kro)'lj-l (kro) where jl(x)
is a spherical Bessel function. The second-order perturbation term for this

potential is:

3 2
r, (4rPg,) @
0 0 . 2 2 2
B T e —————— ) dx j, {x) L.y x)
22 o2 2o 1 0 A
T - (31)

4]

3 2|1 3 Z 472
-nr, (ﬁgo) 5 ,%Erf(Z/y) +-§-2-Erf(2,/y) - ¥_5e Y

Some details of the integration required to obtain Eq. (31) are given in an

appendix. ' For small y the expression in brackets in Eq. (31) becomes
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{ ] =1/3 < voy/8 + i y5/64.. Again the diffraction corrections to the

classical result are nonanalytic in yz.

-r/r
Next we consider the screened Coulomb potential, u(r) = (gl/r) € U,

‘A-whichhas the Fourier transform Vu(k) = 4« glraz./(k2 + 1/r 2). This po-

o
tential has not just a cusp but an ihfinite spike at r = 0. According to the
rule discussed in a previous paragraph a result nonanalytic in YZ is to be
expected; the first nonanalytic diffraction co;'rection should be of 3(y). Also,
as was discussed in the Introduction, nonanalytic behavior for the 1/r singu-
Iafity is indicated even by the WK expansion parameter nZ which increases
linearly with temperature. The integraticn of BZZ for this pétentiai is easily
worked out by using Eq. (20). The result is:

r03(4nﬁgl/r0)2 Sw x% dx LO‘(YZXZ)

2

B T -
0 (x°+1)°

22 8w2

(32)

- ey g, /r)” {[1 + (2L, (vh)] - \r‘;r(y/z)e*fz/"} .
Equation (32) has the expected form similar to the result for the exponential
potential, i.e., the power series expansion of the function in braces con-
tains both even and odd powers of y. By using the definition of LO(—YZ) in
terms of the error function, the expressicn in braces of Eq. (32) may be

written as?

. 2 _
{ } =1 - yeY /4Er:fé(y/2) . _ (33)

The second form (33) is convenient for ubtaining an asymptotic expansion for

large y; it begins with 2/y”. This limit means X > r, and is not interesting

y
e
physically since quantum statistics have not been considered.

Some remarks about the electron gas at finite temperature are in order

at this point. In the electron gas the interaction potential is the unscreened

Coulomb potential, ez/r. Electrical neutrality is maintained by the assumption
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_of a continuous background of positive charge équal tc the charge of N elec-
trons in a velume V. Since every term of the perturbation expansion of the
partition function in powers of ez/r is divergent (because of the infinite range
of the inf.eraction) finite results for the free encrgy are obtained by selective
summation of terms in perturbation expansion. It is well kﬁown that the sum
of the most divergent part of each cluster integral, the sum of the ring dia-
grams, gives the Debye-Huckel free energy. The fundamental lengths of the
electron gas are ¢ = ﬂez, the Debye 8creening length Ap = (41rﬂe2p)-1/2 which
repla‘ce_es Ty and the thermal wavelength. The free energy of the classical

2

gas is a function of the ratio of the two classical lengths, A =ge” /)

1/72,3/2 1/2 3
4 g P e .

D

=2 The Debye-Huckel contribution to §F = -~ log Z is - 2/3 NA.

It is the leading interaction texrm when A << }; note that it is nonanalytic in

2 . 172 2,3/2 . . . ,
pand e, i.e., A involves p ~ and (e") . Diffraction corrections will
be in a function of the ratio y = X /xD multiplying the classical Debye term.
The WK expansion cannot be used to find the diffraction corrections since

2 -

the WK expansion parameter, nZ = X/Be )2, diverges as ! at high tempera-
ture. Instead, the diffraction corrections must be found by an evaluation of

16,18 There is an analogy between the

the quantum mechﬁnical ring sum.
quantum ring sum for the electron gas and the second-order perturbation
term for the static screened Coulomb potential. However, the mathematical
expression for the ring sum is far more complicated than BZZ' and important
additional phyéical eff\ects due to plasma oscillations are described by it.
Since the Coulomb potential has a spike at r = 0 (and its Fourier transform,
Vu(k) = 4wéz/kz. has a double pole at k = 0), it is to be expected that the
function of VZ multiplying the classical Debye term will be nonanalytic in YZ

in exactly the same manner as Eq. (32) is nonanalytic. This nonanalyticity,

the appearance of both even and odd powers of y in the diffraction corrections
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to the Débye term, has already been repoi'ted.l() The explicit evaluation will
be given in a forthcoming publication. Because of.the complexity of the mathe-
matical expressions in the quantum ring sum, it is not possible to obtain the
diffraction corrections in closed form as in Eqgs. (32) or (33), but instea&

/
only as two convergent series, one involving YZm and the other (YZ)erl, 2,

IV. EVALUATION OF TERMS IN THE WK EXPANSION

In this section the evaluation of a few terms of the \;JK expansion will
be described for t;he singular potential pu(r) = (ﬂg.p/rp)e-n "o
x = r/f. Specifically, we need thg coefficients 'Cr‘n(A) of “Zm in Eq. (5). The
coefficients CO’ Cl , and C.2 have been evaluated for the Lenriard-J’ones_ po-
tential in the form of infinite series of gamma functions, and for other more
complicated potentials uséd in the theory of nonideal gases they have been
evaluated rmmerically.4 The usefulness of these results is somewhat limited
by the fact that little is known about the convergence of the WK expansion.
The simple singular potential to be ‘disculssed here does not correspond well
to any physical problem, but the results do show the dependence of the co-
efficients Cm(A) on the order of the singularity and thus give a little more
information about the convergence of the expansion.

The coefficients in Eq. (5) may be evaluated readily by the use of the

Mellin transform, an elegant and useful method in statistical mechanics re-

cently pointed out by Iwata.zo The Mellin transformation of the exponential

geries-is:
n g +1i00
3‘ (.r?') = -2—1—-; ds(s)U"°® ~-r<o< -(r-1). (34)
ner o otiE

In our use of this transform, the contour of integration is deformed to en-

close the entire negative real axis to the left of -(r - 1). For the evaluation
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of the Cm(A), the exponential e-U in the integrand is expanded with Eq. (34)
and the order of x and s integration inverted.

The classical second virial coefficient, Co(.'\) from Eq. (6) is:
.o
Co® = 21 { asrie) (o ax ey "~ (35)
0 2mi C Jo

subject to -1 < Re(s) < 0 since e-U - 1 is being expanded. With the change
of variable y = -Asx, the x integral in Eq. (35) becomes a gamma. function,

and the result is:
CO(A) = 2_};{ S‘Cds T(s)T(ps + 3)(~s.z'\‘)“(p8+3‘) - (36)

The result is obtained by summing the residues of all poles to the left of

8 = 0. The integrand has first-ordér poles whenps + 3 =0, -1, -2, ..., -t
but s is not an integér; it has second-order poles when s = -1, -2, ... . The
reéidues of the fi.x"st-order poleg are O(At) while the residues of the second-

- order poles are nonanalytic in A. The complete result is:

pt+y

-1 v + o0 ' 1 )
T L i R L L
Cylp) = p /. sinaly_ +3)/p o T+ I+ N_* 3/pli(T+pt+ vy )
Yp: p t=0 P P

S en®rieedry g gettend
/ (t+ 2)T{pt+ 1+ p -~ 3)
£=0

{Iog (t+ DA+ 1 - 3/p(t+ 1) ’ {3

Tt + 2) T''(pt + o - 2)
Tpl(t+ 2)  T(pt+p - 2) ’

where \/p =0,1,2, ..., p-4,p - 2', p - 1. The prime 'on the summation
indicates that the value Yp = p - 3 is to be excluded; for this value the inte-
.grand has double poles, and the second sumrﬁation in Eq. (37) gives these

residues. This expression (37) is general for p _>, 3. For p =2, however,

in addition to Eq. (37) there is a residue from the simple pole at s = -1 which

is‘.-!\'l . This additional term is the first-order perturbation term, i.e.
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-, Q0

(5 x2 dx(-x-ze"Ax) = -A-l. Similarly, for the screened Coulomb potential,
0

p = 1, the first two orders of perturbation theory are finite and are given by
the residues of the simple poles at s = ~1 and -2.

The coefficient of the first diffraction correction, CI(A)’ is evaluated

by the same method. It is:

, I 2
‘Cl(A) = %(‘0 x2 dx exp (-x-pe-Ax) <a(-i~ x-pe-Ax> ,
(38)

. . 0C .
L ( EE: T (s) ( x2 ds(x~.'pe-Ax)-s[pzx-(2p+2) + Zpl\x-(zwn + Azx"dp] .
12, c 2wi 0 .

The contour for Eq. (38) crosses the real s axis to the right of s = 0. With

the change of variable y = -(s - 2)Ax, Eq. (38) becomes:

C ) = 1_‘2.‘("0 S8 (s) {pz[-(s - 2)a) PPt (g L op 4 )

+ 2pA[-(s - Z)A]‘(ps-.Zpi-Z)r(ps._ 2p +2) + !\_'2[-(9 . 2)A]—(ps;-Z;:.+3)

Fps - 2p+ 3P . (39
The first few terms in A are:
: . A _n3(pt1) ; 3p-1
c,(a) =T17{[pr(z' - 1/p) - (6P/2p)T(2 - 3/p) + .. )+ LR p;}“) _

(40)
<[rosane 1 - S AL
The bcomplete result for Eq. (39) is easily obtained by summing all residues
from the first- and second-order pol_es of the integrand. It is a lengthy re-
sult and is not written down since it is nét needed.
The coefficient of r!4 as defined by Eq. (1) is:
100 | |
C,(A) = ﬁ'lm-(o x% axe”V [((VXU)Z)Z - 8v, 0% 2u+ 12(v, *0)?) . (41)

A more convenient form for computational purposes is obtained by using
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VXZU = U" + (2/x)U', and then integrating by parts the terms U'ZU" and U'U"/x.

The result is:

oo 3 2
1 2 -U 4 10U 20! 2
Z(A)-IZO OX dx e [ ~6U' +-—3—-—-—-+-—Z— + U } . (42)
With U = x-pe-Ax, the same procedure ﬁsed for CI(A) gives, after some
algebra:

C,(A) = ng r‘(s) { ~3-[p4r(P5 - 4p - V[-(s - 4)A]°(pa-4p-l)

+ 4p AT (ps - 4p)[-(s - 8} PRy 1 2a%r s - ap 4 - (s - aya)"(PEPY)

+ 4p1\.31‘(ps - 4p + Z)[.-(s - 4)A]~(ps-4p+2) + A4r(PS - 4p + 3)[-(s - 4)A]‘(ps-4p+3):\

- % [P3I‘(ps - 3p - D[-(s-~ 3a]) (PSP 1)} 3p2AT (ps - 3pf-(s - 3)A) (P8-3P)

+ 3pA%r(ps - 3p + D[-(s - 3A) P3P 4 Adrps L 3p 4 2)[-(s - 3),x1“ps'3p+2)]

| | c(ps-2p-1) . | (43)

+ 12 [PZ((P + l).2 + 2)T(ps ~ 2p - 1)[-(s - 2)A] (ps-2p-1) , (4p2(p + 1) + 4p)
-(ps-2p) 2 .2 .

x AT (ps - 2p)[~(s - 2)A] + (2p(p+ 1)+ 4p + 2)A T (ps - 2p + 1)

x [-(s - 2)8)"PS-2P*1) 4 4220 3p(pe - 2p + 2)[ (s - 2)a) ~(ps-2p+2)

+ A% (ps - 2p + 3)[-(s - Z)A]'(P_"""'P”)] |

Each term in this lengthys expression .may be evaluated by summing the resi-

dues of first- and second-order poles. We give only the value of the leading

term:

5 |
C,(A) = p(2p {4‘11;9* 2D v+ 1/p) 4 ... . (44)

Collecting the previous results gives the second virial coefficient for

U = x P valid for p >3 as:
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B

2
xT (2 + l/p)+...} . (45)
Although it has not been possible to obtain a general term for this expansion,

Zm- l“2m. Thus

it is clear that the form of the general term for large pis p
the convergence of the WK expansion for any given value of nZ depends strongly
on the order of the singularity of the repulsive core of the potential.

The limit of large p is interesting because the potentiai gpr-p becomesl

equivalent to a hard sphere with radius rj = lim (ﬁgp)l/p

as p =< . The
first term in. Eq. (45) reduces to (2/3)111'03, the classical hard sphere second
virial coefficient. Thus, WK expansion when fully evaluated could give the

diffraction corrections to the hard sphere second virial coefficient at high

temperature. Feor lafge p Eq. (45) becomes:

B, =-2rr, {- 1./3—q[%—77§: F"f . (46)
where » = -X/ro. It appears from the numerical values of the first two dif-

fraction terms in Eqs. (45) and (46) that the WK expansion is a convergent
series in powers of pn, although nothing can be s;id about the radius of con-
vergence. It is possible that the limit of the square bracket in Eq. (40) as

p - «ig finite and nonzero, in which case the diffraction corrections t3 the
hard sphere virial cocfficient are nonanalytic in nz. This result seems
very probable in view of the nonanalytic result (31) for B22 with a barrier
pofential of finite height. It ¢hould be noted that mo.st recent work on the
quantun: mechanical hard sphere gas has been at low temperature 3o that

X is much greater than the hard sphere radius. Thus, in the work of Yang

and Le:e;Zl the expansion parameter is T, /X, rather than X/r We hope to

e
study the hard sphere gas at high temperature, % << T in more detail in

a later publication.
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V. THE SCREENED COULCMB POTENTIAL

The screened Coulomﬁ potential must be considered separately from
the more singular potentials treated in the previcus section since the ‘WK
expansion parameter, qz, is large at high temperature. The diffraction
corrections to the classical limit of the second virial coefficient for this DG-
tential must be expressed iﬁ powers of y = nA = ?(/ra. which gocs to zero as

gl/2

(37) with p = 1 and with the additional residues of the two simple poles at

at high temperature. The classical value of BZ is obtained from Egq.

g = ~1 and -2. It is:

. 3
B, classical = -Zw(ﬁgl) C0 (A)

L[ o r+l f-l
\
= -Zwroj i-!’\ yAaZ2 N A (r+2)

4 ST E T {wg (r + 2)A + 2C
r=l
(47)

r3+2 1

rir+ D(r+2) r=+ 2|

~2h +
r

In ébtaining Eq. (47) from Eq. (37) the x"elatiog C'Y(r+ 1)/T{(r+1)=-C+ hr
withh =1+ 1/2+ ... + 1/r has been used. The first two terms of Eq. (47)
are the first and second orders of the pe‘rturbatian expansion (from the resi-
dues of-the sifnple poles at 8 = -1 and -2). The higher orders of the p.ero,
turbation expansion are individually infinite, but their sum gives the non-
analytic form Ar+2 log A. The summation in Eq. (47) is identical with Iwata's 0
result, the S2 integral of Abe's22 modified cluster expansion for the classical
electron gas.

This section is devoted to vbtaining diffraction corrections to Eq. (47).
The first-order perturbation term is always classical. The diffraction cor-

rections to the second-order term were obtained in closed form in Section

I, Eqs. (32) and (33) and found to be nonanalytic in y|2, i. e., they involve
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both even and cdd powers of y. Our problem then is to find diffraction cor-
rections to the !\.r+2 log A terms in Eq. (47). One conceivable approach is
to evaluate every order of the quantum perturbation expansion and Sl.Im them.
(The third order begins with A3 log v and the higher orders with An/yn'?'.)
Such an approach is a;pproximately as difficult as solving a quantum mechani-
cal scattering problem by calculatiﬁg the nth order Born approximation and
summing the Born series. Instead, it will be shown how the WK expansicn
may be used, even though at first glance the 1/r singularity appears to be
too weak to allow the WK expansion.

Let us first consider what happens when the screened Coulomb poten-
tial is used blindly in the evaluation of the WK expansion coefficients Cm(A).

The general form may be shown to be:

2m-1 oc
< .
c )= > a_ AS+aAP™IN ATh g As e ). (48)
m s “ms mr mr
s=0 r=1

The calcﬁlation of the coefficients a_ , b » and ¢ in Eq. (48) is feasible
ms’' “rr mr

i

in any order with such expressions as Eq. (39) and (43), but is very tedious

even fo'r m = 2. For example, the complete result for Cl (A) obtained from

Eq. (39) with p = 1 is:

r+ 2)I(r
1 A - (49)
- r3 + 2

r(r + I){r + 2)

~Ag .

1 1
C 8y =5 (1 -8/2) - 37 ) log (r + 2)A+ 2C - 2h_

r

The series in Eq. (49) closely resembles the series in the classical expression

(47). Both series are rapidly cqnvergent‘. The limit of CI(A) as A = 0is 1/12.
The infinite sum in Eq.A'('48) comes from the residues of second-order

poles, and the finite sum comes from the 2m simple poles all lying to the

right of the second-order poles on the real s axis. The diffraction corrections
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. 2
from the finite sum are of order n ™A® and have temperature dependence of

ﬁ-m+s; thus they become large at high temperature for s <m. The diffrac-

. . NP ) . 2m, 2m-1l+r
tion corrections from the infinite sum, however, are of order n A

Zm r-1

=y A and are small at high temperature. In fact, the finite sum in

Eq. (48) contributes only to the second-order perturbation term, BZZ’ and

the divergence at high temperature of n MAS s just what is needed to give

1/2

the nonanalytic form (yz) which appears in B The infinite sum gives

22°

the quantum corrections to the third and higher orders of the perturbation
. .- . . . . r+2
expansion, i.e., the desired diffraction corrections to the A log A terms

in Eq. (47). These diffraction corrections are analytic in \{2

There is no point in giving a direct proof that Zmnzmcm(/\) with only

the finite sum part of Eq. (48) does indeed reproduce B Instead, the

22°
proper procedure is to subtract out of the second virial coefficient the first

-and second orders of the perturbation expansion, and make a WK expansion

of the remainder. Thus we define:

B} =§ B, = -zn(§g1)3§ n?‘mc;n(./\) , (50)

‘ n=3 m=0
and use Eq. (18) for an'. The coefficients Cl’m(A) where the prime indicates

the removal of first- and second-order perturbation theory are defined as:

3 2m

-2n(pg ) n?Mc () = ) BLD

/
Id

n=3

In Section II onl B(O) and B(l) were explicitly evaluated. By summin
y n y y g

2n 2
Eq. (18),and (19) from n = 3 one obtains for the modified second virial coef- -

ficient:

: : . 2 2 :
BY =.- 3 {‘( a’r {GU S14U - %_> - wufe -+ o

o

(51)
2

X
+ lim 4n8U(6)U(5); ,
TZ A j
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instead of Eq. (20). The surface term in Eq. (19)'must be retained in order
that the 5)();2) term in Eq. (51) be finite. The sihgularity in the integral co-
efficient of x?‘ is cancelled by the surface térm for the 1/r potential. The
terms of the WK expansion of B'Z are calculated as described in the pfevi—
ous section with. the help of the Mellin transform of the exponential series.
Thus CE)(/\) is defined as in Eq. (35), but the condition on the contour of the

s integration is -3 < Re(s) < -2 where the contour crcsses the real axis.
Thus the simple poles at 8 = -1 and -2 are not included and the result for
C'O(A) is the infinite sum in Eq. (47). Similarly, C'I(A) is given by Eq. (39,
but with the restrict;ion that -1 < Re(s) < 0 where the contour crosses the
real axis. Agaiﬁ this restriction eliminates the simple pcles an.d leaves
only the second-order poles within the contour. Thus C'l (A7) is equal to the
infinite sum in Eq. (49). Similarly, for arbitrary m the subtraction of second-
order perturbatioﬁ theory leaves only the second-order poles within the con-
tour, and C;n("/\) is equal to the infinite sum indicated in Eq. (48).

In this paper only the O(xz) corrections to B'Z have been evaluated ex-
plicitly. The 0()\4) corrections may be obtained as the residucs of the second-
order poles of Eq. (43) with p = 1. Higher-order corrections must await the
evaluation of more terms.of the WK expansion. QOur complete result for B2

for the screened Coulomb potential including the second-order term is:

B, =B, +B,,+ B},
2 r+2 r-1
_ 3[ 1,2 1 2 2. 1 . vi/4 |l N A (e + 2)

= -Zmry A4 g A {”7 Lol-y) -z vmye } S G L L
r=1

: - 2 L NTH2,  r

C N b 2C - 2 |2 ATy )

_X[“’g (r+28+2C-2h 4=y 72 "7 2| YY G OE S

' r=1

(52)

: ' 2 .
. i A ro o+ 2 ~r %
X [log (r + 2)\ + 2C - Zhr + TET Z)J + Oy )}
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In Section III it was f)oir;ted out that the quantum mechanical ring sum
for the electron gas and B.ZZ for the screened Coulomb poiential were rather
similar. Diffraction corrections to both are nonanaliytic in yz. In the same
way there is a considerable similaﬁty between Bé for the screened Coulomb
potential and the quantum mechanical géhe.ralization of the Abe S,(A) contribu-
tion ic the electron gas free e:nergy.z2 The SZ term is the next step in the
rearrangement of the perturbation expansion of the partition function after
the ring terms have been grouped together. It is the sum of three and more
effective interactions between two electrons in the plasma. Each effective
interaction is the sum of all poésible chainé of Coqlomb interactions; the re—'
sult is a screened Coulomb interaction with Ty T Ap in the classical limit,
Thus the classical form of S,, Abe's resuli, is identical -in form to B:Z for
the screened Coulomb ;otential.

The quantum theory of S2 .has not been completely developed yet, al-
though it is implicit in the article by 1\/3011?.1'011.16 It seems clear, huwever.
that diffraction corrections to S2 must be calculated in the same manner
that B'2

calculation is being carried out now.

in Eq. (52) was obtained, that is, by a WK expansion of 5,. This

Vi. CONCLUDING REMARKS

The main point of this article has been to show with specific examples
that nonanalytic forms of {12 may appear in the diffraction corrections to the
classical partition function of an interacting gas for some potentials. The
analysis here has been limited for simplicity to the second virial coefficient,
although some of our conclusions will apply also to the higher virial coef-
ficients. No aitempt has been n:ade to give an exhaustive specif&caiion of

. 2 . .
what nonanalytic forms of A~ may appear. The following statements seem
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to be valid conclusions from the examples worked out. If the second-order
perturbation term BZZ ha; a finite classical limit for a given potential, then
the diffraction corrections to that classical limit include nonanalytic forms
Qf ﬁz when the potential has a cusp or singularity in any derivative. For ihe

-r/r,
examples of the square wall potential and the form rie 0 this nonanalytic

form is '(‘}’12)1/2. This statement applies also to the Coulorhb potential for a
gas in three dimensions, since in three dimensions the spatial volume ele-
ment, 41rr2 dr, assures the finiteness of BZZ for the screened Coulomb po-
tential and of the ring sum for the electron gas.

For potentials more singular at the origin than 1/r, B22 is infinite,
and one must evaluate the entire second virial coefficient. The virial co-
efficient is nonanalytic in the coupling constant of the interaction, but the
diffractio.n corrections are analytic in fxz and may be obtained as the first
few terms of the WK expansién. Hence, the WK expansion is quite justified-
for calculating diffraction corrections to the virial coefficienis of nonideal
gases. The convergence of the expansion, however, depends strongly on
the order of the singularity assumed in the intermolecular pofential.

Any sﬁarp corners in the potential will result in diffraction corrections
that are nonanalytic in hz. The reason is that the WK expansion fails since
its coefficients are integrals over derivatives of the potential and thus are
delta function.a and derivatives of delta functions. Thus the second virial co-
efficient for the square barrier potential has nonanalytic diffraction correc-
tions, and so also does the hard sphere potent.ial (a special case of the square
barrier with the height of the barrier put to ®) give rise to nonanalytic form
mz) 1 /2.

The screened Coulomb interaction in three dimensions is particularly

interesting since its second virial coefficient has two parts with different
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types of diffraction corrections. B22 is finite classically, but because of the

/
1/r singularity its diffraction corrections involve both hzv_and (ﬁz) b 2.

The
remainder of BZ’ i. e., all higher orders of the perturbation expansgion, is
nonanalytic in the coupling constant (gl3 log g»l), but the diffraction correc-
tions are analytic in ‘52 since they may be calculated with the WK expansion.
In one and two dimensions, however, all diffraction corréctions to B2 are
analytic in fxz, since B22 is infinite. With this mathernatical structure in
mind, it is easy to make the extension to the electron gas for which u(r) = ez/r.
The ring sum whicjh is analogous to BZZ must have nonanalytic diffraction
corre'ctions.' while the diffraction cbrrections to the remaining orders of the
pérturbation expansion when appropriately grouped together (the Abe expan-
gion) involve only powers of ﬁz. It is believed that the method described in

this article for using the WK expansion will have considerable utility in evalu-

ating the theory of the quantum mechanical electron gas.
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APPENDIX

The integral required for the second-order perturbation term (31) for

the square wall potentiél is:
I 2., 2.2
I=§ dle(x) Lo(y x) . (A1)
0

In order to evaluate it, the square of the spherical Bessel function is written

in terms of trigonometric functions,

j!(-x)2 = x-4[% ti .- cos 2x) - x sin 2x + -%— x?‘(l + cos Zx):| )

and expanded in powers of x. Also the integral represente_it'i-'on (23) of LO (yzxz)
is used. Equation (Al) becomes:

1= gwdx 3Y LNt
0 )

! l)g‘l dv -szzv(‘.-v)" (A2)
(zm-a) )y ave™ T

-{2n - 4)!
n=3

) (’E)nZZn-S ) 1 /2 ) A' . -2n+3
-V;r? m(;ﬁ*m) SU d(sm 9)(,YDCOS r)) n .

n=3

The second line of Eq. (A2) is obtained by doing the x integration over the

" Guassian function first, and with the change of variable, v = (1 + sin 8)/2.

For each value of n, the 8 integral in Eq. (A2) is divergent. This trouble

is avoided by using the Mellin transform of the series in Eq. (A2); it becomes:

" as 27%8%3 1 (/2 25+3
I=-~% c 3125+ 3 [F(S) + ir(e + l)-‘ 5 d (sin 9){y cos 9)"" "7, (A3)
Y0

“ where the contour C encloses the entire real axis to the left of the point -3.

The A integration for arbitfary s is:

n/2 ' :
it . 28+3 _Ne T'(s + 5/2)

so that Eq. {(A3) becomes:
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s 28+3 .
_ ds (s + 5/2) v | |
I=- %Sc ey T 8 R [ [ e 3)(‘5 + ‘z‘) 3 (Ad)

The integrand of Eq. (A4) has only simple poles. After calculating the resi-

dues one obtains:

~ r 2r+2
1=1) (-1 7(2/y) (A5)
:"“‘ ~ '
0 (2r + 3){2r + 5)(r + 1}!
Equation (A5) is the expansion of
2 a 2 . :
x|l 1 Sa -t 1 S‘ 2 -t
5|5 -5—\| dte 4 — det e ) A (A6)
AZ{S Za b 2a3 N . A

with a = 2/y. Integrating the last terms of Eq. (A6) by parts gives the form

recorded in Eq. (31).
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— -1 v av -é(v -v._ ) -afv,-v,) -av

- \ -
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g 0 _— 1 _
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