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Abstract 

Numerical r e s u l t s  of t he  t rack  lengths of photons and charged 

p a r t i c l e s  and the energy deposition a s  a function of depth out t o  10 

radia t ion lengths i n  copper a re  presented f o r  the  case of electron- 

i n i t i a t e d  electron-photon cascade showers. Wle incident  energy varied 

from 50 t o  4.5,000 Mev i n  these cases. 

Monte Carlo iaetl~ods werc u ~ e d  t o  c a l c ~ a a t e  the  longi tudinal  develop- 

ment of the showers i n  order t o  obtain the  data  t h a t  a r e  presented. The 

Bethe-Heitler cross sections which include screening and the  cor rec t  

energy dependence were used f o r  bremsstrahlung and p a i r  production 

events. The Klein-Nishina formula was used f o r  Compton sca t te r ing .  

Energy losses  by ionizat ion co l l i s i ons  were t r ea t ed  a s  a continuous 

energy degradation process. 
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I. Introduction 

In  the  theory of high-energy electron-photon cascade showers it i s  

convenient t o  separate the  l a t e r a l  spread of the  shower and i t s  1ongZtudi- 

na l  development in.l;o two separate problems. This can be done most e a s i l y  

a t  high energies where the  angular def lect ions  of t he  rad ia t ion  caused by 

the  various in te rac t ions  t ha t  can take place a r e  predominantly small. I n  

t h i s  case the  longi tudinal  development can be approximated very well by 

ignoring the  angular def lect ions  and assuming t h a t  the  shower develops 

along thc  d i rec t ion  of t he  i n i t i a t i n g  pa r t i c l e .  This approximation has 

been the  usiial one i n  thc  treatsiler~t of the  longi tudinal  development of 

showers and i s  used i n  every case t h a t  i s  re fe r red  t o  i n  t h i s  paper. 

The l a t e r a l  spread of the  radia t ion i s  not  discussed here. 

The analyt ic  treatments of the longi tudinal  develupment of showers 

have been summarized by ~ 0 s s i . l  The most complete analysis  has been 

achleved using "approximation A" ( ~ e f .  1) . Under t h i  s approximation the  

asymptotic forms of the  bremsstrahlung and p a i r  production cross sec- 

t ions  a r e  used and a l l  other  in te rac t ions  a r e  ignored, including energy 

degradation by ionizat ion co l l i s ions .  

Monte Carlo calcula t ions  of the  longi tudinal  development of e lect ron-  

and photon-init iated showers i n  lead f o r  source e r~erg ies  from 20 t o  500 
* 

Mev have been reported by ~ i l s o n ?  I n  h i s  calcula t ions  the  cor rec t  

energy dependence f o r  bremsstrahlung and p a i r  production in te rac t ions  was 

used and energy degradation by Compton s ca t t e r i ng  and ionizat ion c o l l i -  

cions was included. Wilson a l so  invest igated the  e f f e c t s  of mult iplc 

Coulomb sca t te r ing  on the  longi tudinal  development of the  shower. 

Butcher and ~ e ~ ~ e l ~  have a l so  reported Monte Carlo calcula t ions  of 

the  longi tudinal  development of electron-photon cascade showers i n  

aluminum and a i r  f o r  source energies from 50 t o  50,000 Mev. These data  

were generated using the  cor rec t  energy dependence f o r  the  elementary 

in teract ions .  Although both photon- and  e lec t ron- in i t i a ted  showers were 

calculated, only information on the  e lect rons  i n  the  shower was presented. 

The present calcula t ion a l so  uses the  Monte Carlo method f o r  

estimat.j.ng the  longi tudinal  development of electron-photon cascade 

*See t he  discussion of t h i s  work i n  Section V. 



showers. The purpose of constructing t he  calcula t ion was t o  provide a 

v e r s a t i l e  t o o l  f o r  studying t he  d e t a i l s  of showers developed i n  media of 

any elemental composition. I n  par t i cu la r ,  the  d e t a i l s  of t he  photon 

spec t ra  and t r ack  lengths  can be generated by the  calcula t ion f o r  use i n  

determining photonuclear source strengths i n  various materials .  

. I n  Section I1 t h e  physical  processes t h a t  were included i n  the  

ca lcu la t ion  a r e  discussed. This i s  followed by a descr ipt ion .of t he  

Monte Carlo ca lcu la t ion  i n  Section I11 and a descr ipt ion of the  r e su l t -  

ing. computer program i n  Section IV. Cu~uparison~ of t he .  r e s u l t s  of the  

present  ca lcu la t ion  with the  resul-ts of previous call-culations and an 

experiment a r e  given i n  Section V. The data  from a comprehensive s e t  of 

ca lcu la t ions  f o r  e l ec t ron - in i t i a t ed  showers i n  copper a r e  presented i n  

Section V I .  The i n i t i a l  e lec t ron  energy varied from 50 t o  45,000 Mev 
. .  . 

i n  these s tudies .  



11. Physical Processes 

Rela t ively  few physical  processes have t o  be considered t o  ca lcu la te  

accurate ly  the  longitudinal.development of high-energy electron-photon 

cascade showers. For the  energy degradation and t ranspor t  of the  photons 

it i s  adequate t o  consider only p a i r  production and Compton events. For 

the  energy degradation and t ranspor t  of t h e  e lect rons  and posi t rons  only 

rad ia t ive  and ioni.za.tion col l is iorsneed be considered. Of the  remaining 

in te rac t ions  t h a t  can take place, most of them can be neglected because 

of t h e i r  small cross sect ions  r e l a t i v e  t o  the  cross sect ions  f o r  the  i n t e r -  

ac t ions  t h a t  a r e  retained.  Hence, photonuclear events and nonelast ic 

events of charged p a r t i c l e s  with nuclei  can be excluded from the  calcula-  

t ion.  Direct  p a i r  production by posi t rons  and e lect rons  and annihi la t ion 

i n  f l i g h t  of the  posi t rons  can be neglected f o r  the  same reason. Nuclear 

Coulomb scat ter ing,  on the  other hand, has a r e l a t i v e l y  l a rge  cross sec- 

t ion ,  bu t  it a l so  can be neglected because the  scat tered radia t ion i s  

concentrated i n  the forward d i rec t ion  with negl igible  energy degradation 

and does not ser iously  a f f e c t  the  longi tudinal  development of high-energy 

cascade showers. 

I n  the  remainder of t h i s  sect ion each process t h a t  w a s  re ta ined i n  

the  calcula t ion i s  described. 

Pa i r  Production - 
The d i f f e r e n t i a l  cross  sect ion f o r  the  production of a positron- 

e lect ron p a i r  which includes the  e f f ec t s  of screening and i s  applicable 

a t  high photon energy ( a  >> 1) and high posi t ron and e lect ron energies 

CE+ >B 1, E >> 1) i s  given by4 - 

where the  quanti ty a0 i s  the  f i ne  s t ruc ture  constant, re i s  the  c l a s s i c a l  

e lect ron radius, and Z i s  the  nuclear charge. The energies a r e  expressed 

i n  mc2 units .  The functions #l(y) and #,~(7) a re  tabulated4 as a function 



of the  argument y= 100 ~ / E + E  - Z1I3 f o r  y < 10. For y - > 10 they a r e  

represented by b l ( ~ )  = b2(y)  = 4 an ( 2 0 0 1 ~ )  - 2. The function V(Z)  i s  

given by 

where 

and a = Zao. This expression f o r  V(Z) d i f f e r s  from the  form derived 

o r i g i n a l l y  by Bethe and ~ e i t l e r '  using the  Born approximation. The 

f ac to r  3f (z) i n  t he  second term on the  r i g h t  of Eq. 2 i s  a correct ion 

tens to account f o r  Coulomb forces  and w a s  suggested by Davis, Bethe, 

and ~aximon.' The quant i ty  i n  parentheses i n  Eq. 2 i s  an empirical  cor- 

rect ion term which was a l s o  suggested by Tlavis, Bethe, and Maxirn~n.~ 

I t s  form was se lec ted  so t h a t  the  correct ion would be near uni ty  a t  high 

photon energy and zero a t  6 Mev where t he  Born agprnximat, inn cross 

sect ion agrees with the  experimental values. 

The usual  f a c t o r  of z2 i n  the  cross sect ion f o r  p a i r  production i n  

t he  presence of e l e c t r o s t a t i c  f i e l d  of t he  nucleus has been replaced by 

Z (Z  + 1 )  i n  Eq. 1 t o  account approximately f o r  production i n  the  f i e l d  of 

the  atomic e lect rons .  I f  we wri te  the  f ac to r  i n  question a s  Z ( Z  + v ) ,  

Lhen we note t h a t  Bethe and ~ s h k i n ~  quote values of v from 1.14 t o  1.40 

which depend on t he  atomic charge and which a r e  applicable a t  very high 

energies. On the  other  hand, ~ e i t l e r ~  quotes a Value of 0.8 f o r  v which 

i s  applicable a t  moderately high energies. The compromise of v = 1 which 

was used i n  t h i s  ca lcu la t ion  was chosen because it, represented an ap- 

proximate average value. 

Equation 1 can be put  i n  b e t t e r  form by changing the  independent 

var iable  t o  x = $/a so t h a t  



where 

28 x 6f (z) 
= 9 x 0.511 

!The t o t a l  croEc sect ion f o r  p a i r  production i s  then given by 

p(z> 
= @(z) ~ ( 7 1 )  - @(z) K(Z)  + @(z) 7 ) 

P 

where 

It should be noted t h a t  F depends only on yl and i s  therefore  va l id  f o r  

a l l  elements. * 

%e f a c t  t h a t  p a r t  of the  p a i r  production cross sect ion could be 
represented i n  the  form given i n  Eq. 5 was suggested by Bethe and 
Ashkin. * 



For a medium with an elemental composition of N-i nuclei  pe r  cm3 of 

nuc le i  with charge Zi, i = 1,2,3.. ., t he  macrosc~pic  d i f f e r e n t i a l  cross 

sec t ion  i s  obtained from Eq. 3 a s  

and 

yo = 10o/a. 

The t o t a l  cross  sec t ion  f o r  a mixture i s  given by 

where 



At photon energies below 100 Mev the pair production cross section 

for individual elements was taken from the data presented by  rods stein^ 
and tabulated for use in the calculation. A cross-section table for any 

particular mixture of elements is easily generated from these data. 

At energies below 30 Mev use was made of the form of the differential 

cross section for pair production reported by ~ou~h.' This form is an ap- 

proximation to the Bethe-Heitler equation at low energies. It can be 

written in the form of the distribution function 

- 1 
where x = (E  - 1) (a  - 2) . The quantities E and a are the electron and 
photon energies in mc2 units, respectively, 

P = Q, - 0.52 for a > 4.2 

= 0 for 2 < a  - < 4.2, 

and 

with 
( 8d) 



Coqton  Sca t te r ing  

The d i f f e r e n t i a l  cross sec t ion  f o r  Compton s ca t t e r i ng  of unpolarized 

incident  photons i s  given by t he  Klein-Nishina expression4 

where p i s  t he  cosine of the  po l a r  angle of scat ter ing.  The i n i t i a l  

energy of the  photon, a; i s  r e l a t ed  t o  the  f i n a l  energy, a', by the  

Compton r e l a t i o n  a '  = a / [ l  + a ( l  - p)  I. The t o t a l  cross sect ion f o r  

Compton s ca t t e r i ng  i s  given by 

This function was tabula ted f o r  use i n  the  calcula t ion.  

Brems s t rahlung 

The d i f f e r e n t i a l  cross  sect ion f o r  bremsstrahlung events vhlch i'n- 

cludes t he  e f fec t s  of screening and i s  applicable f o r  high incident  

energies ( EO >> 1) and high photon and f5nal  energies (a >> 1, E >> 1 )  

i s  given by4 



where again t he  energies a r e  given i n  mc2 un i t s .  It should be noted t h a t  

a correction term f o r  the  Coulomb forces  i s  not  required i n  t he  brems- 

strahlung expression as  it i s  i n  the  one f o r  p a i r  p r ~ d u c t i o n . ~  

The functions b l ( y )  and b2(y) a r e  the  same a s  those used i n  the  e b r e s -  

sion f o r  p a i r  production bu t  the  argument of t he  function i s  now given by 
I y = ~ O Q ~ / E ~ E Z ~  3. Again i n  Eq. 11 the  f ac to r  Z2 has been replaced by 

Z ( Z  + 1) fo r  t he  ~ m c  reasons t h a t  were given i n  regard t o  the  p a i r  

production cross section.  

The d i f f e r e n t i a l  cross sect ion f o r  bremsstrahlung given i n  Eq. 11 has 

a s ingula r i ty  a t  a = 0. This s ingu la r i ty  i s  most e a s i l y  avoided by cut-  

t i n g  off  the  low photon energy p a r t  of the  cross sect ion.  By l e t t i n g  the  

cross sect ion be zero f o r  production of photons below an energy a = cEO, 

the  average f r ac t i ona l  energy l o s s  neglected i n  an individual  rad ia t ive  

co l l i s i on  i s  E.  I n  t he  calcula t ion 'it was convenient t o  choose 

6 = 2 x so t h a t  the e r r o r  introduced i s  small. 

Following the  development of t he  t o t a l  p a i r  production cross  section, 

we put  Eq. 11 i n  the  form 

where x = C ~ / E ~ ,  y  = ylx/l - x, and yl = 100/EoZ113. Since t h e  s i ngu l a r i t y  

a t a  = 0 has been removed the  t o t a l  cross  sect ion becomes 

where 



The function G ( Y ~ , E )  depends only on yl and E and i s  va l i d  f o r  a l l  elements. 

For a medium with a mixture of elements t h e  macroscopic d i f f e r e n t i a l  

cross  sec t ion  i s  

where 72 = 70x/ ( l  - x) ,  Z ( y 2 )  = Z ( Y ~ )  - 6 ( ~ 2 ) ,  and 5 ( ~ 2 )  and Z ( y 2 ) a r e  

given by Eqs. 6c and 6d, respectively.  The new function Q i s  defined by 

The t o t a l  cross  s ec t i o r~  f o r  t he  bremsstrahlung i n  a medium with a 

mixture of elements i s  given by 

where 

Ionizat ion Col l i s ions  

Since t h e r e a r e a  large  number of co l l i s i ons  made by charged p a r t i c l e s  

with t he  bound atomic electrons,  it i s  most economical t o  t r e a t  energy 

degradation by ionizat ion co l l i s i ons  a s  a continuous process. The s.l;op- 

ping power equations fo r  t h i s  process a r e  given a s lo  



fo r  e lect rons  and 

f o r  positrons.  I n  Eqs. 16 and 17 the  quant i ty  E i s  the  t o t a l  energy of 

the  charged pa r t i c l e ,  B  = v/c, and 7 = (1 - p 2 ) - l L .  I., which depends 

on Z, i s  the  average ionizat ion po t en t i a l  t h a t  can be obtained from the  

tabula t ion of Bethe and ~ s h k i n *  and N i s  t h e  nuclear densi ty  of nu.clei 

with charge Z. Equations 16 and 17  do not include the  shie lding e f f e c t  

of the  polar izat ion of t he  medium, bu t  t h i s  i s  no t  l i k e l y  t o  introduce 

a serious e r ro r  s ince  the  densi ty  e f f e c t  does not a l t e r  the  stopping 

power formula cxcept a t  high energies where losses  by rad ia t ive  c o l l i -  

s ions domi'nate t he  energy degradation problem. 

For higher energies, E >> 1, Eqs. 16 and 17 reduce t o  

a E3 S(E) -- - - = 2n < NZ [In - + b] , 
dx 2 1 ~  

where b = 118 f o r  e lect rons  and b = I n  4 - (23112) f o r  positrons.  For 

mixtures the  stopping power equation can be represented a s  



The range, R(E) of the  charged p a r t i c l e s  i s  calcula ted from 

If the  stopping power formula given i n  Eq. 19 i s  used i n  t h i s  equation, 

then the  ranges w i l l  be inaccurate;  however, the  di f ference H(E~) - R(E~) 
should be very accurate i f  El > Ep >> 1. Since t h e  di f ference w i l l  be a l l  

t h a t  i s  required, we i n s e r t  Eq. 19 i n t o  20 and obtain 

where 

The quant i ty  B/A has values ranging from approximately 4 t o  7; hence a t  

high energies q >> 1 the  asymptotic form of' E. (q), . 
1 

can be used. 



111. The Monte Carlo Procedure --- 
In  the  f i r s t  p a r t  of t h i s  sect ion several  se lec t ion  techniques a r e  

described which were constructed espec ia l ly  f o r  t h i s  problem. I n  the  

l a t t e r .  pa r t  uT the sect ion a  descr ipt ion of the  method of performing the  

complete Monte Carlo calcula t ion i s  presented. A descr ipt ion of how the  

individual  se lect ion techniques were used i s  a l so  included. 

Sel.ection Techniques 

Basic t o  a l l  the  se lect ion techniques i s  t he  use of pseudo-random 

numbers t h a t  a re  uniformly d i s t r ibu ted  on the  i n t e r v a l  ( 0 , l )  . These 

numbers, which a r e  designated a s  R were generated a s  needed by the  
iJ 

congruence method. l1 

A diagram of the  technique used f o r  se lec t ing  the  energies of the  

e lect ron and positron i n  a p a i r  production event i s  shown i n  Fig. 1. , 

This technique i s  based on Eq. 6 and i s  applicable a t  high photon energy 

( a  >> 1). In  Lhe ruutine a value of x  i s  se lected from the  cor rec t  d i s -  

t r i bu t i on  by f i r s t  se lec t ing  a  value from the  d i s t r i bu t i on  f o r  the  

asymptotic form of the  p a i r  production cross sect ion and then r e j ec t i ng  o r  

accepting it with the  appropriate probabi l i ty .  

A t  energies below 30 Mev the  se lec t ion  technique f o r  the  p a i r  

production. in te rac t ion  presented i n  Fig. 1 has a low ef f ic iency  and one 

must tu rn  t o  an a l t e rna t e  technique f o r  economy. Below 30 Mev the  

technique t h a t  was used i s  based url Eq. 8 and i s  shown i n  Fig. 2. 

The va3.1.1.e~ of E given a t  the  "yes" e x i t  of some of the  decision boxes 

a r e  the  erl?3-c:~i.enc::i.es of .the decision or, i n  o ther  words, the  p robabi l i ty  

t h a t  a yes e x i t  w i l l  be achieved i n  a s ingle  t e s t .  The function Q shown 

i n  Fig. 2 i s  given i n  Eq. 8d and was tabulated Yor use i n  t he  routine.  

The routine used f o r  Compton scat ter ing,  which i s  based on Eq. 9, 
i s  shown i n  Fig. 3. It i s  assumed t h a t  the  value of a = a required i n  

C 

the  rout ine  has been obtained from a tabulat ion of Eq. 10 p r i o r  t o  en te r -  

ing'  the  routine. This se lect ion technique f o r  Compton s ca t t e r i ng  i s  va l i d  

only f o r  a > 2.733. 



UNCLASSIFIED 
ORNL-LR-DWG. 72040 

Fig. 1. A Method of Selecting the Energies of the  Electron and 
Positron Created i n  Pair  Production by Photons with Energies Above 30 Mev. 
The select ion technique i s  based on Eq. 6 i n  the t e x t .  
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Fig.  2 .  A Method of Selec t ing t h e  Energies of t h e  Electron and 
Positron Created i n  P a i r  Production by Photons with Energies Below 30 Mev. 
The s e l e c t i o n  i s  based on Eq. 8 i n  t h e  t e x t .  



U N C L A S S I F I E D  
ORNL-LR-DWG 65004  

Fig. 3. A Method of Select ing the  Cosine of t he  Polar Angle of 
Scattering,  p, with t h e  Energy After Scattering,  a ' ,  of a Compton- 
Scat tered Photon. This method is  va l id  only f o r  a > 2,733. 
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The technique f o r  se lec t ing  t he  energies of the  photon and charged 

p a r t i c l e  a f t e r  a bremsstrahlung event i s  shown i n  Fig. 4. This technique 

i s  based on Eq. 14. The p r inc ip le  of the  method i s  t o  s e l e c t  the  energy 

of the photon from the  d i s t r i bu t i on  f o r  t he  asymptotic form of the  brems- 

strahlung cross sect ion and then t o  r e j e c t  o r  accept  the  se lec t ion  with 

the  proper p robab i l i ty  so t h a t  the  f i n a l  energy d i s t r i bu t i on  conforms t o  

tohe d e s i r e d .  one. 

The Complete Problem - 

The Monte Carlo ca lcu la t ion  was ca r r i ed  out  i n  a straightforward 

manner. For a photon t h a t  appeared i n  the  cascade, the  t o t a l  i n t e r ac t i on  

cross section,  Zy, which i s  the  sum of the  p a i r  production cross  sec t ion  

and Compton cross section,  was calcula ted f i r s t .  The macroscopic c ross  

sect ion f o r  p a i r  production f o r  photon energies above 100 Mev T ~ S  ob- 

ta ined from Eq. 7; f o r  energies below 100 Mev the  cross  sect ion w a s  

obtained from t ab l e s  as described above. The macroscopic Compton cross  

sect ion was always obtained from t ab l e s  which were constructed with the  

iise of Eq. 10. 

Once the  t o t a l  cross sect ion w a s  obtained f o r  the  photon, a d is tance  

t o  the next in te rac t ion  point ,  x, was se lected from the exponential d i s -  

t r i bu t i on  Z e.xp(-C x). A t  the  po in t  of i n t e r ac t i on  the  choice between 
Y Y 

a Compton event and a p a i r  production event was made by s e l ec t i ng  a 

pseudo-random number R a n d . l e t t i n g  a p a i r  production event take place i f  

R < C /C . I f  R > Z /Z a Compt.nn event takes place. 
P Y - P Y  

I f  a p a i r  production event takes  p lace  the  energies of the  created 

p a i r  a r e  se lected using the  technique presented i n  Fig. 1 o r  Fig. 2 

depending on the  energy of the  incident  photon. For Compton events t he  

energy of the  sca t t e red  photon was se lec ted  using the  technique presented 

i n  Fig. 3, and, s ince  it p r e s e n t e d  no inconvenience, the  photon was al-  

lowed t o  change di rect ion.  Compton s ca t t e r i ng  was the  only physical  

process i n  which a d i rec t ion  change was allowed. The change oS d i r ec t i on  

w a s  c a r r i ed  out  by using t he  po la r  angle of s ca t t e r i ng  from the  s e l ec t i on  

technique shown i n  Fig. 3. A random azimuth angle was se lec ted  next and 

the  coordinates of the  col l i s ivr l  were ro ta ted  t o  a f ixed  system. Thc 
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r e c o i l  e lect ron was then added t o  the  cascade a f t e r  i t s  energy and 

momentum had been calcula ted from the  kinematics of the  coll i ,s ion.  

The treatment of the charged p a r t i c l e s  i n  the  cascade i s  i n  f a c t  

only s l i g h t l y  more complicated than the  treatment of the  photons i n  s p i t e  

of the f a c t  they lose  energy by ionizat ion co l l i s ions .  This i s  so because 

the  macroscopic bremsstrahlung cross section, ,$, ( see  Eq. 15 ) ,  with the  

low-energy photon cutoff  i s  almost constant with respect  t o  energy. Hence, 

with very l i t t l e  error,  the  distance between bremsstrahlmg co l l i s ions ,  x, 

can be se lected from the  e x y u r l r ~ ~ t i a l  d i s t r i bu t i on  Z e x p ( - s x ) .  b 

I f  t he  distance t o  t he  next bremsstrahlung co l l i s i on  by a charged 

p a r t i c l e  was g rea te r  than the  distance y required t o  degrade i t s  energy 

below 11 mc2, then the  p a r t i c l e  was assumed t o  stop a f t e r  t rave l ing  a 

distance y and 11 mc2 of energy was deposited at  t h a t  point .  The dis tance 

y was determined from y = R(Ei) - R(Ef), where E. corresponds t o  the  
1 

i n i t i a l  energy of the  charged p a r t i c l e  and E = 11.0. The ranges R(E)  f 
were obtained from Eq. 21. I f  x < y the  energy of t he  charged p a r t i c l e  

a t  the  co l l i s i on  point  was determined from the  r e l a t i on  

R(E) - x = f (  ) E  /A with c+ = L3n Ef + B/A, which was solved f o r  Ef by 91. f 
an i t e r a t i o n  process. A t  t he  point  of co l l i s i on  a photon was added t o  

the cascade and the  charged p a r t i c l e  was degraded i n  energy. The p a r t i -  

t ion  of energy between t he  p a i r  was se lected using the  technique presented 

i n  Fig. 4. 



N. - The Computer Program 

The presen t  version of the  computer program, which was wr i t t en  f o r  

t he  IBM-7090, w i l l  develop cascades i n  s labs  of a homogeneous mater ia l  

with mixtures of up t o  20 elements. The composition i s  specif ied by 

input  t o  the  program and the  cross sect ions  a r e  s e t  up automatically. 

The s lab  can b e  i n f i n i t e l y  th ick  o r  have a f i n i t e  thickness. The cascades 

can be i n i t i a t e d  by normally incident  positrons,  electrons,  or  photons a t  

any incident  energy up t o  50 Gev. 

Another fea ture  of the  pr0,yra.a i s  the vs.ri.ab1e ns.t.i.1.r~ of 'the energy 

bounds f o r  spec t r a l ' d a t a .  It i s  poss ible  t o  a r b i t r a r i l y  s e l ec t  lip t o  

1 5  such bounds o ther  than the  source energy which automatically divides 

the  spec t r a l  da ta  i n t o  the  corresponding number of in te rva l s .  

The r e s u l t s  of a cascade calcula t ion inc111d.e information on the  

t rack  length* i n  each energy i n t e r v a l f o r  each ha l f  rad ia t ion  length1 of 

thickness f o r  photons and f o r  charged .par t i c les .  The rad ia t ion  length, 

Xo, i s  ca lcu la ted  f o r  mixtures from 

- 
where Q i s  Befined i n  Eq. 148  and = Ni @.(zi) . 

i 

The t r ack  length  i s  calcula ted i n  the  following way: I f  a p a r t i c l e  

makes a c o l l i s i o n  i n  the  s p a t i a l  i n t e r v a l  of i -n te res t  with energy i n  the  

energy i n t e r v a l  of in te res t ,  then the  value 112 i s  recorded ( C  i s  the  
T T 

macroscopic t o t a l  cross  sec t ion) .  The t o t a l  of a l l  the  values 1 / C  i n  
T 

the  i n t e r v a l  divided by the  number of p a r t i c l e s  incident  on the  s lab  i s  

an est imate of t he  t rack  length f o r  the  p a r t i c u l a r  i n t e r v a l  of i n t e r e s t .  

In addi t ion t o  t he  t rack  length, the  f l u  of p a r t i c l e s  for each 

energy i n t e r v a l  in tegra ted  over the  e n t i r e  plane at each ha l f  radia t ion 

q r a c k  length  i s  equivalent  t o  the  f l ux  which has been normalized t o  one 
source p a r t i c l e  per  second and integrated over a volume element. The 

. un i t s  of t rack  length  are, f o r  example, cm per  Mev per  source pa r t i c l e .  
Track length  times t he  macroscopic cross  sect ion (cm-l) gives the  t o t a l  
number of react ions  i n  the volume element per. Mev. 



length  depth i s  obtained f o r  photons and f o r  charged pa r t i c l e s .  The f l u x  

i s  normalized t o  one incident  p a r t i c l e  per  second; hence, t he  un i t s  a r e  

p a r t i c l e s  per  incident  pa r t i c l e .  This quant i ty  i s  ca lcula ted by s to r ing  

Lhe value lly whenever a p a r t i c l e  crosses the  plane of i n t e r e s t  i n  the  

energy i n t e r v a l  of i n t e r e s t .  The quant i ty  y i s  t h e  d i rec t ion  cosine of 

the  p a r t i c l e  with respect  t o  the  normal t o  the  slab.  The t o t a l  of a l l  

values of lly divided by the  number of p a r t i c l e s  incident  on t he  s lab  i s  

the  estimate of the  desired quantity. I f  t he  photons were not allowed t o  

deviate from the  incident  direction,  then the  f lux,  a s  described here, 

would correcpond t o  t he  p a r t i c l e s  crossing t he  plane ot' i n t e r e s t  i n  t he  

energy i n t e rva l  of i n t e r e s t  per  source p a r t i c l e .  This i s  t r u e  because 

y would always be equal t o  unity. 

The method of calcula t ing the  f l m  j u s t  described provides an i n -  

dependent check of t he  t rack  length s ince  the  average of t he  f l ux  a t  two 

succeeding depths times the  distance between t he  planes should correspond 

t o  the  t rack  length i n  t h a t  in te rva l .  

Another s e t  of data  t h a t  i s  ca lcula ted i s  t he  p robabi l i ty  of f ind-  

ing exact ly  n ( n  = 0,1, . . . . ,9) p a r t i c l e s  with energy above each of the  

energy bounds at  each ha l f  radia t ion length  depth out t o  a maximum of 

10 radia t ion lengths. These data  a r e  calcula ted f o r  photons and charged 

pa r t i c l e s .  

The l a s t  s e t  of data  obtained from the  calculatioll  i s  the  energy 

deposited i n  t he  s lab  a s  a function of depth f o r  charged par t i c1 .e~  and 

f o r  photons. The s e t  of data  f o r  the  charged p a r t i c l e s  i s  ca lcula ted by 

s to r ing  the  energy deposited i n  each s p a t i a l  i n t e r v a l  by ionizat ion co l -  

l i s i o n ~  before the  p a r t i c l e s  are degraded below some selected lower 

energy bound. Since t he  charged p a r t i c l e s  a r e  not  followed when their-  

energy degrades below the  lower energy bound, t he  k ine t i c  energy of each 

e lect ron or  t he  t o t a l  energy of each posi t ron p lus  one r e s t  m a s s  un i t  

of energy t o  account f o r  annihi la t ion i s  deposited a t  the  pos i t ion  where 

the  p a r t i c l e  i s  no longer followed. The energy deposited by t h e  photons 

i s  ca lcula ted by assuming t ha t  photons degraded below the  lower energy 

bound o r  created i n  t h a t  energy range a s  bremsstrahlung a r e  t o t a l l y  ab- 

sorbed a t  the  pos i t ion  of the event. 



V. ~omparisons  E.th -- Other Calculations and -- With Experiment 

Several  cases were calcula ted f o r  comparison with the  data  reported 

by Butcher and ~ e s s e l . ~  It was found t h a t  the  r e s u l t s  of the  two calcu- 

l a t i o n s  agreed very wel l  i n  every case and i n  every de t a i l .  Three 

examples of t he  comparison a r e  shown i n  Figs. 5, 6, and 7. The data  

presented i n  Fig. 5 a r e  f o r  200-Mev elect rons  incident  on a s l ab ' o f  a i r .  

Presented i n  t he  f i gu re  i s  the  number of charged p a r t i c l e s  with energies 

above 10 Mev which cross  planes a t  various depths i n  the  s lab.  The depths 

a r e  given i n  ra.d.iation lengths ( see  Eq. 23). The so l i d  curve i s  a Pit -to 

t h e  s t a t i s t i c a l  da ta  presented by Butcher and Messel and the data  points  

a r e  from the  present  calcula t ion.  It can be seen t h a t  the  agreement of 

t he  two s e t s  of s t a t i s t i c a l  data  i s  very good. Similar  data  f o r  aluminum 

~13;bs a r e  shown i n  Fig. 6 f o r  several  d i f f e r en t  source energies; again 

t h e  agreement of the  two ca lcu la t ions  i s  very good. Figure 7 shows a 

comparison f o r  t he  case of photons of various energies incident  on s labs  

of aluminum. The agreement here i s  a l so  very good except near the  maxi- 

mums of t h e  curves f o r  energies above 50 Mev. On the  whole, however, the 

- agreement i s  good. 

In  con t r a s t  t o  t h e  good agreement with the  ca lcu la t ion  of Butcher 

and Messel. i s  the  disagreement with the  calcula t ion of ~ i l s o n . ~  d o  
"\ f igures  from Wilson's paper12 a r e  reproduced i n  Figs. 8 and 9 and data  

points  from the  present  calcula t ion a r e  superimposed f o r  comparison. 

Figure 8 shows the  charged p a r t i c l e s  crossing planes a t  various depths 

i n  a lead s lab  f o r  t he  case of incident  electrons,  and Fig. 9 shows 

s imilar  data  f o r  the  case of incident  photons. These two s e t s  of data  

from Wilson's paper were se lected f o r  comparison because they were not 

a l t e r ed  t o  take i n t o  account mult iple Coulomb sca t te r ing .  

Wilson's data  i s  f o r  charged p a r t i c l e s  above 8 Mev bu t  he found 

l i t t l e  d i f ference between these  data and the  number of' charged p a r t i c l e s  

above 10 Mev.13 For t h i s  reason, the  r e s u l t s  of the  present  calcula t ion 

f o r  charged p a r t i c l e s  above 10 Mev a r e  compared with h i s  data. When it 

i s  noticed t h a t  the  incident energies f o r  Wilson's data  and the  incident  

energies of t h e  apparently matching da ta  from t h i s  calcula t ion a r e  qui te  

d i f fe ren t ,  it w i l l  be recognized t h a t  the re  i s  considerable difference 
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Fig. 6. The Number of Charged P a r t i c l e s  i n  Showers I n i t i a t e d  by 50- 
, t o  500-Mev Elect rons  Which Cross Planes a t  Various Depths .in Aluminum. 
The s o l i d  l i n e s  . a re  f i t s  t o  t h e  da ta  of Butcher and Messel. The da ta  
points  a r e  from the  present  ca lcu la t ion .  
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Fig.  8. The Number of Charged P a r t i c l e s  with Energy Above Ec i n  
~ l e c t r o n - I n i t i a t e d  Showers t h a t  Cross Planes a t  Various Depths i n  Lead. 
The s o l i d  l i n e s  a r e  t h e  da ta  of Wilson f o r  Ec = 8 Mev. The inc iden t  energy 
corresponding t o  Wilson's da ta  a r e  indica ted  on t h e  curves. The da ta  
p o i n t s  a r e  from t h e  present  ca lcu la t ion  f o r  Ec = 1 0  Mev. The inc ident  
energy corresponding t o  these  da ta  a r e  given i n  t h e  legend. Note t h a t  t h e  
inc ident  energies  a r e  d i f f e r e n t  f o r  the  matching curves and da ta  po in t s .  
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i n  the r e s u l t s  from the  two calcula t ions .  The da ta  from .this calcula t ion 

a r e  considerably below Wilson's data. 

The da ta  shown i n  Figs. 8 and 9 can be compared with ana ly t ic  re-  

su l t s .  The a r ea  under the  curves should correspond t o  the  i n t e g r a l  of 

the  t rack  length. From approximation A we have t he  t rack  length f o r  

charged p a r t i c l e s  given by1 

where Eo i s  t h e  source energy and T(E)  has un i t s  of radia t ion lengths 

per Mev i f  E i s  i n  Mev units .  The i n t e g r a l  of T (E)  from E = 10 Mev t o  

Eo i s  t h e  " integrated t rack  length" f o r  charged p a r t i c l e s  given by 

and should be comparable with the  a rea  under the  curves shown i n  Figs. 8 
and 9 when they are extendpd to infinity. 

To make a pos i t i ve  comparison of the  ana ly t ic  and Monte Carlo re -  

s u l t s  we w i l l  consider the  case of source photons shown i n  Fig.. 9. In  

cI;llis case the  Monte Carlo r e s u l t s  should be below the  approximation A 

r e s u l t s  f o r  th ree  reasons: (1) the  a rea  under t he  Monte Carlo r e s u l t  

can only be obtained t o  ten  rad ia t ion  lengths; (2)  the  Monte Carlo 

r e s u l t s  include energy l o s s  by ionizat ion co l l i s i ons  so t h a t  t he  t rack  

length a t  low energies ( -  10 ~ e v )  should be below approxl.mation A r e su l t s  

which do not  include t h i s  loss; '  and (3). a t  t he  higher energies ( -  E ~ )  

t he  t r ue  charged-part icle t r a ck  length should be lower than t h a t  indicated 

i n  Eq,. 24 because the  lat,t.er gives a f i n i t e  t rack  length a t  E '= Eo, 

although it should be zero f o r  photon-init iated showers using Boi-11 approxi- 

mation cross  sections.  The a rea  under Wilson's curve f o r  Eo = 500 Mev , 
on Fig. 9 i s  27.8 rad ia t ion  lengths, whereas Eq. 25 gives T = 21.4. This 

overestimate by Wilson's data  i n  comparison with Eq. 25 p e r s i s t s  a t  

o ther  energies and ind ica tes  h i s  data  i s  a considerable overestimate of 

t he  cor rec t  answer. 



Although the  argument i s  not as  conclusive i n  the  case of incident  

e lect rons  since the  t r ue  e lect ron t rack  length at  E - Eo should be above 

approximation A resul ts ,*  it i s  not very l i k e l y  t h a t  t h i s  w i l l  be suf-  

f i c i e n t  t o  change the  f a c t  t h a t  the  i n t eg ra l  under t he  curves i ~ i  Fig. 8 

should be below the  values given by Eq. 25. Hence, again, one must 

conclude t ha t  blilson's data  i s  an overestimate f o r  source e lect rons .  

The experimental r e s u l t s  of Kantz and   of stadter14 on energy deposi - 
t i on  by a 185-Mev elect ron beam incident on various mater ia ls  af fords  

another check of the  calcula t ion.  I n  t h i s  case the  agreement i s  not  very 

sa t is factory,  a s  i s  apparent from the comparison shown i n  Fig. 10 f o r  

lead. For t h i s  comparison the  experimental data  was a r b i t r a r i l y  normalized 

t o  the  calculated data. 

I n  the  calcula t ion the  shower was normally cu t  off  a t  10 Mev so t h a t  

p a r t i c l e s  which degraded below t h a t  ener,y were assumed t o  be t o t a l l y  ab- 

sorbed. This casc i~ ~hown as  curve A i n  Flg.10. Because the  agreement 

with experiment was so poor, the cutoff  energy was lowered i n  three  suc- 

cessive s teps  t o  6, h., and 2 Mev as sh.own i n  curves B, C, and D, respec- 

t ive ly .  Although the  agreement improved a t  each step,  there  s t i l l  remains 

a serious discrepancy. 

As the  cutoff  energy was lowered i n  the  calcula t ion the  lower energy 

photons migrated t o  greater  depths. Hence there  was a t ranspor t  of 

energy t o  greater  depths with the  result, t h a t ,  the  magnitude of the  energy 

deposition decreased near the  source and increased a t  l a rge  depths. This 

a l so  resul ted i n  a s h i f t  of the peak i n  the  energy deposit ion curve t o  

g rea te r  depths as  seen i n  Fig. 10. 

The energy deposition by ionizat ion co l l i s i ons  ( E ~ .  18) a t  185 Mev i s  

indicated a.s a point  a t  zero depth f o r  comparison with the  cases computed 

with cutoff  energies. A l l  the  curves should ac tua l l y  terminate a t  t h i s  

point .  The reason they do not i s  because the  curves . represent  a smooth f i t  

t o  data  which was obtained i n  histogram form where the  i n t e r v a l  width was 

one-half radia t ion length. This i n t e r v a l  width was too large  t o  ind ica te  

the  cor rec t  shape of the  curves near zero depth and, therefore,  the  curves 

a re  not shown i n  t h i s  region. 

*See Figs. 13 and 1 4  i n  Section V I .  
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Fig. 10. Energy Deposited a t  Various Depths i n  Lead by Showers 
I n i t i a t e d  by 1 8 5 - ~ e v  Electrons. The s o l i d  l i ne s  a r e  t he  experimental 
da ta  of Kantz and Hofstadter. The remaining curves a r e  from the  present 
ca lcu la t ion .  For curve A shower p a r t i c l e s  which were degraded below a 
lower bound of 10  Mev were assumed t o  be t o t a l l y  absorbed. For curves 
B, C, and D t h e  lower-energy bound was 6, 4, and 2 Mev, respect ively .  
The experimental curve was a r b i t r a r i l y  normalized t o  the  calcula ted data.  



It i s  d i f f i c u l t  t o  estimate which of t he  computed curves i s  t h e  b e s t  
. . . .  

since the  angular def lect ions  of the  charged p a r t i c l e s  i n  the  cascade 

were neglected.  h he photon def lect ions  were included as discussed i n  

Sectiorl 111. ) For t h i s  reason it i s  most l i k e l y  t h a t  t he  s h i f t  i n  the  

energy deposit ion t o  greater  depths w i l l  not  be a s  g rea t  as indicated i n  

the  case of the  2-Mev lower energy bound. I n  any case it i s  not l i k e l y  

t h a t  consideration of the  angular def lect ions  w i l l  s i gn i f i c an t l y  improve 

the  comparison with experiment and the  reason f o r  the  discrepancy remains 

unknown. 



V I .  Electrons Incident ' on Copper 

A s e r i e s  of ca lcu la t ions  were run t o  study the  development of 

e l ec t ron - in i t i a t ed  cascades i n  an i n f i n i t e l y  th ick  s lab  of copper. 

Incident  energies of 50, 100, 200, 400, and 700 Mev and 1.4, 3, 5, 10, 

20, and 45 Gev were selected.  The 20- and 45 -~ev  cases were run with 

40b source e lec t rons  each, and the  remaining cases were run with 1,000 

source e lec t rons  each. The t o t a l  running time on the  IBM-7090 was 60 hr. 

The t rack  lengths* f o r  photons and charged p a r t i c l e s  i n  t he  e n t i r e  

volume of' the  sldb a r e  pre-sented i n  .Figs. ll? through 14. . The dashed 

l i n e  i n  each case represents  t h e  ana ly t ic  res.ul-l;s under approximatfon A 

which a r e  independent of t he  type of radia t ion i n i t i a t i n g  the  shower. 

They were obtained from1 

f o r  charged p a r t i c l e s  and 

f o r  photons. I n  these  equations Eo i s  the  source energy, E the  degraded 

energy, and Xo t h e  rad ia t ion  length ( f o r  copper Xo = 1.43 cm). These 

equati.ons a r e  expected t o  hold when Ec << E << Eo, where Ec i s  the  c r i t i c a l  

energy1 ( f o r  copper Ec = 21.8 ~ e v ) .  Indeed, Figs. 11 and 12 show t h a t  the  

approximate ana ly t ic  r e s u l t s  do f i t  the  Monte Carlo data  r a the r  well f o r  

photons i n  the  energy range below approxima.tely O.hEo and above the  

c r i t i c a l  energy. The f i t  of t he  approximate analyt ic  r e s u l t s  t o  the  

Monte Carlo solut ions  i s  not  near ly  so good f o r  the  charged par t i c les ,  a s  

i s  shown i n  Figs. 13 and 14. I n  t h i s  case the  discrepancies a t  low 

energies a r e  due t o  t he  f a c t  t h a t  the  energy l o s s  by ionizat ion co l l i s i ons  

i s  becoming important i n  comparison with brems strahlung energy loss .  

*See the footnote a t  t he  bottom of page 20. 
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Fig. 11. Photon Track Lengths i n  Cascade Showers I n i t i a t e d  by 
50- t o  700-Mev Electrons Incident  on an I n f i n i t e  Slab of Copper. Bshed  
l i n e s  a r e  from t h e  t r a c k  length formula using Approximation . . A., I h t a  
points  a r e  from t h e  present  ca lcu la t ion .  



UNCLASSIFIED 
ORNL-LR-DWG 62346 

1 02 o3 
E, ENERGY ( Mev) 

Fig.  12. Photon Track Lengths i n  Cascade Showers I n i t i a t e d  by 1.4- 
t o  4 5 - ~ e v  Elec t rons  Inc ident  on an I n f i n i t e  Slab of Copper. &shed l i n e s  
a r e  f rom. the  t r a c k  length  formula us ing Approximation A. k t a  po in t s  a r e  
from t h e  present  ca lcu la t ion .  
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Fig. 13. Charged Par t ic le  Track Lengths i n  Cascade Showers I n i t i a t e d  
by 50- t o  700-Mev Electrons Incident on an I n f i n i t e  Slab of Copper. The 
dashed l i n e  i s  from the t rack  length formula using Approximation A f o r  
700-Mev source par t ic les ;  data points a t  the  source energies were calcu- 
l a t ed  using Eq. 28; the  remaining points a r e  from the  Monte Carlo calcula- 
tion. 
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Fig. 14. Charged P a r t i c l e  Track Lengths i n  Cascade Showers I n i t i a t e d  
by 1.4- t o  4 5 - ~ e v  Electrons Incident  on an I n f i n i t e  Slab of Copper. &shed 
l i n e s  a r e  from t h e  t r a c k  length  formula us ing Approximation A; da ta  points  
a t  the  source energies  were ca lcu la ted  us ing Eq. 28; t h e  remaining points  
a r e  f r m  t h e  Monte Carlo ca lcu la t ion .  



Near t he  source energy t he  discrepancy i s  due t o  the  f a c t  t h a t  the  Monte 

Carlo calcula t ion i s  sens i t ive ly  dependent on the  i n i t i a t i n g  p a r t i c l e  and 

when the  showers a r e  i n i t i a t e d  by e lect rons  the  charged p a r t i c l e  t rack  

length l i e s  above the  ana ly t ic  r e su l t .  I n  contras t ,  it can be seen i n  

Figs. 11 and 12 t h a t  the  photon t rack  length of the  e lec t ron- in i t i a ted  

showers i s  below the  analyt ic  r e s u l t  near the  source energy. 

I n  Figs. 13 and 14 the  charged-particle t rack  length a t  t he  source 

energy f o r  the  e lec t ron- in i t i a ted  showers was calcula ted ana ly t i c a l l y  from 

where s ( E ~ )  i s  given by Eq. 19. The der ivat ion of t h i s  equation* i s  based 

on the  f a c t  t h a t  t he  bremsstrahlung cross  section,  5, i s  f i n i t e  and t he  

f l ux  of charged par t i c les ,  #(E,x), a t  depth x near t he  source plane i s  

re la ted  t o  the  incident  f l u x  ~ ( E ' , o )  by. the  expression1 

where x, E, and El a r e  r e l a t ed  through 

For t he  case at hand a monoenergetic incident  beam a t  energy Eo with u n i t  

i n t ens i t y  the  incident  f l ux  i s  represented by 

#(E' ,o) = 6(E1 - Eo). 

The t rack  length at  energy E i s  obtained from1 

*We a r e  indebted t o  F. S. Alsmiller  f o r  many he lpfu l  discussions on t h i s  
subject  and f o r  the  method of der ivat ion presented here. 



with the use of Eqs. 28a and 2 8 ~  yie lding 

which can be in tegra ted  by transforming t o  the  in tegra t ion  var iable  E'.  

This i s  done d t h  t he  use of Eq. 28b yie lding 

Equation 28d i s  va l i d  only f o r  energy E near the  source energy Eo. 

When E i s  s e t  equal  t o  Eo, Eq. 28 r e su l t s .  Equation 28 i s  the  same as 

t h a t  deduced i n  connection with the  analysis  of showers a s  discussed by 

~ o s s i .  15' 

The der iva t ive  of the  t rack  length a t  the  source energy i s  e a s i l y  ob- 

t a ined  from Eq. 28d as 
d ~ ( ~ 0 1  

Equation 29 w a s  used t o  ve r i fy  the  slope of the  curves near t he  source 

energy shown i n  Figs. 13 and 14. 

The t rack  length  f o r  photons i n  Figs. 11 and 12 has been f i t t e d  with 

an empirical  formula over a l imi ted  range. For showers i n i t i a t e d  i n  cupper 

by e lect rons  with energies above 200 Mev, the  photon t rack  length i s  given 

by 

T(E) = 1 AZiL - 0.272(E/Eo - 0.025) 1 f o r  E / E ~  > 0.025 .( 30) 
Eo ( E / E O ) ~  Eo > 200 Mev. 

The de t a i l ed  t r ack  length da t a  i n  various depth i n t e rva l s  f o r  both photons 

and charged p a r t i c l e s  have been included i n  the  Appendix. 

The calcula ted energy deposited i n  the  copper by the  e lec t ron- in i t i a ted  

showers i s  shown i n  Figs. 15 and 16. These data  represent the  sum of the  

energy deposited by charged p a r t i c l e s  and photons using a low-energy bound 

of 10  Mev a s  discussed a t  ' t h e  end of Section IV .  These data  should be 
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Fig. 15. Energy Deposition i n  a Copper Slab by Photon-Electron Cascades I n i t i a t e d  by Normally 
Incident  50- t o  1400-~ev  Electrons 
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Fig. 16. Energy &posit ion i n  a Copper Slab by Phcton-Electron Cascades I n i t i a t e d  by Normally 
Incident  3- t o  4 5 - ~ e v  Electrons 



considered a s  approximate because of the  r e l a t i v e l y  high low-energy bound; 

The poss ible  modification of the  curves by including the  t ranspor t  of the  

low-energy p a r t i c l e s  i s  suggested by t he  data  presented i n  Fig. 10. 
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Appendix 

Tables 1 through 22 $resent the  de ta i l ed  t rack  length data  f o r  

photons and charged p a r t i c l e s  calcula ted from e lec t ron- in i t i a ted  showers 

i n  copper. The t rack  lengths a r e  given i n  each half - radia t ion length of 

depth out  t o  1.0 rad ia t ion  lengths and from 10 radia t ion lengths t o  

i n f i n i t y  a t  various energies. The t rack  length i s  given i n  un i t s  of 

cm/~ev and the  energy i n  u n i t s  of Mev. Actually the  i n t e g r a l  t r ack  

length was determined i n  an energy i n t e rva l  and then divided by the  

i n t e r v a l  width t o  obta in  t he  da ta  presented i n  the  tables .  The midpoint 

of the  energy i n t e r v a l  i s  t he  energy t h a t  i s  recorded. 

The t o t a l  t r ack  length which i s  t he  sum of a l l  the  t rack  length  

e n t r i e s  a t  each energy i s  a l s o  recorded. The t o t a l  t r ack  lengths were 

t h e  values used t o  construct  Figs. 11 through 14. 

It should be remembered i n  using these data  t h a t  they a re  not  ab- 

so lu te  values bu t  represent s t a t i s t i c a l  estimates. Hence f luctuat ions  

i n  the  es t imates  w i l l  be noticed when comparing e n t r i e s  i n  adjoining 

i n t e rva l s  when the  i n t e rva l s  a r e  small. I n  most cases it i s  benef ic ia l  

t o  p l o t  t h e  data  over several  i n t e rva l s  t o  ge t  a good indicat ion of the 

trends and a reasonable method of deducing the  be s t  estimate of the  

absolute value. 

An index t o  the  t ab les  i s  given on the  following page. 



Table Number 

Incident Energy 

50 Mev 

100 " 
200 " 
400 " 
700 " 
1.4 Gev 

3.0 " 
5.0 " 
10.0 " 
20.0 " 

45.0 " 

Photon 
Track Lengths 

Charged Pa r t i c l e  
Track Lengths 



Table 1. Photon Track Length fo r  Electron-Initiated Showers i n  Copper 

Electron Source Energy: 5C Mev Radiaticn Length: 1.432 cm 

- 

Track Length Per Incident Fa r t i c l e  i n  the Indicated Depth Interval  ~:cm/~ev) 

Deptt;. Interval  (Radiation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.c 4.0-4.5 4.5-5.0 5.0-5.5 

12 1 . 4 6 ~ 1 0 - ~  3. ~ o x ~ o - ~  2 . 2 8 ~ 1 0 - ~  2 . 7 3 ~ 1 0 - ~  1.82~10-' 2. O ~ X ~ O - ~  1.1€b~lo-2 1 . 6 4 ~ 1 0 - ~  1.1.8~10-~ 9 . 1 1 ~ 1 0 - ~  2 . 7 3 ~ 1 0 - ~  

Table 1 (continued) 

Track Length Per Incident Far t ic le  i n  the Indicated Depth Int.srval (cm/~ev) 

Depth Interval  (Fadiation ~ e n g t h s )  
E ~ e r g y  
.(Mev) 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-5.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-a, . Totals 



Table 2. Charged Par t ic le  Track Length fo r  Electron-Initiated Showers i n  Cspper 
Electron Source Energy: 50 Mev Radiation Length: 1.432 cm 

Track Length Per InciSent Par t ic le  i n  the Indicated Depth Interval  (cr./Mev) 

Depth Interval  (Radiation ~ e n g t h s )  
Energy 
(Mev) 0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

12 6 . 3 4 ~ 1 0 - ~  1. 1.46x10-~ 2. :ox1o3 2.32x10-~ 1.84x10-~ 9.84x10-~ 1.16x10-~ 1.20x10-~ 6.69x10-~ 4.24x10-~ 

Table 2 (contir-ued) 

Track Lengti Per Incident Par t ic le  i n  the IndicatedDepth Interval  (cm/Mev) 

Depth Interval  ( ~ a d i a t i o n  ~ e n g t h s )  
Energy 
(Mev) 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-m Totals 



Table 3. Photon Track Length fo r  Electron-Init iated Showers i n  Cosper 

Electron Source Energy: 100 Mev Radiation Length: 1.432 cm 
- 

Track Length Per 1nc:dent Pa r t i c l e  i n  the Indicated Depth In tzrva l  (cm/Mev) 

Depth In terva l  (Radiation Lengths ) 
Energy 
(Me-<) 0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

-F 
ch 

TK31e 3 (continued) 

Track Length Per Incident Pa r t i c l e  i n  the  Indicated Depth In terva l  (cm/Mev) 

Depth In terva l  <Ra,rliation Lengths) 
E n e r g  
(Mev) 5 .5-6 .0-  6.0-5.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 '8.5-3.0 9.0-9.5 9.5-10.0 10.0-00 Totals 



Table 4. Charged Par t ic le  Track Length f o r  Electron-Initiated Showers i n  Copper 
Electron Source Energy: 100 Kev Radiation Length: 1.432 cm 

Track Length Per Incident ~ a r t i c l e ' i n  the Indicated Depth Interval  (cm/~ev) 

Depth Interval  (Radiation ~ e n g t h s )  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.3 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

Table 4 (continued) 

Track Length Per Incident Par t ic le  i n  th+ Indicated Depth Interval  (cm/~ev) 

Depth In terva l  ( ~ a d i a t i o n  kng ths )  
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-an Totals 

12 1.87-10-~ 1.09x10-~ 1.20x10-' 8.83x10-~ 4 . 9 4 ~ 1 0 - ~  9 . 5 2 ~ 1 0 ~ ~  4.56x10-~ 5.64x10-~ 4.24x10-~ 1.73x10-~ ~ . o I x ~ o - ~  
17 5.85x10-~ 7. o ~ x ~ o - ~  7. ~ u o - ~  3.2&10-~ 4 . 4 5 ~ 1 0 ~ ~  2. ~ I A O - ~  3.75x10-~ 2.81x10-~ 7. O ~ X ~ O - ~  5.85x10-~ 6 .g lx10-~ 
25 4.73x10-~ 1.53x10-~ 1.6qx10-~ 2. @x10-~ 2.@x10-~ 1.81X10-~ 1.67x10-~ 4.19x10-' 0 3.06x10-~ ~ . ~ I . x I . o - ~  
3 5 2.35-10-~ 6.93x10-' 5.53x10-' 6 . 9 1 ~ 1 0 - ~  1.38x10-~ l . l l x l ~ - ~  2.77x10-~ 5.52x10-' 1.3gx10-~ l.I.h10-~ 2.63x10-~ 

45 5.50-10-~ 0 4.13~10-" 9.63x10-' 1. j 8 ~ 1 0 - ~  l . l O x l ~ - ~  8.25x10-' 0 0 2.75x10-' 1.97x10-~ 
60 2 . 0 6 ~ 0 - ~  0 2.06x10-' 4. I ~ x ~ o - ~  0 1.37x10-' 3 0 0 1.37x10-' 1.56x10-~ 
62.5 4 . 5 7 ~ 1 0 - ~  3.65~10-' 2.28x10-' 0 0 0 1 . 3 7 ~ 1 0 - ~  9. 1 2 ~ 1 0 - ~  1.37x10-' 0 1.46x10-~ 
77.5 4.55A0-' 4 . 5 6 ~ 1 0 ~ ~  0 0 0 4.55x10-~ - 0 0 0 4.56x10-~ 1.47x10-~ 



Table 5. Photon Track Length f o r  Electron-Init iated Showers i n  Copper 
Electron Source Energy: 200 Mev Radiation Length: 1.432 cm 

Track Length Per Incident Fa r t l c l e  i n  the Indicated Depth In terva l  (cm/~ev) 

Depth In terva l  (Radiation Lengths) 
Energy 
(Mev) 0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

Table (continued) 
~ ~ - - - - -  - -  

Track Lsngth Per Incident Fa i - tx l e  i n  the Indica=ed Depth I n t e r r a l  (cm/Mev) 

Depth In terva l  ( ~ a d i a t i o n  Lengths) 
Energy 
(Mev) 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-6.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-1O;O 10.0-a, Totels 

12 5. l o ~ l o - ~  3 . 3 8 ~ 1 0 ~ ~  3. 9 l x 1 0 - ~  3.82x10-~ 2 . 1 9 ~ 1 0 - ~  2 . 8 3 ~ 1 0 - ~  2. O O X ~ O - ~  1 . 2 7 ~ 1 0 - ~  1 . 2 8 ~ 1 0 - ~  6 . 9 2 ~ 1 0 - ~  1 . 0 4 ~ 1 0 ~  
17 1.56x10-~ 1.86x10-~ 1 . 5 1 ~ 1 0 - ~  1.86x10-~ 9. j2~10-~ 7.46x10-~ 6.97x10-~ 5.22x10-~ 6.98x10-~ 3.13x10-~ 5. I~x~o: '  
25 6.50x10-~ 5.48x10-~ 4.85x10-~ 3.90x10-~ 5.48x10-~ 4 . 5 6 ~ 1 0 - ~  5.19x10-~ ;5.26x10-~ 2.26x10-~ 6. 20x10-~ 2 .65~10 
35 4 . 2 h 1 0 - ~  2.40~10" , 2.69x10-~ 1.77x10-~ 1.80x10-~ 8 . 9 2 ~ 1 0 - ~  3.05x10-~ 5.99xl0-~ 1.49x10-~ 5 . 4 2 ~ 1 0 - ~  1.36~10-I 
45 1 . 1 5 ~ 1 0 - ~  2.29x10-~ 8.5jxlo:f 1 . 1 4 ~ 1 0 : ~  1.42x10-~ 1 . 1 3 ~ 1 0 - ~  2.79x10-~ 8.55x10-~ 5 . 7 h 1 0 - ~  1 . 7 h 1 0 - ~  8.04x10-~ 
60 1 . 3 5 ~ 1 0 - ~  4. O ~ X I O - ~  8 .10~10 5.34~10 0 b . l j x l ~ - ~  1 . 3 2 ~ 1 0 ~ ~  5.49x10-~ 2 . 7 2 ~ 1 0 - ~  3.94x10-~ 4.92x10-~ 
85 3.40x10-~ 8. ~ L X ~ O - ~  3.37x10-~ 1.65x10-~ 4.23x10-~ 0 8.60x10-~ 8. 40x10-~ 0 3.36x10-~ 2 . 2 7 ~ 1 0 - ~  

125 9 . 3 9 ~ 1 0 - ~  4 . 5 8 ~ 1 0 ~  4.65x10-~ 4 . 7 5 ~ 1 0 - ~  1 . 4 h 1 0 - ~  0 0 0 0 4.80x10-~ 8.59x10-~ 
128 1.17x10-~ 1.17x10-~ 7.67x10-' 7:87x10-' 0 7 . 7 5 ~ 1 0 ' ~  0 3.89x10-* 0 0 8.26x10-~ 
15 5 0 1 . 1 4 ~ 1 0 - ~  3.76x10-~ 0 3.79x10-~ 4 . 6 7 ~ 1 0 - ~  0 3 . 7 5 ~ 1 0 - ~  0 0 5.34x10-~ 
1.85 0 3.73x10-~ 0 0 3. 72x10-~ 8 0 0 0 0 2.38x10-~ 



Table 6 .  Charged Par t ic le  Track k n g t h  f o r  Electron-Init iated Showers i n  Co2per 
Electron Source Energy: 200 &lev Ra3iation Length: 1. 432 cr. 

Energy 
(MeV) 

- - 

Track Length Per In-ident Pa r t i c l e  i n  the Indicated Depth In terva l  (cm/~ev) 

Depti In terva l  (Iiadiation Lengths) 

.F w 

Table 6 (continued) 
-- - - - - - - - - - - - - - - - - 

Track Length Per Incident Pa r t i c l e  i n  the IndicatedDepth In terva l  (cm/~ev)  

Ikpth In terva l  (Radiation ~ e n g t h s )  
Energv 
(Mev'j" 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-m Totals 



Table 7. Photon Track Lengtk fo r  Electron-Init iated Showers i n  Copper 

Electron Source Energy: 40C Mev Radietion Length: 1.432 cm 

Track Length Per Incident Par t ic le  i n  the  Indicated Depth In terva l  (cm/Mev) 

Eepth Interval  ( ~ a d i a t i o n  ~ e n g t h s )  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

ul 
0 

Table 7 ( c  mtinued) 

Track Length Per Incident ParLicle i n  the  Indicated Depth In terva l  (cm/Mev) 

Depth In terva l  ( 3adiation Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 . 9.0-9.5 9.5-10.0 10.0-w Totals 

12 1. 04x l0 -~  8.47x10-~ 8 . 7 6 ~ 1 0 - ~  6.56x10-' 5.56x10-= 6. ~ o x ~ o - ~  5.56x10-~ 3.18x10-~ 3. o ~ x ~ o - ~  I.. 76x10-' 2. O ~ X ~ O O  

17 5.19x10-" 3.93~10-' 3 . 5 4 ~ 1 0 ~ ~  3.36x10-~ 3.47xl0-" 2 . 4 4 ~ 1 0 - ~  2.24x10-~ 1.96~10:: 1 . 3 3 ~ 1 0 - ~  7.69~10-' 1. 10xloO 
2 5 2.56x10-~ 2. o ~ x ~ o - ~  1.66x10-~ 1.27x10-' 1.10x10-~ 1.24x10-~ 1.23x10-~ 6 .48~10  3.56x10-~ 3.08x10-~ 5.29~10:' 
35 1 . 4 1 ~ 1 0 - ~  1.1310-~ 9.94x10-~ 9 . 3 2 ~ 1 0 - ~  3.00xl0-" j . 0 3 ~ 1 0 - ~  2. ~ M O - ~  2.40x10-~ 4 . 8 ~ i 1 0 - ~  l . 09x l0 -~  2 .87~10 ' 
45 7.08xl0-~ 5.12x10-~ 3.98x10-~ 2 . 8 4 ~ 1 0 - ~  3.14x10-~ 1.98x10-~ 1.15x10-~ 1 . 6 9 ~ 1 0 ~ ~  2.84x10-~ 3.42x10-~ 1. 69x10-' 
60 3.48x10-~ 2.56x10-~ l . ~ 5 x 1 0 - ~  1.76x10-~ 2.57x10-~ 8 . 1 4 ~ 1 0 - ~  5.43x10-~ 4.0310-* 2.69x10-~ 1.33x10-~ 9.92x10-~ 
85 l . 3 5 ~ 1 0 - ~  9.27x10-~ 5 . 0 1 ~ 1 0 - ~  3.34x10-~ 5.90x10-~ 3. 3 8 ~ 1 O - ~  2. :8x10-~ 1.67x10-~ 2. ~ o x ~ o - ~  4.22x10-~ 4.65x10-' 

12 5 8 . 5 1 ~ 1 0 - ~  3.73x10-~ 1. %x10-~ 2 . 7 9 ~ 1 0 - ~  9 . 3 1 ~ 1 0 - ~  9 . 1 9 ~ 1 0 ~ ~  1 . 4 1 ~ 1 0 - ~  4 . 8 2 ~ 1 0 - ~  0 1 . 4 1 ~ 1 0 : ~  2.20x10-~ 
175 8.83x10-~ 1.33x10-~ 8.57x10-~ 0 4.54x10-' 4 . 5 0 ~ 1 0 - ~  0 0 4 . 4 3 ~ 1 0 ~ ~  9 .05~10 1.12~10-~ 
250 5 . 3 6 ~ 1 0 ' ~  0 1 . 6 0 ~ 1 0 - ~  0 0 1.78x10-~ 0 0 1.79x10-~ 7.22x10-~ 4.37x10-~ 
310 1.76x10-~ 1.75x10-' 0 1.76x10-~ l.75xlo-' 0 0 0 0 1.75x10-~ 2.59x10-~ 
370 0 0 0 0 0 0 0 0 0 0 1 . 2 2 ~ 1 0 ~ ~  



Table 8. Charged Pa r t i c l e  Track Length f o r  Electron-Ir i t iated Showers i n  Copper 

Electrcn Source Energy: 400 Mev Radiation Length: 1.432 crn 
- 

Track Lergth Per Incident Par t ic le  i n  the Indicated Depth In terva l  (cm/~ev) 

Depth Interval  (Radiation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 f .5-3.0 3.0-3.5 3.5-4.0 4.3-4.5 4.5-5.0 5.0-5.5 

Table 8 (continued) 
- -- - 

Track Length Per Indicent Pa r t i c l e  i n  the Indicated ~ e p t h  In terva l  ( cml~ev)  

Cepth In terva l  (Radiation ~ e n g t h s )  
Ener r 
(MeV$ 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 E..o-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-a, Totals 

12 1.58x10-~ 1.49x10-' 1.08x10-~ 7.87x10-~ ~ . 8 2 x 1 0 - ~  6. 8Gx10-~ 5.35x10-~ 3 . 6 1 ~ 1 0 - ~  ~ . o ' ( x ~ o - ~  1.47x10-~ 4.15~10-I 
1-7 9.89x10-~ 7.94x10-~ 5.74x10-~ 5 . 2 7 ~ 1 0 ~ ~  3 . 7 7 ~ 1 0 - ~  3.26x10-~ 2.34~10" 1 . 5 7 ~ 1 0 - ~  1.62x10-~ 7. ~ o x ~ o - ~  2.66~10-I  
25 6.00x10-~ 3 . 7 9 ~ 1 0 - ~  2; 56x10-~ 5.13x10-~ 2. o ~ x ~ o - ~  1.78x10-~ 9.19x10-~ 7.10x10-~ 6.25x1.0-~ 2 .90xl0-~  1.59~10-I  
35 2.74x10-~ 2.43x10-~ 1.73x10-~ 8.57x10-~ 1.27x10-~ 7.05x10-~ 5. 3gx10-~ 4 . 2 8 ~ 1 0 - ~  3.59x10-~ 1.05x10-~ 9.64x10-~ 
45 1 . 4 0 ~ 1 0 - ~  1.53x10-~ 1. O O X ~ O - ~  :#. 0 3 ~ 1 0 - ~  6 . 3 3 ~ 1 0 - ~  4.68x10-~ 2.34x10-~ 2.06x10-~ 1.13x10-~ 4.26x10-~ 6.61~10-' 
60 7.67~10-' 6.58x10-~ 2.33x10-~ 2 . 4 7 ~ 1 0 ~ ~  2.95x10-~ 9 . 5 9 ~ 1 0 - ~  7 . 5 4 ~ 1 0 ~  9.60x10-~ 8.23x10-' 2 . 1 9 ~ 1 0 - ~  4.18x10-~ 
85 7 x 1 0 '  2.96x10-~ 7.73x10-~ 1.50x10-~ L.@xlO-' 3.64x10-' 5 . 9 1 ~ 1 0 ~  6 . 3 7 ~ 1 0 - ~  3.64x10-~ 5 .glx10-' 2.41x10-' 

125 8 .70xlo-~  7.34x10-~ 4 . 9 0 ~ 1 0 - ~  2 . 9 9 ~ 1 0 - ~  1 . 9 0 ~ 1 0 ~  1 . 9 0 ~ 1 0 - ~  1 . 3 6 ~ 1 0 ~  5 . 4 4 ~ 1 0 - ~  5 . 4 4 ~ 1 0 - ~  1.36~10-' 1 . 2 9 ~ 1 0 - ~  
175 3 . 5 3 ~ 1 0 - ~  1 . 9 0 ~ 1 0 ~  2 . 7 1 ~ 1 0 - ~  :.43x10-~ 2.71xlO , - 0 0 0 1.35x10-~ 0 7.47x10-~ 
250 7.89x10-' 1.13x10-~ 0 0 0 0 0 0 0 1.13x10-~ 4.69x10-' 
310 1.23x10-' 2.25x10-~ 0 0 0 0 0 0 0 0 4.23x10-~ 
3 70 0 0 0 0 0 0 0 0 0 0 8.56x10-~ 



Table 9. Photon Track Length f o r  Electron-Ini t ia ted Showers i n  Copper 

Electron Source Energy: 700 MEV Radiation Length: 1. $32 ~:m 
p ~ - ~  

Track Length Per  Incident  P a r t i c l e  i n  the  Indicated Depth I n t e n r s l  (cm/Mev) 

Depth I n t e r v a l  (Radiation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 .LO-1.5 1.5-2.0 2.0-2.5 2.5-3.0 5.0-5.5 5.5-4.0 . 4.0-4.5 4.5-5.0 5.0-5.5 



Table 9 (continued) 
- p- - 

Track Length Per Indicent Par t ic le  i n  the Ir-dicated Depth Interval  (crn/Kev) 

. Depth Interval  ( ~ a d i a z i o n  Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-03 Totals 



Table 10. Charged Par t ic le  Track Length for  ~ l e c t r o n - ~ n i t i a t e d  Showers i n  Copper 

Electron Source Energy: 705 Mev Radiation Length: 1.432 cm 

- 

Track Length Per Incident Par t ic le  i n  the IndicateC Depth I t t e r v a l  (cm/~ev) 
pp -- - -  

Depth Interval  (Rediation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.9 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 10 (continued) 

Track Length Per Incident. Pa r t i c l e  i n  the Indicated Depth In terva l  (cm/~ev) 
- - ~  -- -- 

Depth In terva l  (Radiation Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.c-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-00 Totals 



Table 11. Photon Track Length f o r  Electron-Ini t iated Showers i n  Cop?er 

' Electron Source Energy: 1.4 Gev Radiation Length: 1.452 2m 

Track Length Per Incident Pa r t i c l e  i n  the IndicateE. Depth In te rva l  (;m/~ev) 

Depth Interval. ( ~ a d i a t i o n  Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 11 (continued) 

Trsck Length Per Incident Par t ic le  i n  the Inaicated Ikpth Interval  (cm/~ev) 
- - 

Depth Interval  (Radiation Lengtlis) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.43-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-a, Totals 



Table '12. Charged Pa r t i c l e  Track Lelgth f o r  E l ec t ron -h i t i a t ed  Showers i n  Copper 

Electron Source Energy: 1.4 Gsv ~ a d i a 5 i o n  Length: 1.432 cm 

Track Length Per  Incident  P a r t i c l e  i n  the  Indicated Depth In t e rva l  Ccm/~ev) 

Depth In t e rva l  (Radiation ~ e n g t h s ]  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 12 (continued) 

Track Length P?r Incident  P a r t i c l e  Ln t h e  Indicated Depth I n t e r v a l  (cm/Mev) 
- 

Dspth I n t e r v a l  ( ~ a d i a t l o n  ~ e n g t h s )  
Energy 
(Mev) 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-m Tota l s  



Table 13. Photon Track Length f o r  Electron-Ini t ieted Showers i n  Copper 

Electron Source Energy: 3 ,3ev Radiation Length: 1.432 cm 

Track Length Per Incident Pa r t i c l e  i n  t he  Indicated Depth I r t e r v a l  (cm/~ev) 
- -  

Depth In t e rva l  (F.adiation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 13 (continued) 

Track Length Per Incident  P a r t i c l e  i n  t h e  Ir-dicated Depth I n t e r v a l  (cm/~ev) 

Depth I n t e l v a l  ( ~ a d i a t i o n  ~ e n g t h s )  
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-co Tota l s  



Table 14. Charged P a r t i c l e  Track Length f o r  E lec t ron- In i t i a ted  Showers i n  Copper 
Electron Source Energy: 3 Gev R a d i a ~ i o n  Leng?h: 1.432 cm 

Energy 
(&v) 

~~ 

Track Length per  Incident  P a r t i c l e  i n  t h e  Indicated 9 p t h  I n t e r v a l  (cm/~ev) 
, 

Depth I n t e r v a l  (Radiation ~ e n g t h s )  



Table 14 (continued) 

Track Length Per Incident Par t ic le  i n  the Indicated Depth Interval  (cm/Mev) 

Depth Interval  ( ~ a d i a t i o n  ~ e n g t h s )  
Energy 
(Mev) 5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-co Totals 



Table 15. Photon Track Length fcr Electron-Initiated Showers i n  Copper 

Electron Source Energy: 5 Gev Radiation Length: 1.432 zm 

Track Length Per Incide2t Pa r t i c l e  i n  the Indicated Depth Interval  ( cnbev)  

Depth Irkerval  (Radiation ~ e n g t h s )  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.3-4.5 4.5-5.0 5.0-5.5 



Table 15 (continued) 

Track Ler-gth Fer Indicent Par t ic le  i n  the Indicated Depth Interval  (cm/~ev) 
- -- 

Cepth Interval  (Radiation Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.3 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.c 10.0-a, Totals 



Table l.6. Charged P a r t i c l e  Track Length f o r  E lec t ron- I r i t i a ted  2-howers i n  Copper 

Electron Source Energy: 5 Ge-? Radiati'cn Length : 1.432 cm 

Track Length Per Incident  Paz t i c l e  i n  t he  Indicated Iep th  In t e rva l  (cm/~ev)  

Depth I n t e r ~ a l  (R&iation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.C)-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 16 ( continue&) 

Track Length Per Incident  P a r t i c l e  i n  t h e  Lndicated Depth I n t e r v a l  (c rn l~ev)  

Energy 
( ~ e v )  

Depth I n t e r v a l  (Radiation ~ e n g t h s )  

Totals  



Table 17. Photon Track Length for Electron-Initiated Showers in Capper 
Electron Source Energy: 10 Gev Radiation Length: 1.42 cm 

Track Length Per Incident Particle in the Indicated Depth ~nterval '[cm/Mev) 

~epth Interval (~adiation Lengths) 
Energy 
(Mev) 0-0.5 9.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

12 2.75x10-' 8.85~10-' 2.07~10-I -3.71~10-~ 6. 39x10-I 9.74~10-I 1.25 1.73 1.99 2.26 2.56 
17 1.72~10-~ 7.12xl0-' 1.27x10-~ 2.63~10-I 3. 94x10-I 5.77~10-I 8.29~10-I 1.05 1.19 1.28 1.48 
25 1.37x10-' 4.10xl0-~ 7.22x10-' 1.41~10-~ 2.34~10-I 3.34~10-I 4.50~10-I 5.72~10-I 6.41~10-I 7. 33x10-I 7.55~10-I 
35 6.0l~10-~ f.54x10-~ 5.65:<10-~ 9.91~10-~ 1.62~10-~ 2.17~10-I 2.68~10-I 3.47~10-I 3.58~10-I 3.74~10-I 4.43~10-I 
45 9.17x10-~ 1.64x10-' 3.90:d0-' 7.32~10-~ 1.12~1~-I 1.43~10-~ 2.03>:10-~ 2.25~10~~ 2.73~10-I 2.54~10-I 2.59~10-I 
60 4.68x10-~ ?.77x10-~ 2.79~10-' 4.36x10-' 6.94x1~-~ 1 . 0 1 0 ~  1.1g~l0-I 1. 24x10-I 1.41~10-~ 1.57~10-I 1.59~10-I 
85 2. ~ M O - ~  1. 03x10-' 2.07x10-' 2.75x10-' 3.98x10-~ 5.69~10-~ 6.75x10-' 6.86x10-~ 8.42~10-' 8.85x10-~ 7.goxl0-~ 
120 2.36x10-~ 6.04~10~~ 1.27x10-' 1.88x10-' 2.97x10-' 3.06x10-~ 4.03~10-' 4.67x10-' 4.21~10-~ 4.06x10-' 3.94x10-~ 
170 1.03xlO-~ 3.27x10-~ 7.77~10-~ 1 . 2 ~ 0 - ~  1. ~wo-' 1.86x10-' 1.97:d0-~ 2.26~10~~ 2.36x10-' 2.30~10-~ 1.97x10-' 
250 9.16~10-~ 2.21~10-~ 3.72x10-~ 6.08x10-~ 8.83x10-~ 9.17x10-~ 1.06x10-~ 1. lkio-' 1.08x10-' 1.21~10-' 9.86~10-~ 
350 7.33~10-~ 1.77~10-~ 3.0fxl0-~ 4.81~10-~ 4.39x10-~ 4.55x10-~ 6.28x10m3 5.24~10-~ 6.17x10-~ 3.35~10~~ 4.82xl~~-~ 
450 7.19x10-~ 1.44:d0-~ l.g~x10-~ 2.71~10-~ 3.12x10-~ 2.87~10~~ 3.48~10-~ 3.59x10-~ 3.69x10-~ 3.12~10-~ 2.26x10-~ 
600 3.26fi0-~ 9.06x10-~ 1.53x10-~ 2. 0~x10-~ 2.24~10" 2. 4 ~ 0 - ~  1.91~10-~ 1.96x10-~ 1.99x10-~ 1.69x10-~ 1.64x10-~ 
850 2.97x10-~ 6.10~10-~ 9.40~10-~ 1.3gxl0-~ 1. o ~ x ~ c - ~  9.89x10-~ 9. ~ c x ~ o - ~  e.. 58x10-~ 9.23x10-~ 7.42x10-~ 7.26x10-~ 

1,200 2.28x10-~ 3.43~10-~ 5.15x10-~ 6. o ~ x ~ o - ~  5.88~13-~ 5.83~10~~ 5. gfx10-~ 5.49~1~-~ 4.46x10-~ 3.48~10-~ 2.99x10-~ 
1,700 1.04xlO-~ 2.27~10-~ 3.27x10-~ 3.95~10-~ 3.14x10-~. 3.27~10-~ 2.88>:10-~ 1.85fi~.-~ 1.8&10-~ ~ . o o x ~ o - ~  1.52x10-~ 
2,500 5.39x10-' 1.62~10-~ 2.10x10-~ 1.98x10-~ 1.62~10-~ . i. 58x10-~ 8.67>:10-~ 1.18x10-" 4.81~10-' 4.43~10~' 5.59x10-' 
3,500 . 3.44x10-' 8. o~x~o-' 8. O~LO-' 8. 99x10-' g.g5xl0-' 6.70~10-~ 4.59x10-~ 3.64x10-* 3.44x10-' 2.10x10-' 2.10x10-' 
4,500 1.53~10-' 6. IC~X~O-' 5.91~10-~ 5.9~0-' 6.67x10-' 4. 00x10-' 2.10x10-' 1.14x10-~ 1.5jx10-' 2.48x10-' 1.14x1~-' 
6,000 2. 38x10-' 4.18x10-' 3.83x10-' 2.66x10-' 2.28x1.0-~ 2.09x10-' 1.90:<10-5 1.24>:10-' 8.55x10-~ 4.75x10-~ 5.70x~-~ 
6,250' ' 1.96x10-' 4.81~0-' 2.97~10~ 2.85x10-' 2.28x10-' 1.65x10-' 8.23x10-~ 6.97>:10-' 5.06x10-~ 1.27x10-~ I.. ~ O X ~ O - ~  

7,750 1.20x10-' 2.2Lxl0-' 2. e4x10-' 2.0gxl0-~ 7.59~10-~ 3.85~10-~ 2.53x1.0-~ ' 3.79x10-~ 1.26x10-~ 1. ~ o x ~ o - ~  0 
9,250 9.48x10-~ 1.3 jx10-' ~.CIXLO-~ 6.4&10-~ 3 . 1 6 ~ ~ - ~  4.4&10-~ 2.53~10-~ 2.53~10-'~ 2.53x10-~ 0 1.26~10-~ 



Table 17 ( continued) 

Track Length Per Incident Par t ic le  i n  the Indicated Depth Interval  (cm/~ev) 

Depth Interval  (Radiation Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-w Totals 



Table 18. charged Pa r t i c l e  Track Lergth for  E lec t ron- In i t i i t ed  Showers i n  Copper 

Electron Source Energy: 10 Gev Radiation Length: l.k32 cm 

Track Length Per Incident Pa r t i c l e  ir. the Indicated repth In te rva l  (cm/~ev) 

Depth In te rva l  ( ~ a d i a t i o n  ~engths )  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 18 (continued) 

Track Length Per Incident  P a r t i c l e  i n  the  Indicated Depth I n t e r v a l  (cm!~ev) 

Energy 
( ~ e v )  

Depth I n t e r v a l  ( ~ a d i a t i o n  ~ e n g t h s )  

Tota l s  



Table 15. Photon Track Length :'or Electron-Ini t ia ted Showers i n  Copper 

Electron Source Energy: 20 Ge- Radiation Length: 1. 432 cm 

Track Length Per Incident  P a r ~ i c l e  i n  t h e  Indicated Depth Interval.  (pm/~ev) 

Depth Inter-fal. (Radiation Lengths) 
7 Lnergy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 

12 2.73x10-~ ?.33xl0-~ 2.98:~10-I 4.96~10-I 9.47~16~ 1-39 2.05 2.73 3.39 3.62 4.25 
17 1.16x10-~ 7.08x10-~ 1.69~10-~ 2.80~10-I 5.52~10~~ 8.87~10-I 1.2; 1.54 1.99 2.23 2-53 
25 1. 2h10-' j. 39>:10-' 1.20~10-~ 2. 12x10-I 3.49~10-I 5.43~10-I 7.6~0-I 8.E5xl0-I 1.10 1.25 1-30 
35 6. 03xl0-~ 3.01>:10-~ 6.09x10-~ 1.34~10-I 2. ~ o x ~ c - ~  3.19~10-I 3.90x10-~ 5. 3~0-' 5.81~10-~ 7.25~10-I 7.25~10-I 
45 5.0lx10-~ 2.27x10-~ 4.55x10-' 1.02~10-~ 1.66x10-~ 2.4~<10-~ 3.02~10-I 3 . 3 1 0 ~  3.86~10-I 4.56~10-I 4.91~10-~ 
613 4.36~10-~ 1.40x10-~ 3.55x10-~ 6.26x10-~ 9.73x10-~ 1.5~~10-I 1.81~10-~ 2.33~1~-I 2.57~10~~ 2.70~10-I 2.96~10-1 
85 2.09xl0-~ 1.1310~ 2.46x10-~ 4.15xl0-~ 6.2lx10-~ 8.46x10-~ 1.06x10-~ 1. jhl~-I 1.30x10-~ 1'. 52x10-I 1.64~10-I 
120 2.65x10-~ j.73:~10-' 1.4'jx10-~ 2. ~uo-' 3.69~16~ 4.78~10-~ 5.66~10-~ 6.88x10-' 7.65~10-~ 8. o ~ x ~ o - ~  8.28x10-~ 
170 1.22x10-~ 5.64:d0-~ 9.4€~10-~ 1. ~ o x ~ o - ~  2. ~ O X ~ O - ~  2.87x10-~ 3.50~10-~ 4.16~10-~ 4. 10x10-~ 4. ~ ~ x I O - ~  4.29x10-~ 4 

250 1.08x10-~ 2.37x10-~ 5.38~10~~ 9.60x10-~ 1.24~10-~ 1.66x10-' 1.83~10-' ~.~I.xI.o-~ 2. ~ o x ~ o - ~  2.04x10-~ 1.78x10-~ I\) 

350 6.29x10-~ 2.24~10-~ 3.98x10-= 6.49x10-~ 8.16x10-~ 9.77x10-~ 9.84~10-~ 9. -~lx10-~ 1.05x10-~ 1.08x10-~ 1.08x10-' 
450 3.59x10-~ 1.74x10-~ 2.71~10-~ 4.61~10-~ 5. o ~ x ~ o - ~  6.19x10-~ 5.99x10-~ 5.27x10-~ 7. o ~ x ~ o - ~  6.15x10-~ 5.68x10-~ 
600 2.0h10-~ 1.23x10-~ 2.06~10-~ 2.74x10-~ 3.37~10-~ 3. ~E*x x ~ o - ~  3.72~10-~ 4.38x10-' 3.60x10-~ 3. 80x10~~ 2.95x10-~ 
850 1.81~10-~ 6.9m0-~ 1.04~10-~ 1. ~ o x ~ o - ~  2.05xlo-~ 2.24~10~~ 2.1;s~o-~ 2.18~10-~ 1.78~10-~ 1.73~10-~ 1.75~10-= 

1,200 1.96x10-~ 4.41~10-~ 8.21~10-~ 8.83x10-~ 7.48~13-~ 1.08x10-~ 1.18x10-~ 9.19~10-~ 8. 34~10-~ 8.70~10~~ 6.62~10-~ 
1,700 2.03x10-~ 3.49x10-~ 4.87x10-~ 4.46x10-~ 5.68~10-~ 6.65~10~~ 5.11~10-~ 5.43x1~-~ 3.73~10-~ 4.14x10-~ 3.73~10-~ 
2,500 5.78x10-~ 1.97x10-~ 2.6jx10-~ 2. 36x10-~ 2.4~~10-~ 3.52~10-~ 2.50~10-~ 2.60x13-~ 2.36~10~~ 1.49x10-~ 1. ~ o x ~ o - ~  

3) 500 2.87x10-' 1. O O X ~ O - ~  1.4.3x10-~ 1.58x10-~ 1.39x1.0-~ 1.39x10-~ 1. ~ o x ~ o - ~  9.08~10" 8.13x10-~ 7.65x10-' 3.83~10-~ 
4,500 5.24~10-' 9.53~10-~ 6.67x10-' 7.63x10-~ 1.33~10-~ 9.05x10-~ 7.15x10-' 5.24~10' 3.81~10-' 4.77x10-' 3.81~10-' 
6,000 1.67x10-' 4.04x10-' 5.46x10-~ 6.66x10-' 4.52~10-~ 5.47x10-' 4.04>.10-~ 2.38x10-' 1.90x10-~ 1.66x10-' 1.43x10-' 
8,500 9.39~10-' 2. ~ox~o-' 4. 4.2&10-' 2.66~10-~ 2.66x10-' 1.25x10-~ 1.25x10-' 3.13x10-' 1.09x10-' 4. ~ O X ~ O - ~  

12,500 9.15x10-' 1.86x10-' 1.48x10-' 1.32x10-' 1.23xl0-~ 6.93x10-' 6.93x10-' 3.78x10-' 3. 78x10-' 1.26x10-' 2.2k10-' 
15,530 8.81~10-' 1.53xl0-' 9.44x10-' 9.76x10-' 7.24x10-' 3.l~xl0-' 2.20x10-' 1.89x10-' 1.57x10-' 6.30x10-~ 0 
18,500 5.66xl0-' 9.75x10-' 4.41x10-' 2.52x10-' 3.46x10-' 3.79x10-' 9.44~10-~ 1.26~10-' 3.15~10-~ 0 0 



Table 19 ( ~snt inued)  

Track Length Per Incident Par t ic le  i n  the Indicated Depth Interval (clr?/~ev) 

Depth Interval  (Radiation ~eng ths )  
Energy 
( ~ e v )  5.5-5.0 6.0-6.5 6.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-w Totals 



Table 20. Charged P a r t i c l e  Track Length f o r  Electron-Ini t ia ted Showers i n  Copper 

Electron Source Energy: 2O bev Radi.stion Length: 1.432 cm 

Energy 
( ~ e v )  

12 

17  

25 

35 

45 

60 

85 

120 

170 

250 

350 

450 

600 

850 

1,200 

1,' 700 

2,500 

3,500 

4,500 

6,000 

8,500 

12,500 

15,500 

18,500 

Track Length Per Incident P a r t i c l e  i n  the Indicated Depth In te rva l  (cm/~ev) 

Depth In te rva l  ( ~ a d i a t i o n  ~ e n ~ t h s )  



Table 20 (continue3) 

Track Length Per  Incident P a r t i c l e  i n  the  Indicate2 Depth In te rva l  (cm/Mev) 

Energy 
(Mev) 

De2th In te rva l  ( ~ a d i a t i o n  ~ e n g t h s )  

Totals  



?able 21. Photon Tra-k Length f o r  Electron-Ini t ie ted Showers i n  Copper 

Electron Source Energy: 45 Gev Radiation Length: 1.432 cm 

Track Length Per Incident P a r t i c l e  i n  the IndicateC Ikpth In te rva l  (cm/~ev) 

Depth In te rva l  ( ~ a d i a t i o r .  ~ e n g t h s )  
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 21 (continued) 

- - - -- -- - - - -- 

Track Length Per Incident P a r t i c l e  i n  the  Indicased Depth In te rqa l  (cm/Mev) 

Depth In te rva l  ( ~ a f i i a t i o n  ~ e n g t h s )  
Energy 
(Mev) 5.5-6.0 6.0-6.5 6.5-7.13 7.0-7.5 7.5-8.0 8.0-8.5 8.5-9.0 9.0-9.5 9.5-10.0 10.0-co Totals  



Table 22. Charged P a r t i c l e  Track h g t h  f o r  Electron-Ini t ia ted Shovers i n  Copper 

Electron Source Ena:gy: 45 Ge7 Radiation Length: 1.452 cm 

Track Length Per Incident P a r t i c l e  i n  t h e  Indicated Depth I n t e r v a l  (cm/~ev) 
--- - - 

Depth I n t e r v s l  :Radiation Lengths) 
Energy 
( ~ e v )  0-0.5 0.5-1.0 1.0-1.5 1.5-2.0 2.0-2.5 2.5-3.0 3.0-3.5 3.5-4.0 4.0-4.5 4.5-5.0 5.0-5.5 



Table 22 (continued) 

Track Lengti Per Incident P a r t i c l e  i n  the Indicated Depth I n t e r v a l  (cm/Mev) 

Depth In te rva l  ( ~ a d i a t i o n  .Lengths) 
Energy 
( ~ e v )  5.5-6.0 6.0-6.5 5.5-7.0 7.0-7.5 7.5-8.0 8.0-8.5 8.5-3.0 9.0-9.: 9.5-10.0 10.0-00 Totals  
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