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A second order form of the cyl indrical  
' 

P-3 equations i s  obtained f o r  the case 
of an isotropic  source. The boundary 
conditiors and numerical method a r e  
dlscusse.2. Input preparation and oper- 
a-ting ,instructions a r e  included. 

C L I P  1 -- A3 L-$1-704 FI?@GMN TO SOLVE TIE3 
7- 3 EQUEITIOXS 33 Cl!LI33RZCAL GZOE4ETRY - 
Po kade~son, Jo Davis9 E o  Gelba.rd, 

Po Jamis ,  and J. Rearson 

1. INTRODUCTION 

CLrf is  designed t o  solve the one veloc i t ;~  t:-ansport zquatron i n  oie  dimensional 

cyl indrical  geometry i n  a T-3 a~proxina t iac .  The P-3 equations are  solved i t e ra -  

t i v e l y  with the aid of standar3. finite 6il"ferenting tec2ln:q~es. Aaisotropic 

scat ter ing i s  permitted, with?ln the l iml+at lons of 2-3, but the input source must 

be isotropic. Zero flux o r  zero gradlect bo:uzdzry conditions a r e  avai lable  a s  
?' ,, 

options, and a,s a consequence of tne method of s o l ~ ~ t i o n ,  a P-1 sakdtion can be ob- 

tained. CLIP is  res t r ic ted  t o  a, o l  50 regisns a& 561 mesh points. 

11. EQUATIOlVS AND MEmr3i) OF SO?..LTlOlY 

Fleck's ( ~ e f  1) Porn1&.tion of a P-3 ap2'cxim,tioc t o  the one-velocity 

transport  equation' i n  one-dinehsioia~i cyiinGr Lcsl geoaetry leads t o  a s e t  of s i x  

l i nea r  f i r s t  order differeg3ial  ea_-mtioas, 12iizh yay be scittem as 

1 
r,y4'- !A 'dr + :)q3 + 522~1 = 0 , 



.where, fn terms of ~ l e c l s ~ s  notation (on the right-hand side) 
, . - .? 

= \~l(ca> 
. L . . . .  . . , .  . , .  . . .  

. . 
EZ ",,,I1 

, ' *  JI, 

@2 
= p. $3 

? '.. 

*3 = y3 

a = P 3  

and where S is the isotropic source, and Zi r: Ca 4 Zso - CQI (f = 0,1,2,3). Here 

2, i s  the absorption cross section, and Zsi is  the i - th  legendre component ?f the 

s&ttering cross section. JIo and Jr are  simply the scal&~r flux and the outward 3 
going radial current respectively. 

The relations between the moments appearing in CLIP 1 and those appearing fn * 
BOUND ( ~ e f  2) are  as follows: 

Now by means of a few simple substitutions, Eqs (1) through (6) can be written 

.respectively as, 

* 
BOUW is  an IBW-704 program in which the analytic solution for  the moments is 
ei'aluated a t  discrete points. '2 ' .. 



If now the va luss  of $., q4, anS. ). as dateafned b$ Eqs (8 ) ,  (lo),  and (12) 
J 5 

are  inserted iqto Eqs (a ) ,  ( 9 )  wid (11) the3 the followfng aecmd order equations 

result.  

where, Do - - - I 
3, ITO = I0 

Equations (13) are solved Ilercttfv;?l.y i n  CLIP 1 according to  the following pro- 
k cedure: Assume that t$ end $ are  available where the suparscri9t k denotes the k-th 

k 1  2 I< i t e r a t e  solution. S i s  constrdcJced from 9- &nd a34 a solution Obtained for qo ' - ' 

3. 2 
which we denote as  8. '!hen SF i s  formed from 3: and 6, and qy is deterznhed. 



Next S? i s  constructed fron. I# qi and a. new solution i s  obtqined 'for t 
k i l  2 

which i n  o&nota t ion  i s  q2 and I#:' a r e  available and the process 
. , 

1 1  c a n b e  repeated. The i t e ra t ive  process is, in i t i a t ed  i n  CLIP by taking q = q2 = 0; 
. . 

: .  1 ' 1 
hence' $ is .the P-1 solution. Thus subsequerrt i t e r a t e s  make corrections t o  the P-1 
, .. 0 

solution. I f  the P-1 solution were not very d i f fe rent  from the P-3 solution, one 

might expect t h a t  the process woU6 converge i n  a few i te ra t ions ,  and conversely, 

i f  the P-1 solution were very d i f fe rent  from the P-3 then the process might require 

a la rger  number of i terat ions.  Sn practice, the number of i te ra t ions  required t o  

s a t i s f y  a specif ic  convergence c r i t e r i a  on CLIP ranges from 8-12 a s  compared t o  4-8 

f o r  an equivalent problem on FLIP ( ~ e f  3 ) .  
. A t  the conclusion of each i t e ra t ive  solafion fo r  the  scalar  f lux  (with the ex- 

ception of the f i r s t )  tlie following point'cvise r a t io s  a r e  computed, 

The i t e ra t ive  p r 0 C e s s . i ~  terminated on the k-th i t e r a t e  when 

and 

where E is  an input parameter. In  generzl, the proper choice f o r  E can be made 

only a f t e r  .gaining some experience with CLIP. Ir: problem which have run so f a r ,  

sa t i s fac tory  r e s u l t s  have been achieved by choosing E equal t o  0.00005. 

111. BOUNDARY CONDITIONS 

Ae Origin 

A t  the origin,  the direct ional  flu: s h o l d  have conical symmetry about 

the ax is  of the cylinder. This requirementp.if exp l i c i t l y  imyosed, would force 

q2, q3, Q4, and $ t o  be equal t o  zero, and the solution a t  the or igin would be 
5 

overdetermined. To avoid t h i s  d i f f i c u l t y  i n  CLIP, the f irst  derivative with 

respect t o  r of qo, qlP and J12 a r e  s e t  equal t o  zero a t  the  origin, and i n  addi- 
2 

t i on  the l/r term i n  ZT2 i s  taken t o  be a very large but f i n i t e  number. A s  a 
n 

resi1.7.t of the presence of the l/rL term and of the boundary condition which is 

imposed, q2, $ j and q become zero, o r  very small i n  magnitude a t  the origin. 3' 4 5 
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,The internal boundary conditions which must be sa t i s f ied  if the moments 

a re  to  be continuous (and a lso  compatible with the i t e ra t ive  ~ r o c e s s ' )  a re  
, i .  

The symbols (-) and (+) indicate the evaluation of the bracketed expression 

a t  the interface with quantit ies character is t ic  of the l e f t -  and right-hand medmium 

respectively. This convention wil l  be adopted consistently throughout the remainder 

of the report. 

C. Cell  - 
. .  S t r i c t l y  speaking, the concept of a c e l l  a s  a repeating section of an 

in f in i t e  l a t t i c e  is, from a physical standpoint, a meaningless one i n  cyl indrical  

geometry. One usually associates with a c e l l  the property that there is no net 

flow ofneutrons in to  or out of the cel l ,  but aside from t h i s  there i s  no physical 

consideration which w i l l  seledt a unique s e t  of boundary conditions. I n  CLIP, c e l l  

boundary conditions a re  taken t o  be 

dJro - = "1 0, . - =  d 2 
d r  d r  0 and (z + ;)Jr2 = 0 . 

ri This part icular  choice guarantees t h a t  the rieutron current i s  zero, and forces the 

gradient of the scalar f lux t o  be zero, Conditions (17) d i f f e r  from the conven- 
,. t iona l  boundary conditions which are  obtained by imposing ref lect ing symmetry upon 

the  direct ional  flux. See Refs 4 and 5 fo r  a discussion of c e l l  boundary condi- 

t ions i n  cylirx2rical geometry. 

D. Zero Flux 

I n  addition t o  c e l l  problems CLIP w i l l  a lso solve reactor problems. The 

boundary condition which wi l l  be W e n  t o  correspond t o  t h i s  l a t t e r  type of problem 

w i l l  .be denoted as "Zero Flux". 



It is not possible, i n  the general case, . to  terminate a reactor calcula- 

t ion  at  some f i n i t e  radius by imposing boundary conditions which-will be exact- in 

incorporating the ef fec t  of the environment on the reactor. In practice however, 

a ref lector  of suff icient  s ize  is  usually present so that the calculation i s  rela- 

t ive ly  insensitive t o  the choice of boimdary conditions, In diffusion theory, the 

scalar  flux i s  chosen t o  be equal t o  zero. In CLIP it was found convenient to.-set 

$,, ql, and $ equal t o  zero. Thus the zero f lux condition i n  CLIP may be con- 
2 

sidered a s  an extension of the zero f lux condition which i s  employed in 

conventional diffusion codes such as  WANDA. 
. .  

N. NUMERICAL SOLUTION 

I n  the in ter ior  of a region, the s e t  of Eqs (13) i s  approximated a t  a mesh 

point, n, as, 

k k a re  the i - th  moments at  the r-1,. n, h+l mesh points re- Here qi,n-l> 'qi,n9 ' i j ~ l  
spectively, belonging t o  the k-th i te ra te ,  and h i s  t h e  interval  between mesh po in t s  

The sk are  . 
i, n 

sP = ( 1  + -)sn !L - - 9 k-l k-1 
S 

l j n  mo m, ojn 'a*o,n, 

For notational simplicity, the i and k indices w i l l  henceforth be suppressed. When 

there is  a poss ib i l i ty  for &ility they wili be e q l i c i t l y  displayed. 



Equation (18) may be rewritten a s  

and by u t i l i z ing  Stark's matrix inversion technique ( ~ e f  6 1  the three point formu& 

can be converted t o  the two point formula 

where 

and 

with 

I n  order to reduce ro,undoff errors, the de l t a  scheme, a s  used i n  WANDA ( ~ e f  6), has 
been incorporated in to  CLIP. This consists i n  introducing the variables 

6 = % -  1, and pn = k n - i n - 1  = - .  n g n 

An examination of the recursion relat ions w i l l  show that i f  the mesh width 

i s  very small, and i f  a i s  very close t o  one, then 

,From t h i s  it is clear  tha t  the f u l l  numerical significance of ZTn ddes not enter 

in to  the calculation of a. On the other hand, i n  the same si tuat ion 



. , . . 
2. - 

Now 6 '  i s  . on' the' order of ,.h ,. am2 thus a grea ter  degree of numerical. significance of - 
. 

.. . 
ZTn enters  i n t o  the: . . .  M c q r s i ~ n  . re la t ion .  If the small mesh width p e r s i s t s  f o r  a good 

' ,  ,, : .... -:. . 
, . .?..'. . . 

number of 'mesh i&t&nnrls$?-%e ... . .. - er ro r ,  w i l l -  b e  acc7mulative. It has been found t h a t  '. 

.... . . . 
. . the de l ta  scheme reduces:-'tliisL type of error. 

The relat ions applicable in the 1af;erior of a medium now become 

where 

Equations (25) t,hrrough (26) a re  valid i n  the in ter ior  of a Gdium. We seek 
I a 

r e lat ions of t h i s  form which are valid at  the origin, a t  the interface b.etween two 
.. . 

media, and a t  Cne e x t e r ~ a l  boundary. . ?  

A t  the origin (iq view of Section 111-A) the s e t  of Epe (13)  an be y r i t t en  

which i n  f i n i t e  difference form become 

where 

h2 k h2s'; It follows then tha t  8 and 
ipl @i,o = To 



Now a t  an interface psist, &leh w i l l  be denoted by the subscript P, .the 
3- .2; 

f i c t i t i o u s  rz;merts and are  Pntrodu~ed which sa t i s fy  the following equa- 
D l  1-1 

t ions  : ' 

Equation 38 Q31) def izes , s  con t l n l a~ i cn  af the solution io the medium t o  

the  l e f t  ( r ight )  of tine Es,ter?a,ee iato th2 right ( l e f t )  8 s  if the r igh t  ( l e f t )  h a d  

medium and right ( l c i t )  had zesh ~5~3th dld not differ  from the l e f t  (right).  

It can be eas i ly  sh-m, t?&t 

where 

d A. 

+++  
Notice tha t  the [E 1- centr%in dzs iva t~ves  which ar,a t c ~  be e n l u a t e d  by the 

1 
use of the f %@t%tious n~o?mnts. T%.e mm.er en whkh Lkf s I s  accomplished w i l l  be 

indfcateii laLer bu i;hl,s aecefon 

The bsmdsry crossing cond'at~otns a r e  given by Eqs (14-161, See. 1x1-]Be 

The general f o m  Is 

.. 
The f i n i t e  dffference approxination t o  Eq (35) 3-0 then wrlt.t;an as 

I f  oow the f t c t i t i o u s  molraents i n  Eq (364 are replaced by t h e i r  values as 

detemfned by Eqs (30) an2 (31) end 5f - is replaced by PI + j then the 
1- + 6, 

I desired reh t i s ra  a t  the inteafaee e a  be ~ l s ~ i ~ e d ~  Xt is 



where 

- [P,I-[~,I+ + t[pI1+ - [111+(1 + [111-1 
with - , 1, - 

t ( l  + [111+) t ( l  + [111+) 

and 9 

hr, . 

It now remains t o  determine 8 ' s  and f3's such tha t  the external boundary 

conditions a re  satisfied. We distinguish the outer boundary mesh point with the 

subscript B. 

The zero f lux condition is  t r i v i a l  and resul t s  simply i n  

  he c c l l  conditions, which RTF! given by Eqs (17)) can. be written as 

and in f i n i t e  difference form become 

where 



Now if 

then 

with the @id of the. preceding relations it czn be easily shown that 
. . 

The numerical solution is thus achieved as follows. At any point in the 

. . iterative cycle one alwa.gs has avzila.ble 

from which m m 
i n 9  i,19 and m can be constructed, One then calculates the 6's and 

i,B 
the B's associated with the ir~te~ne.1 and external points, and proceeds to calculate 

the i-th moment by neans of $cs ( k 6 ) ,  (or !+1), ( 3 7 ) ,  ( 2 0 ) ~  The solutioa for each 

moment i, for each ite~a-tion 5s ob-taicec? in an fashion6 The process is 

terminated when the convergence criterta has keen satisfied, or when a specified 

number of iterations have been com?leted. 

Since the S. contain derivatives of the moments, loss of numerical signi- 
1 

f icance can result if these der!:fatives are e-valuated strai ghtforwardly by standard 

differencing techniques in sit-aations xhere the moments -mry little from one mesh 

point to another. To avoid this, a refinement is introduced into the calculation 

of these derivatives. At a point n, these derivatives would ordinarily be evaluated 

by terms of the form 

Now if . 

then expressions (48) can 5e rewritten as 

and 

. respectively. 



Rather K ~ a n  e ~ a 5 ~ u ~ t e  g by mews 02 Eq, (49) we introduce the 6 ' s and a 
p's  such tha t  

An ins-pectiox of (51) d.U show that 7 Is being coqlated t o  a greater n 
degree sf significance than a computati~a of 7 by (49) -&en e i the r  h i s  small or  

D. 

8 is s m a l l .  

Thus a t  points in ter ior  t o  a medium, 7, i s  conplted by means of Eq (51). 
Similarly, 

v* rnEgARA'I'1Oh a? mn 
A, General D € ! ; ~ c F % - ~ ~ ~ o L I  

Bpu t  t o  the CLIP Z progrm consists of a t a t l e  card, control information, 

a description of the geonetry, poicSw3-se or regionwise sources, and cross sect lors  - 

fo r  each regiono t;gp3e of dsts 4s identif ied by a ser ies  number ranging from 

10000 to 60000. 

Be Description of Series 

1. T i t 1 2  Card 

Co1ua.n~ 1-g'; sre available f o r  prold.em identif icat ion 
C 0 1 m s  66-72 ~ ~ 1 s t  caicltair~ CLIP 1. 

2. Card LO08q 

a. Nmiber  of ~ e g i o n s  (< 50) 
'be IVuuber of goint,a (<-50b), - at$ %.he crr'igin counted a s  point number 

OSae e 

c. Right-ha6 boundary condition (0 = zero flux, 1 = zero gmkiient). 
d. Type of input source (0 - regisn~dse ,  1 = pobtwise.).o 
e. Mklginm amber of' i te ra t ions  the problea is to runo Use a zero 

%f -the problem is t o  run u n t i l  it converges. 
f Malrmbe~ of fuel regions. Use a zero if there are. no fue l  regions 

specifieae m e  purpose fo r  specifying fue l  regions f s  t~ obtain 
an e d i t  sf: 

e , ~ d  
f ue l  regions fue l  regions 



I f  fuel  regions are not specified th i s  ed i t  w i l l  be omitted. 
go Convergence criterion (a floating point number). 

card ( s 9' 20000 

This series contains, in, order, the region numbers of ' the  fue l  regions. 

~ a r d f s )  30000 

This series contains, i n  order, the interface point numbers. The l a s t  
number m u s t  be the outer boundary, and a l l  numbers must be odd. 

This series c o ~ t a i n s  the mesh spacing for  each region. 

This series contains the regionwise sources. I f  regionwise sources a re  
not t o  be-specified, th is  series must not be used. 

This series contains the pointwise sources. A t  an interface, l i s t  only 
the source which i s  dependent on the region to  the l e f t ,  I f  pofntwise 
sources are not specifisd, do not use t h i s  series, . . 

This series contains those interface sources which are  dependent on the 
region t o  the r ight  of the interface. 

card ( s )  60000 

This series contains tb.e cross sections for  each region. There w l l l b e  
one card for  each region containing Zai Zso, ZS1, Zs2, ZS3. 

Forma% 

a. Card numbers must start i n  column one, 
bo Each piece of data is  separated from the next by a comma. The last 

number on a card must not be followed by a comma. 
co The first blank column on a card indicates the end of data for  that  

cetrd 0 

d. Columns 3--72 are a v a i l ~ b l e  fo r  data. 
eo  I f  it i s  necessary to  continue the data within a series on additional 

cards, these cards must be numbered consecutively, i.e. 60000, 60001, etc. 
f .  The following parameters must be integers; a l l  control parameters 

appearing on card 10800 except for  the convergence criterion, interface 
numbers, and fuel  region numbers, These numbers must not contain a 
decimal point, 

go ALL other data m u s t  be i n  floating-point form. There a r e  several mys 
of expressing a floating point number. The value 0.001234 may be 
written as ~~001234 ,  or 0.1234~-2. 

V I .  DESCRIPTION OF OUTPUT 

The following information will be edited fo r  each problem: 

L. A.l is t ing is m e  of the data deck, 

2 i  The calculated group paYameters., D and $ are  printed. 
i T i  

3, Values for X and X w i l l  be printed a f t e r  each i tera t ion except the 
f irst . ,  max min . 



4. The point number, radius, and fluxes will be printed a f t e r  conver- 
gence has taken place o r  a f t e r  the problem has.been stopped a f t e r  
a given number of i terat ions.  

5. The width of each region is l i s ted .  . . 

6. The following integrals calculated over each region by Simpson's 
Rule, w i l l  be printed: 

c. Xa$qordr 

7. Balance checks a re  printed, A comparison of the following values 
should give some estimate of the adequacy of the mesh spacing. 

where 

where 

A. Pr,inter Board: AEROJET 

B. Tapes: 

1. Logical number 1 - B6D input tape. This %apt! .Ls not wed i f  the input 
data is  on cards. 

2, T ~ g i ~ a l  ni.mhcr 5 - gutgut tape. 



C. 'sense. Switches: 

1. ~ u h b e r  1 - down fo r  BeB card input, normal fo r  BCD tape input. 

2. Nmber 5 - normal except when the operator desires an on-line monitor 
oi' the convergence. With t h i s  sense sw3.tch depressed, which may be 
h n e  a t  any time during the .running of the problem, values of & &I 

are  printed oh-line a f t e r  each iteration. Each of these parameters 
must be approaching unity if  the problem i s  t o  converge. 

' 

. . 
Console: CLEAR, LOAD CARDS 

E. Card Reader: START 

Any number of consecutive problems may be run e i ther  from cards or  BCD tape. 

One blank card must be inserted a f t e r  each problem. 

F. Transfer of Control: 

If desired, control may be transferred t o  the beginning of the program by 
manually executing a transfer t o  1 4 0 ~ .  
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