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A second order form of the cylindrical

P-3 equations is obtained for the case

of an isotropic source. The boundary

conditions and numerical method are-
discussed. Inpubt preparation and oper-
ating instructions are included.

CLIP 1 -- AN IBM-704 PROGRAM TO SOLVE THE. -
P-3 EQUATIONS IN CYLINDRICAL CEOMETRY

P. Anderson, J. Davig, E. Gelbard,
P. Jarvis, and J. Pearson

I. INTRODUCTION
CLIP is designed to solve the one velocity transport equation in one dimensional
cylindrical geometry in a P-3 ayproximation. The P-3 equations are solved itera-

tiﬁely with the aid of standard finite differencing technigues. Anisotropic

" scattering is permitted, within the limitations of P-3, but the input source must

be isotropic. Zero fiux or zero gradient bourdary conditions are available as

options, and as a consequence of the method c¢f solution, a P-1 solution can be ob- -

" tained. CLIP is restricted to a maximm of 50 regions and 501 mesh pcints.

II. EQUATIONS AND METEOD OF SOLUTION

Fleck's (Ref 1) formule tion of a P-3 apprcximation to the one-velocity
transport equation in one-dimehsional cylindricel geometry leads to a set of six .

linear first order differential equations, waich may be written as

c& 1y, _
(g + Sy + Ty, = 8 | (1)
d d a 2\,
Tlo-Tht (Grap* By = 0 (2)
L S Y S RN
3\dr + rldl|> ‘.dr + r)‘y3 + 5221/1 = 0 . . (3)

ey &+ Dy TEgy, = 0 (%)
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"3,d 3 a 1 3,4 1 -
3 s+ 3G m Py B P SR, = 0 )
S5 - S, + s =0 (e

where, in terms of Fleck's notation (on the right-hand side)

Y, = ¥(0)

11 33

=
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<

ll :
¥ = 34y
and vhere S is the isotropic source, and I, = I + 3 . = I, (i = 0,1,2,3). Here

Z is the absorption cross section, and Z is the i-th Legendre component of the

-scattering cross section. W and ¢3 are simply the scalar flux and the outward

going redial current respectively.
The relations between the moments sppearing in CLIP 1 and those appearing in
%*

BOUND (Ref 2) are as follows:

‘yo = (po,o 4:'3 = q’l,l_

- = 1
Vi = P, Vo = 3%

1 1 f
Wy = 393, V5 T B %3,3

Now by means of a few simple substitutions, Eqs (1) through (6) can be written

respectively as,

(a% + %)¢3 +I 4, =8 (1)
dv, ' d*lA a 2 o
T Ay T Fw (& ?)"’2 - (8)

BOUND is an IBM-TO4 program in which the analytic solution for the moments is

evaluated at discrete points. 2 -



& Ly 4 eew oy f
3z + Sy, + S0, = S - IV, (9)
ayr OW .
23 I :
ST T 7 -3 A% (10)
34,3y 255y - 3.8 Ly LA d3,5 (11)
M@t T 52 = 8- I¥ {8 g -3 t5%h ¢
5 éd 2\ 7 . - ’
fE -t = 0 (22)

If nov the valuss of ¢n, ¥y, end. ¢5 ss determined by Egs (8), (10), and (12)
are inserted into Egs (7), (9), and {11) then the following second order equat;ons
result.

N8 1Ay, . _ . \ .
D, (5 + gl * Io¥ = S, (i=0,1,2) (13)
dr
where, D0 = ,2;. 5 = 3
321 To o

= 2.

Dl - TZ ZTI = D5
3
D, = 2D 5. = 232+ iL(l6 D, + €D )
2 L “a T2 5“2 2\5
2 2

= - _9._... — _E. 1 - /_Si___ ;3_ -~

5% = 5-D [( Zriah Tt
dr dr
D, D.

= 3G o ke -

Sp = (Hsgn)s - 55 8, - 2.0,
(o] 0
; D oay, 2 ay, D ay

= -2 2 _30 % "1 3 11 1 1 %Y

8, = UL RN PRl R T A1 (b n, o+ 3Do)r @ "\ T 3@); ar

Equations (13) are solvcd iterativaly ian CLTP 1 according to the following pro=-
cedure: Assume that W end V2 ara avallable wb@re the superscript k denotes the k-th

‘iterate solution. S is constructed from ¢J and wz and a solution obtained for ¢

. Then S§+l ig formed from Sg and wk and ¢§+l is determinedo

'

6%:0

which ﬁe denote as



Next Sg 1 is constructed from wo w§+l wg and a new solution is obtained for wa
which in our ‘notation is wg lo Now wi } and W2 are available and the process

3can be repeated. The iterative process is initiated in CLIP by taking Wl W; = 0;

hence W is ‘the P-1 solution. Thus subsequent iterates make corrections to the P-1
solutiog. If the P-1 solution were not very different from the P-3 solution, one
might expeet that the process would converge in a few iterations, and conversely,
if the P;l solution were very different from the P-3 then the process might require
a larger number of iterations, In practice, the number of iterations feguired to
satisfy a specific convergence criteria on CLIP ranges from 8-12 as compared to 4-8
for an equivalent problem on FLIP (Ref 3). ,
- At the conclusion of each iterative solution for the scalar flux (with the ex-

ception of the first) the following pointwise ratios are computed,
-
¥ (n)

M(n) = S
¥o(n)

The iterative process is terminated on the k=th iterate when

I[l (n)]max -1 <e
and | I[Ak(n)] - 1' <e
R min -

vhere e is an input parameter. In generzal, the proper choice for € can be made
only after gaining some experience with CLIP. 1In problems which have run so far,
satisfactory results have been achieved by choosing € equal to 0.00005.

IIT. BOUNDARY CONDITIONS
A. Origin

At the origin, the directional flux should have conical symmetry about
the axié of the cylinder. This requirement, if explicitly imposed, would force
Wz, W3, wu, and ws to be equal to zero, and the solution at the origin would be.
overdetermined. To avoid this difficulty in CLIP, the first derivative with
respect to r of W » Wl’ and ¢2 are set equal to zero at the origin, and in addi-
tion the l/r term in ZT2 is taken to be a very large but finite number. As a
result of the presence of the l/r term and of the boundary condition which is

unposed, ¢2, W3, W&’ and ¢5 become zero or very small in magnitude at the origin.



'The‘ihternal boundary conditions which must be satisfied if the moments

" are to{be{cbntinUQus (andhalso compatible with the iterative process) are

ok 'k - i ;
Yo 1 a . 2vkl |
[Do T "% ®w thEtre, < (1k)
K+ K i - o
[D ! st ﬁ(_fl Skl = (15)
1l dr 5 dr 5 ‘dr r 2'+ L ‘ J_
avg ™ 25 [ } ;
D2 ar r = _ (26)

The symbols (=) and (+) indicate the evaluation of the bracketed expression
at the interface with quantities characteristic of the left- and right-hand medmium
respectively. This convention will be adopted consistently throughout the remainder
of the report.

Co Cell | .

Strictly speaking, the concept of a cell as a repeating section of an
infinite igttice is, from a physical standpoint, a meaningless one in cylindrical
geometry."One usually associates with a cell the property that there is no net
flow of neutrons into or out of the cell, but aside from this there is no physical
consideration which will seleét a unique set of boundary conditions. In CLIP, cell
boundary conditions are taken to be '

ay ay :
o) 1 d 2 -
T - % Fwm T 0 e (Fri - 0. (1)

This particular»éhoice guarantees that the neutron current is zero, and forces the
gradient of the scalar flux to be zero. Conditions (17) differ from the conven-
“tional boundary conditions which are obtsined by imposing reflecting symmetry upon
the directional flux. See Refs 4 and 5 for a discussion of cell boundary condi- -

tions in cylindrical geometry.

D. Zero Flux
In addition to cell problems CLIP will also solve reactor problems. The
boundary conditioﬁ vhich will be taken to correspond to this latter type of problem
will be denoted as "Zero Flux".



_ It is not possibie, in the general case, to terminate a reactor calcula-.
tion at some finite radius by imposing boundary conditions.-which- will .be exact-in
incorporating the effect of the énvironment on the reactor. In practice however,
a- reflector df sufficient size is.usually-presént so that the calculation is rela-
tively insensitive to the choice of boundary conditions. In diffusion theofy,Athe
scalar flux is chosen to be équal to zero. In CLIP it was found convenient to_set
.W wl, and we equal to zero. Thus the zero flux condition in CLIP may be con-
sidered as an extension of the zero flux condition which is employed in '

conventional diffu5101 codes such as WANDA.

v. V.NUMERICAL SOLUTION

In the interior of a regicn, the set of Egs (13) is approximated at a mesh

'point n, as,

, k k k k
(wi,n+l B 2Wi,n + \yi, n,."l) -D (Wi, n+l \Viq n"‘l) + 3 A . \lfk _ Sk (18)
1 ' W2 1 2hr_ Ti,n*i,n =~ “i,n M

’ Here wi are the i-th moments at the n-1, n, n+l mesh points re=-

1’ "’i n’ “’1 1
sPectively, belonglng to the k-th iterate, and h is the interval between mesh points.

The S are -
n

i,

Kk Kk K x K ;

kK Vi oer " 0 Y Y3 pe1 U V1 one1 T V1,01
S =.5 =D - +
o,n n o] 2 : 2hr
h n
- K X K
Yo ned = o n * Vo na1, 3.Y2 ne1 " Vo,n-1
L n n o -
kK D D xa k-1
. sl,n = (- SDO)S - 5D So,n - zawo,n
X k
. z R
kK _ _5 1k 3 1,041 " V1,p-1
Spn = =S, T Vy,nt (§Dy + 30, Bhr_ )
5 . k-1 k-1
_ 3 op k-1 _ k-l .5 kel 2,n+l 2,n=1
"2 rn(wo,n+l 11'o,’n---:}.) i stogn ( *+ 30,)¢ 2hr )

For notational simpliclty, the i and k indices will henceforth be suppressed. When
there is a possibility for ambiguity they will be explicitly displayed.



BEquation (18) may be rewritten as °
Vppa = B, - LV 5 -m ~ (19)

and by utilizing Stark's matrix inversion technique (Ref 6), the three point formula

can be converted to the two point formula

V4., v 8B
v 1 : :
v, = _n_a____E _ | (20)
n+l
{ [P |
_ n _ "n'n-l : :
vwhere : ¢ = k-5 B, = 5 +m (21)
n n
2D D h
2 2 o)
and : k = ————, [ = —— (22)
2 €n n €n ‘
, S
-
m = —
n gn
: _ D h \

In order to reduce roundoff errors, the delta scheme, as used in WANDA (Ref 6), has

been incorporated into CLIP. This consists in introducing the variables

. ZTn
5 = @ -1, and pn=kn-;(n-1=-§;l-. (24)

An examination of the recursion relations wil; show that if the mesh width

is very small, and if @ is very close to one, then

2
h™2
Tn
an+l ~ 2+ -5 - ah °

From this‘it is clear that the full numerical significance of zTn does not enter _

into the calculation of @. On the other hand, in the same situation

2
‘ h2
e} ~ & <+ Tn
n+l n D

L4
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. number of mesh intervals

Now B'is on'the‘order of, heg and thus a-greater'degree of numerical. significance of
zTn enters into the recursxon rele.tione If the small mesh width persists for a good
he ‘error will be accumulative. It has been found that

‘the delta scheme reduces’ thiS‘type of error.

- The relations applicable in the lnterior of a medium now become

— Wn+1 * Bn : o (25)'
"Wl e v S BRI '
: 5 - ntle C
o A L p . .
‘ : - n _ "n"n-l ) , Y-
 vhere Sn = Bt TEEI’ Pa T Tem T (28

Equations (25) through (26) are valid in the interior of a medium. We seek
relations of this form which are valid at the origin, at the interface Yetween two
media, and at the external boundary.

At the origin (in view of Section III-A) the set of Eqs (13) can be written
4 ¢ :

-2, ——k 3 V5 = S5 (21)

Zv 4]!,
i dr2 Ti'i i

which in finite difference form become

Lp ’ :
i, k k kK ok ~ ,
- ';'1'2"(’4’1,1 = V50l *2n1 V10 = Si0 - (@8
X 4p
vhere So,0 = So = atly y =¥y o) - 2(‘1’2 1 "’2 o))
D D
K el Dy kel ka1
Sl,o = +~5Do)$ SDO So,o Zawo,o
3, z
x _ 5 5 kel k-1 kely 21k
Sp0 = "k S *th Za¥s,0 " 2 ('Vo 1" Vo0 V1,0
2o, + 2 V505 - - a2kt -
+ (5D + 3, 51,1 " V1,00 T fTe T Pl 3 Vo1 = V20! -
z . n? n2gk

el o | 7,0 2k P10 g :
- 2 = o 2
It follows then that ‘ ﬁi,l ——Eﬁzuu and Bi,o —HE—L— . ( 9)



‘Now at an 1nterface po;nt, which will be denoted by the subscript I, the

fictltlous moments wI+1 and WT are introcduced which satisfy the following equa-
tlons ' :

Vi = Dl ~ Ul v, -, (30)

(6 8, ¥ = LA, vpog = Dol - . (31)
i ’ -
Equation 30 {21) defines.a continuation of the solution in the medium to
the left (right) of the interface into the right {left) as if the right (left) hand
medium and right {(left) band mesh width did not differ from the left (right).

It can be easily shown that

36 %*
o +l Py D s = (32)
T = 1?@ © oVt T
RS #51 T %
- +
i1 : J RN +
" - T° 1 3¢ T’ P1-1 *
= 7 RS o . el - o — v r——rr—— W
where §I+l ‘PIl * - 61 5 ﬁI T §I mI] (33)
k - ¥
- AL JEN: '
= ipd ,_.;__._,;I, I i ST
Bryy = lpgd =+ ¥ Bp =~ mpd - (38,
1+ 8 1+ §I . ,

Notice that the [mé]: cortain derivatives which are to be evalusted by the
use of the fictitious moments. The marner fr vhich this is accomplishéd will be
indicated luler lu this section :

The boundary cross*ng corditions are given by Egs (lh~¢6), Sec. III-B.

The general form is

[%%g - 2%% «s) = | 1 e | (35)
o + ) @ )

The finite difference approximation't@ Eg {35) is then written as

3 3 . .
¥ =¥ Dey ' ¥ = Ve Dey
w1~ Vi 1 o Ve "V, Debp oy
D( 211 ) 9 rI = SI}+ = iD( 2‘} ) rI SI]° ° (36)

If row the fictitious moments in Eq (36) ere replaied bg their values as
determined by Eqs (30) ané {31) end if ¥r., is replaced by L FPr-1 then the

J‘ : .’
desired relation at the ianterface cun be cbtained. It is I



L : 37
1 B O ( )-,
' o _ AP - ‘
mere By T PtTas o Pt TEs Y (38)
e . UL * t[PI]'" L Ue s )
S I t(1 + [;(I]+)' I t(1 + [[I]+') |
, +
- 'MIT (47
R S (5 R VTR
S+
| . + 4+ - [ep{ery + -
and . [PI]— = [PI]— + [ 7
I
DS *
+ _[(2r + h)Ds
[MI]i = [m-’:;]— +[ hrI I]
+
(21

t = 57 ()4»0)
5] ’

It now remains to determine &'s and B's such that the external boundary
conditions are safisfied. We distinguish ﬁhe outer boundary mesh poinf with the
subscript B.

The zero flux condition is trivial and results simply in -

p A '
- Bl
Vp-1 T TFEC (41)
B
The cell conditions; which are given by Egs (17), can be written as

d c' : ,
%E+_19EB=O" (h2)

and in finite difference form become

*
Ypyp " Vg1 Vg * |
h + - T = O . ()"'3)
B
o . ’ ¥* _ 1 . 3
vhere ' Vg1 = %g¥p " Ag¥po1 TR C

10



Now.if | W = —-3-'—1—;-.——}-3-_ . S (1)
. ) 1+ 6‘B+l,
[, (Poa % S
: 4 * 2°B % AgPpol Tk : "
. then - B : 83'*'1 = pB + 1+ SB 9 BB = —-—-——"l T 8B + mB ° . ) ( 5)

‘Wiﬁhvthe aid of the preceding relations it can be easily shown that

, | BBnl é" - hé
aa ¥ ks
¥y = “53'1+a)/(63+1 T+38; B)' . (46)
The numerical solution is thus achieved as follows. At any point in the

_ iterative cycle one alweys has evailablie

% S *
s Vo Yo Yime Vima

from which mi,n’ m, 17 and m, i,B can be constructed. One then calculates the &'s and
the B's associated witq the irternal and external points, and proceeds to calculate
the i-th moment by means of Egs (46), (or 41), {37), (20). The solution for each
moment i, for each iteration is obtained in an identical fashion: The process is.
terminated when the convergence criterias has veen satisfied, or vhen a specified
number of iterations have been completed.

‘Since the Si contain derivatives of the moments, loss of numerical signi-
ficance can reswlt if these derivatives are evaluated straightforwardly by standard
differencing technigues in situations where the moments wvary little from one mesh

point to another. To avoid this, a refinement is introduced into the calculation
of these derivatives. At a point n, these derivatives would ordinarily be evaluated

" by terms of the form

and Wy v By ¥ e : (48)

Now if _ o Tn = VYo - Vg (49)

then expressions (48) can be rewritten as
Yo * Ypay @04 v =7 _ (50)

. respectively.

11 -



Rether than evaluste y_ by meacs of Eq (49), we introduce the 8's and
B's such that '

Iifn-é-llgn-b-l - 5n

. | (51)
a 1+ 81:1:-5-.1

7

An inspection of (51) will show that 74 is being computed to a greater
degree of significance than a computation of 7_ by (49) when eitber h is small or
® is small. ' ' ' ‘ ) :

" Thus at points interior to a medium, 7y is computed b&fmeans of Eq (51).

Similariy,

) * * * ¥* -
7p = Vg~ V¥p % Spavr - Py

* * 8%¢ - ﬁ*
Vi o= Ypo ¥, = S

1+ 8

‘ 1

3 * . % ¥*
Tg = Vpgy v Vg = Opu¥p - Py -

V.  FPREPARATION CG¥ INPUT

A. General Description

Input to the CLIP 1 program consists of a title card, control information,
a description of the geometry, poinitwise or regionwise sources, and cross sections
for each region. Each type of dats is identified by a series number ranging from
10000 to 60000.

B. Description of Series
1. Title Card

Columns 1-67 are availeble for problem identification
Columns 6E&-72 nust contain CLIP 1.

2. Card 10000

a. WNumber of regioms (< 50}. : :
b. Number of peoints (< 501), with the origiln counted as point number
cne. :

c. Right-hsnd boundary condition (0 = zero flux, 1 = zero gradient).

d. Type of input source {0 = regionwise, 1 = pointwise).

e. Maximum number of iterations the problem is to run. Use a zero
if the problem is to run until it converges.

f. Number of fuel regions. Use a zero if there are no fuel regiors
specified. The purpose for specifying fuel regions is to obtain
an edit of: :

Z Jyrar  end Z z wé rdr .

fuel regions fuel regions




VI.

3.

Te

10.

If fuel regions are not specified this edit will be omitted.
g. Convergence criterion (a floating point number).

Card(s) 20000

This series contains, in order,_the region numbers of: the fuel regions.

Card(s) 30000

This series contains; in order, the interface point numbers. The last
number must be the outer boundary, and all numbers must be odd.

Card(s) Lococ

- This series conxains the mesh spacing for each region.

Card(s)ASOOOO:

This series contains the regionwise sources. If regionwise sources are
not to be- specified, this series must not be used.

Card(s) 51000

This series contains the pointwise sources. At an interface, list only
the source which is dependent on the region to the left. If pointwise
sources are not specified, do not use this series.

Card(s) 52000

This series contains those interface sources which are dependent on the
region to the right of the interface.

Card(s) 50000

This series contains the cross éections for each region. There will be
one card for each region containing Za, zso’ zsl,‘zsg, zs3°

Formait

a. Card numbers must start in column one.

b. Each piece of deta is separated from the next by a comma. The last
number on a card must not be followed by a comma.

co The first blank column on a card indicates the end of data for that
card.,

d. Columns l=72 are available for deta.

e, If it is necessary to continue the data within a series on additional
cards, these cards must be numbered comnsecutively, i.e. 60000, 60001, etc.

f. The following parameters must be integers: all control parameters
appearing on card 10000 except for the convergence criterion, interface
‘numbers, and fuel region numbers., These numbers must not contain a

' decimal point. :

g+ All other data must be in floating-point form. There are several ways
of expressing a floating point number. The value O°001234 may be
written as 0.001234, or 0.123L4E-2.

DESCRIPTION OF OUTFUT
The following information will be edited for each problem:

L
24

3.

A listing is made of the data deck.

The calculated group parameters, D, and Zii are printed,

Values for A and A will be printed after each iteration except the
firsto max min ) : '

13



4, The point number, radius, and fluxes will be printed after conver-
gence has taken place or after the problem has .been stopped after
a given number of iterations.

5. The width of each region is listed.

6. The following integrals calculated over each region by Simpson's
Rule, will be printed:

a. fvordr
b, [Srdr
Ce Zafwordr

T. Balance checks are printed. A comparison of the following values
should give some estimate of the adequacy of the mesh spacing.

B B :
a. TVg . = -/; (s - Zawo)rdr
vhere
Vi V1,01 Yo,miiVo,n-1 VYo,n+1Vo,n-1: ‘}
To¥3,n = I%{rn[‘»’ oh e e ]' HNo n
B 1
b. Ty, . = sj}s -z, - lel)rdr
where
D s -y r -y
1 1,n+1 Y1, n-1 n,Y2,n+1"¥2,n-1, 2
rn‘yh,n = - ?T%rn( * "~ h =) - ?r( — ) - 3 WE,n}
B B . D ¥
3 _ 4[® 3 1 2 5 .
ce rﬁws . = 3]; r:[Sa - (?T + 6Do)(;?) - 5(2a +I - Zsa)wa]dr
4 _where
.3 T N 1~ nil " Vo,n-1 2
; - T¥sn T 73 Da“,fn[ RS- U T, Wz,n] .

VIE. OPERATING INSTRUCTIONS
~ A.  Printer Board: AEROJET

B. Tapes: . 4
1. Logical number 1 - BCD input tape. This tupe ls not used if the input
data is on cards.

2. Logiecal mmher 5 - output tape.

b



C.

Sense Switches:

1. Number 1 - down for BCD éard input, normal for BCD tape input.

2. Number 5 - normal except when the operator desires an on-line monitor
of the convergence. With this sense switch depressed, which may be
done at any time during the running of the problem, values of Apgy and
Mnin @re printed oh-line after each iteration. Each of these parameters
must be approaching unity if the problem is to converge.

‘Console: CLEAR, LOAD CARDS

Card Reader: START

Any number of consecutive problems may be run either from cards or BCD tape.
One ﬁlank card must be inserted after.each problem.

Transfer of Control:

If desired, control may be transferred to the beginning of the program by
manually executing a transfer to lh08.
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