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Abstract: Three kinetic methods measuring reactivity in the subcri- 
tical state by means of source-jerk, rod-drop and pulsed source, 
respectively, are the subject of discussion in this work. The main 
problems encountered in the use of these methods, e.g. local detec- 
tion, harmonics effects, etc., are discussed from both the theoreti- 
cal and experimental points o f  view. 

The special role played by the three reactivities defined respecti- 
vely as kinetic, static and dynamic is demonstrated using general 
transport theory, After reducing this to the multigroup model, addi- 
tional important properties of delayed and prompt neutron distribu- 
tions are shown. Using two group time dependent theory, numerical exam- 
ples are given to show the importance of these properties in heavy 
water reactors. 

With the help of the theoretical results, modification of the source- 
jerk and rod-drop techniques, aimed at lessening perturbing effects, 
are discussed. 

These modified experimental methods have been successfully checked in 
the swimming-pool reactor SAPHIR and the heavy-water reactor DIORIT 
in Wurenlingen. Some of the experiments are reported here. 



KIMET IK U N T E ~ I T  I s CHER REAKTOREN UND REAKT IV I TUTSII~IESSUNGEN 
. -  
Zusa-mnenfass-imq: In d e r  vorliegenden Arbeit werden drei kinetische 
Messnethoden zur  Eestimung der Reaktivitgt unterkritischer Systeme 
behandelt, nzmlich die Quellsprungmethode, die Stabfallmethode und 
die Netnode der gepulsten Quelle. 
Die grundlegenden experimentellen und theoretischen Merkmale dieser 
Methoden werden besprochen, besonders diejenigen der Quellsprung- 
und Stabfallmethoden. Einfliisse von Karmonischen, die eine schein- 
bare,Urtsabhangigkeit der Reaktivitat zur Folge haben, werden an 
Hand von Beispielen aus der Sin- oder Zweigruppentheorie des unref- 
lektierten oder reflektierten Systems erlautert. Diese Berechnungen, 
sowie umfangreiche experimentelle Ergebnisse aus der Literatur, las- 
sen die ijedeutung der Harmonischen-Effekte deutlich werden. 
A l s  naichstes wird gezeigt, dass die in kinetischen Experimenten tat- 
sgchlizh gemessene Grosse, namlich der Zigenwert der Grundwelle, in 
eindeutiger Weise jeder beliebigen Definition der Reaktivitat zu- 
geordnet werden kann. Diese W i l l f i r  im Begriff der Reaktivitat hat 
inren Grund in dem willkurlichen Gewichten der Keutronendichte. Von 
den vielen moglichen Gewichtsfunktionen verdienen drei besondere 
Beacntung, namlich die kinetische, die statische und die dynamische 
Gewichtsfunktion. Es wird auf den bedeutenden Olatz hingewiesen, 
weichen die statische Reaktivitat auf Grund ihrer speziellen Eigen- 
sctiaften einnimmt. Anschliessend wird die Theorie mzthematisch ent- 
wickelt und vornehmlich auf'das Mehrgruppenmodell angewendet. An 
Hand dieses Eodells wird gezeigt, dass die verzogerten Neutronen 
ein fur sie charakteristisches, eng verteiltes Eigenwertspektrum 
und dementsprechend ahnliche Eigenfunktionen (Oberwellen) aufweisen. 
Die Aehnlichkeit; dieser verzogerten Eigenfunktionen mit der Grund- 
welle des fiktiv kritischen Reaktors wird durch verschiedene Keak- 
tortypen demonstriert. Besondere Beachtung wird der moglichen Ab- 
weichung der prompten Keutronen-Oberwelle von der Grundwelle ge- 
schenkt, da diese meist ubersehen wird. Auch wird gezeigt, dass 
die Generationszeit von Neutronen, deren Verteilung der prompten 
Oberwelle entspricht, stark vom Reaktortyp abnangt. Ijiese Grosse 
ist von grundlegender Bedeutung fur Bxperimente mit gepulsten Heu- 
tronen, und es zeigt sich, dass ein nicht vernachlassigbarer Unter- 
schied zwischen ihr und der Generationszeit der asymptotischen 
Grundwelle Sesteht, besonders in Schwerwasser-Reaktoren. 
Auf Grund der Annahme, dass die Verteilung der verzogerten Neu- 
tronen derjenigen der asymptotischen Grundwelle entspricht, werden 
experimentelle Modifikationen der Quellsprwig- und Stabfallmethoden 
vorgeschlagen. Es wirtl geaeigt, dass es auf diese Weise moglich ist, 
die systematischen Pehler, die von den Harmonischen der anfangli- 
chen iieutronenverteilung herr'dhren, zu vermindern, indem man die 
Messresultate entweder von der Anfangsverteilung unabhangig macnt 
("shape method") , oder sie experimentell fur Beimischungen von Har- 
monischen korrigiert ( "amplitude method"). Vorteile und Bachteile 
dieser Nethoden werden besprochen, unter besonderer Setonung der 
Anwendung auf Schwerwasser-Beaktoren. Die Theorie wird auf Experi- 
mente im schweiaerischen Swimming Pool Heaktor SAPHIH und im 
Schwerwasser-Reaktor DIOKIT angewendet. 

. .  
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CINETIQUE DES REACTEURS SOUS-CRITIQUES ET MESURES DE LA REACTIVITE 

Sommaire: L a  discussion des trois mBthodes cindtiques sous-critiques, 
utilisant respectivement le saut de source, la chute de barre et la 
source puls&e, fait l'objet du present travail. On examine les as- 
pects essentiels, tant thdoriques qu'expdrimentaux, des diverses m4- 
thodes, en particulier des techniques de saut de source et de chute 
de barre. 
L'effet des harmoniques, qui cause w e  dependance spatiale apparente 
de la r4activit6, est soumis 5 une discussion; on l'illustre au moyen 
de modbles ?i un et deux groupes pour des systhmes nus et rdfldchis. 
Ces calculs, ainsi que de tres nombreux resultats expdrimentaux don- 
n6s tant dans la littdrature que dans le prgsent travail, mettent en - 
dvidence l'importance de l'effet des harmoniques. 
On montre ensuite que la quantitd effectivement obtenue lors de me- 
sures cindtiques, h savoir la valeur propre cinktique de la distri- 
bution persistante, peut &re rapportde de faqon cohdrente A. n'im- 
porte quelle definition de la rdactivitd. Cet arbitraire du concept 
de reactivitg est dQ h une pond4ration arbitraire de la population 
de neutrons. On montre que parmi les nombreuses fonctions de pond& 
ration possibles, trois ineritent m e  attention particulibe: la fonc- 
tion cinhtique, la fonction statique et la fonction dynamique de pon- 
ddration. Le r6le important jouh par la r6activitB statique, sa si- 
gnification et ses propridt6s spdciales font l'objet d'une discus- 
sion. On ddveloppe ensuite la theorie mathdmatiquement en l'appli- 
quant principalement au modble h groupes multiples. Ce modhle souple 
permet de ddmontrer que l'une des caractdristiques des neutrons re- 
tardes r6side dans le spectre serrd de leurs valeurs propres et des 
fonctions propres correspondantes ('sous-modes'). On montre la 
proche ressemblance des sous-modes des neutrons retardds avec le 
mode principal critique virtue1 pour diverses configurations de re'ac- 
teurs; on met l'accent sur la dhviation possible du sous-mode des 
neutrons prompts par rapport au mode principal, qui est habituelle- 
ment ndgligde. On examine la faqon dont le temps de generation des 
neutrons distribuds selon le sous-mode principal ddpend de la confi- 
guration du reacteur, cette relation jouant un r8le essentiel dans 
les exp4riences de neutrons pulses. On montre qu'il existe une dif- 
fdrence non-dgligeable entre ce temps de gdndration et celui du 
mode persistant, sp6cialement dans les rdacteurs & eau lourde. 
En utilisant la -distribution des neutrons retard& pour reprdsenter 
le mode persistant, on propose des modifications des techniques ex- 
pdrimentales du saut de source et de la chute de barre. On montre ' 

que ces modifications, qui sont inddpendantes du f l u  initial (md-* 
thode de forme, "shape-method"), ou qui apportent une correction . 
exp6rimentale B ce dernier (methode de l'amplitude), reduisent ef- 
fectivement l'erreur systdmatique due aux harmoniques. O n  discute 
les avantages et les limitations-des deux mdthodes du point de vue 
the'orique, en accordant w e  considdration particuliere aux rdac- 
teurs & eau lourde; les deux methodes ont6tb e'prouvdes lors d'ex- ' ,  

periences mendes'dans la pile plscine SAPHIR' et le rdacteur a eau 
lourde DIORIT & Wurenlingen. 

I 
.. 



Chapter I 

INTRODUCTION AND SUMMARY 



The r eac t iv i ty ,  6, i s  generally defined a s  the  r a t i o  of  net  pro- 
duction r a t e  throughout the reactor  t o  the t o t a l  production ra te .  
It serves a s  a measure -ofs the deviat ion o f  the reactor  from the 
c r i t i c a l  s t a t e ,  i n  which the net  production r a t e  i s  j u s t  zero. The 
reactor  is subc r i t i ca l ,  c r i t i c a l  o r  supe rc r i t i ca l ,  according a s  
p<O, p=O o r  p>O respectively.  

Although the de f in i t i on  of  r eac t iv i ty  i s  not unique, i t s  determina- 
t i o n  i s  nevertheless a ra ther  important task,  because i t  charac- 
t e r i z e s ,  regardless  of  def in i t ion ,  the overal l  balance of the reac- 
t i o n  r a t e  i n  the system, and therefore  represents  a global cons- 
t a n t  of  the reactor.  

Knowledge of  t h i s  global parameter may be used, through known re la -  
t ionships ,  t o  determine other parameters e i t h e r  of  the reactor  it- 
s e l f ,  or o f  an external  sample (refs. 1 ,  6 )  . Most of these determina- 
t i ons  a r e  car r ied  out near the c r i t i c a l  s t a t e  ( l p l < < l  $), and no 
pr inc ipa l  d i f f i c u l t y  e x i s t s  i n  performing the experiment and in te r -  
p re t ing  it. These methods cannot be extended t o  measurements of  ex- 
cess  r eac t iv i ty  and worth of  control  rods,  because those usual ly  
amount t o  several  do l l a r s ,  and period measurements can, for safe ty  
reasons, cover only a small pa r t  o f  the required range. Other me- 
thods, such as the compensation method, require  knowledge o f  the in- 
terference e f f e c t s  of d i f f e ren t  per turbat ions,  which i s  a r a the r  
d i f f i c u l t  task t o  perform. 

On the other hand, a b i l i t y  t o  determine la rge  amounts o f  reac t iv i -  
t y  ( I p l > > I )  i s  v i t a l  t o  a reactor  f o r  reasons of rout ine operation, 
s a f e t y  , and theo re t i ca l  understanding. 

The k ine t i c  sub r i t i c a l  techniques, l i k e  the Source-Jerk (S.J.) 
technique, the Rod-Drop (R.D.) technique arLd the Pulsed-Source (P.S.) 
technique can handle such problems, although they pose some expe- 
rimental and theoretical'difficulties. 

These methods a re  based e s sen t i a l ly  on the t rans ien t  response of  
the neutron densi ty  t o  a s tep change (R.D. and S.Jd), o r  a de l t a  
change (P.S.) i n  time: In  the H.D. method the negative r eac t iv i ty  
t o  be measured '(e.g, control  rod  w o r t h )  i s  inser ted rapidly i n t o  a 
c r i t i c a l  reactor.  The amount o f  r e a c t i v i t y  i s  then deduced from 
the r a t i o  of i n i t i a l  t o  t rans ien t  response of  a su i tab le  detector.  
In  the S.J. method, a subc r i t i ca l  reac tor  i s  held a t  constant power 
by means of  an extraneous source. The source i s  removed rapidly,and 
the r e a c t i v i t y  of the subc r i t i ca l  s t a t e  can be found from the  ra- 
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tio of initial to transient response of a detector. In the P.S. me- 
thod an extraneous delta source is applied to the subcritical reac- - 

tor, whose negative reactivity is to be measured. Again, the tran- 
sient response of a suitable detector is used for .the reactivity 
measurement. ,@ 
In addition to the very important fact of providing a means for 
measuring large negative reactivities, the above mentioned methods 
offer the following advantages: 

a) The measurements are relatively rapid (particularly by means of 

b) They can be repeated in relatively short times, since they leave 
P.S. and S.J. techniques). 

- no long range traces behind (e.g. via the creation of photoneu- 
trons). 

c) The results are in principle more easily reproducible than those 
by other kinetic methods, since the measurements are carried out 
in a stable reactor. 

d) Large amounts of reactivity can be measured without any danger, 
since the reactor is always subcritical. 

The main drawbacks are: 

a) A very abrupt change in count rate (due to the step or delta 
changes) may cause high counting losses in the initial part of 
the transients, and low statistical precision at later times. 

b) The presence of harmonics due to the initial distribution intro- 
duces a fictitious space dependence into the measured reactivity. 

c) Some difficulties are encountered in interpreting the experiments. 

The three sub-critical kinetic methods, utilizing respectively the 
source-jerk, the rod-drop and the pulsed-source are the subject of 
discussion in the present work. 

The essential experimental and theoretical features of the methods, 
in particular of the S.J. and R.D. methods,are discussed. The har- 
monics effect, which causes an apparent space dependence of the 
reactivity,is discussed and demonstrated by means of the one and 
two groups models for bare and reflected systems. This calculation, 
as well as plentiful experimental evidence contained both in the 
literature and in this work demonstrates the seriousness of the 
harmonics erfect. 

It is next shown that the quantity really measured in the kinetic 
measurements, namely the kinetic eigenvalue of the persisting dis- 
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t r i bu t ion ,  can be r e l a t ed  i n - a  consis tent  manner t o  any desirable ,  

. r e a c t i v i t y  i s  caused by an a rb i t r a ry  weighting of the  neutron po- 
' d e f i n i t i o n  of reac t iv i ty .  This  a r b i t r a r i n e s s  i n  the  concept of 

pulation. Among the many possi'ble weight-functions three  a re  shown 
- 1  t o  merit  special  a t t en t ion :  The k ine t i c  funct ion,  the  s t a t i c  func- 
8 1  t i o n  and the  dynamic weight-f'unction. The important r 6 l e  played by 

the s t a t i c  r eac t iv i ty ,  i t s  meaning cmd i t s  special  propert ies  a r e  
discussed. The theory i s  then developed mathematically and applied 
nainly t o  the  mul.tigroup model. W i t h  t h i s  t rac tab le  model i t  i s  
demonstrated t h a t  a cha rac t e r i s t i c  fea ture  o f  delayed neutrons i s  
t h e i r  c losely spaced spectrum of eigenvalues and correspondingly 

8 s imilar eigenfunctions ( 'sub-modes'). The close resemblance of the  
delayed neutron sub-modes t o  the v i r t u a l  c r i t i c a l  main mode i s  shown 
f o r  various reactor  configurations.  The possible  deviat ion of the 
prompt neutron sub-mode f rom the main mode, which i s  usually over- 
looked i s  emphasized. The dependence on the  reactor  configuration 
o f  the generation time o f  neutrons d i s t r ibu ted  i n  the prompt sub- 
mode, which i s  an e s sen t i a l  quant i ty  f o r  pulsed-neutron experi- 
ments i s  discussed. It i s  shown t h a t  a non-negligible difference 
e x i s t s  between t h i s  generation time and tha t  o f  the pe r s i s t i ng  mode, 
espec ia l ly  i n  heavy water reactors .  

Using the delayed neutron-distribution as representat ive o f  the 
p e r s i s t i n g  mode, modifications of the  experimental procedure o f  
the S.J. and R.D. techniques a r e  proposed. I t  i s  shown tha t  these 
modifications,  which a re  independent o f  the  i n i t i a l  f l u x  ( the  
' Shape-?jethod' 1, o r  correct ing for i t  experimentally ( 'Amplitude- 
Method'), do indeed reduce the systematic e r ro r  due t o  harmonics. 
The advantages and l imi ta t ions  of both  methods a re  discussed, w i t h  
special  a t t en t ion  being paid t o  heavy water reac tors ,  f rom the theo- 
r e t i c a l  point o f  view, and are  demonstrated by experiments conducted 
i n  the  S w i s s  swimming-pool reactor  SAPHIR and the heavy water reac- 
t o r  D I O R I T .  

, 
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REACTIVITY MEASUREMENT BY KINETIC METHODS 

paae 
11-1) Static and kinetic methods for measurement of reactivity 4 
11-2) Space independent theory of kinetic measurements 6 

11-3) Local Detectors 13 

11-4) Harmonics effect. 15 
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I. STATIC AND KINETIC METHODS FOR MBASUREMENT O F  REACTIVITY 

The methods by which r e a c t i v i t y  i s  measured can be roughly divided 
in to  two categories:  a j  s t a t i c  methods 

b )  k ine t i c  methods. 

a )  
s t a t e ;  e i t h e r  when the reac tor  i s  c r i t i c a l ,  f o r  instance the compen- 
sa t ion  method ( r e f .  1 p.603, r e f s .  2-8) o r  i n  a s u b c r i t i c a l  s t ab le  
s t a t e  e.g. the subc r i t i ca l  mul t ip l ica t ion  method ( r e f s .  8,9,10 

The s t a t i c  method i s  e s s e n t i a l l y  a measurement i n  the s t ab le  

(PP 11-16)). 

The compensation method i s  based on maintaining c r i t i c a l i t y  by 
counteracting any change i n  the r e a c t i v i t y  by means of control  rods 

or i n se r t ion  of  homogeneous poison. The f i r s t  method, namely compen- 
sa t ion  by control  rods,  i s  very of ten used f o r  r e l a t i v e  ca l ibra-  
t i o n  o f  control  rods. The precis ion o f  th i s  method depends e i t h e r  on 
the absence o f  in te rac t ion  between the various components ( i . e .  shado- 
wing e f f e c t  cf. r e f .  82 )  o r  on the degree t o  which these e f f e c t s  a r e  
known. Usually i t  i s  very d i f f i c u l t  t o  ca lcu la te  i n t e rac t ion  e f f e c t s ,  
and f o r  t h i s  reason the compensation o f  r e a c t i v i t y  w i t h  l o c a l  absorber 
i s  l imi ted  t o  the measurement of  small amounts o f  r eac t iv i ty .  The 
compensation w i t h  an absorber d i s t r ibu ted  homogeneously throughout 
the reac tor  can be in te rpre ted  accur&ately. But i t  i s  very time con- 
suming and not always feas ib le .  

The s u b c r i t i c a l  mult ipl icat ion method depends strongly on the know- 
ledge of  the harmonics content a t  the measuring point ,  which i s  
introduced by the source tha t  maintains the constant neutron f l a x  
i n  the s u b c r i t i c a l  reactor .  Estimating the e f f e c t  o f  harmonics i n  
a r e a l  systein i s  of ten very d i f f i c u l t .  

b )  Kinetic methods a r e  based on a measurement o f  the  time beha- 
viour o f  a l o c a l  neutron population, due t o  some change i n  the 
reactor .  
These methods msy be divided in to  three'groups: 

I) lieasurement i n  the near c r i t i c a l  s t a t e .  
2 )  Measurement i n  the pos i t ive  prompt c r i t i c a l  region. 
3) Measurement i n  f a r  s u b c r i t i c a l  s t a t e s .  

i 
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The kinetic’methods when applied to the near critical state (summa- 
rized in ref. I), evidently measure only small amounts of reactivity. 
Their range in the supercritical domain is limited for obvious reasons 
of safety to p d 0.3 $. In the subcritical region a limitation is * _L 

imposed by the very low sensitivity at negative reactivities greater 
than - 0.3 $ (see sec.3 and ref.ll).These kinetic methods include 
the following techniques: 

I. Stable reactor period (refs. 12, 13, I O ,  14-16) 

2. Pile oscillator (refs. 1, 17-19) 

,3. Rod-drop-bump method (square wave) (refs. 20, 21) 

4. Trapezoid-wave (ref. 22, 21) 

5. Electronic simulator (refs. I ,  23). 

The positive prompt transient method is limited to a very few special 
reactors (refs. 24, 2, 2 5 ) .  Because of obvious safety reasons it cannot 
be used elsewhere. 

Methods applicable to the far subcritical domain may, of course, be 
a2plied to near critical states. But their main advantage lies in 
their ability to yield measurements of large negative reactivities. 
In this group one includes the following methods: 

1 )  The statistical method (refs. 26, 27) 
2) Rod-Drop (or briefly R.D.) ( r e f s .  20, I O ,  28) 
3 )  Source-Jerk (S.J.)(refs. 20, 19) 

4) Pulsed-Source (13. S. ) (refs. 30-32). 

The initial state in all nethods, except the R.D. method, is a 
subcritical state, the reactivity o f  which is to be measured. 
In an R.D. experiment the initial state is usually just critical. 
In a l l  methods the final state is subcritical. 

The statistical method, i.e. the Rossi-cx method (ref. 26) is prac- 
tical only when small amounts of negative reactivity are to be 
measured. The Rossi-a method gives accurate results in fast 

8 systems and can be extended to somewhat slower systems. Never- 
, , theless this method is not considered practical for thermal 

reactors. 



' I  .The three,  method's '2, 3 and 4 *are used almost exclusively f o r  the 
measurement of l a rge  negative r e a c t i v i t i e s  (e.g. t o t a l  worth of  

< control  rods,  s ingle  or i n  banks, shut-down value e t c . ) .  
. -  

, I  

2. SPACE INDEPENDENT THEORY O F  KIN'ETIC MEASUREMENTS 

J 
Space independent k i n e t i c  theory i s  obtained i f  one assumes a detec- 
t o r  d i s t r ibu t ion  function W(r,v). Then the average neutron popnla-' 
t i o n  cN(t)> and precursor population c C i ( t ) >  where 

- b +  

s a t i s f y  rigorously the simple k ine t i c  equations ( f o r  d e t a i l s  see 
~hap , I I I ,Sec . lO) :  

I 

d<Ci ( t )>  b i ( t )  
- L < N ( t ) >  - h i < C i  ( t )>  t. = 1 , 2  ,..., 8 .  ( 3 )  

d t  . N t )  

w i t h  t delayed neutron groups, 

(Q( t )7-  average external source term; 

p ( t )  - r e a c t i v i t y  i n  do l l a r  un i t s  defined a s  the r a t i o  o f  
average ne t  production r a t e  t o  the product of average 
production r a t e  and p ( t ) ;  

A*( t )  :: A# i s  the'  reduced generation time of neutrons; 

bi ( t )  = p i  ( t ) / B ( t ) ,  where ( 3 ~  ( t )  i s  the e f f ec t ive  f r ac t iona l  \ 

yie ld  of  delayed neutrons, i.e. the average- f r ac t iona l  . 

precursor production; 
t 

i c i  
p = c pi. 

For the  sake of brevi ty ,  the symbol <>, indicat ing average, will 
1 

be dropped i n  the r e s t  of t h i s  chapter. 64 
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R.D., r- P O  

N O )  = 1 Po ,PI <o 
- S. J. and P.S. 

Pi 

, ( s i  is the Laplace transform 
bi 

variable) 
W(t) = 

andy are the solutions of ‘the inhour equation: 
P 

4 Sbi 

L S i  S + h i  p = SA* + s ~ ( s )  = SA* + 



1 .  

The time-behaviour following rapid in se r t ion  of a control rod, 
Eq.7, o r  the fas t  removal of a source, Eq.8, a r e  iden t i ca l  i n  

- the present model i f  A = 0, B = 0, and i f  &* and bia a re  not 
- af fec ted  by the r e a c t i v i t y  change. The f i rs t  condition can be 

f u l f i l l e d  since an A,which d i f f e r s  from zero,can 5e regarded as 
a given background and may be subtracted. The second condition i s  
f u l f i l l e d  if the  reactor i s  c r i t i c a l ,  f o r  then the e f f ec t  of any 

. background source may be made negl igibly small, and it  consequent- 
l y  f o l l o w s  that  B = 0. The t h i r d  condition i s  a l s o  f u l f i l l e d  t o  a 
f a i r  degree o f  approximation. This i s  due t o  the f a c t  that  both 
A* and p i  a r e  quan t i t i e s  which a r e  based on production processes, 
while the change i n  p i s  usually achieved by changing the destruc- 
t i o n  r a t e .  The effect  of  the r e a c t i v i t y  in se r t ion  on bi = p i / p  
i s  even smaller (see a l s o  IV,Sec.7). 

I 

! . ' -  ' 

Assuming the above mentioned conditions t o  be f u l f i l l e d  and the 
background t o  be negl ig ib le  ( o r  automatically subtracted) i n  the 

,P.S. case, one f inds  the following s implif ied relat ionships:  

. t  

(17) N t  I?. s. P = A* G P i ( t ) .  

Of the  L + I  solut ions of the inhour equation, the f irst  describes 
the r ap id  response of the prompt neutrons, while the L other solu- 

t ions  represent the behaviour of  delayed neutrons, which i s  much 

slower. For negative r e a c t i v i t i e s  a l l  solut ions a re  negative. This 
1 

c h a r a c t e r i s t i c  i s  common t o  Eqs.16 and 17. The'main difference is  

the very small r a t i o  of delayed t o  prompt neutrons i n  the  response I I 

I 
I .  

t o  P.S. when compared with the corresponding r a t i o  i n  Eq.16. 

These f ea tu res  a r e  c l e a r l y  shown by using the  model of a s ingle  
delayed neutron group: 

N ( t ) / N ( O )  = - - [exp[- A* t]- exp[% t]] f o r  R.D. and S .J  
1-P 

I .  

. I  

- .  

. /  

' .  , -. 
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In  th i s  model the  r a t i o  o f  prompt t o  delayed exponents i s  about I O 3  

f o r  a D,O-reactor a t  -10 $. The same value i s  found f o r  the r a t i o  
of r e l a t i v e  delayed t o  prompt population i n  R.D. (and S.J.) t o  P.S. 

' Knowing"( 0 )  , the i n i t i a l  population, and measuring N( t )  , enables 
one t o  determine the r eac t iv i ty  i n  the  R.D. and S.J. cases. I n  
f a c t ,  i t  i s  not necessary t o  measure the decay curve i n  d e t a i l .  
It  su f f i ces  t o  measure the population j u s t  a f t e r  the jump when 
the delayed neutron population has not ye t  had enough time t o  change. 
Idea l ly  one would l i k e  t o  measure the i n i t i a l  population of delayed 
neutrons, Nd( 0)  , ( f r o m  eq. 1 6 )  : 

Nd( t >  P 

S- 
lim am t-ro 

The re fore  : 

Nd(0) could, i n  pr inc ip le ,  be obtained by extrapolat ing the delayed 
population t o  time zero. The main advantage of t h i s  straightforward 
procedure i s  due t o  the  f a c t  t ha t  i t  does not involve any a d d i t i o r a  

parameters. On the other  hand, i t  does involve the use of a f a s t  
recorder ( r e f .  20)  and the  sometimes questionable extrapolation o f  
the delayed neutron density to zero.  I n  D , O - r e a c t o r s  t h i s  extrapo- 

l a t i o n  procedure may be en t i r e ly  erroneous, s ince the  prompt decay 
constant ,  yo, h,as a time constant o f  the  order of t h e  f a s t e s t  delayed 
neutron group, yl. For  example a t  -3 $ yb = -bo and yi = -3,84, and 
a t  -1 ;d yo = -20 and yi = -3,80 sec'l. ;- 

In  order t o  oyercome the d i f f i c u l t i e s ,  Schmid ( r e f .  29) proposed the 
convenient in tegra l  count method, which der ives  the r eac t iv i ty  from 
the relat ionship,  

(21). ' 
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I -  

Other methods f o r  deducing the r e a c t i v i t y  from N ( t ) / N ( O )  can 
e a s i l y  be found according t o  the experimental f a c i l i t y  a t  hand 
(c f .  ref. 3 6 ) .  

I n  a P.S. experiment one measures the population decay curve 
a f t e r  ir i jecting a neutron burst .  Treating the delayed neutrons 
a s  background, the  s l o p e  of t h i s  decay curve on a semilogarithmic 
sca le  f o r  the population d i r e c t l y  gives  l-p A" (cf'. ref'. 30). 

The pulsed-source equipment i s  based on the nuclear react ion o f  
charged p a r t i c l e s  (e.g. ionized D o r  T atoms and molecules). Pulsing 
the  neutrons i s  achieved by e i t h e r  pulsing the ion source o r  perio- 
d i ca l  def lec t ion  o f  t he  ions  away f rom the ta rge t .  The d e l t a  function 
behaviour o f  the  source is  obtained by having a very narrow bur s t  o f ,  
f o r  instance,  1 t o  5 psec wid th ,  w i t h  very high in t ens i ty  of neutrons,  
such a s  10"- 1O1O neutrons per bu r s t  ( re f .  37 ) .  

Technically the rod-drop i s  achieved by dropping a s ing le  rod  or a 
number of rods ("s ingle  o r  multiple scram"), which a r e  accelerated 
by gravi ty ,  by a i r  pressure,  o r  by both.  The source jerk can be 
achieved by various methods, cf. r e f s .  I O ,  20 o r  by rapid w i t h -  
drawal of' an antimony source f r o m  a beryllium envelope ( r e f .  3 8 ,  39) .  
While the s tep  i n  the source may be very f a s t ,  t he  rod-drop i s  never 
t r u l y  instantaneous. The drop may be said t o  be instantaneous,  i f  
the e f f ec t ive  dropping time i s  s h o r t  compared t o  the  decay constant ,  
( & ) ,  of the  f a s t e s t  delayed neutron group. 

The deviation from a t rue  s tep function exhibited by p ( t )  ( r e f .  40) 
o r  Q ( t )  (e.g. if a pneumatic method i s  used, r e f .  20 )  should be taken 

f ea tu res  w i l l  s t i l l  be maintained, but the simple f o r m  o f  the 
so lu t ion  i s ,  of course, l o s t .  

. i n t o  account i n  solving the k i n e t i c  equations 2 and 3 .  The bas ic  

The non s tep- l ike behaviour can be t r e a t e d  exact ly ,  when solving 
the  equations on a d i g i t a l  computer ( r e f .  41). It may a l so  be re- 
garded a s  a source o f  e r r o r  introduced in to  the idea l  s i tua t ion ;  
the value o f  t h i s  e r r o r  may be estimated approximately (ref'. 42).  
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Another approach ( r e f .  43) i s  based on the f a c t  t h a t  some time a f t e r  
the  completion of the d r o p ,  which begins a t  time zero,  the time- 
dependence of the population coincides w i t h  t ha t  o f  a step-function 
which occured a t  a l a t e r  time t , * ( t , * > O ) .  The time tz a f t e r  which 

@ the  population behavior i s  the same a s  the response t o  a sh i f t ed  
step-function, can be determined by experiment or by an exact solu- 
t i o n  of the  prcblem. However, i t  i s  not very sens i t i ve  t o  d e t a i l s  
of p ( t ) ,  and therefore ,  once calculated f o r  a ce r t a in  case i t  can 
be used, o r  approximated ra ther  eas i ly ,  f o r  other cases. 

Ikowing t i ,  the moment the d r o p  i s  f in i shed ,  and t,, one can deter-  
mine t,* (see  Fig.  I). 

0 

-91 

T 

Fig. 1 Resctilritp and power response t o  a 
non-inetantensm rod-drop. 

achieve t h i s ,  one may use the Laplace transform of' 'the k i n e t i c  
equation (Eqs .  2 , 3 )  o r  t h e i r  i n t eg ra l  representation ( r e f .  35, pi30 

@ w i t h  A* = 0 ' .  

, -  

-ia- 

I 



i l l  

Nobfng that $J( t2)  = I l T * ( t 2 )  (th? asterisk Cipr101;es quafl t i t ies  related 
t o  the q u i v a l a n t  step-function) oce g e t s :  

I 
i -  

( ?4) / t 2D( t2  - T)N(T)dT - - i"" D( t2 - 'G)N*( 'G)dZ. 
0 0 

. Under the reasonable assumption t h a t  t,ccZbihi'i= I 3  sec ( f o r  
U235 f u e l ) ,  one f inds  f o r  tgt , :  

N ( t )  *% I - p  t . ( 2 5 )  

After  subs t i tu t ion  of Eq. 25 i n to  Eq. 24 one ge ts  with some alge- 
bra ,  two equivalent transcendental  equations f o r  ti* i n  te rns  o f  
p i ,  ti and t,: 

A 

I '  

3. LOCAL DETECTORS 

- , The space independent k i n e t i c  equations (Eq. 2 and 3)  were obtained 
by averaging the dens i t i e s  o f  neutrons and precursors over a detec- 

b t o r  d i s t r ibu t ion ,  W(r,v). The r e a c t i v i t y  thus defined i s  r e a l l y  g lo -  
b a l  and represents  the  overal l  balance o f  t h e  react ion r a t e  i n  the  

' r e a c t o r ,  provided such a global detector  i s  a t  the experimenter's 
disposal .  

+ +  

i 
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Actually, however, the detectors are rather local and their ener- 
- .gy response is nearly a Dirac delta function. , 

Following the procedure described in Sec. 2, such a detector dis- 
tribution will furnish one with a reactivity which might depend 
strongly on the properties of the detector and in particular on its - 
location. Such a situation obscures the rrain purpose of introducing 

I .  

the concept of reactivity, namely a global representation of the 
. reactor. 

To overcome this difficulty one can use the local measurement of 
the detector to determine some time characteristic o f  the reactor as . 

a whole, e.g. the stable period, which is of course, independent of 
position. But now, instead of defining the reactivity with the aid 
of the actual detector distribution, and getting a local quantity, 
one can relate the stable period to some convenient hypothetical. 
detector distribution (see Chap.111). 

In this chapter the treatment will be limited to the most common 
reactivity concept, the static reactivity. The hypothetical detector 
distribution needed to achieve it is the adjoint static density 
function. By weighting with this function one obtains the static 
reactivity, the static (weighted) generation time and the static 
(weighted) effective aelayed neutron fraction. These three global 
parameters are related to the kinetic eigenvalue, e.6. the stable 
period, through the inhour equation: 

i = 1, ..., L. 

Thus i n  t h e  present  approach the  local d e t e c t o r  i s  used t o  deduce 

the global eigenvalue w, which is unique only after all memory effects 
due to initial conditions have died out. The ability to establish a 
unique time behavior throughout the reactor is an essential property 

I _  

of the chain reaction. Nevertheless, waiting until this behavior is . '  

achieved and then measuring the stable period is not practical in 
subcritical states; since one looses all sensitivity to reactivity. - ' 

This is demonstrated in Table I below, where the persisting eigen- 
value w ~ , ~ ,  is tabulated as a function of the static reacti*vity p s ,  
( h A  = 1.244*10-2sec'1). 
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1 0 - 2 w  sec'l 1,2243 1,2009 
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098 

1,1878 

- 

TABLE I 

In  any case,  none o f  the k ine t i c  methods of subc r i t i ca l  r e a c t i v i t y  
measurements comply with the  demand o f  measuring i n  the domain o f  
the  pe r s i s t i ng  density.  Instead the R.D. and S.J. methods a re  
based on a comparison o f  i n i t i a l  f l u x  t o  some other  f lux  a f t e r  in- 
s e r t i on  of the  control  rod, o r  a f t e r  removal of the source. The P.S. 
on the' o ther  hand, though not re fer ing  t o  any i n i t i a l  f l ux ,  depends 
upon the prompt mode, which i s  not  necessarily equal t o  the  p e r s i s -  

$ '  

t i n g  one. 

The discussion o f  t he  l a s t  point  i s  postponed u n t i l  l a t e r  (Chaps.111 
and I V ) ,  while the influence of harmonics on the  R.D. and S.J. me- 
thods will be discussed more thoroughly i n  the next sect ion and i n  
Chap. V. 

4. HARMONICS EFFECTS 

I n  order t o  t r e a t  with s u f f i c i e n t  r igor  the time behavior of a 
reactor  with e i t h e r  a removable external  source o r  with a sink tha t  
may be inser ted ,  a t  l e a s t  t w o  energy groups w i l l  be needed. T h i s  i s  
due t o  the  f a c t  t ha t  the source emits f a s t  neutrons, while the  sink 
(e.g. control  r o d )  absorbs thermal ones. Application o f  t h i s  model 
t o  a r e a l i s t i c ,  configuration i s  highly impractical .  On the o the r  hand 
the one-energy group model surely overestimates the ac tua l  effect of' 
t h e  s ink o r  source. F o r  t h i s  reason one i s  on the sa fe '  s ide  when 1 

using a one group model f o r  such a study. On the other  hand, su f f i -  
c i en t  s implici ty  i s  retained t o  gain physical ins ight  i n t o  the  prob- 
lem. Thus f o r  the general discussion of  harmonics a one-group model 

. -  , 
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w i l l  be adopted. I t  w i l l  be applied f i r s t  t o  a reactor  contEiiriing 
a point source and then t o  one with a de l t a  sink,. The main d i f fe -  
rence between the  one group and the two-group model w i l l  be i l l u s -  
t r a t e d  i n  Appendix 11. 

a )  A bare  homogeneous reactor  w i t h  a source. 
The k ine t i c  equation governing t h i s  s t a t e  i s :  

- an(x , t )  L 
v(DV2-2)n(x,t) +vk( l -p)Zn(x , t )  + h j c i ( x , t )  + Q ( x , t )  - a t  9 

L = l  
aci (x, t ) 

a t  , i = I , . . . , & .  vpik,Zn(x,t) - ' h j c i (x , t )  = 

( 2 9 )  

w i t h  the  condition t h a t  the  neutron and precursor dens i t i e s  vanish 
a t  the extrapolated boundaries, x: 

N 

n(Z , t )  = c i ( Z , t )  = 0.  

I n  the equation above, 

n ( x , t )  - neutron densi ty  a t  space point  x and time t ,  
G(x , t j  - external  source, 
c i  ( x , t )  - precursor dens i ty ,  
v,D,Z,k - veloci ty  o f  neutrons, thermal diffusion constant ,  absorption 

cross-section, and i n f i n i t e  mult ipl icat ion constant ,  res- 
pectively.  

The so lu t ion  o f  the  equations may be obtained by means o f  the expan- 
s ions 

c i ( x , t )  = T' ( t )n , ( t ) ,  
9=0 9 

where: V2n = -B2n 4 

9 9 9' 

and B2 i s  the q-th geometrical 'eigenvalue o f  the system. The general 
solut ions and those f o r  s lab  geonetry a re  given i n  Appendix 1-1. 

The i n i t i a l  densi ty  of the  subc r i t i ca l - r eac to r  due t o  the  constant 
source Q(x,O) is: 

9 
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* .  The harmonics contribution to the initial density is: 

since in this case the persisting mode just corresponds to the 
lowest geometrical eigenvalue. 

The harmonics content of the density after instantaneous removal of 
the source is evidently smaller. For example, for the time integra- 
ted f lux  

The higher modes are damped here faster than those in the initial 
density, due to the appearance of the factor l / p 2  The modal reacti- 
vity p increases rapidly with the modal index. Physically this be- 
haviour is clear, since after the removal of the source, only the 
decaying precursors produced formerly by the source-neutrons are not 
distributed according to the persisting mode (ref'. 39). 

9' 

9 

To demonstrate the deviation of the normalized initial density, 
[~(X,O)]~~,., which is the basic reference function employed in the 
usual S.J. and subcritical multiplication techniques, from the per- 
sisting distribution of the state to be measured, Eg. A-I-12a WIS 
evaluated f o r  a heavy water slab reactor. This reactor has a mate- 
rial buckling B2 = 4,101 *IO'*~m-~(see configuration DI-1 A-V). It 
is made -IO$ subcritical by reducing the extrapolated thickness from 
d = 155,l cm to d = 115,6 cm. A plane source is placed at various 
positions q, thus introducing various amounts of harmonics. Fig.2(c), 
(e) and Fig-3b) show [n(x,o> Inor. for a number of source locations. 
One sees immediately that the deviation from the persisting mode, 
sin Bix ,  is increasing as the source moves farther away from the 
center. A clearer indication of the deviation is provided by the 
ratio: 

[n(.x,o) Inor, /sin ?x = r(x,O), 

plotted in Figs. 2 (a),(b),(d) and Fig. 3 (a) curves I .  

(33) 

- This ratio actually gives the magnitude of the correction that shou 
in principle, be applied to normal S.J. experiments in order to cor 



Fig.2: c , e )  Thermal neutron distribution In  a s lab reactor with plane source 
) 1 . Harmonics, content of the neutron density. 

a9b*d)2 .  Harmonics content of the time integrated denaity. 
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Fig.3 : Thermal neutron distribution -in a elab reactor with plane aouroe (ta,b) 
and plane absorber ( c ) .  
curve 1 )  Harmonica content of the neutron denaity. 
curve 2 )  Harmonica content of the t i m e  Integrated density. 
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r e c t  for .  harmonics. Since the time integrated densi ty  contains  only 
an extremely small amount ! of harmonics ( see  e.g. the l a s t , F i g s .  
curves 2 ) ,  the  above r a t i o ,  Eq. 33, d i r e c t l y  gives (through Eq.21) 
the  e r r o r  introduced i n  the r e a c t i v i t y  a s  measured by the in t eg ra l  
count method. For  example, if the removable soux3ce i s  i n  the  center ,  
one underestimates the r e a c t i v i t y  by about 10  /4 i f '  the  de tec tor  i s  
f a r  away from the source. T h e  r e a c t i v i t y  w i l l  be overestimated by 

about the same amount, if the measurement i s  car r ied  out i n  the  cen- 
t e r .  Placing the  source at ,about  1/3d, and measuring i n  I ts  v i c i n i t y  
would cause an overestimate o f  about 3 0 " 4 ,  while measuring =ear the 
f a r t h e r  boundary w i l l  resil1.t i n  an underestimate of about 20°4 . 
It  should be c l e a r  that  i n  a two group ca lcu la t ion  the damping o f  
higher modes i s  stronger. Furthermore, i n  the  three dimensional case 
in tegra t ion  over the volume i s  more e f f ec t ive  i n  suppressing the con- 
t r i b u t i o n  of higher harmonics than i n  the one dimensional case. On 
the  other  hand, r e a l  reac tors  a r e  usually more complex, and sometimes 
involve media w i t h  widely d i f f e ren t  parameters, which again give rise 
t o  considerable harmonics contamination. 

0 

b )  
T h i s  configuration is  intended t o  simulate a rod-drIop experiment. 
evaluation (A- IV)  i s  car r ied  o u t  by the method of orthogonal funct ions,  
applied by Auerbach (ref .&) t o  control  s t a t i c s .  

After dropping the r o d ,  the  new pe r s i s t i ng  mode,n(x,ol.l)which i s  estab- 
l i shed  a f t e r  a l l  higher harmonics have died o u t ,  i s  given by (A- IV,  

Eq.1 5 ) :  

Bar3 homogeneous reac tor  w i t h  8 de l t a  sink. 
I ts  

In 

wh 

a s l ab  reactor  with a plane absorber a t  ~0 i t  becomes (A-IV-14) 

n x O  r a = e Lsin B ~ I X - ~ ,  I - s i n  B ~ ( X + G )  - - 

- 2 co t  B f d  s i n  By% s i n  B f x 3 , 
Bf i s  a f i c t i t i o u s  mater ia l  buckling ( B p B )  chosen so as t o  

make the reac tor  v i r t u a l  c r i t i c a l  i n  the  presence o f  the sink. The 
i n i t i a l  d i s t r ibu t ion  i n  the c r i t i c a l  system i s  s i n  B,x. The neut'ron 
densi ty  integrated over time f rom the moment of instzntaneous in- 

, ,  



Fig.4: Thermal neutron distribution in a slab reactor with plane'absorber, . 
curve 1 )  Harmonics content of the neutron density. 
curve 2) Harmonics content of the time integrated density. 
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se r t ion  of the sink t o  i n f i n i t y  i s  given by (A-IV,lO): 

I n  slab geometry t h i s  expression reduces t o  Eq. 19 A-IV. 

Expl ic i t  evaluations o f  the above expression have been done f o r  a 
heavy water s lab  reactor  having the modified one-group parameters o f  
the  DI-I conf‘iguration ( see  A-V). I t s  material  buckling i s  
R2 = b, lOl  * IO’*  cm2 as before,  ana i t s  extrapolated thickness i s  
155,,1 cm. The plane sink i s  dropped a t  various posi t ions x, each 
Lime reducing the r eac t iv i ty  t o  -10 $. Because o f  t h i s  cons t ra in t  i t  
i s  c l ea r  t h a t  the absorption coef f ic ien t ,  y ,  of the  sink w i l l  depend 
on the  locat ion.  

The normalized i n i t i a l  densi ty ,  [ s in .  B , X ] , ~ ~ , ,  i s  compared t o  the 
pe r s i s t i ng  mode of the  f i n a l  reac tor ,  n(x,m).  T h i s  i s  shown i n  Figs. 
(b),(d) tnd Fig. -3 ( c )  f o r  vzrious source locat ions.  A more s t r ingent  
ccinparison i s  achieved by ca lcu la t ing  the excess o f  harmonics 

r(x,O) = [ s i n  /n( x ,..) . 
This  r a t i o  i s  p lo t ted  i n  Fi.gs. 4 ( a ) , ( c )  and fig. 3 ( c ) ,  curve (I). 
Y’he various curves sh9w a cons idera-b le  abount o f  harmonics. Since, 
again, the time i n t e g r a t e d  excess o f  harmonics i s  r a t h e r  small, 
the above r a t i o ,  r (x ,O)  gives the e r r o r  introduced i n  the r e a c t i v i t y  
neasured by an K.1). experimerrt w i t h  the  in t eg ra l  count method. For 
example, i n  the case o f  a cen t ra l  cont,rol plane,  where the harmonics 
content i s  a minimum, there  i s  an overestimate of’ about jO0A-when the  
counter i s  placed near the s ink ,  and an underestimate o f  about 1 5 %  
i f  the measurement i s  car r ied  out far from the  s ink .  When the  Eink i s  
f ixed  a t  an off-center posi t ion,  the  amount of harmonics increases  
considerably. Thus i n  the case o f  xo/d = 0 , 5 ,  i n  the  regionbetween 
the sink and the nearer boundary, an overestimate o f  35O0A t o  400°;/0 

w i l l  r e s u l t ,  while on the other  s ide  the result zill be uncerestima- 
ted  by about 2 5 O A  . 
To complete the  s e r i e s  of comparisons, a two-group calculat ion for a 
two-zone cy l indr ica l  heavy water reac tor ,  both without and with cen- 

I 
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tral control rod (configurations DI-3 and DI-4, see A-V),  has been 
carried out. The normalized thermal initial density and the thermal I 

persisting mode o f  the rodded reactor, n(r,m), are shown in Fig. 5,  
together with a plot of' the corresponding harmonics excess. The cor- 2 

responding fast quantities are plotted in Fig. 6. 

In a cylindrical reactor the control-rods are much less effective 
than the plane sheet absorber in slab geometry. Thus, in order to 
achieve the same subcriticality, the absorbing properties of the 
contrc;; rod should be stronger than those of the control plane. For 
this reason the initial f l u x  is less perturbed in the case of a 

control plane and thus contains less harmonics. Fig. 5 shows the strong 
volume smearing effect of a two-dimensional configuration. In spite 
o f  the extremely high harmonic contamination in the vicinity of the 
control rod, after two migration distances there is a small, almost 
constant, amount of harmonics. The fast density, Fig. 6, is evidently 
much less affected by the control rod. But beyond two migration- 
distances the fast harmonics have the same magnitude as the thermal 
onez. 
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% .  Fig& Compahmn of the thermal density before a rod-drop to the 
aqmptotic density after the drop, 
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I .  TIME DEPENDENT' TRANSPORT EQUATION 
. The general time dependent behaviour of a reactor is given by the 

G Boltzmann transport equation. This equation states the detailed 
balance of neutrons and delayed neutron-precursors in every infi- 
nitesimal element of the phase-space. The equation for a fixed 
fuel reactor may be written in the following form (reFs.45,46): 

a -+ - = -vVN-vZ(;f,u,t)N+Z'N+ (I-f3) f(u) P*N+ a t  
& 

i m i  
+ c h>iCtQ(U) + s(f,u,t), 

where : 
3 +  

= neutron density in phase space at the point 
r,v; v is written sometimes also as v = vR, +-+ --+ -+ + N( r,v 9 t) 

-+ 
where R is the directional unit vector; the 
lethargy u will replace v as energy variable 
wherever possible. 

z(f,u,t) 

z .  = / v(ut)2s-(;,34;) . dq 

= the 'total macroscopic cross-section. 

Z *  is the scattering operator, while Z is 
the macroscopic cross section for scattering. 

d; ' 
P o  is the production operator due to fis- 

sion; Xy is the macroscopic cross section for 
fission and v(u) is the prompt neutron yield 
from the fission process initiated by neutrons 
of lethargy U. 

prompt neutrons 'and of neutrons emitted from 
the i Ith precursor group, respectively. 

the precursor density of the I-th group with 
the decay constant hi. 

f(d? fi(4 = the normalized lethargy distributions of . 

+ 4 c hiCi ( r,t)fi (u) = delayed neutron source term, where Ci ( G , t )  is 
ill 

0 s(f,u,t) = external source term. 
B i  = fractional yield of delayed neutrons of the 

I-th group. 
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2. THE HARMONICS AND THE EXISTENCE OF A PERSISTING MODE 

The main characteristic of  a self sustaining reactor is its ten- 
dency to exhibit a very short memory. This is caused essentially 
by the fact that a neutron, while creating its own chain, diffuses@ 
away from its birth place, so that the distribution of its proge- 
ny tends to flatten the initial effects. Thus the reactor tends 
normally to have its own neutron distribution regardless of  the 
initial conditions imposed on it. The effect of the initial con- 
ditions is manifested only through the amplitude of the distribu- 
tion. The distribution which is attained after a relatively short 
transient time is called the persisting distribution. It will 
characterize the reactor in the sense that it is independent of 
the special initial conditions, but depends instead on the inhe- 
rent characteristics of the reactor. 

This behavior is quite general, since it applies as well to most 
o f  the nonlinear effects associated with burnup, temperature ef- 
fects and other feedback processes. The stronger the nonlinear ef- 
fects, the longer will be the transient period during which the 
reactor behavior is influenced by the initial conditions. This is 
true except in unusual cases where no persisting distribution is 
achieved,and the initial conditions do, in fact, determine the 
subsequent behavior. 

In the treatment to f o l l o w  the main problems will concern subcri- 
tical or zero power states o f  a reactor. In these situations the 
limitations mentioned above will not exist, and the persisting 
distribution will always establish itself. In fact the persisting 
distribution will not only be independent of the initial condi- 
tions, but will also keep its shape, while its amplitude changes. 

The fact that the population of neutrons and precursors rises or 
falls with a common distribution after a certain transient time 
(the longer the fission-chain the weaker are the transients), 
means a complete separability of space and time. This suggests 
the expansion of the neutron and precursor densities in terms of 
appropriate eigenfunctions, 

An expansion in terms of a "natural" complete set of eigenfunc- 
tions would mean complete separation of  time and space in each 
mode (a mode is defined by an eigenvalue and its corresponding 
eigen.function). The mode which will predominate will have the al- 
gebraically largest e,igenvalue, This mode, defined as the persis- 



- , I  

ting distribution is a physically realizable quantity, its eigen- 
function will be non-negative throughout the 'reactor and its eigen- 
value will be real (a detailed argument f o r  this is found in ref.33 

I 

' pp 408-410 and a deeper mathematical treatment in refs.47,48). 
The remaining eigenfunctions oscillate around zero and hence are 
not individually realizable. They describe the harmonics content 
of the instantaneous f l u ,  Since these harmonics possess alge- 
braically smaller eigenvalues than the persisting mode, they will 
eventually decay and become-negligible compared to the prevailing 
asymptotic eigenfunction. 

This decay time is known as the transient period during which the 
effect of the initial conditions dies off. 

The desired expansion describes correctly the reactor under the 
prescribed conditions, which explicitly demand that the operator 
on the right side of Eq. 1 is linear and time independent. This 
is achieved if the physical parameters like cross-sections etc. 
are time and f l u x  independent. In spite of this limitation, the 
existence of a persisting distribution in the wider sense makes 
it useful to have such an expansion as a convenient basis f o r  a 
solution f o r  the actual power reactor. 

There are several choices of appropriate eigenfunctions in terms 
of which the neutron and precursor densities may be expanded. The- 
se will be discussed in the following paragraphs. 

, 

3 .  THE KINETIC EIGENFUNCTIONS 

A n  important set o f  eigenf'unctions are the kinetic eigenfunctions 
which reveal the simple eigenvalue character of the right hand 
operator in Eq. I and 2 and give a clear separation of time and 
space in each mode. 

The kinetic eigenfunctions n (r,v) ( f o r  neutrons) and miq(r)(for 
Q 

the I-th group of precursors) are def'ined'by the following equa- 
tions: 

4 +  4 

1 .  

PiP'n- Ihirniq =wqmiq i =  I ,2,.. ,L ( L  delayed neutron 
groups). , (4). 
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The notation used here has already been defined (see Eq. 1 and 2). 
Written in matrix form Eq. 3 and 4 become: 

-L 

nq 
mis 
mq = wq .. 

0 0  

.. 
, m 4 ,  

where 

C .  

n¶ 
mlq 

mq .. 
.. 
0 .  

m4 

; hif ,  ; hzfa  ; ... ; hLfL 
@&PO ; ' h i  ; 0 ; .... 
&p" ; 0 ; -hz  ; 0 . .  ; O . 1  0 

H '  

................................. ................................. 

................................. 

the operator H is defined by: 
-+ H = -vV' - vz + Z '  + (1-B)fP' 

The matrix Eq. 5 elucidates the eigenvalue character of the reac- 
tor matrix operator, which will be denoted for the sake o f  brevi- 
ty by the symbol [MI, while the column matrix of  the densities 
will be denoted by the vector symbol %. Thus wq is the q-th ei- 
genvalue of the operator [M] with the corresponding eigenvector 

This defines the q-th mode o f  the density vector, which is 
seen to be entirely independent of  the other modes. Eq. 5 is, of 
course, not the only possible representation of the set of simul- 
taneous integro-differential equations 3 and 4. These equations 
may, for instance, be reduced to a simple equation by eliminating 
the precursor components 

+ 

+ 

and substituting into Eq. 3. One then gets a single scalar equa- 
tion for the q-th mode o f  the neutron density: 

(-%* " vz - w q ) n q  + z*%+P(u,wq)PTQ = 0, ( 8 )  

.where P(u,w,) is the average kinetic neutron spectrum ofxthe q-th 
mode 

- ,  Using Eq. 8, the problemlooses its clear eigenvalue teature. Ne- 

Q vertheless this equation will sometimes have practical advantages 
over Eq. 5. Its main use is in actual computation of  the densi- 
ties in multi-group diffusion theory. Then Eq, 8 has a very sirni- 

-~ ............ ........... ...... .............................. 
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lar appearance to the virtual static reactor balance equation, 
which is easier to treat. (For a definition of the virtual state 
see Eq. 32). This similarity enables one to fLnd a good initial 
approximation for the kinetic variables, These points will be 
elaborated later on. 

4. THE FORMAL GENERAL SOLUTION OF THE TIME DEPENDENT EQUATION 
~ ~~- 

Trying to solve the transport equation, Eq. 5, in any of its forms 
it is necessary to reduce it to a more tractable expression. This 
can be achieved by first expanding both the directional density 
vector and the scat-bering cross-section in spherical harmonics. 
Following this the diffusion approximation is obtained by neglec- 
ting all except the first two terms of-the expansion, (refs. 46,49). 

One can proceed and make further simplifications for the purpose 
of solving the energy dependent diffusion equation. One way of 
doing this is to make some assumptions about the strength of the 
dependence of the neutron density and the parameters on the ener- 
gy, (which is usually believed to be weak). This leads either to 
the continuous slowing down model or to the kernel method. 

Another way, which provides a model more amenable f o r  computation, 
is the reduction to the group diffusion model. This method con- 
sists of breaking up the full energy range of the neutrons (from 
fission energy to average thermal energy) into discrete groups, 
assuming that in each group the energy is constant and the space 
and energy variables are separable, (refs. 45,46). 
In the multigroup approach, the first row of the operator matrix 
[MI and the vector n q  (eq. 5) w i l l  be split into, say N rows, 
where N is the number of energy groups. 

A l l  parameters appearing in the matrix as well as the densities 
in each group are energy independent. 

The above mentioned simplifications, supplemented by space bomda- 
ry and intbrface conditions, amount therefore to the replacement 
of the matrix operatoro which operates on nq, by an equivalent al- 
gebraic matrix. This enables one to write Eq. 5 in the form of a 
secular equation: 

+ 
- 

-+ 

. 
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, 

I 
I where [I] is the unit matrix. 

q 

I 

-b 3 3  I I 

A non-trivial solut'ion for n (r,v) demands the vanishing of the - 1  

secular determinant : I 

(1'1) 
' - _  

The l a s t  equation is an algebraic equation for w q' and has infi- 
nitely many distinct solutions, depending on the boundary condi- 
tions. Each of these solutions describes a mode, Thus w Q describes 
the eigenvalue of the q-th mode, Knowing the w 9' the corresponding 
eigenvector may be found with the aid of the normalization condi- 
tion. Thus, the set of kinetic eigenfunctions based on Eq. 3 and 4 
is formally determined. The time dependent transport equations Eqs. 
and 2 

I 

can also be written in the following matrix form: 

Ci(;,t), ... , Ci(;,t)] density vector - + I  S = S(r,u,t), 0 , 0 . .  , 0 3 source vector. 
4 

One is now in a position to expand the density vector N in terms 
-b 

of' the kinetic eigenvector n Q' 

+ 3  W + + 3  
N(r,v,t) = c Aq(t)zq(r,v). 

q= 0 

In order to isolate the time behaviour (e.g 4 solve for A 9 (t)) one 
needs a set of f'unctions orthonormal to the n 9. This orthonormal 
set (or Pather the bi-orthonormal set) will be the set of all ad- 
joint vectors ri ( r , v ) ,  which will be chosen so as to satisfy the 
following scalar product (bi-orthogonality condition): 

-++3  4 

9 

4 4 -  

P Thus, n is a solution of the eigenvalue equation: 

. '  
- .  . .  



, 
t .  'where [M'] is obtained from [M] by th,e following operations 

(refs. 5 0 ,  51) I 
- 

l 

r a) transposition of  lines and rows, 
I 

b) replacement of the diagonal terns by their 
( / .  
I 

I .  

e)  changing of integration into its corresponr 
ration and vice versa,'in the off-diagonal 

[M'] = 

H+ ; @,P(&l); . . o  

hi/ fi(u'). d;'; -hi ; ... 
. . . . . . . . . . . . . . . .  
. . . . . . . . . . . . .  

where: 

H+ = +%.* d: 
r + +  3 

-v~+v~~,(r,v -+ v') 

ad joints , 
ing algebraic ope- 
elemen't s. 

+ 

Substituting expansion (13)  into the transport equation .. (12) , and 
multiplying scalarly by ;+ results in an ordinary differential 
equation f o r  the time dependent amplitude of  the p-th mode: 

P' 

+ + 3 +  3 3  

dt - wpAp(t) = //s(f,t)n P (r,v)drdv Z Si(t), 

the general solution of which is (with the help of the convolu- 
t i o n  symbol): 

$(t) = Ap(0)Cpt  + S;(t)* e *Pt . 
Therefore the general solution for the neutron density is: 

' .  
3 3  W,t + + . ' J  

P=o * i  

N(r,v,t) 3 3  = c" [A;(0)Rp(r,v)ewpt + S ; ( t ) * e  np(r,v)],' (19)-  , 

- 1  . .  
* I  and f o r  the precursor densities (see Eq. 7): 

L = 1,2, . . e ,  4 .  
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In spite of their rather formal appearance,'equations (19) and 
(20) reveal some interesting features of the time dependent reac- 
tor. These features are best described when using the multi-group 
diffusion model and will be discussed later. 

- -  

5. NEUTRON IMPORTANCE FUNCTION AND THE NEUTRON DETECTING PROCESS . 

Eq..l7 is actually a reduction of the partial integro-differential 
equation (12) into an infinite set of non-coupled ordinary diffe- 
rential equations in time. This result was achieved by multiplying 
the general kinetic equation by the adjoint vector, or, puting it 
in another way, by averaging the density vector with the adjoint 
vector . 
This procedure of averaging is useful mainly for the purpose of 
obtaining the general solution in the form of a complete set of 
separable eigenfunctions. However it is by no means unique. 

The general kinetic equation (12)  or its eigenvalue counterpart 
Eq. 5 or Eq. I O  may be reduced either to an ordinary differential 
equation in time, or to a set of algebraic equations, one for each 
mode, by multiplying them with some arbitrary weighting function 
which fulfils the appropriate boundary conditions. 

It is true however, that such an averaging process is meaningless 
for computational (and experimental) purposes, unless the inte- 
grals can be evaluated. This, in turn, demands the knowledge of  
the density vectors. 

Using Lewins' interpretation (ref.52) of  the importance weight 
function as the contribution of neutrons to a meter reading, a phy- 
sical meaning may be attributed to the weighting process which 
will give some insight into the concept of  reactivity. 

Actually, the recorded behaviour of the reactor is not determined 
solely by the neutron density. The detecting devices introduce 
their own characteristics into the measurement of the density as 
a result of  their spatial distribution and their possible influen- 
ce on the reactor parameters. 

The average neutron population in the reactor which is read from 
the meter thus reflects not only  the neytron density but also the 
detector characteristics which can be varied at will, at least to 

I 

. .  

. .  
. .  
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The importance function is then defined as the contribution of a 
-+ 3 

~ neutron at position r, velocity vector v and time t, to the meter 
reading at a later time tf (the reading time). 

- .  
This importance function, which must obey a final condition ta- 
king into account the detector characteristics, can be determined 
by assuming that a l a w  of conservation of importance is valid. 

As a matter of fact, it was shown (refs. 5 0 ,  54) , that under these 
conditions the time dependent importance function satisfies the 
time dependent adjoint density equation. 

The above arguments lead one to the conclusion that any arbitrary 
m c t i o n  or vector satisfying the correct boundary conditions, 
may be used as a weight function for the density vector and is 
physically realizable as detector distribution in the reactor. This 
consequently deternines the neutron-importance. 

6 .  THE REDUCTION OF THE KINETIC EQUATION 

The balance of  neutrons in the reactor is characterized by the 
production and destruction operators. The operator of direct neu- 
tron and precursor production is defined by the matrix [PI, and 
the destruction operator, [D], is defined in such a manner that: 

[ M I  = [PI - [ D l  (21 1 
[M] is seen to describe the net production. Explicitly 

J 

[PI = 

-(l-p)fP’ , ;o;..o 
Pip ;o;. .o 
. . . . . . . . .  
. . . . . . . . .  
. . . . . . . . .  
BLP ;o;..o 

i 1D3 = . . . . . . . . .  (22)’ . 

D ; -h,f,;.*;-hLf& 
0 ; hi ;..; 0 

. . . . . . . . .  

. . . . . . . . .  1 :  . - (  0 ; 0 ;..; A& 
-+ where: D = vV+vZ-Z* is the neutron destruction operator. . 

.From the eigenvalue equation (Eq.5) and, the splitting of the ope- 
rator [MI one can obtain an algebraic equation involving w by 
scalarly multiplying both sides of the equation by a weighting 

f’ul as long as the weighting vector d describes the actual detec- 

Q 

+ - + +  @ vector W(r,v). As already emphasized, this procedure is meaning- 
* 

tor di s tribut ion. 
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The algebraic equation may be presented in two equivalent forms: 

where the brackets describe a scalar multiplication in the phase 
space (integration over r and v). 

+ 3 

These equations may be considered as the generalized inhour equa- 
tions for the "inverse period of the q-th mode". 

The first equation (Eq. 23) involves o n l y  destruction processes, 
while the second equation involves only production processes. Nor- 
mally form (24) is to be prefered (see ref.55). The multiplication 
constant of the q-th mode, 
weighted overall production to weighted destruction of chain car- 
riers (neutrons plus precursors). On the other hand the reactivi- 
ty, Eq, 24, of the same mode is the net weighted production of 
chain carriers per chain carrier produced. It is evident that: 

is here defined as the ratio of 
kq9 

k - 1  =a. 
% k¶ 

In analogy with simple kinetics one may define a generalized gene- 
ration time of carriers in a certain mode: 

(26) 
$9 

i.e. the average time 
chain carrier and the 

Similarly the general 

elapsing between production of an average 
moment this carrier initiates a new one. 

zed life time 

is- the average time elapsingbetween the production of a carrier 
and its disappearance. 

All the expressions defined above refer to general chain carriers. 
They can, however, easily be reduced to the corresponding expres- 
sions for neutrons alone, 

As was mentioned above, the density-vectors corresponding to high- 
er harmonics are not individually physically realizable, and the- 

. I  . .  . ' .  
I . .  . -  

. .  . 
. -  

1 .  . .  



, 
! '. refore their corresponding modal quantities like reactivity, gene- 
t ,  

' ration time etc. cannot possess physical meaning, but rather re- 
fer to the perturbing effect of transients, I 

I 

The reactivity and the genepalized generation time, as well as 
the neutron generation time and the effectiveness of the fractio- 
nal yield of delayed neutrons (the latter quantity will be de- 
fined later on) are arbitrary to the extent that the weight-vector 
W is arbitrary. Nevertheless, some advantages are gained by using 
the inhour equation and defining reactivity according to Eq. 24. 
This can be seen if one expresses w in Eq, 24 in terms of p and 
0 In most practical cases the main effect of local and global 
changes in an operating reactor will cause a change in the destruc- 
tion operator alone, chiefly affecting the net production [PI -  [D]. 
Hence the main result will be a change in the reactivity of the 
system (see Eq, 24), while 0, Eq. 26, will hardly suffer any chan- 
ge at all. Even in cases when the reactor production parameters 
are altered, the influence on the generalized generation time as 

+ 

9 9 
9. 

a result of this change will be much smaller than the correspon- 
ding change in reactivity, since the latter is affected by the 
difference between production and dkstruction. Hence the useful- 
ness of Eq. 24 lies in the fact that the main dependence of w on 
changes in core-properties is via a global reactor characteristic, 
the reactivity. 

The weighting vector %'for the q-th mode has not been specified 
so far. FOP the sake of generality, oscillating detector-distri- 
bution (negative importance) may a l s o  be considered as a weight 
function, Such weight f'unctionswould be, for example, the eigen- 
functions of the time dependent importance operator. As a matter 
of fact, the kinetic importance function defined by the adjoint 
eigenvalue equation (Eq. 15)  must have an oscillating behaviour 
similar to that of the forward eigenvector (normal density vector) 
in order to fulfil the orthonormalization condition, Eq. 14. 

9 7 

I I 

7. THE KINETIC. INHOUR EQUATION 

A useful set of weight functions would be the adjoint eigen- 

for 3 in tions are orthogonal, one' must substitute n 
Eqs. 23 and 24. If normalization is not taken into ac- 

- 1  
functions as defined in Eqs .  14 and 15. Since these func- - 1  

. I  

I '  

-*+ 
9 
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count, both numerator and denominator may be separated into neu- 
tron and precursor components. 

Furthermore, the precursor components may be expressed in terms of ~ 

t 

the neutron density a s  follows (see Eqs.  7 and 15) : @ r - -  

Substituting this back into the separated equation, the delayed 
precursors are completely eliminated, and one is left with the 
following kinetic inhour? equation: 

where: 

is the kinetic generation time of 'the neutrons in the q-th 
kinetic mode (defined by Eq. 3 and k ) ,  

is the kinetic effective delayed neutron fraction of the L-th 
group of the q-th mode, This definition represents the ratio 
of the average production of delayed neutrons of the I-th 
group which are emitted with their normalized spectrum f t ( u )  
to the average production of a l l  neutrons produced with the 
average normalized kinetic energy spectrum 7 (u), where (see 9 
Eqo 9 ) :  

- Y fh) = . 
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The kinetic inhour equation (Eq. 29) furnishes for the q-th mode 
a relation between the kinetic reactivity and the inverse period. 
This connection is brought about by a consistent definition of 
the global reactor quantities, namely kinetic neutron generation 
time, A and kinetic effective delayed neutron fraction, pi eff,q. 

It is obvious from the discussdonabove that there exists a great 
deal of arbitrariness concerning the choice of weight function. 
Nevertheless, among the various possibilities there are some which 
merit special attention due to their practical use in reactor 
theory and experiments. 

q' 

8. THE STATIC WEIGHT FUNCTION 

One of the most useful functions is the static weight finction 
(refs. 58 and 6 0 ) ,  which is widely used in perturbation theory (ref. 
57). In this approach one ,weights the neutrons with the importance 
of a critical reactor, Thus the actual state is considered as a 
perturbed state of the critical reactor. In principle this picture 
'might be extended to far subcritical reactors (ref. 5 6 ) ,  but the 
real physical significance is lost when the perturbation becomes 
large, so that there is no longer any similarity between the un- 
perturbed" and the "perturbed" reactor. 

The static weight function helps to establish the relation bet- 
ween stable period (the inverse persisting eigenvalue), which can 
be conveniently.measured,and static reactivity, which may either 
be calculated or derived from static experiments. 

II 

The static eigenvalue v /v of- the static p-th mode is defined as: P 

where 3 is the corresponding static eigbenvector: P f 

The static reactivity is then defined as: 

The reactor is "subcritical, critical, or supercritical in the p-th - 

mode" if v > v ,  v = v or v < v respectively. P P P 
The physical nature of this model becomes clear when one compares . 
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the eigenvalue defined in Eq. 32 to the kinetic eigenvalue defined 
in equation (5) or equation ( I O ) .  By changing the neutron fission 
yield v (which may be considered as averaged over energy) to some 
fictitious yield v one brings the actual non critical reactor to 
"criticality" in the p-th mode (which means that in the new reac- 
tor w =O), In other words the production ... is changed homogeneously 
in the multiplicative zone in order to compensate the destruction 
until criticality is attained in that mode. The set of equations(32) 
written in matrix form may be reduced to a single integro-diffe- 
rential equation involving the neutron density, 
minating the prkcursor densities, 

! .  
[ 
t . 

P'  0 .  
i 

i 
I 

i 
P 

I 
I 
I 

- 
- 

- 

I 
I I 

1 
1 

alone, by eli- hP * 1 -  

(I-S)P($,u) f(u'). d;'; & P ( f , u ) ;  ... ; P&P(r,u)- 
0 9 0 ; 0 . .  ; 0 

. . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . .  
0 9 0 ; ... ; 0 

( i  = 1'2, .... 4 ) .  ( 3 5 )  

v . JJ 9 U 9 * * *  ' 
b l j  fl(u')* d:' 9 -A1 ; 0 . 0  ; 0 

D+I= . . . . . . . . . . . . . . . . . . . . . . . . . .  

Thus, one obtains the desired reduced equation: 

0 

1 .  , 
I ,- where: 

--+ D' = vv+vz-z* ' (see Eq.22) 
4 - 

f(u> = (.l-B)f(u) + , E  L = 1  PifL(U)' ( 3 7 )  

is the average static fission spectrum, which corresponds 
to the average kinetic neutron spectrum of the p-th mode, 
E q . 9 ,  with w = 0. P 

1 The adjoint static density vector of the p-th mode will naturally 
.satisfy the following relation: 

r f  -n+ n 

I 

n 1  I 

. . . . . . . . . . . . . . . . . . . .  
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Using Eq. 38 one can express g + in terms of the static neutron 
importance: 

\ 

iP I 

' ,  (45) fi hp + = j/f(u')hp(r,u' + +  ,?i')du'&' 

Eq. 7 expresses the kinetic precursor densities in terms of the e'-. 
neutron density. From Eqs. 45 and 7 one has: - 

= (h+,PP n ) ,  P Q 

where ?(u), the average static spectrum is defined by Eq. 37. 
Substitution of Eqs. 43 and 44, expressed in terms of neutron den- 
sity only, back into Eq. 41 leads to the conventional form of the 
static inhour equation, namely 

where : 

T = -  ' is the "period" of the q-th kinetic mode. 
Q wq' 

(49 1 
is the static-importance weighted, mean neutron genera- 
tion time. 

is the static effective delayed neutron fraction of  the 
I-th group, 

The computation of generation time (Eq.  49) and effective delayed 
neutron fraction (Eq. 50) involves the knowledge of the kinetic 
and adjoint static densities as well as integration procedures. 
There is an alternative method involving two static reactivity 
calculations, which furnishes A and pieff to a very good degree 
of approximation. For this method .it is convenient to eliminate 

Q 
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the  precursor terms from the in t eg ra l  de f in i t i on  of the s t a t i c  
- r e a c t i v i t y ,  Eq. 42. The :eZirnination has already been done f o r  the 
denominator, Eq. 47. I n  the numerator i t  can be achieved by car- 
rying out the sca la r  mul t ip l ica t ion  and using Eqs. 45 and 7. Fi- 
na l ly ,  one has: 

(h;,&*nb) - (hl,(% + vZ - Z )  nq ) '  (h;,D*nq) 
(51) = 1 -  - - 

pP (h+,?P*n P 9 ) (h  P +, PP Onq) 

Cdnsider now a per turbat ion of  the absorption probabi l i ty  r a t e ,  
v2(r ,u)  , by adding a small amount, 'a' absorptiazs/sec. T h i s  i s  equi- 
valent  t o  the introduct ion of  a homogeneously d is t r ibu ted  a/v ab- 

sorber ,  s ince v2 + a = v(Z + a/v) = vZ*. 

--* 

As a r e s u l t ,  there  w i l l  be some change i n  r e a c t i v i t y ,  and an addi- 
t i ona l  small change in the d e n s i t i e s  n and h: 

(h'p+,D n y  (ht+;n ' )  
- a  

(h'p, + -  fP*nk) ( h p  r +  , fP*n '  - ) pp' = 1 - 
9 

(h", Don') 

( h 'p' , PP n i  ) 
- = 1 -  

If a i s  small enough the change i n  the dens i t i e s  will be small and, 
t o  the f irst  approximation,, 
I - (h$D*nk)/(hi+,FPn') can not be replaced by p Eq. 51. The appro- 
ximation involved i n  such subs t i tu t ion  i s  of the order of the quanti- 

. The above mentioned approximation t y  t o  be calculated,  namely a 
i s  v a l i d  t o  the f i rs t  order,  only i f  the weighting funct ion belongs 
to the same mode as the neutrons, and both s t a t i c  and k i n e t i c  eigen- 
functions should be about equal, i .e.  h++h+  and n =: h 

can be replaced by A p ,  q. However, 
%,Cl 

5 s  

9 P'  

Then follows 
P 9  9 9. 

Thus the r e a c t i v i t y  change due t o  inser t ion  o r  withdrawal of a I 

l/v absorber i n  the whole reac tor  i s  proportional t o  the neutron 
generation t i m e ;  

Next assume t h a t  the production operator i s  perturbed by doubling 
one of the delayed neutron f r ac t ions ,  say the t- th one. T h i s  would 

@ natura l ly  a f f e c t  the r eac t iv i ty ,  and t o  a much smaller extent  the 



I '  - -  

I 

i s  allowed i n  Since p i  i s  ra ther  small, replacement of  P{ 
the f irst  approximation. However, a s  i n  the preceding calculat ion 
of  A,  (hi+,?  P*n ' ) / (h i+ ,D*n ' )  9 cannot be replaced by l / ( l - p  ) unless 
the conditions involved i n  Eq. 53 are f u l f i l e d ,  namely ;+ P h+ 9 

and n z h Then 

eff P , 9  

9 

9 9. 

Thus the effect ive delayed-neutron f r ac t ion  o f  the i - th  group i s  
equivalent  t o  the r e a c t i v i t y  change, due t o  the doubling o r  elimina- 
t i n g  o f  t h i s  delayed neutron contribution. This r e a c t i v i t y  change 
r e f e r s  t o  the unperturbed f i c t i t i o u s  s t a t e  ( w i t h  v ) a s  c r i t i c a l .  

The appearance o f  e f fec t ive  delayed neutron f r ac t ions  i n  Eq. 50 
and i n  the k ine t i c  case,  Eq. 31, i s  a r e f l ec t ion  of  the f a c t  that 
prompt f i s s i o n  neutrons and delayed neutrons have d i f f e ren t  ener- 
gy spectra. T h i s  d i f ference gives a higher "importance" t o  the de- 
layed neutrons i n  contr ibut ing t o  the chain reaction. 

A typ ica l  consequence of the pa r t i cu la r  choice of weight-function - 
i s  the appearance of the  average k ine t i c  neutron spectrum, fq (u ) ,  
i n  one case,  and the average s t a t i c  spectrum,?, i n  the other case 
( see  Eqs.  9a and 37). When the reactor  i s  c r i t i c a l  i n  the q-th 
mode (w = 0 ) ,  the k ine t i c  spectrum coincides w i t h  the  s t a t i c  one. 
But if  the reac tor  i s  off c r i t i c a l ,  the k ine t i c  behavior changes 
the inherent r a t i o  of delayed neutrons t o  prompt neutrons: 

9 

9 



I -  

< -  
4 * L r f  

\ 

' .  
0 r39 - Chap. I11 

. .  
~ I .  . 

I .  

For supercritical states (w > 0): Rkinc Rstatic, that is the ef- 
fective yield of delayed neutrons is reduced relative to the yield 

q 

of prompt neutrons. In subcritical stages (w < 0) the situation is 
reversed. 

The significance of the -static inhour equation (Eq. 48) consists in 
giving a rigorous relationship between the kinetic eigenvalue, which 
may be determined by experiment, and the static reactivity, which 
provides a unique mathematical description of  the reactor. The 
transformation from kinetic eigenvalue to static eigenvalue depends 
solely on the consistency and precision with which A and pieff 
can be calculated. 

Q 

9. THE DYNAMIC WEIGHT FUNCTION 

The third weight function to be discussed, after the kinetic and 
the static weight functions, is the so called "dynamic" weight 
function, which was used for the derivation of the elementary time 
dependent reactor equations (ref. 59). Special consideration to 
this weight function for a reactor on a stable period was given by 
Gross and Marable (ref. 58). The basic idea which leads to the 
''dynamic" weight function in our formalism can be elucidated by 
installing a system of  detectors in the reactor which counts eve- 
ry neutron and precursor everywhere with the same probability. In 
this case the importance of the chain carriers is constant, and 
the weight vector % just equals the unit (vector ?: 

( 5 7 )  

Introduction of the unit vector for 
the. precursor components gives for the numerator and the denomina- 
tor re spec t i vely : 

into "Eq. 24 and eliminating 

. .  . -  
= ( I  ,P*nq). 759)  
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The prompt neutron spectrum f ( u )  d sapperwrs in the final form of 
Eq. 59,  due to its normalization: 7 f(u)du = 1, 

mting Eqs. 58 and 59 back into the second form of  the generalized 
inhour equation (Eq. 24) leads to the "dynamic" inhour equation: 

' 

where: 

is the total neutron population of the q-th mode in the 
reactor divided by the total production of neutrons in the 
same mode; 
time in the q-th mode, 

by definition, is the neutron generation %' 

The main feature expressed in Eq. 60 is the fact that the reactor 
period (l/w ) is related to the corresponding dynamic reactivity: 9 

through the neutron generation time A 
parameter p i ,  and does not incorporate any 
preferential leakage of prompt neutrons relative to delayed neu- 
trons. 

and the purely physical 
! I  

4 
correction" for the 

10. CONCLUSIONS: 
THE VARIOUS DEFINITIONS OF REACTIVITY AND ITS 
DETERMINATION FROM KINETIC EXPERIMENTS 

The o n l y  characteristic of a reactor which is truly global is 
the algebraically largest eigenvalue, woo It can be determined, at 
least in principle, by direct measurement without the need for 
theoretical interpretation, It has already been shown that w, is 
the inverse relaxation time (stable period) of  the neutron popu- 
lation, It is the time constant with which the neutron population 
will rise or fall as a whole. After all transients have decayed, 
the same constant w, will be found by a detector placed anywhere 
in the reactor. Until the persisting mode has been established 
there is no rigorous experimental global parameter which describe 
the system. 



I 

I - 41 - Chap. I11 1; - 8  

Recognition of t h i s  f a c t  w i l l  lead t o  the na tura l  conclusion that 
f o r  the purpose of d i r e c t  comparison w i t h  s t ab le  period measure- 
ments, reactor  theory should be concerned w i t h  Eq. 5 f o r  the lar- 

[ 
I 

, @ 

I 

- 
ges t  eigenvalue wo, ra ther  than w i t h  other equations such as the 
s t a t i c  eigenvalue equations (Eqs .  32 o r  36). 

I n  s p i t e  of t h i s ,  i n  the ea r ly  days of reactor  theory the concept 
o f  r e a c t i v i t y  was introduced a s  a matter of  convenience. It w a s  
mainly due t o  the f a c t  t ha t  the w-eigenvalues a re  more d i f f i c u l t  
t o  compute than the v /v-eigenvalues. The concept of r eac t iv i ty  
was shown t o  be l inked int imately w i t h  the balance o f  react ions 
i n  the reactor ,  which gives a b e t t e r  picture  of  the  s t a t e  of the  
reac tor  than the information furnished by w. I n  subc r i t i ca l  s t a t e s  
the r e a c t i v i t y  i s  much more sens i t i ve  t o  changes i n  the reactor  
than the pe r s i s t i ng  mode eigenvalue. For instance,  th is  eigenva- 
l u e  changes only s l i g h t l y  when the balance of react ions i n  changed 
abrupt ly  from s l i g h t l y  below c r i t i c a l  t o  s t rongly subcr i t ica l .  

P 

If one could devise a detector ,  d i s t r ibu ted  over the whole volume 
o f  the reac tor ,  w i t h  some ve loc i ty  dependent eff ic iency,  then the 
meter reading would give d i r e c t l y  the weighted population of chain 
ca r r i e r s .  

The  average population < N ( t ) >  = [W,N(t)], w i t h  W = (N*,CF, ..., Cr), 
w i l l  f u l f i l  the well known k ine t i c  equations (ref .59) .  These time 
dependent equations a re  obtained here by sca la r  mul t ip l ica t ion  o f  

+ +  + 

Eq. 12 w i t h  the detector  d i s t r ibu t ion ,  i . e .  the vector weight func- 
t i o n  W(r,v) f o r  Eq. 63a and w i t h  i t s  Cf component f o r  Eq. 63b (see  
also Sec.111-6 and r e f ,  60): 

- P - P - +  

where < N ( t ) >  and < C i ( t ) >  a r e  the average neutron and precursor den- 
s i t i e s ,  respectively. .  

Following the time behavior of  the meter-reading one can deduce the 
-, r eac t iv i ty :  
i 

. .  



-r - -  - - 
* ' \  

\ .  
\ - 42 - Chap . I11 

if the generatkon time of an average neutron A(t) and the bffective 
delayed neutron fraction 
si stent def ini ti ons , 

(t) are computed according to the con- 

The global, parameters p, A and are time dependent, which makes 
it difficult to compare different systems. They become time 
independent only if the time behaviour of the average population 
is' measured after the transients have died out, i.e. when 
N(r,v,t)-N(r,v)T(t), in which case T terms will cancel, 

. 

. + + +  - + + +  

Experimentally the detectors are l oca l  and occupy a very small vo- 
lume of  the system, Their response in space and velocity will be 
described by a vector function d(r,v), which is non-zero only in 
a small region around the center point, ( r o , v o ) ,  of the detector; 
that is d(r,v) will be proportional in most cases to ~(r-ro)(j(v-vo). 

Assuming the importance function W(r,v) = d(r,v), one can calcu- 
late the three parameters p ,  A ,  and and compare them with those 
'derived from experiment. 

3 + +  

+ - +  

4 - b - b  + +  +-+ 

+ + +  + - + +  

It would, nevertheless, be misleqding to call the quantity 

the reactivity of the system, for this reactivity is not a global 
characteristic of the reactor in the usual sense since it depends 
strongly on the location and properties of the detectors. Such a 

situation makes it again difficult to compare different systems. 

Therefore, from the experimentalist's point of view, a reactivity 
such as defined in Eq. 66 is unsatisfactory, Alternatively, one 
can use the local measurement of the detector for determining the 
.largest eigenvalue, which is, of  course, independent of position, 
But now, instead of defining the reactivity with the aid of the 
actual detector distribution 2, one can relate the stable period 
to some convenient hypothetical detector distribution such as: 

a) The kinetic weight function of  the persisting mode, 2 (Eq. 1 5 ) .  
b) The static weight function of the same mode, &, (Eqs, 32). 
c) The "dynamic" weight f'unction, I(Eq. 57). 

-++ 
4 

These relationships are given by the inhour equation (e.g. Eqs, 4 
or &I)., with appropriately defined neutron generation time (Eqs. 
49 and 61 for cases (a), (b) and (c) respectively), and effective 

< 
. 
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fractional yield- of delayed 'neutrons (Eq. 31 in case (a), Eq. 50 in 
case(b) and the pure fractional yield, p i ,  in case(c)). 

Although the kinetic inhour equation is the result of a straight- 
forward weighting process, nevertheless a very great difficulty 
remains, namely the computation of the constants appearing in it. 
Evaluation of these constants, consisting o f  perf, A and p ,  invol- 
ves the complete solution of  equations (5) and (15 ) ,  plus subse- 
quent integration over the reactor. 

Of the various inhour equations arising from different weighting 
functions, the static inhour equation is the one best known. It 
is more amenable to computation then any other, mainly because of 
the following reasons: 

a) The static reactivity is the eigenvalue of an equation (Eqs.36,38) 
which is simpler in appearance than the kinetic eigenvalue equa- 
tion, and its calculation'does not necessarily involve integra- 
tion. 

b) The computation of Peff and A involves the static adjoint func- 
tion which is easier to find than the solution of the corres- 
ponding adjoint kinetic equation. 

which does not involve explicit integration, but the determina- 
tion of two static eigenvalues (Eqs. 53-55). 

d) In most practical cases the persisting distribution is equal, 
to very good precision, to the static distribution. This oc- 
curs mainly in regions of high static importance. Thus, repla- 
cement of by & is justified. This facilitates the cornputa- 
tion of perf and A .  

c) There is an alternative method for calculation o f  flieff and A ,  

e )  If the production parameters are not drastically changed, Perf 
and A are more or less the same for various states of the same 
system. This permits the utilization of Peff and A ,  once calcu- 
lated, for different static reactivities. ,, 

The discussion above was confined to the persisting mode. But a 
direct measurement of the persisting mode eigenvalue, wo, is ra- 
ther difficult in far subcritical states of  a reactor. In this 
case another eigenvalue may be found to be more suitable as a cha- ~ 

racteristic of the reactor and also more convenient for measure- 

\ 

,. mento 

I .  
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The deduction of the static reactivity, say of the zeroth mode 
(p = 0), from any measured eigenvalue w 
expressionsfor A and pef f ,  

involves the following 
9' 

In this case a replacement of n Q 
dealing with the persisting density, q,, may be quite erroneous 

by b ,  which is permissible when 

and may invalidate the whole interpretation. 

The dynamic inhour equation is an alternative formulation of reac- 
tor kinetics. Here again the basic characteristic of both theory 
and experiment is the kinetic eigenvalue, However, this basic 
quantity is now related to the dynamic reactivity (Eq. 62) rather 
than to the static reactivity. The dynamic reactivity, which is 
simply the ratio of  total net production to total production of neu- 
trons, must be calculated by integration of the kinetic flux over 
the reactor, and no approximation is permissible here. 

On the other hand, if the kinetic eigenfunction is known, computa- 
tion of the generation time consists only of integration over the 
system and does not involve any spectral terms. An appreciable sim- 
plification is achieved with regard to the fractional yield of de- 
layed neutrons. In the dynamic formalism, no effectiveness is neces- 
sary, and only the physical constants, p i ,  appear. These constants 
are essentially independent of the reactor configuration (there is 
a slight dependence through the fast and intermediate fission fac- 
tors, because of the different delayed neutron yields of different 
fissionable materials). 

, 

The dynamic approach seems to be especially recommended as alterna- 
tive interpretation of the kinetic behaviour of the reactor, when 
the approximations used in the static approach are questionable. 
Under such conditions, the effort involved in exact evaluation of 
the static parameters may be large. The dynamic approach is then 
simpler and involves only straightforward kinetic parameters. 
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The general kinetic equation is of little use for practical purpo- 
ses, unless certain simplifying assumptions are made. When this is 
done, one may learn some more about basic properties of the general 
solutions discussed in Chap.111. Even when a simplified model is 
adopted for a given problem (like the multigroup diffusion model), 
the exact solution for a multi-zone reactor can only be found with 
the help of a digital computer (Sec.4 of this Chap.). Nevertheless, 
it may be possible to gain some insight into the problem, or to ob- 
tain a good starting point for a computer program, if an approximate 
analytical solution is known. 

1. GENERAL PERTURBATION METHOD 

An approximate solution is obtained by direct application of the 
perturbation c0ncep.t (ref.33) to the eigenvalue equation of the sys- 
tem, 

+ 
[MI; = wn. 

Let the operator [Mi] of the unperturbed reactor satisfy the eigen- 
value equation: 

4 -t 

P with known eigenvalues w and eigenvectors n The eigenvectors n 
are assumed to form a complete bi-orthonormal set, and to satisfy 
the same boundary conditions as the actual perturbed density. The 
functions orthogonal to 2 are the <+ which satisfy the adjoint 
equation to Eq. 2 

P P* 

P 9' 

Due to the completeness of the set ,of 2 
vector, n, may be expanded in terms of the unperturbed set: 

the perturbed density 
4 9' 

(4) 
4 4 n =  E c n  P-0 P P* 

The matrix operator [MI is composed of the unperturbed operator [b] 
and the perturbation operator E [M'] . Substitution of expansion (4) 
into Eq. I leads to: 

where ~ ( 4 1 )  may be looked upon as parameter characterizing the per- 



. e  

turbation. 
' - + +  ; 

In order to solve for c Eq. (5 )  is multiplied scalarly by n .' P' 9 

E c (w-w )6 = G c" c M' p-0 P P Q P  p-0 P Qp' 

where: 

q = 0,1,2,0... 

' Eq, 6 holdsfor each q, so that one has an infinite set of linear 
homogeneous equations for the coefficients c 
tions will have non-vanishing solution only if the determinant for- 
med-by the coefficients of the unknown c 's vanishes, thus: 

Such a set of equa- P* 

P 

I(w-wP)BQp - EM' I = 0, qrp = 0,1,2,.... (8) 
9;p 

Setting the determinant e.qual to zero results in an infinite order 
algebraic equation for W. To each w, in turn, corresponds an expan- 
tion coefficient c 

In practice the infinite series (Eq. 4) must be terminated after a 
finite number of  terms. The c ' s  can then be found from the homoge- 
neous equations (Eq. 6) and a normalizing condition. 

The actual solution of  Eqs. 6 may be achieved by successive appro- 
ximations, which give a larger radius of convergence than the normal 
Rayleigh-Schrodinger perturbation process, (ref . 61 ) . 
For this purpose the equation is written in the form: 

PO 

P 

and successive approximations are carried out as described-in Sec.2. 

A similar procedure, called the iteration perturbation method, is 
given by Morse and Feshbach (ref.62), and gives the result in an ex- 
plicit form. 

If the perturbed eigenvalue coincides with the j-th unperturbed 
eigenvalue when the perturbation is turned off, E=O, then the eigen- 
values and the eigenfunctions to third order will be given by 
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The straight iteration perturbation method and the modified iteration 
perturbation method have been compared to the normal Rayleigh-Schro- 
dinger perturbation theory and also to the exact solutions of some 
simple basic examples in reactor calculations by Blue and Zink 
(ref. 63)  . The improvement introduced by using these iteration me- 
thods is evident from their work. 

2. OVERALL EIGEXFUNCTIONS METHOD 

In the previous section the choice of the unperturbed functions was 
not specified, but limited to the fulfilment of the appropriate 
boundary condition. The unperturbed operator should be chosen so as 
t o  make calculations simple and still to have a reasonable radius 
of  convergence. 

Two other approaches of approximating the kinetic solutions w i l l  
now be derived by a slight modification and extension to the time 
dependent case of the method of Holway (ref.64) and the method of 
Foderaro and Garabedian (ref.65), which was extended to complicated 
static systems by Auerbach (ref&). 

In these methods the neutron density is expanded.in terms of a 
complete orthonormal set of eigenfunctions over the whole reactor. 
Therefore, to a certain extent, these methods can be considered as 
8 special case of the general approxiuation or perturbation approach, 
where the unperturbed operator is chosen to be the Laplace matrix 
operator in the multigroup theory. I _  

In spite of their approximate nature, these methods converge rela- 
tively fast for many cases and may be used as an altbrnative me- 
thod for exact numerical calculation with the aid of a computer.' 
The basic equation to be solved is always Eq. I. The density vec- 
tor < will be developed in terms of  the complete set of eigenfunc- 
tions, (pp, of the Laplace-operator: 

1 .  

- 

VBqP -t B2cp = 0, P P  



. .  . .  
. ,  . '  

I , I 
so that: t 

I 

I ;= c" -9 (13) 
f pa0 aP'pP' 

i 
I 

I 1 where B2 is the p-th geometrical bucklings. 
P I 

i -9 -P 

In the n-th approximation all a =0, for p w ,  n is replaced by its -+P -? 

K-th approximation equivalent m, a by gp and w is replaced by a. 
Theref ore 

I '  
i 
I 
1 ,  

I >, P 

I -  I _  [M]z-aG = 5,  (14) ' ~ 

i . .  j -. where: I 

- - 9  
and R is the remainder. 

As em, b 38 , a-+w and the remainder R tends to zero. If the appro- 
ximation is so constructed that the _remainder R will be othogonal 
to each of the eigenfunctions belonging to the sub-group IC ,  then 
(K+I ) equations are supplied 

- + +  -+ 
P P  -? 

q = 0,1,~..,/C. 

3 R is a vector of N+L components: N components due'to the N energy 
groups, in the group diffusion model adopted, and additional L 
components due to the presence of L delayed neutron-groups. 

The i-th component of the vector ( c p  ,R) is given by: 
+ 

9 

Using Eq. 16 as a starting point for finding a solution characte- 
rizes Holway's approach. Solving Eq. 17 for the components of the 
coefficient vector instead, characterizes the Foderaro method. . 

Eq. 16 supplies us with (N+L)(rc+l) homogeneous equations for the 
(N+L)(K+I) unknown components of the vector 2 
The determinant of this system of equations solves the multigroup 

, problem to the assigned approximation. But direct solution of SUC 
a determinant is very difficult,and a perturbation approach will 
be helpful in getting numerical results. In this approach one 

P. 

~ 

i 
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where [M,] is again the unperturbed operator and describes an un- 
perturbed system with constant parameters. Therefore: 

(qq,Moijgp) = 0, 9 z P. ( 1 9 )  

Substituting Eq. 18 into Eq. 16 gives: 
K 

Eq. 20 is in a convenient form for successive approximations to 
multigroup vectors b 

The first approximation for b will be based on the fact that in Q I 
a homogeneous reactor ( E = O ) ,  the density beach group will be propor- 
tional to the eigenfunction of  the largest eigenvalue (i.e. the 
persisting mode) after the transients have decayed. Therefore, a 
suitable starting approximation is to let bo = I and b = 0 f o r  
Q # 0. Thus resulting in 

3 

3 
Q* 

3 -B 3 3 

¶ 

-+ 
((90,[b1B0) - d I 1  + E ( I P O ~ [ M ~ 1 9 0 ~ ~ o  = 0, (21 1 

where 7 and 8 are the unit and the zero vectors. 
This provides us with (N+L ) ( N + d  ) homogeneous algebraic equations 
f o r  the N+L unknown components of  the vector bo. The vanishing of 
the determinant of the coefficients of Eqs. 21 gives the first or- 

3 

der approximation for the a's which will be denoted by 01 (1 ) . 
The next step will be to postulate: bo, bl # 5 and 4 3  3 

I 
= 0, so P S  

that  one obtains: 
3 

((91 , [Ed0 191 = a(' [ 11  fi (cpi, [M' 16% = - c icpi , [M' 1% )bo. 

With the aid of the determined a('), the first order approxima- 
tion to zl (denoted by b! ) )  is found. Similarly assuming bo ,bl, -+I 3 +  

+ 
b2 # 0 and &./. = 0, the follow'ing equation for is obtained: 

@ By this procedure, the set of  vectors 2:') , +(I bi 1 . . , b, and 
the eigenvalue ak) are determined to the first approximation. 
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e l a s t i c  scat ter ing.  Ine i c  s ca t t e r ing  w i l l  not be considered 

from group i to-  group i + L  , and PN i s  the thermal f i s s i o n  produc- 
t i o n  operator. A.more de ta i led  discussion of the time dependent 
multigroup treatment w i l l  be given l a t e r .  Subst i tut ion of the  new- 

1 -  i n  th i s  formalism, The Ti represent t ransfer  operators of  neutrons 1 
l y  defined [MI i n t o  Eq. 17 gives: 

O r ,  i n  matrix form: 
r 

,N 

[Dt] ,  [TI] and [PN], a r e  square matrices of order (1c+1), t h e i r  elements 
can be iden t i f i ed  e a s i l y  from Eqs. 28 and 29. 

The systematic e l iminat ion of +l the vectors & from the matrix 
Eqs.  ( 3 0 )  and (31) , 'wi th  the exception of %, y ie lds  an equation 
f o r  a, and i n  turn f o r  % ( w i t h  an addi t ional  normalizing condi- 
t i on )  : 

4 

3 

...* ([DNOdl ?[I1 ) [TNwjl-i([DNl - ) + 

+ [PNl)?iN = 0. (32) 
, .  

The vanishing of the determinant of order (1c+1)~ of the coef f ic ien ts  
provides an equation f o r  the determination of a. "An important re- 
s u l t  o f  th i s  method i s  the f a c t  t h a t  the determinant f o r  a does not 
depend on the number of energy groups but on the number of terms 
kept i n  the expansion. 

So far  the boundary conditions a t  the in te r face  of  the d i f f e ren t  
zones were not discussed. It has merely been mentioned that a l l  ' 
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eigenfunctions of the expansion should obey the same boundary condi- 
tions as the actual density at the external boundaries. Account of' . 

the interface conditions is taken either by introducing a special 
operator (ref.64) which provides for.these conditions when the dif- 
fusion coefficients are different in wo successive zon s ,  or by di 
rect evaluation of terms of the form (tpq(;),VD(G)Vqp(G) 7 , where the 
integration is extended over the whole reactor. These integrals auto- 
matically fulfil the normal boundary conditions of density and current 
continuity at each interface (ref.65). 

. 

3 -  CONTINUOUS SLOWING-DOWN MODEL AND SPECTRUM EFFECTS 

The successive approximations method may also be used to solve the 
diffusion equations of the system with continuous slowing down. The 
continuous energy degradation model (e.g. Fermi age theory) is an 
important tool for estimating the energy spectrum effects on the 
time'behavior of a reactor. Analytically only the bare system can 
be solved with this model, but the perturbation approximation me- 
thod demonstrated above, shows its versatility by enabling one to 
attack the problem in reflected systems as well. 

In the Fermi age approximation, the equations which govern both the 
flux per unit lethargy and the thermal flux are as follows (no pro- 
duction except in the thermal energy group, u2 , is assumed) : 

\ 

+ 
VD(u,s)VQ(u,;f,t) - Z(u,f)@(u,r,t) - $i [.Xs(u,G)@(u,f,t)]+ 

All parameters have already been defined except 2, which here des- 



i- 

i. , cribes the macroscopic scattering cross-section multiplied by k, 
the average logarithmic energy degradation per collision. 

Elimination of the delayed neutron precursors by means of the sub- 
stitution - 3 w reduces the equations to a set of pseudostatic 

I 

a 
at 9 'equations: 

* where : 

In order to solve the equations, the following expansion is made: 

Q(u,;) = Cfn n ( u ) ( P ~  (3 9 (39) 

= CA, n %( ' ; t>s  (40)- 

where the c p n ( ; f )  satisfy the equation: 

V a ~  Bn2m= 0. 

To simplify the mathematics in the following example, without loss 
of  essentials, it will be assumed that the reflector is a nonmultipli- 
cative region, but otherwise has the same properties as the core 
(i-e. Z*(u,r) = z*(u); etc.). 

After substituting expansions (39) and (40) into Eq. 3 6 ,  the frac- 
tion fm(u) may be isolated by integration over lethargy, 

4 

where: '21 

p*(u'4u) = e.p[-/ (Z+(u") / Xg(u''))du"] (43) 
Ut cs is the "resonance" escape probability during slowing. down 

, 

from initial lethargy u' to u; 

I 
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t 

-i Ut 

is the age of neutrons originating with lethargy u' and being 
I I 

I' slowed down to u; 
r 

' Substitution of expansions (40) and (42) in Eq. 37 yields a rela- 
tion f o r  the coefficients of the thermal f lux,  which is amenable i - ' to the successive approximation procedure: \ 

I .  

I 
I 

From the last equation one gets immediately, by assuming &+m = 0, 
a first approximation for the determination of W. A comparison bet- 
ween this equation and a corresponding static approximation (v+vc9 
w 3 0 )  yields a static inhour equation, from which the parameter A,  
the neutron generation time can be estimated approximately (e.g. f o r  
the case of m = 0) to be 

-1 
A = exp 

and more significantly the effective delayed neutron fraction pieff 
(e.g. for the case of m = 0 ) :  

L J 

I '  In fact the resonance probabilities may be dropped from Eq. 48, 
since they are affected only slightly by the different spectra. 

0 
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4. TIME DEPENDENT MULTIGROUP MODEL 

The most useful  and common rnodel.for reactor  calculat ion,  as has 
been s t a t ed  before,  i s  probably the multigroup model. The general 
multigroup operator includes production of ,prompt f i s s i o n  neutrons and 
of delayed neutrons i n  a l l  energy groups. It a l s o  includes neutron 
t r ans fe r  f rom each group t o  a l l  lower groups. 

The reac tor  operator [MI, f o r  a f ixed f u e l  w i l l  be: 

............. , ............. , 0 . .  , .....*....... , m....,..,..... . .  

where: 

V j  ,Dj  (?) , Z r j  (f) , Z f j  (s) 
the d i f fus ion  coef f ic ien t ,  the  removal cross  ' sect ion (which 
includes capture,  e l a s t i c  and i n e l a s t i c  sca t te r ing)  and the 
f i s s i o n  cross  sect ion in the j - t h  ener& group; 

a r e  respectively,  the neutron veloci ty ,  

fj = i-s the f r ac t ion  of prompt neutrons born i n  .the, energy 
in t e rva l  of the j - th  group, It i s  normalized t o  give 

N 

j= i 
C fj = I; 

0 f t j  = the  f r a c t i o n  of neutrons emitted from the i- th delayed 
precursor group, w ' t h  the  energy of the  j-th group. A l -  
so  normalized t o  !! f t J  = l .  

J= i 



I 

= scattering cross-section of' neutrons from group j(j6p-4). 
into the p-th energy group. 

1 . .  

- I  I 1 .  tXsp j 
I 
i 1 

, The basic equation is again Eq.1 , but now with the multigroup opera; ' i  
I '  
I 

tor [MI : 
3 

[MI; = wn. 

I I The corresponding virtual static equation is given by: _ -  j 
1 _ . _  

where : 
. v /vo  is the static eigenvalue, which modifies the balance of 

production and destruction in order to achieve criticality; 

h = static density eigenvector; 

[PI = production matrix. 

I 
1 .  

-b 

[PI = 

P t  PI 

. . . 
; PtP2 

; 0 0.0 

. 
; 0 0.0 

; 0 0.0 
. . 

; 0 .. 0 
[D] = [MI - [PI, the "destruction" matrix. ( 5 2 )  

In order to write down the general expressions for the static reac- 
tivity (111, Eq.51) the generation time (111, Eq,49) and the effec- 
tive delayed neutron fraction (111, Eq.50) one has to transform the 
total weighted production (h: P(u)F\n) and the destruction [h:(;fV + 
+ vZ-2. )n] into their counterparts in the multigroup model. 

The first is transformed easily by noting that: 

f(u)*h+-'( fih:,f,$,..,fNhi]; fi(~)'h++f fiih:,fiahz, .. 

where h+ is the neutron component of the adjoint static density ve@ 
tor, which in the multigroup model constitutes an N-component vector. 

0 ,  

* k. 
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I '  

I 

By means of the appropriate boundary conditions, the Laplace opera- 
tor appearing in [MI , Eq.1 may be converted into an algebraic ope- 
rator (e.g. introduction of zonal bucklings), so that, 

r 

The demand for non vanishing solutions for z ,  results in the requi- 
rement that the determinant of the coefficients vanishes: 

which provides an equation f o r  the determination of the W'S. The 
number of solutions for w is infinite. To each w corresponds a den- 
sity vector ';r (both defining a mode) which can be determined from 
Eq.1 when an additional normalization condition is provided. 

In a single zone system (bare reactor)the bucklings are determined 
solely by the geometry of the system, for instan e, for 
reactor, having extrapolated thickness 2d, Bq2= e r  (qx)/(d) s q=l,2,. .. 
T h i s  in turn fixes the density vector n, and transforms Eq.59 into a 

bare slab- 

3 

simple algebraic equation of order N+& for w where w belongs to . All w ' s  have the same eigenvectors n This fact may be looked 
upon as a type of degeneration phenomenon which should, however, be 
distinguished from degenerate states in quantum mechanics (ref.61), where 
several wave-functions belong to the same eigenvalue. This degene- 
ration is removed when a new zone is added to the system. Under 
these circumstances each eigenvalue has its own distpibution vector, 
but nevertheless L of the N+L eigenfunctions, representing the con- 

4 9' Q 

8 Bq Q 9. 

a tribution due to delayed neutrons, are usually still very closely 
spaced. These fine structureflulctions may be thought of as sub mod 
of the bain mode'of the degenerate case. 

. .  I .  . I 
! 
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' I  

1 %  I 

I 
I 

~ '. In comgkting the eigenvalues of the various "modes and sub-modes, 

Q 

use may be made of the similarity of the reduced kinetic-eque- 
tion (reduction by elimination of the delayed neutron precursors) 
to the corresponding fictitious static equation. 

From Eq.1, the balance equation for the p-th energy-group is: 

and for the i-th delayed neutron density mi: 

Pi s "birni = wmi , t = 1,2,...,4, 

N where : 
s = gsIvjZf,vjnj ,is the fission source. 

Elimination of  the m t ' s  by substitution of  Eq.61 into Eq.60 leads 
to the following pseudo-static equation for the densities: 

where the production is according to the kinetic spectrum: 

t 

A straightforward procedure to determine w and the corresponding 
eigenfunctions would involve a direct w-iteration of Eq.62. It is, 
however, feasible only for the w's which are generated by the prompt 
neutrons, while difficulties will be encorentered in the delayed 

w-iteration due to the strong varying function 8. ,*. which 
has poles at -hL. In this case an indirect way may be preferable as 
described next. 

' 

Eq. 62 should be compared to the balance equation of the same reac- 
tor which is made fictitiously critical by changing the neutron 
yield per fission: S 4 Ss, and consequently w + 0, 

vo 



where : 

is the static eigenvalue 
90 

h is the static neutron density of the p-th group 
P 

I - 
fp (0 )  = f CL = ( A - e ) z + C  i3.i fLpPL 

the static production spectrum 

S, = if VJZfjVJhj , the Static fission production term. 
j= i 

If the additional "absorption" term, w/v, appearing in Eq.62 can 
be neglected, then n P .  and hpsatisfy essentially the same system 
of linear differential equations, with source terms differing 
slightly. 

The knowledge of  ( V / V ~ ) ~ ,  for the p-th mode, then provides a first 
approximation for the L w's of the same mode; thus w P is actually 
w , where L = 1,2,. , . , I  . The approximation involved is due to the 
neglection of  the term w/v and its influence on the kinetic density. 
By equating the source terms of Eqs, 62 and 64 one gets: 

P d  

This is an algebraic equation of the 4-th order for w P* For positive 
(p,),, there are one positive w, and I - ?  negative ones. While for ne- 
gative p all the L solutions are negative. In the last case, when l p l  

is not too near to zero, the w's are very nearly equal to h's. Thus 
one may claim that these w's are generated by the corresponding de- 
layed neutron groups. On the other hand these eigenvalue are indepen- 
dent of the energy groups (cf. Eq.1). Therefore one can sum the P-terms 
in Eq. 65 after multiplying both sides by ? 
tion of f and f. one obtains for w"), P in the first approximation 
the following algebraic equation: 

. Due to the normaliza- 
@ 

P LCL 

Adding the new "absorption term'' w(')/v to XrP in Eq. 64, one gets 
P P 



I 
i .  

12) i s  obtained from: 
P i that  ( n  ) (hP)@, the second approximation, w 

- a new f i c t i t i o u s  c r i t i c a l  eigenvalue v ' / v d .  Again w i t h  the assumption 
1. 

P P  c .  

1 -  (" )p. 
I 
I (66a) 
I i hi ( b ) p  i - 1  wo P 
1 
I 
L T h i s  i t e r a t i o n  procedure i s  repeated, say n times, unti l  the desired 

(n )  i s  derived, does not coincide w i t h  the 
P 

from which the correct  w 
ac tua l  s t a t i c  r eac t iv i ty  (p ) 

( n )  /v@, i n  the 
P r e a c t i v i t y  of two systems d i f f e r ing ,  by the amount w 

removal cross-sections. 

9 
convergence i s  achieved.. It should be noted, however t h a t  (p ) h - 1 )  

S P  

2 (p ) ( O )  of the  system. They describe 
S P  S P  ' 

As long a s  w/v can be neglected a l l  the I eigenvalues - wi ,w2 ,. . . ,wc , 
have the same eigenfunctions given by (Chap.111, Eqs.J2,34). 

T h i s  s i t ua t ion  can again be looked upon a s  a type of degenerac& 
It  i s  removed i f  one considers the appearance of the  addi t ional  
"absorption" w/v. But, since w/v i s  r a the r  small f o r  the delayed 
neutron-eigenvalues, the s p l i t t i n g  caused i s  s t i l l  very small and 
the delayed-neutron sub-modes a r e  usually almost ident ica l  w i t h  
the  main-mode. T h i s  i s  an important feature  of the k ine t ic  solu- 
t ions.  It  means tha t  a f t e r  the higher harmonics have died away the 
delayed neutrons have t h e  same spa t i a l  d i s t r ibu t ion  a s  neutrons i n  
the f i c t i t i o u s  c r i t i c a l  reac tor ,  which i s  characterized by the s ta-  
t i c  reac t iv i ty .  In  other  words,  the delayed neutron d is t r ibu t ions  a r e  
very s imi la r  t o  the pers i s t ing  mode, and the l a t t e r  almost coincides 
w i t h  the zero  mode of the  v i r t u a l l y  c r i t i c a l  reactor  (see Sec.7). 

The above arguments do not hold for the other  N solut ions for w,  
which appear due t o  the separation i n t o  N energy groups, and des- 
cr ibe the behavior of the prompt neutrons. These w ' s  a re  much l a r -  

P 

ger  than the eigenvalues of  the delayed neutrons, which, for the 
case of p<O, l i e  between the largest lhi I and 0. It might occur 
t h a t  the prompt w/v, pa r t i cu la r ly  f o r  the thermal group where v i s  
smallest ,  w i l l  be of the same order o f  magnitude as the removal 
cross-section o r  even l a rge r  a s  may happen i n  a heavy water ref lec-  
t ~ r .  Therefore the prompt eigenvalues define "sub-modes", which 
m i g h t  deviate qui te  strongly from the s t a t i c  main mode (see Sec.7). 

Computation o f  the d i f fe ren t  w and the corresponding eigenfunctions 
@ f o r  the zero main mode and i t s  sub-modes, o r  f o r  higher main modes 
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and t h e i r  sub-modes, makes use of the s imi la r i ty  between the redu- 
ced k ine t i c  equation and the f i c t i t i o u s  c r i t i c a l  equation, as des- 

, '  

approximation f o r  w i ,  s ince wi/v i s  assumed t o  be zero. 

approximation f o r  L w ' s  ( w ~  (I)), i s  found by so lv ing  E . 66 f o r  w. 

subst i tuted back in to  Eq. 62 ( o r  i n to  i t s  matrix equivalent) ,  and 
a second approximation for v / v ,  is  sought (# f (0) i s  again sub- 
s t i t u t e d  f o r  f ( w ) ) .  

d )  Second order approximation f o r  w of the  p-th mode, 
from Eq. 66.  

e )  T h i s  procedure i s  repeated u n t i l  the desired convergence is  
reached. Usually, i n  the two group model, two i t e r a t i o n s  w i l l  suf- 

b )  The eigenvalues of the  delayed-neutron sub-modes: first order 

,P 
e )  The first approximation f o r  the "kinet ic  absorption" wp) /v ,  ,P i s  

v 

c1 

( 2 )  i s  found P 
wi ,P 

f i ce .  
f) The eigenf'unctions of the delayed neutron sub-modes: Using the  

f i n a l  w!f), the corresponding eigenfunction is  calculated from 
Eq. 62 including w/v terms and f ( w ) .  The adjoint  densi ty  and 

c1 
other  quant i t ies  can a l so  be found, once the w ' s  a r e  known. 

g)  The eigenvalue and eigenfunction f o r  the prompt neutron sub-mode: 
f o r  the prompt w of the p-th main mode, one can i t e r a t e  Eq. 62, 
o r  i t s  matrix counterpart ,  d i r ec t ly ,  s ince here divergence of the 
i t e r a t i o n s  does not a r i s e .  A f i rs t  approximation may be obtained 

,P 

P 

from the equivalent bare system. 

Calculation of Perf and A f o r  some r e a l i s t i c  reactor-models, w i t h  

the a i d  of multigroup theory demands a t  l e a s t  a few-group multi- 
zone computer programme. Nevertheless, since Peff i s  much more 

sens i t ive  t o  spec t ra l  e f f e c t s  and l e s s  sens i t ive  t o  geometrical de-  
t a i l s ,  i t  w i l l  be su f f i c i en t  t o  use e i t h e r  a few-group s ingle  zone, 
equivalent bare  system, o r  a f i rs t  approximation i n  the continuous 

slowing down model, f o r  i t s  computation. On the other  hand, the ge- 
nera t ion  time, A ,  and the r eac t iv i ty  p, being insens i t ive  t o  spec t ra l  
e f f e c t s ,  a r e  calculated w i t h  a multizone two-group programme RIFIFI 
( r e f .  6 6 ) ,  which neglects  any spectral  differepce between prompt a 
delayed neutrons. 

cribed above. The sequence of computation i s  summarized below ( a n '  
example of such a calculat ion i n  two energy-group model i s  given 
i n  See. 7 and i n  re fs .  66,67: 
a )  The eigenvalue o f  the main mode: the s t a t i c  eigenvalue of the 

p-th mode i s  found first.  T h i s  corresponds actual ly  t o  a zero 
L '  
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A minimum of three energy'groups is necessary in the multigroup mo- 
del to adequately describe the spectral effects on the effectiveness 
of delayed neutrons: 
a) The first group describes the average prompt neutrons. 
b) A l l  delayed neutrons are born in the second group; thus the same 

effectiveness is assigned to all delayed neutrons. 
c) The third group describes thermal neutrons. 

If two fuels are considered, e.g, u238, yielding only fast fissions, 
and U235, yielding o n l y  thermal fissions, then i n  the multigroup 
notation, the fission cross-section in each group will be: 

= 2,(238) = 2; ; sf 2 = 0 ; 

a There are, in addition, P t  and pi, for the delayed neutron fraction 
of the I-th group in Ps5 and Psa0 Following the separation into 
three groups, as defined above, it is clear that the spectrum-coef- 
ficient f will be: 

Zf3 = 2,(235) = 2: . 

Substituting all parameters into Eq.58.one gets (e.g, in the per- 
sisting mode) 

L where: 
(68) @ = ( v 8 Z p  5 5  "1 (h2 ,n l )  / (h,,%) 

is the-ratio of total weighted fast fissions to the total 
weighted thermal fissions. 
For natural uranium, it is approximately 

Y 

R8 = I ,74(~-1) (ref. a), 
where c is the fast fission'factor of the reactor; 

nj - the kinetic persisti3.g mode neutron density of the J-th 
energy group; 6d 

. . '  
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h j  - , t h e  adjoin$ zero s t a t i c  mode density of neutrons from 
the j-th energy group; 

r 

(hp,nj)  = hp(;)nj(;)d;. 

~ q . 6 7  shows that the e f f e c t  of the  fas t  f i s s i o n s  i s  not necessar i ly  
a spectrum e f fec t .  It can be taken i n t o  account by modifying P i  w i t h  f 

' t h e  a i d  of the fas t  f i s s i o n  f ac to r .  A simple r e s u l t  i s  obtained f o r  
the r a t i o  (h2 ,m) / (hi , m )  i f  the bare system assumption i s  made. 
I n  the bare system a l l  dens i t i e s  have the same s p a t i a l  d i s t r ibu t ion ,  
but 'wi th  d i f f e ren t  amplitudes. Under the addi t ional  assumption of  
no absorption during slowing down, and no d i r e c t  contr ibut ion of  
neutrons from the f i rs t  group t o  the thermal group, one gets :  

5 

' where ' G ~  and T~ a re  the slowing down areas  o f  f i s s i o n  neutrons and 
delayed neutrons t o  thermal energy, respectively.  

I n  most p r a c t i c a l  cases B 2 z < < I  and the r e s u l t  of  the f i rs t  appro- 
ximation i n  the continuous slowing down model, Eq.49, reduces t o  
Eq.69a f o r  a s ing le  f u e l ,  where P i s  neglected compared w i t h  unity. 

Fig.? demonstrates the dependence of B,,,/P on the square of the 
backling B2 f o r  d i f f e ren t  ' G ~ - T ~ .  

The l a rge  bucklings character iz ing highly enriched l i g h t  water reac- 
t o r s ,  amplify the spec t r a l  difference between the prompt f i s s i o n  neu- 
t r o n s  and the delayed neutrons, through the fas t  leakage probabi l i ty  
B 2 ~ / ( l + B 2 T )  2 B2T. The f a s t  non-leakage probabi l i ty  thus favours the 
delayed neutrons, s ince they a re  born w i t h  lower energy, -0,5 blev, 
than the prompt f i s s i o n  neutrons, born w i t h  an average energy of 
-2 MeV. 

For a more accurate calculat ion by d i r e c t  i n t eg ra t ion  (Chap. I11 , Eq. 5 0 ) ,  

or by production-perturbation (111, Eq.55) one has t o  apply the mult 
"zone multigroup d i f fus ion  codes (e.@;. re fs .  69-71). The ca lcu la t ions  
described i n  re f .  69, e.g. compare f a i r l y  well w i t h  the r e s u l t s  of a 

0 

carefu l  subs t i t u t ion  e,xperiment, which i s  a l so  described there.  
* .  
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6. CALCULATION OF THE STATIC GENERaTION TIME, A. 

The static generation time (and the neutron lifetime, as well) de- 
pends only weakly on the neutron spectrum. This is evident from the 

layed neutron spectrum fi(u) to the average static spectrum ?(u)* 
is only of the order of f3t. Therefore one may expect to get good 
results by computing A ,  using a normal two'group calculation, which 
does not take into account the difference in the spectra of prompt 
and delayed neutrons. The most important factor affecting the gene- 
ration time is the reactor configuration, especially the presence or 
absence of non-multiplying zones (e.g. reflectors). 

The direct computation of the zero mode static generation time for 
a critical reactor does not involve any approximations, except those 
inherent in the two group model and its adaptation to multi-zone he- 
terogeneous reactors. By direct computation is meant the applica- 
tion of Eq.57 to the case of two energy groups. With this model, if' 
fast and thermal fissions are included, the generation time will be: 

- 

general definition of  A (111, Eq.49). The contribution of the de- @ 
I 

where: 
V?,Y: = fast and thermal fission yields respectively, in the 
critical reactor, If the reactor is off-critical, vi9 and v z  
are not the physical fission yields but fictitious values nee- 
ded to make the reactor virtually critical, 

The calculation of  A for the actual off-critical reactor by direct 
application of Eq.56 demands a knowledge of the Kinetic flux, In the 
case under consideration this is the persisting mode. However, as 
argued in section 4 and demonstrated in Sec.7, this distribution is, 
to a very high precision, equal to the zeroth mode of the neutron 
density in the fictitious critical reactor: n(r) = h(r), and conse- 
quently (Aa = A of the actual reactor): 

- 9 3  - 3  
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- .An'al ternat ive '  methodsfor computing ha o r  hcritical has been des- 
cribed i n  Chap.III,Eq.52. This method, which may'be used f o r  calcu- 
l a t i o n a l  as well a s  f o r  .experimental purposes, i s  based on the ef-  

l/v absorber. The approximations per t inent  t o  t h i s  method are: 
, a )  The assumption normally made i n  per turbat ion theory tha t  the 

t -  I 

i * -  f e c t  on r e a c t i v i t y  o f  s l i g h t l y  perturbing the e n t i r e  reactor  w i t h  a 

@, 
I 

neutron densi ty  i n  the actual  and the perturbed system remains 
unchanged. 

a f t e r  per turbat ion a re  equal. 
b )  The ad jo in t  dens i t ies  i n  the v i r t u a l  c r i t i c a l  s t a t e s  before and 

If the basic  assumption concerning the very close resemblance o f  
the pe r s i s t i ng  d i s t r ibu t ion ,  n and i t s  ad jo in t ,  t o  the f i c t i t i o u s  
c r i t i c a l  d i s t r ibu t ion ,  h,and i t s  adjoint  i s  f u l f i l l e d ,  the approxi- 
mations l i s t e d  above reduce t o  the normal assumptions of perturba- 
t i on  theory. 

4 

3 

It has been mentioned e a r l i e r  t ha t  occasionally the prompt sub-mode 
of the e s sen t i a l  mode corresponds t o  an eigenvalue which i s  p a r t i -  
cu la r ly  convenient t o  measure (e.g. i n  a pulsed neutron experiment). 
To i n t e rp re t  such a measurement i n  terms o f  a s t a t i c  r eac t iv i ty  
would require  using the generation time of  th i s  sub-mode instead of  
t h a t  of the pe r s i s t i ng  mode o r  t h a t  of  a c r i t i c a l  reactor.  The X i -  
n e t i c  f lux  of the  prompt sub-mode, as mentioned i n  sect ion 4, may 
d i f f e r  appreciably from h. T h i s  occurs mainly i n  strongly re f lec-  
ted heavy water reactors.  Neglection of  the difference between these 
f luxes may introduce a non-negligible e r ro r  i n  the reac t iv i ty .  

--* 

7. EXAMINATION OF THE BASIC KINETIC PARAMETERS 
I N  THE MULTI=GROUP APPROACH 

I n  the preceding chapters some basic  fea tures  of the k i n e t i c  para- 
meters have been discussed on the bas i s  of general reactor  theory. 
I n  t h i s  sect ion the various k ine t i c  parameters w i l l  be discussed i n  
more d e t a i l ,  mainly w i t h  the  a i d  of the two-group model. 

The main points  t o  be elucidated here may be summarized a s  follows: 
a )  The very weak sens i t i v i ty  of  the e f fec t ive  f r ac t iona l  y i e ld  of de- 

layed neutrons, perf ,  t o  geometrical detaiEs of  the system. 63 
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b) ,The very ' s t rong  resemblance between the delayed sub-mode and the 
main v i r t u a l  c r i t i c a l  mode. 

c )  The possible  deviation of the prompt sub-mode from the main vir-  
t u a l  c r i t i c a l  mode. 

I 

I d) The dependence of generation time on reactor  configuration and 
the difference between pers i s t ing  generation time and prompt sub- 
mode generat i  on time. 

a )  The s t a t i c  e f fec t ive  delayed neutron f r a c t i o n  of  the t - th  delayed 
group i s  defined by the multigroup model i n  Eq.58. The only d i f fe -  
rence between numerator and denominator o f  t h i s  r a t i o  i s  due t o  the 
difference between the f r a c t i o n  of  delayed and prompt neutrons ap- 
pearing i n  the various energy groups. 

The yi of  a reactor ,  which i s  perturbed by an absorber, w i l l  hardly 
change, because the only changes that  r e s u l t  a f t e r  i n se r t ion  of an 
absorber (e.g, control rod) occur i n  the fluxes.  However, these chan- 
ges usually a r e  much ef fec t ive  i n  the thermal range, where the  dif-  

ference between the spectra  of delayed and prompt neutrons i s  negli-  
gible.  

Using Eq.69a, one may wri te  down the approximate r a t i o  of yl t o  y2; 

i , e ,  the r a t i o  of effect iveness  of delayed neutrons i n  the perturbed 
and unperturbed (e,g. c r i t i c a l )  systems, Using the de f in i t i on  of sta-  
t i c  r eac t iv i ty  i n  the modified one group theory (ref,68)one gets:  

where: 
'G 7 - ages t o  thermal of  prompt and delayed neutrons respec- 
t ive ly .  

' d  

Ma - migration area. 

pi - s t a t i c  r e a c t i v i t y  of  the perturbed s ta te .  

Eq.71 shows tha t  the  per turbat ion has negl igible  e f fec ,  on yo. The 
- e f f e c t  i s  of  the order of  pi which i s  a t  most a few percent. 

A s t r ingent  check on the constancy of  y i s  i t s  behaviour i n , a  small (high 
buckling) thermal reactor .  For instance i n  a homogeneous l ight wa- 

t e r  moderated pSs spherical  reac tor ,  having a diameter of 19.9Ocm 
(ref .72) ,  the changes i n  geff a s  a function of  the  volume concentra- 

49 
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~ t i o n  of the f u e l ,  pas, i s  as fo l lows:  

3,902 3,908 3,907 - 

I 

TABLE I 

type 

Vol.fraction UJ 

+ 
Pu(c)-metal Pu(c)-oxide Pu(c)-carbide 

Chap . I V  

4,865 4,474 4,644- 

6,82 7,OO 7,45 7,82 8,40 

Inf'ormation on the change of geff i n  fas t  reac tors  i s  provided i n  
ref.71. Values of Peff a r e  given f o r  spherical  reac'tors having a 
Pu239-U238 core and a pS8 blanket. 

Tables 2 and 3 show that  Peff stays almost constant over a w i d e  
range of changes i n  volume (Table 2 )  and changes s l i g h t l y  a s  the 
energy d i s t r ibu t ion  i s  changing (Table 3) . 

TABIX 2 

Core-vol. 
l i t e r  

TABLE 3 

The arguments and examples above c l ea r ly  show the' global nature  of 
a s  a k i n e t i c  param'eter. Therefore, Peff once calculated f o r  a Peff 

reference system, can be.used without fu r the r  computation i n  o ther '  
systems having propert ies  sirnilan t o  those of t he  reference system. 
T h i s  i s  of importance i n  k ine t i c  measurements of r e a c t i v i t y ,  where 
d i f f e ren t  configurations (e,g. control-rods f u l l y  inser ted,  pa r t i a l -  

@ l y  inser ted  o r  completly withdrawn) a r e  compared. 



1 b)  Since the eige-nvalues of the  delayed sub-modes a re  ra ther  small, 
. .o f  the order of the precursor decay constants ,  the delayed sub-mode , 

, eigenfunctions may be considered a s  those of the perturbed f i c t i t i o u s  , 
c r i t i c a l  s t a t e .  The per turbat ion is  an addi t ional  absorption of mag- 
nitude w/v, (see e.g. Eq.62). 

Under almost a l l  circumstances Z>>w/v. Even i n  a heavy-water reactor  of 
the D I O R I T  type t h i s  condition i s  always f u l f i l l e d :  

. 
I 

, 

I 
1 .  t 

I 
I 

I 

I ,  

where: < A >  i s  the average decay constant of delayed neut rms .  

It i s  evident,  therefore ,  that  the delayed eigenf'unctions w i l l  be 
very s imilar  t o  the corresponding v i r t u a l  c r i t i c a l  eigenfunction 
the  same main mode. 

I n  order t o  check t h i s  point f o r  a r e a l  system, a configuration was 
chosen which w i l l  emphasize t h i s  f i n e  s t ructure .  The configuration 
studied by means of the two group time dependent model (refs.66,67) is  
based on the small core,  H-I32 ( A-V, config. D I - 4 )  of the reac- 
t o r  D I O R I T ,  i n  which a cent ra l  control  rod  was inser ted.  The parame- 
t e r s  of  the system are  given i n  Appendix V, together w i t h  some i t e -  
ra ted  values of w. The configuration chosen thus gives a r e l a t i v e l y  
high importance t o  the r e f l e c t o r ,  i n  which the assumption of  
Z>>w/v may not be applied w i t h  full rigour. 

The most sens i t ive  t e s t  t o  check the difference between the delayed 
d e m i t i e s  and the v i r t u a l  c r i t i c a l  density i s  a comparison of these 
dens i t ies  i n  the thermal group. 

of 

In Fig. 2 p curve (1) shows the pers i s t ing  thermal densi ty  ( t h e  
sub-mode of the slowest delayed group), no,oth, which i s  iden t i ca l  
w i t h  the  thermal dens i ty  of  the zero main mode f o r  the v i r t u a l  Cri*ical  
s t a t e .  The p lo t ted  points  show the l a rges t  deviat ion of the thermal 
sub-mode of the f a s t e s t  delayed group (see A-V). 

The difference between the delayed dens i t i e s  and the v i r t u a l  c r i -  
t i c a l  density,  belonging t o  the f a s t  group, i s  even l e s s  pronounced 

,- . 
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( s ince  v >>vth). These f a s t  dens i t i e s  a re  p lo t ted  i n  
curve (I). 

‘The  adjoint  densi ty  , curve (1) Fig. 4 , the current  , curve ( I ) ,  
Fig. 5 , and the densi t ies  of higher modes curves (1),(3), Fig, 
6,7 of  the delayed sub-modes a re  a lso r a the r  close t o  the correspon- 
ding quant i t ies  of the main mode i n  the v i r t u a l  c r i t i c a l  reactor.  

1 
I 

r Fig. 3 , f 

i , ‘  

@ 

The f a c t  t h a t  the delayed neutron d i s t r ibu t ions  i n  the fas t  and 
thermal groups a re  p rac t i ca l ly  ident ica l  w i t h  the corresponding dis- 
t r i bu t ions  i n  the v i r t u a l  c r i t i c a l  reactor ,  i s  r a the r  important. The 
former d i s t r ibu t ions ,  which a re  measurable, may be used experimental- 
l y  a s  a means f o r  determining the s t a t i c  r e a c t i v i t y  which characte- 
r i z e s  the v i r t u a l  c r i t i c a l  d i s t r ibu t ions .  

c )  The eigenvalues of the  prompt sub-mode, w may a l so  be consi- ~ 

dered a s  some per turbat ion on the destruct ion operator of the vir-  
t u a l  c r i t i c a l  reactor .  But s ince w /v might be r e l a t ive ly  l a rge ,  
mainly i n  heavy water reactors ,  the resu l t ing  per turbat ion i s  alqo 
large.  Thus the prompt sub-mode may deviate considerably from the 
v i r t u a l  c r i t i c a l  main eigenfunction o r ,  which is  the same, from the 
pe r s i s t i ng  eigenfunction o f  the same main mode. 

P’ 

P 

T h i s  d i f ference is  shown i n  Figs. 2 ,  6 and 7 f o r  DgO reactor ,  conf‘i- 
guration DI-4.  

The l a r g e s t  deviation occurs natural ly  i n  the thermal group, the 
cross-section of which is strongly modified by the prompt eigen- 
value. T h i s  i s  shown i n  Fig. 2 curve (2), where the prompt ther- 
mal densi ty  of the zeroth main mode, n o  ,pth, i s  plot ted.  I n  Fig.3 

the prompt f a s t  densi ty  of the zeroth main mode i s  curve ( 2 )  no 
p l o t t e d .  It shows a much smaller deviation. Fig. 4 shows the de- 

v i a t ion  between the pe r s i s t i ng  no 
n 
corresponding thermal current .  

For  higher modes the deviation between the prompt sub-mode and the 
v i r t u a l  c r i t i c a l  main mode a re  much l a rge r  due t o  the magnitude of 
the  prompt eigenvalues. For example (see a l so  A-V) w 

YPf’ 

(curve ( I ) )  from the prompt + 
9 t h  

(curve (2)) thermal adjoint  densi ty .  Fig. 5 shows the 
0 , P t h  

= -44, 
O P  

Z -278 and .w = -462 sec-I. Fig. ‘ 6  shows the  f a s t  , thermal, 
wd P 2P 
delayed, and prompt dens i t ies  f o r  the  first main mode, while 
Fig. 7 shows the same quant i t ies  for the’second main mode. 

In  a l i gh t  water reactor  the deviations mentioned above i n  each 
main mode are  smaller,  a s  the removal and absorption cross-sections 

@ 
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F i g . 2 r  (1) V i r t u a l  c r i t i c a l  main mode density of  thermal 

neutrons, hoth S persisting 'mode of thermal 
neutrons i n  the aotual reactor, no,oth. 

n ( i n  the actual reactor),  

Reflector 
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Reflector . 

Fig. 3 (see A-V) 

(1) The persisting mode of fast 
neutrons i n  the ac tua l  
reactor ,  no of E v i r t u a l  
c r i t i c a l  main mode of fast 
neutrons , ho,of 

( 2 )  Prompt sub-mode of the main 
mode of  fast neutrons, n 0 , P  
( i n  the aqtual  reactor) .  
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Fig4 (see A-V) 
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Chap . IV 
a r e  much l a rge r  than those i n  heavy<water reactors . In  Fig. 8 the 
most sens i t ive  quant i t ies , ,  namely the thermal neutron dens i t ies  and 
currents  a r e  plot ted.  These quant i t ies  have been calculated i n  a 
l i g h t  water reactor  based on the normal loading of the  swimming pool  
reactor  SAPHIR ( see Appendix V I ,  configuration SR-I*) 

The f a c t  t h a t  the  prompt sub-mode eigenfunction may deviate appre- 
c iably from the pers i s t ing  eigenfunction o r  from the f i c t i t i o u s  
c r i t i c a l  eigenfunction which i s  charactkrized by the s t a t i c  r eac t i -  
v i t y  has t o  be taken in to  account i f  the prompt eigenvalue i s  used 
f o r  the determination of s t a t i c  r eac t iv i ty ,  (see also Sec.10, 
Chap.111). 

d )  The l a s t  t w o  points  t o  be ve r i f i ed  are:  (I) the  difference bet-  
ween the generation time of  neutrons d is t r ibu ted  i n  the pe r s i s t i ng  
mode and the generation time o f  neutrons d i s t r ibu ted  i n  the prompt 
sub-mode of' the  zeroth main mode, and (2 )  the dependence of  the ge- 
nerat ion time on the reactor  configuration. 

The generation time, i n  any o f  i t s  def in i t ions ,  describes the average 
time taken by a neutron t o  produce a new fission-neutron. The d i f fe -  
rence between the various def in i t ions  l i e s  i n  the d i f f e ren t  weigh- 
t i n g  f'unctions used f o r  averaging, namely: the k ine t i c ,  the s t a t i c  
and the dynamic weight-functions (Sec.10, Chap.111). 

The main reason for introducing the generation time and the e f fec t ive  
delayed neutron f rac t ions  a s  the means t o  r e l a t a  the measurable k ine-  
t i c  quant i ty  w, t o  the global e n t i t y  p ,  i , e ,  the r e a c t i v i t y  of the 
system, i s  t h e i r  inherent i n s e n s i t i v i t y  t o  d e t a i l s  of the system. 

i s  r a the r  insensi t ive.  It has been shown above that ,  i n  f a c t ,  
T h i s  r e s u l t  i s  e s sen t i a l  t o  all methods of r e a c t i v i t y  measurements, 
since Beff e s tab l i shes  the transformation f com the r e l a t ive  u n i t s ,  
the  dol la r ,  t o  the absolute u n i t s  of  r e a c t i v i t y  e.g. mk o r  percent. 

Knowledge o f  the dependence of the generation time, and i n  particu- 
l a r  of the prompt .sub-mode, on reactor  configuration i s ' e s s e n t i a l  
t o  the methods of r eac t iv i ty  measurement, which #are based on d e t a i l s  
of the  prompt bu r s t ,  mainly the pulsed neutron technique. 

One i s  usually able  both t o  calculate  and t o  measure i n  a r e l i a b l e  
manner the generation time i n  the c r i t i c a l  o r  near c r i t i c a l  s t a t e  
of r e l a t ive ly  clean configurations. In  order t o  determine the reac- 
t i v i t y  i n  a perturbed s t a t e  (e.g. when a control  rod i s  p a r t i a l l y  
o r  f u l l y  inser ted)  one should know the generation time i n  the new 
s t a t e .  Therefore the information on the possible  changes i n  genera- 

Peff 



t i o n  t i , m &  a s ' t h e  r e su l t  o f '  the per turbat ion i s  essenteal  t o  the  pre- r 
- I  

t ' c is ion  o f  r eac t iv i ty  measurements. 

As mentioned e a r l i e r ,  the concept of generation time i s  preferable  
f o r  a reactor ,  the control  of which i s  achieved by changing the ab- 

Thus any change i n  generation time from one reactor  s t a t e  t o  another 
i s  induced only by a densi ty  redis t r ibut ion.  For a reactor  which ' is  
control led by changing the production, the l i f e  time concept i s  t o  
be preferred.  

It ist c l ea r ,  therefore ,  t ha t  the smaller the change i n  the neutron 

sorpt ion operator,  while the production operator remains unchanged. . *  
1 

d i s t r ibu t ion  a s  a r e s u l t  of perturbing the reactor  by absorbers, 
the smaller w i l l  be the change i n  the generation time. 

I n  f a c t  it w a s  found experimentally (ref.27) that under constraint  
o f - c r i t i c a l i t y  w i t h  no f u e l  o r  moderator changes, considerable rear- 

, . rangement of lumped poisons d id  not cause any change i n  the genera- 
t i on  time, within an experimental accuracy of  1%. These measure- 
ments were car r ied  out i n  hydrogen moderated c r i t i c a l  assemblies, 
w i t h  bucklings of the order of 30 10-4cm-' . 

' I  

. ,,: A maximWn var ia t ion  Of less than @ i n  generation time has been ob- 
served as bucklings were changed by inser t ion  of safety rods  ( ref .73) .  

cause l a rge r  changes i n  generation time. 

Simultaneous addi t ion o f  f u e l  and poison, again under constraint  of 

- It i s  evident,  however, t h a t  extreme rearrangements o f  absorber could 

I c r i t i c a l i t y ,  w i l l  cause an appreciable change i n  A ( r e f s .  73,74). 

- I n  the calculat ions quoted above, the possible  difference between 
the pe r s i s t i ng  generation time A,,o and the generation time A, i n  
the prompt sub-mode of the  zeroth main mode has been neglected. T h i s  
i s  l i k e l y  t o  be correct  i n  hydrogeneous reactors .  In  what follows, 
t h i s  point and other  re la ted  points  w i l l  be checked on the bas i s  of 
two group.theory f o r  a typ ica l  l ight  water reactor  of the SAPHIR type, 
which w i l l  be denoted i n  the following by SR, and heavy water reac- 
t o r ,  of the DIORIT type, which w i l l  be denoted by D I .  The genera- 
t i o n  time of the pe r s i s t i ng  mode i n  the t w o  group model i s  given i n  
Eq.7Oa. I n  the usual two group notat ion and w i t h  production due t o  
thermal f i s s ions  confined t o  the f a s t  group i t  becomes: 

t P  
* 

- 
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0 where: 1 

I, 

I 

! I  

n, = l/v,l&& - generation time of thermal neutrons i n  the 
c .  i n f i n i t e  core; 

I ,  \ 

- resonance escape p robab i l i t y  i n  the core. Pc 

I n  the numerator the integrat ion is  extended over the whole reactor ,  
while i n  the denominator i t  extends over the core alone. 

&,,, a s  mentioned above, may be calculated by applying the 1/v ho- 
mogeneous poison method (Chap.III,Eq.52): 

> 
I 

( 7 3 )  I 

where : 
p o p  vo- s t a t i c  r eac t iv i ty  of the  zeroth main mode, and f i c t i -  
t ious  f i s s i o n  y i e ld  which maintains c r i t i c a l i t y  i n  the same 
mode o f  the o f f - c r i t i c a l  reactor ,  respect ively;  

vo(a)  - f i c t i t i o u s  f i s s i o n  y ie ld  a t  c r i t i c a l i t y  a f t e r  inser- 
t i o n  o f  the a/v absorber; 

v - energy averaged f i s s i o n  y ie ld  of prompt neutrons. 

&,,o calculated from Eq.72 (such calculat ions w i l l  be denoted i n  
the following by a = 0) and Eq.73 coincides i n  l i g h t  water and heavy 
water reactors  over a f a i r l y  wide range of poison concentrations -a. 

The f a i r l y  weak dependence of &,o on a i s  demonstrated i n  Table 4 
( f o r  the first column, see A-V and A-VI): 

TABLE 4 

, 

. . .  
, . .  . .. I -  
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3,23 
3,23 
alont 
core 

-In order to study the variation of the persisting and prompt sub-mode' 
,static generation times a variety of configurations of DI and SR have 
been chosen, The details of these configbrations are given in Appen- 
dices V and VI. I 

. 

, I 

t 

, .  

. -  

I 

c9 The prompt sub-mode generation-time is calculated from the static 
inhour equation (Chap.111, Eq.48): 

t 

(74) 

where: po - static reactivity of the zeroth main mode. 
The persisting p i o p  

main difference between the prompt sub-mode and the persisting sub- 
mode is in the thermal-range, where the spectral differences are ne- 

is used in Eq.74 instead of fli since the 
09P 

gligible, 

Results of the computation are given in Tables 5 and 60 

TABLE 5 

koo - P% -I .-w P Conf ig. 
No. 

9 0  I 0-* h P la sec 
! SE 

DI - I  
I t  

I t  

I t  

I t  

I t  

I t  

2346 
' 2346 
2346 

2200 

2200 
2000 
2000 

9,100567 
1 , 100567 
1 ,I 00567 

1 ,I 00567 
I ,I 00567 
I , 100567 
I , 100567 

0 
0 

:ore 
sl one 
0,45 
0,45 
1922 
1,22 

7,456 

7,166 

7,172 
~~ 

141 I 
1411 , 

1253 
1253 
1140 
1140 

1 ,I 59399 
I ,I 59399 
1 ,I 59399 
1 ,I 59399 
I ,I 59399 
1 ,I 59399 

0 

0 

I ,80 

I ,80 

3,60 
3,60 

195  

0 

0 

BI-2 
I t  

I f  

I f  

' I 1  

I f  

0 
0 
cure 
alonc 

I 

0 

8,088 

6,477 

DI-3 
t r  

1345 
1345 
1345 

1,201600 
I ,201 600 
1,201 600 

8,139 4 945 
I t  

?I-4 
I t  

11 , 

~ 

1345 
1345 

, 1345 

I '9 201 600 
I ,201 60C 
1,201 60C 

1,273 

0 

8,651 

6,281 
43986 9,043 
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.'TABLE 6 .. 

Confighrat i on 
No . -wp I " o r 0  lo-* % , p  'p OA I -a se: -1 

sec 
ka, 

i 

1,607080 
1,607080 
1,607080 
1,607080 
1,607080 
1,607080 
1,607080 
1,607080 
1,607080 
1,607080 

core 
radius  

. f:. ! 

-1 

-1 

-1 

. -1 

-1 

0,7438 

,0,7599 

0,7730 

0,7838 

0,8023 

0,7401 

0,7593 

0,7739 

0,7861 

0,8068 

I 

I 

SR-2 
11 

1,607090 
1,607090 

0 
0 

-1 0,781 0 

102,851 0,7809 

'SR-3 
I f  

1,607150 
1,6071 50, 

0 
0 

-1 I ,0062 
79,79 I 1,0083 

Table 6 shows that i n  a l ight  water reactor  the difference between 
the generation time of neutrons d is t r ibu ted  i n  the prompt sub-mode 
and the generation time of neutrons i n  the pe r s i s t i ng  mode i s  ne- 
g l ig ib le .  Variat ion of the generation times within one configura- 
t i o n  e.@;. SR-1, which i s  made sub-cr i t ical  by reducing the core-ra- 
dius ,  i s  noticeable:  i't i s  about ro/o when p i s  changed from zero 
t o  -5,8O/,. The presence of a medium of  a much longer d i f fus ion  
length than tha t  of the core, eog. a graphi te  r e f l e c t o r  (SR-3) ,  
considerably increases the generation time. 

As expected, the difference between the  two- generation-times ' f o r  
a typical  heavy water reactor  i s  larger .  T h i s  d i f ference i n  a gi- 
ven configuration increases a s  the reactor  deviates  more and more 
from c r i t i c a l i t y .  Between the c r i t i c a l  configuration of  DI-1 and 
DI-2 there  i s  a homogeneous change i n  the production (koo), whi,ch 
i s  the main cause f o r  the difference i n  the A's. In  DI-3  the 'com- 
parat ively high importance of the r e f l ec to r  i s  the reason f o r  the 
increase i n  generation time, and for the  di'fference between &,,o 

I 

The transformation from the c r i t i c a l  s t a t e ,  DI-3 t o  a . and &,,e 

' -, 1 
* > A  

, I  , -  
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sub-critical state, DI-4,' is achieved by insertion of a central con- 
trol rod which causes a strong deformationrin the density pattern- 
(see Fig.5,II). This increases the relative importance of the heavy 
water reflector and thus increases the generation time by -7 % in 
& , o  and 4 1  yo in ayp. This fact explains also the fairly large 
difference, -4,5 %, between & y o  and 

- 

in the subcritical state, 

The effect of neglecting this difference between A,,,o and A. can .' 
9P 

be demonstrated by the error introduced in the value of reactivity 
as deduced from wo and the inhour equation, Es.74. ?P 

Suppose that the increase in & , o  from the critical state to the 
sub-critical state DI-4 can be calculated exactly: & , o  = 8,651 *IO-$ec.. 

- - Then the static reactivity with this generation time and wo 
,P 

' = 43,86 sec-' is 
increase, in generation time from critical to -3 ,23° /o ,  would result 
in p = -2,81 oh I 

= 3,058 y o ,  instead of 3,23 yo. Neglecting the 

In the two group treatment, only one prompt eigenvalue was conside- 
red. But, as shown previously, splitting the density into energy 
groups introduces eigenvalues (and in turn corresponding eigenfunc- 
tions) for each group. In most, if not in all experiments for deter- 
mining reactivity, one is interested in,and is able to measure rela- 
tively easily the thermal density. In  fact, the prompt sub-mode de- 
cays very rapidly and describes the time behaviour during slowing 
down, In heavy water reactors (e,g. config. DI-I) the fast prompt 
eigenvalue is about  see A-11) 2 I O 4  sec-' with negligible depen- 
dence on reactivity, while the thermal prompt eigenvalue is 
~0,113 10ssec-'(for p = 0) and I ,24 IOPsec-'(for p = -10 8 ) .  
Thus the thermal prompt neutron density does not even change while 
the fast prompt density practically vanishes,, It is clear, however, 
that the fast neutron distribution in the various modes deviates 
considerably from the persisting mode distribution, since the cross 
sections are drastically perturbed, e,g. (wo ,p)i /vz "- -0,091 cm-' 

(WO, )i/va = -0,407 cm-' for SR-I while (Xcore 1 

..) 

= 7,4* for DI-1 and even for SR, 
..) 

(2core 1 ther. 
= 0,092 cm-' . P 
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Chapter V 

MODIFICATION OF THE SOURCE-JERK (S.J.) AND 
ROD-DROP (R . Do ) TECHNIQUES : SHAPE-METHOD AND 

CORRECTED AMPLITUDE-METHOD 

V-I ) Introduction 

V-2) The shape method 
2.1 Description of the method 
2.2 Sensitivity and statistical precision 
2.3 Counting losses 
2.4 Systematic errors due to harmonics 

3.1 Description of the method and its systematic errors 
3*2 Background normalization 
3.3 Sensitivity and counting losses 

Elimination of slowly varying background 

5 . I Equipment 
5.2 Near-critical measurements 
5.3 Measurement of the shape and amplitude indices 

V-6) Modified rod-drop measurements 
6.1 General description 
6.2 Experimental checks 

V-3) The amplitude method 

V-4) 
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I S  * I. INTRODUCTION 
I 

In the preceding chapters, particularly in Chap.11, it was demon- 
strated that the initial density, which plays the basic &le in !' 

' > @  the normal S.J. and R.D. techniques, is the main contributor to I .  

systematic errors induced by harmonics in the measured reactivity. 
Any attempt to eliminate these errors may follow two obvious ave- 
nues of attack: theoretical correction for harmonics in the initial r 

density, or modification of the experimental procedure and the way 
of evaluating it. 

Numerical corrections, or theoretical arguments for finding measu- 
'ring points which are essentially free of harmonics, can be found 
only for simple reactor configurations ( refs.7fS976,78).In a real 
multizone complex reactor, theoretical analysis, which can be done 
on a greatly simplified version of the reactor, may give some hints 
and helpful suggestions, but by no means the correct solution. 

However, a considerable reduction'of systematic error due to the 
harmonics may be achieved by some modification of the experimental( 
technique described previously. 

The .time dependent density established after a step-change in the 
source or in the reactivity obviously contains much less harmonics 
or traces of the initial condition than the initial density itself 
(Chap.111, Sec.2; Chap. 11). In Chap. I1 the time-integrated densi- 
ty was chosen as the representative for this kinetic behavior for 
reasons of convenience and because of its use in the integral count 
method. But, naturally, this choice is not unique. Any measurement 
based on the kinetic density, with no reference whatsoever to the 
initial density, will considerably reduce the content of harmonics. 
It is clear that the correct reactivity (kinetic, static or dynamic) 
will be obtained if the kinetic flux used for its measurement is the 
persisting mode. B u t  this distribution is insensitive to reactivity 
from about p<-0,3,$ on downwards. Therefore one can not afford to 
wait for the establishment of the persisting mode, and one is obliged 
to use the kinetic density, which will inevjtably include some amount 
of harmonics. Fortunately,, however, this harmonics content is ra- 
ther small (Chap.11, Sec.4). The neutron population a few genera- 
tion-times after the step is practically due to the delayed neu- 

monics, their distribution is practically identical with that of the 
persisting mode, thus yielding the correct reactivity if consistently 

@ trons alone. As proven in Chap.IV, apart from delayed neutron har- 

. -- 
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' defined generation-time and @ieff are used. c 

Another approach is to find experimentally, if possible, the correc- 
tion factor for the harmonics of the initial density. 

'- 

,@, . . 

2. THE SHAPE METHOD 

2,1 Description of the method 

Considering the reactivity as the only unknown parameter in the kinetic 
density, then the form of the decay curve,oc its shape, is deter- 

, mined solely by the reactivity of the system. 

Generally the delayed neutron distribution is a very weak function of 
reactivity. If the multiplication constant of the system is small, 
the neutron production, following the withdrawal of the source or 
the insertion of  a strong absorber, will be essentially due to the 
radioactive decay of the precursorso A n  increase in the multiplica- 
tion constant will slow down the decay of the neutron population. 
Since these decay constants are limited to the range lying between 
zero (for critical systems) and the corresponding decay con- 
stants hi (for p =--) ,  the whole dependence is clearly weak, the 
faster groups being more affected. The first part o f  the decay curve 
is, therefore somewhat more sensitive to the reactivity than the re- 
mainder. Thus, any measurement which uses the delayed neutron den- 
sity is destined to be insensitive towards reactivity. This is evi- 
dently the biggest disadvantage of the "shape" method. 

Among the many ways of measuring the shape, those giving higher 
weight to the first few seconds after the step are to be preferred. 
A straight-forward utilization of the ratio of the zeroth moment to 
the first moment with respect t o  time (ref .39, pp 9 , I l )  is not. to be 
recommended. Such a choice gives higher importance to later times 
and thus results in poor sensitivity; for instance, a 1 %  error 
in the ratio 

. vity of - I O  #. 

l 

of the moments results in a 3 0 v 0  error in a reacti- 

It was found convenient to determine the reactivity from a measured 
"shape-index". This index is just the ratio of suitable time inte- 
grals of  the decaying densitiy, n( x,t) : 

, .  
' I  , , .  . .  . .  . . %  - 1  

- .  
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If the meqsurement' would be car r ied  out on the pe r s i s t i ng  mode, I 
: . I  

, then one would have, ' 
* 1  

I 

t2 I r". 
. \  " 

' -  ,* 
r 

f sh (p ,x )  -# f S h ( P ) , =  I % ( x ) T o ( t ) d t  / % ( x ) T o ( t ) d t  = 
. ti * 

t 2  t 

= T o ( t > d t  p 3 ~ d t ) d t ,  (2) 

ti 

where T o ( t )  i s  the time dependent par t  o f  the densi ty ,  and i s  the 
same everywhere throughout the reactor.When dealing w i t h  the per- 
s i s t i n g  mode,lthe index zero w i l l  be dropped out and T ( t )  w i l l  des- 
c r ibe  the count-rate a t  the point o f  measurement. 

If the harmonics contr ibut ion i s  indeed negl igible ,  a s  has been 
argued, the experimental fsh(p,x) can be compared w i t h  the theoret ical-  
l y  calculated f s h ( p )  t o  determine the r eac t iv i ty .  f s h ( p )  may be 
calculatkd e i t h e r  w i t h  the  aid of  the space independent model 
(ref'. 41 ) o r  from the space integrated model (Chap.11, Sec.10). 

The choice of  times tl,tz,ta and t4 i s  not d ic ta ted  by the sensi- 
t i v i t y  of  f s h ( p )  t o  r e a c t i v i t y  alone, but also by the problem of  
s t a t i s t i c a l  accuracy i n  the presence of background. For'kxample, a 
l a rge r  t3 and t4 may be desirable  a t  f i rs t  sight,  s ince the l a t e r  
por t ion  of the  decay curve contains almost no information on reac- 
t i v i t y .  However, such a choice would add l i t t l e  of the desired sig- 
na l  and a great  deal of the background, thus ser iously reducing the 
s t a t i s t i c a l  precision. A r e l a t i v e l y  large in t e rva l  t,-t,would be 
desirable  from the s t a t i s t i c a l  point  of 'view, but  undesirable from 
the point of view of  s ens i t i v i ty ;  

Using the above mentioned a guments and comparing the normalized 
time dependent parts, ,  T(t)/ImT(t)dt,(ref. 39,p07a) f o r  d i f fe ren t  
r e a c t i v i t i e s ,  the following times have been chosen: 

ti = 0 o r  1 sec; t2 = 5 sec; ta = 8 sec; t4 = 30 sec. 

fsh(p) f o r  these time in te rva ls  has been calculated f o r  the f o l l o -  
wing t w o  cases w i t h  the computer programmes AGAMA and GFUNK ( r e f .  78): 

~ 

Light water' reactor ,  h*=O,Ol  sec , 

.( SR-case) 
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Heavy water reactor, h+=0,1 sec 

(DI-case) 

I' 

1 .  

,. I 

\ ,  
I .  

' I  

3987 

0,02510,122 

= 18T(t)dt 
0 

O 0  T(t)dt, for both cases is given in Fig.1. 
8 

2.2 Sensitivity and statistical precision 

The low sensitivity of the shape index is reflected in the error in- 
duced by the statistical fluctuations of fsh(p) in the reactivity. 
The symmetrized error E in the measured reactivity as a function of 
reactivity is obtained from 

relative statistical error - - 
relative sensitivity & ( P I  = 

for T(0)  equal one is plotted in Fig.2. It shows 
that high statistical precision in fsh(p) is needed f o r  a reasonably 
accurate value of reactivity in far subcritical states. 

A possible improvement in the sensitivity may be achieved by the use 
of a weight function for the experimental signal. Since most of the 
information concerning the reactivity is concentrated in the first 
portion of the decay curve, it would be reasonable to amplify this 
portion with the aid of a theoretical weight function, W(t), which 
does not fluctuate statistically. Otherwise the gain in sensitivity 
would, be overridden by the increase in statistical error. 

If the statistical error of  the total count in the interval tj-ti is: 

(4) 

where : 
T(0) = initial count-rate 
R(p,t)-= T(p,t) / T(0) = relative count-rate. I 



t -  ' . 'then it can be sho.wn that the statistical error of the weighted to- 
tal count in the same time interval will be: 

7 .  
1, 
1 .  

L .  
' 5  . 
- 

/ I  A[/:*(p,,t)dt] . = T ( 0 )  
tL stat i s . 

I 

where : 
T*(p,t) = W(t)T(p,t) = weighted count-rate. 

A dght function which is appropriate for this purpose will be the 
theoretical R(p,t) t o  an arbitrary power: "(t) = RY(pi,t). 

The best amplification is achieved if the weight function is cal- 
culated for the measured reactivity. The statistical accuracy of 
the reactivity derived from the weighted shape indices for v = I 
and v = 2 has been calculated For t h e  SR-case) and plotted in Fig.2, 

I curves (2) and ( 3 ) .  Comparison of these courves with curve (I), in 
which the weighting function is unity, reveals a considerable reduc- 

I 

tion in the error. Such a weighting procedure need not necessarily 
be done by electronic means. It can be done as well by step-wise 
weighting and integration, if the experimental R(p,t) is known in 
these integration steps. The result does not depend strongly on the 
integration stepslAt,when At$ I ,5 sec. 

Some disadvantage still exists because the reactivity must be known . 
a priori. However if' the first value is reasonably well estimated 
from the experimental results of  the normal method, a better appro- 
ximation will result from the above mentioned weighting procedure. 

2.3 Counting losses 

The poor sensitivity of the shape method may be partially overcome 
by having, if possible,high initial count-rates, thus measuring 
the shape index fsh(p) with very high precision, which in turn yields 
the reactivity with fair precision. The use of  a very high count Irate 
introduces counting losses due to dead-time of the counter and 
of the whole electronic system. 

However, it is to be expected that the shape index will be rather . 
insensitive to counting losses ,  primarily due to the lack of any re- , 

ference to the initial count-rate, and secondly due to the fact that 
f is a ratio of two quantities whose physical nature is essentially 
the same. 

The effect of counting losses on the shape index can be calculated 

. .  . 
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from the following expression: 

.. Lf sh(P ,] m i  

This expression is based on the assumption that the losses are in 
the linear region. Thus one can write (m = measured): - 

Tm(t) = T(t) / [I +zT(t)] = T(t) [l-.cT(t) +T2p(t)*...], (7 )  

where: 
Trn(t) - measured count-rate (which includes counting losses) 
1; - dead time (in seconds) 
L = aT(0) - initial counting losses. 

E q . 6  is plotted in Fig.3(a) for L = 0,2; 0,l and 0,05. 

2.4 Systematic errors due to harmonics 

The order of magnitude of the systematic errors involved in the 
shape index can be found by using the'one-group harmonics calcula- 
tion presented in Chap.11 and Appendix I. The final results thus 
strictly apply to the case of an SeJ. experiment in a subcritical 
homogeneous bare system. 

With use of Eqs .  A-1,6 and Chap.I1,13 one can write for the integral: 

Some simplification may be achieved if one recalls that the modal 
reactivities,even of' the first modes,have a large absolute value 
(see e.g. A-5).  This means tkiat the solutions for delayed neutrons 
of the inhour equation practically coincide with the decay constants h l .  
The dependenbe on the modal index is weak. In view of this one may 



make the following su5stitution: 

I where: 

Substitution of Eq.9 into Eq.8 and of the latter into the definition- 
of fsh(p,x), leads to: 

'ti 

For the chosen ti , t j , namely: ti = 0", t2 = 5", t3 = 8" and t4 = 30" 
one gets: 
ther large fraction of harmonics in the time-integrated density: 
r(x) = I,I , it is found that fsh(P,x) / fsh(P) - I = 0,577 % 

Taking into account the approximations made, the error due to har- 
monics in a typical experiment is even smaller. 

= 3,012 %,30 = 3,982. For p = -10 # and with a ra- 

3 .  THE AMPLITUDE METHOD 

3.1 Description,of the method and its systematic errors 

In this modification one is looking for an approximate corrected 
initial density. ' It applies essentially to the S. J. technique com- 
bined, for example, with the integral count method (Chap.11, Sec.2 
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The normal amplitude index is defined as:' 

If the measurement could be carried out in the persisting mode then: 

For reasons of statistical precision the following times were cho- 
sen: ti = 0" or 1" and tj = 30". fA(p) for the interval 0-30 for SR 
and DI is plotted in Fig.4. 

Since the denominator, i,e. the time integrated density, contains a 
negligible amount of harmonics,compared to the initial density, the 
harmonics content of fA(p,x) is given essentially by that of the ini- 
tial f l u x  n(x,O). The ratio r(x,O) = [~(X,O],~~. /%(x) is plotted 
in Figs.2,3,4, Chap.11, for a slab reactor. Since fA(p) varies al- 
most linearly with reactivity, the systematic error of fA(p) intro- 
duces about the same error in the reactivity. As seen in the last fi- 
gures, this error is rather large. a,.*' 

. 

In order to avoid such a large error, one is obliged to co,nduct the 
measurement at a point where the harmonics as a whole, or their main 
part, vanish (refe39,p.13). Such a point can only be found in simple 
configurations, whereas in real configurations its existence is of 
little practical importance. However, far from the perturbed region, 
there is a region where the actual density deviates by a small ne- 
gative, almost constant, amount f r o m  the persisting mode (see Figs.11-2, 
3 ,4  and in particular Fig,II-5). This is due t.0 the fact that vir= 
gin neutrons as well as those belonging to the first few generations 
have very low probability of arriving in this region, Th'e neutrons 
which do arrive there "forget" their history and their initial dis- 

This fact is seen very clearly in Fig.II-5,+which illustrates the 
cylindrical case. It is seen that the local flux depression resul- 
ting from control-rod insertion is very strong, but that a few mi- 
gration lengths from .the center, there is nsvertheless only a small 
negative deviation o f  the actual density from the persisting one. 
Thus a measurement at point ~0 ir, this region, if accessible, would 
introduce a comparatively small error, or fA(p,x ) 

tribution and assume a distribution close to the persisting mode. . -  

f A ( p ) .  
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In order to apply such a technique one has to show experimentally 
that the region chosen has 'the desired property. Measurement of the 
persisting mode can be ca'rgied out with fairly good precision by 
measuring any time integral of the density. The similarity of  neu- 

+ 

tron distributions, normalized at the same point, under various con- 
ditions (e.g. cofligurations with control rods inserted to diffe- 
rent heights, with distributed source etc.) leads to the conclusion 
that in the region of, ccincidence the persisting modes of diffe- 
rent configurations are more or less alike, Hence, this region is free 
of harmonics within the prescribed experimental accuracy. Actually 
a region which is free from harmonics may be found without using 
the time integrated density. It is sufficient to compare the normali- 
zed density at a given point for a variety of reactor configurations. 
If the densities coincide this may be used as an indication of the 
fact that one is in the region of the persisting mode. 

3.2 Background normalization 

It might occur that the region which is free of harmonics is inacces- 
sible, or does not exist at all. In such a case one isdbliged to con- 
duct the S.J. experiment in the presence of  harmonicp induced by the 
initial density. Some improvement may be gained by referring to the 
distributed background source density instead of the initial flux. 
In a reactor with hot fuel the background sources consist mainly 
of  photoneutrons (in heavy and light water reactors) and of the re- 
sidual point source of the S.J, equipment. The photoneutron sources 
are essentially distributed along the latest critical distribution 
(it is somewhat smeared out due to the longer mean free path of  pho- 
tons compared with the migration area of neutrons), If the measured. 
subcritical configuration is considered as a perturbed state of 
the critical reactor (e.g, if subcriticality is -attained by control 
rod insertion) then the persisting density far from the perturba- 
tion will still be very similar t o  the critical persisting mode. 
The latter distribution' may be described to a good approximation by. 
the photoneutron density. Therefore, referring t o  the background 
density at the measuring point may leseen the error due to harmo- 
nics. 

Assuming that the background density b(x,O) resembles the persis- 
ting mode, one has, 
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w i t h  B( x)  represehting the ba,ckground source distribution..  . 
1 -  

I <  

The pe r s i s t i ng  component of the i n i t i a l  f l u x  is: 

where : 

w i t h  Q(x,O) representing the in tens i ty  of the external  point 
source before the step.  

Thus 

no(x,o) / ~ ( x , o )  = ~ ( 0 )  /B, = S- const. (16) 

The constant S may be measured, while keeping the source i n  the same 
posi t ion,  a s  the r a t i o  of  two densi t ies :  one w i t h  loaded source and 
one w i t h  unloaded source i n  a near c r i t i c a l  s t a t e ,  provided tha t  a t -  
tainment of c r i t i c a l i t y  w i l l  not introduce new sources. Under these 
circumstances the harmcnics content throughout the reactor w i l l  be 
small and the Patio S, being independent of  posi t ion,  can, i n  prin- 
c i p l e ,  be measured everywhere. 

Knowing S, and determining the background densi ty  ( w i t h  souI"ce un- 
loaded) a t  the posi t ion of measurement, permits replacing the ac tua l  
i n i t i a l  densi ty  by an approximate equivalent pers i s t ing  mode den- 

It might well happen tha t  the background a t  the point of measurement 
w i l l  s t i l l  include a considerable amount of harmonics. T h i s  w i l l  hap- 
pen i n  r a the r  f a r  subc r i t i ca l  s t a t e s  and i n  the proximity o f  the re- 
s idual  point source. I n  such a case one may t r y  t o  search a region 
where harmonics o f  the background are  negl igible  and there  conduct 
the background normalization procedure, Such a search should, i n  
pr inciple ,  be successful ,  since the background d i s t r ibu t ion  i s  any- 
way closer  t o  the pe r s i s t i ng  d i s t r ibu t ion  than the actual  source- 
density,  



, , ; b, f 3.3 Sensitivity and cokting 'losses 

I * .  

I .  

, .  , 
The main advantage of  the amplitude method, 'in any of  its forms, 
lies in its high sensitivity to reactivity. The amplitude index is 
llnear with reactivity almost throughout the whole range of reacti- r .  , .  

1 '  @ vities. There is a slight deviation from this linearity in near cri- ' I 
1 -  tical states, where the increased sensitivity to reactivity of the 
k L  

't'ime integrated density cancels part o f  the sensitivity in the nume- 
rator. Thus, from the statistical point of  view, this method is ra- 
ther accurate. 

On the other hand, the amplitude index fA(p) is sensitive to counting 
losaes due to the dead-time effect on the initial count rate. Close 
to criticality this effect is weakened by non-negligible counting l o s -  
ses which appear also in the time integrated density (denominator 
Eq.12). But in far subcritical states the counting losses of  the ini- 
tial count-rate predominate (see Fig.3(b)). 

i ,  
1 

/ .  

4. ELIMINATION OF SLOWLY VARYING BACKGROUND 

Some ambiguity due to the presence o f  photoneutrons exists in kine- 
'tic measurementsdone in heavy water reactomor to an even greater ex- 
tent, in beryllium moderated reactors. This ambiguity, which particu- 
larly effects stable 'period measurements (ref. 79,14), makes itself f e l t  
also in the SJ. technique (ref.l5).It derives from the fact that the  s t a B l t  
state in the presence of sources is not really established until all 
long lived photoneutrons have come to an equilibrium, which will take 
a few days, It is, of course, impossible in practice to wait that long, 
and s ince one has t o  conduct experiments i n  sho r t e r  i n t e r v a l s ,  the 
long lived groups have to be treated as background. This background, 
being dependent on the history of the reactor, may change during an 
experiment, and must be remeasured after each measurement. This is 
again time consuming, and the slow time variation due to the long- 
lived groups is still not entirely eliminated. 

To avoid this ambiguity- one may slightly change the definition of 
both the shape and the amplitude indices. Since the change in phQto- 
neutron "background" (groups I 1  to 14, ref.80, say) is slow compared ' I  

to the measuring time, one can safely assume that the background is 

< - $  

e 

constant during the period of  one minute. Thus, 
@ 
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Chap . V 

In this way one entirely eliminates the background. Expression 18 can 
be calculated theoretically as usual, giving shape and amplitude in- 
dices from which the background is automatically eliminated: 

These indices have been calculated for DI, with ten delayed neutron 
groups: 

It should be noted that there is no loss in sensitivity to reactivi- 
ty, since the integral S 6 O  includes almost no signal. In any case, 
the choice of this interval is dictated mainly by statistical rea- 
sons. Another advantage emerges from the elimination of background, 
namely the fact that it is not necessary to know all parameters of 
the photoneutrons. The groups whose parameters should be known exac- 
tly are those which change appreciably from the time of  shooting 
the source to the time of loading it again. The time of'shooting, 
measuring the partial ,time integral and loading again, is about 2 
minutes. One may thus assume that groups having half lives. greater 
than 7,7 minutes (group 10) do not change at all, and need not 
be included in the theoretical computation of  the indices in Eqs.l9,20, 
while the parameters o f  groups 9 and I O  (2,4 min. and 7,7 min.) which 

30 

- 
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change only slightly during the interval of  measurement'nekd ,not'be I 
i 

known exactly. This may be advantageous, f o r .  example,in Be modera-' 
ted reactors, where some photoneutron parameters are unknown. 

' I  

5. EXPERIMENTAL VERIFICATION OF THE MODIFIED S. J. METHODS 

. .  

I 

- \ - ,  

. .  

' I  

. 5  . 1 Equipment 

The source used in these experiments was nearly always a so-called 
"slow" step-source (30 msec equivalent step, for details see refs.38,39.) 
except at the beginning, where a "fast" step-source (7 msec equiva- 
lent step , ref . 81 ) was used. 
The electronics drawn schematically in Fig. 6 represents,in principle, 
a simple counting channel. Howkver a slow time analyzer was used in- 
stead of  a simple scaler. It contains five scalers: the first gives 
the integral count, while the others operate in succession according 
to pre-determined variable time-intervals and give the partial time- 
integral of the decaying neutron population. The pulse from shooting 
the source or from stopping it at a predetermined position (which de- 
teymines in part the intensity of  the residual source) resets the 
scaleriand opens the gates of the first and second scalers. 

i -- 
- .  

SCALERS 

, Timing - 
unit 

H. T. 

Amp. + 
Amp. Discr. 

Count cr 

I 
Fig. 6 

Schematic diagram of the experimental arrangement 
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The- experiments aimed a t  es tab l i sh ing  the methods were conducted i n  
the Swiss Swimming Pool  Reactor W H I R .  Two permanent f i s s i o n  coun- 
t e r s  i n  power channels, FCLI and FC-2, were used. I n  addi t ion,  a mo- 
vab3.e f i s s i o n  chamber, FC-3, was used t o  measure d i s t r ibu t ions  and 
r e a c t i v i t i e s  as a mnc t ion  of posit ion.  Because of technical  reasons 
the d i s t r ibu t ions  and the r e a c t i v i t i e s  i n  d i f f e r e n t  W H I R  laodings 
were measured only around the core a t  the in t e r f ace  o f  core and re- 
f l ec to r .  Some measurements which w i l l  be quoted here were ca r r i ed  
out i n  the heavy water reac tor  DIORIT .  

Due t o  t he  s e n s i t i v i t y  of the amplitude method t o  counting lo s ses ,  
the dead time of the channel i n  the ac tua l  experimental arrangements 
was measured before experiments were begun. The dead time was measu- 
red w i t h  d i f f e r e n t  methods: the method of  two sources, measurement 
of the  deviat ion from the exponential power increase a f t e r  reaching 
the s t a b l e  period, and comparison of d i f f e ren t  count-rates (e.g. with 
loaded and unloaded source) i n  the channel under consideration t o  a 
reference channel, which w a s  known t o  be f r e e  from counting losses .  
A var i e ty  o f  conditions yielded about the 'same dead time o f  
T = 2,0 t 0,4 psec for a l l  th ree  counters, v a l i d  up t o  about 
I o 5  c/sec. 

5.2 Near c r i t i c a l  measurements 

I n  the region near c r i t i c a l ,  source harmonics a re  p r a c t i c a l l y  absent,  
except i n  close proximity t o  the source. I n  t h i s  region one may com- 
'pare the S.J. technique with the  cowentional method such as  the 
s t ab le  period method. Such a comparison has been done during calibra- 
t i o n  of the  f i n e  control  rod  i n  Loading No.82 o f  SAPHIR. The reac tor  
w a s  kept  critical by poison w i t h  a l l  safety rods, S,, S, and S, 
completely withdrawn. The r e s u l t  of  the ca l ib ra t ion  i s  shown i n  Fig.7. 
Measurements i n  the supe rc r i t i ca l  domain down t o  - 0,0425 8 have 
been done by period measurements, and below - 0,0425 $ b y  the S.J. tech- 
nique using the amplitude and the shape methods. The r e s u l t s  were 
completely independent of the  place of measurement. The curve p lo t t ed  
i n  Fig.7 has been ve r i f i ed  over long periods of time, using d i f f e r e n t  
loadings and methods. 

The points  f i t  extremely wel l ,  which shows t h a t  shape and amplitude 
methods a re  consistent with other well-established methods. Similar 
measurements have been done i n  the heavy water reac tor  DIORIT.  There 
the ca l ib ra t ion  of  one o f  the f i n e  control rods (F,) was a l so  done 
by means of  the s t ab le  period. C r i t i c a l i t y  was a t ta ined  by compensa- 

. .  
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t i o n  w i t h  the other  f i n e  control  rod ( F L ) ,  which i s  su f f i c i en t ly  fa r  
away t o  render any in te rac t ion  e f f e c t s  negligible.  The r e s u l t s  of 

" t h e  S.J. measurements- a re  given i n  Tables I and 2. I n  Table 1 ampli- 
tude and shape indices  are  en w i t h  backgrouri6 eliminated. fOsh 

e n d  foA a re  defined i n  Eqs.  I 9  and 20. fl sh and f lA a r e  the corres- 
ponding indices  w i t h  in tegrat ion s t a r t i n g  one second l a t e r ,  i n  order 
t o  check the influence of the prompt decay. The measurements l i s t e d  
i n  Table 1 (ref. 82) were done i n  the small core of DIORIT (K-132), 
'using the channel X-32 w i t h  the help o f  a BF8-counter. C.R. F-I was 

The source was approximately i n  the center,and the counter w a s  90 cm 
away from the source and about one meter below it. Occasionally mea- 
surements were done w i t h  the  counter l i f t e d .  The change of the counter 
pos i t ion  has p rac t i ca l ly  no e f f e c t  on the indices ,  which indicates  a 
negl igible  amount of harmonics. In  Table 2 the r e s u l t s  of  the period 
measurements {ref. 83) a r e  compared w i t h  those) of the S.J. technique 

1 -  

, always completely inser ted.  The dead time of  the system i s  about 2 p sec. 

F,- U 
Counter-I OOc 1 6,623 t 0.71 7,3702 0,70 ?s 0,85 

TABLE I :  Calibrat ion of F-2 (K-132) 

I 0,5859 2'1 ,5 

I ~ I 3,7242 0,7 4,029 t 0,8  0,6233 2 1 , I 2  0,4773 ;t I ,5 I 1 I F2- UL 

TABLE 2: Calibrat ion o f  F-2 (K-132) 

I t 1 

UL = C.R. completely withdrawn = Upper L i m i t  
LL = . C O R .  completely inser ted = Lower L i m i t .  



' 5.3 Measurement of  the shape and amplitude indices 1 

2 .  

' , h  .Another series of experiments may be used to show the independence 

. SAPHIR'reactor accurate shape measurements have been done. Due to 
of the shape index of counter position. In Loading No.57 of the 

the low sensitivity of the shape index, the source had to.be fired , -  

many times. Results of the uncorrected "amplitude reactivity" (nor- 
mal integral count method) and "shape reactivity" are given in , 

' Table 3 for a position close to the source (pos. 63) and far from 
, I  

.the source (pos. 22).  The improvement introduced by the shape method ~ ' 

is evident. The results furthermore show that pos. 22 is in the zone 
which is free from harmonics. 

Shape index Shape p $ b Meas.pos. Uncorrected 
Amplitude meth. 

1 22 -3975s O S 0 4  0,5532 0,002 . 3,702 0912  

63 -5,OOt 0905 0,5542 0,003 ,3,7oLt: 0,15 

Loading 57 
1 2 3 4 5 6 7 8 9  

1 

2 

3 
4 

5 

6 

Similar measurements have been conducted in the DIORIT. In this case, 
the small core (K-132)  was made subcritical by f u l l  insertion of the 

i 

three sapety-rods (about - -7 $). One series of measurements (ref.82) 
done along channel X-32, thus indkating the axial harmonics alow i t s  

8 .  
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' length (see Table 4); Ahother measurement was done in the center of 

0,19 H 

O,l9 

0,40 

- ") 

I t  

1 ' ' .the reactor, in the immediate vicinity of  the source (30 cm from it) 
' (Table' 4). 

- ,  
I <  

I '  'Q 
1,. 

TABLE 4: Independence of  shape index of  position (DI). 

35,485 . 40,798 1,0906 0,7666 

37 ? 590 43 i 005 1,0913 0,7798 

37,434 43,251 I ,1126 0,7798 

0,60 I f  

0,80 'I 

average 

36,736 42 ,753 1,0936 0 9 7480 

count-rate too low 

36,811 42,518 1,0970 0,7630 

u 

*) €I - extrapolated reactor' height. 

Counter pos. -POA d -PIA d 

<x-32> 6990 6,85 

Reactor centef 18,60 18,80 

, , .. 
1 /*. 

' ?  

-Posh 8 -PA&, 

6,55 6 970 

6,85 7,oo ' 
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i s  was measured around the core for different reactivities (achieved 

dy changing the C.R. height) while the source was loaded, unloaded 
or completely removed (to eliminate the effect of beryllium). The 

~ respiting f lux  distribution, normalized at position 32 for Loading. 
No.54, 43 (which is very similar t o  Loading 57) and at position 48 
for Loading No.82, are given in Figs. 8,9,10 respectively. In spite 
of the fact that these f lux distributions describe different condi- 
tions, the existence of a region low in harmonics is evident. In 9 

Loading No.54 with source located in pos. 38-48 this region extends 
approximately from pos. 61 to pos. 12. In Loading No.57 it extends 
approximately from pos. 68 to pos. 18, and in Loading No.82 it extends 

measurements conducted in these regions will involve only a small sy- 
stematic error. 

After establishing the validity of the shape method, the two types 
of amplitude method discussed earlier were examined. These consist of 
regular amplitude measurements (particularly in the zone free from 
harmonics) and background normalization. The results reported below were 
found in Loading No.54, the f lux  distribution of which is given in 
Fig. 8. The measurements were done inxthree locations: far from the 
source, pos. 22, intermediate, pos. 64, and in close proximity to the 
source, pos. 58. The amplitude method demands only a few source-jerks 
(in fact quite often one is sufficient) in order to obtain good pre- 
cision in the reactivity. Thus, the reactivity measured at the same 
time by means of  the shape method has rather l o w  precision and serves 
only as a check. The results of measurements without correction (nor- 
mal integral count method) and with correction, together with con- 
trol-rod positions, are given in Table 6 ,  below. 

I . 
1 

. 
\ 

I '  

I 

, throughout approximately the same region. This means that amplitude 
, 

TABLE 6 : "Amplitude" reactivities (SR) 

' ' I  chap.v 

.~ 

'P s 'P 9; ' fosh 3 - P  

I corrected 'S.R.  pose foA 1 pos . of 
counter uncorrected background 

2.610 0.47 20,001 --- 0.325520.0010 0.475 
64 0.31 9220.001 o 0.445 0.44520.001 So-UL , 2.498 

s*-LL 58 2.965 0.565.+,0.002 
'a- 

% , S a ,  , 22 

--- 0.31 8520.0020 0.w - ~~ 
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S ~ I J  source removed 

7 %  S-bank LL source removed 

____ I 1  v t  t t  unloaded 
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Fig. 8 
Dis t r ibu t ion  of thermal neutrons 
around the core of Saphir .  
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Distribution of thermal neutrons 
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Distribution of thermal 
neutrons around the core 
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For the background normalization procedure, the ratio S, Eq.16, was 
determined with'the configuration: Si ,S, ,S,.-UL, S,-LL -pwO,5 s. It 
was found to be indeed independent of position except at pos.58, 
which gave a value about I O  oA higher than the others. 
From the table above one sees on the one hand the improvement intro- 
duced by the background normalization, and on the other hand its in- 
herent limitations due to the residual point source. 

6 . MODIFIED ROD-DROP MEASUREMENTS 

6.1 General description 

A s  explained in Chap.11, the rod drop technique is based on a measu- 
rement of the reactor response to a rapid insertion of absorber, 
e.g. a control-rod. This technique offers some advantages over the 
S.J. method but introducesmme serious difficulties. The main ad- 
vantages can be summarized as f o l l o w s :  
a) Since the reactor is usually critical in the initial state be- 

fore dropping therod, the initial count-rate can be chosen as 
high as necessary to render any background negligible. 

is considerably higher than that of the S.J. technique. 

used to determine a reactivity free from harmonics in a reaso- 
nable number of measurements. 

a) No additional equipment is necessary for the rod-drop mechanism, 
and by means of the "shape-method" the permanent counters of the 
reactor control circuit may give a reasonably accurate value of 
reactivity, even if they are located in a harmonics-contaminated 
zone. 

b) For the same reason, the statistical precision of this technique 

c) Due to the high statistical accuracy, the "shape-method'' can be 

The main limitations of  the method are: 
a) It is impossible to calibrate a control rod without the help of 

some compensation of other rods. Thus the method is mainly prac- 
tical for total worth measurements. 

'b) The harmonics content involved in such a technique is apprecia- 
' bly larger than that of the S.J. technique (see Chap.11, Sec.4, 
and A-I and A-ITT). 

tribution near the inserted rod. 
This is solbecause of the strong deformation of the neutron dis- 69 

I -  
, .  
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c) Dropping of the rod is not instantaneous. This involves, in prin- 

d) The ROD. experiment is much more time consuming than the S.J. ex- 
ciple, a separate analysis for each rod that is measured. 

periment, since each time the rods must be withdrawn and a con- , 

stant power at criticality is  t o  be e s t a b l i s h e d .  

In view of these advantages and limitations, the rod drop technique 
finds its main application in hot, heavy water or Be moderated reac- 
tors, where the external sources available for S.J. or P.S. techni- 
ques cannot compete with the inherent photoneutron background, even 
after relatively long shut-down periods. 

The strong contamination with harmonics, and the availability of 
very high count-rates suggests the use of the shape method, which in 
addition is less sensitive to counting losses than the integral count 
method. 

Dropping the control-rods causes a non-negligible change in genera- 
tion time (see IV, Sec.7). However, it can be shown(ref.43)that the 
generation time may be neglected altogether in the theoretical treat- 
'ment. Using the measured p(t) of C.R. s, of' reactor SAPHIR (Curve ? ,  
ref.40 ; see also Fig.12) the shape and amplitude indices fsh ( f o r  
R.D.) fA (for R.D.) were calculated (ref.84) using the previously 
given delayed neutron parameters, The indices as a finction of 
reactivity are plotted in Figs. 11 and 12. 

6.2 Experimental checks 

The rod-drop measurement was applied to loading No.61 of SAPHIR. 

Loading 61 
1 2 3 4 5 6 7 8 9  

The 
and 

to 

si 

,a1 worth of each safety rod, S, ,S, ,Sa and of the banks S, + S, 
+ S, + S, were first measured by the S.J. amplitude method (wit did 

and without background normalization) at the foilowing three loca- 
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' tions: pos.l2(FC1), pos.45(FC3) and poso18(FC2).Due to the relative- ' 

,ly low count-rates, the shape method .could not be applied. The ra- 
tio S, Eq.16, was determined at p--0,4 $, obtained by withdrawing 
the S-rods almost to their UL, while S, was kept at'=. The results 

0 -of these measurements are summarized in Tables 7 and 8 
TABLE 7: Amplitude indices in Loading 61. 

LIULUL I 1,4 20,3 10,6 +0,3 

ULLIUL IO,L&20,15 10,26+0,13 11,10+0,60 10,70t0,2C 10,24+0,15 10,53+0,1C 

--- 11,7 20,3 I I , ~  20,3 --- 

-~ ------ 
UI UI LL 9,2020,06 8,8320,2,7 --- 9,27+0,06 8,6820,23 --- 
UILILL18,4 $ O , 5  17,3 2O,7 20,O 20,l 19,2 t0,4 17,7 +O,7 le,l +0,2 

LILLLLf7,g $O,7 24,2 +O,g  30,6 20,2 30,6 +1,0125,7 21,l 28,O +0,2 
4 

~ 

I I I I 

bg. normalized: fAB I 1;;: I Uncorrected: fAu 

The averages listed in Table 8 were done with the appropriate statis- 
tical wight given by the statistical error at each measurement. 
Table 7 shows that the background normalization, though not elimina- 
ting the harmoni'cs effect entirely, nevertheless results in some im- 
provement. This is seen clearly in t h e  smaller statistical fluctuationsin 
mostv&ues ofdm> compared t o  those of. cfAU>.Because of the symmetri- 
cal location of' FCI, FC2 and the close proximity of the source to 

. FCI, one could expect the result of FCI to be higher than the true 
~ value, and that of FC2 to be lower, Actually, the averages of the 
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background corrected r e s u l t s  o f  FCt and FC2 a re  very close t o  t h a t  
of FC3. Those f a c t s  indicate  t h a t  the ave-raging process i s  meaning- 
f u l  here. However, i n  general the magnitude of the r e a c t i v i t y  de- 
rived f rom the averaged background corrected indices  should be ac- 
cepted a s  the most  r e l i a b l e  of a l l .  

A first check on the f e a s i b i l i t y  o f  applying the shape method t o  the 
rod-drop technique was car r ied  out on Loading N0.61 , without source 
equipment o r  FC3 counter. The measurements were confined t o  FCI and 
FC2,,fixed above the core. The pulse t o  actuate  the scal ing system 
was given by the seat-switch of  C.R. S,. F o r  measuring the tot ,al  
worthof S,, an i n i t i a l  power o f  about 250 watts was used, while f o r  
the t o t a l  worth of the bank S, ,S, and S3 t h e  i n i t i a l  power was about 
I kW, In  both  cases S, was a t  height C-60 (see Fig.7) before the 
drop. In  the l a s t  case the amplif ier  was r a the r  heavily overloaded, 
s o  tha t  the high tension was switched on only a f t e r  the d rop ,  when 
the power was reduced by virtv-e of the prompt decay. Such a proce- 
dure inval idates  the in t eg ra l  count from zero t o  one second. The re- 

Chap. V 

s u l t s  of these measurements a re  l i s t e d  i n  Table 9. 

TABLE 9: Shape and amplitude indices  i n  loading 61 (by ROD.), 
* 

pos. C.R. 
dropped 'Osh '4 4 'p (8) 'Ish 

I 

ax: 9 s2 0,6060+0,4 2,83+0,06 0,450620,5 

I I I 
I I 

laxsaxial  posi t ion,  rad=radial  posi t ion.  

The t ab le  shows t h a t - t h e  shape indices  and t h e i r  corresponding r eac t i -  
vities are  much.less sens i t ive  t o  locat ion o f  the counter than the 
amplitude indices  and t h e i r  r e su l t an t  r e a c t i v i t i e s .  I n  f a c t ,  the 

t i s t i c a l  precision. 

The second s tep was t o  conduct rod-drop measurements under the same 
conditions under which the source-jerk r e a c t i v i t y  had been deter-  
mined previously (Table 7 ) .  For t h i s  purpose the source equipment 

shape" r e s u l t s  i n  each -configuration a re  the sa'me within the s ta-  l l  
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. 
'Osh -' - p  fl sh 

0-1800 0,5961 2,5520,l 0,4467 ax:40 sz 
FCI 2 0,0040 t0,0010 

(12) to,oo1g 20,0013 
rad: D-2000 0,6417 4,5OZO,12 0,4741 

S,+Sg+Sa D-208' 0,6639 7,20+0,15 0,4879 

ax : 40 s2 D-I800 0,6042 2,75+0,1 0,4488 

rad: D-213' 0,6464 4,8520,2 0,4786 

+0,0010 +0,0004 

+0,0020 +0,0013 FC2 

(18) 20,0014 20,0006 

Sa +Sa +Sa D-I 66' 0 6623 6,8520,25 0,4856 
f0,OOl g f0,0012 

to ,oo i7  +0,0017 
s2 D-18Oo 0,5947 2,50+0,05 0,4449 

FC3 Sz+Sa D-220' 0,6424 4,58+0,12 0,4759 

6,8020,5 0,4875 

+0,0015 20,0008 

+0,0020 
k';; Si +S2 +Sa D-245' 0 , 6620 

20,0027 

was placed at positions 42-52, and the moveable'fissi'on-counter.was 
placed at position 45. Again the measurement was initi.ated by the 
end-switch ("seat-switch") , which was actuated when S, reached its 
lower limit (LL). The initial power level was adjusted, whenever 

' I 

I 

I - P ( m  
fA -+?<I o/o 

10959 2955 

22904 5950 

37,02 9935 

11,56 2,81 

23,35 6985 

36942 9920 

.10,56 2,53 

19923 4980 

31,17 7935 

I 

6iB possible, by the automatic control system, which attempted to keep 
the same fine control rod (S,) position before each drop. Just be- 
fore the drop, the automatic control was disconnected. Difficulties 

I were encountered when measuring with the FCscounter. In order to have 
the same count rate as the other counters, i.e. FCI and FC2, the po- 
wer had to be reduced-below the minimum possible power for automa- 
tic control. Thus one was obliged to maintain the desired power at 
a constant level by means of manual operation. In addition, counter 
FC3 was subjected to intense gamma radiation. The results of the 
measurements are summarized in Table IO. 

, .  

This table shows again that reliable results can be achieved by ap- 
plication of the shape method to the rod-drop technique. Whfile the 
normal rod-drop technique gives a reactivity at pos. FCI and FC2 
which is about 25 % higher th'an the true value, the modified tech- 
nique gives the correct'result at pos. FCI with a statistical scat- 

, tering of about 2 , 1 %  . A t  position FC2 the largest negative reacti- 

@ 
' 

.I 
, .  

I . .  . .  



' v i t y  (droppi& of a l l  S-rods), found is  somewhat lower w i t h  l a r g e r  s ta -  ;. . , 

t i .  t i s t i c a l  Cluctuation. 

-. 

' . One usual ly  expects t o  s t rongly overestimate the r e a c t i v i t y  when mea- 
sur ing close t o  the dropped rod. But i n  the described experiment the 

@ water hole a t  posi t ion 45 and the introduct ion of some vacuum, i.e. the 
counter, r ad ica l ly  change this picture .  Curiously enough, the amplitude 

! indices  a t  this point  tu rn  out t o  give the cor rec t  r e a c t i v i t y  of the 
configuration. However, i t  i s  evident t h a t  i f  the counter would not re- 
place fue l  and moderator, a large overestimate of r e a c t i v i t y  would usual- 
l y  r e su l t .  

, .  

7 .  CONCLUSIONS 
~ 

I n  the preceding sect ions a s t r ingent  s e r i e s  of experimental checks on 
modified source-jerk and rod-drop technique has been described. I t  w a s  
demonstrated tha t  an appreciable improvement may be gained from these 
techniques i f  properly applied t o  the measurement of reac t iv i ty ,  With 
the present l imi t a t ion  on count-rates due t o  conventional e lec t ronics  
and counters the shape method i s  not amenable t o  rout ine determinations 
of l a rge  negative r e a c t i v i t i e s .  However, i t  may be useful  t o  apply the 
accurate  "shape" method occasionally,  i n  order t o  make sure tha t  the  
region where one measures r e a c t i v i t y  w i t h  the help of  the  amplitude 
method i s  more o r  less  free from harmonics, This can be done i n  the 
s tar t -up phase of the  reactor  t o  show tha t  there  e x i s t s  a region where 
the pe r s i s t i ng  modes o f  d i f f e ren t  configurations coincide. 

I n  the amplitude method w i t h  background normalization one obtains  an 
improvement almost without addi t ional  e f f o r t .  The magnitude of the i m -  
provement depends on the or ig in  and ,type of the  background sources. 

I n  heavy water reactors  the elimination of  background i s  rather impor- 
tan t .  When such a reactor  has experienced some power-runs, the only 
p o s s i b l e  way o f  measuring large amounts of r e a c t i v i t y  i s  by means of 
the rod-drop technique. Here the shape-method.wil1 be more p r a c t i c a l ,  
due t o  the high count rates avai lable .  But s t i l l  one should keep these 
count-rates low enough, s o  -that counting losses  w i l l  be confined t o  
the l i n e a r  region. Considerable improvement could be gained by using 
f a s t e r  e lec t ronics  and faster  counters. A t  the same time, f o r  in-core 
measurements the counters should be su f f i c i en t ly  insens i t ive  t o  the 
gamma background. (li 

. . . .  
. .  

. r . . .  I 
2 .  . . . .  . . . .  
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Appendices 

A-I) 

A-11) 

A-111) 

A-IV) 

A-V) 

A-VI ) 

A bare homogeneous reac tor  w i t h  a time dependent source. 
One-group treatment. 

A bare homogeneous reac tor  w i t h  time dependent fas t  
source. Two-group treatment. 

The normalization o f  dens i t i e s  i n  d i f f e ren t  s t a t e s .  

A bare homogeneous reactor  w i t h  time dependent sink. 
One group treatment . 
Various DI-configurations ( typ ica l  heavy water r eac to r ) .  

Various SR-configurations ( typ ica l  l i g h t  water reac tor ) .  

. .  , .  
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Appendix 1: A bare homogeneous reactor with a time dependent source. 
One-group treatment. 

,The kinetic equations describing this case are: ,;,, , 
. I  

'. 
i1 

\ 

0 

- an0 , (1) 4 
v(DV2 - z)n(x,t) + vk(1-p)Zn(x,t) + .z hici(x,t) + Q(x,t) - at L = i  

(2) 
aci (x,t) 

at 9 vpik2n(x,t) - hjci(x,t) = 

with boundary conditions (at the extrapolated boundaries 2) : 
n(?,t) = ci(g,t) = 0, and initial conditions an/at = aci/at = 0. 

The densities are expanded in terms of the geometrical eigenfunctions: 

V2nq(x) = - Ban 4 9  (x): 

After substituting the expansions and using the orthogonality proper- 
ty, the precursors are eliminated from the Laplace-transformed equa- 
tions, yielding: 

!- where : -I 

gp(s) = [S[n=+RS)l - PJ =Lpp(t$ 
= (I/pk) f L(k-1) - M2B2], 

PP P 
modal reactivity in dollar units, in the modified one 
group theory , 

M2 = the migration area, 

A +  = (v2kp)'i , 
reduced generation time, which is independent of the 
mode in the present model, 

- €$(s) = j&(x,s)np(x)dx / /ni(x)dx. 

By the above expansion one obtains complete separability of modes. 
In each mode the time-dependence is formally the same as that of 
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. the  space independent model, II-S&.-2, namely: ~ 

I n  a P.S. experiment: 

The delayed neutron dens i ty ,  nd(x,O), j u s t  a f t e r  the  prompt jump, i s  
e s sen t i a l  t o  S.J. and R.D. experiments based on the prompt decay. I t  
can be found from n ( x , t )  by the following procedure: 

The time integrated densi ty ,  i n  S.J. w i t h  no res idua l  source (A=O) 
or w i t h  substracted background is: 

.t 

l i m  L n ( x , T ) , d ~  = E n (x) l im ? ( s )  = (A*+E(O)) q=O c (Tq(0)/pq)nq(x), 
t+m q=o 9 s+o 

The time in tegra ted  density i n  a P.S. experiment, where Q(0’) = 0, 
- w i l l  be: 

I n  a s lab reac tor  of  extrapolated thickness d c f . ,  Fig.11-2, the 
geometric eigenfunctions are:  n,(x) = s i n  q(x/d)x, w i t h  

= q2(x/d)2. I n  the presence of an i n f i n i t e  plane source a t  a 
B; 

. . point  of i n t ens i ty  Q neutrons per second per cm2, the densi ty ,  
n(x,O) i s  maintained i n  a steady s t a t e  w i t h  the following d is t r ibu-  
t i o n  ( see  Eq. 7) :  

n(x,O) = & pEosin p B i a  s i n  p Bix / (p2- B2/E$), 



where: =, (x/d)2and B2 = (k-I)/@ , the material buckling. 

The sum in Eq. 12 is summable (ref. 85) ~ 

1 ,  
I 

0 d*B2 B1 = jsin B(x+x,) - sin Blx-q I+ (13) sin P B,x, sin P 

p2 -B2 /&2 4 B  c" p=o 

- 2cotBd sin Bx, sin Bx . 
The time integrated density in S.J. experiments, Eq.10, in the slab- 
case will be : 

The last sum can be expressed in closed form by differentiating 
Eq'.l3 witn respect to B. 

sin p Bi% sin p B i x  d 2 * e  x+% 
- - [T cos B(x+%) t 

[ p2 - B2/Bf]' 8 Ba 
E 

. p=o 

Ix-xo I - cos Blx-Q I + 2 sin'2Bd sin B& sin Bx+ d 

- 2(x,/d)cotBdcosB~sinBx - 2(x/d)cotBdsinBx,cosBx + 

- (&) [sinB(x+% ) - sinB Ix-q, I - 2 cotBdsinBa 

In order to find the correct relative amount of  harmonics in the 
initial distribution n(x,O) and of the time integrated flux, Eq.14, 
the expressions, normalized ac.cording to A-111, are compared with 
the persisting mode, sin Bix (Figs. 11-2,3,4). The normalized ex- 
pressions are: 

r- 1 /. \ r  1 .  

I '  
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Ap.pendix 11: A bare homogeneous reactor  w i t h  time dependent fast  
I '  \ 

source. Two-group treatment. 
I 

I 

The time dependent diffusion equations describing t h i s  s i t ua t ion  are:  

L 

I= 1 
V I ( % V ~ ~ & . I & .  + v2(k/p)(l-P)22nr~ + hici  + Q ( x , t )  = k ,  a t  ( 3 )  

v l p ~ i q  + v2(D2v2-22)% = an, a t  9 

v2(k/p)PiZ2% - hjci  = aci i = 1 ,2 , . . . 9L9  ( 3 )  

(2 )  

. a t  
. where: & = R ( x , t ) ,  = n 2 ( x , t ) ,  ci = c i ( x , t )  a r e  the time and 

space dependent f a s t ,  thermal and precursor dens i t i e s ,  respec- 
t ively.  
In  addi t ion there  a re  the conditions a t  the extrapolated boun- 
dar ies :  ni (2,t) = n 2 ( z , t )  = ci ( Z , t )  = 0 . and the steady s t a t e  
i n i t i a l  conditions: nl (x,O) = n,(x,O) ci (x,O) = 0. 

The dens i t ies  a r e  again expanded i n  terms of  the geometrical eigen- 
functions n (x), which have as  geometrical  eigenvalues the buckling 
p. Subst i tut ing these expansions, making use o f  t he  orthogonality 

Q 
'property .of the n 's, Laplace transforming and eliminating the delayed 
precursors f i n a l l y  lead t o  a s e t  of 2 coupled algebraic  equations 

Q 

9 

, f o r  each mode: 

r 1 

where: gp ( s )  = [ssf3kA* 061 A* 062 + s [ ~ l + n ; S 2 + ~ ( s ) ] - p p j ' 1 ,  
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1 .  

( 9 )  

(40) 

- I 
pp - (keffp-l) / pkeffp,  the modal reacti 'vity i n  $ 

. .  
keffp  = k / ( l+~I$) ( I+L2Bap)  

:Q 
A* + A* = A* , the reduced two-group neutron generation time 
pi pz P 

A* 001 = ( V i C i B k ) "  A Z 2  = ( ~ 2 2 2 P k ) "  , (12) 

A* + A* = A* , the reduced two-group neutron generation time 
001 002 00 

f o r  i n f i n i t e  systems. 

Using the i n i t i a l  conditions one f inds :  

Subst i tut ing th i s  i n t o  Eq. 7 r e su l t s  i n  the expression: 

If one uses only one averaged delayed neutron group, the three so- 
l u t ions  of t he  two-group inhour equation g " ' ( s )  = 0, may be found 
ra ther  eas i ly  t o  a good degree of approximation, T h i s  i s  done by no- 
t i n g  t h a t  these solut ions describe three d i f fe ren t  time scales:  the 
very slow decay of delayed neutrons, y i ,  the rapid prompt thermal 
neutron decay, y2,  and the extremely rapid decay of the  f a s t  prompt 
neutrons , y3. Thus: yi <cy2 <<ye , then: 

P 

For example, i n  the DI-1 configuration (A-V) -ty03js2 104sec", 
y o 2 ~ - 1 2 4  sec"(for po = -10 $) and yoi a-0,063 sec"(for PO = -10 $). ' 
I n  the SR-1 configuration yo3 w-9'' 1 O " ~ e c ' ~  , y o ~ ( p 0  = -10 $) =4 ,3*103k- t  
yoi ( po = -1 0 $) ar-0,071 sec" I 

Conducting measurements a t  times t > > l  O'*sec~ then permits neglecting . 
the  s2 term i n  Eq. 13, and t h i s  expression, w i t h  p=l, reduces t o  the 
corresponding expression i n  a one-energy group model. With p=l, the 
time integrated thermal densi ty  coincides exactly w i t h  the corres- 

@ ponding quantity i n  one group theory. 
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Appendix 111: The normalization o f  d e n s i t i e s  i n  d i f fe ren t  s ta tes .  

The problem of consis tent  normalization i s  encountered when two 
neutron dens i t i e s  belonging t o  two d i f f e ren t  s t a t e s  of the  reactor ,  - 

e.g. the dens i t ies  i n  c r i t i c a l  and subc r i t i ca l  s t a t e s ,  a re  compared 
with one another. A physical procedure, which a l s o  maintains mathe- 
matical consistency is  t o  normalize both dens i t i e s  t o  the same weigh- 
ted t o t a l  population of chain c a r r i e r s  ( i . e .  neutrons and precursors).  

‘The choice”of the weight function depends on the s t a t e  which i s  con- 
sidered a s  reference s t a t e .  

If i’n the reference s t a t e  the pers i s t ing  mode prevai ls ,  then the ap- 

propriate  weight function w i l l  be the adjoint  densi ty  vector of‘ t h i s  
s t a t e .  This means that one weights the c a r r i e r s  i n  the perturbed s ta -  
t e  by the importance o f  the reference s t a t e ,  i n  order t o  get  the same 
t o t a l  population, 

n ( x , t )  i s  the densi ty  vector  of the  perturbed s t a t e  i n  the two-group 
3 

model : 
-+ 
n ( x , t )  = 

The reference 
s i t y  vector A.1 

In1 ( x , t )  , n2(x , t>  t C l  ( x , t >  9 9 C L ( X , t )  1 (1 )  

s t a t e ,  i f  assumed s tab le ,  i s  characterized by the  den- 
(x)  , and the  importance vector  ?(x)  : 

The t o t a l  weighted population o f  chain c a r r i e r s  i n  the perturbed 
s t a t e  w i l l  therefore  be ( s c a l a r  product i s  denoted by round brackets 
and comma), 

( 3 )  
Taking the Laplace transform of the l a s t  equation and using the rela-  
t ions  (see Chap-IV) : 

r 1 

one gets: 

c - denotes integrat ion on the core alone. (4) 
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1 
, 

The sca l a r  products a re  o f  t he  same order ofmagnitude, however 
b(s)/A* 
of the  precursors t o  the  t o t a l  population predominates: 

i s  of order  I@ ( f o r  t>y2" , A-11) thus t h e  contribution 
iw2 

Equating th i s  t o t a l  population t o  t h a t  of the reference reac tor  de- 

termines the normalization f ac to r ,  A: 

I n  normal two-group theory the source cons is t s  o f  fas t  neutrons due 
t o  thermal f i ss ions .  Since the importance of a neutron a t  a ce r t a in  
point i n  phase space is  proportional t o  the change of the  power re- 
su l t i ng  from the  in jec t ion  of t ha t  neutron, the r a t i o  of the pro- 
ducts  i n  Eq.6 may be replaced by the r a t i o  of the powers: 

r 

Both in t eg ra l s  are extended over the core alone. 
From the formal point  view the normalization described above i s  
equivalent t o  the determination of the  coef f ic ien t  of  z (x)  i n  the 

2 
expansion of the  density vector n(x,s)  i n  terms of the eigenfunc- 
t i ons  of t h e  reference reactor .  

I n  one group theory nl (x)  = nz( x) I n(x) = n+(x) , thus the exact 
normalization f ac to r  A ,  i n  a bare system is: 

/ \I- 1 

I n  re f lec ted  system the l a s t  equation i s  approximately va l id  ( i t  
involves the same approximation as i n  Eq.6) i f  the  in tegra t ion  ex- 
tends only on the core volume. 
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Appendix IV: A bare homogeneous reactor with time depefident sink. 
1, . -  One-group treatment. . 

The time dependent diffusion equations governing this case are: 

with the steady-state as initial condition, and vanishing of the 
densities at the extrapolated boundaries. 

0 t < O ,  

y6( x-x, ) t > O  
(the sink is at the point x,) 

( 3 )  

* y(x,t) is the number of absorptions per second by the external 6"- 
sorber. 
Expanding the densities in terms of the geometrical eigenfunctions 
and repeating the procedure described in A-I and A-11,  one g e t s  for 

the Laplace-transformed coefficient of the p-th mode: 

(4) - 
Tp(S)gpi ( s )  + y*A*nP(x, ) F ( s )  = Tp(0)[i(s) + A*]  9 

where: Y* = y//n2 (x)dx (independent, of the mode in slab geometry) , P 
Tq( s ) n  (x, ) the Laplace transformed density at the 

9 sink. 
- 

F( s)  = 

Multiplying Eq.4 by n (XO) and summing on p furnishes an expression 
for F(s) in terms of known quantities: 

P 
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and repeating again the procedure of isolating the coefficient of  
expansion T (GO) and the density at the sink, F(w) = n(xo ,w) leads 
to the following expressions: 

Q 

and 

In slab geometry: 

where: 
kf-I 

B " f F 6 2  l3f = (x/d)2 

np(x) = sinpB,x. 

The sums which appear in E q s .  12 and I 3  are of the form of  Eq. A-1-13, 
which leads to: 

I 

y* = -( 2vDBf/d) sinBfd / sinBfxo sinBf( d-xo ) (14) 

'M O0 - - y'd 4vDBf [sinBf Ix-xo I - sinBf(x+x, ) + 
3 - 2cotBfdsinBfx, sinBfx) . (1 5)  

The sums which appear in Eq. 10 are of the form 
W W 

since in the real reactor B = B, = dd. 

From Eq. 13 one finds: 



1 ____ 
1. , .  - 
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[ sinB(x+a )-sinBI x-xo I + 3 i s i n p ~ ,  x, s i n p q  x 
I* ' = l i m  

*B, _4B pa - 1 p=2 
I 
I I ,  ,' cotBdsinB& sinBx + 

I (= c sin& ( x + a  )-sin% Ix-a  It 

- s in&% cosBlx - sin&xcosBi&, d d 3 
;x) 

and 
I-- 1 

Assembling a l l  expressions one g e t s  the following equation f o r  the 
time integrated density i n  the R.D. experiment: 

+ sin2Bi 41- F)]sin€$x - sinBiG sinB,(x+%) + 

- sinB, I X - G  I - 2(x/d)sinB,xocosB,x - 



, '  

outer-radius 
cm 

187.0 
114.4 
114.0 

111.03251 

I 

T c# 

370.0 
5000. o 

129.1 
130.50 

, 
> 8  

Appendix V: Various DI-configurations (typical heavy water reactor) 
.-. 

I .o 
100 

1.0 

0.908152 

DI-1:- Critical axial buckling: 1.4701 61 IO'* cmm2 ; 
critical 'k = I . 100567 

00 

0.9733 
3.59 
1 m256975. 
I .243930 

Radial-parameters (two groups): 

t 1 2 3 4 

h i  sec<"l 3.164 1.183 3.069*10-1 2.773*10'1 

PI eff' IO'* 3.176 8.846 27.331 2 389 

1-tank 
0-ref 

5 6 

1.136*10'1 3.062*10': 

13.316 14.538 

t 7 8 9 10 

A t  sec'' 1 . 6 9 1 ~ 1 0 - ~  1.247*10-2 4.814*10'3 1.5*10'3 

L2 cm2 

I O 4  0.748 2.127 0.256 0.123 P i  
eff 

2025.0 
300.0 

113.28 
4582 . 44 

zone outegmradius T cm2 Lzcm2 P Dl cm D, cm 
- '& 0-ref, 187.0 129.1 4582.44 1.0 1.25697 0.845405 
core 79.72915 130.5 113.28 0.908152 1.24393 0.83538C . 

0 . 84540 
0. 83538 

10 

- vi  - 

DI-2 

I .833 106 cm/sec; ve = 2.2 1 cm/sec. 

Critical axial buckling: 3.6 l O - * ~ m - ~ ;  critical 
k = 1.159399. 
The other parameters are as in D I - I .  

00 

DI-3: Critical axial buckling: 3.87837 10-4 ~rn'~, 
, ,  c r i t i c a l  k, = 1.2016. 

Radial parameters (two groups) : 



, The delayed neutron parameters a re  those of 01-1. 
I .  

DI-Q: This configuration i s  - 3.2346 subcritica1,which i s  achieved 
by introducing a cent ra l  control  rod o f  5 cm, radius  i n t o  the  c r i t i -  
c a l  configuration DI-3. 

The control  rod i s  t r ea t ed  as a non-multiplicative zone, and i t s  ab- 

sorbing propert ies  a re  taken in to  account by special  boundary condi- 
t ions  a t  the rod surface. They give the e f fec t ive  dis tance 
d = n (C .R . )  / n'(C.R.) from the control  rod surface t o  the  point 
ins ide  the  rod where the densi ty  v i r t u a l l y  vanishes. T h i s  boundary 
condition enables one to  use d i f fus ion  theory f o r  der iving the neu- 
t ron  densi ty  beyond a dis tance of about a t ransport  mean f r e e  path 
from the control  rod (e.g. r e f .  86) .  

I n  the DI-4: 
d, = 10" cm, the control  rod has almost no e f f e c t  on the f a s t  neu- . 

t rons except through the absence of production and 
moderation i n  i t  (from r = 0 t o  r = 5 cm), 

d2 = 2.107 cm. 
Y 

The inse r t ion  of the  control  rod introduces a s t a t i c  negative reac- 
t i v i t y  of 3.237; or  4.43 ;6. 

Examples of w f o r  delayed i t e r a t ions :  
po = - 4.43 $. 

The f a s t e s t  delayed eigenvalue of  the zeroth main mode - wo-, 
- -  - A, = - 3.164 sec" -c k = 1.23711345 + 

k(O)  = 1.24041223; w, (0) 

( 2 )  - = 1 e23714106 - W% - = - 3.13759216 sec" -L k ( 2 )  -b w i  

- r k  (') = 1,237141102. 

The fourth delayed eigenvalue - wo.4 

- -  - 3.13761564 sec-; E woe% 

= - A, = - 0.2773 sec-' + k = 1.24012383 + k ( O )  = 1.24041223; w4 (0) 

+ wc ( I )  - -  - 0.271247517 sec-i -+ k ( 2 )  = 1.24013013 -+ w4 ( 2 )  - - 
= - 0.2731 101 09 sec-' E w,.+ 
- + k  ( 3 )  = 1.24012830. 



t , %. * .  

2.8835*10"12.7281 

,Comparison ,of  one group inhour solut ions,  ( r e f .  
w i t h  k ine t i c  solut ions f o r  the zeroth main mode (10 groups of  delayed 

78 w i t h  A* = 0.1 sec) 

1.0921 'IO-I 

neutrons i n  a heavy water reac tor ,  ref .  80). 

p = - 3.23 P 

9 

I i I 1 

10 , .  

. .  

1, ' . 

2 

I .183 

1 . 15672 

3 1 4  1 5  

I 'i 1 6  1 7  8 I 
I 

I I I 
I 

I 
I 

sec-l 2.9301 1 .6870*10'2 I .2385010'~ Winhour 

s e c - l  
Wtwo groups 

r 

2.9302 1 0'2 

4.814°10-3 I .5*10-3 I I 
4.81 02 -1 0-3 1 .4994*10'3 I 

Results o f  i t e r a t i o n  f o r  higher main modes: 

) 2  = - 278.240 sec'l . ( w l  .p 

Second main mode: 

pz = - 393.313 j8 wZe1 = - 3.16365 sec'' w2. 6 = - 3.06045*10'2~ec~1 

. >  
* I  . .  , 

I 
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1 Appendix VI: Various SR-configurations (typical light water reactor). 

i 

SR-1: critical axial buckling: 2.055101 *10'3cm'2; k = 1.60708. 

Radial-parameters (two groups) 
00 

I cm 

Eeref. 

i 

F 31.40 8.13 1.0 1.111 0.1585 

18.659 56.60 2.64 0.96511.232 0.2438 

I 

A i  sec-1 

P i  eff-lo-4 

Z" c 

v, = 1.833*10 'cm/sec; v2 = 2.2*106 cm/sec. 

I 2 3 4 5 6 

3.87 1.40 3.110*10-1 1.155*10-1 3.170*10-2 1.27'10-2 

2.080 10.240 32.560 15.040 17.040 3.04 

SR-I* has the same parameters as SR-I, except for the reflector, which 
has a finite outer radius of 40 cm. This configuration is made about 
-4% subcritical by reducing the core radius to 17.11 cm. 

' ~ 2  cm2 

SR-2: critical axial buckling: 2.055101 *10'3cm'2 critical k = 1.539213 

Radial Parameters (two groups) 
00 

I P 

I... 0 

0.96510 

1 .o 

bone. louter-radius D l  cm 

1.111 

1.232 

1.111 

1 cm 
I 

core 22.2601 

H 2 0  ref. 4.27 

p20 ref. I 00 

I 

z cm2 

31 040 

56.50 

31.40 

8.13 
~ 

2.64 

8.13 
I 

The delayed neutron parameters are those of SR-1. 

0.158 

0.2438 

. I  
. , , :: 



1. 
r 1 

zone outer-radius 't cm2 L2 cm2 p D, cm D, cm 
cm 

HzO r e f .  ' 00 31.40 8.13 1.0 1.111 0.1585 

Z-ref . 23.988 345.00 2809.0 1.0 1.125 0.816 

core 15.988 56.50 2.64 0.96511.232 0.2438 
I 

a 

I 

4 .  

The delayed neutron parameters a re  those of SR-1. 
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