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ABSTRACT
THE OPTICAL POTENTIAL IN PROTON-NUCLEUS SCATTERING
By

Decnald A. Slanina

The optical potential for 40 MeV protons is calculated

12C, 40Ca 58Ni 120S 208P

n, and b.

14

for the spin zero nuclei '

The real central part of the potential is calculated to
first érder in the nucleon-nucleon effective interaction
which is taken to be the G-matrix used in studies of  the

bound state properties of finite nuclei. The impulse

approximation is used for an estimate of the spin orbit

potential. The-imaginary part of the optical potential is
calculated from'a pérturbation treatment of the channeis
open for ineléstic scattering. The energy depéndence,'
isobaric dependence, effect of'possibie proton-neutron
density differences, and antisymmetrization'effectsvare
considered for the real part of the central potential. Cross
sections are calcplated for the scattering of 20‘and 40

12 40

MeV protons on C and Ca using the theoretical optical

pdﬁential and compared to cross sections obtained‘fromff 

em@irical optical potentials.
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The optical potential is calculated for 40 MeV o

i2 58N, 120S

protons and the spin zero nuclel c, 4OCa, , n,

208P

and b. To first order in the nucleon-nucleon effective:

|
-

_ ‘ ‘ I. INTRODUCTION
|
|
i

interaction, t(r), the optical potential V(r) is written

y as a folded integral of t(r) and the nucleon pbint'dehsity

or matter density pm(r)
v(r) = afellr'-rf)e (r")dr' | (1)

The effective interaction t(r) must be a continuation
of the effective interaction G(r)z, derived from free
nucleon-nucleon scattering data and used in calculating
the bound state properties ofinu_cleio Such an interaction
is state dependent and 1s different in different reiative
angular momentum states. To calculate the folded integral
easily, 1t 1s necessary to have the effective interaction
expressed in configuration space and the only angular
momentum projection for which this is easy to accomplish
is. the separation of the interaction into parts acting in

4o 'éven and odd relative states. Illowever, the interaction is
sﬁfdhgest in s-states and, for hard core potentials likeq
tﬁé;ﬁamada—Johnston3, can be approximated in this and 5tﬁer
egéﬂfstates using'a Scott—Moézkowski4 separation distéﬁée

meﬁhbd giving a configuration space interaction that




vanishes inside the separation distance. In this approki—
mation there is an effective central force in triplet even
states arising from the tensor part of nucleon-nucleon
foréé. Thus, the strong part of the force is given mainly
as an effective central interaction in configuration space.
Estimates for the interaction were taken from Kuo and

Brown (KB)S, Kallio and Kolltveit (KK)6, and a density
dependent interaction designed to mock up the state depend-

ence of the G-matrix from Green7. Two forms of Green's

density dependent interaction are used; WG having a weaker

density dependence than SG. As the last three interactions

act only in relative s-states, the further_approximation_
that:they are the same in all relative even states is made.
Furthermore, since the interaction in'relative odd states
has little effect on the binding energy of nuclei8,Aand is
not normally given in -configuration space, it is neglected
here and t(r) will be set to zero in odd states except for

the two-nucleon spin orbit potential. Here the impulse

approximation was used to estimate the effective interaction.

Motivation for this arises from the successful spin orbit
splitting calcﬁlations of Elliott et a19 where the inter-
action was expressed in terms of free nucieon—nucleon phase
- shifts. With these approximations, the effective inter-
adﬁ@bn is a central force actihg only in relative eveﬁ,

stéfés, similar. to Serber force, with a separation-distanée

offépproximately 1 £, together with a tensor force, negelcted

héfé}'and a two body spin-orbit force.
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The importance of usihg a.G~matrix effective inter-
action 1s illustrated by the calculation of the real .central
optical potential'forv4OCa and 40 MeV protons using.a.
Serber type interaction which acts only in relative even
states and fits low energy scattering lengths and effective
rangeslo. iThis interaction gave a much larger strength
and range for the optical potential than is empirically
observed or calculated using tﬁe G-matrix.

The matter density, assuming no proton-neutron
density difference, was obtained by unfolding the finite

electro-magnetic size of the proton from the empirical

Acharge denSLty The charge densities of Acker et alll

were used for 40Ca, 120Sn, and 208Pb while Hofstader's12

values were used for 12C and 58Ni. The matter and charge
densities are related by

Pon (F) = Jo (' -r]e, (z)ax! @

where ch, p, and m refer to charge, proton, and matter.
The matter density is assumed to have the same algebraic
form as the charge density. The matter parameters were

obtained by matching the empirical charge densities second

and fourth radial moments to those calculated using equation 2.

The calculated optical potentials were compared to

- the empirical potentials of Fricke et all3 for 40 MeV protons

and,Greenlees'and Pylel4 for l60, rescaling the numbersuto
lQC;3 With no antisymmetrization and no proton neutron

'den51ty difference, the real central potentlals closely

resembled those obtained by emplrlcal analysis. The major

dlfference occured in the energy dependence.,



“define a nUcleon point density which is independent of

This differeﬁce was accountea for by includingb
antisymmetrization in the scattering process. Antisymmet-
rization accounted for 80% of the energy variation given
in Fricke et al;3. The potential due to antisymmétrization.
is non-local and its' local equivalent was estimated using

the method of Perey and Saxonl6.

In order to correlate some of the optical model
14

parameters in the empirical analysis, Greenlees et al

the proton density. They then assume a two nucleon inter-
action with strength and range as ?arameters, and search
on these parameters for best fit. This analysié leads to )
ablarge neutron Skiﬁ, ie. a large difference in
(<r2>p—<r2>n)l/2. If this large proton-neutron density
difference is used 1in Equation 1 with a realistic G-matrix
effecti&e interaction, the strength and range of the
resultant real central potentials overestimaﬁe the empirical
petentials. Thus, much of the effect attributed to proton-
neutron densiﬁy difference by Greenlees is included in the

present G-matrix effective interaction. In contrast to

Greenlees, the isobaric analogue state calculations of

Nolen et al17 given a small proton-neutron density difference. -

On the theoretical side, the Hartree Fock wave functions

off@arbutton and Davies18 give a small neutron.skin. ‘Their

valﬁés of the mean squared radii, renormalized so thatf%he

cdiéﬁlated and empirical pfoton mean squared radii weré}”
S 0. "

equél, were used to estimate the neutron skin for Ca and



208

Pb. The difference between neutron and proton-distri-

20

bution radius obtained this way for 8Pb was about half

-the value obtained by Greenlees and was almost duplicated

by a harmonic oscillator shell model calculation. For

this, the oscillator constant, taken to be  the same. for

protons and neutrons, was fixed by the mean squared .radius
of the empirical proton point distribution.. The .inclusion
of this small neutron skin for the four nuclej brought the
calculated strength and range of the real central potentialé
closer to the observed values.

Since the effective interaction used is hermitian
the leading term for the imaginary part of the optical

potential comes from that part of the second order term in

the effective interaction which involves ihelastic,scatter—-

ing on the energy shelld It was assumed that, in the.sum
over intermediate states, only the low lying collective
states excited by inelastic scattering are important.

The methcd of Perey and Saxonl6 was dgain used to'estimate
the equivalent iocal potential from the resulting non-local
and angular dependent potential. The examples considered

12 : 4OC

are for 20 and 40 MeV protons on C and a. vThe.cross'

sections obtained by using the theoretical optical

‘potential, using the weak Green effective interaction (WG)

tQ;éStimate the real central part, were calculated andf_‘
cdﬁéared to the cross séctions obtained by using the
embi%ical optical pctentials. The comparisonvwas relat;vely
gccd‘in the sense that the general shape of the Cross . |

sections are the same.

e e e e B0




Chapter II contains a general derivation of the.

optical potential series and the algebra associated with

the

The

and

The

antisymmetric part and imaginary part of the potential.

effective interactions used are presented in Chapter III

the nucleon point density is given in Chapter IV.

results are discussed in Chapter V.



' II. GENERAL THEORY

1. Optical Potential Series:

The optical potential reduces the nuclear many-
body scattering problem to the equivalent problem of one
particle scattering in a complex potential well. The
nuclear T-matrix is reordered so that the variables of
the target nucleus are assimilated in an effective
potential, the optical potential. The assumptions used
in this section are that the nucleon-nucleus potential
may be written as a sum of nucleon-nucleon interactions

and that antisymmetrization of the incident nucleon with

. the target nucleons may be neglected. This point will

be returned to later.

The Hamiltcnian for the system isl

H=H +K+V=H,.+V (1)
n 0 ‘

where Hn is the nuclear Hamiltonian, K is the_kinetic energy

~of the incident nucleon, and V is the nucleon-nucleus

interaction

| V(r)=§(|r-zii)
and;f

HnUm(zl;...,zA) = EmUm(zl""’zA)~ o : KZ)

e e et e
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where Zi contains the spacial, spin, and isospin coordinates
. th . :
of the i nucleon in the nucleus,

The nuclear T-matrix is

T = V+VGT : (3)

where G=(E—Ho+ig) l. For elastic ground state scattering

we wish to obtain an integral equation for T of the form

Top = WHWGT _ (4)

where G contains no excited states of the nucleus, W is
the optical potential and'Tel is diagonal with respect to
the nuclear ground state. Let h=0 be the nuclear ground

state and define the projection operators

P = |0><0] ; Q =z O|n><n|
with

P+Q=1
.and

Tel=PT

. If we operate with P and Q on Equation 3, we obtain
PT=PV+PVG (P+Q) T 5
X | QT=QV+QVG (P+Q) T (5) f

or

PT=[PV+PVG(1—QVG)“1QV][l+GPT]

an@ﬁfhe optical potential is

’ W

PV+PVG (1-QvG) ~Tov - (8)
e | |

P

R .
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to first order: WﬁUl:PV

to second order: W=UT+UZ=PV+PVGQV

If Ul is written in coordinate representation,
U () = Aft(|lr'-xe(x)ar’ | - (7)

where A i1s the number of nucleons in‘the nucleus, t(r).
is the effective nucleon-nucleon interaction, assumed.to
be local, and p(r) is the density of point nucleons in

the nucleus.

2. Antisymmetrization Scattering

Including antisymmetrization in the collision
process has been considered in detail by Levinzo, the .
leading term of which replaces the effective interaction

t(r) by an operator tas(r) which antisymmetrizes the

incident particle with one of the nucleons in the nucleus.

i

t_  (r)

as t(r)[l—ptpspg] (8)

or

4

tD(r)+tE(r)

where Pir Pgr and Py exchange the 1sospin, spin, and
spacial coordinates of the two nucleons involved in the
céilision and D and E refer to the direct and exchange
'due_to antisymmetrization parts of the amplitude. The
efféétive interactions used to estimate the exchange até-
‘tﬁé?aensity depeﬁdent'interactions of Green7, WG and SG,
actlng only in relative even states. If SEband TE labéi}

the 51nglet even and trlplet even parts of the potentlal

L

3



(9)

where

68 Ve Ve S

and N and Z rare the number of neutrons and protons in
the target nucleus.

In coordinate representation, the first order

'potential is

<£'1Uli£>=A<o,£'ltaS|£,0>;UD+UE

where D and E label the direct and exchange parts of Ul.b
In what follows it will be assumed that t(r) is a local

potential in coordinate space, ie.
, ' : :
' ¥ — _ . v v . 1
<tyryltlryry>=t iz -r, )8 -x)) 8 (ry-r,) S an
As before, the direct term is

Uy ()=aft(fr'-rpe(z")dar " (12)

where p(r') is the ground state density. The exchange
term is

I A - ; H
dz; 11 dry ez, D <0frj><r; [0>8(r"-xy)

Ug (' /x)=h/dr)

S(r'¥r) (13)
agd

p (c,x' )=f<.0 |r><xt | 0>dr,.. -dr,

The exchange potential is non-local and the equivalent
16¢a1 potential VE(r) is estimated by using a method similar

tdﬁﬁhat used by Perey and saxon'® and is defined from #ﬁé

Schroedinger equation.




11

vp (@) (r) = Aft(lx-r' Doz, r)v(r')dr’ (14)

where Y (r) corresponds to the distorted wave for elastic

scattering by the real direct well and

. | | !
VR = xAw o

where kﬁ is the local wave number in the real direct _ ;
potehtial well. {See Appendix A for an outline of the f
same method based on the integral representation of
elastic scattering.!

-The method starts by taking the Fourier-transform
of that part of the function thét depends on s=r'-r,

and then expanding the Fourier transform in a Taylor

series about some wave number k

0
B(s) = (2m) 3fape TR'E ¢ (p?) - (15)
- 2
= (2m) 3 fope 1B E[t(k0)+(p2—kgt‘+. .l
_ L2y (a2, 2 0 : .
= (e - (VEakZE L 16 ()
,_dt | 2 | | o
where t'=—x| . k% is a free parameter and its' value
. 2' 2 .2 0
dp~ p =k

is determined by Qaking (Vi+ké) as small as possible,
Keeping only the first two terms in Equation 15

V_(r)y(r) = A[{t(kg)—(vi+kg

B Yt'to(r,x+8) Y (r+s)]

s=0

Since Vi operates on pf(r,r'), the density is estimated by

(') - (16)

o *
:o(g,g') = 45 ¢£(r)¢ﬁfr VY g By,




by the flrst two terms in the Taylor series’ expan51on

12

where the sum Qver'l'gbes over all of the occupied Qt
subshélls in the nucleus, ahd ¢Q(r) is.the rédial.harmonic
oscillator wave function'for the ﬁ#h subshell with the
oscillator constant béing determined by the empirical

meanﬁsqua:ed radius of the density distribution. The

2ol ez o ey (219270 (o N
Vel )E=o‘4%m¢z‘r)Yzm‘f)V [hg (x")Y o (BN g
-5 Fp (2041) 05 ()
Consider the term
2,,20 .. 2 .2 | |
(Votkgle(r,r)u(r! )| =(kg- ko+q%) p(x,m) ¥ () +[Tp (x,r') - vw(r )1

The gradientp gradlent w‘pgrt of the abové will be neglected.
If the‘§2 term and the gradient gradient can be neglected,
thevabove equation corresponds to a local density approxi—
mation. Perey aﬁd Saruiszo calculate a term of this typé,
retalnlng ‘the gradlent gradient part, and'obtéin a -small
correctlon to the local den51ty approximation. Thus, the
present calculathn should give the effect of exchangé on
the éollision process to within 20% or so. The eqﬁivalent
lécal exchange potential is | |

v (r) = é[t(k§)¥kg+a2—ki)£3]£(21+1)¢§<r) - ooan

E T

4

and“kg'is the makimum of zéfo or kﬁ—éz

The most important pért”of the preceeding develop-

méﬁﬁils that t(p ) be smooth’ enough to be approx1mated
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2

If this were not the case, higher order terms in (V§+k0)

would have to be retained and the complexity of the
problem increases by orders of magnitude.

The IA is used to calculate the spin orbit .potential
and contains the effects of exchange as noted by Takeda.
and Watson2l. Hence, the above procedure will not be used

for the spin orbit potential.

3. Imaginary Optical Potential

In operator form, the first correction to the optical

potential of Equation 7 is

U2=PVGQV

and in coordinate representation is

r—rn l)

-3 ' " " lB' ( i tn
D+O(2W) fdp<r'o|V|nr">dr G (pe L ar
x <r'"n|V]or> (18)
where
2.2 2 2
_MmkT Ap . -1
G (P =l—5 E ——5— + i€l

n labels the excited states of the nucleus, and the matrix
elements of V are related to the form factors used in the
eélculation,of the inelastic scattering amplitudes. Since
thellnteractlon depends on spin and isospin, the 1ntegratlon

over P includes a sum over spin projections. Let V bera:

local real interaction and let a', b, and a refer to the.

-sp;n—lsospln state of the incident proton. Then



(2m) 3 % ;
(

I m jdg<a'o|v|nb_>Gn(p) o (19)
a ba
x etB™IL —£)<bn]V]oa>

02 sy
<r'JUTle=g

!

The i/2variées from the average ovér final spiﬁ projections.
Equation 19 will be used to estimate»the-imaginary

part'Qf thg optical potential. Since V is real, .the

imaginary term>comés from the on energy shell part .of.

Gn(p); ie. those inelastic states which can be energetically'f

excited. The calculational model neglects all other

intermediate states’such as pick up.'.The réal part of

the second.order term corresponds to the term used to

estimate the effeété of core correlations on the binding

energy and.its‘ effect is smalls. The imaginary potential

" is then
) o 202 22
CW(r'r)=——>" 5 %, fdpelB (r 5)5(§_E_ - F :ﬁ_E_) (20)
, == 3040 n'm m’ & 2m - n 2m
2(2m) a b a ,
x <a'o|V|nb><bn|V]oa>
If k2=k?-20ED  ihen
h -
22,2 2 2
BTk el m
———n - Py = _
S 2m . 2m ) 2 §(p kn)

. Let s=r'-r and integrate equation 20 over p. The result

is
. sin(k _s) . ~ i '
= = 4Wﬁ2_n+0 mambmamn s Sm ,
T ‘ v c . L's'm! . -
LU 11 ' 11 ,
. o Y | it _ _ L ' _
XX (B)Yp g (B1) <7 gmommy [Smo-m><5 amy -my [§ 1wy -my >
(21)

- S<L'S'M'm . - ' > o
3d<§smma mbJJnMn> L SVM Mgt mlenMn__ SRt
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~ scattering from the ground state to an excited state n
‘ potential is both non-local and angular dependent

huthe spin transferred is zero, S S'—O This removes the

Clebsch-Gordon coefficients from Equation 21 and.

) where the prime indicates that the contribution of the

Vground state is to be omltted and FJ (

TEORES, PR L2 NN IS ORI Y, YOI S VL PPt TN SR L3

where the F's are the form factors for the inelastic’
_and are defined in Appendix B. Thus, the imaginary

The major contrlbutlon to Equatlon 21 arises when

m sin(kns) 3
W(r,r')=- 5 & S F* (r)FY (r )zy (r)Y
47T J

gm (")

r)= FJOJ T( )

The procedure of obtalnlng the equlvalent local

potentlal is more compllcated than it was for the exchange

potential:. sin(kns)/s does not have a useful Fourier

transform which can be expanded in a Taylor series. To

obtain a suitable Fourier transform, a function of s, f(s),

_ehonld be taken out of FY (r)FY(r') such that f(s) sin(k s)/s

does have a Fourier transform.- The same effect should be

produced by multlplylng Equation 22 by

—as? +as?
1 =e 77 e

and let

| 2
g(s) = e *° sin(k_s)/s

’asz

¢7(z,s) = 25 F (x') Y

Here a is' a free parameter and its' value is

ta L A‘_"
s

determined from the condition that

T g
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gla=g+a® kDL 9@, , (24)
dg q =k0
over the interesting range of q2 where g(q2) is the Fourier
transform of g(s). The value of a used is a=1.0 as it
gave a g(qz) that was approkimately linear,

The local equivalent potential was then found by

using the Perey—Saxoan method previously outlined. Here

kg will be the lab energy wave number and Y(r) will

correspond to the distorted wave corresponding to elastic
scattering by the real potential well.

k2_2m
0¢ﬁ2 lab

The equations needed for the potential are

vzw(r>=—k§w(r)
2_2m _
ks&‘%‘z‘ (B ap VRrear (¥)1
2167 (x,8) ¥, (@)1 _ =16aF” () +F7 () 1y, (£)
where
=t & & FJ(r>—J‘i§l) F7 (x) ]
and
2J+1 * '
4w M JM(E)Y (£ )

Also the gradient gradient term will again be neglected,

giving a local equivalent imaginary optical potential of

W () = ——T 2 2341) %Y (2) FY (1) (25
-k 16m2n% Y
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x? (0)=lg (P -6a-T5 g(a®)| , LIF(x)-F
dg ' qv=k0

J(r) (26)

The question of convergence is more important
here thaﬁ 1t was for the exchange potential mainly.because
the imaginary poential is not a small effect added to
a much larger potential. In general, convefgence will
be served if Equation 25 is relativély'insensitive to

changes in k2 For small values of r, the above holds

00

but inelastic studie522 indicate that convergence may

‘be a more serious problem at the nuclear surface.

Td calculéte the contribution from the on energy
shell inelastic séattering states it was assumed that
the most'important contributing inelastic scattering
states aré the low lying collective states which include
the effects of long range correlations. The effect of
long range correlations on the imaginary potential wa
studied by Terasawa23 and he found that pairing correlations
enhanced the potentialvby a factor of three. Thus, the |

strongly correlated states should be the most important

-and these are the strongly excited T=0 states, 2+ and 3~

in l2C and the 3~ and 5 in.4OCa. An energy welghted sum

rule was used to estimate the strengths of the higher

excited states of a given multipole.




The low lying collective state wave functions for

12

C and-40Ca were taken from Gillet and Sanderson?4 The
'O+, 2+, and,4+ states are important in 4OCa but were nqt
available in Reference 24. These States were then assumed
to be a sum of all energetically possible 2w particle-
hole pairs. This procedure will underestimate their
contribution to the imaginary potential because of the
importance of correlation523.

A sum rule is used to estimate the strengths of
the higher lying collective states of a given multipole.
The energy weighted sum rule is taken from Lane25 and 1is
a measure of the total electromagnetic transition

strength of a given multipole J,

gJ

' . J 12 ’
ggEn—EO)|<n[<§ri Yy, (£4) 0> | (27)
and

2
J _ KA J
= g J(23+1) [x o(r)dr/[o(r)dr (28)

where Erl is the energy of the nth excited state of multipole

J and o (x) is»the nucleon density of the nucleus. Now,

‘the inelastic scattering matrix elements are very similar

to those in Equation 27 and it will be assumed that‘Equatidn

27..is a good estimation of the relative strengths of the

inelastic scattering states corresponding to a multipole J.
Consider Equation 27 to be rewritten as

J_J.=0
57 =5y +5),

JRL TR NS U g O S ue S C e T . - - - . A e
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1higher in energy than the lowest collective state. The

-value of §2 is obtained using Equations 28 and 29 where

~to be of the same form as the low lying state but rescaled

19

where Si is the transition strength of the low lying

state, n=1 in Equation 27, and 5; will contain the rest of -

J
2

will be considered as a pseudo-state which lies 18w .

the transition strength of the multipole J. Then 5

J

Sl is calculated using the wave functions in Reference 27.

The wave function associated with §g is then considered

J

by a value associated'with_éz,
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III. EFFECTIVE INTERACTIONS ' : : ' S

1. Impulse Approximation

The impulse approximation effective interactioh

It is basically a high energy approximation as it neglects :
the bindihg of the struck nucleon. Watson and Takeda2l A AT

‘place the lower limit of its' application at around 100 MeV.

The impulse approximation presented he;e will
include off energy ehell kinematics. The nucleon-nucleon
- collision will conserve energy in the nucleoh—nucleus.
center of mass system but not in fhe nucleon-nucleon

center of mass system. The ansatz used will be that the

= g

momentum transferred, g, 1s the same in both systems.

g - (IA) comes from solving the free nucleon-nucleon t-matrix.
\

This is equivalent to taking nuclear recoil into account..

Under this ansatz, the final nucleon-nucleon center of : L :
L mass momentum is

e S 2 a1 2 R

where A is the number of nucleons in the target'and k is.

'the 1n1t1al nucleon nucleon center of mass momentum.

For elastic scatterlng from spin zero nuclel, the

T

 ”mrelevant part of the nucleon~nucleon t-matrix is

t(a) = Al@)+C(q)grh L @

UYL e 20 L L e
LU ° . . . . ., .
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where A(q) and. C(g) are the appropriate wblfensteinzq

parameters and fi is a unit vector perpendicular to the

- scattering plane. These parameters are still operators

in isospin space, ie.
Ala)=Rg(q)+RA;(Q) Ty T,

The calculation uses the Hamada-Johnston potential and
the off energy sheil matrix elements are calculated by
the method Sobel27 used in his bremsstrahlung calculation.
The algebra necessary to obtaln the pseudo phase ShlftS
is presented in Appendlx C and the expre551ons for the
Wolfensteln parameters in terms of the reaction matrix
elements proceeds_in‘the standard manner26.

The amplitudes A(g) and C(q) are fitted to a sum
of two.Yukawas and, in order to obtain an idea of their

strength and range, they are fitted to a one Yukawa

.potentlal in which the range is obtained from the mean

squared radlus of the two Yukawa fit. Let t(g) stand

for either A(q) or C(q), then

vy v, : |
£(q) =47 [ + 1 (3) -
al(q +al ) ) a2(q +a2.)
or
-a.r . —aor
-) = 2
t(r) Vle 1 /alr+V2e /a2r
andl
e_ér/

t(r)=v ar

0
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The values of the parameters of the Yukawa potentials

that are used are listed in Table 1.

«

The IA was used to calculate the real central
potential, but its' main purpose is to estimate the spin

orbit potential for reasons mentioned in the introduction.

2. G-Matrix Effective Interactions

At low incident lab energies, the best estimates
for the effective interaction should arise from the
continuation in.energy of the G-matrix interaction.used
in bound state calculations. Like the impulse approximation
t-matrix approach, théy are based on low energy free‘
nucleon-nucleon scattering but they also describe nucleon-
nuclebn scattering in a finite nucleus. As expléined in
the introduction, they. act mainly in relative even states,.
reéembling a Serber force, and will be zero ihside a
séparation distance, d. Under these assumptions, proton-

proton (pp) and neutron-proton (np) parts of the inter-

action are

_1 - =L 3
tpp(r)—ZVSE(r) ;P tnp(r)_BVSE(r)+8VTE(r)

where SE and TE refer to the singlet even and triplet even

" parts of the force.

All of the G-matrix effective interactions are given
as .effective central interactions. The first estimate comes

frém-Kuo and Brown5
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Vep(®)=ve (®)  ra :=0 rad
KB b
VTE‘r) =y 2(r)—8v 2(r)/240_r>dt‘ : =0 r<dti
.where Vg ¢ and vtl are‘the long range parts of the Hamada-

- Johnston potential for the central and tensor components,.

respectlvely.' For lab energy of 40 MeV, the separatlon
disﬁances ere |

ds%l.os £ A d£;;.07,f'
The nextvestimate eomee_from tﬁeAstﬁdies;of-Kellie end_F
K¢11£§eit§ R

-2, 4021(r—' 4)

SV (x) =-33o ge r>d_ . : =0 r<d

KK
2.5214 (r-.4)

. VTE(r),=—475 Oe

and, for 40 MeV protons, the separation distances are

4 =1.046 . 4.=0.924
s _ : : t

 The'effective interaction of Green7, using the KK inter-.
'e'acﬁion,_used_the ldcal density to account for the-statef

- dependence Qf_the,interaction.

S O 2/3, KK, e
VSE(r)—CS(l asp; )V ( ) ;>d : —Q ”?<d

2/3yyKK 1y r>d 1 =0

Vpg (F)=Cp (1map e P Vapp (x) - x2dg

r>d, - . =O rv<dt°?v»




where WG:

C =1.157
S

Ct=l.623

and p is the local density.

separation distances.

a_=.035
s

at=l.454

a_ =.323
s :

at=l.845

This interaction uses the




) IV. NUCLEON DENSITY
The nucleon densities for the target nuclei were _ | ‘_f:!
 ‘ obtained from the electron-nucleus scattering results-bf - fafﬁ
Hofstader12 for'l2c.and 58N1 and the muon- nucleus .1. B v_," ;‘ﬁ
‘scattering results of'Acker et a1ll for 40 a,vl2O nf
: ‘and 208 .. The proton p01nt dlstrlbutlon is’ obtalned by-
:unfoldlng the finite electromagnetlc size. of the proton' v Lo
" from the emplrlcal charge dlstrlbutlon28. SR &' :e35 ”;m{7_
— 4t ' ' 1 - i ‘ ) S T
—fpp(lg r)e (r')dr D
" where ch, m, and p'refer'to-the charge, proton point, and !
i prOtOnvdensities;efIt-was assumed that Pen and'pm were of |
i | | f e : : T .
the same algebraic. form. -The proton density used was of
the. form _
y - : s 2, 5 | . | »
~-3/2_-3 -r“/a 2 - . v
r)=m a_"e P o a’=0.427 _ : 2
Pplx)=n T ra, , b | @
'and the target nuclei were of Wons—Saxon form
p(r)=po[l+e(r c)/al 3y

Equation 1 gives relations between the radial

1'@Q%ﬁﬁu“ emoments of the three distributions.

<> =<r?s o< ' I TR T
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These moments are, for a Woods-Saxon distribution,
<r2>=,202(3+7x)

<r4>=c4(3+18x+3lX2)/7

Ta, 2 ' o i

X =(c-

The proton point parameters, n and am, were obtained

by solving the two equations in Equation 4. Then

2 _
(49y—3DXm+(42y—l8)Xm+9y 3=0
where
_ 4 2.2
y=T7<xr >m/25<r >m
and cm and am are obtained from

2
c =5<r >m/(3+7xm)

N S

2.
a =chm/ﬂ

=

Of the neutron distribution is assumed to be thé
same as the proﬁon point distribution, the above parameters
are those to be used for the matter distribution.
Tarbutton and Daviesl8 found a small difference between

the neutron and proton densities in their Hartree-Fock

- calculations and their results were closely duplicated

for 208

Pb by using the harmonic oscillator shell model
picture of the nucleus. The shell model proton density

was assumed to be spherical and of the form

o (r)=F 2(20+1) 92 (x)

z
2




V. DISCUSSION

The first part of thé optical potential that will be
considered is the real central potential. Initially,
exchange scattering and a possible proton-neutron density
difference will be neglected. Under these assumptions,'
the potentials obtained are listed in Table 4 and Figures 2

and 3 with

UR=IV(r)d£ (1)
and

r2 :erV(r)dE/UR » (2)

The theoretical potentials are compared to the 30 MeV

4

proton analysis of Greenlees et all and the 40 MeV proton

analysis of Fricke et all3.

The agreement of the potentials between themselves
and to the empirical potentials is good considering the
calculation is a first order one and that rather rough
approximations to the G-matrix were made. The major

point is that the theoretical potentials which come the

Clbéest to matching the empirical potentials are thosejf

based on the G-matrix problem for finite nuclei which do.

takezinto account, even if only approximately, nucleon4 _

v ' nucleon phase shifts up to several hundred MeV and the

28
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" ‘potential with U

. G-matrix. interaction, of U

-'poéential<should also be considered. In the analysis of

T s

R v p

presence of other nucleons. The importance of using a

G-matrix based effective ‘interaction was illustrated by

~using a Yukawa force, acting only in relative even states,

taken from PrestonlO to calculate the real central-potential.'

This interaction fits low energy nucleon-nucleon scatter-

' ing lengths and effective ranges but using it to calculate

the optical. potential gives a much stronger potential

4:than the empirical potentials. For. 40 MeV protons incident

40

~.on.Ca ~, the Preston interaction gives a potential with.

3 2

U,=-22,400 MeV f

of F gives Up=-15,330 MeV £ and <r’>=16,43 £’

and the weak Green (WG) G-matrix interaction gives a

R=—12,910 MeV f3 and-<r2>=15.l2 f2,

The same result occurs when the Preston interaction is

used for'ZOBPb. The'résulting optical potential. has
.UR=—ll6,3OO MeV f3 and <r2$=41.92 f2 compared to the.
13 3 2 2

empirical values of UR=—79,2OOEMeV £f7 and <xr">=37.19 £

and the theoretical values, again based on the weak Green

4=-69,000 MeV £ and <r’>=33.80 £°..

Two other characteristics of the real central

Fricke et_alls,-the strength of the real central potential

"varies with respect to energy and neutron excess as’

N-2

V(r=0)=V.+V_E. __+V (552

0 'E'LAB I.

and <r®>=24 £ while the empirical =~ . . "%
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where V. =41.1 MeV, V_=-,22 MeV, VI=26.4.MeV, and.the;

0

Coulomb term was suppressed. The theoretical direct.

E

potentials gave almost no energyvdependence but ‘gave -
v.aﬁproximately.the proper isobaric dependence, sée-Table,S;
The WG and SG poténtials are used to consider the effects
of exchange . and neutron—proton density difference -on

the characteristics of thé real central potential.

The effects of exchange QnVU <£2>, and the general

R’
shape of the WG and SG potentials is small as seen in. ..
‘Table 6 and Figure 4, The inclusion of exchangevslightly
increases the'<r2$ and makes the resultént potential

more Woods-Saxon in shape as the exchange contribuﬁion

of exchange is in the energy dependence. Exchangé

accounts forv80% of the enérgy,variation between theAlab

4energies of 30 to 40_MeV, see Table 5. "The théoretical'
values of VE=;;2lt.Ol compare favorably{tb the wvalue
obtéinedvby F;icke et alls. Visually, Lhevchange»of the.
strength of the potential with energy is given in Figure 5

12 40C

'for C and a, and the change of shape with energy

4OCa. The concave shape of

‘is- given in Figure 6 for
the energy dependenée seen on Figure 5 also'seems to be
fhdicated by the empirfcal~analysis of Cameron ahd vaniders
.for l6O. There aléo appears to be‘a mass effect for the

energy dependence, VE

decreasing with A, but this effect

'may;pe_beyond the resoiution of this -calculation. -

evp—c—————

15
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The empirical ranalysis of Greenlees-et 5114 used; A :h
. the proton-neutron density difference -to reduce the: .
r'_numher of free parameters used in the-search procedure
for.the optical model potential by relating the real

central and real spin orbit mean squared radii- to a

e ———a——

matter distribution... In terms of the ‘mean squared radll
for the real potentials,
2 2. 2. N

real central: <r“>_=<r"> 4+<r>
R 2n,c - m

real'Spin.erbit;: <rT>_ =<r >2n,so+<r2>h
where 2n refers to nucleon nucleon and m refers--to the
_{ . -‘ : matter dlstrlbutlon. The analysis used
£=<r2>2h,c+<r2>2n)80=2.55 £2
. | The value of £ was obtained from a best fit search and
it leads to a.large_neutron skin. The values of & obtained

from the G-matrix effective 1nteractlons are E=5*1 f2 o

Thus, the use of a reasonable G-matrix effective inter-
action absorbs a large amount of. the neutron-proton

'?. _$ ='den51ty dlfference inferred by Greenlees et al14

Another source for the estimate of the neutron%

. s ;,' proton density difference is from the -theoretical Hartree- . = . N

S R ' ' S o R

o0 ;;;w.f -Fock_calculation of Tarbutton and Davies19 for 40Ca and T :
ﬁ:f;fék _ 208Pb;_ They obtain a much smaller neutron. skin that

'Greenlees et all4 and their values are comparable to tﬁé\ }=; o

4?:Values obtalned in the isobaric analogue ‘state calculat;ons

17 : A R

of Nolen et al Slnce the -harmonic oscillator methodlA

L N L S . oo T W G
PO G A B ceila R T ]
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outlined in Chapter IV gave a neutron skin similar to

2
the one of Tarbutton and Davies for 40Ca and QSPb, it

was- used to estimate the neutron.distributionsvfor»ssNi

and l205
distribufions are listed in Table 7. The;éffect.ofutheuu
density difference on the form of the: WG potentiai is
‘illustrated iﬁ_Figure 4.
.. The density difference and.éxchange-effecfs wefé
_ included in the WG and SG potentials. and are presenﬁe@;;
in Table 6 and Figure 7. The values of Uy and V.

the WG as the best estimate of the effective interaction.

Because of this, the WG potential is used for the real

part of the theoretical optical potential for the calcula;7

tion of the cross sections for 12C and 40Ca.

. The 'IA was used to estimate the real spin ofbit
potential becéuse of the reasons presented in the intro-
duction;: Since p(f) is Woods-Saxon in form and <r2>2n,so
is small, the poteﬁtiéls are fit to a Woods-Saxon form
whose~pafaméters are given in -Table ‘8 and is illustrated_
in Figuré 8. The theoretical representation is gbod in
general énd espegially good for 2841 anda 1%%n.
| Despite the-assumptions used in‘the4calculation‘of

theﬂimaginary central potential, a surface type peaked }

" prehtial was obtained which agrees -in form with the
Lo obsgtved empirical forms, see Figure 9. The major difféié

‘‘ence-is that the theoretical potentials.peak inside of]ﬁ;.

n.  The mean squared radii for the various neutron

isolate .

YTt pteta gy

Tty ——ra -ty




A-iopthal potential of Gray et a1?? at 20 Mev and Frickf;

: et all3 at 40 MeV and the total optlcal potentlal for C
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the. empirical potentials: The same difficulty occurs.

in the microscopic form factors used in inelastic scatter-

ing. Even though the convergence of the Perey—Saxon%6

method used is difficult to estimate, the method should

give ﬁhe~gross structure of the~imaginary»part‘of the
optlcal potential. The important poinﬁs of‘the calculaf.<
tion are that the strongly excited low- lying collective
states are very important and-give;a~large contribution
to the 1mag1nary potentlal The total'cdntribution of

a given multlpole to the imaginary potential can be_

‘extracted-from the use -of--a sum rule.: A case in p01nt

.is that the T=0 2+ state in l-2-C accounts for about 80%.

of the calculated potential for 20 MeV protons. The

- importance of using collective states was noted by

Teresawa23 in his calculation of the -imaginary  potential.

He noted that'pairing correlations increased this part

" of the potential by a factor of 3. A similar effect

was noted for the T=0 37 state of 4OCa. The collective

state gave a contribution of 1.15 MeV for-40 MeV protons

while, if the 3~ state was replaced by all possible lh

'pafticle—hole~pairs and its' contribution -to the imaginary

potential-is certainly -underestimated.

The total optical potential for 40Ca,is~illustrated

1n Flgures 7, 8, and 9 and is compared -to the empiriéél-

'1'2 ’

i e A .~ -

e e —
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is illustrated in Figure 10 and is compared--to the rescaled
16

. : 3
O parameters of Cameron and van Oerslg. These -optical

potentials, both empifical-and theoretical, are used .to
calculate the differential cross sections forvincident
protons of 20 and 40 MeV. The cross sections obtainea

are -compared in Figures-il and.12;, The general shape

and magnitudélof the cross section based'on the~theoreticél,
optical poténtial is much closer -to the‘empiricélgcrOSs
section at 20 MeV. To see how much~of the~discrépancy"

was- due td the -imaginary potential, the cross sections

are also plotted for the case where the theoretical

imaginary potential ‘is replaced by the empirical..imaginary

potential. This effect is denoted by crosses in- Figure -12.
The agreement -is -amazingly good -at 40 MeV and implies

that -only the real potentials are well represented by -

" the theoretical estimates at -that energy. -At 20 MeV there

is no noticeable improvement resulting from the interchange

- 0of imaginary potentials. This illustrates that the
theoretical. estimate of the imaginary term is approxi-
. mately as good, as the empirical estimate whereas the.

. neglected inelastic channels may ‘be -important.at 40. MeV..




Even with all of the assumptions used  in the -

calculation, the theoretical-empirical agreement of'.

~ the optical potential is good. The major point of this.

paper then rests on the consistency of the G-matrix:
effective interaction which is a good estimate for the
dptica; potential effective interactioﬁ, is used- in:the
bouhd state problem of finite nuclei, and has its"

foundation. in free nucleon-nucleon scattering.

P O . - PO - - [P
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.transform in a Taylor series about the wave number k

APPENDIX A

In Cﬁapter 2, the Schroedinger equation was used
to obtain an equivalent local potential}from the-non—local
exchange potentiai. An alternate way to define the.
equivaleﬁt local potential is by the T—matrix. .This
approach will be useful for inelastic scattering.
¢ With forces acting only in relative even-states,

the exchange term in the distorted wave born approximation

is built up of components of the form:

o o
Tas=is Cig/Mjg(ryry)dr,dr,

-% . *
My (myTp)=x (2 be(x))Vz -x, D) ey () x(xy)

where the x's are the distorted waves discribing elastic
scattering in the final and initial channels and ¢ (r) is

the wave function of the bound nucleon.

16

Following Perey and Saxon™ , one takes the Fourier

'transform'of that part of the matrix element which is a

0
v(s)= (2m 2t E1TED) (v 02y + 02k AL jan |
S0 a0 2 2l dy g
=V kg) = (Vgakg) = 518 (xy m1)

f.function of the non—locality,.gl—£2=§ and expand the Fourier -

e A Ot Ry Sp———— ., 3. »

ey




where

. av__av
ak® ar? r?=k

The wave number kg is a free parameter which will be

determined such that the first few terms will Dbe 1mportant

sen to be the independent_variables,

If £1 and s are cho

fMif<51,£2yd§;X‘*(£l>¢;<£l>v(k§>¢i<£l)x(£l>
"X_*(gl)¢i(£l)337 (kg 24y )¢f i)X(El)]
| 13

and, if the independent»variables are r, and'g,

fmy (rb£2 =x_*{£ )¢;(£ )v(k§)¢i(£2)x(£2)'

-x(x )¢f(r )—; kg9 X Tz o) (X))

Coming the two results gives

glr)= IM 1%, )ds

s @@V e (X

= QY_{ "~ (£)¢i(£)[(k0+v )¢f(r)x( r)

2 gx*
’ I % o
- LT X (£)¢i(£)]¢f(£)x(£)'
also,

(¢fx>—-<k 24x° >¢fx+2(v¢f>—<vx)

vk(xf ¢.)=—<k' +k )x v¢i+2(_x "y . (Vo)
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g
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where

2. % 2% 2 2
v ¢ = kf¢f,.v x(r)=—k"x(r), etc.

 Take 1/2 of the cross term appearing in Mif(r) and

2

:ihtegrate by parts remembering that dv/dk™ is a function .

Vof r because K2~will depend on the optical potential. Theh

0
- av  *
(Vx ) (V. )—5d.X
- 1 dk2 £
goes to
—% 2 AV * av ., ko * dqv_ dv_ *
X VT ) =—=9-x+ (Vo) * (V=—5) ¢ X+ (V. )« (Vo) —=Xt—x50
1 dk2 £’ i de £ | ..1 £ dk2 :dkz f
(V6,) = (VX)
- and
-k vdV * ,
X 4= (Voo) = (VX)
_ ldkz f :
_goes. to
—% * dvb —*3qv ' * —% av % ’  :
[Vx. ) (Vo) —=¢.+x —,(Vo.) = (Vo) +x  ¢. (V=—x)+(Vd.) = .
o £ dk2 i de S .f ‘ i dk2 E o
—% av 2 % ) )
+X ¢, —= (V7 ) 1x. ;
. ldk2 £ : vi
| | | | :
, % o : : B S
Now, absorb the V2¢i and V2¢f into the non cross term of = - f_ §
Mg | - (1) {
0 ()= () 6 202 L0220 580 1,
Mip (D)= (@) b (@) (V) ~Ueg 0 S350, x @
;fivéhd T R o - (2):
2 k, 1 ) —l % : dv ’ * dv ' . av X * Cd - , i
Sl Zelav UG R PRI
50— e (Vo) = (Vo) eghxrgx [Te)og
L ;f. ' d\} S _f.,ﬁ»,yviT;;a,i#}
e (Vo) (U)o
\=‘1 ,f  dkgfff sy Tl




o S
So 1f terms like Vx and Vx are neglected,

Mif<_g)=xf*<ggFux(g | - | -(3.> 
and
ko=tReal [k’ 2+k°]
F(r) =0, (£)V (k) o, (r) +:Imag [k’ +k21§5};’7 by ()6, (£) -
dV> N av * }»’(4)
L )+ (V4 +3 (v&—z-w[mf)cb (2)+0L () (V0,) ]

The expreSsioﬁ given in Equations 1 and.2 are similar.
to those obtained by Perey and Sarius.zo. In Eqﬁation 2 |
the Vy terms cbntain a nucleon current density which
shouldAapproximaﬁely be zero for elasticAscattering.

Aiso, for elastic scattering, x (r) becomes a plane wave,




Tovaid. in the separation of nuclear and interaction

APPENDIX B

In this appendix‘the expression for inélasticVSCatter—

ing form factor, which will be used to calculate the’

S

*

imaginéry part of the potential,-iS»presented? The process
 considered i

atA ~+b+B
with the matrix

<bB|v}Aa>

The interaction will neglect exchange, tensor and spin
~orbit forces, and is

v(r)= Zv(jr-r.|)
i £
and 1if _=£~£l
v(s)=v

00 (814710 (8) (323, )+vy (8) (202y)+vy ) (5) (g°9,) (11

. 'i)
Using tensor;nptation for spin and.i—spin;have -
o%=1 | 70=1
R rter
and ‘
VKsyfétxy

\xty S S,iymt t .
( ?_ Yst(s)q-xgx(l)T—yr (1)

ormation, write
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Yoe (&) Vg lzme D s -z ar

and expanding both'integrands'in spherical‘harmonics
- S A Y S(r'-ry)
=L ! 1
Ve ()= Yn () Y (53 ) Vg (Fhxt) 12 r'odr

In order to treat spin and space equally, introduce the

spherical tensor of rank J as

LSJ S
T = I <LSM'y'|JIM. >Y_ .., 0>,
MJ My J TLM' Ty
Also if
S(r'~xr.)
LSJ, M7 _ LSJ. . i
. oTy (r,c')= ZTy( 1) Ty M, Vepr, (£1/T) 7
then
*
<bB|V]Aa>=F . (-)*"Yy () <1sMx|am_><b|o® 1T |a>
ST LM J X -y
Xy _
J
<B|IOLSJ MJ( )r'2dr'|A>,

The processes considered are restricted to those
where the i-spin projection of the target and the spin,

i-spin, and i-spin projection of the incident nuclkus

~does not change. vUpon using the Wigner Eckeart theorm,

using the phase conventions of Brink and Satchler,31

the matrix element becomes

S Sa™™s 11
'<bBlylAa>=ESTJM(") g P lS mymm>

<JAJMAMB M, | Mp><LSMm_-m_[JM =M, >

e :n'AJ“‘ 1 = ]
R e <2$Tao|2Ta><¢ATTAQ|T Ty ST

“LSJ,T *
(r)¥;y

(f)ﬁ?i;

S APT F T ne———
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where

“LSI, T, f WeLST T vy 250
. P (x)=[vgqp (x, O)F St far
and
: ' _ S(r'-r.)
LST, T, (\_ S Crpel oy mLST
F 37.A(r )-/ﬁ-/T§T+l)<aBJBTB‘liT,(l)T (1) 2
; | 1oaTaTa”
. .
where the guantum numbers used above are defined in
|Ba>=|a, T M TR Th> 8 LTS
! RO [Bb>=lapIgMpTyTa> [8mpt LTS
| , o | o , o S
| and;L,S,T[.and J are the orbital angular momentum, spin, .
.. - . i-spin, and total angular momentum tranferred to the nucleus
»during-the;reaction.
| ’ . -

AT Y T

s oty g 4
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s ‘ ' APPENDIX C
§
: !
In an ordinary phase shift calculation26 the M- |
matrix 1s defined -from the scattered sphericél wave ?
sc . - etkr R . ' o
Y (rlel¢)=M(e¢) |Xinc> T ) : . ’ : o I;
!
where $°C is the scattered wave and |Xinc> is the E
"initial spin state. M is related to the S-matrix and | ;'f ﬂ
the R-matrix by : - ' e - }
S=R+1 |
and .
| i
_ 1 /2, - {
M(8O)=F ) TAAACIR R S (8¢)<2'm' |R| 20> (D |
For the spin zéro case, the diffefential equations.
we have to solve are |
a? 2 2 (2+1) ‘ | |
— uz(r)+[k s -U(r)]uz(r)=0 (2)
~dr r ' :
a? 3 9 (041) .
= F (r)+[k'"=F—=]F (xr)=0
a 2 "L : 2 9
' s 7 r :
o where_uz(r) is the actual wave function and Fz(r) is the Q
R regular bessel function with the boundry conditions . . Coe
C e % o S
S -:Fggx)r+a$'51n(k'r—_%) : v | : L SR |
Vi il R v ‘ on 2 (3) .
, ;%ﬁc';'mf,‘ifﬂ'- i-“Z‘r)r+§9 51n§kr——§+62) .
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' From‘Equations~2»and'3,-we-getv

o w._,_' |
sind = kaFR(k t)U(r)uz(r)dr

This defines the one energy shell phase shift. If
i k'=k, the pseudo phase»shift is defined.
‘ '%__F—fo (k' r)U( r)u (rydr : @
| ' ' '
| v :
} with
‘ _A2v=s;n 62 :‘ 1fAk =k

¢ -7 ..and since
| t.t<2]R]2>=2i|sin6£' for k'=k
| L - .
| then,

<2]R|2>=2i Ay for k'k

terms of the pseudo phase ShlftS, the procedure to obtaln}v'”'

" the Wolfenstein parameters is the same as that for the
'regular.phase shift calculation26. Equation 4 holds for.
Q= J(3= 2+s) a1d S= O or 1. Since the Hamada—Johnston3

potentlal has a tensor part, the wave functions forf

‘£=jil'are eoupleda " Using Blatt—Biedenharn phase'shifts,s

|
\
' '_ 'Once the matrix elements of R are represented in-
|

_ the equatlons that are to be solved are

2 (J+l)3 - m .0 A
V-(r)]u (r)-—V.(r)u, (r)=0
‘_drz;; { r2'7"ﬁ2'q : »l‘ :,ﬁZ J 1 B T
2 (G+1) (G+2) - m+ + m 0 - PRI
tK - - » ==V, (r)Ju, (r)-—V; (r)u, (r)=0




RN

TR o TR

_(j+2) [2(3-1)/(23+1) 1V~ (3+2)V

SL™ LL S SR &

vj=vcf§j-1)vSL-[2(j-l)/(2j+1)]vT+(j—1)vLL IR f, "f;§

R N T T

vi={613 (5+111/2/ 25+ 1) 1y,

and C, SL, T, LL refer to the éentral, spin ofbit, tensor
and quadratic spin orbit parts of the Hamada¥Johnston'
potential.

Thése u's are then to be solved for numerically.

The u's are then expressed in terms of W's

Wi sin(kr- (§:1)T+8 ) | S | o
1 2 - : o - i

!

|

W2+ sin(kr-(j=* 1)E+6 )

where
ut=(51ne‘) 16_Wi
1 E 1
cose.
-i:( COsE, ) i6+wz'
u2 . 2
- silne

, Then, the pseudo-phase shifts are defined as

Lt _Aj_l—lj_l(wl)+tanejhj_l(wl)
Jflij+l(W1}+cot€jﬁj+l(wl) ~o(e)

A +,
l,f3+1 _(w )= cotEII] 1 (W)

+l 2)

f”A.+l=I. W -tant¢ I
7’3'5?;3 ( ) a | 3




‘<j+l[R[j+l>=sin2€je 2t 4cos?e.etO+a
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where
Ii(f)=—T§-—f Fi(k‘r)v.ﬁ(r)f(r)dr : (7)
% Ak 0 J

Equation 6 arises in the same way as Equation 4 did for
the &=j case. By using the W's in Equation 6, we have
for k'-k

AT _»siné.
She j-

1 1

A% »31nd.
J

j+l +1

Then the matrix elements of R become

. C , ié8_ .- id4 .-
<9=-1|R|j+1l>=sine.cose. [e A, ;-e” "TA.
i l ['j n . j[ j-1 j+l]

lé"Af_ —el6+Af

<j+l]R|j—l>=51nejcosej[e 1 ]+l]

<j-lIR[j—l>=coszejels‘Ag_l+sin26jel6+A5+l

id. 8§, +

j-1 ] j+1




APPENDIX D

hThe‘method.used tohobtain’the proton‘pointAdensity;
and thusdthe matter density if there were no'neutron,skin?
from the empiricaivcharge density>is outlined'in Chapter IV.
deable 2 lists the parameters for the nuelei considered
where the . den51ty is of two forms | v
form 1: - p(r)=00(lfc r /a2) —r /a2 L ’:h : 7 :_(l)h

form 2;v'p(r):pd[l+e(r—c)/a]—l I o :-' (2)

‘f *'The_values of the harmonic oscillator constant a and?the

: energyﬁhm, where
. v _ 22 _ o e -
oo C - . S
Hw=—; 5 : S (3):
o m_c
P

andvm is the proton mass, lrsted in Table 2 are obtalned

hfﬂ ;5ft by matchlng the osc1llator density's ‘mean squared radlus to.

'kthe emplrlcal proton p01nt mean squared radlus.‘ In obtalnlng

the oscrllator constant the center of mass correctlon was -

flncluded for l‘Cj,and 40

w

Ca but neglected for the rest of
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11 is used to

The example of 40Ca from Acker et al
illustrate the forms of the various distributions and the
effect on the oscillator distribution if the pure oscillator
radial wave functions are replaced by Hartree-Fock wave

functions.

As in Chapter IV, the oscillator density is
(r) =7 (2241) 62 (r) - (4)
plT) =1y 2

~ but now ¢2(r) is replaced by a radial Hartree;chk wave

function

¢2(r)=£ CanR ml(r)

where Rmz(r) is the radial oscillator wave function for

the zth subshell (defined by the gquantum numbers m and &).

The 40Ca Hartree-Fock wave functions used32 are listed in
Table 3. Then, in Figure 1, the charge, proton point,
proton point oscillator, and the oscillator charges (the
distribution obtained by folding the finite electromagnetic
size of the proton into the proton point oscillator

distribution) densities are given for both pure oscillator

and Hartree-Fock wave functions.

—-—_a




The impulse approximation parameters fit to one and two Yukawas.

TABLE 1

*a=16./<r?>11/2

-V, (MeV) (£ 71 V., (MeV) (g1 <r’s (£2) V. (MeV) (£71
1 2 2 0
%ca  pp 3480 2.44 4770 2. 80 3.34 155.0 .34
np 237 1.70 418 2.62 3.19 64.6 .37
so 952 2.90 911 3.00 1.01 75 .6 2.43
28y pp 3400 2.44 4810 2.80 3.34 54.9 .34
np 239 1.70 428 2.62 3,22 63.8 .36
so 1010 2.90 982 3.00 1.04 71.8 2.40
1205 pp 2890 2.39 4140 2.80 3.39 53.7 .33
np 143 1.70 437 2.62 3.24 63.0 .36
S0 1330 2.90 1332 3.00 1.17 59.3 2.27
208 pp 2450 2.39 3810 2.90 3,34 55.0 1.34
np 244 1.70 439 2.62 3.25 62.7 .36
50 1430 2.90 1450 3.00 1.21 55.8 .23




TABLE 2

The charge and proton point densities.

C.h ap <r2>Ch form SN a <r2>m a(f) Jw (MeV) |refer.
112¢ {112 171 6.22 | 1 |1.839 |1.580] 5.58 |1.653 | 15.19 12
120 | 2.30 1.85 5.62 | 2 2.220 |1.682]| 4.98 |1.561 | 17.03 28
900, | 3.64 2.50 12.41 | 2 | 3.603 |2.361] 11.77 |1.993 | 10.45 12
40, | 3.767 2.21 12.00 | 2 | 3.746 |2.029| 11.36 |1.958| 10.82 11
58¢i | 4.28 2.50 15.45 | 2 | 4.262 |2.342| 14.81 [2.079| 9.60 12
1205, 5,48 2.21 21.50 | 2 | 5.487 |1.981| 20.86 | 2.256 | 8.15 11
208, | 650  2.50 29.13 | 2 | 6.511 |2.068]| 28.49 |2.438| 6.98 12
208, | .67 2.21 30.18 | 2 | 6.683 |1.961| 29.54 |2.483| 6.73 11

€S
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'TABLE 3

iHértree—EoCk parameterslfor 4QCé Qsciliator constant i_a = 2.08f};:energy/ v

nuéiéonﬂ= -7.47 MeV.

' single : . single C - C c. C

‘particle state | particle state Ong Iny ‘ 2ng 3y

1s - -65.0 - | -.9987 |  .0513 -.0028 | -.0034

ip | -39.2 .9989 0462 .0069 - ~.0046

2 ~17.7 ~.0512 9971 |  -.0423 0375

1a - -18.0 .9992 -.0209 .0316 ~.0109




. TABLE 4

UR:ahd <r’s> for bnly'thé'direét'térm of the real central potential. ~

C<r?s =11.36) | 5By % = 14082

.<12>(f2) <r2>ff2) | type ;UR(MéVQf3) <r2>(f2) <r >(f2)f[49fq"'”'
. ‘ : 2B - i '

C1a.s2 3.6 | | 1A | 17,470 17.98 | 3.15 |

.~ °18.03 6.76 | KB 21,410 21.45 ' 6.75
14.50 3,19 | | ke | 22,630 - 17.94 - 3.19

*

15.12 | 3.76 | we 19,020 18.75 3.94

achel

*

15.50 | 4.14° | | se | 23,240 | ‘19.26 4.45

16.78 | | G 23,690 | 19.72

16.43 o F | 21,770 | 19.51




TABLE 4 (continued)

l2OSn <r®> = 20.86 2O8Pb <r2> =.29.54
type —UR(MeV.f3) <r2>(f2) <r2>(f2) type —UR(MeV.f3) <r2>(f ) <r2>(f2)
2B 2B
IA 36,370 \24.08 3.22 IA 63,180 32.74 3.20
KB 46,590 27.40 6.71 KB 82,070 35.95 6.70
KK 49,550 23.97 3.17 KK 87,480 32.64 3.17
WG 39,570 24.95 4.09 WG 68,960 33.80 4.26
- SG 47,440 25.57 4.71 SG 82,390 34.56 5.02
G 50,120 27.79 G 88,090 37.10
F 45,140 27.60 F 79,230 37.19
F: Fricke et al13
G{ Greenlees et al14
*<r2>2B for WG and SG defined as

<r2>

2B

= <r

2

2

> - <L<r™ >
- m

and is the effective mean squared radius of the nucleon-nucleon effective interaction.

9§
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-TABLE 5

DR

" of WG and SG for the direct teérm and the 'total potential.

Energy_dependence'(vE) and isobaricAdependencé“KV

type _VE<D) —VE‘T?.V 'VI(D) VI(T)
40ca WG .03 .21
G .04 .20
58 . SEBU
Ni WG .03 .20 28.63 24.47
'SG .03 .20 - 37.12 37.76
1205y | we .03 .22 28.82 |  26.81
sG .03 .18 36,59 | 37.69
208py WG .03 .22 28.76. 24.68
SG .04 .21 36.72. | 36.50

” where,D and T refer to the direct interaction alohe.and.the ,

:; total interaction,




| TABLE 6
_ . R and ’<r2>for WG'and- SG fcﬁrl~ the direct (D), éxchapée (E) , density difference
f;.( Q)and .{:vo_ta_lA"(T) . Ap‘ote.ntia.l.s . | . | |
type| = -U_ (D) ~-U, (E) -U_ (p) -U_(T) <r?> <r®> <r’> <r2>

R R R R D E p T~
10c, WG | - 12910 1730 | 12830 | 14570 |15.12 [17.88 | 14.96 | 15.31

SG | 15690 1900 | 15550 | 17450 |15.50 |19.37 | 15.35 | 15.79
F 15330 16.43
S8y WG | 19020 2590 | 19110 | 21700 |18.75 |22.69 | 18.95 | 19.40
1 sc| 23240 2830 | 23420 | 26250 |19.26 |24.56 | 19.46 | 20.01
F 21770 19.51
» 20%nl  we | . 39570 4510 | 40190 | 44700 |24.95 [35.48 | 25.76 | 26.74
e s | 47440 4830 | 48670 | 53500 |25.57 |38.85 | 26.38 | 27.51
o F | 45140 | 27.60
I?Pfyb WG | 68960 7820 | 71250 | 79070 | 33.80 50.91 136.35 | 37.79
;7. "G | 82390 ‘8390 | 86910 | 95300 |34.56 |55.84 | 37.10 | 38.75

: F 79230 - 37.19 ;
| 5Ht}¥ggriékehe§iaylé~f;'

- 8§




2 .
<r”> and Woods-Saxon parameters

and matter distribution.

 TABLE 7

for proton, neutron

2 | < |2 | o 5 25172 2,172 |
o) m n n n n p
400, | ool 11.36 | 11.23{ 11.10{ 3.69| .461 -.04
58i |G | 14.81| 16.97| 19.80] 5.15] .532 .60
o | 14.81 | 14.97| 15.12 ] 4.32] .532 04
120
sn| G | 20.86 | 25.20| 28.09 | 6.49 ] .450 .73
ol 20.86 | 21.54| 22.03 | 5.66 | .450 .13
208 ‘
pb| TD| 29.54 | 31.66 | 33.04| 7.11| .446 .31
G | 29.54 | 34.11 ) 36.97 | 7.551 .446 .65
po | 29.54 | 32.18 | 33.89 | 7.21 | .446 .39
i
.19
TD: Tarbutton and Davies an=ap
G: Greenlees et all4
HO:

Harmonic oscillator basis




Spin orbit parameters
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TABLE 8

type | Vo (Mev) | o  (£) |a_ (£) | <r®> | u, | <z
40ca | 1A | 5.17 3.68 | .554 | 1.01 | 1320 | 12.37
G 5.70 3.94 | .70 1920 | 16.08
P 6.22 3.52 | .778 1680 | 15.78
°8Ni | 1A | 5.04 4,19 | .621 | 1.04 | 1890 | 15.85
G 5,20 3.93 | .70 1735.| 16.03

F 5.53 4.15 .641 2040 | 15.99
12050 | 12 | 5.19 5.42 .565 1.17 | 3833 |22.03
G 6.20 5.78 | .700 5743 | 26.82
) P 6.11 5.21 | .800 4470 | 25.15
208p1, | 1a | s.05 6.63 | .563 | 1.21 | 6600 | 30.75
| G 5,13 6.72 | .700 7230 | 33.90
P 5,84 6.08 | .794 6421.] 30.88

F:

G:

13

Fricke et al

14

Greenlees et al
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Figure 1. The charge and proton point distri-

40Ca compared to the distributions obtained

"7 . ~by pure oscillator functions and Hartree-Fock functions.
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FIGURE 4
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Figure 5. The variation of the strength of the real
1central'potential with energy for 12C and 40Ca using the WG
,'effectivelintefactibn.
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FIGURE 7
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Ficgure 7. ‘The theoretical real central pofﬁntialé

-+ of WG and SG with anitsymmetrization and density dlfference

“are. compared to the emmlrlcal potentials of FrlcPe et al
f;;and Greenlees et al.
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| Figure 8. The real spin orbkit potential of IA is .
.| . compared to the empirical potentials of Fricke et al ey
© 17" Tand Greenlees et al. |
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Figure 9. The imaginary central for
potentials of Gray et al. and Fricke et al.

40Ca at 20 and 40 MeV are compared to the

empirical
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FIGURE 10O
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Figure 10. The theoretical optical potentials for .~ “C

‘ " at 20 and 40 MeV are compared tq the emplrlcal potentials of
) Cameron and van Oers ! :
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‘“The cross sectlon for 12C'at

the' theoretlcal optlcal potentlal compared
Of Cameron and van. Ores. o
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. ... Figure 12. The cross section for %0ca at 20 and 40 Mev - ]
.. #-. for, the theoretical optical potential compared to the podtential . SR §
wouil Of Gray et al and Fricke et.al. The crosses denote the - ol
“.i.+.theoretical potential with the imaginary term being replaced .
. by its 'empirical counterpart. ' I
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