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ABSTRACT

The transfer function of a reflected reactor has been derived
from a model which is applicable to all reactors. The resultis
identical to a bare reactor transfer function at low frequencies,
provided that the neutron lifetime includes the effect of the reflec-
tor. At high frequencies the reflector introduces in effect an addi-
tional group of delayed neutrons. A calculation of the effective
neutron lifetime in the SRE from the theoretical results was in

good agreement with the experimental value.
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I. INTRODUCTION

Kinetic behavior of a bare reactor has been studied extensively, both theo-
retically and experimentally. These studies have shown that the inhour equation
and transfer function derived from the usual form of the kinetics equation give

excellent agreement with experimental results.

Reflected reactors have usually been treated by assuming that the same
kinetics equations are applicable providing that a modified value of the prompt
neutron lifetime is used which includes the effectofthe reflector. Measurements
of fast transients in the KEWB reactor, however, indicated empirically that
treatment of the reflector by an additional delay group (or groups) would give

1
better results.

One theoretical approach to reflected reactor kinetics has been made previ-
ously.‘2 The method was applied to a coupled fast-thermal critical assembly to
calculate the prompt neutron lifetine. The results agreed well with other de-
terminations. However, attempts to apply this method to the Sodium Reactor
Experiment (SRE) give unreasonable values for the lifetime. Further examina-
tion showed that this method is inapplicable to reactors with reflectors which
make a large contribution to reactivity. This report describes a method of anal-
ysis which avoids the above difficulty, and is thus applicable to all reflected

reactors.
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Il. DERIVATION OF THE REFLECTED REACTOR TRANSFER FUNCTION

The general equation governing reactor kinetics is:

Rate of Change _ Production _ Destruction + Source (1)
of Neutron Density Rate Rate Tt

This equation is usually applied to a bare reactor by assuming the ''flowdiagram"

for the neutrons shown in Figure 1. Thus Equation 1 becomes, in the absence of

a source,

1 - B)k
dn _ E n
dt A; G 7 ’

and the associated equations for the delayed neutrons are:

dC; Bk gm A C
dat =~ i7i

PROMPT NEUTRONS

= (-8B ) keffn/4
FISSION
PRODUCTION
RATE =

n DELAYED
keff" /0 NEUTRONS

=B keftn/1
PARASITIC
CAPTURE
DELAYED

P%ECURSORS PRODUCTION RATE

=4y FROM PRECURSORS

Figure 1. Flow Diagram for Bare
Reactor Kinetics

DESTRUCTION
RATE=n/{

A. PREVIOUS MODEL

For a reflected reactor, the same approach can be used by treating sepa-
rately the neutrons in the core and the reflector. However, the neutrons can
bounce back and forth from core to reflector many times before being finally

absorbed. Thus the diagram shown in Figure 2 applies for a reflected reactor.
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PRODUCTION RATE ﬁggblﬂggNS
=kPe ne/le =(I~B)kPc ne /l ¢ NEUTRON
FISSION QEnI:l:SITY

DELAYED NEUTRONS
=BkPcne/dc Proe/l ¢

LOST
PARASITIC SECAVED > (-Peine/d ¢
CAPTURE RELAYED

PRECURSORS [ PRODUCTION RATE
=C FROM PRECURSORS | DESTRUCTION
= MG RATE=n,/t
REFLECTOR
NEUTRON ¢
DENSITY  [(-p¢)
Z0r ne/fe

Pene/dc

Figure 2. Flow Diagram for Reflected
Reactor Kinetics

The definitions of the symbols are:

n_ = neutron density in the core

n_ = neutron density in the reflector
Pc = probability that a neutron will remain in the core
P =

. probability that a disappearing reflector neutron will reappear in
the core

k = infinite multiplication constant (k_ ) for the core.

The differential equations corresponding to this model are:

d -
n_ i (1 - B)P_kn_ AN Pn_ B
dt /] i7i £ L. ’

Cc r

5 =~ -X,C, ) .. (2)

These equations are identical with those derived by C. E. Cohn.‘2

Although this model is a logical one, it does not give correct results since

some neutrons are permitted to go around the ''loop'' from core to reflector and
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back indefinitely without ever being absorbed. One consequence of this is that

the critical equation, obtained by setting all time derivatives in Equation 2 to

zero, is

KP_+ (1 -P)P_=1 . ... (2a)

This is not in agreement with the general form of the critical equation
k=1

where £, the net nonleakage probability, is some function of P_ and Pr. The
discrepancy arises because neutrons returning from the reflector are counted
the same as ''new'' neutrons from fission. In reactors where the reflector makes

a large contribution to the reactivity, the error in Equation 2a would be significant.

B. NEW MODEL

A model which avoids this difficulty is shown in Figure 3. In this model,

neutrons which enter the reflector are not counted in the core until after their

(NOTE N=(I-B)knc/lc + A\ C))

PRODUCTION DESTRUCTION
RATE=kno/d ¢ N PN NEUTRON] RATE=ne/fo
FISSION > »{DENSITY

PROMPT +3 =fg

NEUTRONS .

= (l‘ﬁ)knc/lc

(1-PgIN
Pene /8y
PARASITIC DELAYED DR GATY
CAPTURE NEUTRONS RETLECTORY ~ne /2,
Bknc/lc DENSITY
=Rr
1
BE
- NEb%E?ERI | (I-Prine/4r
PRECURSORS [T, LOST
=L

Figure 3. Modified Flow Diagram for Reflected
Reactor Kinetics

final exit from the reflector. Although this does not correspond to the physical
situation in the reactor, it will give correct results for the kinetic behavior if

L and IC are defined as the total length of time that neutrons spend in the reflec-
tor and core, respectively. In other words the total length of time spent in the -

two regions is the same in the model as in the reactor, but the chronological

order is changed, thus eliminating the ''loop."
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The differential equations for this model are:

dnc ) (1 - B)kPCnC + _c_
dt ~ L i 3 ’

dnr (1 - B)k(1 - P )n

—_— C ™
dt 7 =+ (1

E

N
-

dC B.kn
_____:_l_g _A. C
dt 2 ivi : ... (3)

The critical equation, found by setting all time derivatives to zero, is:

k[PC+(1-PC)Pr]=l , .. (4)

which now has the same form as the general critical equation.

C. DERIVATION OF TRANSFER FUNCTION

To solve equation 3 for the reactor transfer function, the time-varying

quantities are replaced by their equilibrium values plus small variations:

nc:ncO-I-ﬁnc
nr:nr0+5nr
P =P + 6P
c cO C
:k0+6k
Ci=CO+6Ci . ... (5)

This assumes no variation in Pr’ which is reasonable for small changes in the

core.

The equilibrium values, which are the values at criticality, also satisfy

Equation 3. Thus, substituting Equation 5 into Equation 3, subtracting Equation 3

with the critical values inserted, neglecting the products of differentials, and

. taking Laplace transforms, gives:
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- Gn
c ., (1 -R8)
R T [Pcokoénc + ng(P o0k + kof’Pc)]

sfn
¢ (]

Prénr
+ T +Z>‘1(C106PC+Pcoéci) ,

- 6n
r 2

sOfn

r, (1-8),._ -
- + 7 (1 - P_g)n 8k +kydn ) - kyn 5P

+in[(1 - P_,)6C; - cioﬁpc] ,

B.
_ i
SﬁCi = - XiGCi +—£c (ncoék + koﬁnc) . ... (6)

The last one of Equation 6 yields

Bi(n Bk + kpdn )

GCi= IRCE2N . .o (7)
c i

However, ncoﬁkcan be neglected since at low frequencies it is much smaller than
kOGnC, and at higher frequencies both terms are negligible. (This same approxi-

mation is made in the derivation of the bare reactor transfer function.)

Cio in Equation 6 is the equilibrium solution of the third of Equations 3 where

dC./dt=0, k=k, andn_=n__; so
i 0 c

c0

xC. = B0 0

i7i0 ~ J) . ... (8)
c

Now using Equation 8 in the first two equations of 6, solving the second for Gnr

and substituting the result and Equation 7 into the first of Equation 6 gives:
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Ol 1 LB f PPy Ko [ (1 PeodBf N A48
n yi ? cO £ s+1 2 c0 2 s+1 s+A.
c r c r i

1-g P_(1 - )

= lc [PCOGk + kOGPC] + W [(1 - PCO)Gk - kOGPC:l

+Bk06PC . P_
ﬂrs + 1] . (9)

where all terms involving (SnC have been taken to the left hand side.

The term

Bkg P+ (1 - PP,
] cO s+ 1
C T

can be combined with the term including the surmmation, since 8 = Zﬁi, vielding:

ko . (1-P_ )P, 8,s
J c0 s+ 1 s +A.
c r i

Now, in this term only, let (.llrs + 1) = 1. Although this is valid only at low

frequencies, at higher frequencies the entire term is very small, so the error
in the transfer function is less than 1% at any frequency. This approximation
is equivalent to neglecting the additional delay of the reflector on the delayed

neutrons which enter the reflector.

From Equation 4

kP +k(1-P
o

o c0 c0O' r ’
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so solving Equation 9 for (Sn/nO gives, letting Kr = I/Er, and 1 - B8 =
(1-P )P §k-PksP
cO’" r r 0 c
5o Fcodk t k0P + 7 (s +A_)
c _ r r
n
c0 Ll k_o(l - P_ )P, 1 B,
c £ (s +A)) J] s +A.
c r c i
Equation 4 implies that
k o = kP_ +k(1-P )P,
so,
erff
5p = v P o0k + k8P  + (1 - P_ )P 6k - P k 6P _
0

assuming, as before, no change in Pr'

1:

4

. (10)

... (11)

At low frequencies the numerator in Equation 10 is therefore §p. At higher

frequencies the numerator is a dynamic reactivity, in which a change in the

probability of neutrons escaping to the reflector is affected by the frequency of

the change. This is physically reasonable, since a very fast change will have

less effect due to the delay associated with the reflector.

Thus the transfer function of a reflected reactor is:

SJec 1+ ch(1 - 1DcO)pr +_§ Bi/B
B L (s +Xd.) £ s +A.
c r c L. i

i

D. DISCUSSION

... (12)

At low frequencies where w << l/lr, the transfer function is identical to the

bare reactor transfer function:
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providing that we define

/ , ... (13)
slx 1+_§. Bi 8
B I s +Xi
i
e = Jec: * ch(l B PCO)Pr'er --- (14)

Thus the effective lifetime is the

core lifetime plus the reflector lifetime weighted

by the fraction of neutrons which enter and return from the reflector.

At higher frequencies the reflector in effect introduces a seventh group of

delayed neutrons:

- 1
G.(s) = =7 ) ... (15)
] R N
B J1 s + A,
(o4 1
i=1
where
— 1
A.?:Ar —T »
I
B7= Kool = PeolPy
Note that in Equation 15,
i=6
B=) B, ,
i=1

i.e., it does not include the neutrons from the reflector.

This is physically

reasonable because the delay associated with the reflector is very much shorter

than that of the real delay groups.

Thus the reactivity required for prompt

criticality is not radically changed by the presence of a reflector.
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Figure 4 shows aplotof the transfer function of atypical graphite-moderated

and -reflected thermal reactor, in which lc and lr are the same order of magni-

tude.

well above the region usually considered for lifetime measurements.

In this case, the only perturbation of the bare reactor transfer function is

However,

if the reflector lifetime is much longer than the core lifetime, then the transfer

function may be distorted in the region of the £*/8 break-off, and the bare reactor

transfer function would not represent an adequate approximation.

0o T T T T7T7 ] T T T TTTY T T T TTTIT T T T TTTTT T T T TTTTT
e GAIN
_20 N
\ £*=5X107% sec, Iy = 3X10~4 sec
-40 \\ o]
-60 >\ -20
3 \
o
g \ ’_.
< 2
© _go — -40 £
\ ? /l"-lo/o | g
PHASE | ¢ 270 =
\ / 050 "
-100 / 60 T
\ / a
N N 7 \
-
| 1 1 18111t Lt 11111339 tooa 11 1) 1 111111 ! 111 31111-100
107! 100 10! 102 103 104
FREQUENCY (cps)
Figure 4. Reflected Reactor Transfer Function

The transfer function derived above is identical to that of Cohn

except for

the expression for effective lifetime, as discussed in the following section.
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ll. CALCULATION OF £* AND B, IN THE SRE

A calculation of £ and Beff for the second core loading of the SRE was used
for comparison with the results of the transfer function measurement. The
method was a combination of the results from the preceeding derivation with a

two-group analysis of the kinetics of a bare rea.c:tor,3 which yields the following

expressions:
Bogs = Blky) ... (16)
1-vZ,
f
,ﬂc—lcth-——z—l—— +1cf , {17
r
where
kd = effective multiplication constant for delayed neutrons
lcf’ ﬁcth = prompt neutron lifetime in the core for fast and thermal groups,
respectively
IC = total mean prompt neutron lifetime in the core

Elf = fission cross section in fast group

i

Z1

total removal cross section from fast group
r
V = number of fission neutrons per fission.

Equation 16 can be applied directly to the SRE, since the reflector affects
Beff only in the value of kd. Since kd is identical to keff except for the fast non-

leakage probability, then for a critical reactor where keff = 1:

K =eB2(T -T
d P

where Tp and Tq are the fission to thermal ages for prompt and delayed neutrons,
respectively, and B2 is the effective buckling for a reflected reactor. The values

of T were obtained by the usual method,4 and BZ was determined from a two-group
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calculation on the reflected reactor by requiring that e“BzTeff [where T o ff
=(1 - B)TP + B'rd] give the correct fast nonleakage probability. Using these

values, k= 1.058 and B_. = 0.0069.

The calculation of £* used the results of the derivation of the reflected trans-

fer function:

1"‘=1C +kc0(1 -PCO)PrIr . ... (14)

The value of IC is obtained from Equation 17 with:5

L., = - , ... (18)

fth =
. E \ Efission

where:

<
n

average velocity of thermal neutrons

Eath’ Dih = thermal absorption cross section and diffusion coefficient,

respectively, in the core
A . = mean free path of fast neutrons
m = mass of neutron = 1.66 x 10724 gm

= logarithmic decrement of energy lost per collision
g gy

Eth’ Eﬁssion = energy of thermal and fission neutrons, respectively
Bc2 = geometric buckling of bare core:

2 2
2 [2.405 T
N A = 9
core core
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Using previously reported values for the SRE,6 Loy = 5.1x 10-4 sec and Ifth

ct
= 0.5 x 10-4 sec.

The term Elf/Elr is the fraction of neutrons which causes fissions before
becoming thermal. This value is very difficult to calculate accurately in the
SRE. A rough estimate was made using the infinite dilution resonance integral
for U235 as the effective cross section in the fuel, and then computing a fuel
resonance disadvantage factor by the same method as is used for thermal flux
calcula.tions.6 The result was Elf/zlr = 0.06. Using the above values in Equa-

tion 17:
/zc -4.8x 104 sec.

The thermal neutron lifetime in the reflector was obtained by a Monte Carlo
calculation which followed 200 neutrons injected into the reflector. This calcula-
tion showed that the average number of mean free paths traveled before returning
to the core is 17, and the probability of return is 0.89. A similar calculation
showed that the neutrons leaving the reflector have a probability of 0.60 of re-

turning again to the reflector before being absorbed in the core.

Let fr be the probability that a reflector neutron will return to the core, and
let fc be the probability that a neutron leaving the reflector will return to the
reflector before being absorbed in the core. Then the probability of making
exactly one pass through the reflector and returning to the core is fr(l - fC).

For two passes, the probability is frfcfr(l - fc), etc. Thus the total mean dis-

tance traveled in the reflector before finally being absorbed in the core is:

(U= A (L (L - £)2d )+ (L) (EE (1 - £)3d 4 ...

D =
T f(l-f£)y+fff(1l-f)+fff£ff(1~-1f)+...
T c rcr c recrcr c
dr
T1-ff 2 ... (20)
rc
where
dr = mean distance traveled during one pass through the reflector

Dr = mean total distance traveled in the reflector before the final return

to the core.
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Thus the lifetime of thermal neutrons in the reflector is

D d
L === L ... (21)

rth Vth Vth“-frfc) ’

where Vth is the mean velocity of thermal neutrons in the reflector.

Neutrons which spend time in the reflector only as fast neutrons have the
same lifetime as those which remain in the core, since the slowing-down times
in the core and reflector are the same. For computational ease this effect is
taken into account by assuming that the slowing-down time in the reflector is
zero, and that a neutron which slows down in the reflector has the same lifetime

in the core as those which slow down in the core.

The Monte Carlo calculation indicated that about 25% of the fast neutrons
which enter the reflector never appear there as a thermal neutron, so for these
neutrons lr = 0. The remaining 75% of those which enter as fast neutrons also
appear there as thermal neutrons, and have the same mean lifetime in the re-
flector as those which first enter as thermal neutrons. The probability that a

neutron will remain in the core is:

2
e-BC T

P =-2 _ -
c0 1+L2BC2

and the probability of entering the reflector as a fast neutron is:

2
Pf=1-e_BCT ,

so the probability of first entering as a thermal neutron is:

2
(L°B %)e Be T
P, =(1-P )-P =

th co’ ~ Ty 1+ 1252
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Therefore, the mean 'lifetime' in the reflector is obtained by weighting the

respective lifetimes by the fraction of neutrons:

2

(LZBCZ)e'BC T
(1 - e-BCZ1'> 1+ LZBC2 -4
L = —————— [0.25(0) + 0.75{¢_ + 5— 4, =2.9(10)7" sec
BT th o~BcT Tth

1 - ——— -4
1+ L°B 2 1+L°B°
C C

Using this and the calculated lifetime in the core in Equation 14:

07* = 5.5(10)-4 sec

This agrees very well with the experimental value7 of 5.2(10)-4 sec. Cohn's2

expression for the effective lifetime is (in the present notation):

ﬁc + kco(l - PcO)Pr‘er

1* —
chPcO

yielding a value of £* = 7.2(10)—4 sec, which is not in agreement with the experi-
mental value. Thus, the present derivation yields a better value for the effective

neutron lifetime.
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d)

IV. CONCLUSIONS

Bare reactor kinetics provides anaccurate method of treating reflected
reactors at frequencies more than one decade below the break fre-

quency of the reflector, which is about 1000 cps for graphite reflectors.

At higher frequency the reflector introduces, in effect, an additional

group of delayed neutrons.

The reactivity corresponding to prompt criticality is not affected by

the reflector.

The method of calculating prompt neutron lifetime discussed in this

report yields results in good agreement with experiment.
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