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PION-NUCLEON ELASTIC SCATTERING AT 310 MeV:.PfPASE-SHIFT ANALYSlS 

Olav T. Vik and Hugo 8. Rugge 

Lawrence W a t t o n  Laboratory . , 

University of C a U f ~ m f a  
Berkeley, California 

A phare-shift analysis of and no-p elaatic .cattaring at 310 MeV 
. . 

has h e n  performed. The dater includee differential &d total croeo-esction and 
t recoil-proton polarization data for both a -p a d  no-p elaratfc ecattering, as 

well ae differential c r o w  eection data for charge-exchange ecrattering. lkclueion 

.of d waves wae neceoeary t~ attain an adequate fit to the data; in the case of 

differential croaa eection, the beet fit included f wavee. A general 

phaetu-rshift aearch \rein$ e, p and d wavee was carried out; a single eolsrffoa 

war obtained that adequately fit all the available data. The rnoat notable 

chaaacterfetice of tMc8 eolution a re  1-rpin 3/2 phase ehifte rimilar to those ob- 

tained in e previous eaalyais o l  the dots and a relatively large D p b a s  
1,s  

shift equal to approximAtely 15 deg. E r r ~ r o  on the I-$pin 1/2 phase shifte of 

thie solution range from 0.3 to 0.9 deg. The I-epOn 3/2 wee-eMf t  errore a t e  

eimtlar to ah080 obtained previously. Becauea the no-p differential crose-eection 

k$ data indicated a posloible need for f wavee, and dace the only satiefaotory repd 

1 .A solution dieplayed a large 8-wave pha~e ahift in the I-egin 1/2 state, the analyeie . 

waar extended to include f wavee. . The result of allowing P warvee wan to incraeee 

the errors on each of the phaee shifts (up to about 2 Beg), arnd ale0 to iatroduce two 

new solutione, neither of which can be ruled out etatietically. Theee new eolutione 
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are s fd lar  to the 8-wave solution in the 1-6- 3/2 phase shifts, but vary rather 

widely in I-ispin 1/2 @a*,@ shifts. Inelaotic scattering pmcse&a were neglected 

throughout molt of the analpria; however. a study of their offeita on the . . 
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kinetic energy of 3 10 MeV have b a n  completed. These nwssuremepts complement 

the elantic mcattsring tiat* obtained by hger .  et a~. F~ote  et a~. ~ b c  

relatively high accuracy of all of th ie  data makes a t  practical to perform an accurate 

phase-prhfft analysis. - The data ulaed in thte analysis i s  the following: for 

33 total crow section. and the recoil-proton polarlaatton measured at 4 ~aglq; 

+ 4 .  
Foi n -p y a -p, the diiferential crose acctlon memured at 23 angl.e, tbe 

total croBs section, and the recoil-proton polarisation -asured at 4 angles. 2 

Mco incorporated ie a charge-exchange differential croee-restion meeeurennrent 

at 317 MeV by ~ e r i s . e t  al. . ' urd pn approximate Lnelaatie croes-aection ds- 
.. . 

6 .  termhation by barfeh et al. 

Analyei~~ of ecattering data t& be carried out in termhi of partial-mve 

expaasione and phase shifia, Theee p b e e  ohffte have been the usual meeting 

place of theory and experiment for elastic scattering. $?afticisntly accurat%cs scat- 

terini data can lead to a rathew preciee determination of the #mae r U & e ,  which 

'in turn can impore limitations on m y  prcppoeed theory of the pion-nucleon inter- 

action. 

hdyeiar of no-p rcatterfng provides information about both the I-erpfia 
+ l/2 and I-@@ 3/2 etatee of the _rr-M r~y8tern~ wiaercsee analysis of n -p ocattaoiog 

givers information only abut the I-epin 3/2 atate. While the f -@pin 3/2 phaee ~Bifts 

- - 
- 



are fairly well known, moat of the 1-rgfn 1/8: chiftr are uacertaia ha ma&roitude andl 

even in eign. The uncertainty in the energy region b l o w  300 AdeV ie, moetlly due 

to the fact that the 1=3/2 ehihci dodnarte the interaction to euch au extent that they 

effectively mask the contributions of the I-spin l / t  pharrpe shifts to the experf- 
. . 

' 4 
t i ,  

meatally meercaurable qumtitieu.' lin accurate phase-shift aa ly t~ i t~  of the n -p 

data at 310 MeV hes already been completed by Foote ct al. . ' eo it .ti mainly the 
'2 

puzpset of thie data to provide irrforxrmtien about the I-epie 1/2 gbisree ehiftri at 

310 MeV, ae well as to yield a better Beterminatfen of the 1-spin 3/2 eU0ta. 

An analyeia of the ' c - ~  DGB data, a e  well a0 the previous n'-p analyelu, 

inacated tkot at least d(up to and intz~~dln~.k 5 2 )  wave* muet emp~oyec~ to fit 

&Ba exprimelatal data well. Ebrpherrphsre, the h a t  fit to the aoOp data.was ob- 

tained by including f(ug to P = 3) waves. For this reaeon axa epd a a y s i a  erad 

an epdi analyaie of the data hare been made. Seetion If present8 the equatdam 

Section Iy the pba~e-ahif'% lnve~tigatlona and results of these lavestlgatlono. A 

Biacuosion of oeerdte, folSsw8 in Section \r. . . 



XI. P W E - S W F T  EQUATPOMG 

Thte eectien outlfraes the comeetfon W e e n :  the obreervable quantities 

thag can be sl~.eaiaorred and the pi-M phase alhfbee. The applications of the u e d  
6% 0 

phaee-ehift equati~ne to eysdem 05 w -p and n -a io~ tevPewed, a 4  finally 

the asquatfsncs Pocludbg~ ncgmrrglatttrib#d: Cedenab and aret -@de r ~a]wrfOvfatf c 

Coulomb correcbfone are presented. 

The mtat;Qon wed in thio ~ e c t l a  50 es(~enti%blPy that used in Bethe md 

Morrison. ' in terms of p(B) and h(B). the ooa-apin-fllp aw3 epln-flip scacring 

mpUbardear, the diif'areatial c s ~ t ~ s  section (hereafter refeared to as DCS) is 

T b  exprcrsesrien for pdarisaltion of ar proton ecattwed frem er pion io 



1. $@a- zl ip $@* zfip . b & , f i t ~ d e  8 

The dafiva$ion of the partial-wave axpmeionre off the ec!atl&rbg azapUttad&e, 

'5 i o  carried out in many reference*, as for enample. Aehkln. Neple~tlng Coulomb 

effects:, the reeat for the na-&]?in-flip ~ p P i ~  bra- 
'3 . . 

A '  , .  2 -., 
and the $@a-flip amplihele io. . -  

..E 

. . ' . (  

B = orbital-angular -anexxmatum cpaantwm mamf#s~. . _ !- : .  

br 
. . 
; ' 

6# = phae. ohift~l for orUtal-a,n@srrmom~stm @gate 1: -8 . . 

& 
'11 = inelastic parsmetera corre~pontlhq, to e o ~ h  of. tbQ pboee shift@. 

Tbese are 4 1, bein8 equal to'urrity in the obsanoe of lnehstic Wrttering. 
& The use of inelastic aUo.as the phP@e shift 6) to be 

R P wave1.ength of sitheher pmlcle la the o. m. syeulm (L = i/lr). 
C' 

Pp k o r  8 )  = Legendre polynomial. 

L d Q (COB $1 = ~ i a  e P (COB Q )  . a- Jl 

@ .  
8 = c, m. ~ c & e ~ ~  mgle for either the pion or the gr&m. 



2. Ieotopic Spin 

The system. which haa a G component of lootopic apin Is = 3/2.  

be lor arhlch I, = - 1/2. Pe a linear combin~tion of isotopic-spin etatee I u 3/2 

and I a 1/2. A. shown, for example, in ~ e t h e  and ds  of-. lo the seatiering 
V 

ampUtudes for the threo elsetic reactioas for charged pions and protons are a6 

C. &elusion of Couloxxab Corrections 

The ecattering ararplitudee given by Eq@. (3) aad (4) have been saended to 

take into conaide ration the nonrelativjetic CoulomB..effccts~ ae well ae tha firet - 
order relativistic Gouhmb correctione. Thfe eIEbension was carried out by 

h section we use Foots' s Egs. (7) and (8) of Seetion B,! ,to write 

down Coulognb-corrected scattering amplitude@ for tha reactions of Table 1. St 

will now be eonvsnient to dintinguirh between w e e  shtho for states of Paotopdc 

epin 1/2 and 3 / k .  Ln our ~ g s .  (12) through (17) we use the sotation: 
dc + a phaeo shift for orbital-angular-mome~tuxm quanhvnn-ber I ,  total- 

r .  : ; 2 t a ; . . m ~ r - m ~ ~ e n ~  .tats J r l a 1/2, and i8otopde-spin stat6 

q4f D inels.8ie parameter (defined in Section U-8- 1) correepoading to the ' 

61 * phase shift above; 
: I i 

at a p b e e  shift far orbital-angular-momentum qusrrituas number 1 ,  total- 
. . 

i 
plZ = lnela~tic paronretar eorreepoaaing to the oI phase ahift above. 



The new quantities to be introduced ~ ' E Q B .  (12) through (17) are , 
2 

where v irrr the labratory-eyetern velocity ~f the incident pion, and 

where pp = magnetic moment of the proton in nuclear magnetone, and P @ c. m. P' n 

velocitfee of the prof;caar aPId pion divided by .the vsloctty of light. 

The z1 is the.nonrelrtlvtetic Coulomb gbaee shift of order 1. ' ~ t  l e  

equal to 0 for d m 0,  and ia given by 

3% x= 1 
(71 

The addftional parenthetical (+. -, oz 0) that apseare .on the phase eh9fta in . 

Eqs. 4 12) through (1 7) is necdeorebtated becautls the phaee ekrffto areed in those ex- 

pretssione are total phase shifts,' differing from the nuclear .hifir by e emall 
, ,  - 

.- & 
term pl . which is the complete Coulomb pbaee sUlt of order 1. Thl* hi explained 

below. 

The totat p b e s  @hi&$ ape related te the nuclear rshffte by 

- Q 
The compPete Coulomb phase eh ih  of order 4 ,  , consirst6 of the non- 

relativistic Coulomb phase ehift defined by Eq. (2.1 I) ,  plue a first -orde r relativistic 



whahere the first-order relativistic Coulomb term is glven by 

G 

A$~'w D B / ( 1  + 1) tor I + 1, (101 

The above Coulomb p b s e  e h i f t ~  for incident pion Unetic.en.rgy T,, = 310 M ~ V  ' 

. . 
are ~ i v e n  in Table III. . 

The Coulomb-corrected ecaateaing amplitudeer for the resactions of Table I are: 
. . 

Reacticn (a), r' + p-r n' 4 p: 

. a  J . 
. . and 

-'04-exp12ial-(+)l 
' 1LnBsinO + k  h(9) 'o 

L s k r L ~ / ~  L 



and 

Reaction (b), no + p - no + pt 

er(@) = An 2 exp  i lgln efn (@/a )  
2 sin' ~ / t  

Reaction (c ) ,  a- + p P us + .a: 

Ia thie reaction, the incoming particles are charged and the outgoing. 

particlee, are neutral. One m a y  therefore, to the arccuraey deeired h %Bba I 
~nalysie. consider the ~ o d o m b  perturbation to be half a. greet as in reaction (b). . I 
Hence, when we ueer the groper i~otepic-opin decomporition ehown in Table I, %be 

~cstterlng amp~tudba are given by . . 



and . . 

r p,?exp[ 2iop ' ( 0 )  1 - q l + e d  ~ 1 6 ~ ' ( 0 ) 1  - P ~  - ~ d  aa4-(0)1 
+ L 

. . . . 

J 

D. Phaae-SMft Notation 

I 
. . 

From this p~iat.on,.~pbaee shiftg9 will be understood tb meaa ths nuclear 
I 

part of the total pham shifts uasd in Eqe. ( I t )  threw@' (I?) .  The notation davelopd 
I 7 
I by rooto for the n4-p ayetern (I o 3/Z state) Is extended. to tbe I = 3/2 and , ' 

' 

I = 1/2 isotopic-spinmtatea. The symbol iteelf denotes the orbital-angular-me- 

I manturn mate (a. p. d. etc. ), the first su~script denote6 twice the isotopic spin. 

and the eecond rlobscript denotae twice the total angular momentuq (i. e. . l zl, tJ). 
. . 

The symbols are summariz6d in Table LU. 
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XII. . SEARCH PROGRAM 

Several ISM 7090 pmgrarne have been written to perform the phaee-ehbft 

eraalysie, TBtc sect308 d ~ a l s  with the general methods employed by thacpa program@, 

and a description of the anal program used. 

la, Chnererz Method 

L9LeJ m a y  be judged from Section U, the phartse-eM£t expaneione of the ecat- . 

~ tering' amplitudse describing the n-p eyetern orre very coaxlpliceated bctione, Purd 

so there is no arimplst way of.derivia8 vafuera for the pbles eafttr~ from the available 

experimental data.  modern^ high-speed computer techsdquecp &a it praeible, - 
however, to calculate very rapidly the value@ of PCS and polarfaation predicted 

by a given eet of phase ebifte, I 

I I 
I 

I 
The PIFANI$L programs developed for tbie purpee, employs the grid- 

acnrch method for fitting the pbaes-shift equations to erperinrante). points. l3  A 
I 

tentative set of phase ehffte is fed bato the program, atla the computer then varies I 

I 

all the phase sM$e in turn in order to minimiare the quantity 
2 r Qea~iiQ&p ] 

LL (18) 
e*P 

where refera to the value of BCS or pleriltatfom calculated from er given 

set of p h o e  ehifta. QeXp i~ the correapondlng eqmrlmeutally determined value. 

and AQ le the experimental uncertainty in Q 
ex%, @w* Tha s-adndct over all 

the experfmo!nterl pantitfee being con~idered in a sitten case. 

Each phaes @hilt is varied in turn, and this procedure fo  repeated until 

n complete cycle result8 ia no reduction in the value of M. The increment of 

change ia phase ehih  Le then reduced, 4 the above proceas ie  repeated until 

the increment reaches a certain predeterxnined value. 



8. PXPMAL 1CF4 

PIPANAL 1CF4 i a  baeed en the IBM 704 program developed by Foete 7 

and has evolved through several Antemediate progrike. It LIB the most complete 

. program developed, and the only one dissursletsd in this report. It is to be under- 

1 ' .  
etood, however, that not all the analysis dlacusaod in tbe following ~eactions was I 

, , 

performed by thi. program, but eomstimea by lees inctueive and thetifore lees time- 

1, hxpe rimental Quantitiee Fitted 

Expe+ental. quantities fitted by PIPANAL 1 C F4 are : 

(a) DCS - The program accef3ae up to 30 $)C$ pinto each fsr the three reaction6 I 
. . 

(b) Polarisation - The accepts up to 10 point. each for the  reaction^ 

in, Table I. . 1 
f 

(c) Toial croee eectid - The program accepte a total cross eection.for n -p 

and ' n--p hicattering. Sface total cross eectione are uoually determined expr i -  

mentally between two cutoff angles, the prol$xam fits them to the numerically 

integrated value under the calculated DC8 curve htween thsae cutoff anglee. 

A predetermined fractien of t b  calculated frrelaetic croae section wae also .added, 

and in the case of w'-p scattering, the integration warn under the DCS euwe 

. for 'both reactions @) and (c) of Table I. 

(d) Inelastic cram eection -Only the i - p  inelastic cross section waa fitted, 

since only the I = 1/2 inelastic gar&etere are allowed to vary (aee Section 2 
. . 

below). 
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I (e) Legendre coeQffcienter for charge-exchange ecattering - The usual way of 

mearsuring the DCS for the reoctione n' + p 4 we + n is to rneabure tbs y-ray 
. . 

distribution from t2~e decaying we. When W a  is the caoe, the y-ray diatrlbution 

I ie fitted in a Legendre expaneion, and the coefficieate for a Legendre expanleion 

of the a@ diotributien a re  xelateb to  those of tihe y diartribution. 
14 

For this 

., reaeon, data on the no + p -, no + n DCS are often quoted in terms of these 

Leglendre coeUeienQe. Therefore the p~ogrcuar ware equ$pped to fit these co- 

~ efficient6 with coefficients calculated from the phaos ehifte. U p  to seven 

Lagendre ceefkfcientca can be fitted (eorreepading to  an apdb-wave fit to the y 

distribution). 

Qumitiee varied Siu;: :.?RIPANAL'; 1 G F4 1. are ae . ldlows::  

(a) P b e a  ehiftop- The program varies phase sUfts for I = l/t and I = 3/2 aitoptss. 
9 It can perform sp, epd, or spdf analyeis 'for w -p eyeterns of any energy. 

4 
(b) Inelastic paramstere - Pm the csrecdl w -p ocatteriag, the total ine1aert.i~ 

crose section ie quite amall compared with the todaX elaetic cream section ( a . 9  nrB 

as compared with 60 mb). For this reeaon, the inelastic parameter. pi 
dr 

I 
(see Section II-C) are plot varied in the search. It i r  poreible, however, to inrert  

~ & 
different from 1 into the input data, and t h a ,  study the peebible effects of 

inelastic parametere on the phacre shifte. The inelastic croee section for no-p 

6 mattering ie ,  &owever, a b u t  1 ~ l ' b  ye compared with = 28 mb for O B ~  

elastic total crosa rection. (In this contea %elastics; rerbra to both 

no + p - no + g and sa + p -, no + n reactione). Ws accordingly allowed the 
t 

qumtitiee rll to be varied in the heearch, with the constraint that they &d to 
rh x e d n  within the interval 0 6 q p  4 1. The assumption made here war that, 
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since the totalinelaetic.croe~ section for r%p (which lo a l l  isotopic .pin 3/2) 

ie very emall, the contribution to the larger w - - . ~  bnelar~tic croee eectioa m e t  

be from the isotopic-$gin 1/2 state. 
. . 

(c) N o r ~ a ~ ~ U i o s a  parameters - In the mmeasurement . . of DCS there is a l w a y ~  

an uncertainty of or few p r c e n t  'in the aormaUzat9sn of the wap~ular dlietributionrr. 

60 that the eeareh' prograrm cen move the- anguAar dimtribution up or  down an amount 

+ - correegonding to this unrcertainty, qrostatities 6 , e , and 6@ were introduced for 
\ 

each of the three differentid crose scectiont3 mentioned fn Section HI-B-2 above. 

Each of the experimental DCI fpodatia waB multipAied by the quaatity (1 +r ) to 

adjuet the dietrihtion, and the contribution of DCS to Eq. (18) wae modified to 

where A6 ie the experimental uncertainty in normalisation. 

3. Error Routiae 15 

The ueefulncaee of any phase-~hift solution is U d t e d  \tnLeere the error  on 

each phaee @hi& is bowm. Approximate values of the errore on the ehifte, 

- . . were determined. The method uoed m e  the etatadard error-matrix approach. 

After the minimum value of&- M (Eq. 18) has been found, the ehap of the M 

- hypereurface near the IPIfnimrom i~ examined by computing the eecsnd partial 

derivativcac of An with reep&ct to each of the phase ehiftr uesd. These partial 

derivatives form a matrix -G difiaed by 



. . 

 his matrix is then inverted. ylpldiqj,(he error matrix GO' with the propertie. 
. . . . 

. . 

where C i e  the correlation' coelfici~nt. u 

The general approach hllowed in eeaxching foi. pbaee-ekfft reolutioree to 

the sxgeainrsn$al data i e  the rkdoxn-etartiagpoilit method. A large number of 

eets of random phase .hi&@ (bvei the range - 180'deg 4 6 e 180 dog) ore intro- 

duced as input data, andl the grograzz is requeerted to find the local Rninimal value 

for IVP. U a eufficisnt number of randedy loeettesd starting points ig  wed, the 

probability of kaving nsisercsbl a l ~ ~ ~ d m  solut i~n is emall. 

When all @am@ e h i f t ~  are allowed to vary eimultaneouely (as ima PIPANAL 

reaeon, 49x1 following methdl a a a  rr~ed: The three (one mad two a m  

I = 3/2 solutlom of ~ o o t e '  were tabn as starting pints and were held firad in 
3 all of the randorn'eeambing. Only the DCB data of the preceding gaps? (our 

Table IV) wexe fitted in tU%, xxmmer, a d  for each P = 3 / Z  'set, there were frm 

~ general several X = 1/2 aets that eatisfa&orily fitted the DCB data. These 

"goodu ~olutions, wcire'thsn inserted into PIPANAL 1C Fd, the r4-p data ehoarr 

in Tablee V and PbI were inclubd, eurd all phaee ~BibBe were allowed to vary 

aimultansously. Polarization data were then introduced (Tabla VU) and finally 

chargo-exchange QCS (Table YZfI) in ordor to rule out come obtb I = 1/Z 

phase-shih sets. This procedure i@ dlocuaaad in detail in the followiag two sob- 



A. epd halyraiar 
3 

A leacst-aquare8 fit of e e  DCS data of the previour paper indicated 

the need for at leaet d waves to ~Btaia a satirfactsry bit. This eubsectfan 

explore6 tho d6taflar of the 'epd analysie. 

1. F e r d  3/2 starting point. 

&,the analy~is  by Foots (see hie Table IV), ' aaly the solution of the 

Fsrmi .type is totally acceptable. The Mioranaf solution ie theo.reticallLy un-. 

aatiafactory beesuse of the very larga D shift. and the ~ a n g  aolrttlon is highly 
3D3 

improbable baceuae of t h e  large M value. We therefore conoentiated our. cf foke 
. . 

. - . . 

on the. ~ e r m i  solution '(the Y ang type i e  mentioned briefly bsbw) .  
. . .  . . 

Using Footat CI Fermi eolatbn (S3, = - 18.5; Pj, = - 4.1; P j, = 134.8; 

D3, = 1.9; D3, - 4.0) the fixed I = 3/2 phaee ehifte, a total of 114 randoan 

set8 was introduced. Four dfstiact solutions were found to be acceptable fit@ 

to the no-p DCB data. Tbeee four solution~i, after having been fitted with 

PIPANAL 1~ .B4 ,  were a8 shown in Table IX. The recoil-proton polarisakion 

predicted by the86 four aol~tions i s  e h c w  in Fig. 1.. It is obvious gom the figure 

that 8olutfonra ( I )  and (2). are in agresrnernt with the data, while (3) a d  (5)are not. 
, . 

Inclueion of polarization data in the program caums csolution (3) to degenerate into 

solution (I), while the M value of eolutisn (4) imcreaeeei to a very unacceptable 

490 (where 48 ie expected). 

h irs a 1 ~ o  clear from .Fig. I ,  polarination data in the region we have 

explored are quite incapable of resolving eolutiona (1) and (2). Qne method of 

resolving this ambiguity would be to obtain no-p golariaation data at amller anglea. 

Such data do not exist at paetiient, but an attempt hae been made to reeolve the two 
5 

solutions by the faclueion of no+ p - rro + n DCS data. TBie procedurre wae 
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suggested by the large variation i the backward dirsction of the p~edlctkd 

ehar8e-excharage DC$ curvee e b w s  in Fig. 2. 

Inclusion of the coefficients of Table V U ,  together with the polariaatdon 

darter of Table VIt, in the march prsglraa3, yielded the reeulta 5 B n w ~  in Table X. 

Evidently, only solution(1) of Table X now hoe a reaeonable M value, and  if^ 

the refope coneidered the only eartie factory epd raolution to all the aforementioned 

data. . . 

2. , Yang 312 starting point. 

While the most intensive work he, been centered + r o d  the FeraaP 
7 solution, the Yang epd eolutfoxt of PQQ$Q is perharpe reasonable snough 40 

merit 60- coneideaation. W e  therefore did a coneiderably srnuer amount of 

raaQm searching in this area also, using oe fixed input 3/2 ahitts: S3, - 23.2; 

only one solution of M 6 40 (M a 23 1. ~xqpcied)  appeired; but this solution itim 

Bg mled out by polarfaation data. 

The earn@ general paacedu~e w a ~  followed for the egdf analyeie aa for the 
7 

ST$! aaalyeie. Xn this caea, the Y e ~ r n i  1 md Ferami II spdl aolution~ of Foot8 - 

ware regarded as the meet important, and the remaining solutions wero treated 

~otagwhat more rsketchilgt. l tZbnbw %et@ were random only in a -, p-, and 

dl-wave phase rshifia;, with the f waves aseumed small and etarted at seer0 dsg 

in all caeers. However, the final solutions often yieldled f-wave pahaere eUAe ae 

large as LO deg. leading ue to believe that no *reat bias was introduced by starting 

the f-wave phase arhifte a3 eero. 



1. FermiIandIX 
. . 

F'Ptting'tha no-p DCS data with I = 3/2, phaae shihs fixed yielded. 

as, one might: expect, a coneiderable 'nuxnbr of satiehctory solutione. A tofad. . + 

of 450 random Bets wae run, wfth sr tstal cif 23 good selutiomre emerging. Of thssa, 

14 were of the Ferml 1 typs and 9 were of the Fermi II type. T b a e  set8 all 

gave good fits to the DCS data (ese F'ig. 3). 

Addlition of polarfmtstian reduced thie number of aolutione to 5; 

these are greesatsd in Table XI. Ware of the five charge-exchange DCS co- 

5 effieiente of Caris eliminated solution6 (4) i:lh4$l (5). The remaiaiag three 
t 

are she- in Table XU, and these tbreta soitations are eufffciently different to 

Solution (1) - Thie 4e, the e@ counterpart sf the only good spd ao1tnfio.n given 

in Table X. The 1 312 w e e  ehifts of the final eilalutios agree very mll with 

Foots8. F e r d  I solution. Each type of data ia  individually fitted we&. The 

M value i ~ ,  very close to the expected valugi it ie the most frequently ocettrrbg 

solution, having appeared 37 timar during the random leearch. 

Solution (21; - Although- the iearch yielding thik eolutlon began with the I = 3/2, 

phase erhifta being faxed at the Ferrrni I values, tbe final solution doarorsstrater a 

are vary different from the F e d  I3 solution of Foote, but the fit to the 

QIaa i s  nsverthaleea qulte good. The no-p plarf~atlon data ie fitted rather badly, 

ae seen from Fig. 4; however, the fit to the remainring data Par aufficisaatly g o d  

that the large contribution to M of $he no-p polarisation data (a 10) ie ineufficieat 

to rule out the raolutfon.' 



Solution (3) - Thier ica a eonrewhat poorer fit to the data, &It oltill b e e  not lpoeereee 

a eufl'icieatly Ugh h4 value to Be completely d a d  a t .  The I r 3 / t  phase 
1- . 

ehifte &re of the Ferrexlg X type, tPu6 are not naarfy 88 con~i~terat with the Foote 

solution as are thoee of aolutlon (1). Each phaee shift doee, however, lie within 

the qqoted uncertainty of the Foote solutlorr. 9 
. I  - 

It ehould be a~tecl that, slthu@h the Pa& If e6li,it&~m.&Eaote was wed 

as a rstarting point for 200 random asete, 54 wae not p~sarbble to find any aoltatfon 

that adequately fitbed all t h  n-g data. Thw it can be concluded thaf FooteA*a 
+ :J?e7rxril i. 11 .-solutiod:: can not be used to fit T * - ~  and n -p data ef-t-ously. 

As in the case of the epd analysee, a limited mzg~owt of B ) ~ B P C M R ~  was 

7 done in e c h  the lese-likely 1 = 3/2 solutions (ese Footels Table VI) wire  used .. 

as starting pointls. The two solu$ioae treated were the Y m g  I1 set and selutian 

No. 6.  which ie unnamed in the above reference; (F'oote) and so i e  here rafsrrad to 

a13 Per& la. Abut 100 random case@ were examined, with no eatisfactory 
I) 

solutions to n -a, and' no-g (DC8 and plariaatidn) appearing;. 

C. Error Analyleis . , 

The mat. rix-inve rsion error routine de@cribeb in Section LU- 8 was applied 

to the egd eolutioa aaJ well ars the three spcllf solution@. 

1. Error matrice6 
. . 

%ha error matrice8 fbr the four aotutionsl discusoed above aqe tabulated 

in  Appendix A It irs seen that ia tho spd ~01ution, a11 r m s  errors are from 

0.3 to 0.9 deg. The korrelation coefficients are all relatively small. For the epdf - 
solutionre, tha erroro are considerably larger and the correlation cosafficientbi have 

aleo iaerear~&d ia eiee. The quoted errors on the I = 3/2 phaee shiff are seen to be 

4 mfdlar to thore q\rotad by Foote, indicating t4at the isclueion eJ g"=p data has - . ,%&""\e, A .-. - 4  I.' - ‘ 5 -  --c -.b l* ,-> ..r %-*-- - s d L + $  

negligible effect on the I = 3/2 phare-aid& error. 



To determine the eacBot of inelastic parametera on the p b e e  shihre, an ~ 
B inilastic I r 1/2 total eross e e e h  of 1 0.9 L0.2 m b  war included in the @esrch 

program, Dad ths inelastic parornetere &lowed to vary. Only the four Bnol 

eolutisno were ex%umined, the rerade being given in Table Xn. In all cams,  the 

inelaatfc parameters were started at 1.8, alLthetagh etairtflryl them at 0.95 and 0.98 I 

The aaalyeie of the 380-MeV arcwering data in term@ of pBaee shiite ~ B B  I 
been ~lucceeaful at the &kvelW., ePtPiou@ 66 pieces of experimental data were 

needed to eliminate ail1 but one eolution. The inclueioa of f waves, however, 

comglicatp matters coasibrably. 

Perhapr the most dioturbing aepect of the rspdf wave aaalyesie ie the fact 1 1  
that, although the f wavee are small in all the rratfaiactory solutfons, the presence 

oP even them very small  f wave8 ie7 seen $0 radically change the naarspnitub, and . I  
fa some camear alee the sign, of the phaae ohSfts of the 1eweQ1 orbital-angular- 

momentum states. TUe caste Beaobt on the very prsrdoe on which pha8e-ehift 

d y e i s  is bead ,  i. Q.,  that ogst can approximate the iafidte eerie6 that represent8 

the scattering ampKhtdes by the fir@$ few terms. It seeme to indicate that the renrnahixb 

in$ tern8 in the expm~lon, .81fbugh minute fa Qhemselvee, can newrthalose exert l 
a conulderable influence on the larger tcrmr. 

I 
A major Knrjtatioa of thQdata t&at now exiet at 310 &V.ie the vary l idtad , 

onwar region of the polariretion data, both in w * - ~  snd noop. Eqmelally lo 
0 

a -p, it would be very inrtmctive to pueb toward smaller c. a. arsglee in an aWexnpt 

to determine tb value of polorisation at 8 near 90 &$. Some attsmpta have been ' 



.made to measure polarisatibn ofths -recoil proton i4 the bergion 0 ~ ~ = 3 0  to 60 

deg, but no Qta exiat at prgeen!. A recent p ~ a ~ m i n a r y e x p x i ~ ~ n t  By Booth al. 16 

indicarteo also the peafbility of measuring recoil-ndutron plarieation %a the 

reaction + p- no 9 ni this measurement.. also ha the be30 to LO deg region, 

would be useful as well in r)et~olviag mnbiguitiee between eolWeae. Devefop- 

I - ments T9 pabriaarb tarpts may ia the futrrre make 19 poe~ible to measure 

1 . additional quantietee correepdng to the t V I p 1 ~ 3 - ~ c ~ ~ ~ a ) r I ~  parat~~eterfa in nucleon- 

nueleon scattering! ' This would give iPformarion on ~ m ( ~ * h ) ,  pnd hence yield 

another indetlpe~ldent sarperilmentsrl quaatity. 

There de theoretical aer well 'a@ experkmental help #at xdght be utilliaed. 

I I  Is b p d  that a tBeotBbical ~BproabB aloag th% b e e  u&d in nueleon-nucleon 

scottoring18 will be developed, and that accurate prediction. of the higher 

angular mamenturn phase ~hl f i t e  =an be made. Chow et al. have ueed relativietic 

dfepreion ralationr~ to maka predictions of the I = 3/2 a d  1/2 pion-aucJsoaa 

d-wave phase ehifte up to about 300 1M.V. l9 Theee calculations do not contoin 

possible pion-pion interaction effects and so may not de~cribs thees sbifte 

accurately. Although some of the d phasre eURer in our solratione do agree with 

t h e e  pre&etiotm in e i p ,  the agreement In magnitude is mt good, and in fact, 

same sf out ~eltbtiens de not even agree in sign. It i s  felt that eeuch Bfsagrteennant 

I should not be taken too seriously until poe~sible *-a effecbe caan be iacltachd in 

Theoretical prodictions of the real part of tha forward scattering. 

~ e [ g ( O  deg)] , using d i ~ p s e i o n  relations, have h e n  made by Spearman for 
+ n -p end no-p scattering. 20 The value. quoted here were for the choice 

8 0.08, where 8 is the renormalbod, tmrationallssd: pion-nucleon coupling 

constant. 



Re[ g(0, dleg)]~ - 0.06, 

in units of */we where ir denotes the pion reet maer. 

The valuee of Re[ g(O .deg)) for n'-p and w - - ~  meattsring for the d-w&ve 

solution (see Table X) and for the. three f-wave solutione ( m e  Table XII) are, gi-vea 

in Table XIV. 

It appear8 that, at poeeent, no theoretical or experimental data exfet that 

can rersolv~ the ambigtdtietr in the spdf analy8i.a. However, asme progrtaee b e  

been made in the knowledge of the phase shifts at 310 M ~ V .  Raviously, there 

was no accurate informatfoa a b u t  the f = 1/Z phage: slnifte ' at the energy, but 'now a 

choice of three individually accurate .eta ofpha@e ehifts i) available. Also, one 

' 7 :I n 3/2 solution found by F00t.e (Ferml I1 in hie notation) was dl~~ciartied as in- 

capable of Pfttiw all the data adequately, The b e i c  difficulty brought forth by 

the analyeir ie the need for very large axr~0unt.s of experimental data Of accurate 

information aboui the phase ~lbifie fa desired when d, f, and hi@er partial waver 

become important. At 310 MeV the trrcalastic r~cattering did not add a sePlousr 

complication. However, becaise of the eharg incream in inelastic croas eection 

a i th  energy near 300 MeV. phose-ehlft U y s i o  at .lightly higher energie~ 

will become even more compUcated, rsiace appreciable fataloetic ecattering 
3 

eesezatially doubles the number of parameters that must be detemdned in the 

analyeis. It appear8 that because of these rsqtuiremsntr for very krgs amouats 

of data, the method of ghaere-ehib analyeis became lcsrse useful at tlaeee energier 

than it had been at lower energhe. Eventually, more interset may center on the 

experimental data. themselves and lee@ on the teeults. of the prer~eat method of 

-analygis . ~ f  those data. 
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APPENDIX: Error matriceea 
. . 



2 Matrix L Error r~atrir for spd solution (expressed in deg ). 



. . 

. . . . 
. . 

. . 2 .  Matria IL Error nvltrix for epdf sollrtio; I (sxpnesediin des ). 
...,a--- -- -. . . . 



2 
Matrix IIL Error matrix foi epdf solution 11 fexpver~sedi in deg ). 



2 
Matrix fV. Error matrix for spdf esltioa IU (expreosed in deg ). 
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Table I. Scattering amglitudee for 'charged ploni~ and protons. 
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Table Il. Monrelativistic Coulomb phase shift$, first,-order relativistic 

corrections. and complete Coacmab phase eblfta (all in degrees) 

for incidene pion b e t i c  energy T = 310 MeV. 



. . 

'' : -32- . . 

Table I&' Phase-ehift ~ymbolt~. 



Table IV. ~i&e~arantlal and total cro.8 sectiona 61. no + p * w' + p at 310 M ~ V .  

8 crn 
(deg) 

166.0 0.944 0.042 
8 The total croee section used fa the analyeis was 28.8M.8 y~ab, evaluated 
between e. m. cutoff angles 8.4 andl 160.6 deg. The no~xnaUaartfo~ uncertainty 

(lee@ Seetien 111-b) wao taken to be Ae = 0.03. 
. . 



+ . , TaUe V. ~ f f e i e n t i a l  and toti1 erase sectiona for n + p + nt + p at 3..10 MeV, 

a~ (9 )  . . 
' 8 BPa cm am@ uncertainty 

(deg) 
c m  

(mb;/er) (mb/sr) 

3.. She toial cross eection uee$ in the aplarlyeie wao 96.4+l.4 mb, evaluated be- 

1 tween c.m. cutoff angles 14.7 and 158.0 deg. The mormalization uncertainty 

1 (8ee ~ection XXEB) wae taken to be Be = 0.06. 
I 
I 1 

. bdee reference 1. 



. -35. .. . . . U C R t -  10436 
. . 

~ a b i e  VX.: ~eco i l l~ro tbd  . . polariaation for nt 4 p -. n+ + p at 310 MeV. 

I a .  measured by Foote. 

- --- 

a See reference 2. 



Table! VIl. Recoil-proton polarization for no + p-, no + p at 310 MeV. 

r m s  uncertainty 
(mb/a r) 



. . . ' 

Table V I I ~  ~oafficiqnts for Legendre polynomial fit tk n' + p - no, + n 
DCS, measuredtbY Caris at 3l]i MeV. ' 

' ~ b c  normollsation uncertaidty (see Section II1-8) was taken to ba A* n 0.10. . , 









Tab le  ~ 1 1 .  s p d l  Solutions to  rrf and rr--p DCSapolarization,  to ta l  c r o s s  scc t ion ,  and ii--p-. ~ O I I  DCS. 

- 52a  
Mespected-  

kl 
S3, 1 153, I 1 ,  13. 3 , 3  l 3 . { c ,  I> 1,1 '1,3 D l , 3  D l , 5  F l , 5  F 1 , 7  

c- 
3 , s  '. 3,7 S ~ , l  P 

~ - -  

a Mexpccled  m e a n s  the ,number  of d e g r e e s  of Irceclom, i .  c . ,  ( number  of expe r imen ta l  points l i t ted)  minus  ( n u m b e r  of phase  sh i f t s  va r i ed ) .  

- .- - 



Table XlU. epd and apdf  eolutfono including t b  iaeliaetic total croee sectios. 

epd solution 

13 1/2 

.p%raee shifts 

Cof reepoadfarg 

eters 



Table XIII. egd and spdf eolutione laeluding the inelaetlc total crors section. . 

Corresponding , . 

inelastic . 

parameters . 1.00 . -  0.94 

a Q. the Section IV-D. 



310 MeV for d-wave eolution and f f-wave 80hthom liflted hi t9ee'tbjff. 
*- -- .--.-- 

Spczaramramr prediction 



. -4g- 

' LEGENDS . . 

Caees plotted are ahoes d-wkve solutiom @ven ia Table XX. . ' 

. . 
. . ,#A 

BYg. 2. Cornparileon between predicted , plvpl . meaeured charge-euchsnge DCB. 

Error nag .rahovm agpredzn+t@ r~nesrteinty in saprimental measu~e- . 

ria. 3. T& spdf solution (I) fit to *'-p DCS data. The other two sw 

eolu#ssu give comparable f i te  to the data. 

PYg. 4. Recoil-proton polarisation in a*-p slaetic sc~teringl at 310 MeV. 

Caeea glotte$ are t h e e  f-wave eolutfoa@ given La Table XI .  
. . 







Fig.' 3 
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